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Systems that feature a scalar field ϕ with a quasi scale invariant potential, metastable at ϕ ¼ 0, can
remain trapped, during cosmic evolution, in the ‘wrong’ vacuum because the process of bubble nucleation
to the true vacuum is inefficient. If ϕ carries a conserved chargeQ, the presence in the system of a nonzero
chemical potential for Q offers the possibility of escaping eternal supercooling; when a species decouples
from the plasma the balance among the stabilizing effect of temperature and the destabilizing effect of
chemical potential can change in favor of the latter, so that ϕ condenses and triggers the transition to the
stable phase.
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I. INTRODUCTION

Scalar fields with a quasi scale invariant potential that is
metastable at the origin appear in various problems. To
mention a few; old models of inflation [1], the Coleman-
Weinberg model [2], ultraviolet completions of the electro-
weak sector with strong dynamics [3], and last but not least
the Standard Model at regimes in which vEW can be
neglected [4–6].
Potentials of this kind can be problematic in a cosmo-

logical context. At very early times, the temperature is so
high that the potential is generally stabilized at ϕ ¼ 0 due
to a thermal contribution of the form ΔV ¼ aT2ϕ2, with
a > 0. As the universe cools down a local minimum forms
at some vðTÞ ≠ 0, and the new minimum becomes degen-
erate with the symmetric one for some critical temperature
Tc. Further cooling makes the symmetry breaking mini-
mum energetically favored.
However, due to the flatness of the zero temperature

contribution to the potential, thermal effects leave a
metastable minimum at ϕ ¼ 0 that persists at arbitrarily
low temperatures, until the cosmic plasma reaches the de
Sitter temperature TdS where no further cooling is possible.
If no drastic departure from this picture takes place, the

only way in which a phase transition to the stable phase can
take place is via bubble nucleation. This process is
exponentially suppressed and is not necessarily efficient
enough. For a quasi scale invariant potential V ¼ −λðϕÞϕ4,
the tunneling rate γ is proportional to e−2π

2=3λ and therefore

approximately constant for TdS < T < Tc. If λ is small then
γ ≪ H4, where H is the Hubble parameter, and the
transition to the true vacuum cannot take place. Because
of the cooling induced by the Universe expansion, the
vacuum energy soon starts dominating the energy density
of the system and the universe starts inflating; H becomes
constant and, since γ is also approximately constant,
nucleation can never become efficient.
For most of the previously mentioned scenarios, it is

phenomenologically necessary to eventually transition to
the stable vacuum. The exception is the Standard Model,
where the false vacuum must survive cosmic evolution.
In the seminal paper [7], in the context of a Coleman-

Weinberg implementation of the Higgs sector, it was noted
that supercooling proceeds all the way to TQCD, at which
temperature the condensation of quarks induces a linear
term to the Higgs potential, of the formΔV ¼ yϕhq̄qi. This
term—which comes from the Yukawa coupling of the
Higgs to the quarks—destabilizes the symmetric point
ϕ ¼ 0 and drives the transition to the true vacuum, which
happens via classical roll-down instead of quantum or
thermally assisted tunneling.
The present work proposes an alternative mechanism for

exiting eternal supercooling, based on the well-known fact
that a chemical potential for ϕ gives a destabilizing
contribution to the effective potential. If Q is the generator
of a Uð1Þ symmetry under which ϕ transforms as
½Q;ϕðxÞ� ¼ −qϕϕðxÞ, and μ is the chemical potential
associated to Q,1 the effective potential of ϕ gets a
contribution ΔV ¼ −q2ϕμ2jϕj2. When qϕμ >

ffiffiffi
a

p
T the

point ϕ ¼ 0 turns from a local minimum to a maximum
and the field rolls down.
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1We follow the standard definition, according to which μ enters
the grand partition function via Z ¼ tr½e−βðH−μQÞ�.
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The example of [7] shows that, if no physical scale other
than temperature breaks the (approximate) scale invariance
of the problem, supercooling does not end. On the contrary,
the existence of the QCD scale ΛQCD and a coupling
between the QCD sector and the Higgs is at the heart of the
mechanism for supercooling exit (see also [8,9] for more
recent investigations in the context of Coleman-Weinberg-
like models and theories with a strongly coupled electro-
weak sector, respectively).
In the examples that are going to be presented here the

same is observed. Suppose that, at some temperature
T < Tc, some Q-charge excess is present that makes
μ ≠ 0. For ϕ ¼ 0 to be initially an equilibrium point, it
must be qϕμ <

ffiffiffi
a

p
T. If the particles that make up the

thermal plasma are all massless or have negligible masses
with respect to T, the equilibrium evolution of the system
implies that the ratio μ=T remains constant. Therefore the
coefficient in front of jϕj2 remains positive and the
presence of μ does not change the above qualitative picture.
The situation changes drastically whenever the system

cools down to T ≲ Λ, with Λ some physical scale that
characterizes the plasma (typically the mass of a particle,
dynamically generated or not). In this case, the ratio μ=T in
general changes and the condition qϕμ <

ffiffiffi
a

p
T can be

violated, making the system unstable.
The remainder of the paper is organized as follows. In

Sec. II the stage is set, and the condition for inducing Bose-
Einstein condensation for ϕ (which eventually triggers the
end of supercooling) is derived. Section III presents
formulas for the thermal mass of ϕ at leading order in
the couplings that govern its interaction with the other
particles of the thermal plasma. Section IV considers
several examples of the mechanism and Sec. V draws
general conclusions. Appendix A presents a numerical
implementation of the mechanism in an explicit model.

II. MECHANISM

We consider a plasma of particles that are in thermal
equilibrium at temperature T. Some of the species, includ-
ing ϕ, are charged under a global conserved charge Q.
In this section we are going to consider regimes in which

particles have either m ≫ T, and so their density is
Boltzmann suppressed, or m ≪ T, so they can be treated
as relativistic. Appendixes A 2 and A 3 present in-depth
numerical analyses in the regime T ∼m.
The presence of a charge unbalance implies that μ, the

chemical potential associated to Q, is different than zero.
For bosonic species, a large enough chemical potential
induces Bose-Einstein condensation. Quantitatively, the
condition is that

qϕμ > mϕ; ð1Þ

where mϕ includes thermal corrections that typically
dominate at high temperatures.
The simple condition for condensation in (1) gives a

concrete meaning to μ, whose value is driven by the cosmic
evolution. The relevant questions are then: What is the path
that μ follows in the cosmic evolution? Is it possible to
reach the condition (1) if it is initially not satisfied?
To address these questions some assumptions have to be

made. It is physically natural and mathematically elegant to
assume that (i) the system experiences no drastic departure
from equilibrium, so its entropy S does not increase, and
(ii) that Q is exactly conserved.
S and Q are uniquely determined by T, μ, and V, with a

trivial dependence on the volume (S;Q ∝ V). Their ratio is
both conserved and independent of volume, so one gets an
expression like

