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We lay the foundations for a quantum formalism describing the real-time evolution of particles in the glasma
phase of a heavy-ion collision, focusing on the implications of gauge invariance in the definition of the
momentum of a particle in a classical background field. We first establish the correspondence between the
classical Wong’s equations and the Heisenberg equations of motion for a particle in a classical non-Abelian
background field. Using this correspondence, we obtain equations of motion for both the kinetic momentum—
the gauge invariant, physically measurable quantity—and the canonical momentum, which is conjugate to the
coordinates in the Hamiltonian. In particular, the kinetic momentum broadening receives nontrivial
contributions from the transverse field components, even in the eikonal limit. Finally, we demonstrate that
imposing a transverse Coulomb gauge condition at the initial time significantly reduces the accumulation of
numerical errors, thereby providing an optimized framework for the forthcoming quantum implementation.
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I. INTRODUCTION

At weak coupling, the matter produced in the early
stages of relativistic heavy-ion collisions can be described
as glasma fields [1–5], formulated using the color glass
condensate (CGC) framework [4,6–8]. The glasma consists
of strong classical gluon fields far from equilibrium,
corresponding to nonperturbatively large occupation num-
bers of gluonic states. Hard probes, such as jets and heavy
quarks, are formed early in the collision. However, while
their properties in the quark gluon plasma (QGP) phase
have been studied extensively [9–11], the interaction with
the initial stage is often neglected. Only recently, there has
been growing interest in quantifying the effect of the
glasma on the dynamics of hard probes. Most existing
studies rely on classical transport equations [12] to inves-
tigate heavy quarks [13–22] and jets [23–28] propagating

through the glasma. It is noted from these studies that hard
probes experience significant momentum broadening dur-
ing the glasma phase. A promising approach to go beyond
the classical approximation for the probe is to describe the
jet as a quantum state and evolve it in real time using the
light-front Hamiltonian formalism. This method has been
successfully applied to jet evolution within a classical color
field described by local Gaussian distributions [29–32] and
implemented with quantum simulations [33–35]; such a
formulation is applicable to both the cold nuclear matter in
deep inelastic scattering, and the hot dense medium in the
QGP stage in heavy-ion collisions.
Although momentum broadening and medium-induced

radiation of partons propagating through the QGP phase
can both be evaluated within well-established theoretical
frameworks [36–44], studies of parton propagation in the
glasma have primarily focused on momentum broadening.
The current ways to address gluon radiative processes rely
on simplifying assumptions for the glasma. Using the
classical particle formalism, energy loss and collisions
between particles were considered in non-Abelian plasmas
and were shown to trigger plasma instabilities [45–48].
Recently, jet quenching in a glasma-like medium was
studied by considering soft gluon radiation for jets in
correlation domains consisting of constant longitudinal
electric fields [49]. Such estimates are similar to calculations
of synchrotron-like gluon emission in the glasma [50].
Beyond the glasma, the effect of the pre-equilibrium stage
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on heavy quark [51,52] and jet [53–57] observables, such
as the nuclear modification factor RAA or elliptic flow v2,
was investigated using numerous methods. However, these
studies have not converged on an overall agreement on the
magnitude of the pre-equilibrium effect compared to the
QGP. Moreover, jet and heavy quark momentum broad-
ening and energy loss were estimated using effective
kinetic theory (EKT) of QCD for the pre-equilibrium phase
subsequent to the glasma [58–67], and the transport
coefficients were shown to be compatible with the values
reported in the glasma. All these recent results contain
important steps toward more complete calculations of
momentum broadening and energy loss in the pre-
equilibrium stages. Nevertheless, it still remains uncertain
what is the relative contribution of the early stages compared
to the QGP phase and what are the underlying physical
mechanisms present in the pre-equilibrium stages.
The motivation of this work is twofold. First, we aim to

clarify the distinction between kinetic and canonical
momentum broadening, which has not been addressed in
previous studies of parton propagation in the glasma or
broader scenarios of other background fields. Second, we
want to lay the foundation for a future quantum imple-
mentation, which will be part of first-principle systematic
studies of radiative processes in the glasma. Previous studies
which rely on the classical transport equations in the glasma
fields [13,15,23–27] extract the kinetic momentum broad-
ening, which is the gauge invariant momentum in the
presence of a background gauge field. This is different from
the canonical momentum broadening, evaluated from the
momentum conjugated to the coordinates, and which is
gauge dependent. The canonical momentum is the quantity
that naturally appears in a quantum mechanical calculation
that is needed to include gluon radiation. In typical pertur-
bative scattering calculations, it is not necessary to take into
account this difference, as one works with asymptotic states
far away from the interaction region where the background
field is zero. However, when performing the real-time
evolution of a particle inside the medium, it is fundamental
to take into account this difference. The canonical momen-
tum contains a large gauge-dependent contribution from the
background field, that must be taken into account to obtain
the physical gauge invariant kinetic momentum. In principle,
analytical calculations based on simplifying approximations,
such as weak coupling or early-time expansions, could
remove this difference by an appropriate gauge choice.
However, to our knowledge, no existing analytical work
on the glasma has addressed the distinction between kinetic
and canonical momentum broadening. In numerical simu-
lations of the glasma, which are performed in a fixed gauge,
this difference is automatically present, yet the effect of
gauge transformations on the magnitude of the canonical
momentum broadening has not been quantified before.
The difference between kinetic and canonical transverse

momentum broadening comes from the transverse

component of the gauge field. The common lore in jet
quenching calculations is that, in the eikonal limit, only
the longitudinal component of the gauge field contributes
to transverse momentum broadening, as it couples to the
large pþ component of the parton momentum. This is a
standard result in jet quenching formalisms [37] and
applies equally in the eikonal propagation of the CGC
shockwave picture [7,68]. This is indeed true for the
canonical momentum. However, as we will show in this
paper for the case of the glasma, for the gauge invariant
kinetic momentum inside the medium, the transverse
component of the gauge potential needs to be taken into
account already at leading order in the high energy of the
particle. Therefore, there is a fundamental difference
between calculations which use asymptotic states, mea-
sured far away from the interaction region and the situation
where one measures the evolution of the particle inside the
background field. This difference can be understood in
terms of the distinction between canonical and kinetic
momentum. While we demonstrate this explicitly for the
glasma, the underlying argument relies only on the general
definition of kinetic and canonical momentum and is
therefore expected to hold for a generic external classical
field. We note that a recent work [69] on DIS dijet
production in a background field approach also gets a
nontrivial contribution from the transverse fields at leading
eikonal order. We here provide an explanation in terms of
the difference between kinetic and canonical momentum
broadening.
In this paper, we study the kinetic and canonical momen-

tum broadening of quarks traversing the glasma fields. We
explicitly demonstrate the correspondence between the
classical equations and the quantum Heisenberg equations
for the quark evolution in a non-Abelian background field.
Thus, we establish the relation between the classical
approach and the full quantum calculation, carried out in
the parallel work [70]. In the numerical results in this paper,
we treat the quark as a classical particle whose propagation
is governed by Wong’s equations. This enables us to
quantify the distinction between kinetic and canonical
momentum broadening for both static and eikonal quarks
in the glasma fields. We present two alternative methods for
evaluating the decomposition of the kinetic momentum
broadening: one based on directly tracking the force acting
on the quark, and another based on decomposing the kinetic
momentum into its canonical and gauge field contributions.
While both methods serve as a mutual consistency check,
the latter approach—which explicitly involves the gauge
potential—bears a closer connection to the quantum for-
mulation and thereby provides a natural bridge to the
quantum implementation in [70]. In addition, we quantify
how gauge transformations of the glasma fields affect the
canonical momentum broadening and discuss the relation
between the gauge choice and the accumulation of numeri-
cal errors. For this purpose, we impose a transverse
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Coulomb gauge condition, which minimizes the squared
gauge potential. We show that this gauge fixing significantly
reduces numerical errors when evaluating gauge-dependent
quantities-a crucial consideration for the quantum formu-
lation. We also point the reader to Ref. [71], where the
Coulomb gauge condition was imposed to identify the quark
momentum in a solution of the Dirac equation in the glasma
background.
This paper is organized as follows. In Sec. II, we introduce

the formalism for the glasma fields and the classical particles
and derive the quantities relevant for computing the momen-
tum broadening. In Sec. III, we present and discuss the
numerical results. We conclude in Sec. IV.

II. FORMALISM

In this section, we first introduce the formulation of the
glasma fields in the CGC effective theory. We then discuss
the propagation of a classical particle in these fields.
Lastly, we investigate how they are affected by gauge
transformations.

A. The glasma fields

To study the propagation of particles through the initial
stage of a heavy-ion collision, one needs a realistic descrip-
tion of the matter produced immediately after the collision.
In the weak coupling regime, this stage is characterized by
highly occupied, out-of-equilibrium classical gluon fields
known as the glasma [1–5]. These fields emerge from the
collision of two ultrarelativistic nuclei within the CGC
framework [4,6–8].
The CGC is an effective field theory based on the

separation of scales between partons carrying a large frac-
tion of the longitudinal momentum of the nucleus (large x)
and those carrying a small fraction (small x). The large-x
degrees of freedom, often interpreted as valence partons, are
treated as static color sources, while the small-x gluons are
described as classical gauge fields radiated by these sources.
The use of a classical field description is justified by the
large gluon occupation numbers that arise in the small-x
regime.
The color fields obey the classical Yang-Mills equation

of motion,

½Dμ;F μν� ¼ J ν; ð1Þ

where Dμ ¼ ∂μ þ igAμ is the covariant derivative, F μν ¼
∂
μAν − ∂

νAμ þ ig½Aμ;Aν� is the field strength tensor, and
J ν denotes the color current generated by the large-x
color charges. We note by Aμ the SU(Nc) matrix valued
gauge fields Aμ ¼ Aa

μta, where ta are the generators of
SU(Nc) in a given representation R, with a from 1
to N2

c − 1, and similarly the field strength tensor
F μν ¼ F a

μνta. For a nucleus moving along the light-cone
axis x� ¼ ðt� zÞ= ffiffiffi

2
p

, the color current is

J μ
ð1;2ÞðxÞ ¼ δμ�δðx∓Þρð1;2Þðx⃗⊥Þ; ð2Þ

where J ð1Þ corresponds to the right-moving nucleus
(þ component) and J ð2Þ to the left-moving nucleus
(− component). The current J ð1Þ [J ð2Þ] is static in its
light-cone time xþ (x−), localized in the longitudinal
direction x− (xþ), and its transverse structure is deter-
mined by the color charge density ρð1Þ [ρð2Þ].
The Yang-Mills equation Eq. (1) for a single nucleus can

straightforwardly be solved in the covariant gauge
∂
μAcov

μ;ð1;2Þ ¼ 0. In this gauge, the only nonvanishing com-

ponent of the gauge field is Aþ
cov (or A−

cov) for nucleus
(1) moving along xþ [or nucleus (2) along x−], which we
denote as Acov

ð1;2Þ. The field equation simplifies to a two-

dimensional Poisson equation ðΔ⊥ −m2
gÞAcov

ð1;2Þ ¼ −ρð1;2Þ,
which can be solved in momentum space as

Acov
ð1;2Þðx⃗⊥Þ ¼

Z
Λ

0

k⊥dk⊥
Z

dθk⊥
ρð1;2Þðk⃗⊥Þ
k2⊥ þm2

g
e−ik⃗⊥·x⃗⊥ : ð3Þ

Here,mg andΛ denote the infrared (IR) and ultraviolet (UV)
regulators.
For the fields before the collision, we use the MV model

[72–74], which assumes that the distribution of color
charges is stochastic (random gaussian) and local,

hρaðx⃗⊥Þievent ¼ 0; ð4aÞ

hρaðx⃗⊥Þρbðy⃗⊥Þievent ¼ g2μ2δabδð2Þðx⃗⊥ − y⃗⊥Þ; ð4bÞ
where g2μ represents the color charge density. Each glasma
event has a different initial transverse color charge dis-
tribution ρaðx⃗⊥Þ, and glasma event averages h…ievent are
performed over these color charges. The McLerran-
Venugopalan (MV) model parameter g2μ is the only
physical scale. Typically, g2μ is proportional to the satu-
ration momentum Qs [75]. The saturation scale Qs may be
interpreted as the momentum scale at which the number of
gluons is large enough for gluon recombination processes
to compensate the generation of more gluons due to 1 → 2
splittings, leading to the phenomenon of gluon saturation.
In order to obtain the glasma fields, we transform the

solutions for the single nucleus fields into the light-cone
gauge Aþ;LC

ð1Þ ¼ 0 (A−;LC
ð2Þ ¼ 0) for a nucleus moving along

xþ (x−). In this gauge, the nucleus moving in the xþ (x−)
direction generates the gauge fields in Region I (II), as
illustrated in Fig. 1. The fields in these regions reduce to
transverse pure gauge fields

α
i
ð1;2Þðx⃗⊥Þ ¼

i
g
Vð1;2Þðx⃗⊥Þ∂iV†

ð1;2Þðx⃗⊥Þ; ð5Þ

with being i∈ ðx; yÞ the transverse direction in the

glasma, and where we denote α
i
ð1;2Þ ≡Ai;LC

ð1;2Þ. The gauge
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transformation is given by

Vð1;2Þðx⃗⊥Þ ¼ P exp

�
ig
Z

dx∓Acov
ð1;2Þðx∓; x⃗⊥Þ

�
; ð6Þ

where Acov
ð1;2Þ is the covariant gauge solution of the Yang-

Mills equation (1) found in Eq. (3).
To derive the initial conditions for the glasma fields, we

assume boost invariance, which is justified at sufficiently
high collision energies. We express the glasma fields in
Region III in Milne coordinates, which are convenient in
the description of boost-invariant expanding systems. The
Milne coordinates consist of τ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
, the proper time,

and η ¼ tanh−1ðz=tÞ, the space-time rapidity. Using the
pure gauge fields in Eq. (5) before the collision and
imposing boost-invariance ∂ηAμ ¼ 0, one can derive the
initial condition for the fields immediately after the
collision in the Fock-Schwinger gauge Aτ ≡ ðxþAþ þ
x−A−Þ=τ ¼ 0 [76,77],

