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Classical A-polynomials Aðl; mÞ define constraints on coordinates l and m in SLð2;CÞ [a complex-
ification of SUð2Þ] character varieties associated to knot complements S3nK. Quantum A-polynomials

Âðl̂; m̂Þ are difference operators annihilating Jones polynomials believed to represent wave functions of 3D
Chern-Simons theory with gauge group SUð2Þ on a toroidal pipe surrounding the knot K strand—a
boundary of the knot complement S3nK. In this note we suggest a construction of classical shaded
A-polynomials Aaðlb; mcÞ associated to Lie groups SUðNÞ, assuming that color N adds some extra
“depth” and “shade” to the classical notion of A-polynomials. We exploit a formalism of Clebsch-Gordan
(CG) chords, where indices a, b, c run over 1;…; N − 1. CG chords have a natural interpretation in terms
of 2D conformal field theories of Wess–Zumino–Witten type, or, alternatively, in terms of quantum group
UqðsuNÞ. In the case of su2, CG chords could be associated to Reeb chords in a knot contact homology
(KCH) framework. KCH suggests its own analog of A-polynomials, known as augmentation polynomials,
which is allowed to have extra spurious roots in principle. Yet the CG chord formalism could be easily
extended to arbitrary suN allowing us to generalize the construction of A(ugmentation)-polynomials to
arbitrary suN and arbitrary representations as well. Here we primarily aim at classical A-polynomials by
considering a double scaling limit in which q ¼ eℏ, ℏ → 0 and the representations are huge: highest weight
vector components wi → ∞ while combinations ℏwi ∼mi remain finite. Still, we expect the presented
techniques will be helpful in deriving quantum A-polynomials for arbitrary Lie (super)algebras g. Also, we
discuss explicit examples of A-polynomials for knots 31, 41 and 51 for g ¼ su3.

DOI: 10.1103/q45y-9mcr

I. INTRODUCTION

A classical A-polynomial of a knot K was defined in [1]
as a relation in an SLð2;CÞ character variety of the
fundamental group of the knot complement π1ðS3nKÞ. A
small tubular neighborhood of a knotK embedded in S3 has
a torus boundary. One considers two generators of the
fundamental group as loops corresponding to a “meridian”
and a “longitude” of the torus boundary (see Fig. 1). Images
of these loops in the SLð2;CÞ character variety are diagonal
matrices:

�
m 0

0 m−1

�
;

�
l 0

0 l−1

�
: ð1:1Þ

The relations in the fundamental group of a knot impose a
polynomial condition AKðl; mÞ ¼ 0, where the polynomial
AKðl; mÞ is called an A-polynomial.
The notion of a classical A-polynomial was deformed to

the notion of a quantum A-polynomial [2–14] as a differ-
ence operator annihilating the Jones polynomial of a knotK
as a function of spin r:

AKðl̂; m̂jqÞJKðrjqÞ ¼ 0;

l̂JKðrjqÞ ¼ JKðrþ 1jqÞ;
m̂JKðrjqÞ ¼ qrJKðrjqÞ: ð1:2Þ

The classical A-polynomial can be reconstructed from the
quantum one in a “quasiclassical” limit, where operators
are replaced by commuting variables and q → 1:

AKðl; mÞ ¼ AKðl; mj1Þ: ð1:3Þ

One can also consider “dual” difference operators called
C-polynomials [15,16].
An interpretation of this construction in the broader

context of HOMFLY-PT polynomials [17,18] is the
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following. A HOMFLY-PT polynomial is considered to be
given by a (possibly continued analytically to complexified
gauge groups [19,20]) 3D Chern-Simons path integral on
the knot complement S3nK. To regularize this integral it is
natural to cut a tubular neighborhood of the knot out of S3,
then S3nK becomes a manifold with a torus boundary, and
the path integral corresponding to the HOMFLY-PT poly-
nomial becomes a wave function ΨK in the Chern-Simons
Hilbert space on this torus. Implementing the Ward identities
for the Chern-Simons path integral leads to combinations of
quantum operator annihilating this wave function:

AK
a ðl̂R; m̂QÞΨK ¼ 0; ð1:4Þ

where m̂Q, l̂R are quantum Wilson loop operators lying
on the meridian and the longitude in the respective

representations Q and R. These operators are quantum
versions of the traces of holonomies (1.1), so in the
quasiclassical limit for su2 we have

l□ ¼ lþ l−1; m□ ¼ mþm−1: ð1:5Þ

We call these Ward identities quantum shaded
A-polynomials, and here we will be interested in their
quasiclassical versions for sun

Aaðλb; μcÞ ¼ 0; a; b; c ¼ 1;…; n − 1; ð1:6Þ

where we consider a double scaling limit, where the
quantum parameter q → 1 and the highest weight compo-
nents of the representations become huge wa → ∞, so that
the combinations μc ≔ qwc remain finite, while the shift

FIG. 1. Meridian and longitude operators on the knot complement S3nK.

FIG. 2. All roads lead to A-polynomials.
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operators λ̂bΨKðwaÞ ≔ ΨKðwa þ δabÞ become commutat-
ing variables λb.
There are various ways of deriving such Ward identities

(see Fig. 2), which we discuss separately in Sec. IV. In
addition, there are brute-force phenomenological methods
of guessing difference operators annihilating known
expressions for HOMFLY polynomials [21].
In this note we extend a method of Clebsch-Gordan

(CG) chords proposed in [13] to sun, n > 2. For su2, this
method is almost identical to the extraction of augmenta-
tion polynomials for knot contact homology and can be
easily extended to generic sun. Eventually, we would
expect that this extension could be continued to arbitrary
Lie (super)algebras g. We will derive transformation rules
for CG chords under the action of the braid group. Then
we will construct a nonlinear eigenvalue problem (3.16)
for CG chord variables in the presence of knot K in its
closed braid representation. A constraint for this system to
have a solution, a generalized resultant, would take the
form of shaded A-polynomials.
We will test this proposal and compute some roots of

shaded A-polynomials for the trefoil 31, the figure-eight 41,
and the cinquefoil 51 knots in the case of su3 explicitly.

The paper is organized as follows. InSec. IIwe review some
aspects of the quantum group representation theory and of the
Reshetikhin-Turaev formalism necessary to compute
HOMFLY-PT polynomials. In Sec. III we introduce a notion
ofcoloredCGchords, construct theactionof thebraidgroupon
them, and present a scheme of constructing shaded A-poly-
nomials. Also, we discuss why and in what sense A-poly-
nomials are knot invariants. In Sec. IV we discuss relations
between the presentedCGchord formalism and other contexts
for constructing A-polynomials: knot contact homology,
Wess–Zumino–Witten (WZW) models, 3D TQFTs and link
symbols introduced in [14]. finally, in Sec. V we construct
examples of shaded A-polynomials for some knots in su3.

II. QUANTUM GROUP UqðgÞ AND RESHETIKHIN-
TURAEV FORMALISM

A. Quantum group UqðgÞ
Let us start with a brief review of the quantum group

construction. For a simple Lie algebra g defined by Cartan
matrix aij, where i; j ¼ 1;…; rkg, one defines quantum
groupUqðgÞ [22–24] as an enveloping algebra of canonical
Chevalley generators with q-deformed relations:

qhjeiq−hj ¼ qaijei; qhjfiq−hj ¼ q−aijfi; ½ei; fj� ¼ δij
qhi − q−hi

q − q−1
;

X1−aij
n¼0

ð−1Þn
½n�i!½1 − aij − n�i!

eni eje
1−aij−n
i ¼ 0;

X1−aij
n¼0

ð−1Þn
½n�i!½1 − aij − n�i!

fni fjf
1−aij−n
i ¼ 0; ð2:1Þ

where ½n�i ¼ qndi−q−ndi
qdi−q−di for di ¼ hαi; αii=2.

Here, for practical use we will operate mostly with algebras belonging to the Dynkin A-series UqðsuNÞ. The respective
Cartan matrix is aij ¼ 2δi;j − δi;jþ1 − δi;j−1, and this leads to the following relations among the generators of UqðsuNÞ:

qhjeiq−hj ¼ qaijei; qhjfiq−hj ¼ q−aijfi; ½ei; fj� ¼ δij
qhi − q−hi

q − q−1
;

½ei; ej� ¼ 0; ½fi; fj� ¼ 0; if ji − jj > 1;

e2i ej − ðqþ q−1Þeiejei þ eje2i ¼ 0; f2i fj − ðqþ q−1Þfifjfi þ fjf2i ¼ 0; if ji − jj ¼ 1: ð2:2Þ

It is well-known (see, e.g., [25]) that the representation theory of finite-dimensional representations of UqðgÞ is the same
as that of g if q is not a root of unity.1 Finite-dimensional representations are constructed as truncated highest weight Verma
modules for the integral highest weights.
UqðgÞ carries a Hopf algebra structure, therefore representations of UqðgÞ could be organized into tensor products by

applying one of two available inequivalent coproduct structures:

ΔðeiÞ ¼ ei ⊗ q
hi
2 þ q−

hi
2 ⊗ ei; ΔðfiÞ ¼ fi ⊗ q

hi
2 þ q−

hi
2 ⊗ fi; ΔðhiÞ ¼ hi ⊗ 1þ 1 ⊗ hi;

Δ̃ðeiÞ ¼ ei ⊗ q−
hi
2 þ q

hi
2 ⊗ ei; Δ̃ðfiÞ ¼ fi ⊗ q−

hi
2 þ q

hi
2 ⊗ fi; Δ̃ðhiÞ ¼ hi ⊗ 1þ 1 ⊗ hi: ð2:3Þ

In constructing tensor products in this paper, we will, without loss of generality, always apply Δ.

1When q is a root of unity, the representation theory of UqðgÞ becomes rather sophisticated, tensor products might include reducible
yet indecomposable representations etc. [26,27].
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Similarly to the case of g, their quantized analogs UqðgÞ
admit an isotypical decomposition over irreducible repre-
sentations for tensor powers if q is not a root of unity:

ρ1 ⊗ ρ2 ¼ ⨁
ρ3 ∈ irrðgÞ

Dρ3
ρ1ρ2 ⊗ ρ3; ð2:4Þ

where D are invariant multiplicity subspaces. Their dimen-
sions dimD are called Hall-Littlewood coefficients.
Let us assume that in each representation ρi an ortho-

normal basis of vectors vðiÞk , where k ¼ 1;…; dim ρi, is
chosen. Then we call q-Clebsch-Gordan (CG) coefficients
(Wigner 3j-symbols) and inverse CG coefficients respec-
tively the following scalar products:

Ci;j
k

�
ρ1ρ2

ρ3

�
¼ hvð1Þi ⊗ vð2Þj jvð3Þk i;

C̄k
i;j

�
ρ3

ρ1ρ2

�
¼ hvð3Þk jvð1Þi ⊗ vð2Þj i; ð2:5Þ

that depend explicitly on the choice of representations ρ1,
ρ2, and ρ3.
A universal R-matrix Ř is an invertible element of

UqðgÞ ⊗ UqðgÞ conjugating one coproduct structure
(2.3) into the other, in particular:

Ř ∘ΔðaÞ ¼ Δ̃ðaÞ ∘ Ř; ∀ a∈UqðgÞ: ð2:6Þ
Also, we consider an R-matrix defined by the following
relation:

R ¼ P ∘ Ř; ð2:7Þ
where P is a permutation of tensor factors v ⊗ w → w ⊗ v.
This R-matrix intertwines the coproduct

R ∘ΔðaÞ ¼ ΔðaÞ ∘R; ∀ a∈UqðgÞ: ð2:8Þ
In this form R satisfies the Yang-Baxter equation on a
tensor cube

R12R23R12 ¼ R23R12R23; ð2:9Þ
where Rij acts on the ith and the jth factors in the
tensor power.
An existence of the universal R-matrix for quantized

Lie super-algebras was determined in [28] and has the
following form2

Ř ¼ q−
1
2
a−1ij hi⊗hj

�
1þ

X∞
n¼1

X
γ;γ0

cγ;γ0Fγ ⊗ Eγ0

�
q−

1
2
a−1ij hi⊗hj ;

ð2:10Þ

where Fγ and Eγ0 are products of generators fk and ek of
length n, respectively, corresponding to the same root.