S
Q

¼ fðT; μÞ; ð2Þ

which can be inverted to determine μðTÞjS=Q. This gives the
chemical potential for ϕ as a function of temperature at
fixed entropy per charge.
To derive an expression for μðTÞjS=Q one needs to

determine the function f in (2). Let us start from estimating
the entropy. This is largely dominated by the relativistic
species and is essentially insensitive to μ if μ ≲ T.2 The free
theory expression at vanishing μ, i.e.,

S
V
¼ 2π2T3

45

�
Nb þ

7

8
Nf

�
¼ gT3; ð3Þ

where Nb and Nf are, respectively, the number of relativ-
istic bosons and fermions, is enough to capture it.
Assuming for simplicity that the only particle which is

charged under Q is ϕ itself, and that it has charge qϕ, one
has

Q
V

¼ qϕðnϕ − nϕ̄Þ; ð4Þ

where the number density of particle ϕ is given by

nϕ ¼
Z

d3k
ð2πÞ3

1

eβð
ffiffiffiffiffiffiffiffiffiffi
k2þm2

ϕ

p
−qϕμÞ − 1

; ð5Þ

while nϕ̄ is obtained by changing qϕ → qϕ̄ ¼ −qϕ.
Unlike with the entropy, the role of μ is crucial for

determining the total charge Q. In particular, Q ¼ 0 when
μ ¼ 0 because the contributions of particle and antiparticle
exactly cancel (for the entropy, instead, particle and
antiparticle contribute with the same sign). With a potential

2In the examples that we are going to consider in Sec. IV, this
condition is always satisfied at weak coupling.
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for ϕ which is approximately scale invariant at zero
temperature, the mass of ϕ comes mostly from thermal
effects, and is given bymϕ ¼ ffiffiffi

a
p

T, with a some expression
of the marginal couplings.3 By simple dimensional analysis
one can express nϕ ¼ T3IðμTÞ, with

IðxÞ ¼ 1

2π2

Z
∞

0

dtt2
1

e
ffiffiffiffiffiffiffi
t2þa

p
−qϕx − 1

: ð6Þ

The expression in (2) can then be refined by stating that
entropy per charge is a function of only the ratio of
chemical potential and temperature. Precisely,

Q
S
¼ g−1qϕ

�
I

�
μ

T

�
− I

�
−
μ

T

��
: ð7Þ

Inverting the expression one finds,

μ ¼ α

�
S
gQ

; a

�
T; ð8Þ

where S=Q is constant in time if there is no charge nor
entropy injection, and similarly a and g unless T crosses
some physical mass scale (the form of α is not important for
the moment).
The condition that defines the onset of Bose-Einstein

condensation, i.e., qϕμ >
ffiffiffi
a

p
T, translates into

qϕα >
ffiffiffi
a

p
; ð9Þ

which depends on temperature only through g and a.
The question now becomes the following. Is it possible

for g and a to change in such a way that condensation is
induced when going from higher to lower temperatures?
The physics that governs changes in g is pretty trans-

parent, and makes us lean towards a negative answer to the
question. This is because g decreases under cooling when
particles become nonrelativistic and their density gets
Boltzmann suppressed. A decrease of g, in turn, is
equivalent to an increase of entropy per unit charge at g
fixed, as can be seen from (8). With more and more entropy
per unit charge, the system gets further and further away
from criticality [see also (12) and the discussion below] and
condensation cannot take place upon cooling unless a
compensating effect comes from the change in a.
Before going into a discussion of the physics ofmϕ and a

quantitative determination of a in Sec. III, it is useful to
derive an approximate formula for IðμTÞ that makes the
dependence on the various parameters explicit.

A. Simple parametric expressions

A useful approximation to nϕ − nϕ̄ is derived by Taylor
expanding (6) and discardingOðμ3=T3Þ terms. The leading
order cancels in the difference IðμTÞ − Ið− μ

TÞ, while the
coefficient of the linear term is a function of a with a finite
lima→0. In many scenarios a is a small number and it is
a good approximation to just take the limit. Doing the
integral one finds simply

Q
V

¼ q2ϕ
3
μT2: ð10Þ

After taking the ratio with (3) one finds Sq2ϕμ ¼ 3gQT,
which can be used to derive the following expression for
the chemical potential,

μ ¼ 3gQ
Sq2ϕ

T: ð11Þ

Condensation takes place when qϕμ >
ffiffiffi
a

p
T, that is when

3gQ
qϕ

ffiffiffi
a

p
S
≡ κ > 1: ð12Þ

This expression can be read in many ways. Perhaps most
intuitively as a condition on the maximal charge that can be
stored in the system before inducing condensation (sim-
ilarly to supersaturation effects in chemistry). Thinking at
Q=S fixed, as appropriate for cosmic evolution, one
concludes that the condition for κ to grow under cooling
is that the relative decrease in

ffiffiffi
a

p
is stronger than the

relative decrease of g. This is illustrated in Fig. 1. As we are
going to see in Sec. III, this means that particles that
Boltzmann decouple from the plasma are the ones that give
a sizeable contribution to the thermal mass of ϕ.
In the limit of small a, it is immediate to derive an

approximate expression for Q when particles other than ϕ
are charged,

Q
V

¼ 1

3
μT2

�X
b

q2b þ
1

2

X
f

q2f

�
≡ 1

3
μT2Q2; ð13Þ

valid up to OððβμÞ2Þ corrections, with b a bosonic and f a
fermionic species. A decrease in the number of charged
relativistic species tends to increase μ=T, as one can see by
promoting q2ϕ → Q2 in (11). Condensation happens when
κ ¼ 3gqϕQ=ðQ2

ffiffiffi
a

p
SÞ > 1. When several scalars i are

present, one has a different κi factor for each of them, with

κi ¼
�
3gQ
Q2S

�
qiffiffiffiffi
ai

p : ð14Þ

3The way m2
ϕ enters in (5) implies a resummation of the so-

called ‘daisy’ diagrams. See for example [10]; see also [11] for a
recent analysis on the emergence of a thermal mass in purely S-
matricial terms.
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Particles with the largest ratio qi=
ffiffiffiffi
ai

p
are more prone to

condensation.

III. THERMAL MASS

Given that ϕ has vanishing or negligible mass at zero
temperature, its mass at finite temperature is entirely given
by thermal effects and is set by T. In these conditions, at
leading order in couplings the thermal mass squared of ϕ is
captured by the one-loop self-energy at vanishing momen-

tum, i.e., m2
ϕ ¼ −limp→0Σ

ð1Þ
T ð0;pÞ, where the suffix T

restricts to the thermal part of the self-energy [12].