Aiðτ ¼ 0Þ ¼ α
i
ð1Þ þ α

i
ð2Þ; ð7aÞ

Aηðτ ¼ 0Þ ¼ ig
2
½αið1Þ; α

i
ð2Þ�; ð7bÞ

along with ∂τAiðτ ¼ 0Þ ¼ 0 and ∂τAηðτ ¼ 0Þ ¼ 0. Here,

α
i
ð1;2Þ are the pure gauge transverse fields in Regions I

(x− > 0; xþ < 0) and II (xþ > 0; x− < 0) are known ana-
lytically from Eq. (5), while Aμ denotes the unknown
glasma fields in the future light-cone from Region III in
Fig. 1. The Fock-Schwinger gauge choice is convenient
because it imposes that the field generated by one of the
nuclei vanishes at the coordinate of the other nucleus (at
xþ ¼ 0 it imposes A− ¼ 0 and vice versa). In this way, the
fields do not interact with each other before the collision
(there is no color precession of the color currents).
Using the initial condition in Eq. (7), the glasma fields at

later times can be obtained by solving the classical field
equation of motion in the same Fock-Schwinger gauge.
Since the static color charges are localized in x�, initially,
there are no charges in Region III (xþ > 0, x− > 0).
Consequently, the glasma fields in this region evolve
according to the sourceless Yang-Mills equation

½Dμ;F μν� ¼ 0: ð8Þ

The momenta conjugated to the fields are given by

Pi ¼ τ∂τAi; ð9aÞ

Pη ¼ 1

τ
∂τAη; ð9bÞ

and the classical Yang-Mills equations in Eq. (8) can be
rewritten in terms of these momenta as

∂τPi ¼ τ½Dj;F j i� −
ig
τ
½Aη; ½Di;Aη��; ð10aÞ

∂τPη ¼ 1

τ
½Di; ½Di;Aη��; ð10bÞ

where we used the boost-invariance ∂ηAμ ¼ 0 and the
temporal gauge condition Aτ ¼ 0. There are several
approximate semianalytical approaches to solve the evolu-
tion equation, either by performing a proper time expansion
valid for early times [78,79] or using the dilute approxima-
tion of the glasma in which one solves linearized equations
of motion [76,77,80–82]. In this work, we use real-time
lattice gauge theory [77] to numerically solve Eq. (10) for
the glasma fields Ai;η and conjugate momenta Pi;η. After
discretizing the proper time τ as τn ¼ nΔτ, the field
equations from Eq. (10) are solved using the leapfrog
method, in which the fields are evaluated at integer time
steps τn while the conjugate momenta are developed at
fractional time steps τnþ1=2.
The classical Yang-Mills equations in Eq. (10) are

numerically discretized using a transverse lattice of length
L⊥ and N⊥ lattice points in each direction, giving a lattice
spacing a⊥ ¼ L⊥=N⊥, along with periodic boundary
conditions. To ensure gauge invariance of the discretized
field equations, the evolution is expressed in terms of gauge
link and plaquette variables. Due to boost invariance,

FIG. 1. Illustration of the gauge potential in different regions:
pure gauges from individual nucleus in Regions I and II, the
resulting glasma field after the collision in Region III, and the
vanishing fields in the backward light cone.

AVRAMESCU, LAMAS, LAPPI, LI, and SALGADO PHYS. REV. D 114, 054061 (2026)

054061-4



the component Aη behaves effectively as an adjoint
representation scalar field under the lattice discretization.
The transverse gauge fields Ai are used to construct gauge
links

Uiðτ; x⃗⊥Þ ¼ exp

�
iga⊥Ai

�
τ; x⃗⊥ þ a⊥

2
e⃗i

��
; ð11Þ

which is accurate up to Oða2⊥Þ. Here, e⃗i is the unit vector
along a transverse direction i∈ ðx; yÞ. The gauge links are
Wilson lines connecting neighboring lattice sites separated
by the lattice spacing a⊥. We denote a gauge link in the
opposite direction to e⃗i as U−iðx⃗⊥Þ ¼ U†

i ðx⃗⊥ − a⃗iÞ, where
we use the notation x⃗⊥ � a⃗i for the transverse coordinate
x⃗⊥ � a⊥e⃗i. The transverse gauge field may be approxi-
mately extracted as a logarithm of the corresponding
gauge link

Aiðτ; x⃗⊥Þ ¼ −
i

ga⊥
ln ½Uiðτ; x⃗⊥Þ�: ð12Þ

On the lattice, the product of gauge links along the smallest
lattice square defines a plaquette, namely, Ui;jðx⃗⊥Þ ¼
Uiðx⃗⊥ÞUjðx⃗⊥ þ a⃗iÞU−iðx⃗⊥ þ a⃗i þ a⃗jÞU−jðx⃗⊥ þ a⃗jÞ at a

given τ. The transverse field strength tensor F i j corre-

sponds to a plaquette variable

Ui;jðτ; x⃗⊥Þ ¼ exp

�
iga2⊥F i j

�
τ; x⃗⊥ þ a⊥

2
e⃗i þ

a⊥
2
e⃗j

��
;

ð13Þ

accurate up to Oða3⊥Þ. Using this lattice discretization, we
numerically solve Eq. (10) for the glasma fields Aη, the
gauge links Ui, and conjugate momenta Pi;η with the
equation of motion for Pi expressed using gauge links and
plaquettes.
The transverse i∈ ðx; yÞ and longitudinal z color electric

and magnetic fields in the glasma can be expressed in terms
of the glasma gauge potentials along with the conjugate
momenta from Eq. (9)

Ei ¼
1

τ
Pi ¼ ∂τAi; Ez ¼ Pη ¼ 1

τ
∂τAη;

Bi ¼
1

τ
ϵi j½Dj;Aη�; Bz ¼ −F xy: ð14Þ

These expressions follow from the general definitions of the
electric and magnetic fields Ei ¼ F ti and Bi ¼ −ϵijkF jk=2
[with the 3-dimensional spatial index i∈ ðx; y; zÞ] by writing
them in Milne coordinates and in the temporal gauge
Aτ ¼ 0, along with imposing boost-invariance ∂ηAμ ¼ 0

and evaluating them at mid-rapidity η ¼ 0 [83]. On the

lattice, we extract the covariant derivative as ½Di;Aηðx⃗⊥Þ� ¼
½Uiðx⃗⊥ÞAηðx⃗⊥þ a⊥e⃗iÞU†

i ðx⃗⊥Þ−U−iðx⃗⊥ÞAηðx⃗⊥ − a⊥e⃗iÞ×
U†

−iðx⃗⊥Þ�=ð2a⊥Þ at a given τ. The field strength is obtained

from the plaquette as F xy ¼ ½Ux;y þ U−x;y þ Ux;−y þ
U−x;−y�ah=ð4a2⊥Þ at fixed τ and x⃗⊥, where ½…�ah denotes
the anti-Hermitian traceless part.

B. Classical particles in glasma

In this section, we describe the interaction of classical
probes with the glasma background field. We start by
discussing Wong’s equations, where the time dependence
of the momentum arises from the non-Abelian generali-
zation of the Lorentz force. We then present a derivation of
Wong’s equations as the classical limit of the quantum
evolution of the corresponding operators. This method
allows us to obtain the classical equations of motion for
both the kinetic momentum, related to the motion of the
particle, and the canonical momentum, conjugated to the
particle coordinate in a Hamiltonian formalism. We also
specialize these results to obtain expressions for the kinetic
and canonical momentum broadening for both eikonal and
static quarks. Lastly, we focus on the gauge dependence of
the canonical momentum broadening and the decomposi-
tion of the particle Lorentz force. We explain the Coulomb
gauge fixing procedure, which minimizes the gauge-de-
pendent part. The results in this section are first obtained for
a general non-Abelian gauge field. We then specialize our
results to the case of boost-invariant glasma fields.

1. Wong’s equations

The dynamics of a classical spinless point-like particle
evolving in a classical Yang-Mills fieldAa

μ can be described
by Wong’s equations of motion [12],

dxμ

dλ
¼ 1

m
pμ
kinðλÞ; ð15aÞ

dpμ
kin

dλ
¼ g

m
QaðλÞF μν;aðλÞpkin

ν ðλÞ; ð15bÞ

dQa

dλ
¼ −

g
m
fabcQcðλÞAb

μðλÞpμ
kinðλÞ; ð15cÞ

in which xμ denotes the particle coordinate, Qa is the
classical color charge, and m is the particle mass. The
kinetic momentum pμ

kin corresponds to the physical, meas-
urable momentum of the particle, obtained as the derivative
of the coordinate along the trajectory. Here, λ is the affine
parameter used to parametrize the particle worldline, and
the fields are evaluated along this particle trajectory. We can
also write the equations in matrix form by introducing the
color charge algebra elements Q ¼ Qata. One can pass
between the matrix and component notations using QaXa ¼
tr½QX�=TR, where tr½tatb� ¼ TRδ

ab and TR ¼ 1=2 for the
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R ¼ F fundamental representation (quarks). It is important
to note that the generators ta are just a convenient notation
used to write equations in matrix form rather than with
explicit color indices and are distinct from quantum
mechanical color charge operators that we will introduce
later. For convenience, the different gauge-field notations
used in this paper are summarized in Table I. Using the
matrix notation, one may expressWong’s kinetic momentum
and color charge evolution from Eq. (15) as

dpμ
kin

dλ
¼ g

TR
tr½QðλÞF μνðλÞ� dxν

dλ
; ð16aÞ

dQ
dλ

¼ ig½QðλÞ;AμðλÞ�
dxμ

dλ
: ð16bÞ

The color charge equation may be recast as a color rotation

QðλÞ ¼ Uðλ; 0ÞQð0ÞU†ðλ; 0Þ; ð17Þ

where the particle Wilson line,

Uðλ; 0Þ ¼ P exp

�
−ig

Z
λ

0

dλ0
dxμ

dλ0
Aμðλ0Þ

�
; ð18Þ

picks up the background gauge potential along the particle
trajectory.
The classical color charges satisfy the quadratic Casimir

invariant constraint

QaQa ¼ q2ðRÞ: ð19Þ

Here, following [27], we normalize the color charges to
satisfy q2ðFÞ ¼ C2Nc ¼ 4 with the “classical Casimir
invariant” for fundamental representation quarks
[23,27,84–87] taken to be Nc times the group theory
Casimir C2 ¼ ðN2

c − 1Þ=ð2NcÞ. Additionally, the SU(3)
classical color charges satisfy the cubic Casimir constraint
q3 ¼ dabcQaQbQc, with q3 ¼ NcC3, where C3 ¼
ðN2

c − 4ÞðN2
c − 1Þ=ð4N2

cÞ is the group theory Casimir for
quarks. As discussed in Ref. [27], it is in general not
possible to construct explicit classical color charges with
quadratic and cubic Casimirs corresponding to the funda-
mental representation of the quantum theory [27]. Thus, we
work in the classical theory with color charges that are
different from the fundamental representation quantum
theory and then scale our results for the quark momentum
broadening with the ratio of quadratic Casimir operators to

obtain the expected color factor. The Casimir constraints
are conserved by the evolution d q2;3=dλ ¼ 0.
The color charges are averaged over an ensemble of

classical color charge configurations, where our choice of
q2ðFÞ ¼ C2Nc corresponds to

Z
dQQaQb ¼ TRδ

ab; ð20Þ

along with the normalization
R
dQ ¼ 1 and similarlyR

dQQa ¼ 0. We denote the classical color charge aver-
ages as

hXiQ ≡
Z

dQX; ð21Þ

where X is any n-point function of the classical color
component Qa. Note that we only focus on the quadratic
Casimir from Eq. (19), since the quantities we compute
with this formalism, such as momentum broadening, will
be mostly insensitive to the cubic Casimir of SU(3) [23,27].
The classical momentum broadening along the

i∈ ðx; y; zÞ direction is defined as the square of the
momentum variation

δpkin
i ðλÞ ¼ pkin

i ðλÞ − pkin
i ð0Þ: ð22Þ

For the discussion that follows, it is useful to introduce a
notation for the color Lorentz force fi experienced by the
particles while propagating in the background fields

fi ¼
dxμ

dλ
F iμ: ð23Þ

This Lorentz force has a color index, and to get a change in
the particle momentum (which is a color singlet observ-
able), this color index has to be contracted with the color
charge. In terms of the color Lorentz force, the Wong’s
equation for the kinetic momentum from Eq. (16) may
equivalently be expressed as

dpkin
i

dλ
¼ g

TR
tr½Qfi�: ð24Þ

We can now write an analytical expression for the
momentum broadening resulting from Wong’s equations
for the momentum Eq. (16) and the color precession
Eq. (17) as

ðδpkin
i ðλÞÞ2 ¼ g2

T2
R
Qað0ÞQbð0Þ

×
Z

λ

0

dλ0
Z

λ

0

dλ00tr½taf̃iðλ0Þ�tr½tbf̃iðλ00Þ�:

ð25Þ

TABLE I. Conventions of the notations for the gauge field.