B. Reshetikhin-Turaev formalism

The Reshetikhin-Turaev (RT) formalism [29–35] allows
one to compute HOMFLY-PT polynomials [17,18] for knot
(more generally, link) diagrams by mapping diagram
elements into objects and morphisms in a braided tensor
category of UqðgÞ.
In general, the RT formalism allows one to map

an open tangle, that is, an open braid picture with M
open ends, into morphism tensors RepðUqðgÞÞ⊗m →
RepðUqðgÞÞ⊗ðM−mÞ that are invariant with respect to
Reidemeister moves II and III and invariant under
Reidemeister move I up to a q-monomial scale factor
(a framing anomaly factor). Passing from tangles to knots
(or, more generally, to links) reduces this map to a
morphism ∅ → ∅, where ∅ denotes the trivial represen-
tation of UqðgÞ. This morphism is a plain number
ΨKðρ0jqÞ depending on the knot K in question, a chosen
representation ρ0 coloring the knot strand, and the
quantum parameter q of the quantum group. ΨKðρ0jqÞ
is identified with the HOMFLY-PT polynomial of K in
representation ρ0. Here we simply recap some basic
elements of this construction.
In a plane where the knot diagram is drawn, one chooses

a “time flow” direction (assuming that the diagram imple-
ments an embedding of the knot in a 3D space, where a 3D
Chern-Simons theory is quantized in the Heisenberg
picture by choosing one of three coordinates as a time
coordinate) and an orientation of the knot strand. In this
paper, we assume that the time flows upward in all
diagrams.
With a generic constant time slice that does not contain

any vertices and intersects the knot along a sheaf of
strands, one associates a tensor product of the correspond-
ing representations. If a strand is coaligned with the time
flow, then it contributes as a factor ρ in the tensor
power, otherwise it contributes as a complex conjugate
representation ρ̄:

ð2:11Þ

In the RT formalism one introduces 3-valent vertices
corresponding to 2-to-1 and 1-to-2 functors constructed
with the help of q-Clebsch-Gordan coefficients (2.5) (see
also [36] for similar notations):

2It is easy to observe that the zeroth order of this series delivers
right shifts for exponents using the following simple relations:

qλa
−1
ij hi⊗hjðek ⊗ 1Þq−λa−1ij hi⊗hj ¼ ek ⊗ qλhk ;

qλa
−1
ij hi⊗hjð1 ⊗ ekÞq−λa

−1
ij hi⊗hj ¼ qλhk ⊗ ek;

qλa
−1
ij hi⊗hjðfk ⊗ 1Þq−λa−1ij hi⊗hj ¼ fk ⊗ q−λhk ;

qλa
−1
ij hi⊗hjð1 ⊗ fkÞq−λa

−1
ij hi⊗hj ¼ q−λhk ⊗ fk:
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ð2:12Þ

To crossings we assign R-matrices:

ð2:13Þ

The fact that universal R-matrices ofUqðgÞ satisfy the system of Yang-Baxter equations translates diagrammatically into the
invariance of ΨKðρ0jqÞ under Reidemeister move III.
The coproduct as a homomorphism of algebras Δ∶ UqðgÞ → UqðgÞ ⊗ UqðgÞ satisfies additional relations with the

universal R-matrix [29]:

ðΔ ⊗ 1Þ ∘R ¼ R13R23; ð1 ⊗ ΔÞ ∘R ¼ R13R12: ð2:14Þ
These relations lead to a diagrammatic “fork” relation implying that a 3-valent vertex can be pulled through a crossing
strand:

ð2:15Þ

Traditionally, the knot diagram does not contain 3-valent vertices. Instead, when the time flow direction is chosen there
appear critical 2-valent vertices where the orientation of the knot strand is reversed: “cups” and “caps.” To cups and caps we
simply assign 3-valent vertices with the third leg colored by the trivial representation:

ð2:16Þ

III. CLEBSCH-GORDAN CHORDS AND
A-POLYNOMIALS

A. CG chords

Clebsch-Gordan (CG) chords proposed in [13] play the
role of operators “measuring” the quantum theory, or of
coordinates in the classical limit. We will motivate the
present construction by addressing possible connections
with similar formulation in 2D conformal field theory
(CFT), knot contact homology, and 3D TQFT in Sec. IV. In
this section we will generalize the setting proposed in [13]
for su2 to arbitrary suN.
Let us choose a specific irreducible representation ρ of

UqðsuNÞ. We assume that ρ does not produce any non-
trivial multiplicities in the tensor product with any other

irrepQ ofUqðsuNÞ. For example, for sun we could choose
any antisymmetric power ρ ¼∧k

□, k < n.3 Then we will
label irreducible components in the isotypical decomposi-
tion by Greek indices:

ρ ⊗ Q ¼ ⨁
α
Qα: ð3:1Þ

In what follows we will exploit CG coefficients for this
particular isotypical decomposition, therefore we want to
simplify notation of the previous section a bit. Wewill mark
strands colored with representations Q and Qα by thick
black lines, and those colored with ρ by thinner gray lines.
Also we omit label Q assuming that it is clear from the
context what representation is used

ð3:2Þ

3For generic simple Lie algebras an analysis of dominant weights delivering multiplicity-free tensor products is presented in [37].
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Next, we would like to study how these tensor morphisms acting on products of representations interact with other
morphisms, in particular with R-matrices. The fact that the R-matrix is an intertwiner (2.8) indicates that it acts individually
in different isotypical channels, with certain eigenvalues we call twist factors and denote by φ

ð3:3Þ

In terms of the same twist factors we can rewrite “twists” of 3-valent vertices, for example

ð3:4Þ

As we can see, CG chords have many indices. As the rank rkg, the number of strands in a braid, the dimension of ρ grow,
the number of CG chords also grows quite rapidly. In what follows we would like to consider relations among CG chords,
and as the number of these variables grows, the relations in question become cumbersome quite rapidly. Therefore it is
natural to reduce the number of relevant CG chord variables from the very beginning. One way to do so is to exclude one
isotypical index from consideration. Let us denote this index as 0. We claim that if we start by considering CG chords with
α, β ≠ 0, then new chords with α ¼ 0 or β ¼ 0 will not appear in new relations, nor in the braid group action we will
construct shortly.
Having the chosen “uninvited” isotypical index, which we denote by 0, we can easily derive the following universal skein

relations from (3.3):

ð3:5Þ

In these terms we introduce CG chords as tensors acting as RepðUqðsuNÞÞM → RepðUqðsuNÞÞM by choosing basic4

ones in the following diagrammatic way:

ð3:6Þ

where Latin indices k;m ¼ 1;…;M enumerate strands. In this formulation CG chords are close to the geometric
construction of Drinfeld associators [38]. In fact, the entries of tensor Ξ are actual functions of the representations and

4By the term “basic” here we imply only that any CG chord can be expanded over basic ones not necessarily uniquely. However, this
set of CG chords is not minimal; there are mutual relations between these chords within this set. In Sec. IV B we will discuss the relation
between these chords and parameters of conformal blocks in WZW models. This number of parameters scales as M for a sufficiently
large number M of strands, whereas the number of basic CG chords apparently scales as ∼M2. So mutual relations among them are
inevitable.
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vectors running in all the strands of a braid, however we omit these dependencies to obtain more compact notations. Surely,
one can consider more exotic CG chords by inserting arbitrary braids of the blue ρ-line with other strands, yet all these
chords can be decomposed over the basic ones with the help of the skein relations (3.5). For example, let us consider a blue
line passing below the black strand rather than above:

ð3:7Þ

where superscript (k) on the twist factor ρφðkÞ
α indicates that

it corresponds to the kth strand.

B. Braid group action

Now we derive a braid group action on CG chords
simply as an adjoint action of the R-matrices. This
formulation is dictated by a physical analogy between
UqðgÞ tensor powers and conformal blocks in 2D WZW
models we discuss further in Sec. IV B. Our CG chords
may be considered as operators acting on conformal blocks.
On the other hand, conformal blocks are wave functions,
elements of the Hilbert space, in a topological theory one

dimension higher—a 3D Chern-Simons theory—on a 2D
slice represented by a horizontal line in the diagrams.
This theory has vanishing Hamiltonian, yet its Hilbert
space is quite nontrivial, and braiding strands represent-
ing insertions of vertex operators in the WZW model
induces a nontrivial evolution operator—the R-matrix.
The evolution of an operator in the Heisenberg picture is
described by the adjoint action of the evolution operator.
Pictorially, the adjoint action by the R-matrix is repre-
sented by adding opposite R-matrix twists to both ends
of a braid.
Let us first demonstrate this action on a chord connecting

strands k and m ¼ iþ 1 for k < i:

ð3:8Þ

By applying skein relations (3.5), we obtain

ð3:9Þ

In this expression the latter term can be reduced to a product of two CG chords after applying the respective twists (3.4).
We can simplify these relations slightly by instead rescaling CG chord coordinates:

ρΘ
�
α β

k m

�
≔

ðρφðkÞ
α Þ−2 − ðρφðkÞ

0 Þ−2

ðρφðkÞ
α Þ−1ðρφðkÞ

0 Þ−1
ρΞ
�
α β

k m

�
: ð3:10Þ

In terms of these coordinates the action of Ri;iþ1 on basic CG chords reads

ρφðkÞ
α ↦ ρφ

ðσi;iþ1ðkÞÞ
α ; ð3:11aÞ
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ρΘ
�
α β

k m

�
↦ ρΘ

�
α β

k m

�
; if k;m ≠ i; iþ 1; ð3:11bÞ

ρΘ
�
α β

i iþ 1

�
↦ ρΘ

�
α β

iþ 1 i

��
ρφðiþ1Þ

α

��
ρφðiÞ

β

�
−1
; ð3:11cÞ

ρΘ
�

α β

iþ 1 i

�
↦ ρΘ

�
α β

i iþ 1

��
ρφðiÞ

α

��
ρφðiþ1Þ

β

�
−1
; ð3:11dÞ

ρΘ
�
α β

k i

�
↦ ρΘ

�
α β

k iþ 1

�
; k ≠ i; iþ 1; ð3:11eÞ

ρΘ
�
α β

i k

�
↦ ρΘ

�
α β

iþ 1 k

�
; k ≠ i; iþ 1; ð3:11fÞ

ρΘ
�
α β

k iþ 1

�
↦
�
ρφðiþ1Þ

0

�
2ρ
Θ
�
α β

k i

�
−
X
γ≠0

�
ρφðiþ1Þ

γ

��
ρφðiþ1Þ

0

�

× ρΘ
�

γ β

iþ 1 i

�
ρΘ
�
α γ

k iþ 1

�
×

8<
: ðρφðiÞ

β Þ−1; if k < i;

ðρφðiþ1Þ
γ Þ−1; if k > iþ 1;

ð3:11gÞ

ρΘ
�

α β

iþ 1 k

�
↦ ðρφðiþ1Þ

0 Þ−2 ρΘ
�
α β

i k

�
þ
X
γ≠0

ðρφðiþ1Þ
γ Þ−1ðρφðiþ1Þ

0 Þ−1

× ρΘ
�

γ β

iþ 1 k

�
ρΘ
�
α γ

i iþ 1

�
×

(
ðρφðiÞ

α Þ; if k < i;

ðρφðiþ1Þ
γ Þ; if k > iþ 1;

ð3:11hÞ

where σi;iþ1 is a simple permutation. And similarly, for R−1
i;iþ1 we obtain the following expressions:

ρφðkÞ
α ↦ ρφ

ðσi;iþ1ðkÞÞ
α ; ð3:12aÞ

ρΘ
�
α β

k m

�
↦ ρΘ

�
α β

k m

�
; if k;m ≠ i; iþ 1; ð3:12bÞ

ρΘ
�
α β

i iþ 1

�
↦ ρΘ

�
α β

iþ 1 i

�
ðρφðiþ1Þ

α Þ−1ðρφðiÞ
β Þ; ð3:12cÞ

ρΘ
�

α β

iþ 1 i

�
↦ ρΘ

�
α β

i iþ 1

�
ðρφðiÞ

α Þ−1ðρφðiþ1Þ
β Þ; ð3:12dÞ

ρΘ
�
α β

k iþ 1

�
↦ ρΘ

�
α β

k i

�
; k ≠ i; iþ 1; ð3:12eÞ

ρΘ
�

α β

iþ 1 k

�
↦ ρΘ

�
α β

i k

�
; k ≠ i; iþ 1; ð3:12fÞ

DMITRY GALAKHOV and ALEXEI MOROZOV PHYS. REV. D 114, 066016 (2026)

066016-8



ρΘ
�
α β

k i

�
↦ ðρφðiÞ

0 Þ−2 ρΘ
�
α β

k iþ 1

�
þ
X
γ≠0

ðρφðiÞ
γ Þ−1ðρφðiÞ

0 Þ−1

× ρΘ
�
γ β

i iþ 1

�
ρΘ
�
α γ

k i

�
×

(
ðρφðiþ1Þ

β Þ; if k > iþ 1;

ðρφðiÞ
γ Þ; if k < i;

; ð3:12gÞ

ρΘ
�
α β

i k

�
↦ ðρφðiÞ

0 Þ2 ρΘ
�

α β

iþ 1 k

�
−
X
γ≠0

ðρφðiÞ
γ ÞðρφðiÞ

0 Þ

× ρΘ
�
γ β

i k

�
ρΘ
�

α γ

iþ 1 i

�
×

8<
: ðρφðiþ1Þ

α Þ−1; if k > iþ 1;

ðρφðiÞ
γ Þ−1; if k < i:

ð3:12hÞ

These morphisms of CG chords represent the braid group; in other words, the following relations hold:

Ri;iþ1 ∘Riþ1;iþ2 ∘Ri;iþ1 ¼ Riþ1;iþ2 ∘Ri;iþ1 ∘Riþ1;iþ2; R−1
i;iþ1 ∘Ri;iþ1 ¼ 1: ð3:13Þ

C. Constructing shaded A-polynomials

In this note we concentrate on classical A-polynomials.
They are obtained from quantum A-polynomials—
difference operators annihilating HOMFLY-PT polyno-
mials—in a double scaling limit, when q → 1 and one
considers huge representations of UqðgÞ. In particular, let
us assume that all the highest weight vector w⃗ has all
components wa nonzero. We consider the following
parametrization q ¼ eℏ, ℏ → 0. Then wa → ∞, while the
combinations ℏwa ≕ log μa remain finite. The representa-
tion ρ marking CG chords remains fixed and finite.
This is a quasiclassical limit where difference operators

shifting weights wa ↦ wa þ 1 become the momenta λa.
There is no critical necessity to consider the quasiclass-

ical case; it is a mere measure of simplification. We expect
that in this limit two simplifications take place:
(1) Quantum operators become commuting coordinates.
(2) We could close open braids to obtain knots with CG

chords inserted.
Wewill discuss physical arguments in favor of these effects in
Sec. IV B.For nowweaccept these statements as assumptions.

Under these assumptions classical A-polynomials can be
obtained as consistency constraints on a system of mutual
relations between CG chord quasiclassical values. An
inspiration for considering these particular systems of
equations goes back to Reeb chords in the knot contact
homology framework. We will discuss relations between
CG chords and Reeb chords further in Sec. IVA.
A construction of these equations follows a scheme

depicted in Fig. 3:
(1) We consider a knot diagram with a CG chord

inserted in diagram (a).
(2) Using the fact that the knot is represented as a closed

braid, we pull one of the chord ends along the
closure to arrive at diagram (b).

(3) The second end of the chosen CG chord can be
pulled upwards in two distinct yet topologically
equivalent ways.

(4) In onewaywepull it through the closure again to arrive
at diagram (c1).However, herewe have to bear inmind
that after passing through a 3-valent Clebsch-Gordan
vertex the representation is shifted. Strands whose

FIG. 3. Deriving equations on CG chords via equivalences of moves. Here, the sequences (a)–(b)–(c1) and (a)–(b)–(c2) denote frames
of two homotopy movies. Since both movies start with the same frame (a), the two final frames (c1) and (c2) must be equivalent.
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representations are shifted relative to the original one
are marked by a double line in the diagrams.

(5) The other way is to pull the second end directly
through the braid. This move results in an action on
the CG chord by morphisms R�1 according to the
braid structure. In this way we arrive at diagram (c2).

(6) Finally, we arrive at an equivalence of diagrams (c1)
and (c2) relating a certain action of the braid
morphisms to shifts of representations in separate
strands.

We can distinguish two types of equations for all CG
chords by choosing which end of a CG chord (3.6) is pulled
first in move (a)→(b) in Fig. 3, the first one labeled by k in
(3.6), or the second one labeled by m in (3.6). Depending
on this, we distinguish two modifications: χI in the first
case, and χII in the second case.
In both cases we assume that a strand in the closure

on the left carries index 0, which is smaller than any
other index in the braid. So, for these modifications we
find

χI

�
ρΘ
�
α β

k m

��
¼ ρΘ

�
α β

0 m

�
×

(
ðρφðkÞ

α ÞðρφðmÞ
β Þ; if k > m;

1; otherwise;

χ−1I

�
ρΘ
�
α β

0 m

��
¼ ρΘ

�
α β

k m

�
×

(
ðρφðkÞ

α Þ−1ðρφðmÞ
β Þ−1; if k > m;

1; otherwise;

χII

�
ρΘ
�
α β

k m

��
¼ ρΘ

�
α β

k 0

�
×

(
ðρφðkÞ

α Þ−1ðρφðmÞ
β Þ−1; if k < m;

1; otherwise;

χ−1II

�
ρΘ
�
α β

k 0

��
¼ ρΘ

�
α β

k m

�
×

(
ðρφðkÞ

α ÞðρφðmÞ
β Þ; if k < m;

1; otherwise;
ð3:14Þ

where we have to take into account the twists of the CG
chord ends (3.4). Let us stress here again that maps χ
are not simply multiplications by factors; rather, they
move one of the CG chord ends to strand 0 located in
the closure on the left.
Let us denote a shift of the representation in strand k

parametrized by an isotypical index α as ρλðkÞα (this shift of a
representation in a knot strand is depicted as a double red
line in Fig. 3), then a shift of the knot representations
corresponds to simultaneous shifts in all strands:

ρλα ≔
Y#of strands

k¼1

ρλðkÞα : ð3:15Þ

Also we denote a morphism associated to a braid
element B decomposed into elementary morphisms
(3.11a)–(3.11h) and (3.12a)–(3.12h) as RB. Then we
arrive at the following equations for CG chords in a
background of knot K represented as a closure of
braid B:

ϒI ≔ ρλðmÞ
β ·ρ Θ

�
α β

k m

�
− χ−1I ∘RB ∘ χI

�
ρΘ
�
α β

k m

��
¼ 0;

ϒII ≔ ðρλðkÞα Þ−1 ·ρ Θ
�
α β

k m

�
− χ−1II ∘RB ∘ χII

�
ρΘ
�
α β

k m

��
¼ 0: ð3:16Þ

We should note that even from Fig. 3 we encounter situations when after applying χ−1 there might appear new chords
with coincident ends. Moreover, there is no need to avoid such chords in constructing (3.16). Yet these are not new chord
variables; rather, we can calculate those a priori

ð3:17Þ
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Clearly, adding chords with coinciding tips into consid-
eration “overloads” a system of equations on CG chords of
either type of equations, not to mention that types I and II
must be consistent with each other, and with different
choices of irrep ρ. Eventually, the number of equations
exceeds the number of unknown variables by more than

rkg. So it is natural to hope that this overdetermined system
has consistency constraints, we call roots of shaded A-
polynomials, for a solution to exist. We hope that these
relations can be rewritten purely in terms of ρφα and ρλα for
a given knot, which can be reexpressed further in terms of
μa and λa:

ð3.16Þ ⇒
excludeΘ

Aaðρλα; ρφαÞ ¼ 0 ⇒ Aaðλb; μcÞ ¼ 0; a; b; c ¼ 1;…; rkg: ð3:18Þ

At first glance it might seem that the procedure of
deriving such A-polynomials is cumbersome. On the
contrary, this is a rather algorithmic, albeit tedious, pro-
cedure. Although the equations in the system are nonlinear,
we still can solve for CG chords explicitly one by one by
exploiting the fact that the system is overdetermined.
Let us order CG chord variables in some way. Then we

regard the first variable in our ordering as a variable x and
the remaining CG chords as parameters. With respect to
this choice the system takes the following form:

QiðxÞ ¼
Xpi

k¼0

aikxk ¼ 0: ð3:19Þ

Let us choose an equation where a degree of a polynomial
in x is minimal but nonzero, suppose its index is h; we call
its degree ph ¼ p the degree of the system in x. There are
two options: either the coefficient ahp ¼ 0, or we can
solve for

xp ≕ yp−1ðxÞ ¼
QhðxÞ
ahp

− xp; ð3:20Þ

as a polynomial of smaller degree. In the first case we add a
new constraint ahp ¼ 0 to the set of equations, eliminate
this coefficient and recalculate p. In the second case we
simplify all the remaining equations by the substitution

xa → xamod pyp−1ðxÞ
a−ðamod pÞ

p ; ð3:21Þ

until the degrees of the remaining polynomials are strictly
less than p.
We repeat this procedure iteratively. For sufficiently

generic polynomials it leads to a situation where a single
polynomial is linear in x; this gives a solution to x trivially,
while the remaining polynomials are of degree 0 and
provide constraints for this root to satisfy all the equations
simultaneously. For example, for a pair of sufficiently
generic polynomialsQ1ðxÞ andQ2ðxÞ in a single variable x,
apparently, this procedure extracts the resultant [39] as a
single constraint.
After excluding one variable, before continuing to the

next one, the system must be transformed back into

polynomials form, since the substitution (3.20) may have
made it rational instead. So after reducing to a common
denominator the degree in the next variable might increase,
which might make this procedure rather expensive com-
putationally, unfortunately.
To conclude this part, let us note that possible moves of

CG chords along the knot leading to relations are not
restricted to those reflected in (3.16). There are many more
moves. For example, we could pull a CG chord as a whole
once through the braid and the other time through the
closure. This equivalence indicates that CG chord solutions
to (3.16) are simultaneously solutions to a potentially
nonlinear eigenvalue problem of RB:

RB

�
ρΘ
�
α β

k m

��
¼ðρλðkÞα Þ−1ðρλðmÞ

β Þ · ρΘ
�
α β

k m

�
: ð3:22Þ

D. Reference chords and questions of A-polynomial
covariance

We expect that roots of shaded A-polynomials are
invariants of knot diagrams up to a simple modification
due to framing. This expectation follows naturally from the
fact that our construction for A-polynomial roots is
auxiliary to HOMFLY polynomials, which are true knot
invariants, we simply consider a quasiclassical limit of the
equations that HOMFLY polynomials ought to satisfy.
Nevertheless, it is intriguing to observe effects of A-
polynomial covariance directly within the CG chord
formalism.
Since we work initially with a braid representation of

knot diagrams, we should prove an invariance of the
construction with respect to the Markov moves [40,41]:
in addition to the invariance with respect to
Reidemeister moves II and III, which is trivial in our
construction due to morphism identities (3.13), one has
to prove equivalences also with respect to a conjugation
of a braid by arbitrary elements R�1

i;iþ1, and with respect
to adding a new strand with a twist (see Fig. 4). It
should be stressed that the latter move modifies knot
framing, so the procedure does not deliver the same
A-polynomials; rather, it delivers A-polynomials with
changed coordinates taking framing into account. Here
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we will not present a complete proof of our construc-
tion, instead we will map out possible pathways towards
this goal.
Unfortunately, it is not immediately clear why

different braids connected by Markov moves would
produce equivalent consistency constraints for (3.16)
constructed from these braid representations. It would

be somewhat easier to rewrite these relations in terms
of new variables we call reference chords.
Let us introduce a new reference strand 0 not taking part

in the initial braid formation, so it is never entangled with
the other strands. Then any basic CG chord can be
expanded as a quadratic combination of reference chords
starting from or ending on strand 0:

ð3:23Þ

Note that now index δ runs over all isotypical components
including the uninvited one with index 0. Also, we should
mention that the number of reference chords scales as ∼M
with the number of strands M in the braid. This scaling is
equivalent to the scaling of actual coordinates parametriz-
ing conformal blocks in WZW models (see Sec. IV B), so
the reference chords are more suitable for the role of
independent coordinates than the basic CG chords defined
earlier. However, compared with the basic CG chords, the
definition of the reference chords requires an auxiliary
strand.
In terms of reference chords, the knot relations (3.16) can

be rewritten in a form that bypasses the need to introduce
maps χI;II:

ρλðmÞ
β · ρΘ

�
δ β

0 m

�
¼ RB

�
ρΘ
�
δ β

0 m

��
;

ðρλðkÞα Þ−1 · ρΘ
�
α δ

k 0

�
¼ RB

�
ρΘ
�
α δ

k 0

��
: ð3:24Þ

We expect that a solution to these equations is equivalent to
a solution to (3.16).
Equivalences of A-polynomials as “resultants” for sys-

tems of type (3.16), (3.24) under Markov moves should

imply that the solutions of the original system can be
obtained from those of a system obtained by a direct change
of variables. In this case resultants remain invariant.
For the first Markov move depicted in Fig. 4(a), system

(3.24) for the right-hand side (rhs) corresponds to a
morphism RB conjugated by R-matrices:

ρλðmÞ
β · ρΘ

�
δ β

0 m

�
¼ Ri;iþ1 ∘RB ∘R−1

i;iþ1

�
ρΘ
�
δ β

0 m

��
;

ðρλðkÞα Þ−1 · ρΘ
�
α δ

k 0

�
¼ Ri;iþ1 ∘RB ∘R−1

i;iþ1

�
ρΘ
�
α δ

k 0

��
:

ð3:25Þ

Evidently, by a simple change of variables

ρΘ̃
�
δ β

0 m

�
≔ R−1

i;iþ1

�
ρΘ
�
δ β

0 m

��
;

ρΘ̃
�
α δ

k 0

�
≔ R−1

i;iþ1

�
ρΘ
�
α δ

k 0

��
; ð3:26Þ

we would arrive at system (3.24) for variables with tildes.
These systems will produce the same roots for shaded A-
polynomials.

FIG. 4. Markov moves.
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Now let us consider another Markov move depicted in Fig. 4(b). This move switches the number of strands in the braid
from M to M þ 1. Let us first note that for all reference chords with k < M, m < M, Eqs. (3.24) are not modified. We
consider explicitly the relations for chords with k;m ¼ M;M þ 1:

ρλðMÞ
β ·ρΘ

�
δ β

0 M

�
¼ρΘ

�
δ β

0 M þ 1

�
;

ρλðMþ1Þ
β ·ρΘ

�
δ β

0 M þ 1

�
¼ RB ∘RM;Mþ1

�
ρΘ
�
δ β

0 M þ 1

��
;

ðρλðMÞ
α Þ−1 ·ρΘ

�
α δ

M 0

�
¼ρΘ

�
α δ

M þ 1 0

�
;

ðρλðMþ1Þ
α Þ−1 ·ρΘ

�
α δ

M þ 1 0

�
¼ RB ∘RM;Mþ1

�
ρΘ
�

α δ

M þ 1 0

��
: ð3:27Þ

The action of the R-twist reads in this case (3.11a)–(3.11h)

RM;Mþ1

�
ρΘ
�
δ β

0 M þ 1

��
¼ ðρφðMþ1Þ

0 Þ2ρΘ
�
δ β

0 M

�
−
X
γ≠0

ðρφðMþ1Þ
γ ÞðρφðMþ1Þ

0 Þ

× ρΘ
�

γ β

M þ 1 M

�
ρΘ
�
δ γ

0 M þ 1

�
ðρφðMÞ

β Þ−1;

RM;Mþ1

�
ρΘ
�

α δ

M þ 1 0

��
¼ ðρφðMþ1Þ

0 Þ−2ρΘ
�
α δ

M 0

�
þ
X
γ≠0

ðρφðMþ1Þ
γ Þ−1ðρφðMþ1Þ

0 Þ−1

× ρΘ
�

γ δ

M þ 1 0

�
ρΘ
�
α γ

M M þ 1

�
ðρφðMÞ

α Þ: ð3:28Þ

The first and the third relations in system (3.27) impose on the chords connecting strandsM andM þ 1 the constraints that

they are diagonal in color indices, for example (where we use the fact φðMÞ
β ¼ φðMþ1Þ

β ):

ρΘ
�

γ β

M þ 1 M

�
¼ð3.23Þ
X
δ

ðρφðMÞ
β Þ−1ρΘ

�
δ β

0 M

�
ρΘ
�

γ δ

M þ 1 0

�
¼ð3.27Þ

¼
X
δ

ðρφðMÞ
β Þ−1ðρλðMÞ

β Þ−1ρΘ
�
δ β

0 M þ 1

�
ρΘ
�

γ δ

M þ 1 0

�
¼ ðρλðMÞ

β Þ−1ρΘ
�

γ β

M þ 1 M þ 1

�
¼
ð3.17Þ
Type II

¼ δγβ
ðρφðMþ1Þ

γ Þ−2 − ðρφðMþ1Þ
0 Þ−2

ðρφðMþ1Þ
β Þ−1ðρφðMþ1Þ

0 Þ−1
ðρφðMþ1Þ

β Þ: ð3:29Þ

After excluding reference chords for strand M þ 1, in this parametrization equations (3.27) reduce to two equations:

ρλ̃ðMÞ
β · ρΘ

�
δ β

0 M

�
¼ RB

�
ρ

Θ
�
δ β

0 M

��
; ðρλ̃ðMÞ

α Þ−1 · ρΘ
�
α δ

M 0

�
¼ RB

�
ρ

Θ
�
α δ

M 0

��
; ð3:30Þ

where an effective shift reads:

ρλ̃ðMÞ
α ¼ ρλðMÞ

α
ρλðMþ1Þ

α ðρφðMþ1Þ
α Þ−2: ð3:31Þ

Therefore, the system of equations (3.24) for a braid shifted
by this Markov move is equivalent to the initial system with

rescaled parameters. Thus, we expect that if the initial
system produces A-polynomials Aγðλα; μβÞ, then the
new system shifted by the Markov move produces A-
polynomials Aγðλαfα; μβÞ, where the functions fα are
monomials in μβ that take framing into account. In the case

of the Markov move depicted in Fig. 4(b) fα ¼ ðρφðMþ1Þ
α Þ−2.
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IV. CG CHORDS IN DIFFERENT CONTEXTS

A. Knot contact homology

The theory of knot contact homology [42–45] has a
natural setting in terms of topological string theory
[8,9,46,47] when an intersection of stacks of Lagrangian
D-branes is described by an embedding of a knot K (or,
more generically, a link) into S3. In this application
topological strings naturally probe a unit cotangent bundle
U�S3, which is contact, and the knot geometry inside it.
This geometry has the form of the so-called jet manifold

J1ðMÞ ≅ T�M ×Rz with contact form λ ¼ dz − θ. The
Reeb vector field ξR is defined as λðξRÞ ¼ 1, dλðξR; ·Þ ¼ 0.
BPS strings in this setting resemble rigid nonvibrating
chords and correspond to Reeb chords—integral curves of
ξR starting and ending on some Legendrian D-brane leaves.
To a knot K one associates a Legendrian immersion:

ΛK ¼ fðx; vÞjx∈K; hv; TxKi ¼ 0g ∩ U�S3: ð4:1Þ

In the original construction (see [48] for a comprehen-
sive review) one considers a knot as a closed braid on the
surface of a torus, which is embedded canonically into S3.
This embedding allows one to construct both the Reeb
chord elements for such a Legendrian immersion and the
corresponding differential (QBRST for topological strings)
as a sum over disk instantons [49,50]. Suppose the braid is
on M strands. In this case one distinguishes MðM − 1Þ
Reeb chord elements θkm of degree 0 (chords aij in [48]) for
1 ≤ k;m ≤ M, k ≠ m, as well as M2 pairs of Reeb chord
elements κIkm, κ

II
km (chords cij and dij in [48]) of degree 1 for

1 ≤ k;m ≤ M, and other elements that we will not consider
here. Remarkably, the differential acting on κI;IIkm is given by
polynomials in θkm:

dκIkm ¼ υIðθkmÞ; dκIIkm ¼ υIIðθkmÞ: ð4:2Þ

Let us return for a moment to our construction of CG
chords for g ¼ su2. In this case there are no choices for ρ
other than ρ ¼ □. Also, in this case, the tensor product of
any representation VðjÞ of spin j > 0 contains only two
isotypical components, one of which we enumerate by
index 1 and the other by index 0:

□ ⊗ VðjÞ ¼ V

�
jþ 1

2

�
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

1

⊕ V

�
j −

1

2

�
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

0

: ð4:3Þ

Therefore, the only possible choice of color indices of CG
chords is α, β ¼ 1. It is natural to identify CG chord
variables with Reeb chords of degree 0:

□Θ
�
1 1

k m

�
¼ θkm: ð4:4Þ

Moreover, the functions υI;II on the rhs of differential (4.2)
coincide with our functions ϒI;II in (3.16):

υI ¼ ϒI; υII ¼ ϒII: ð4:5Þ

We believe that this identification of CG chords with
Reeb chords in knot contact homology, together with the
possibility of extending the notion of CG chords to
arbitrary Lie (super)algebras g, will allow one to introduce
“coloring” indices for Reeb chords as well (see also [46,47]
for some recent developments in this direction).
Presumably these indices would play the role of some
novel Chan-Paton factors in topological string theory.
Furthermore, under this identification of CG and Reeb

chords, nonlinear eigenvalue equation (3.22) becomes the
r.h.s. of dθkm under Legendrian differential d. The analog
of the A-polynomial in knot contact homology is called an
augmentation polynomial in λ and μ, whose vanishing set is
exactly an augmentation variety where constraints υI ¼
υII ¼ 0 are satisfied.