Σð1Þ
T can be interpreted as coming from the forward

scattering (at tree level) of ϕ with the particles that
constitute the thermal bath [13]. The contribution of a
given mode of species i that has momentum k is propor-
tional to its density niðkÞ. In formulas,

m2
ϕ ¼ lim

p→0

X
i

Z
d3k

ð2πÞ32EiðkÞ
Miϕ→iϕðk;pÞniðkÞ; ð15Þ

where Miϕ→iϕ is computed in the forward configuration,
with pμ ¼ ð0;pÞ and kμ ¼ ðEiðkÞ;kÞ, with EiðkÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

i

p
. It is not always safe to simply set p ¼ 0 in

the integrand [14].
The most important feature of (15) is that the contribution

of a given particle i is exponentially suppressed as e−mi=T

when T ≲mi, due to the presence of niðkÞ ¼
ðeβEiðkÞ � 1Þ−1. Given that particles and antiparticles

contribute with the same sign, the effect of a chemical
potential is not important in (15).
The effect of the interaction of ϕ with scalars, spin 1=2

fermions and gauge bosons via the usual marginal cou-
plings is going to be presented next.

A. Scalar quartic

The contribution to the thermal mass of ϕ coming from a
quartic coupling L ¼ − 1

2
λ0jϕj2φ2 is the easiest to compute,

as the forward amplitude ϕφ → ϕφ is simply given by λ0. If
the scalar φ has mass mφ, one finds [15]

m2
ϕ ¼

8<
:

λ0T2

24
T ≫ mφ

λ0
2
ð2πÞ−3

2

ffiffiffiffiffiffiffiffiffiffiffi
mφT3

q
e−mφ=T T ≪ mφ

: ð16Þ

Given the exponential damping, the contribution of φ to the
thermal mass of ϕ effectively disappears for T ≪ mφ and
any other contribution quickly dominates over it, be it the
zero temperature contribution (assumed here to be negli-
gible for a wide range of temperatures) or the thermal mass
coming from those particles of the thermal bath that are still
relativistic.
Keeping the same normalization for the 2 → 2 ampli-

tude, one gets an additional factor of 2 if φ is complex and a
factor of dφ if it constitutes a multiplet with dφ components.
Notice that a complex φ can be either charged or neutral
under Q, the conserved operator under which we assume ϕ
to be charged.

B. Yukawa

Since ϕ is charged under Q, a Yukawa term has to
involve two fermionic species, ψ and χ, with interaction
Lagrangian

L ¼ ϕψ̄ðyþ y0γ5Þχ þ c:c: ð17Þ

and massesmψ andmχ (we are assuming for simplicity that
ψ and χ are Dirac fermions that admit a Dirac mass term).
The charges respect qϕ þ qχ ¼ qψ , so at least one fer-
mionic species is charged under Q.
The thermal contribution to the mass of ϕ induced by

(17) can be computed with (15). With this method one
needs to be very careful in taking into account the relative
signs of contributions coming from four species in the
plasma, that is ψ ; ψ̄ ; χ and χ̄. Another possibility is to derive
all four contributions from one single object: the thermal
loop of Figure 2.
It can be computed with the usual (Euclidean) Feynman

rules, albeit with a modified definition of the loop inte-
gration: instead of an integral over k0, the time component
of the loop momentum, one needs to perform a sum
over fermionic Matsubara modes k0 ¼ ð2nþ 1ÞπT, with
n integer.

FIG. 1. Contours of κ, defined in (12), at fixed entropy S and
charge Q, as a function of the number of active species g and the
ratio of the scalar’s thermal mass to temperature βmϕ ¼ ffiffiffi

a
p

(schematic). Both g and
ffiffiffi
a

p
are approximately piecewise constant

functions of T that decrease under cooling when T crosses a
physical scale Λ. The change in these two parameters can be such
that the system goes from the yellow region (κ < 1) to the blue
region (κ > 1) where a condensate is formed. The contours of κ
can also be thought of as different critical lines (κ ¼ 1) at varying
Q or S.
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Setting the external momentum to zero, one has

Σð1Þ ¼
Z
k

tr½ðkþmψÞðyþ y0γ5ÞðkþmχÞðy − y0γ5Þ�
ðk2 þm2

ψ Þðk2 þm2
χÞ

ð18Þ

where
R
k ≡ T

P
k0

R
d3k
ð2πÞ3, and Σ

ð1Þ contains also the (not yet
separated) zero temperature contribution. Evaluating the
trace one gets

tr½…� ¼ 4ðk2ðy2 þ y02Þ þmψmχðy2 − y02ÞÞ: ð19Þ

With a standard reduction procedure one can rewrite the
squared momentum in the numerator as k2 ¼ 1

2
ðk2 þ

m2
ψ Þ þ 1

2
ðk2 þm2

χÞ − 1
2
ðm2

ψ þm2
χÞ and reduce the problem

to the evaluation of the following thermal integrals

I1 ¼
Z
k

1

k2 þm2
; ð20Þ

I2 ¼
Z
k

1

ðk2 þm2Þðk2 þ m̂2Þ : ð21Þ

Let us review the evaluation of the tadpole integral in detail,
to see how the separation of zero temperature effects arises
algebraically and the on shell nature of the remaining,
purely thermal, contribution.
The key identity to invoke is a version of the Poisson

summation formula, which allows us to rewrite the sum
over Matsubara modes as

T
X
k0

1

k20 þ E2
k
¼

X
l∈Z

ð−1Þl
Z þ∞

−∞

dω
2π

e−ilωβ

ω2 þ E2
k

¼ 1

Ek

�
1

2
þ
X
l>0

ð−1Þle−lβEk

�
; ð22Þ

with Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
. To go to the second line one needs

to interpret the integral in dω as a contour integral and close
the contour in the upper or lower half-plane for respectively
negative and positive l. The integral then localizes on the
poles ω ¼ �iEk by virtue of the Cauchy theorem. The sum
over l > 0 can be recognized as minus the Fermi-Dirac
density nfðkÞ, while the l ¼ 0 term is the contribution of

vacuum fluctuations that one computes with the usual zero
temperature Feynman rules.
All in all one finds