Color matrix Aμ Aa
μta

Classical color Aμ Aa
μQa

Color operator Âμ Aa
μT̂

a
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Here, the color Lorentz force is parallel transported with the
particle Wilson line involved in the color charge rotation as

f̃iðλÞ ¼ Uðλ; 0ÞfiðλÞU†ðλ; 0Þ: ð26Þ

Note that this does not mean that we can solve Wong’s
equations analytically, since the expression involves a
particle trajectory for which we do not have an explicit
expression in the general case.
Performing the classical color averages using the 2-point

functions from Eq. (20) in Eq. (25) gives the broadening

hðδpkin
i ðλÞÞ2iQ ¼ g2

Z
λ

0

dλ0
Z

λ

0

dλ00tr½f̃iðλ0Þf̃iðλ00Þ�; ð27Þ

where we used tr½taX�tr½taY� ¼ TR tr½XY� and in which
h� � �iQ denotes the color average defined in Eq. (21). As can
be seen from Eq. (25), the momentum broadening is
proportional to the classical Casimir q2. As discussed
above, the charges in the classical calculation are normal-
ized as q2 ¼ NcC2 rather than with the fundamental
representation Casimir C2. Thus, we follow here the
procedure also introduced in [23,24,27] and perform
calculations with the classical Casimir q2 and then rescale
our results for momentum broadening with C2=q2 ¼ 1=Nc,
unless otherwise stated.

2. Wong’s equations in the glasma

Let us now specialize these results to the glasma back-
ground field configuration, with details of its construction
presented in Sec. II A. We focus on two limiting cases in
which the quark trajectories are known and the kinetic
momentum broadening in Eq. (27) reduces to correlators of
glasma electric and magnetic fields [27]. These cases are an
eikonal quark, corresponding to the E → ∞ limit where the
trajectory is a straight line, and a static quark in them → ∞
limit where the trajectory is a fixed coordinate.
For an eikonal quark which propagates along the x-axis

with E → ∞, the trajectory reduces to xðtÞ ¼ t,
yðtÞ ¼ yð0Þ, and zðtÞ ¼ zð0Þ. We choose the affine param-
eter in Eq. (23) to be the coordinate time λ ¼ t.
Additionally, at mid-rapidity η ¼ 0 the glasma proper
time is the same as the coordinate time t ¼ τ. Using
Ed=dt ¼ md=dλ, the Wong’s equation for transverse
kinetic momentum can be expressed as

dpi
kin

dτ
¼ gQaðτÞðF it;aðτÞ þ F i3;aðτÞÞ; ð28Þ

where i ¼ y, z. Therefore, an eikonal particle suffers a non-
negligible change in its transverse momentum through the
interaction with the medium even when it is propagating
along a straight line. A naive interpretation is that the
longitudinal momentum of the particle is so large that the
momentum broadening induced by the medium is not

enough to significantly deflect the particle’s trajectory.
The Lorentz force experienced by the eikonal quark along
the i∈ ðy; zÞ direction reduces to

feiki ðτÞ ¼ F itðτÞ þ F ixðτÞ: ð29Þ

This can be expressed in terms of the glasma electric and
magnetic field components [23,24,27]

fyeik ¼ Ey − Bz; ð30aÞ

fzeik ¼ Ez þ By; ð30bÞ

where the field components are expressed in terms of the
glasma gauge fields in Eq. (14). The proper time evolution
of the transverse kinetic momentum components for
eikonal quarks is given by Eq. (24) upon substituting
fi → feiki . The color rotation according to Eq. (18) contains
only the x-component of the glasma gauge potential

Ueikðτ; 0Þ ¼ P exp

�
−ig

Z
τ

0

dτ0Axðτ0Þ
�
: ð31Þ

Note that At vanishes due to the gauge choice and the
evaluation at mid-rapidity. The classical kinetic momentum
broadening averaged over quark color charge configura-
tions is then given by Eq. (27) upon taking λ ¼ τ and
substituting f̃i → f̃eiki ¼ Ueikfeiki U†

eik.
Following a similar procedure, for a quark that has

infinite mass m → ∞, the trajectory is static, and the
Wong’s equations for the spatial components of the kinetic
momentum read

dpi
kin

dt
¼ gQaðτÞF it;aðτÞ; ð32Þ

with i ¼ x, y, z. Consequently, the heavy quark suffers a
change in its momentum even if the trajectory is approx-
imately static, as this increase in momentum is not enough
to overcome the formally infinite quark mass. The Lorentz
force for the static quarks is given only in terms of the
electric fields [27]

fistat ¼ Ei; ð33Þ

with the glasma electric fields expressed in Eq. (14). The
i∈ ðx; y; zÞ components of the static quark kinetic momen-
tum are given by Eq. (24) upon substituting fi → fstati . In
the temporal gaugeAτ ¼ 0, the color rotation from Eq. (18)
has no effect, as Ustat ¼ I . It follows that the classical
kinetic momentum broadening is given by Eq. (27) upon
substituting f̃i → f̃stati ¼ fstati , thereby receiving contribu-
tions from the electric fields only. This contrasts with
the eikonal case, where both electric and magnetic fields
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contribute and the force is color rotated by the Wilson line
along the quark trajectory.

3. Quantum to classical correspondence

The classical equations of motion can be obtained by
taking the classical limit of the more general quantum
formalism. To demonstrate the quantum-to-classical corre-
spondence, we derive the Heisenberg equations of motion
for the coordinate, kinetic momentum, color charge and spin
operators of a quantum particle propagating in classical non-
Abelian fields. Then, we show that these equations reduce
to Wong’s equations when taking the classical limit. For
simplicity, we illustrate the quantum-to-classical correspon-
dence for a particle with finite mass m and specialize to the
massless case only when discussing eikonal quarks.
We start from the quadratic form of the Dirac

Hamiltonian [88–90]

Ĥ ¼ 1

2m
ðm2 − ðp̂μ − gÂμÞ2Þ − g

2m
ŜμνF̂μν: ð34Þ

This Hamiltonian can be obtained by squaring the Dirac
operator, and thus, it is clear that the solutions of the Dirac
equation are its eigenstates. The zero eigenvalue reflects the
mass-shell constraint pμpμ ¼ m2 and corresponds to a line
of constant phase of the wavefunction, as one would expect
from the trajectory of a classical particle represented by a
maximum in the wavefunction. We can therefore take it as
the starting point for quantizing the theory, with λ serving
as a worldline parameter whose choice is a matter of
convenience: λ ¼ τ (proper time) preserves manifest
Lorentz covariance, while λ ¼ t or λ ¼ xþ recover
instant-form or light-front dynamics, respectively. Here
the minimal coupling ∂μ → ∂μ þ igÂμ encodes the inter-
action of the quantum particle with the classical back-
ground field. The quantum operator for coupling the
particle to the gauge field Âμ ¼ Aμ;aT̂a is given in terms
of the classical color component of the field Aa

μ and the
quantum color charge operator of the particle T̂a and
similarly for the field strength tensor F̂μν ¼ F a

μνT̂
a. Note

that here the operators T̂a are not the same as the purely
numerical matrices ta, which represent generators of the
SU(Nc) group (see, also, Table I for a summary of the
notation used in this work). The spin structure of the
particle is contained in Ŝμν ¼ σ̂μν=2, where σμν ¼
i=2½γμ; γν� is the antisymmetric tensor constructed from
the Dirac gamma matrices.
To obtain the correspondence with the classical calcu-

lation, it is convenient to work in the Heisenberg picture,
where all the information about time evolution is contained
in the operators. In this picture, the operators satisfy the
evolution equation

dÔH

dλ
¼ i½ĤH; ÔH� þ

∂ÔH

∂λ
; ð35Þ

where λ is the worldline proper time of the particle. For
notation brevity, we omit theH subscript below; all quantum
operators are understood to be in the Heisenberg picture.
The velocity operator is the worldline proper time

derivative of the coordinate operator

v̂μðλÞ≡ dx̂μ

dλ
; ð36Þ

which according to Eq. (35) is given by

dx̂μ

dλ
¼ i½Ĥ; x̂μ� ¼ p̂μ − gÂμ

m
: ð37Þ

Consequently, the kinetic momentum operator of the
particle is given by

p̂μ
kin ≡m

dx̂μ

dλ
¼ p̂μ − gÂμ: ð38Þ

In the presence of a background gauge field, the kinetic
momentum differs from the canonical momentum p̂μ, which
is conjugated to the coordinates in the Hamiltonian, i.e., it
satisfies the canonical commutation relation. The equation of
motion for the kinetic momentum may similarly be obtained
using Eq. (35) in the Heisenberg picture as

dp̂μ
kin

dλ
¼ i½Ĥ; p̂μ

kin�

¼ g
2m

ðp̂kin
ν F̂μν þ F̂μνp̂kin

ν − ŜνρD̂μF̂νρÞ; ð39Þ

where D̂μ ¼ ∂μ þ igÂμ. Note that Âμ and F̂μν do not
explicitly depend on the affine parameter λ but only through
the space-time coordinates xμðλÞ. Therefore, ∂p̂μ

kin=∂λ ¼ 0

and the evolution is just given by the commutator with the
Hamiltonian. In a similar way, we derive the equation for
the time evolution of the color charge. In the Heisenberg
picture, the color structure is contained in the evolution of
the operators corresponding to the color matrices T̂a. It
follows that

dT̂a

dλ
¼ i½Ĥ; T̂a�

¼ g
2m

fabcð−Ab
μðp̂μ

kinT̂
c þ T̂cp̂μ

kinÞ þ F b
μνŜ

μνT̂cÞ:
ð40Þ

Lastly, we consider how the particle spin changes with
time. The associated Heisenberg picture operator then
satisfies

AVRAMESCU, LAMAS, LAPPI, LI, and SALGADO PHYS. REV. D 114, 054061 (2026)

054061-8



dŜμν

dλ
¼ i½Ĥ; Ŝμν� ¼ 2g

m
Ŝρ½μF̂ν�

ρ ; ð41Þ

where the antisymmetrization is denoted as X½μν� ≡
ðXμν − XνμÞ=2.
The equations of motion from Eqs. (36) and (39) to (41)

contain all the information about the time evolution of the
quantum particle in the classical medium. Together with
the Heisenberg picture quantum state jψiH ≡ jψ ; 0i, they
can be used to evaluate physical observables and quantum
expectation values, which we denote as hX̂iψ ≡
Hhψ jX̂HjψiH. The classical limit is obtained by taking
the c-number limit of the Heisenberg equations of motion.
In practice, this is done by replacing the expectation values
of the quantum operators by their classical correspondents
hX̂μiψ → Xμ with X∈ fxμ; pμ

kin; T
a; Sμνg for the coordinate,

kinetic momentum, color charge, and spin. When taking the
classical limit, one assumes the factorization of the expect-
ation values hX̂T̂aiψ → XQa. Notably, the classical color

charge obtained from the correspondence hT̂aiψ → Qa

yields Casimir invariants which can be different from the
group theory onesC2;3 or our previous choice from Eq. (19)
with q2;3 ¼ NcC2;3 but depend on the color state of the
particle at λ ¼ 0. We can, however, choose an initial state
where they have the values q2;3 ¼ NcC2;3 as discussed
above and in Ref. [27]. We are interested here in the
momentum broadening averaged over color using Eq. (21),
which scales as hðδpkin

i Þ2iQ ∝ q2. Thus, we will then
absorb the difference into a rescaling of hðδpkin

i Þ2i by
C2=q2 in order to have a classical approximation for the
momentum broadening for a quark in the fundamental
representation.
Assuming the factorization of expectation values, the

classical limit of Eqs. (36) and (39) to (41) give the set of
equations of motion

dxμ

dλ
¼ pμ

kin

m
; ð42aÞ

dpμ
kin

dλ
¼ g

m
Qa

�
F μν

a pkin
ν −

1

2
SνρDμF a

μν

�
; ð42bÞ

dQa

dλ
¼ −

g
m
fabcQc

�
Ab

μp
μ
kin −

1

2
SμνF b

μν

�
; ð42cÞ

dSμν

dλ
¼ 2g

m
QaSρ½νFμ�;a

ρ : ð42dÞ

One can identify the Wong’s equations for the coordinate,
momentum, and the color charge from Eq. (15), along with
extra terms arising from the particle spin. These equations
can be generalized to massless particles by using
Ed=dt ¼ md=dλ, where t represents the coordinate time.
By restoring the ℏ factors, it turns out that the spin terms are

suppressed when ℏ → 0, where the classical approximation
is well justified. In general, they cannot be neglected and
must therefore be retained in the full calculation. However,
the spin terms are also suppressed as 1=E (or 1=m) and
therefore do not contribute in the eikonal and static quark
limits, where Wong’s equations are recovered.
We emphasize that the formalism for classical colored

particles with spin in classical Yang-Mills fields, derived
from the quadratic form of the Dirac Hamiltonian [12,88]
that we follow here, is not the only possibility. Alternatively,
one may use the Dirac-Bergmann constrained Hamiltonian
formalism to derive the covariant equations of motion for a
classical massive spin-1=2 particle carrying non-Abelian
color charge in a background Yang-Mills field [91].