B. WZW conformal blocks

States in the Hilbert space of a 3D Chern-Simons theory
with simple Lie gauge group G on temporal slices cutting
our knot diagrams horizontally correspond to conformal
blocks in a 2D WZW model associated with Lie algebra g
[51,52]. Knot strands intersect the 2D temporal slice in a
collection of 2D points with complex coordinates xa. We
can associate with the elements of knot diagrams in
Sec. II B the corresponding elements of the WZW model:
OPE with 3-valent vertices, and conformal block mono-
dromies with R-matrices. In this sense 2D WZW theory is
compatible with braided tensor categories of UqðgÞ [24].
One is able to choose specific bases of conformal blocks
where elements coincide literally with those of UqðgÞ, once
a specific basis is chosen.
Conformal blocks Ψ in the WZW model withM marked

points are tensors in RepðgÞ⊗M and satisfy Knizhnik-
Zamolodchikov (KZ) equations [24,53,54]:

�
∂xa − ℏ

X
b≠a

ηijρaðtiÞ ⊗ ρbðtjÞ
xa − xb

�
Ψ ¼ 0; ð4:6Þ

where ti are generators of g, ρa are respective representa-
tions, and ηij is the inverse Killing metric for g. Quantum
parameter ℏ depends on the theory, and for the sun WZW
model at level k it reads ℏ ¼ ðkþ nÞ−1.
CG chords could be defined in this setting in the

following way. Fix one distinguished puncture x0 ¼ z with
associated primary field in representation ρ. The KZ
equations allow one to reconstruct OPE coefficients for
the primary fields. So, to define CG chords in this setting
we simply use OPE coefficients for 3-valent vertices and
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parallel transport puncture z along a trajectory prescribed
by the braid with the help of the same KZ equations.
In this setting a discussion of the quasiclassical limit is

more natural, as we can first consider the limit of large
representations. For the KZ equations this limit seems
intuitively simpler as representations entering them are of g
rather than UqðgÞ. In the large representation limit, the
matrix generators become simply commuting numbers, up
to higher corrections, for Perelomov states [55–57]. Here
we review this effect explicitly solely for SOð3Þ in the
Appendix. If the highest weights of representations ρa scale
as w⃗a ∼ ω⃗a=ℏ, then up to ℏ−1

2-corrections ρaðtiÞ ∼ Ti
a=ℏ

where Ti
a are quasiclassical values of operators. Then, for

puncture z the KZ equation becomes a linear system of
ODEs in the limit ℏ → 0:

∂zΨ ¼
�X

a

ηijT
j
a

z − xa

�
ρðtiÞΨ: ð4:7Þ

In this setting CG chords can be treated as “open”
spectral coordinates [58–60] reinterpreted in various con-
texts as Fock-Goncharov/Fenchel-Nielsen coordinates or
their higher dimensional analogs for moduli spaces of flat
SLðn;CÞ connections like (4.7). Surely, one could apply
the spectral network machinery [61–65] to construct exact
WKB expressions for them. In this framework our CG
chords correspond to “laminations”—objects connecting
singularities with prescribed asymptotics near singularities.
Yet let us stress here again that this is solely a choice of
coordinates; there are different choices of coordinates that
are no less effective for evaluating various types of
knot invariants and generic computations for UqðsunÞ
[35,66–70].
Another way to treat this limit is in the framework of

known solutions to the KZ equations (4.6) in terms of the
free field formalism [24,71–73]. In this setting actual
weights of the primary fields are generated from the highest
weight wa by screening operators as wa −Haωa, whereHa
is the number of screening operators of type a, and ωa are
fundamental weights. The quasiclassical limit in this setting
is equivalent to the quasiclassical limit in matrix models
[74–76] at large N. In this limit we can estimate the
asymptotic behavior of the conformal block in the follow-
ing way [77]:

Ψ ∼ exp ðFðhaÞ=ℏþOðℏ0ÞÞ; ð4:8Þ

where parameters ha ¼ ℏHa remain finite in the limit
ℏ → 0, and function F plays the role of a prepotential
function in dual class-S theories [78]. Weight shift

operators ρλðkÞα modify parameters ha → ha þ ρ;αpðkÞ
a ℏ.

Therefore, up to higher corrections in ℏ, the conformal

blocks Ψ are eigenfunctions of the operators ρλðkÞα :

ρλðkÞα × Ψ ¼ exp

�
ρ;αpðkÞ

a
∂F
∂ha

þOðℏÞ
�
×Ψ: ð4:9Þ

So we conclude that CG chords become commuting
quantities in the quasiclassical limit ℏ → 0.

C. 3D TQFT

A transition from the 2D CFT to a 3D TQFT [79–81]
in the quasiclassical limit is natural in terms of Fock-
Goncharov coordinates associated with ideal triangula-
tions [66]. The exact WKB analysis of (4.7) for su2

delivers a triangulation of the temporal slice by Stokes
lines corresponding to triplets of triangle “medians”
intersecting in a single point—a branching point for the
respective spectral curve. Braiding the punctures of a
conformal block results in a sequence of triangulation
flips. A single triangulation flip is interpreted as an
evolution operator acting on spectral coordinates para-
metrizing a conformal block—a state in the 3D Chern-
Simons TQFT. By “raviolo”/“dumpling” gluing5 the
initial and the flipped triangulations, one arrives at
an association of this operator with a Chern-Simons
path integral inside a tetrahedron (see Fig. 5). This is a
reasonable conclusion for the su2 case since an
expression for the flip evolution operator is given by
the quantum dilogarithm, which behaves nicely ∼eV

ℏ in
the limit ℏ → 0; here V is the hyperbolic volume of an
ideal tetrahedron; this is precisely a saddle point
approximation for the 3D SLð2;CÞ Chern-Simons
theory [3].
This reasoning leads to a quasiclassical calculation of

Jones polynomials for representations of large spin in the
form of Hikami invariants [83–87] where the knot comple-
ment S3nK is glued from tetrahedra. In this context CG
chords are re-expressed in terms of Fock-Goncharov
coordinates and evolve according to (3.11a)–(3.11h) and
(3.12a)–(3.12h) as the knot braid evolves.
The situation seems much more complicated for the case

sun>2, SLðn;CÞ respectively, since Stokes lines accumu-
lating in spectral networks can have quite a complicated,
messy topology [88]. However, [89] developed a canonical
approach to constructing the corresponding A-polynomials
based on considering canonical spectral networks in the
form of so called “snakes” [65]. We believe that our
approach via CG chords and that of [89] are compatible,
as we expect that CG chords (3.6) could be expanded in
terms of spectral coordinates in this case as well. Yet the
approach via CG chords might be slightly more advanta-
geous as there is no need to rely on the existence of an
auxiliary canonical spectral network construction.

5“Raviolo” operators appear in [82] in the context of Hecke
modifications.
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D. Link symbols

Here we would like to discuss a relation between CG
chord bases introduced in the present text and link symbol
bases introduced in [13,14]. As we have seen in Sec. III B,
one could try to untangle a strand colored by ρ from a knot
via skein relations (3.5) that would produce exactly CG
chords.
To do this effectively, it is sufficient to introduce another

“hump” relation (see, e.g., [36][Eq. (4.9)] for a su2

example):

ð4:10Þ

where we have introduced a new scalar function ρηα and a
new notation for a 3-valent vertex, so that it complies better
with (3.2). There is another apparent “hump” relation when
representation ρ is on the left:

ð4:11Þ

however phases ρψα and ρηα are not independent; rather,
other twist moves (3.4) impose an explicit relation on them.
Applying these relations to basic CG chords produces an

apparent relation for chords in representations ρ and ρ̄:

ρΞ
�
α β

k m

�
¼ ρ̄Ξ

�−β −α
m k

�
×

8<
: ðρηðkÞ−αÞ−1ðρψ ðmÞ

β Þ; if k < m;

ðρψ ðkÞ
−αÞ−1ðρηðmÞ

β Þ; if k > m:
ð4:12Þ

First, we re-express the Hopf link in terms of twist phases:

ð4:13Þ

Acting in the same fashion for two other examples of basic link symbols [14], one derives

ð4:14Þ

FIG. 5. Surface triangulations are formed by triplets of Stokes lines (red lines) starting from branching points (green crosses) of the
spectral cover and running toward singularities. Gluing two such triangulations differing by a flip form a “dumpling” operator.
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ð4:15Þ

In the case g ¼ su2, sums over γ ≠ 0 and γ0 ≠ 0 reduce to a
single term, so these link symbols are not independent;
rather, they are related via the Kauffman bracket.
So we see clearly that link symbols are re-expressed

directly in terms of basic CG chords. Each of these
approaches has its own advantages and disadvantages.
Link symbols are manifestly gauge invariant; they can
be used with arbitrary knots and links, and there is no need
to downgrade to the quasiclassical level, so one can work
with actual quantum relations. On the other hand, CG
chords are simpler; the action of the braid group maps basic
chords into polynomials of basic chords again. Yet, to lift
this consideration to the quantum level, one is forced to
consider only “colorless” combinations of chords, that
modify representations in the whole knot simultaneously,
rather than in distinct strands of the braid.

V. EXAMPLES FOR Uqðsu3Þ
A. Some details on Uqðsu3Þ

Quantum group Uqðsu3Þ is an example of quantum
groupUqðgÞ (2.2) specified by the following Cartan matrix:

aij ¼
�

2 −1
−1 2

�
ð5:1Þ

To perform computations with it, first we need to
describe its parametrization, in particular, indices α in
the isotypical decomposition and the twist functions (3.4).
As representation ρ coloring the CG diagrams we select the
fundamental representation □ and the first antisymmetric
representation, which is isomorphic to the antifundamental
representation □̄.

Fundamental representation □ reads

h1 ¼

0
B@ 1 0 0

0 −1 0

0 0 0

1
CA; e1 ¼

0
B@ 0 1 0

0 0 0

0 0 0

1
CA; f1 ¼

0
B@ 0 0 0

1 0 0

0 0 0

1
CA;

h2 ¼

0
B@ 0 0 0

0 1 0

0 0 −1

1
CA; e2 ¼

0
B@ 0 0 0

0 0 1

0 0 0

1
CA; f2 ¼

0
B@ 0 0 0

0 0 0

0 1 0

1
CA: ð5:2Þ

Antifundamental representation □̄ reads

h1 ¼

0
B@ 0 0 0

0 1 0

0 0 −1

1
CA; e1 ¼

0
B@ 0 0 0

0 0 1

0 0 0

1
CA; f1 ¼

0
B@ 0 0 0

0 0 0

0 1 0

1
CA;

h2 ¼

0
B@ 1 0 0

0 −1 0

0 0 0

1
CA; e2 ¼

0
B@ 0 1 0

0 0 0

0 0 0

1
CA; f2 ¼

0
B@ 0 0 0

1 0 0

0 0 0

1
CA: ð5:3Þ

Since □ and □̄ occur only in a single channel, only monomials ea, fa, eaeb, fafb for a ≠ b survive; therefore the
universal R-matrix series (2.10) truncate:
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Ř ¼ e−
1
2
a−1ij hi⊗hj

�
1 − ðq − q−1Þf1 ⊗ e1 − ðq − q−1Þf2 ⊗ e2

þ ðq − q−1Þðqðf1f2Þ ⊗ ðe1e2Þ − ðf2f1Þ ⊗ ðe1e2Þ − ðf1f2Þ ⊗ ðe2e1Þ þ qðf2f1Þ ⊗ ðe2e1ÞÞ
�
e−

1
2
a−1ij hi⊗hj ;

Ř−1 ¼ e
1
2
a−1ij hi⊗hj

�
1þ ðq − q−1Þf1 ⊗ e1 þ ðq − q−1Þf2 ⊗ e2

− ðq − q−1Þðq−1ðf1f2Þ ⊗ ðe1e2Þ − ðf2f1Þ ⊗ ðe1e2Þ − ðf1f2Þ ⊗ ðe2e1Þ þ q−1ðf2f1Þ ⊗ ðe2e1ÞÞ
�
e
1
2
a−1ij hi⊗hj : ð5:4Þ

We label representations of su3 by the highest weights ðw1; w2Þ. The fundamental and the antifundamental ones are
labeled accordingly □ ¼ ð1; 0Þ, □̄ ¼ ð0; 1Þ. If wi ≠ 0 we have the following isotypical decompositions:

ðw1; w2Þ ⊗ □ ¼ ðw1 þ 1; w2Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
1

⊕ ðw1 − 1; w2 þ 1Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
0

⊕ ðw1; w2 − 1Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
2

;