I1 ¼
Z

d3k
ð2πÞ3Ek

�
1

2
− nfðkÞ

�
: ð23Þ

With analogous manipulations one finds, for the T-depen-
dent part of I2,

I2jT ¼ 1

m2 − m̂2

Z
d3k
ð2πÞ3

�
nfðkÞ
Ek

−
n̂fðkÞ
Êk

�
: ð24Þ

In the evaluation of I2 one encounters poles in ω ¼ �iEk

and ω ¼ �iÊk. For a discussion on the subtleties of the
computation of Σð1Þ for coincident masses, see [14]. Putting
everything together, one finds that the one-loop thermal
mass of ϕ induced by (17) is given by

m2
ϕ ¼ 4mψ

�
y2

mψ þmχ
þ y02

mψ −mχ

�Z
k

nψ
Eψ

þ ðψ ↔ χÞ;

ð25Þ

where
R
k ¼ R

d3k
ð2πÞ3. It can be seen that the result fits the

general formula (15). At very high temperatures it reduces
to

m2
ϕ ¼ y2 þ y02

6
T2ðT ≫ mψ ; mχÞ: ð26Þ

In the opposite regime one has the usual Boltzmann
suppression, captured by the asymptotic formula,

Z
k

nðkÞ
Ek

∼

ffiffiffiffiffiffiffiffiffiffiffi
mT3

ð2πÞ3

s
e−m=T; ð27Þ

which is valid for bosons as well as fermions.
It is enough for one among ψ and χ to decouple from the

plasma to have a suppression of the thermal mass (not
exponential, though). In the regimemχ ≪ T ≪ mψ one has

m2
ϕ ¼ mχ

mψ

y2 − y02

6
T2; ð28Þ

suppressed by the small ratio mχ=mψ : though χ is abun-
dantly produced thermally and is available for scattering
with ϕ, the heavy ψ has to be produced virtually in order for
the scattering to take place.
Notice that the term in (25) proportional to y02 is not

positive definite, as is also clear from (28). The thermal
squared-mass induced by the fermion loop of Fig. 2 can
therefore become negative in certain regimes, and it can be
responsible for inducing ϕ condensation sooner, or for

FIG. 2. The one-loop self-energy of ϕ in the model specified by
(17) comes from the above diagram. Including thermal effects
amounts to compute it with thermal instead of vacuum propa-
gators for ψ and χ.
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lower values of Q=S. We are not going to study this
interesting possibility further in the present work.

C. Gauge interactions

The scalar ϕ can also be charged under some gauge
group G, Abelian or not. The interaction of ϕ with the
gauge degrees of freedom, and with itself via the gauge
coupling, gives another contribution to its thermal mass.
The interaction—mediated by the exchange of a gauge
boson—with other species charged under G, instead, gives
no contribution at one loop due to an adaptation of Furry’s
theorem [16].
Using (15) one finds (the covariant derivative is defined

as ∂μ − ieAμ)

m2
ϕ ¼ e2

Z
k

1

2jkj ð2nγþ þ 2nγ− þ nϕ þ nϕ̄Þ ¼
e2T2

4
; ð29Þ

where the last expression assumes negligible ϕ mass, and
γ� denote photons with respectively positive and negative
helicity. IfG is non-Abelian and ϕ carries representation ta,
such that the covariant derivative is ∂μ − ietaAa

μ, one needs
to multiply (29) by Cϕ, with

P
a t

ata ¼ Cϕ1. For example,
for ϕ in the fundamental of SUðNÞ, Cϕ ¼ 1

2N ðN2 − 1Þ.

IV. EXAMPLES

A. Scalar decoupling

The simplest example we consider is a theory in which ϕ
couples to a neutral scalar φ. The relevant physical
parameters are captured by the potential,

V ¼ −λjϕj4 þ 1

2
λ0φ2jϕj2 þ 1

2
m2

0φ
2 þ λ00φ4: ð30Þ

At finite temperature, on top of the zero temperature loop
corrections (fine-tuning issues, which are expected to arise
here, are ignored in this discussion) one has to take into
account thermal effects. In particular, a thermal mass for
ϕ is generated, and the mass of φ gets a correction that
dominates for T ≫ m0. In this regime, assuming for
simplicity that λ0 ≫ λ; λ00, one has

m2
ϕ ¼ 1

24
λ0T2; ð31Þ

m2
φ ¼ m2

0 þ
1

12
λ0T2: ð32Þ

Along with ϕ and φ, let us assume that there is a number of
other species which are kept in thermal equilibrium and are
either massless or with negligible mass with respect to m0.
They have couplings to ϕ that are weaker than λ0 and
overall give a thermal mass to ϕ that has size aT2,
with a ≪ λ0.

When temperature falls belowm0, one bosonic degree of
freedom decouples from the plasma. More dramatically, the
mass to temperature ratio of ϕ drops from

ffiffiffiffiffiffiffiffiffiffiffi
λ0=24

p
to

ffiffiffi
a

p
,

due to (16).
As a measure of the effect that the decoupling of φ has on

the balance among temperature and chemical potential, we
consider

ρ≡ κðT ≪ m0Þ
κðT ≫ m0Þ

¼
ffiffiffiffiffiffiffiffi
λ0

24a

r �
1 −

2π2

45g

�
; ð33Þ

with κ given in (12). The new quantity ρ measures if the
drop in the thermal mass of ϕ is more or less sizeable than
the decrease in the number of relativistic degrees of
freedom. Unlike κ, ρ depends only on the specifics of
the model and not on the initial conditions.
For the decoupling of φ to induce condensation, it is

necessary (but not sufficient) that ρ > 1. If ρ is only slightly
larger than 1, condensation is unlikely because one needs
the system to be already at the edge of condensation for T
above m0 [that is, κðT ≫ m0Þ must be very close to 1]. For
larger and larger ρ, the range of favorable initial conditions,
say on the charge to entropy ratio, gets bigger and bigger.
Since the effect is multiplicative, one needs always some
charge asymmetry for it to operate. Under the natural
assumption that g ≫ 1, if we take λ0 ∼ 1 then ρ ∼ 2 for
a ¼ 10−2 and ρ ∼ 6.5 for a ¼ 10−3.
While it is natural for the thermal mass to be dominated

by the effect of one coupling, it comes as a coincidence that
the particle that contributes mostly to mϕ decouples first
from the plasma.
It is important to stress that the condition of thermal

equilibrium, both kinetic and chemical, is necessary for the
formulas of Secs. II and III to be valid. In an expanding
universe, thermal equilibrium holds when the processes
that redistribute energy and conserved charges among
particles are fast, i.e., when their rate Γ is much larger
than H.
In the example of this section it is particularly crucial to

check if chemical equilibrium of φ can be maintained for
T ≲m0. This is because the rates of annihilation processes
like 2φ → ϕϕ̄, which keep a vanishing chemical potential
for φ, become Boltzmann suppressed and switch off for
temperatures not too far belowm0. The number density of φ
becomes frozen and the contribution of φ particles to the
thermal mass of ϕ is not the one given in the second line
of (16).
The conditions for maintaining thermal equilibrium are

analyzed in Appendix A 1 for the present model and for
that of Sec. IV B, and the effects of deviating from
equilibrium are studied numerically in Appendix A 2.
The conclusion is that, under very reasonable assumptions,
the full picture does not sensibly depart from the one
depicted in the main text assuming equilibrium.
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As a final remark, we note that the formulas presented in
this section are not sufficient to determine the temperature
at which condensation occurs; they only provide a criterion
for determining whether condensation takes place or not.4

How to determine the condensation temperature is the
subject of Appendix A 3.