4. Kinetic and canonical momentum

A similar procedure can be applied to compute dp̂μ=dλ,
from which one isolates the components of the Lorentz
force that contribute solely to the canonical momentum
broadening. Examining the difference between the kinetic
and canonical momentum given in Eq. (38) allows one to
distinguish the effects of the classical medium on the
particle propagation. The evolution equation for the canoni-
cal momentum may be obtained in the same way as for the
kinetic momentum (see Sec. II B 3). The Heisenberg
picture evolution of operators given in Eq. (35) yields

dp̂μ

dλ
¼ i½Ĥ; p̂μ�

¼ g
2m

ðp̂kin
ν ð∂μÂνÞ þ ð∂μÂνÞp̂kin

ν − Ŝνρ∂μF̂νρÞ: ð43Þ

In the same way, the time evolution equation of the gauge
field operator along the particle trajectory parametrized by
λ is given by

dÂμ

dλ
¼ i½Ĥ; Âμ�

¼ 1

2m
ðp̂kin

ν ðD̂νÂμÞ þ ðD̂νÂμÞp̂kin
ν þ ig½Âμ; F̂νρ�ŜνρÞ:

ð44Þ

One may notice that the evolution of the canonical
momentum and gauge field along the particle worldline
from Eqs. (43) and (44) is consistent with the evolution of
kinetic momentum from Eq. (39) since dp̂μ=dλ −
gdÂμ=dλ ¼ dp̂μ

kin=dλ according to Eq. (38). Using the same
procedure as for the kinetic momentum, one can take the
classical limit of Eqs. (43) and (44), namely,

dpμ

dλ
¼ g

m
Qa

�
ð∂μAν;aÞpkin

ν −
1

2
Sνρð∂μF a

νρÞ
�
; ð45aÞ
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dAμ

dλ
¼ 1

m
Qc

�
ð∂νAμ;cÞpkin

ν

þ gfabcAμ;aAν;bpkin
ν −

g
2
fabcSνρAμ;aF b

νρ

�
; ð45bÞ

where hÂμiψ ¼ Aμ;ahT̂aiψ → Aμ;aQa ¼ Aμ.
For the two limiting cases, the equations of motion for

the canonical momentum are as follows. For an eikonal
particle propagating along the x-axis in the limit E → ∞,
the transverse components satisfy

dpi
eik

dt
¼ −

g
TR

tr½Qð∂iðAt þAxÞÞ�; ð46Þ

with i∈ ðy; zÞ. For a static quark in the infinite-mass limit
m → ∞, the canonical momentum evolves according to

dpi
stat

dt
¼ −

g
TR

tr½Qð∂iAtÞ�: ð47Þ

Note that in the temporal gauge, the canonical momentum
of a static quark does not change at all, and the kinetic
momentum broadening is purely given by the contribution
from the gauge field.
The expressions of the canonical momentum for eikonal

quarks in Eq. (46) and static quarks in Eq. (47) are valid for
any classical background field Aμ. Let us now specialize
them to the glasma fields introduced in Sec. II A. The
canonical momentum from Eq. (46) in the case of eikonal
jets in glasma becomes

dpeik
i

dτ
¼ −

g
TR

tr½Qfip;eik�; ð48Þ

where the subscript p indicates the components of the
Lorentz force that contribute to the canonical momentum.
We refer to fp as the canonical Lorentz force. The
corresponding transverse components are

fyp;eik ¼ Ep
y − Bp

z ; ð49aÞ

fzp;eik ¼ Ep
z þ Bp

y : ð49bÞ

These expressions resemble the Lorentz force contributing
to the kinetic momentum from Eq. (30). However, the
canonical Lorentz force receives a contribution only from
the longitudinal glasma fields

Ep
y ¼ 0; Ep

z ¼ 1

τ2
Aη;

Bp
y ¼ 0; Bp

z ¼ ∂yAx: ð50Þ

Here, we used the relation between the Minkowski and
Milne components of the gauge fieldAt ¼ −ðsinh ηÞ=τAη,

taken the partial derivative ∂zAt, and at the end expressed
the result at mid-rapidity η ¼ 0, which yields the longi-
tudinal z electric field contribution. In a similar way, the
canonical broadening for static quarks becomes

dpstat
i

dτ
¼ −

g
TR

tr½Qfip;stat�; ð51Þ

where the canonical Lorentz force components are deter-
mined by the electric fields from Eq. (50), namely,

fip;stat ¼ Ep
i : ð52Þ

In analogy with the kinetic momentum broadening in
Eq. (27), the canonical momentum broadening can be
expressed as the squared integrated Lorentz force

hðδpiðτÞÞ2iQ ¼ g2
Z

τ

0

dτ0
Z

τ

0

dτ00tr½f̃ipðτ0Þf̃ipðτ00Þ�; ð53Þ

where f̃ip ¼ UfipU† is the color-rotated canonical Lorentz
force, defined analogously to Eq. (26). For the eikonal case,
fip is given by Eq. (49), while for a static quark it is given
by Eq. (52).
In typical jet quenching calculations the momentum

broadening of an eikonal particle is assumed to depend
only on the longitudinal light-cone component of the
background fields Aþ ∝ Aτ þAx [37]. However, we here
find that for a particle propagating inside an external
medium that is only true for the canonical momentum
broadening dpi=dτ ¼ g∂iAþ, while the physical gauge
invariant kinetic momentum receives an additional con-
tribution at the same eikonal order gdAi=dτ ¼
g∂þAi þ ig2½Aþ;Ai�, which depends on the transverse
components of the background potential. Although differ-
ent frameworks and kinematic regimes, the conclusion is
very similar to the one found in [69] for DIS di-jet
production, where they claim that ∂iAþ and ∂þAi contrib-
ute with a similar significance to the field strength tensor
F iþ even at leading eikonal order, and therefore, ∂iAþ
alone is not enough to describe eikonal particle propagation
in an extended medium.

C. Effect of the gauge choice

We study how gauge-dependent quantities, such as the
canonical momentum broadening, are affected by the gauge
condition. This provides a way to quantify the effect of
gauge transformations on the background fields. We also
investigate the numerical uncertainties introduced in the
extraction of such gauge-dependent quantities.
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1. Gauge dependence of canonical momentum
broadening

In the quantum formalism, if one starts from a wave-
function given by a wave packet, the canonical momentum
broadening may be interpreted as the spreading of the wave
packet in momentum space, caused by the interaction with
the classical background field. For the classical canonical
broadening, we showed that it may be extracted from the
canonical Lorentz force exerted on the particle [see
Eq. (53)], although its physical significance remains
ambiguous. Nevertheless, because it is gauge dependent,
the classical canonical broadening can serve as a diagnostic
tool to quantify the effects of gauge transformations on the
glasma fields.
Under a non-Abelian gauge transformation

Aμ → GAμG−1 þ i
g
Gð∂μGÞ; ð54Þ

with G∈SUðNcÞ, the field strength tensor transforms as

F μν → GF μνG−1: ð55Þ

Consequently, the color averaged kinetic momentum
broadening from Eq. (27) is gauge invariant since it is
expressed as the trace of product of Lorentz force compo-
nents, which are themselves given in terms of the field
strength tensor from Eq. (26). By contrast, the canonical
Lorentz force for eikonal quarks [Eq. (49)] and static
quarks [Eq. (52)] is not gauge invariant, so the resulting
canonical momentum broadening given in Eq. (53) is gauge
dependent.
Since the glasma fields are boost invariant, we limit

ourselves to gauge transformations that also have the same
property ∂ηGη ¼ 0, which reduces the gauge transformation
from Eq. (54) for the rapidity component μ ¼ η to
Aη → GAηG−1. As the longitudinal canonical Lorentz force
for both eikonal and static quarks is determined only by the
canonical electric field from Eq. (50), the gauge trans-
formation yields

fzp ¼ 1

τ2
Aη →

1

τ2
GAηG†: ð56Þ

Thus, although fzp is gauge dependent, when squaring and
taking the trace, the resulting canonical momentum broad-
ening hðδpzÞ2iQ is gauge invariant. In contrast, for
hðδpyÞ2iQ, the inhomogenous term Gð∂yG†Þ generates a
gauge dependence. Thus, in the boost-invariant glasma,
only the y component of the canonical momentum broad-
ening is affected by performing a gauge transformation.

2. Gauge field evolution along the particle trajectory

To study the evolution of the gauge field along the
particle trajectory, we relate the change of the gauge

potential

δAiðτÞ≡ AiðτÞ − Aið0Þ ð57Þ

to the difference between the canonical and kinetic Lorentz
forces

gδAf
i ðτÞ≡ δpiðτÞ − δpkin

i ðτÞ; ð58Þ

using the classical correspondence of the kinetic momentum
decomposition from Eq. (38). These expressions are equiv-
alent, so they must satisfy δAiðτÞ ¼ δAf

i ðτÞ. The change in
the gauge potential from Eq. (57) may be expressed in terms
of color components δAiðτÞ ¼ Aa

i ðτÞQaðτÞ −Aa
i ð0ÞQað0Þ.

Using the relation QaðτÞ ¼ tr½QðτÞta�=TR along with the
rotation of the color charge from Eq. (17), the variation of the
field along the trajectory becomes

gδAiðτÞ ¼
g
TR

Qað0Þtr½δAiðτÞta�; ð59Þ

in which the change of the gauge field algebra element

δAiðτÞ≡ ÃiðτÞ −Aið0Þ ð60Þ

is evaluated using the parallel transported gauge field
ÃiðτÞ≡ Uðτ; 0ÞAiðτÞU†ðτ; 0Þ.
Using the expression of kinetic momentum in terms of

the Lorentz force in Eq. (24) and the canonical Lorentz
force introduced in Sec. II B 4, the change in the back-
ground gauge field along the particle trajectory can be
written as the difference between the kinetic and canonical
Lorentz forces

gδAf
i ðτÞ ¼

g
TR

Qað0Þtr½δAf
i ðτÞta�; ð61Þ

expressed in terms of the variation of the gauge field color
matrix

δAf
i ðτÞ≡

Z
τ

0

dλf̃Ai ðλÞ: ð62Þ

Here, fAi ¼ fi − fpi represent the components of the
Lorentz force contributing to the gauge field variation,
and f̃Ai indicates that it is color rotated along the quark
trajectory, as defined in Eq. (26).
Combining Eqs. (59) and (61) yields the consistency

relation

δAiðτÞ ¼ δAf
i ðτÞ: ð63Þ

We now have two ways to evaluate the evolution on
the transverse field along the particle trajectory, by either
extracting δAf

i , which is obtained by integrating the
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components of the corresponding part of the Lorentz force
[see Eq. (62)], or by using the color-rotated potential δAi as
in Eq. (60). Essentially, the first way corresponds to the
natural approach in the classical calculation, where one
integrates the color-rotated Lorentz force f̃iA that contrib-
utes to δAf

i in order to solve the classical equations of
motion. The second approach resembles what we expect to
do in the quantum calculation, where one uses the quantum
state of the particle to directly evaluate the quantum
operator Âi at the time τ. The two approaches are explicitly
equivalent, but a reliable quantitative comparison of the
classical and quantum calculations requires them to be
accurate also numerically. We now turn to investigating
whether this is the case in typical calculations in the glasma
fields.

3. Momentum broadening decomposition

By using Eq. (58), squaring and averaging over color
charge configurations as defined in Eq. (21) along with the
2-point function given in Eq. (20), as we did to obtain
hðδpkin

i Þ2iQ in Eq. (27), one can derive a relation between
the kinetic and canonical momentum broadening

hðδpkin
i Þ2iQ ¼ hðδpiÞ2iQ − 2ghδpiδA

f
i iQ þ g2hðδAf

i Þ2iQ
ð64Þ

expressed at the same τ. Here, the color averaged kinetic
momentum broadening is given by Eq. (27) and the
canonical one by Eq. (53). The remaining components
can be evaluated using any of the two equivalent approaches
we introduced in Sec. II C 2. The first approach consists of
integrating the corresponding components of the Lorentz
force as in Eq. (62). We denote the resulting components as

hδpiδA
f
i iQ ¼ g

Z
τ

0

dτ0
Z

τ

0

dτ00tr½f̃ipðτ0Þf̃iAðτ00Þ�; ð65aÞ

hðδAf
i Þ2iQ ¼

Z
τ

0

dτ0
Z

τ

0

dτ00tr½f̃iAðτ0Þf̃iAðτ00Þ�; ð65bÞ

and replace them in Eq. (64). Alternatively, by applying the
consistency relation δAf

i ¼ δAi, one may write a similar
decomposition as in Eq. (64) for δAf

i → δAi. The relevant
terms can be obtained directly in terms of the parallel
transported gauge field

hδpiδAiiQ ¼ g
Z

τ

0

dτ0 tr½f̃ipðτ0ÞδAiðτÞ�; ð66aÞ

hðδAiÞ2iQ ¼ tr½ðδAiÞ2�; ð66bÞ

with δAi defined in Eq. (60). We therefore have two
alternative ways of evaluating the decomposition of the
kinetic momentum broadening, integrating different terms in

the Lorentz force in Eq. (65) and using the variation of gauge
potentials as in Eq. (66). For the case of a jet moving in the x
direction in the glasma, we consider the components
i∈ ðy; zÞ. The transverse field Ay is derived from the gauge
link Uy via Eq. (12), while the longitudinal component is
Az ¼ Aη=τ, valid at mid-rapidity η ¼ 0.
When computing the kinetic momentum broadening via

the decomposition in Eq. (64), the individual terms ðδpÞ2,
ðδAÞ2, and δpδA can be individually large, while their
combination is small, leading to significant cancellations
and hence larger numerical errors. Therefore, when work-
ing with gauge-dependent quantities, it is advantageous to
choose a gauge in which these errors are minimized,
thereby improving computational efficiency. We provide
one such choice in the following subsection.