ðw1; w2Þ ⊗ □ ¼ ðw1; w2 þ 1Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
2

⊕ ðw1 þ 1; w2 − 1Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
0

⊕ ðw1 − 1; w2Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
1

; ð5:5Þ

where we have marked a desired choice of indices α for isotypical components (see Sec. III A for details). As an “uninvited”
component in both cases we choose the intermediate channel, which implies that index 0 would never appear as a label of
the ends of CG chords: α, β ≠ 0 in (3.6). With these notations, the shifts of representations entering (3.16) can be rewritten
in terms of weight shifts as follows:

□λ1 ¼ λ1; □λ2 ¼ λ−12 ; □ λ1 ¼ λ−11 ; □ λ2 ¼ λ2: ð5:6Þ

Let us denote vectors in the bases (5.2) and (5.3) as ui and ūi, i ¼ 1, 2, 3 respectively. We denote the highest weight
vector of the irreducible representation ðw1; w2Þ by jw1; w2i.
Then we construct the following useful vectors, assuming that w⃗ is in general position:

v0 ¼ jw1; w2i; ðh1; h2Þv0 ¼ ðw1; w2Þv0;
v1 ¼ f1jw1; w2i; ðh1; h2Þv1 ¼ ðw1 − 2; w2 þ 1Þv1;
v2 ¼ f2jw1; w2i; ðh1; h2Þv2 ¼ ðw1 þ 1; w2 − 2Þv2;
v12 ¼ f1f2jw1; w2i; ðh1; h2Þv12 ¼ ðw1 − 1; w2 − 1Þv12;
v21 ¼ f2f1jw1; w2i; ðh1; h2Þv21 ¼ ðw1 − 1; w2 − 1Þv21: ð5:7Þ

The respective Gram matrix reads

Γ ¼

0
BBBBBBBB@

1 0 0 0 0

0 ½w1�q 0 0 0

0 0 ½w2�q 0 0

0 0 0 ½w1 þ 1�q½w2�q ½w1�q½w2�q
0 0 0 ½w1�q½w2�q ½w1�q½w2 þ 1�q

1
CCCCCCCCA
: ð5:8Þ
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Thus we can construct the following effective representation operators, truncated to the subspace spanned by (5.7)

h1 ¼

0
BBBBBBB@

w1 0 0 0 0

0 w1 − 2 0 0 0

0 0 w1 þ 1 0 0

0 0 0 w1 − 1 0

0 0 0 0 w1 − 1

1
CCCCCCCA
; h2 ¼

0
BBBBBBB@

w2 0 0 0 0

0 w2 þ 1 0 0 0

0 0 w2 − 2 0 0

0 0 0 w2 − 1 0

0 0 0 0 w2 − 1

1
CCCCCCCA
;

e1 ¼

0
BBBBBBB@

0 ½w1�q 0 0 0

0 0 0 0 0

0 0 0 ½w1 þ 1�q ½w1�q
0 0 0 0 0

0 0 0 0 0

1
CCCCCCCA
; e2 ¼

0
BBBBBBB@

0 0 ½w2�q 0 0

0 0 0 ½w2�q ½w2 þ 1�q
0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCCA
;

f1 ¼

0
BBBBBBB@

0 0 0 0 0

1 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 0

1
CCCCCCCA
; f2 ¼

0
BBBBBBB@

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

0 0 0 0 0

0 1 0 0 0

1
CCCCCCCA
: ð5:9Þ

We construct the highest weight vectors in various isotypical components of □ ⊗ ρ by imposing eigenvalue constraints
for the Cartan operators and annihilation under Δðe1;2Þ:

jw1 þ 1; w2i□⊗ρ ¼ u1 ⊗ v0;

jw1 − 1; w2 þ 1i□⊗ρ ¼ u1 ⊗ v1 − q−
1þw1

2 ½w1�qu2 ⊗ v0;

jw1; w2 − 1i□⊗ρ ¼ q−1−
w1
2 ð½w1�q½w2�q − ½w1 þ 1�q½w2 þ 1�qÞ

�
q−

1þw2
2 ½w2�qu3 ⊗ v0 − u2 ⊗ v2

�
− ½w2 þ 1�qu1 ⊗ v12 þ ½w2�qu1 ⊗ v21: ð5:10Þ

For the opposite order ρ ⊗ □ we have

jw1 þ 1; w2iρ⊗□ ¼ v0 ⊗ u1;

jw1 − 1; w2 þ 1iρ⊗□ ¼ v1 ⊗ u1 − q
1þw1

2 ½w1�qv0 ⊗ u2;

jw1; w2 − 1iρ⊗□ ¼ q1þ
w1
2 ð½w1�q½w2�q − ½w1 þ 1�q½w2 þ 1�qÞ

�
q

1þw2
2 ½w2�qv0 ⊗ u3 − v2 ⊗ u2

�
− ½w2 þ 1�qv12 ⊗ u1 þ ½w2�qv21 ⊗ u1: ð5:11Þ

Using these relations we derive the following twists by applying the R-matrix to □ ⊗ ρ

□φ1 ¼ q−
2w1
3
−w2

3 ; □φ0 ¼ q1þ
w1
3
−w2

3 ; □φ2 ¼ q2þ
w1
3
þ2w2

3 : ð5:12Þ

Now we apply the same machinery to the antifundamental representation □̄ for the highest weight vectors in the product
□̄ ⊗ ρ:
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jw1; w2 þ 1i
□⊗ρ ¼ ū1 ⊗ v0;

jw1 þ 1; w2 − 1i
□⊗ρ ¼ ū1 ⊗ v2 − q−

1þw2
2 ½w2�qū2 ⊗ v0;

jw1 − 1; w2i□⊗ρ ¼ q−1−
w2
2 ð½w1�q½w2�q − ½w1 þ 1�q½w2 þ 1�qÞ

�
q−

1þw1
2 ½w1�qū3 ⊗ v0 − ū2 ⊗ v1

�
− ½w1 þ 1�qū1 ⊗ v21 þ ½w1�qū1 ⊗ v12: ð5:13Þ

For the opposite order ρ ⊗ □̄ we have

jw1; w2 þ 1iρ⊗□
¼ v0 ⊗ ū1;

jw1 þ 1; w2 − 1iρ⊗□
¼ v2 ⊗ ū1 − q

1þw2
2 ½w2�qv0 ⊗ ū2;

jw1 − 1; w2iρ⊗□
¼ q1þ

w2
2 ð½w1�q½w2�q − ½w1 þ 1�q½w2 þ 1�qÞ

�
q

1þw1
2 ½w1�qv0 ⊗ ū3 − v1 ⊗ ū2

�
− ½w1 þ 1�qv21 ⊗ ū1 þ ½w1�qv12 ⊗ ū1: ð5:14Þ

Eventually, we arrive at the following antifundamental twist factors:

□φ2 ¼ q−
w1
3
−2w2

3 ; □ φ0 ¼ q1−
w1
3
þw2

3 ; □ φ1 ¼ q2þ
2w1
3
þw2

3 : ð5:15Þ

In the quasiclassical limit, we introduce finite parameters as follows:

μ1 ≔ q
1
3
w1 ; μ2 ≔ q

1
3
w2 ; ð5:16Þ

so that

□φ1 ¼ μ−21 μ−12 ; □φ0 ¼ μ1μ
−1
2 ; □φ2 ¼ μ1μ

2
2: ð5:17Þ

B. Trefoil knot

We start with the trefoil knot 31 depicted in Fig. 6. This knot has a braid representation as R3
12.

To abbreviate the notation a bit, we substitute the CG chords with variables Xi according to the following rule:

□Θ
�
1 1

1 2

�
≕X1; □ Θ

�
1 2

1 2

�
≕X2; □ Θ

�
2 1

1 2

�
≕X3; □ Θ

�
2 2

1 2

�
≕X4;

□Θ
�
1 1

2 1

�
≕X5; □ Θ

�
1 2

2 1

�
≕X6; □ Θ

�
2 1

2 1

�
≕X7; □ Θ

�
2 2

2 1

�
≕X8: ð5:18Þ

The system of equations (3.16) for these variables reads

−X1μ
9
1 þ 2X1μ

3
1 þ X2

1X5μ
3
1 þ X2X3X8μ

9
1μ

6
2 þ X1X3X6μ

6
1μ

3
2 þ X1X2X7μ

6
1μ

3
2 þ ðμ32 − μ61μ

3
2Þλð1Þ1 ¼ 0; ð5:19aÞ

μ62μ
6
1X2 þ μ62μ

6
1X2X4X8 − μ61X2 þ μ32μ

3
1X1X4X6 þ μ32μ

3
1X

2
2X7 þ X2 þ X1X2X5 ¼ 0; ð5:19bÞ

FIG. 6. A trefoil knot 31 diagram and its braid representation.
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X3μ
6
2μ