B. Charged fermion multiplet

As a second illustration of the effect we consider the
model of (17) with the symmetric assignment qψ ¼ −qχ ¼
1
2
qϕ and massesmψ ¼ mχ (the scenario in whichmχ ≪ mψ

is considered in A 3). To enrich the model we also make ψ
and χ multiplets of some non-Abelian group G. For
T ≫ mψ , taking y0 ¼ 0, one has

m2
ϕ ¼ 1

6
y2dψT2; ð34Þ

with dψ the length of the fermion multiplets.
When temperature drops below the mass of fermions,

three changes take place. First, 8dψ fermionic degrees of
freedom decouple from the thermal plasma. Second, the
thermal mass of ϕ drops to aT2, with a ≪ y2. As a third
effect, all of the charge excess of the system gets transferred
to ϕ, while at T ≫ mψ this was democratically distributed
among the various degrees of freedom (we are assuming
that no other particle in the plasma besides ϕ;ψ and χ
carries Q charge). As explained in Sec. A 1, for the excess
charge to be depleted from the ψ and χ sectors, freeze-out
of ψ and χ must happen sufficiently late. This is typically
the case for supercooling at Tc ∼ 10 TeV, where the freeze-
out temperature is roughly given by mψ=20.
Due to the third phenomenon, which was absent in the

previous example, the formula for ρ includes another
potentially large ratio, coming from correcting (12) with
(13). In this model, it is given by

ρ ¼ y

ffiffiffiffiffiffi
dψ
6a

r �
1 −

14π2dψ
45g

��
1þ dψ

2

�
; ð35Þ

where the last factor is q−2ϕ Q2ðT ≫ mψÞ, with Q2 as
defined in (13). Even with a sizeable decrease in the
number of relativistic degrees of freedom, say by a factor
of 2, a large multiplet size induces a much more drastic
effect than in the example of Sec. IVA. For y ∼ 1, with
a ¼ 10−2 one has ρ ∼ 16 and ρ ∼ 27 for, respectively,
dψ ¼ 5, 10. The effect is sizeable also for a less dramatic
decrease in the thermal mass. With a ¼ 10−1, ρ ∼ 5 and

ρ ∼ 8.5 for, respectively, dψ ¼ 5, 10. As a matter of fact,
charge redistribution is a distinct effect that takes place
whether or not the thermal mass of ϕ changes significantly.
In general, both effects are present and the first gives a
boost to the second, or vice versa.
In the present analysis we have not considered the

possibility that there are other conserved charges that have
an interplay with Q at T ∼mψ . To give an example,
suppose there are no light fermions in the model. If the
plasma carries a nonzero fermion number F [to allow the
Yukawa term of (17), one has to take Fψ ¼ Fχ], some
amount of ψ and/or χ particles must survive in the plasma.
If the depletion is not symmetric for ψ and χ (for non-
degenerate masses, this is expected), some amount of Q
excess will remain trapped in the fermion sector. For a
symmetric depletion nψ ¼ nχ and the total Q-charge in the
fermion sector is zero because qψ ¼ −qχ . Even in this case,
however, some amount of energy remains confined in the
nonrelativistic sector, and the estimate of the entropy has to
be modified. All this is avoided by assuming either that
F ¼ 0, or that the fermion number excess can be injected
into some light species. In general, one needs to know the
details of the model, especially what the conserved charges
are, and their interplay across mass thresholds, to get an
accurate estimate of ρ. See for example the analysis of
Appendix A 3.

C. Dynamically generated exit scale

In the present section we explore the possibility that
particle decoupling from the plasma is due to a dynamically
generated mass scale.
Consider a gauge theory, charged under local

SUð3Þ × SUð2Þ, whose particle content is that of one
generation of Standard Model fermions and one Higgs
doublet ϕ. Using the familiar Standard Model nomencla-
ture, let us call the gauge group multiplets qð3; 2Þ, ucð3̄; 1Þ,
dcð3̄; 1Þ, lð1; 2Þ, ecð1; 1Þ, and ϕð1; 2Þ.
Let us assume that the only Yukawa term that has non-

negligible coupling to ϕ is

LY ¼ yeϕ�lec: ð36Þ

In this scenario there are several conserved global charges,
that can be chosen to be the ‘baryon numbers’ Bq, Bu, Bd,
which count the number of respectively q; uc; dc (minus
their antiparticles), the lepton number L, which counts the
number of l minus the number of ec, and a charge Q under
which qϕ ¼ 1 and ql ¼ qec ¼ 1

2
. We assume that Q ≠ 0,

while Bq; Bu; Bd; L ¼ 0.
The interesting scale for inducing condensation is the

analogue of ΛQCD in this toy example, which is assumed to
have roughly the same features of the real-world QCD
(with two flavors of quark, the one-loop beta function of αs
is μ d

dμ αs ¼ − α2s
2π ð11 − 4

3
Þ, making αs grow in the infrared).

4Strictly speaking, the criterion is sharp only if κðTÞ is a
monotonic function, but this is not always the case. For a sharper
determination of the region of parameter space where condensa-
tion is triggered, one needs to go beyond the determination of κ
and ρ and study the dynamics at threshold.
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For T ∼ ΛQCD confinement is assumed to take place with
generation of a chiral condensate [17].
The formation of a quark condensate was crucial in the

context of [7] to give a linear term to the potential of ϕ via
its Yukawa coupling to the quarks. Assuming that such a
direct coupling to the condensate is absent or very small, a
more efficient exit mechanism is provided, in the right
conditions, by the supersaturation ofQ. Let us see how this
arises.
The chiral condensate has the same quantum number of

the Higgs and it breaks SUð2ÞL completely, giving a
perturbative mass to the three associated gauge bosons
Wi