4. Coulomb gauge fixing

The glasma fields are numerically solved in the temporal
gauge Aτ ¼ 0, but this gauge leaves a residual freedom to
perform time independent gauge transformations. In order
to optimize numerical efficiency in evaluating the kinetic
momentum broadening via Eq. (64), we further impose the
transverse Coulomb gauge as an initial condition at τ ¼ 0.
In this gauge, the transverse components satisfy

X
i∈ ðx;yÞ

∂iAiðτ; x⃗⊥Þ ¼ 0; ð67Þ

which can effectively reduce the magnitude of the gauge
fields and therefore improve numerical stability. We only
fix the Coulomb gauge condition at the initial time τ ¼ 0
and allow the fields to evolve freely thereafter, so this does
not constitute a time dependent gauge transformation since
we are not imposing a gauge condition separately at
different τ. However, since the fields only slowly deviate
from the condition (67) [92,93], we expect this condition to
suffice for our purpose of significantly reducing the large
gauge artefact component in the field magnitude [94].
The above gauge condition is equivalent to the more

generalCoulombgauge condition ð1=τ2Þ∂ηAη þ
P

i ∂iAi ¼
0 under the assumption of boost invariance. Specifically, the
transverse Coulomb gauge fixing minimizes the surface
integral of the squared gauge potential

hA2⊥ðτÞi≡
Z

d2x⃗⊥tr½A⃗2
⊥ðτ; x⃗⊥Þ�; ð68Þ

where A⃗⊥ ¼ ðAx;AyÞ. This is analogous to how the
generalized Coulomb gauge fixing minimizes the volume
integral of the squared gauge potential [95,96].
In the practical computation, we use the Fourier accel-

erated Coulomb gauge fixing, with an adaptive conver-
gence parameter. The resulting gauge transformation
Cðτ ¼ 0; x⃗⊥Þ is then used to transform the glasma fields
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and gauge links

Uiðx⃗⊥Þ → Cðx⃗⊥ÞUiðx⃗⊥ÞC†ðx⃗⊥ þ a⃗iÞ; ð69aÞ

Aηðx⃗⊥Þ → Cðx⃗⊥ÞAηðx⃗⊥ÞC†ðx⃗⊥Þ; ð69bÞ

as well as the conjugate momenta

Pμðx⃗⊥Þ → Cðx⃗⊥ÞPμðx⃗⊥ÞC†ðx⃗⊥Þ; ð70Þ

with μ∈ fi; ηg at each lattice site x⃗⊥ and at the initial time
τ ¼ 0. Further details of the numerical gauge fixing
procedure are provided in Appendix.
It is important to note that, although the transverse

Coulomb gauge condition in Eq. (67) only depends on
the transverse components of the background potential, the
gauge transformation operator obtained from solving this
condition must be applied to all the components of the
background field, as given by Eq. (69). The Aη component
of the potential is therefore also modified by the imposition
of the transverse Coulomb gauge condition. Remarkably, as
a consequence of boost invariance, after squaring the field
and taking the trace, the ðδAÞ2 contribution to momentum
broadening is indeed gauge invariant, similar to the case of
canonical momentum broadening explained in Sec. II C 1.

III. RESULTS AND DISCUSSION

We will now study quantitatively how the particle
dynamics are affected by performing gauge transformations
on the glasma fields, as presented in Sec. II C 1. We show
how the Coulomb gauge, introduced in Sec. II C 4, min-
imizes large gauge artifacts, compared to results obtained in
the glasma temporal gauge. In the first part, we numerically
evaluate the canonical momentum broadening for eikonal
quarks, focusing on the y component, which is gauge
dependent, and show how its magnitude reduces in the
Coulomb gauge. We also numerically check that the kinetic
momentum remains gauge invariant. In the second part, we
focus on the numerical errors that accumulate when
extracting gauge-dependent quantities. We use the consis-
tency check for the accumulated gauge field introduced in
Sec. II C 2 to show that numerical uncertainties are reduced
in the Coulomb gauge for eikonal quarks. We also show
that static quarks are not subject to this issue. In the third
part, we extract the terms involved in the decomposition of
the kinetic momentum broadening, as derived in
Sec. II C 3, and show that the numerical discrepancy,
present in the temporal gauge, is dramatically reduced in
the Coulomb gauge.
We obtain the glasma fields by numerically solving the

classical Yang-Mills equations in SU(3), using techniques
based on real-time lattice gauge theory, as described in
Sec. II A. The framework we use was developed in [97] and
later employed in [23,24,27]. The results presented in this

work, along with the simulation code, are publicly
available.1

We simulate glasma events with the MV model param-
eter from Eq. (4) fixed to g2μ ¼ 1.5 GeV, corresponding
roughly to Large Hadron Collider energies. The transverse
simulation region has a length L⊥ ¼ 5 fm and contains
N⊥ ¼ 1024 lattice points in each direction, yielding a
lattice spacing a⊥ ¼ L⊥=N⊥ close to the continuum limit.
Moreover, g2μa⊥ ≪ 1, ensuring sufficient spatial resolu-
tion to resolve the glasma transverse correlation domains of
size 1=Qs with Qs ≈ g2μ. The IR and UV regulators
introduced in Eq. (3) are set to mg ¼ 0.3 GeV and
Λ ¼ 10 GeV. The lattice discretization introduces addi-
tional IR and UV cutoffs, λIR ¼ 2π=L⊥ and λUV ¼ π=a⊥.
Our choice of the parameters ensures that λIR < mg and
λUV > Λ, making the results insensitive to the lattice
regulators. To remain in the dense glasma regime, we also
satisfy m=ðg2μÞ ≪ 1. The resulting lattice length g2μL⊥ ≈
38 is smaller than the typical value g2μL⊥ ¼ 100 used in
previous works [23,75]. This choice allows us to maintain
g2μa⊥ ≪ 1 for a fixed N⊥, which is important when
extracting the gauge field as the logarithm of a gauge link
[see Eq. (12)] since the Taylor series used in the numerical
evaluation converges better for smaller g2μa⊥.
The quantities we are interested in, such as kinetic or

canonical momentum broadening, are averaged over the
classical color charge of the quark h…iQ using Eq. (21),
which may be done analytically only for eikonal or static
quarks. Further, we average over multiple glasma events
h…ievent which differ by the initial charge distribution in the
MV model [see Eq. (4)]. Lastly, unless otherwise noted, we
perform averages over the lattice sites h…ix⃗⊥ for quantities
which are individually computed in each lattice location
x⃗⊥. For simplicity, given a classical quantity X, we denote
its average by hXi defined as

hXi≡ h⟪XiQix⃗⊥ievent: ð71Þ

We extract quantities in both the glasma temporal gauge
and the Coulomb gauge. The numerical Coulomb gauge
transformation is described in Sec. II C 4 and Appendix.

A. Momentum broadening in two different gauges

We compute the color charge averaged kinetic and
canonical momentum broadening for eikonal quarks from
Eq. (27) and then average over glasma events and the lattice
sites where the quarks start their evolution. We denote the
averaged canonical momentum broadening as hðδpiÞ2ieik
and the kinetic one as hðδpkin

i Þ2ieik for i∈ ðy; zÞ. Figure 2
shows the evolution of the momentum broadening in time.
The subplots in Fig. 2(a) and Fig. 2(b) show the kinetic
and canonical momentum broadening, respectively. We use

1Available at github.com/avramescudana/curraun/tree/jets.
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dimensionless quantities, with time multiplied by g2μ and
momentum broadening rescaled by 1=ðg2μÞ2 at a fixed g2μ.
Since static quarks exhibit qualitatively similar behaviors,
we focus only on the eikonal quarks. Both the kinetic and
canonical momentum broadening are normalized by 1=Nc

to give the expected Casimir scaling, hδp2i ∝ C2, as
in [23,24,27].
As it should be, the kinetic momentum broadening shown

in Fig. 2(a) is the same in both the temporal and the
Coulomb gauges. The kinetic broadening becomes larger in
the z than in the y direction, which can be attributed to the
glasma longitudinal electric fields Ez, which initially con-
tribute to hðδpkin

z Þ2ieik, to be spatially positively correlated
while the longitudinal magnetic fields Bz, which affect
hðδpkin

y Þ2ieik at early times, exhibit anticorrelation at some
distance scales [23]. Then, in Fig. 2(b), we see that, as
discussed in Sec. II C 1, the canonical broadening compo-
nent hðδpyÞ2ieik is gauge dependent while hðδpzÞ2ieik is
gauge independent for the boost-invariant glasma. One may
also notice that, in the temporal gauge, the transverse y
component of the canonical momentum broadening is larger
than the z longitudinal one. As expected, the Coulomb
gauge fixing reduces the magnitude of the large y compo-
nent by eliminating the gauge artifacts present before the
gauge fixing. In this gauge, the anisotropic ordering
between the z and y components at later times becomes
the same as for the kinetic momentum broadening.
We also studied the separate contribution of the different

components of the electric and magnetic fields in Eq. (30)
to the momentum broadening of an eikonal quark. Note that
each component is rotated with the sameWilson line Ueik to
give a comparable result and then squared, integrated, and
traced, as done in Eq. (27), with the full Lorentz force,
giving a gauge invariant quantity. Results shown in Fig. 3

are obtained in the temporal gauge, and they match those
obtained using the Coulomb gauge. As expected, initially
only the longitudinal fields contribute to the kinetic
momentum broadening, but the transverse fields start to
give a nonvanishing contribution to the broadening already
at g2μτ ≈ 0.25. The total kinetic momentum broadening,
including both the transverse and longitudinal components,
is smaller in magnitude than the broadening arising only
from longitudinal electric or magnetic fields. Moreover, the
transverse components of the electric and magnetic fields

(a) (b)

FIG. 2. Kinetic [panel (a) left] and canonical [panel (b) right] momentum broadening for eikonal quarks, scaled by ðg2μÞ2, as a
function of g2μτ, for the i ¼ y transverse component (colored red) and the i ¼ z longitudinal component (colored blue), extracted in the
temporal (solid line) and Coulomb (dashed line) gauges. Note that the value for the y component of the canonical momentum broadening
in the temporal gauge is divided by 10.

FIG. 3. Kinetic momentum broadening for eikonal quarks
(full line), scaled by ðg2μÞ2, as a function of g2τ, for the i ¼ y
transverse component (colored red) and the i ¼ z longitudinal
component (colored blue), extracted in the temporal gauge
Aτ ¼ 0. The contribution to kinetic momentum broadening from
only longitudinal electric or magnetic fields (dash line) and only
from transverse fields (dash dotted line) are also represented.
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give rise to comparable momentum broadening, while the
momentum broadening coming from the longitudinal
electric fields is larger than the one arising from the
longitudinal magnetic fields. Intuitively, this can be traced
back to the anti-correlation present in the longitudinal
magnetic fields at τ ¼ 0, studied in [23,98–100]. This
analysis emphasizes the importance of including both the
longitudinal and transverse fields in studies of jet momen-
tum broadening and shows qualitatively that, already at
g2μτ ¼ 1, neglecting the transverse components results in
an overestimation of the total kinetic momentum broad-
ening in the glasma fields.

B. Evolution of the gauge potential

Let us now compute the gauge field contribution to
momentum broadening using the two ways described in
Sec. II C 2. This is done by either extracting δAi as the
relative difference in the parallel transported gauge field
along the quark trajectory according to Eq. (60) or by
evaluating δAf

i which contains the gauge field contribution
to the Lorentz force [see Eq. (62)]. Since both calculations
are physically equivalent, any discrepancy between them
arises solely from the accumulation of numerical errors.
We start by extracting a single color component for both

δAa
i and δAf;a

i and compare the results for ntraj ¼ 15 static
or eikonal quark trajectories, starting at different lattice
points. Then, we average over all the possible starting
points of the quark trajectories to compute the lattice
averaged square of the gauge potential, which is then
averaged over classical color and glasma field configura-
tions to get hðδAiÞ2i and hðδAf

i Þ2i. For eikonal quarks, we
numerically extract these quantities in both the glasma
temporal gauge and after gauge transforming to the

Coulomb gauge, which minimizes hA2⊥ðx⃗⊥Þi, as given in
Eq. (68) (see the discussion in Sec. II C 4), and is thus
expected to reduce the accumulated errors.
For static quarks in the temporal gauge, the numerical

results of the consistency check from Eq. (63) for a single
color component are shown in Fig. 4 and for the color trace
of the squared gauge potential, averaged over lattice
locations, color charge, and glasma field configurations
in Fig. 5. One may notice that, in the temporal gauge, the
agreement is very good for both components and holds at
all times g2μτ. For this reason, in the case of static quarks,
additionally imposing the Coulomb gauge condition is not

(a) (b)

FIG. 4. Comparison between the same color component a of δAa
i;statðx⃗⊥Þ (solid line) and δAf;a

i;statðx⃗⊥Þ (dashed line) for static quarks,
rescaled by g2μ, along the i ¼ y direction (panel (a) left) and the i ¼ z direction (panel (b) right), as a function of rescaled proper time
g2μτ. Different colors correspond to different trajectories, computed at neighboring lattice locations x⃗⊥, with ntraj ¼ 15 distinct
trajectories shown. Results are extracted in the glasma temporal gauge.

FIG. 5. Comparison between the averaged hðδAiÞ2istat (solid
line) and hðδAf

i Þ2istat (dashed line) for static quarks, rescaled
by ðg2μÞ2, along the i ¼ y direction (colored red) and the i ¼ z
direction (colored blue), as a function of rescaled proper time
g2μτ. Results are extracted in the glasma temporal gauge.
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crucial, at least for this value of g2μa⊥. We have checked
that, in this case, the imposition of the Coulomb gauge
condition does not significantly modify the numerical
accuracy of the calculation.
The situation is different in the case of eikonal quarks.

For both the transverse (y) and longitudinal (z) directions,
the single color component of the gauge field variation
along the eikonal quark trajectory, shown in Figs. 6 and 7,
disagree in the temporal gauge but become compatible in
the Coulomb gauge until larger values of g2μτ. For even
smaller simulation lengths g2μL⊥, this agreement improves

at later g2μτ since in that case one is closer to the continuum
limit valid for g2μa⊥ ≪ 1.
Overall, we infer that the disagreement in the temporal

gauge arises due to the accumulation of numerical errors
from the color rotation. More precisely, the parallel trans-
ported gauge field Ãi contains a color rotation performed
with Ueik as in Eq. (31), which picks up the gauge field
component Ax along the trajectory of the quark moving in
the x-direction. Therefore, the imposition of the Coulomb
gauge condition not only modifies theAy=z component, but
also affects δAy=z through the color rotation operator Ueik.

(a) (b)

FIG. 6. Comparison between the same color component a along the transverse y direction of δAa
y;eikðx⃗⊥Þ (solid line) and δAf;a

y;eikðx⃗⊥Þ
(dashed line) for eikonal quarks, rescaled by g2μ, in the temporal [panel (a) left] and Coulomb [panel (b) right] gauges, as a function of
rescaled proper time g2μτ. Different colors correspond to different trajectories, starting from neighboring lattice locations x⃗⊥ and
computed along the quark trajectory, with ntraj ¼ 15 distinct trajectories shown.