8
1 þ X3X4X8μ

6
2μ

8
1 − X3μ

8
1 þ X2

3X6μ
3
2μ

5
1 þ X1X4X7μ

3
2μ

5
1 þ X3μ

2
1 þ X1X3X5μ

2
1 ¼ 0; ð5:19cÞ

2μ62μ
6
1X4 þ μ62μ

6
1X

2
4X8 − μ61X4 þ μ32μ

3
1X3X4X6 þ μ32μ

3
1X2X4X7 þ X2X3X5 þ ðμ31μ92 − μ31μ

3
2Þðλð1Þ2 Þ−1 ¼ 0; ð5:19dÞ

μ91 − μ31 − λð2Þ1 μ32X1 − μ92μ
12
1 X2X7 − μ92μ

12
1 X2X4X7X8 þ μ32μ

12
1 X2X7 − μ62μ

9
1X

2
2X

2
7

− μ62μ
9
1X1X4X6X7 − μ62μ

9
1X2X3X5X8 þ μ91X1X5 − μ32μ

6
1X1X3X5X6 − 2μ32μ

6
1X2X7

− 2μ32μ
6
1X1X2X5X7 − μ31X

2
1X

2
5 − 3μ31X1X5 ¼ 0; ð5:19eÞ

− μ92μ
9
1X2X4X2

8 − 2μ92μ
9
1X2X8 þ μ32μ

9
1X2X8 − μ62μ

6
1X1X6 − μ62μ

6
1X2X3X6X8 − μ62μ

6
1X1X4X6X8

− μ62μ
6
1X

2
2X7X8 þ μ61X1X6 − μ32μ

3
1X1X3X2

6 − μ32μ
3
1X1X2X6X7 − μ32μ

3
1X2X8 − μ32μ

3
1X1X2X5X8

− 2X1X6 − X2
1X5X6 − μ61μ

12
2 X2ðλð2Þ2 Þ−1 ¼ 0; ð5:19fÞ

− λð2Þ1 μ32X3 − 2μ92μ
12
1 X4X7 − μ92μ

12
1 X2

4X7X8 þ μ32μ
12
1 X4X7 − μ62μ

9
1X2X4X2

7 − μ62μ
9
1X3X5

− μ62μ
9
1X3X4X6X7 − μ62μ

9
1X3X4X5X8 þ μ91X3X5 − μ32μ

6
1X

2
3X5X6 − μ32μ

6
1X4X7 − μ32μ

6
1X2X3X5X7

− μ32μ
6
1X1X4X5X7 − μ31X1X3X2

5 − 2μ31X3X5 ¼ 0; ð5:19gÞ

− μ92μ
9
1 þ μ32μ

9
1 − μ92μ

9
1X

2
4X

2
8 − 3μ92μ

9
1X4X8 þ μ32μ

9
1X4X8 − 2μ62μ

6
1X3X6 − 2μ62μ

6
1X3X4X6X8

− μ62μ
6
1X2X4X7X8 þ μ61X3X6 − μ32μ

3
1X

2
3X

2
6 − μ32μ

3
1X1X4X6X7 − μ32μ

3
1X2X3X5X8 − X3X6

− X1X3X5X6 − μ61μ
12
2 X4ðλð2Þ2 Þ−1 ¼ 0; ð5:19hÞ

μ61 − X3X6μ
3
2μ

3
1 − X5μ

3
2λ

ð1Þ
1 μ31 − X1X5 − 1 ¼ 0 ð5:19iÞ

−λð1Þ2 μ31μ
3
2X4X6 − λð1Þ2 X2X5 − μ61μ

6
2X6 ¼ 0; ð5:19jÞ

−X3X8μ
6
1μ

6
2 − X1X7μ

3
1μ

3
2 − X7λ

ð1Þ
1 ¼ 0 ð5:19kÞ

−μ31μ62 þ μ31 − μ31μ
6
2X4X8 − μ32X2X7 − μ32X8ðλð1Þ2 Þ−1 ¼ 0; ð5:19lÞ

μ62μ
9
1X4X6X7 − μ91X5 þ μ32μ

6
1X3X5X6 þ μ32μ

6
1X2X5X7 þ μ31X1X2

5 þ 2μ31X5 þ ðμ32 − μ61μ
3
2Þλð2Þ1 ¼ 0; ð5:19mÞ

μ62μ
6
1X6 þ μ62μ

6
1X4X6X8 − μ61X6 þ μ32μ

3
1X3X2

6 þ μ32μ
3
1X2X5X8 þ X1X5X6 þ X6 ¼ 0; ð5:19nÞ

μ82μ
10
1 X7 þ μ82μ

10
1 X4X7X8 − μ22μ

10
1 X7 þ μ52μ

7
1X2X2

7 þ μ52μ
7
1X3X5X8 þ μ22μ

4
1X1X5X7 þ μ22μ

4
1X7 ¼ 0; ð5:19oÞ

μ62μ
6
1X4X2

8 þ 2μ62μ
6
1X8 − μ61X8 þ μ32μ

3
1X3X6X8 þ μ32μ

3
1X2X7X8 þ X1X6X7 þ ðμ31μ92 − μ31μ

3
2Þðλð2Þ2 Þ−1 ¼ 0: ð5:19pÞ

It is relatively simple to solve for such a small knot. At the first step we solve (5.19i)–(5.19l) for X5, X6, X7, X8 exploiting
their simplicity and linearity in these variables. Then the remaining equation factorizes partially, delivering one root with
X2 ¼ 0, X3 ¼ 0 and another root with both X2 and X3 nonzero.
The first option leads to four roots.
The first root reads:

X1 ¼ −
λð1Þ1 μ32
μ31

; X2 ¼ 0; X3 ¼ 0; X4 ¼ −
μ32

λð1Þ2 μ31
;

X5 ¼
μ31

λð1Þ1 μ32
; X6 ¼ 0; X7 ¼ 0; X8 ¼

λð1Þ2 μ31
μ32

: ð5:20Þ
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The respective first constraint reads

λ1 ¼ −
μ61
μ62

; λ2 ¼ −
μ62
μ61

: ð5:21Þ

Let us note that even though the CG chord variables
themselves may depend on gauge-noninvariant operators

λðkÞa that shift representations only in strand k, the con-
straints contain only gauge invariant operators λa shifting
representations of the whole knot.
The second root reads

X1¼−
λð1Þ1 μ32
μ31

; X2 ¼ 0; X3¼ 0; X4¼
1−μ62

λð1Þ2 μ31μ
9
2

;

X5¼
μ31

λð1Þ1 μ32
; X6¼ 0; X7 ¼ 0; X8 ¼ λð1Þ2 μ31μ

3
2ð1−μ62Þ:

ð5:22Þ
The respective second constraint reads

λ1 ¼ −
μ61
μ62

; λ2 ¼
1

μ61μ
12
2

: ð5:23Þ

The third root reads

X1 ¼ λð1Þ1 μ31μ
3
2ðμ61 − 1Þ; X2 ¼ 0; X3 ¼ 0;

X4 ¼ −
μ32

λð1Þ2 μ31
; X5 ¼

μ61 − 1

λð1Þ1 μ91μ
3
2

; X6 ¼ 0;

X7 ¼ 0; X8 ¼
λð1Þ2 μ31
μ32

: ð5:24Þ

The respective third constraint reads

λ1 ¼
1

μ62μ
12
1

; λ2 ¼ −
μ62
μ61

: ð5:25Þ

The fourth root reads

X1 ¼ λð1Þ1 μ31μ
3
2ðμ61 − 1Þ; X2 ¼ 0; X3 ¼ 0; X4 ¼

1 − μ62

λð1Þ2 μ31μ
9
2

;

X5 ¼
μ61 − 1

λð1Þ1 μ91μ
3
2

; X6 ¼ 0; X7 ¼ 0; X8 ¼ λð1Þ2 μ31μ
3
2ð1 − μ62Þ: ð5:26Þ

The respective fourth constraint reads

λ1 ¼
1

μ121 μ62
; λ2 ¼

1

μ61μ
12
2

: ð5:27Þ

For another branch when both X2 ≠ 0, X3 ≠ 0 we would obtain two roots. The fifth root reads

X1 ¼−
λð1Þ1 ð1−μ61Þ

μ31μ
3
2ð1−μ61μ

6
2Þ
; X2 ¼ x; X3 ¼

ð1−μ61−μ62þ μ62μ
6
1Þð1−μ61μ

6
2þμ121 μ122 Þλð1Þ

ð1− 2μ61μ
6
2þμ121 μ122 Þμ62λð1Þ2 x

; X4 ¼−
μ91μ

3
2ð1−μ62Þ

λð1Þ2 ð1−μ61μ
6
2Þ
;

X5 ¼
μ31μ

9
2ð1−μ61Þ

λð1Þ1 ð1−μ61μ
6
2Þ
; X6 ¼−

λð1Þ2 μ32x

λð1Þ1 μ31
; X7 ¼−

ð1−μ61−μ62þμ62μ
6
1Þð1−μ61μ

6
2þ μ121 μ122 Þ

μ31μ
3
2ð1− 2μ61μ

6
2þμ121 μ122 Þx ; X8 ¼

λð1Þ2 ð1−μ62Þ
μ31μ

3
2ð1−μ61μ

6
2Þ
:

ð5:28Þ
Clearly these solution has a scaling module we denoted as x appearing in CG chords with ends marked by different shift
indices. Nevertheless it imposes the fifth constraint

λ1 ¼ −μ61μ122 ; λ2 ¼ −μ121 μ62: ð5:29Þ

Finally, the sixth root also has a modulus

X1 ¼−
λð1Þ1 ð1þμ62Þ

μ31μ
3
2ð1−μ61μ

6
2Þ
; X2 ¼ x; X3 ¼−

λð1Þ1 ð1þμ61μ
12
2 þμ121 μ62þμ181 μ182 Þ

λð1Þ2 μ61ð1− 2μ61μ
6
2þμ121 μ122 Þx

; X4 ¼
μ31μ

9
2ð1þμ61Þ

λð1Þ2 ð1−μ61μ
6
2Þ
;

X5 ¼−
μ91μ

3
2ð1þμ62Þ

λð1Þ1 ð1−μ61μ
6
2Þ
; X6 ¼

λð1Þ2 μ31x

λð1Þ1 μ32
; X7 ¼−

ð1þ μ61μ
12
2 þμ121 μ62þμ181 μ182 Þ

μ31μ
3
2ð1− 2μ61μ

6
2þμ121 μ122 Þx ; X8 ¼

λð1Þ2 ð1þμ61Þ
μ31μ

3
2ð1−μ61μ

6
2Þ
: ð5:30Þ
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The respective sixth constraint reads

λ1 ¼ μ121 μ62; λ2 ¼ μ61μ
12
2 : ð5:31Þ

Another natural set of coordinates to describe A-poly-
nomials is the eigenvalues of the SLð3;CÞ connection
holonomies on the boundary torus of the fattened knot, for
the A- and B-cycles (see Fig. 1):

m ¼ HolA ¼

0
B@

m1 0 0

0 m2 0

0 0 1
m1m2

1
CA;

l ¼ HolB ¼

0
B@

l1 0 0

0 l2 0

0 0 1
l1l2

1
CA: ð5:32Þ

Comparing these holonomies with their quantum
traces [14][Eq. (6.1)], we find that μ1 ¼ ðm2

1m2Þ16,
μ2 ¼ ðm1m2

2Þ−
1
6. Similarly, we can identify B-cycle holon-

omies with λi; however, there is freedom in modifying these
variables by choosing different knot framings, or, equiv-
alently, by applying Dehn twists to the fattened knot
boundary surface. We choose the following identification
λ1 ¼ l1=m3

1, λ2 ¼ m3
2=l2. Under this change of coordi-

nates, five of the six roots we found for the shaded
A-polynomials coincide with the roots constructed in
[89][Eq. (7.13)], while one root is spurious:

fl1 þm3
2m

6
1 ¼ 0;l2 þm3

1m
6
2 ¼ 0g ðspuriousÞ;

fl1 þm3
2m

6
1 ¼ 0;l2 − 1 ¼ 0g;

fl2 þm3
1m

6
2 ¼ 0;l1 − 1 ¼ 0g;

fl1 − 1 ¼ 0;l2 − 1 ¼ 0g;
fl1m3

2 þm3
1 ¼ 0;l2m3

1 þm3
2 ¼ 0g;

fl1 −m6
1 ¼ 0;l2 −m6

2 ¼ 0g: ð5:33Þ

This observation provides support for our assumptions
about the behavior of huge representations of UqðgÞ
leading to the quasiclassical equations (3.16). Also, we
can regard CG chords as a reliable source for shaded A-
polynomial roots beyond g ¼ su2.
To conclude this subsection, let us also indicate that

relation (3.22) is satisfied for all the roots deter-
mined here.

C. Cinquefoil knot

The cinquefoil knot 51 depicted in Fig. 7 in its
minimal representation has five crossings, which is
greater than the number for the figure-eight knot 41.
Nevertheless 51 belongs to a family of highly sym-
metric torus knots, therefore we can regard it as the
next simplest nontrivial knot after 31. However
Eqs. (3.16) written for this knot are rather involved
and do not admit obvious simplifications like those for
31. We will not present these equations here due to
their bulkiness.
Yet a simple exercise that we can perform with these

equations is to check if there are “colorless” solutions when
CG chords for α ≠ β in (3.6) vanish, similarly to roots
(5.21)–(5.29) for 31. In other words, we use the following
ansatz:

□Θ
�
1 1

1 2

�
≕X1; □ Θ

�
1 2

1 2

�
¼ 0; □Θ

�
2 1

1 2

�
¼ 0; □Θ

�
2 2

1 2

�
≕X4;

□Θ
�
1 1

2 1

�
≕X5; □ Θ

�
1 2

2 1

�
¼ 0; □Θ

�
2 1

2 1

�
¼ 0; □Θ

�
2 2

2 1

�
≕X8: ð5:34Þ

We arrive at the following collection of equations:

μ61 − λð1Þ1 μ52μ1X5 þ μ61X1X5 − X2
1X

2
5 − 3X1X5 − 1 ¼ 0; ð5:35aÞ

−λð1Þ1 μ52μ
6
1 þ λð1Þ1 μ52 − 2μ111 X1 − μ111 X2

1X5 þ μ51X
3
1X

2
5 þ 3μ51X1 þ 4μ51X

2
1X5 ¼ 0; ð5:35bÞ

FIG. 7. A cinquefoil knot 51 diagram and its braid representa-
tion.
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μ111 − μ51 − λð2Þ1 μ52X1 þ μ111 X2
1X