μ via the Higgs mechanism. The scalar degrees of
freedom that are eaten by the SUð2ÞL gauge bosons are
the three pions πi, which can be embedded in U ¼ eiπ

iσi=fπ .
The canonically normalized gauge covariant kinetic term of
U reads 1

4
f2πtrDμU†DμU, with DμU ¼ ∂μU − ig2Wi

μ
σi

2
U.

Taking hUi ¼ 1, the kinetic term produces a mass term for
the W bosons,

LmW
¼ 1

2

�
g2fπ
2

�
2

δabWa
μWb

μ: ð37Þ

What is important for us is that QCD confinement induces,
indirectly via the chiral condensate, a mass to the W
bosons. Therefore, for T ≪ mW ¼ 1

2
g2fπ, the only active

species in the plasma are l; ec, and ϕ.
The drop in the number of active degrees of freedom is

considerable, and is quantified by

g0

g
¼ 37

165
≃ 0.22: ð38Þ

If g2 ≫ ye, the thermal mass to temperature ratio also drops
significantly, giving a contribution to ρ of order

ffiffiffi
a

pffiffiffiffi
a0

p ∼
g2
ye

≫ 1; ð39Þ

so that the effect of (38) can be overcome. Let us see how
this comes about. For T ≫ mW, the main contribution to
mϕ is given by its interaction withW particles in the plasma
and self-interactions mediated by the exchange of W
bosons. Using (29) and that Cϕ ¼ 3

4
for a fundamental of

SUð2Þ, one finds m2
ϕðT ≫ mWÞ ¼ 3

16
g22T

2. For T ≪ mW

the contribution tomϕ coming from interactions with gauge
bosons is Boltzmann-suppressed, and the one coming from
self-interactions mediated by W is expected to be sup-
pressed by the ratio T2=m2

W ≪ 1 because W has to be
produced with high virtuality. Therefore the main contri-
bution to the thermal mass of ϕ comes from interactions
with l and ec mediated by the Yukawa coupling ye. Using
(26) with y; y0 → ye

2
one finds m2

ϕðT ≪ mWÞ ¼ 1
12
y2eT2.

In this example no Q-charged particle Boltzmann-
decouples from the plasma, so one gets simply,5

ρ ¼ 37g2
110ye

: ð40Þ

V. CONCLUSIONS

A long period of supercooling has most of the qualitative
features of inflation; it is a period of inflationary expansion
that lasts a number Ne ∼ lnTc=Texit of e-folds, where
Texit ∼m0; mψ ;χ and ΛQCD in the examples of
Secs. IVA, IV B, and IV C respectively. When the con-
dition for condensation is reached, the system starts
relaxing to the true minimum and all latent heat gets
released, increasing the entropy by a factor of roughly
ðTc=TexitÞ3. At the end of the reheating period the ratioQ=S
gets therefore diluted by a factor ðTexit=TcÞ3. A similar
dilution takes place for any other abundance or defect
produced before the supercooling epoch.
The transition to the stable vacuum is induced by

tachyonic instability [18]. The out-of-equilibrium dynam-
ics that follows the sudden destabilization is potentially rich
in implications and deserves further investigation. In the
hypotheses of this work, ϕ is Uð1Þ-charged and the
transition to the true vacuum is expected to give rise to
a string network, similarly to the Peccei-Quinn phase
transition [19]. Adding a small Uð1Þ violating term that
allows the network to eventually annihilate is not expected
to spoil the mechanism described in this work.
The idea that a strong chemical potential can induce the

destabilization of a metastable vacuum has been pursued in
[20]; the authors considered large and dense systems such
as stars as catalysts for the formation of true-vacuum
bubbles. Here, instead, the presence of a sizeable charge
concentration characterizes the whole Universe at some
time in its evolution.
In the context of inflation, the authors of [21] have shown

how the large kinetic energy of the inflaton can mimic a
chemical potential μ ≫ TdS which is able to overcome
Boltzmann suppression of particles with massm > TdS; the
condition μ < m is invoked there to avoid tachyonic
instabilities. It could be interesting to study an implemen-
tation of the mechanism presented here where the desta-
bilizing chemical potential comes from the coupling of ϕ
with another scalar φ that has φ̇ ≠ 0.
A period of supercooled inflationary expansion has

phenomenological consequences even if it happens in a
sector that is only gravitationally coupled to the Standard
Model; see for instance [22] for a discussion on the

5The quoted ρ can of course be seen as the combination of two
effects; the decoupling of quarks and gluons from the plasma at
T ∼ ΛQCD and the decoupling of W bosons at T ∼mW ≪ ΛQCD.
The total ρ is the product of ρΛ ¼ 49

165
and ρW ¼ 111g2

98ye
.
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cosmology of dark sectors. As a model-building tool,
supersaturation allows a metastable dark sector to persist
until it reaches a critical threshold and decays.
The dynamical generation of a confinement scale—what

happens in QCD—is a generic mechanism in gauge
theories that allows us to accommodate large hierarchies.
In the toy example of Sec. IV C, a larger and larger
hierarchy between the critical temperature Tc and the exit
temperature Texit ∼ ΛQCD implies a longer and longer
period of supercooling with inflationary expansion. It
would be interesting to study what ingredients are needed,
other than Ne ¼ lnTc=Texit ≳ 50, to embed the supersatu-
ration mechanism in a realistic model for inflation.
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APPENDIX: AN EXPLICIT MODEL

The purpose of this Appendix is manifold. After pre-
senting an explicit model, the conditions for maintaining
thermal equilibrium in various scenarios are considered in
Sec. A 1. Section A 2 studies numerically the freeze-out of
φ and the impact on the evaluation of the thermal mass of ϕ.
Section A 3 provides analytic formulas for numerically
determining the condensation temperature.
For concreteness, let us consider the theory of a neutral

scalar φ, a complex scalar ϕ, two Dirac fermions ψ and χ
and the photon γ. Let us take ψ and χ to be electrically
charged, with charge 1. They are coupled to ϕ via a Yukawa
term (all fields are canonically normalized),

LY ¼ yϕψ̄χ þ c:c:; ðA1Þ

which preserves a global Uð1Þ, called Q, with charges
qϕ ¼ 1, qψ ¼ 1

2
and qχ ¼ − 1

2
. The local Uð1Þ, which

coincides with the fermion number in this model, is calledF.
The neutral scalar couples with ϕ via a quartic inter-

action

L4 ¼ −
1

2
λ0φ2jϕj2: ðA2Þ

By appropriately choosing the mass parameters, it is
possible to match this model to both the example of
Sec. IVA and that of Sec. IV B.
A straightforward generalization of the model includes

Nf generations of fermions ψ i and χi.