(a) (b)

FIG. 7. Comparison between the same color component a along the longitudinal z direction of δAa
z;eikðx⃗⊥Þ (solid line) and δAf;a

z;eikðx⃗⊥Þ
(dashed line) for eikonal quarks, rescaled by g2μ, in the temporal [panel (a) left] and Coulomb [panel (b) right] gauges, as a function of
rescaled proper time g2μτ. Different colors correspond to different trajectories, starting from neighboring lattice locations x⃗⊥ and
computed along the quark trajectory, with ntraj ¼ 15 distinct trajectories shown.
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In particular, the Ax component of the background fields,
and consequently the rate of color rotation, is largely
reduced by this gauge choice, minimizing the accumulation
of numerical errors and leading to a better overall
agreement.
The averaged variation in the gauge field contribution

squared is shown in Fig. 8 in both the temporal and Coulomb
gauges. In the transverse direction, both the magnitude of
hðδAyÞ2i and hðδAf

yÞ2i, alongwith the disagreement between
them due to numerical errors, gets significantly reduced in
the Coulomb gauge. Comparing both plots in Fig. 8, one can
see that, despite δAz being gauge dependent, hðδAzÞ2i does
not depend on the gauge choice. This is an expected
consequence of the boost invariance of the background
fields as explained in Sec. II C 4.
Comparing Fig. 8 and Fig. 4, one finds hðδAzÞ2i to be

similar for static and eikonal quarks, while for hðδAyÞ2i
they differ by a factor of approximately 20. The physical
origin of this difference can be understood from classical
electrodynamics and it is especially manifest at early times,
where only the longitudinal components of the glasma field
Ez and Bz contribute (see Fig. 3). The Lorentz force in the z
direction is then given by the electric field and the Lorentz
force in the y direction is given by the magnetic field. The
electric force experienced by eikonal and static quarks will
be the same as it is independent of the velocity, but while
eikonal quarks are subject to a magnetic force of the same
order as the electric one, static quarks are not influenced by
the magnetic field at all. The same happens when we look
at the canonical Lorentz force in Eq. (49). Therefore, if we
isolate the components of the Lorentz force related to the
field evolution along the particle trajectory fiA ¼ fip − fi,
we find that they will be equal for static and eikonal quarks
in the z direction, but they can be really different in the

y direction. It is then not surprising that we find a similar
hðδAzÞ2i between static and eikonal quarks while there is
around a factor of 20 difference for hðδAyÞ2i. The situation
is more complicated at later times, where the contribution
from the transverse components of the fields becomes
relevant. The intuition obtained from early times is,
however, helpful to understand how the anisotropies in
the different directions arise [24].

C. Momentum broadening decomposition

Having examined the consistency condition for the
gauge potential in the two gauges considered, we now
turn to the decomposition of the kinetic momentum broad-
ening. In particular, we compare the kinetic momentum
broadening hðδpkin

i Þ2iQ evaluated directly via Eq. (27) by
integrating the Lorentz force, with its decomposition into
three contributions: the canonical momentum square, the
gauge potential square, and the cross term. This decom-
position follows from Eq. (64) and can be expressed in
terms of δAf, as in Eq. (65) or in terms of δA, as in
Eq. (66). For this analysis, we focus on the eikonal quark.
We first examine the numerical robustness of the

decomposition with all terms extracted using the glasma
Lorentz forces, as given in Eq. (65), in the temporal gauge.
The results are shown in Fig. 9, where we use hδ2i i as a
generic notation for different contributions labeled in
the plot legends. For both the y and z components, the
agreement between the direct evaluation via Eq. (27) and
the decomposition via Eq. (64) is very good, indicating
strong numerical robustness when using the Lorentz-forces
formulation.
For the decomposition in the y direction, the three

individual components are each about five times larger
than the kinetic momentum broadening in magnitude,

(a) (b)

FIG. 8. Comparison between the averaged hðδAiÞ2ieik (solid line) and hðδAf
i Þ2ieik (dashed line) for eikonal quarks, rescaled by ðg2μÞ2,

along the i ¼ y direction (colored red) and the i ¼ z direction (colored blue), in the temporal [panel (a) left] and Coulomb [panel
(b) right] gauges, as a function of rescaled proper time g2μτ. Note that the values corresponding to the y direction in the temporal gauge
are divided by 10.
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as shown in Fig. 9(a). The combined kinetic momentum
broadening, which is gauge independent, therefore arises
from strong cancellation among these gauge-dependent
terms. Such cancellation can lead to reduced computational
efficiency in the corresponding quantum calculation in the
temporal gauge. This effect can be mitigated by choosing a
gauge in which the field magnitude is smaller. We have
checked that imposing the Coulomb gauge condition reduces
their values. For the decomposition in the z direction, the
three individual components are approximately one order of

magnitude smaller than the combined kinetic momentum
broadening, as seen in Fig. 9(b). The decomposition in both
y and z directions also holds in the Coulomb gauge, although
the corresponding plots are not shown here for simplicity.
We then perform the decomposition where the gauge

potential δAi is extracted directly rather than integrating the
corresponding part of the Lorentz force over time, as
defined in Eq. (66). Here, we perform the calculation in
both the temporal and Coulomb gauges. The results are
shown in Fig. 10 for the y component and in Fig. 11 for the

(a) (b)

FIG. 9. Averaged eikonal quark kinetic momentum broadening hðδpkin
i Þ2i (square blue markers) and its decomposition (red dashed

line) in the canonical momentum broadening hðδpiÞ2i (circle blue markers), the squared gauge potential variation extracted from the
Lorentz force hðδAiÞ2i (triangle blue markers) and the cross term hδpiδAii (diamond blue markers). Each contribution is rescaled as
hδ2i i=ðg2μÞ2 and represented in terms of the dimensionless proper time g2μτ. Results are obtained in the temporal gauge, for the i ¼ y
[panel (a) left] and i ¼ z [panel (b) right] directions. Note that both the kinetic momentum broadening and the sum of the different terms
in the decomposition along the y direction are multiplied by 5.

(a) (b)

FIG. 10. Averaged eikonal quark kinetic momentum broadening hðδpkin
y Þ2i (square blue markers) and its decomposition (red dashed

line), the same representation as in Fig. 9 but using directly the value of the gauge potential δAy (instead of the one obtained by

integrating the corresponding component of the Lorentz force δAf
y ). Results are obtained in the temporal [panel (a) left] and Coulomb

[panel (b) right] gauges. Note the different scale on the vertical axis in the two plots.
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z component. For both components, the agreement between
the direct evaluation of the kinetic momentum via the
Lorentz force Eq. (27) and the decomposition using the
gauge potential δAi is poor in the temporal gauge but much
better with the Coulomb gauge fixing. This behavior is
consistent with, and expected from, our observations of
the gauge potential in Figs. 6–8, where we observed a large
discretization effect in the direct extraction of the gauge
potential. Since the calculations are performed with
the same lattice spacing, the improved agreement obtained
with the initial Coulomb gauge fixing indicates better
numerical robustness and efficiency. Thus, we conclude
that when the gauge potential is used directly in a calcu-
lation of a hard probe interacting with the glasma, it is very
beneficial to fix the Coulomb gauge condition to minimize
the value of the gauge potential. This is in particular true in
the corresponding quantum formulation [70], where the
coupling of the hard probe to the glasma field is done via the
gauge potential rather than the field strength.
Additionally, by comparing the results in Fig. 10 and

Fig. 11, we observe that the discrepancy along y is much
larger than in z, as the larger valueAy with respect toAz leads
to more significant numerical errors that accumulate in time.
In the z direction, the discrepancy at intermediate to large g2μτ
arises not from the magnitude of the field Az, but from the
largeAx field that color rotatesAz along the quark trajectory,
as described in Eq. (31). For the y direction, both the
transverse gauge fields Ay and the longitudinal component
on the color rotation Ax exhibit large gauge artifacts, leading
to a larger deviation due to accumulating numerical errors.

IV. CONCLUSION AND OUTLOOK

We studied the propagation of a highly energetic quark
through the pre-equilibrium dense gluon matter produced

immediately after a heavy-ion collision, known as the
glasma. We derived the quantum evolution equations
describing a particle probing a general classical non-
Abelian background field and then recovered the classical
equations of motion, namely, Wong’s equations, by taking
the classical limit. In this way, we established a correspon-
dence between the classical framework (as implemented,
e.g., in Refs. [13,15,16,18,20,23–27]) and the quantum
formalism, which we intend to pursue in our forthcoming
work [70], to act as a starting point for a first principles
calculation of gluon radiation.
Let us highlight two key findings. First, we identified

and clarified the distinction between kinetic and canonical
momentum. For a particle propagating in an external gauge
field, the canonical momentum, which is conjugated to the
coordinates, does not always coincide with the kinetic
momentum, the gauge invariant quantity that determines
the momentum broadening and transport coefficients.
While this distinction is irrelevant when dealing with
asymptotic states in perturbation theory, it becomes impor-
tant for the real-time evolution of the particle inside the
medium. We derived the classical equations of motion for
both canonical and kinetic momentum and used them to
compute and compare the corresponding momentum
broadening contributions. We found that, while in the
eikonal and static quark cases the canonical momentum
broadening only depends on the longitudinal components
of the background field (namely, At and Ax for a particle
moving in the x direction), the kinetic momentum broad-
ening does also depend on the transverse components Ay

and Az. This differs from usual jet quenching calculations,
where only the Aþ component of the background fields
contributes at leading eikonal order, as they focus on
measuring canonical momentum broadening far away from
the interaction region. A nontrivial contribution from the

(a) (b)

FIG. 11. Averaged eikonal quark kinetic momentum broadening hðδpkin
z Þ2i (square blue markers) and its decomposition (red dashed line),

the same representation as in Fig. 9 but using δAf
z instead of δAz. Results are obtained in the temporal [panel (a) left] and Coulomb

[panel (b) right] gauges.
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transverse field components in the eikonal limit has also
been recently observed in di-jet production in DIS [69],
suggesting that Aþ may not be enough to describe the
dynamics of eikonal particles propagating inside a medium.
Second, we examined how the numerical momentum

broadening calculation is affected by the gauge choice, in
particular by imposing a Coulomb gauge condition at the
initial time (referred to as “Coulomb gauge” throughout this
paper). We find this gauge fixing to significantly reduce the
magnitude of the gauge potential compared to calculations
without it, thereby expected to improve the numerical
robustness and efficiency of evaluating the kinetic momen-
tum broadening in our forthcoming quantum calcula-
tion [70]. In particular, extracting the kinetic momentum
broadening involves combining different contributions—the
canonical momentum broadening, the transverse gauge field
squared, and the cross term between them—which may have
large cancellations between them depending on the gauge.
Although the final kinetic momentum is gauge invariant,
these intermediate terms depend on the gauge choice, and
the cancellations can become sensitive to the magnitude of
the gauge potential. Choosing an appropriate gauge can
therefore be important for numerical calculations. We thus
recommend using Coulomb gauge fixing in similar studies,
especially in quantum formulations where the gauge poten-
tial enters directly. For static and heavy quarks, however, the
color rotation in the temporal gauge is trivial and numerical
results converge well without imposing the Coulomb gauge
condition, as shown in Sec. III B.
This work is a first step towards developing a formalism

for the quantum evolution of particles inside the glasma
phase. In the quantum approach, the state is represented in
coordinate or canonical momentum space, and the kinetic
momentum operator p̂kin

i ¼ p̂i − gÂi is obtained from the
separate contributions of the canonical momentum and the
gauge field. In this work, we analyzed these contributions
within a classical framework and clarified how they
combine to produce the kinetic momentum. In a forth-
coming work [70], we plan to use classical glasma fields in
the Coulomb gauge as the background for the evolution of a
quantum quark state and to use the time evolved state to
evaluate physical observables such as the kinetic momen-
tum broadening.
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APPENDIX: COULOMB GAUGE FIXING

In this Appendix, we describe the numerical implemen-
tation of the Coulomb gauge fixing introduced in Sec. II C 4.
We fix the residual gauge freedom from the glasma gauge
fields in the temporal gauge Aτðτ; x⃗⊥Þ ¼ 0 to satisfy the
transverse Coulomb gauge condition

P
i ∂iAiðτ; x⃗⊥Þ ¼ 0 at

a fixed proper time τ. It is useful to formulate the Coulomb
gauge fixing as a gauge transformation procedure, which
minimizes the surface integral of the squared potential,
namely, hA2⊥ðτÞi, as defined in Eq. (68). After the lattice
discretization, the minimization procedure is done in terms
of the functional [102,103]

FU½G� ¼
1

8NcV

X
x⃗⊥;i

tr½UG
i ðx⃗⊥Þ þ UG†

i ðx⃗⊥Þ�; ðA1Þ

where V ¼ L2⊥ is the transverse volume, and Nc is the
number of colors in SU(Nc). Here, G is the gauge trans-
formation andUG

i denotes the gauge transformed gauge links
from Eq. (11) namely,

UG
i ðx⃗⊥Þ ¼ Gðx⃗⊥ÞUiðx⃗⊥ÞG†ðx⃗⊥ þ a⃗iÞ; ðA2Þ

The gauge transformation is given by

Gðx⃗⊥Þ ¼ exp ðiGðx⃗⊥ÞÞ; ðA3Þ

where Gðx⃗⊥Þ ¼ Gaðx⃗⊥Þta. The minimization of the func-
tional (A1) with respect to infinitesimal gauge transforma-
tions G → 0 gives the lattice Coulomb gauge condition

∂F
∂G

ðG ¼ 0Þ ¼ 1

16iNcV

X
i

½Δ−iU
G
i ðx⃗⊥Þ − H:c: − trace�

¼ 0; ðA4Þ
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where we introduce the notation