2
5 þ 3μ111 X1X5 − μ51X

3
1X

3
5 − 5μ51X

2
1X

2
5 − 6μ51X1X5 ¼ 0 ð5:35cÞ

− λð2Þ1 μ52μ
6
1 þ λð2Þ1 μ52 − μ111 X1X2

5 − 2μ111 X5 þ μ51X
2
1X

3
5 þ 4μ51X1X2

5 þ 3μ51X5 ¼ 0; ð5:35dÞ

μ51μ
6
2 − μ51 þ μ51μ

6
2X

2
4X

2
8 þ 3μ51μ

6
2X4X8 − μ51X4X8 þ μ52X8ðλð1Þ2 Þ−1 ¼ 0; ð5:35eÞ

μ51μ
6
2X

3
4X

2
8 þ 3μ51μ

6
2X4 þ 4μ51μ

6
2X

2
4X8 − 2μ51X4 − μ51X

2
4X8 þ ðμ112 − μ52Þðλð1Þ2 Þ−1 ¼ 0; ð5:35fÞ

μ51μ
6
2X

2
4X

3
8 þ 4μ51μ

6
2X4X2

8 þ 3μ51μ
6
2X8 − μ51X4X2

8 − 2μ51X8 þ ðμ112 − μ52Þðλð2Þ2 Þ−1 ¼ 0 ð5:35gÞ

μ51μ
6
2 − μ51 þ μ51μ

6
2X

3
4X

3
8 þ 5μ51μ

6
2X

2
4X

2
8 þ 6μ51μ

6
2X4X8 − μ51X

2
4X

2
8 − 3μ51X4X8 þ μ112 X4ðλð2Þ2 Þ−1 ¼ 0: ð5:35hÞ

We should note that variables are separated: the first four
equations (5.35a)–(5.35d) depend only on X1 and X5,
whereas (5.35e)–(5.35h) depend only on X4 and X8. In the
first quadruplet, we eliminate X5 first by finding a solution
in terms of X1:

X5 ¼
λð1Þ1 μ52μ

6
1 − λð1Þ1 μ52 þ μ111 X1 − 2μ51X1

μ51X1ðX1 − λð1Þ1 μ1μ
5
2Þ

: ð5:36Þ

Substituting this solution back produces equations solely in
X1, which are easy to solve explicitly, yielding three roots

X1¼ðμ131 −μ71Þλð1Þ1 μ52; X1¼
ð� ffiffiffi

5
p þ1Þλð1Þ1 μ52

2μ51
: ð5:37Þ

These solutions produce the first shaded A-polynomial
component

A1 ¼ ðλ1μ201 μ102 − 1Þðλ1μ102 þ μ101 Þ ¼ 0: ð5:38Þ

Applying a similar calculation to (5.35e)–(5.35h), we
arrive at the second component

A2 ¼ ðλ2μ101 μ202 − 1Þðλ2μ101 þ μ102 Þ ¼ 0 ð5:39Þ

Let us stress that these equations do not describe a
complete set of shaded A-polynomial roots for 51. These
are only the roots we found under the assumption that the
“colorful” CG chords vanish.
As we have said at the beginning of this subsection, the

knots 31 and 51 belong to a family of torus knots T2;2kþ1,
k ¼ 1; 2; 3;…. Looking at a list of A-polynomials for su2

for this family of knots (see, e.g., [3], [Table 2]), it is easy to
anticipate a simple pattern for A-polynomials in this family
of knots for generic k:

Asu2ðT2;2kþ1Þ ¼ lþm2ð2kþ1Þ: ð5:40Þ
If we expect that a simple pattern of A-polynomials is
inherited in this knot family, then it is simple to extend our

shaded A-polynomials for su3 to generic k as well by
comparing (5.38) and (5.39) with (5.21)–(5.29):

A⃗su3ðT2;2kþ1Þ

¼
0
@ ðλ1μ4ð2kþ1Þ

1 μ2ð2kþ1Þ
2 − 1Þðλ1μ2ð2kþ1Þ

2 þ μ2ð2kþ1Þ
1 Þ

ðλ2μ2ð2kþ1Þ
1 μ4ð2kþ1Þ

2 − 1Þðλ2μ2ð2kþ1Þ
1 þ μ2ð2kþ1Þ

2 Þ

1
A:

ð5:41Þ

It should be stressed here again that (5.41) covers only a
part of the actual moduli space and may contain spurious
roots. The unknot, that seems to enter this family for k ¼ 0,
however has only a single root, which in this framing reads

A⃗su3ðunknotÞ ¼
 
λ1μ

4
1μ

2
2 − 1

λ2μ
2
1μ

4
2 − 1

!
: ð5:42Þ

D. Figure-eight knot

The task of computing the shaded A-polynomials for the
figure-eight knot depicted in Fig. 8 is rather involved. Its
minimal braid representation has three strands, which
implies there are 24 CG chord variables; the two types
of relations (3.16) then produce 36 equations. We will
attempt to search for all shaded A-polynomial roots else-
where. Here we present one root derived under the ansatz

FIG. 8. A figure-eight knot 41 diagram and its braid represen-
tation.
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used in the case 51, when all the “colorful” CG chords with
distinct indices α and β in (3.6) are set to zero. This
simplification leads to the following nontrivial root:

A1 ¼ μ121 þ ð−1þ μ61 þ 2μ121 þ μ181 − μ241 Þλ1 þ μ121 λ21;

A2 ¼ μ122 þ ð−1þ μ62 þ 2μ122 þ μ182 − μ242 Þλ2 þ μ122 λ22:

ð5:43Þ

This is a specific root satisfying

A1 ¼ A0ðλ1; μ1Þ; A2 ¼ A0ðλ2; μ2Þ; ð5:44Þ

where A0ðλ; μ3Þ is the standard 41 A-polynomial for su2

(see, e.g., [3], [Tab. 2]).
One might think of this root as one where sectors of the

Chern-Simons theory for two simple roots of algebra su3

are decoupled from each other. We would like to argue that,
in general, it is not unnatural for a system to have such a
decoupled root. If we substitute

ρΘ
�
α β

k m

�
¼ 0; if α ≠ β; ð5:45Þ

into (3.11a)–(3.11h) and (3.12a)–(3.12h), then in the sum
over γ ≠ 0 only a single term survives. Moreover, CG
chords for different color indices α are never mixed in
(3.16). Therefore, these equations decompose into inde-
pendent components for each α, and each component is
reminiscent of this system for g ¼ su2.

VI. CONCLUSION

In this paper, we have considered an extension sun,
n > 2, of the CG chord formalism for constructing knot
A-polynomials, following a proposition in [13]. We
have defined new CG chords carrying color indices
associated with roots of sun. For these chords, the
action of the braid group is derived explicitly in
(3.11a)–(3.11h) and (3.12a)–(3.12h). Using this repre-
sentation, we associated with a knot K with its diagram
in the braid representation a nonlinear eigenvalue
problem (3.16). The consistency constraints for this
system to have solutions (3.18), i.e., generalized resul-
tants, deliver the roots of classical shaded A-polyno-
mials for sun that are quasiclassical limits of difference
operators annihilating HOMFLY-PT polynomials. Also,
we have discussed some aspects of A-polynomial
covariance with respect to Markov moves of the knot
braid diagram and computed some examples of shaded
A-polynomials for a few knots.
To conclude this note let us list some open problems that

might seem interesting for further research:
(1) Due to its geometric nature, A-polynomials ought

to transform covariantly with respect to Reide-
meister moves of the knot diagram in the plat

representation and to Markov moves in the braid
representation. Yet this covariance is not trans-
parent for the chord technique we presented here.
In Sec. III D we have mapped out some pathways
in this direction. However, it would be interesting
to prove a complete covariance theorem for
shaded A-polynomials solely within the chord
framework.

(2) It would be interesting to extend the CG chord
formalism to generic simple Lie (super)algebra g.
Especially to e8, f4, g2, where there are neither
minuscule nor cominuscule weights, so there are no
universal multiplicity-free tensor multipliers like in
(3.1). Supposedly, rather than exploiting skein rela-
tions (3.5), one should apply eigenvalue decompo-
sitions for R-matrices directly to construct an action
of the braid group.

(3) It is well-known from an analysis of the knot
complement fundamental group [1] that there is a
relation between A-polynomials and Alexander
polynomials, the latter being equivalent to HOM-
FLY polynomials for the supergroup GLð1j1Þ [90].
We hope that an extension of the CG chord formal-
ism to supergroups might deliver a simpler explan-
ation of this relation bypassing a direct reference to
the knot fundamental group.

(4) It would be interesting to extend Perelomov’s
quasiclassical description for huge representations
from classical groups to quantum ones. Our results
suggest that such a formalism exists and is non-
trivial. Potentially, it would allow one to construct
simplified versions of universal R-matrix expres-
sions in the double scaling limit.

(5) The action of the braid group on the CG
chords is reminiscent of cluster mutations for
cluster coordinates [91]. The universality of the
braid group action (3.11a)–(3.11h) and (3.12a)–
(3.12h) and of the tetrahedron construction for
snake spectral networks [89] suggests there
might be a complete Hikami-like 3D TQFT
construction for knot/link invariants associated
with SLðn;CÞ. Also, one might hope to obtain
universal double-scaling asymptotics for
6j-symbols/Racah coefficients of UqðsunÞ hid-
den behind this construction for finite repre-
sentations [69,92–94].
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APPENDIX: QUASICLASSICAL WAVE PACKET
FOR HUGE SPINS OF SOð3Þ

In spherical coordinates, with

x¼ cosθ sinφ; y¼ cosθ cosφ; z¼ sinθ: ðA1Þ

one constructs the following angular momentum operators:

sx ¼ −iðy∂z − z∂yÞ ¼ −i
�
cosφ

∂

∂θ
þ tan θ sinφ

∂

∂φ

�
;

sy ¼ −iðz∂x − x∂zÞ ¼ i

�
sinφ

∂

∂θ
− tan θ cosφ

∂

∂φ

�
;

sz ¼ −iðx∂y − ypxÞ ¼ i
∂

∂φ
: ðA2Þ

The volume form in these coordinates reads cos θ dθ dφ.
It is useful to consider the raising/lowering operators:

s� ≔ sx � isy ¼ −ie∓iφ

�
∂

∂θ
� tan θ

∂

∂φ

�
: ðA3Þ

Then, for the Laplacian, we find

Δ ¼ s2x þ s2y þ s2z ¼ −
∂
2

∂θ2
þ tan θ

∂

∂θ
−

1

cos θ2
∂
2

∂φ2
: ðA4Þ

Solutions to Δψ ¼ lðlþ 1Þψ are well known in terms
of spherical harmonics. Yet we would like to find coherent
states approximating quasiclassical wave functions. Let us
start with a state jl;li. It is annihilated by sþ and has
eigenvalue l for sz:

jl;li ¼ 1

2ll!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þ!

4π

r
cos θle−ilφ ∼ e−l

θ2

2
þilφ: ðA5Þ

Now we would like to construct a state that quasiclassi-
cally represents a particle spinning with a large angular
momentum l around an axis aligned with a unit vector n⃗.
So it should behave as the SOð3Þ-rotated asymptotic form
of (A5):

ψðn⃗;lÞ ∼ exp

�
−
l
2
ðn⃗ · r⃗Þ2 − il arccos

ν⃗ · ρ⃗
jν⃗jjρ⃗j

�
; ðA6Þ

where r⃗ is a vector with coordinates (A1), and

ν⃗ ¼ ðny;−nx; 0Þ; ρ⃗ ¼ r⃗ − ðn⃗ · r⃗Þn⃗: ðA7Þ

As l → ∞, the real part of the argument of the exponential
in (A6) cuts out the solution as a delta function:

sin θ ¼ −
1

nz
ðny cos θ cosφþ nx cos θ sinφÞ: ðA8Þ

Using this principle, we derive

s⃗ · ψðn⃗;lÞ ¼ ln⃗ψðn⃗;lÞ þOð1Þ: ðA9Þ
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