1. Conditions for equilibrium

Let us first consider the conditions for equilibrium in
three scenarios:

(i) All particles have masses ≪ T;
(ii) Temperature goes below the neutral scalar mass m0,

the other particles being much lighter than T;
(iii) The same as above, now with ψ becoming non-

relativistic.
In the large-T regime, charges and energies are distributed
efficiently among species, because there are fast processes
that execute the task. For example, each species can
pairwise annihilate into two other particles at a rate
Γ ∼ g4T, where g4 can stand for λ02; e2y2, etc., depending
on the process. The same is true for elastic 2 → 2 processes
that maintain kinetic equilibrium among the species.
Adding an extra photon in the final state of an otherwise
elastic process only costs an additional e2 factor to the rate
(we are not paying attention to factors of 4π here; including
them does not change the picture substantially).
During inflationary expansion, Hubble is constant and

roughly given by H ∼ T2
c=MP, where Tc is the critical

temperature at which the system becomes metastable (and
gives a measure of the energy content of the false vacuum)
and MP is the Planck mass.
The condition for equilibrium, Γ ≫ H, translates into

T ≫
1

g#

�
Tc

10 TeV

�
2

0.01 eV; ðA3Þ

where # is 4 or 6 with bremsstrahlung. If the couplings are
not artificially small, there is an ample interval of temper-
atures, say from TeV to keV, in which all species are in
equilibrium.
The reason why all rates are proportional to T can be

understood by dimensional analysis; with no particle
masses and only marginal couplings, the only physical
scale is temperature.
The picture changes when a species becomes nonrela-

tivistic. We consider three cases of interest for this work.

a. Kinetic equilibrium of heavy scalar

Nonrelativistic particles that follow their equilibrium
distribution have exponentially suppressed density. If they
elastically scatter with a relativistic species, their kinetic

SUPERCOOLING EXIT FROM CHARGE SUPERSATURATION PHYS. REV. D 114, 063510 (2026)

063510-9



equilibrium is still efficiently maintained, because its
rate is proportional to the density of the light species it
interacts with. For example, the neutral scalar φ has
Mðφϕ → φϕÞ ∼ λ0. Then one has

Γkin ∼
λ02

m2
0

× T3; ðA4Þ

where the first factor is the cross section, and the second the
density of targets (ϕ particles). The condition for equilibrium
is now roughly

T ≫
1

λ02=3

�
m0

100 GeV

�
2=3

�
Tc

10 TeV

�
2=3

5 MeV: ðA5Þ

Kinetic equilibrium is kept for temperatures many orders of
magnitude smaller than m0.

b. Chemical equilibrium of heavy scalar

With an efficient photon emission and many charged
particles in the plasma, μγ ¼ 0. Particles a that can
annihilate into photons then have μa þ μā ¼ 0, and par-
ticles that can annihilate into aā satisfy the same relation,
and so on and so forth. The chemical potential of φ is kept
to zero in chemical equilibrium thanks, say, to the chain of
fast reactions

2φ↔
λ0
ϕϕ̄↔

y2
ψψ̄ ↔

e2
2γ; ðA6Þ

where the couplings governing the amplitude have been
indicated above the arrow.
When T goes below m0, however, the density of target

particles for φ, which are φ scalars themselves, exponen-
tially drops with e−m0=T . The reaction rate quickly drops
and it soon becomes too slow to keep up with the universe
expansion, so φ freezes out. This scenario, which is
essentially the one studied in Sec. IVA, is analyzed
numerically in Sec. A 2.

c. Chemical equilibrium of heavy fermion

Suppose now that the heaviest particle is ψ , all other
particles being much lighter. When T drops below mψ,
some reactions get Boltzmann suppressed, like ψψ̄ anni-
hilation. However, this is not necessary for maintaining
chemical equilibrium, which is kept by the fast reaction,

ψ ↔
y
χϕ; ðA7Þ

whose rate is Γ ∼ y2T. Transfer of F and Q from heavy to
light particles is therefore very efficient in this case, and ψ
does not freeze-out.

2. Departure from equilibrium

The deviation from equilibrium of φ can be studied with
standard freeze-out methods. Calling Y ¼ nφ=T3 and
x ¼ m0=T, one has6

dY
dx

¼ −
λ02m0

32πHx4
ðY2 − Y2

eqÞ; ðA8Þ

with Yeq ¼ x
3
2e−x=ð2πÞ32. The evolution of YðxÞ can be

studied numerically. The key dimensionless parameter that
governs the deviation from thermal equilibrium is

ξ ¼ λ02m0

32πH
≈ λ02

�
m0

100 GeV

��
0.01 eV

H

�
× 1011: ðA9Þ

The freeze-out temperature can be estimated by setting
Γ ¼ H, which gives

xf ¼ ln

�
λ02m0

32πð2πxfÞ3=2H
�
≈ ln ξ; ðA10Þ

where the final expression is valid in the limit ξ ≫ 1. In
scenarios where supercooling is at the 10 TeV
scale, ln ξ ∼ 20 ÷ 25.
We show, in the upper panel of Fig. 3, an example of the

behaviour of YðxÞ in the present model.

a. Thermal mass of ϕ: Deviation from equilibrium
formula

The contribution to the thermal mass of ϕ that comes
from its interactions with φ particles in the plasma is given
by Eq. (15), which reads in this case,

m2
ϕ ¼ λ0

4π2

Z
∞

0

dk k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

0

p
ðeβð

ffiffiffiffiffiffiffiffiffiffi
k2þm2

0

p
−μφÞ − 1Þ

: ðA11Þ

At thermal equilibrium μφ ¼ 0. If the particle freezes out,
however, the distribution ceases to be the equilibrium one,
and φ acquires an ‘artificial’ chemical potential, different
than zero. The temperature instead remains the one of the
plasma, thanks to the fast elastic reactions φϕ → φϕ that
maintain kinetic equilibrium.
Out of chemical equilibrium, μφ is determined by

imposing consistency with the freeze-out equation. Deep
in the nonrelativistic regime, one has Y ¼ eβμφYeq, so

μφðTÞ ¼ T ln

�
YðxÞ
YeqðxÞ

�
; ðA12Þ

6Scaling nφ by T3 instead of the usual entropy density amounts
to neglecting the effect that φ decoupling has on gðTÞ, whose
relative change in crossing m0 is given by gbelow

gabove
¼ 1 − 1

5þ7Nf
.
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which correctly reproduces the equilibrium result μφ ¼ 0

for T > Tf. This is shown in the lower panel of Fig. 3.
Using the so obtained μφðTÞ, it is possible to numerically
compute the deviation of m2

ϕ from the thermal equilibrium
formula. This is shown in Fig. 4; for T < Tf, m2

ϕ decays
like T3 instead of exponentially. However, in realistic
examples, the contribution to m2

ϕ that comes from the
other particles in the plasma takes over long before T
reaches Tf (see the example of Fig. 4).