Δ−iUjðx⃗⊥Þ ¼ Ujðx⃗⊥ − a⃗iÞ − Ujðx⃗⊥Þ; ðA5Þ

and the Hermitian conjugate H:c: is taken over the first term
while the trace acts over the first two terms and contains a
division by Nc.
The gauge fixing procedure is based on an iterative

minimization of the Coulomb gauge fixing condition with
respect to the gauge transformation. Since the gauge
transformation is applied locally at every lattice point
x⃗⊥, but the gauge condition involves derivatives of the
links and essentially a second derivative of the gauge
transformation, a local iteration procedure would converge
very slowly. Instead, it is better to use Fourier acceleration
following [102,104] and perform updates that depend on
the corresponding lattice momentum p⃗⊥ ≡ ðpx; pyÞ. With
the discretized derivatives, the correct concept of the square
of the momentum is given by

p2⊥ ¼ 4

a2⊥

X
i

sin2
�
pia⊥
2

�
; ðA6Þ

which is the eigenvalue of the discrete transverse
Laplace operator Δ⊥. The maximum value is given by
p2⊥;max ¼ 8=a2⊥. The Fourier acceleration technique
reduces the number of iterations needed to reach the
Coulomb gauge condition and also enables low momen-
tum modes to converge to the gauge condition in a similar
time. The gauge transformation from Eq. (A3) is updated
according to

G0ðx⃗⊥Þ ¼ exp ðiGðx⃗⊥ÞÞGðx⃗⊥Þ; ðA7Þ

with the gauge transformation Gðx⃗⊥Þ obtained as a solution
of the Poisson equation from the Coulomb gauge violation
remaining after the previous transformation Gðx⃗⊥Þ. In
momentum space, this is achieved by taking the gauge
transformation to be

Gðx⃗⊥Þ ¼
�
F−1

�
α

2

p2⊥;max

p2⊥

�
F

�

×
X
i

ð−iÞ½Δ−iU
G
i ðx⃗⊥Þ − H:c: − trace�; ðA8Þ

where F and F−1 are the Fourier and inverse Fourier
transforms, p⃗⊥ is the lattice momentum according to
Eq. (A6), and α is a parameter which controls numerical
convergence, expressed in lattice units. In the non-Abelian
case, this assures all momentum modes with a given p⊥
converge to the Coulomb gauge condition with a compa-
rable rate. This procedure is applied until the lattice version
of the Coulomb gauge condition is satisfied. Defining the
divergence of the transverse gauge field on the lattice as

Δðx⃗⊥Þ ¼
X
i

ð−iÞ½Δ−iUiðx⃗⊥Þ − H:c: − trace�; ðA9Þ

we see that the desired gauge condition (A4) corresponds to
Δðx⃗⊥Þ ¼ 0. To quantify how close we are to the Coulomb
gauge condition, we numerically track the trace of the
squared divergence, averaged over all lattice sites,

θ ¼ 1

VNc

X
x⃗⊥

tr½Δ2ðx⃗⊥Þ�: ðA10Þ

In the Abelian case and in the continuum limit, conver-
gence is reached after a single iteration with α ¼
1=ða2⊥p2⊥;maxÞ ¼ 1=8 using Eq. (A6), where one should
note that we are working in lattice units and α is
dimensionless. For the non-Abelian case, we employ an
adaptive procedure to determine αðnÞ in each iteration n. We
start from αð0Þ ¼ 0.16, close to the Abelian estimate, then at
each iteration we monitor the value of θðnÞ from Eq. (A10).
If the value of θðnÞ oscillates, then we reduce αðnþ1Þ ¼
αðnÞ=2 in the next iteration. In the case of slow convergence
for a few consecutive steps, we increase αðnþ1Þ ¼ 1.1αðnÞ.
The iterative algorithm is applied until the Coulomb gauge
condition is reached with a desired numerical accuracy, and
works automatically for any N⊥.

[1] A. Kovner, L. D. McLerran, and H. Weigert, Phys. Rev. D
52, 6231 (1995).

[2] T. Lappi and L. McLerran, Nucl. Phys. A772, 200 (2006).
[3] K. Fukushima and F. Gelis, Nucl. Phys. A874, 108 (2012).
[4] F. Gelis, Int. J. Mod. Phys. A 28, 1330001 (2013).
[5] J. L. Albacete and C. Marquet, Prog. Part. Nucl. Phys. 76,

1 (2014).
[6] E. Iancu, A. Leonidov, and L. D. McLerran, Nucl. Phys.

A692, 583 (2001).

[7] E. Iancu andR.Venugopalan, TheColor glass condensate and
high-energy scattering in QCD, in Quark-Gluon Plasma 4,
edited by R. C. Hwa and X.-N. Wang (2003), pp. 249–3363.

[8] F. Gelis, E. Iancu, J. Jalilian-Marian, and R. Venugopalan,
Annu. Rev. Nucl. Part. Sci. 60, 463 (2010).

[9] L. Cunqueiro and A. M. Sickles, Prog. Part. Nucl. Phys.
124, 103940 (2022).

[10] H. van Hees, V. Greco, and R. Rapp, Phys. Rev. C 73,
034913 (2006).

KINETIC AND CANONICAL MOMENTUM BROADENING IN THE … PHYS. REV. D 114, 054061 (2026)

054061-21

https://doi.org/10.1103/PhysRevD.52.6231
https://doi.org/10.1103/PhysRevD.52.6231
https://doi.org/10.1016/j.nuclphysa.2006.04.001
https://doi.org/10.1016/j.nuclphysa.2011.11.003
https://doi.org/10.1142/S0217751X13300019
https://doi.org/10.1016/j.ppnp.2014.01.004
https://doi.org/10.1016/j.ppnp.2014.01.004
https://doi.org/10.1016/S0375-9474(01)00642-X
https://doi.org/10.1016/S0375-9474(01)00642-X
https://doi.org/10.1146/annurev.nucl.010909.083629
https://doi.org/10.1016/j.ppnp.2022.103940
https://doi.org/10.1016/j.ppnp.2022.103940
https://doi.org/10.1103/PhysRevC.73.034913
https://doi.org/10.1103/PhysRevC.73.034913


[11] L. Apolinário, Y.-J. Lee, and M. Winn, Prog. Part. Nucl.
Phys. 127, 103990 (2022).

[12] S. K. Wong, Nuovo Cimento A 65, 689 (1970).
[13] M. Ruggieri and S. K. Das, Phys. Rev. D 98, 094024

(2018).
[14] Y. Sun, G. Coci, S. K. Das, S. Plumari, M. Ruggieri, and V.

Greco, Phys. Lett. B 798, 134933 (2019).
[15] M. E. Carrington, A. Czajka, and S. Mrowczynski, Nucl.

Phys. A1001, 121914 (2020).
[16] P. Khowal, S. K. Das, L. Oliva, and M. Ruggieri, Eur.

Phys. J. Plus 137, 307 (2022).
[17] M. Ruggieri, Pooja, J. Prakash, and S. K. Das, Phys. Rev.

D 106, 034032 (2022).
[18] L. Oliva, G. Parisi, V. Greco, and M. Ruggieri, Phys. Rev.

D 112, 014008 (2025).
[19] Pooja, M. Y. Jamal, P. P. Bhaduri, M. Ruggieri, and S. K.

Das, Phys. Rev. D 110, 094018 (2024).
[20] D. Avramescu, V. Greco, T. Lappi, H. Mäntysaari, and D.

Müller, Phys. Rev. D 111, 074036 (2025).
[21] D. Avramescu, V. Greco, T. Lappi, H. Mäntysaari, and D.

Müller, Phys. Rev. Lett. 134, 172301 (2025).
[22] L. Backfried, K. Boguslavski, and P. Hotzy, Phys. Rev. D

110, 114013 (2024).
[23] A. Ipp, D. I. Müller, and D. Schuh, Phys. Rev. D 102,

074001 (2020).
[24] A. Ipp, D. I. Müller, and D. Schuh, Phys. Lett. B 810,

135810 (2020).
[25] M. E. Carrington, A. Czajka, and S. Mrowczynski, Phys.

Lett. B 834, 137464 (2022).
[26] M. E. Carrington, A. Czajka, and S. Mrowczynski, Phys.

Rev. C 105, 064910 (2022).
[27] D. Avramescu, V. Băran, V. Greco, A. Ipp, D. I. Müller,

and M. Ruggieri, Phys. Rev. D 107, 114021 (2023).
[28] M. E. Carrington, B. T. Friesen, and S. Mrowczynski,

Phys. Rev. C 114, 014906 (2026).
[29] M. Li, X. Zhao, P. Maris, G. Chen, Y. Li, K. Tuchin, and

J. P. Vary, Phys. Rev. D 101, 076016 (2020).
[30] M. Li, T. Lappi, and X. Zhao, Phys. Rev. D 104, 056014

(2021).
[31] M. Li, T. Lappi, X. Zhao, and C. A. Salgado, Phys. Rev. D

108, 036016 (2023).
[32] M. Li, T. Lappi, X. Zhao, and C. A. Salgado, Phys. Rev. D

112, 016009 (2025).
[33] J. Barata, X. Du, M. Li, W. Qian, and C. A. Salgado, Phys.

Rev. D 106, 074013 (2022).
[34] J. Barata, X. Du, M. Li, W. Qian, and C. A. Salgado, Phys.

Rev. D 108, 056023 (2023).
[35] W. Qian, M. Li, C. A. Salgado, and M. Kreshchuk, Phys.

Rev. D 111, 096001 (2025).
[36] P. Romatschke, Phys. Rev. C 75, 014901 (2007).
[37] J. Casalderrey-Solana and C. A. Salgado, Acta Phys. Pol.

B 38, 3731 (2007).
[38] R. Baier and Y. Mehtar-Tani, Phys. Rev. C 78, 064906

(2008).
[39] F. D’Eramo, H. Liu, and K. Rajagopal, Phys. Rev. D 84,

065015 (2011).
[40] S. Mrowczynski, B. Schenke, and M. Strickland, Phys.

Rep. 682, 1 (2017).
[41] S. Hauksson, S. Jeon, and C. Gale, Phys. Rev. C 105,

014914 (2022).

[42] C. Andres, F. Dominguez, A. V. Sadofyev, and C. A.
Salgado, Phys. Rev. D 106, 074023 (2022).

[43] S. Hauksson and E. Iancu, J. High Energy Phys. 08 (2023)
027.

[44] M. V. Kuzmin, X. Mayo López, J. Reiten, and A. V.
Sadofyev, Phys. Rev. D 109, 014036 (2024).

[45] A. Dumitru and Y. Nara, Phys. Lett. B 621, 89 (2005).
[46] A. Dumitru, Y. Nara, and M. Strickland, Phys. Rev. D 75,

025016 (2007).
[47] A. Dumitru, Y. Nara, B. Schenke, and M. Strickland, Phys.

Rev. C 78, 024909 (2008).
[48] D. Bodeker and K. Rummukainen, J. High Energy Phys.

07 (2007) 022.
[49] J. Barata, S. Hauksson, X. Mayo López, and A. V.

Sadofyev, Phys. Rev. D 110, 094055 (2024).
[50] P. Aurenche and B. G. Zakharov, Phys. Lett. B 718, 937

(2013).
[51] S. K. Das, M. Ruggieri, F. Scardina, S. Plumari, and V.

Greco, J. Phys. G 44, 095102 (2017).
[52] M. Singh, M. Kurian, B. Schenke, S. Jeon, and C. Gale,

Phys. Rev. C 113, 024904 (2026).
[53] D. Zigic, B. Ilic, M. Djordjevic, and M. Djordjevic, Phys.

Rev. C 101, 064909 (2020).
[54] C. Andres, N. Armesto, H. Niemi, R. Paatelainen, and

C. A. Salgado, Phys. Lett. B 803, 135318 (2020).
[55] C. Andres, L. Apolinário, F. Dominguez, M. G. Martinez,

and C. A. Salgado, J. High Energy Phys. 03 (2023) 189.
[56] S. P. Adhya and K. Tywoniuk, arXiv:2409.04295.
[57] D. Pablos and A. Takacs, Phys. Rev. C 113, 044913

(2026).
[58] K. Boguslavski, A. Kurkela, T. Lappi, F. Lindenbauer, and

J. Peuron, Phys. Rev. D 109, 014025 (2024).
[59] H. Pandey, S. Schlichting, and S. Sharma, Phys. Rev. Lett.

132, 222301 (2024).
[60] X. Du, Phys. Rev. C 109, 014901 (2024).
[61] K. Boguslavski, A. Kurkela, T. Lappi, F. Lindenbauer, and

J. Peuron, Phys. Lett. B 850, 138525 (2024).
[62] K. Boguslavski, A. Kurkela, T. Lappi, F. Lindenbauer, and

J. Peuron, Phys. Rev. D 110, 034019 (2024).
[63] K. Boguslavski, F. Lindenbauer, A. Mazeliauskas, A.

Takacs, and F. Zhou, J. High Energy Phys. 05 (2026) 093.
[64] A. Altenburger, K. Boguslavski, and F. Lindenbauer,

arXiv:2509.03868.
[65] J. Barata, K. Boguslavski, F. Lindenbauer, and A. V.

Sadofyev, Phys. Rev. D 113, 114009 (2026).
[66] J. Barata, J. G. Milhano, A. V. Sadofyev, and J. M. Silva,

arXiv:2512.17009.
[67] I. Danhoni, N. Mullins, and J. Noronha, arXiv:2603

.00844.
[68] A. Dumitru and J. Jalilian-Marian, Phys. Rev. Lett. 89,

022301 (2002).
[69] T. Kar, A. Tarasov, and V. V. Skokov, arXiv:2603.08805.
[70] D. Avramescu, C. Lamas, T. Lappi, M. Li, and C. A.