3. Determination of condensation temperature

The analysis of Sec. IV is limited to the extreme limits
T ≫ Λ and T ≪ Λ, where Λ is some physical scale at
which some particle species decouples from the plasma.
Because of this, it could only provide a criterion for
establishing if condensation happens or not (the condition
is that κ < 1 above Λ and κ > 1 below Λ).
Working with the model of A, we provide now formulas

that allow us to numerically determine the condensation

temperature T�, which is obtained by solving qϕμðT�Þ ¼
mϕðT�Þ.
Let us consider the scenario in which the Nf species

ψ i¼1;…;Nf
have mass mψ , and all other particles are

comparatively light.
When T ∼mψ , the entire ψ i multiplet gets Boltzmann

suppressed, efficiently distributing its charges F and Q to
the other species. In this case depletion is extremely
efficient and it is totally safe to consider equilibrium
distributions for all species.

a. Thermal mass of ϕ

It is straightforward to give the formula for the thermal
mass of ϕ, taking y0 and mχ to be zero in (25),

βmϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ0

24
þ 4Nfy2ImðβmψÞ

r
; ðA13Þ

ImðxÞ ¼
1

2π2

Z
∞

0

dk k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ x2

p
ðe

ffiffiffiffiffiffiffiffiffi
k2þx2

p
þ 1Þ

: ðA14Þ

The integral ImðxÞ interpolates between the high temper-
ature regime, with Imð0Þ ¼ 1=24, and the low-temperature
regime, with Imð∞Þ ¼ 0.

b. Chemical potential of ϕ

Following the logic of Sec. II, in order to extract μϕðTÞ
we start by evaluating the entropy of the system. This is
poorly sensitive to chemical potentials, especially in the

FIG. 3. Comoving yield of field φ, computed numerically using
(A8) with the central values of (A9) and λ0 ¼ 1 (Above);
chemical potential μφðTÞ, evaluated with (A12) (Below).

FIG. 4. Comparison between the thermal mass of ϕ in the
model of A when (i) y ¼ 0 and φ is in chemical equilibrium
(dashed red), (ii) y ¼ 0 and φ freezes out (solid red), and
(iii) y ¼ 0.01, so ϕ gets an additional contribution given by
(26) (solid blue). The parameters used to evaluate mϕ, whose
expression is given in (A11), are the same as in Fig. 3. Even with
modest values of y, the shape of the total curve is almost
insensitive to the out of equilibrium dynamics of φ (dotted cyan).
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limit μ ≪ T. We get

S
V
¼ π2T3

45
ð10þ 7NfÞ þ 4NfT3ISðβmψ Þ; ðA15Þ

ISðxÞ ¼
1

6π2

Z
∞

0

dk k2ð4k2 þ 3x2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ x2

p
ðe

ffiffiffiffiffiffiffiffiffi
k2þx2

p
þ 1Þ

; ðA16Þ

where the integral IS is a monotonically decreasing
function with ISð0Þ ¼ 7π2

180
and ISð∞Þ ¼ 0.

On top of entropy, the system has two conserved charges,
Q and F. These quantities are sensitive to chemical
potentials, and we work at first order in μQ and μF, which
are the Lagrange multipliers associated to the conservation
of Q and F, respectively.
It is useful to introduce the individual chemical poten-

tials at equilibrium,

μϕ ¼ μQ; ðA17Þ

μψ ¼ 1

2
μQ þ μF; ðA18Þ

μχ ¼ −
1

2
μQ þ μF: ðA19Þ

In terms of these quantities, one has

F
V
¼ 2NfT2

�
μψ IQðβmψÞ þ

1

6
μχ

�
; ðA20Þ

where the charge integral IQ decreases monotonically and
satisfies IQð0Þ ¼ 1

6
and IQð∞Þ ¼ 0. It is given by

IQðxÞ ¼
1

π2

Z
∞

0

dk k2

e
ffiffiffiffiffiffiffiffiffi
k2þx2

p
þ 2þ e−

ffiffiffiffiffiffiffiffiffi
k2þx2

p : ðA21Þ

The fermion number cannot be treated as a free parameter
in this model, as we assumed it is associated to a local
symmetry. Because charges repel each other, F ¼ 0 in the
bulk. Concretely, this translates into a relation among the
chemical potentials of Q and F, given by

μF ¼ 1

2
×
1 − 6IQðβmψ Þ
1þ 6IQðβmψÞ

μQ ≡ fðβmψ ÞμQ: ðA22Þ

The function f interpolates between zero at high temper-
atures and 1

2
at low temperatures, and is monotonic.

The condition F ¼ 0 has an interesting consequence
when T drops below mψ ; since nψ and nψ̄ become
exponentially suppressed, the same must be true for the
F charge asymmetry contained in the ψ sector. Because the
only other F-charged particle is χ, the F-charge asymmetry
in the χ sector, which is proportional to nχ − nχ̄ , must also

become exponentially suppressed, even though individu-
ally nχ ; nχ̄ ∼ T3. This is the reason why μF must adjust to
1
2
μQ—and make μχ ¼ 0, see (A19)—for T ≲mψ. An

immediate consequence of this is that also the Q charge
asymmetry is almost completely transferred in the ϕ sector,
because nχ and nχ̄ get exponentially close to each other.
With the constraint F ¼ 0, the Q charge asymmetry is

given by

Q
V

¼ T2

�
1

3
μϕ þ 2NfμψIQðβmψ Þ

�

¼ μQT2

�
1

3
þ 2Nf

�
1

2
þ fðβmψ Þ

�
IQðβmψÞ

�
; ðA23Þ

where in the second line we have used (A22).
Working at leading order in the chemical potentials we

have achieved a nice separation of μQ from T. One gets

βμQðTÞ ¼
Q
S
×

π2

45
ð10þ 7NfÞ þ 4NfIS
1
3
þ 2Nfð12 þ fÞIQ

: ðA24Þ

FIG. 5. (Above) Curves describing μϕðβmψ Þ and mϕðβmψ Þ in
the model of Sec. A, with λ0 ¼ 0.1, y2 ¼ 0.3 and Nf ¼ 4. The
values of charge to entropy ratio are chosen in such a way that
μϕ < mϕ for T ≫ mψ , and μϕ > mϕ at T ≪ mψ , so condensation
is induced at some intermediate temperature T�. (Below)With the
same choice of parameters, κ ¼ μϕ=mϕ. The exit temperature T�
is determined by the condition κðTÞ ¼ 1.
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Using (A13) and (A24), one can extract T� by equating them. An example is shown in Fig. 5. For lower and lower charge to
entropy ratio, the exit point moves to lower and lower temperatures, until a critical Q is reached below which condensation
is not triggered.
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