Salgado, following paper, Phys. Rev. D 114, 054062 (2026).
[71] F. Gelis, K. Kajantie, and T. Lappi, Phys. Rev. Lett. 96,

032304 (2006).
[72] L. D. McLerran and R. Venugopalan, Phys. Rev. D 49,

2233 (1994).
[73] L. D. McLerran and R. Venugopalan, Phys. Rev. D 49,

3352 (1994).

AVRAMESCU, LAMAS, LAPPI, LI, and SALGADO PHYS. REV. D 114, 054061 (2026)

054061-22

https://doi.org/10.1016/j.ppnp.2022.103990
https://doi.org/10.1016/j.ppnp.2022.103990
https://doi.org/10.1007/BF02892134
https://doi.org/10.1103/PhysRevD.98.094024
https://doi.org/10.1103/PhysRevD.98.094024
https://doi.org/10.1016/j.physletb.2019.134933
https://doi.org/10.1016/j.nuclphysa.2020.121914
https://doi.org/10.1016/j.nuclphysa.2020.121914
https://doi.org/10.1140/epjp/s13360-022-02517-w
https://doi.org/10.1140/epjp/s13360-022-02517-w
https://doi.org/10.1103/PhysRevD.106.034032
https://doi.org/10.1103/PhysRevD.106.034032
https://doi.org/10.1103/nc3z-vns9
https://doi.org/10.1103/nc3z-vns9
https://doi.org/10.1103/PhysRevD.110.094018
https://doi.org/10.1103/PhysRevD.111.074036
https://doi.org/10.1103/PhysRevLett.134.172301
https://doi.org/10.1103/PhysRevD.110.114013
https://doi.org/10.1103/PhysRevD.110.114013
https://doi.org/10.1103/PhysRevD.102.074001
https://doi.org/10.1103/PhysRevD.102.074001
https://doi.org/10.1016/j.physletb.2020.135810
https://doi.org/10.1016/j.physletb.2020.135810
https://doi.org/10.1016/j.physletb.2022.137464
https://doi.org/10.1016/j.physletb.2022.137464
https://doi.org/10.1103/PhysRevC.105.064910
https://doi.org/10.1103/PhysRevC.105.064910
https://doi.org/10.1103/PhysRevD.107.114021
https://doi.org/10.1103/1jqp-sg2g
https://doi.org/10.1103/PhysRevD.101.076016
https://doi.org/10.1103/PhysRevD.104.056014
https://doi.org/10.1103/PhysRevD.104.056014
https://doi.org/10.1103/PhysRevD.108.036016
https://doi.org/10.1103/PhysRevD.108.036016
https://doi.org/10.1103/x99p-tfwg
https://doi.org/10.1103/x99p-tfwg
https://doi.org/10.1103/PhysRevD.106.074013
https://doi.org/10.1103/PhysRevD.106.074013
https://doi.org/10.1103/PhysRevD.108.056023
https://doi.org/10.1103/PhysRevD.108.056023
https://doi.org/10.1103/PhysRevD.111.096001
https://doi.org/10.1103/PhysRevD.111.096001
https://doi.org/10.1103/PhysRevC.75.014901
https://doi.org/10.1103/PhysRevC.78.064906
https://doi.org/10.1103/PhysRevC.78.064906
https://doi.org/10.1103/PhysRevD.84.065015
https://doi.org/10.1103/PhysRevD.84.065015
https://doi.org/10.1016/j.physrep.2017.03.003
https://doi.org/10.1016/j.physrep.2017.03.003
https://doi.org/10.1103/PhysRevC.105.014914
https://doi.org/10.1103/PhysRevC.105.014914
https://doi.org/10.1103/PhysRevD.106.074023
https://doi.org/10.1007/JHEP08(2023)027
https://doi.org/10.1007/JHEP08(2023)027
https://doi.org/10.1103/PhysRevD.109.014036
https://doi.org/10.1016/j.physletb.2005.06.041
https://doi.org/10.1103/PhysRevD.75.025016
https://doi.org/10.1103/PhysRevD.75.025016
https://doi.org/10.1103/PhysRevC.78.024909
https://doi.org/10.1103/PhysRevC.78.024909
https://doi.org/10.1088/1126-6708/2007/07/022
https://doi.org/10.1088/1126-6708/2007/07/022
https://doi.org/10.1103/PhysRevD.110.094055
https://doi.org/10.1016/j.physletb.2012.11.001
https://doi.org/10.1016/j.physletb.2012.11.001
https://doi.org/10.1088/1361-6471/aa815a
https://doi.org/10.1103/7125-lhbl
https://doi.org/10.1103/PhysRevC.101.064909
https://doi.org/10.1103/PhysRevC.101.064909
https://doi.org/10.1016/j.physletb.2020.135318
https://doi.org/10.1007/JHEP03(2023)189
https://arXiv.org/abs/2409.04295
https://doi.org/10.1103/nw2z-pr7j
https://doi.org/10.1103/nw2z-pr7j
https://doi.org/10.1103/PhysRevD.109.014025
https://doi.org/10.1103/PhysRevLett.132.222301
https://doi.org/10.1103/PhysRevLett.132.222301
https://doi.org/10.1103/PhysRevC.109.014901
https://doi.org/10.1016/j.physletb.2024.138525
https://doi.org/10.1103/PhysRevD.110.034019
https://doi.org/10.1007/JHEP05(2026)093
https://arXiv.org/abs/2509.03868
https://doi.org/10.1103/q8bb-qlm8
https://arXiv.org/abs/2512.17009
https://arXiv.org/abs/2603.00844
https://arXiv.org/abs/2603.00844
https://doi.org/10.1103/PhysRevLett.89.022301
https://doi.org/10.1103/PhysRevLett.89.022301
https://arXiv.org/abs/2603.08805
https://doi.org/10.1103/jzsq-p93v
https://doi.org/10.1103/PhysRevLett.96.032304
https://doi.org/10.1103/PhysRevLett.96.032304
https://doi.org/10.1103/PhysRevD.49.2233
https://doi.org/10.1103/PhysRevD.49.2233
https://doi.org/10.1103/PhysRevD.49.3352
https://doi.org/10.1103/PhysRevD.49.3352


[74] L. D. McLerran and R. Venugopalan, Phys. Rev. D 50,
2225 (1994).

[75] T. Lappi, Eur. Phys. J. C 55, 285 (2008).
[76] A. Kovner, L. D. McLerran, and H. Weigert, Phys. Rev. D

52, 3809 (1995).
[77] A. Krasnitz and R. Venugopalan, Nucl. Phys. B557, 237

(1999).
[78] G. Chen, R. J. Fries, J. I. Kapusta, and Y. Li, Phys. Rev. C

92, 064912 (2015).
[79] M. E. Carrington, A. Czajka, and S. Mrowczynski, Eur.

Phys. J. A 58, 5 (2022).
[80] J.-P. Blaizot and Y. Mehtar-Tani, Nucl. Phys. A818, 97

(2009).
[81] T. Lappi and S. Schlichting, Phys. Rev. D 97, 034034

(2018).
[82] P. Guerrero-Rodríguez and T. Lappi, Phys. Rev. D 104,

014011 (2021).
[83] H. Fujii and K. Itakura, Nucl. Phys. A809, 88 (2008).
[84] P. F. Kelly, Q. Liu, C. Lucchesi, and C. Manuel, Phys. Rev.

D 50, 4209 (1994).
[85] D. F. Litim and C. Manuel, Nucl. Phys. B562, 237 (1999).
[86] D. F. Litim and C. Manuel, Phys. Rep. 364, 451 (2002).
[87] M. E. Carrington, S. Mrówczyński, and B. Schenke, Phys.

Rev. C 95, 024906 (2017).
[88] U.W. Heinz, Ann. Phys. (Amsterdam) 161, 48 (1985).
[89] H.-T. Elze and U.W. Heinz, Phys. Rep. 183, 81 (1989).
[90] Pooja, S. K. Das, V. Greco, and M. Ruggieri, Eur. Phys. J.

Plus 138, 313 (2023).

[91] J. Zhou, Y. S. Zhao, and Y. Sun, Phys. Rev. D 113, 074019
(2026).

[92] J. P. Blaizot, T. Lappi, and Y. Mehtar-Tani, Nucl. Phys.
A846, 63 (2010).

[93] K. Boguslavski, A. Kurkela, T. Lappi, and J. Peuron, Phys.
Rev. D 98, 014006 (2018).

[94] T. Lappi, Phys. Rev. C 67, 054903 (2003).
[95] F. V. Gubarev, L. Stodolsky, and V. I. Zakharov, Phys. Rev.

Lett. 86, 2220 (2001).
[96] F. V. Gubarev and V. I. Zakharov, Phys. Lett. B 501, 28

(2001).
[97] D. Müller, Simulations of the Glasma in 3 + 1D, Ph.D.

thesis, Vienna, Tech. University, 2019.
[98] A. Dumitru, H. Fujii, and Y. Nara, Phys. Rev. D 88,

031503 (2013).
[99] A. Dumitru, T. Lappi, and Y. Nara, Phys. Lett. B 734, 7

(2014).
[100] M. Ruggieri, L. Oliva, G. X. Peng, and V. Greco, Phys.

Rev. D 97, 076004 (2018).
[101] D. Avramescu, C. Lamas, A. Ipp, and D. Müller, Curraun,

https://github.com/avramescudana/curraun/tree/jets.
[102] C. T. H. Davies, G. G. Batrouni, G. R. Katz, A. S.

Kronfeld, G. P. Lepage, K. G. Wilson, P. Rossi, and B.
Svetitsky, Phys. Rev. D 37, 1581 (1988).

[103] A. Cucchieri and T. Mendes, Nucl. Phys. B471, 263
(1996).

[104] J. Berges, K. Boguslavski, S. Schlichting, and R.
Venugopalan, Phys. Rev. D 89, 114007 (2014).

KINETIC AND CANONICAL MOMENTUM BROADENING IN THE … PHYS. REV. D 114, 054061 (2026)

054061-23

https://doi.org/10.1103/PhysRevD.50.2225
https://doi.org/10.1103/PhysRevD.50.2225
https://doi.org/10.1140/epjc/s10052-008-0588-4
https://doi.org/10.1103/PhysRevD.52.3809
https://doi.org/10.1103/PhysRevD.52.3809
https://doi.org/10.1016/S0550-3213(99)00366-1
https://doi.org/10.1016/S0550-3213(99)00366-1
https://doi.org/10.1103/PhysRevC.92.064912
https://doi.org/10.1103/PhysRevC.92.064912
https://doi.org/10.1140/epja/s10050-021-00600-x
https://doi.org/10.1140/epja/s10050-021-00600-x
https://doi.org/10.1016/j.nuclphysa.2008.11.010
https://doi.org/10.1016/j.nuclphysa.2008.11.010
https://doi.org/10.1103/PhysRevD.97.034034
https://doi.org/10.1103/PhysRevD.97.034034
https://doi.org/10.1103/PhysRevD.104.014011
https://doi.org/10.1103/PhysRevD.104.014011
https://doi.org/10.1016/j.nuclphysa.2008.05.016
https://doi.org/10.1103/PhysRevD.50.4209
https://doi.org/10.1103/PhysRevD.50.4209
https://doi.org/10.1016/S0550-3213(99)00531-3
https://doi.org/10.1016/S0370-1573(02)00015-7
https://doi.org/10.1103/PhysRevC.95.024906
https://doi.org/10.1103/PhysRevC.95.024906
https://doi.org/10.1016/0003-4916(85)90336-7
https://doi.org/10.1016/0370-1573(89)90059-8
https://doi.org/10.1140/epjp/s13360-023-03913-6
https://doi.org/10.1140/epjp/s13360-023-03913-6
https://doi.org/10.1103/6hlc-1qkr
https://doi.org/10.1103/6hlc-1qkr
https://doi.org/10.1016/j.nuclphysa.2010.06.009
https://doi.org/10.1016/j.nuclphysa.2010.06.009
https://doi.org/10.1103/PhysRevD.98.014006
https://doi.org/10.1103/PhysRevD.98.014006
https://doi.org/10.1103/PhysRevC.67.054903
https://doi.org/10.1103/PhysRevLett.86.2220
https://doi.org/10.1103/PhysRevLett.86.2220
https://doi.org/10.1016/S0370-2693(01)00085-5
https://doi.org/10.1016/S0370-2693(01)00085-5
https://doi.org/10.1103/PhysRevD.88.031503
https://doi.org/10.1103/PhysRevD.88.031503
https://doi.org/10.1016/j.physletb.2014.05.005
https://doi.org/10.1016/j.physletb.2014.05.005
https://doi.org/10.1103/PhysRevD.97.076004
https://doi.org/10.1103/PhysRevD.97.076004
https://github.com/avramescudana/curraun/tree/jets
https://github.com/avramescudana/curraun/tree/jets
https://doi.org/10.1103/PhysRevD.37.1581
https://doi.org/10.1016/0550-3213(96)00177-0
https://doi.org/10.1016/0550-3213(96)00177-0
https://doi.org/10.1103/PhysRevD.89.114007

	Kinetic and canonical momentum broadening in the glasma
	I. INTRODUCTION
	II. FORMALISM
	A. The glasma fields
	B. Classical particles in glasma
	1. Wong's equations
	2. Wong's equations in the glasma
	3. Quantum to classical correspondence
	4. Kinetic and canonical momentum

	C. Effect of the gauge choice
	1. Gauge dependence of canonical momentum broadening
	2. Gauge field evolution along the particle trajectory
	3. Momentum broadening decomposition
	4. Coulomb gauge fixing


	III. RESULTS AND DISCUSSION
	A. Momentum broadening in two different gauges
	B. Evolution of the gauge potential
	C. Momentum broadening decomposition

	IV. CONCLUSION AND OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: COULOMB GAUGE FIXING
	References


