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In this paper we calculate two-point correlation functions of a massive probe scalar field in the
background of the three-dimensional Janus solution. We relate the equation of motion of the scalar to
Heun’s equation and use the recently obtained expressions for the connection coefficients to obtain the two-
point function of operators dual to the probe scalar. From the correlators we obtain the corrections to the
spectrum of boundary operators and bulk-boundary operator product coefficients to second order in the
Janus deformation parameter.
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I. INTRODUCTION

Heun’s equation [1,2] is a generalization of the hyper-
geometric equation and the most general second order
ordinary linear differential equation with four regular sin-
gularities. Heun’s equation and its confluent limits have
many applications in physics and mathematics (see, e.g.,
[3,4]). Some important occurrences of Heun’s equation and
its connection formula are N ¼ 2 supersymmetric gauge
theories, namely the Alday-Gaiotto-Tachikawa (AGT) cor-
respondence [5], surface operators [6,7], the Nekrasov
formula for instanton counting [8,9], as well as the calcu-
lation of black hole perturbations, thermal correlators and
quasi-normal modes in anti–de Sitter/conformal field theory
(AdS/CFT) [10–22]. Zamoldchikov [23] realized that the
accessory parameter of Heun’s equation can be related to
semiclassical conformal blocks [24]. Recently [25] this
relation together with the crossing symmetry of degenerate
Liouville correlation functions have been used to derive
connection formulas for Heun’s equation and its confluent
limits, called the Trieste formula in the literature. In [26] the
fusion of degenerate operators in the semiclassical limit of
the Liouville CFTs has been used to derive a perturbative
solution for the connection formula, and it was shown that it
agrees with the Trieste formula. See [27–29] for additional
discussion of the Trieste formula.
In this paper we present a new occurrence of Heun’s

equation and an application of its connection formula,

namely the calculation of correlation functions of a massive
probe scalar in a three-dimensional Janus solution [30]. The
Janus solution is a simple holographic realization of a
conformal interface between two conformal field theories
with different marginal deformations turned on the two
sides of the interface.
The structure of this paper is as follows: In Sec. II

we review some aspects of the Janus solution of three-
dimensional AdS gravity coupled to a massless scalar field.
In Sec. III we consider the equation of motion of a massive
probe scalar in the Janus background and derive the
formula for the two-point function of the dual CFToperator
using the bulk-to-boundary propagator. In Sec. IV we show
that the equation of motion for the probe scalar takes the
form of Heun’s equation and determine its parameters in
terms of the Janus deformation parameter and the con-
formal dimension of the operator dual to the probe scalar.
We also review the Trieste formula for the connection
coefficients of Heun’s equation, which will be essential in
calculating the bulk-boundary correlator. In Sec. V we
present the main results of our paper. We use the results of
the previous section to calculate the two-point function
in the presence of the Janus defect. As a check we consider
the case of the pure AdS3 solution, i.e., a trivial defect
corresponding to a vanishing Janus deformation parameter
cJ. For nonzero cJ we obtain the two-point function in an
integral form in terms of the connection coefficients of
Heun’s equation. We use the perturbative solution for the
connection coefficients to obtain the spectrum of defect
operators and the bulk-boundary operator product expan-
sion (BOPE) coefficients to lowest nontrivial order in the
Janus deformation parameter. We close the paper with some
discussion on possible generalizations and directions for
future research. In various appendices we review some
background material for the benefit of the reader, such as
the basis of eigenfunctions of the Laplacian on AdS2, Heun
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functions, and Virasoro conformal blocks. We also present
details of the calculation of the bulk-boundary propagator
using the Wronskian method in Appendix B.

II. JANUS SOLUTION

The Janus solution [30] is an example of a supergravity
solution describing the holographic dual of an interface
CFT. In its simplest realization it is constructed from
Einstein gravity with a negative cosmological constant
coupled to a massless scalar field. There have been many
generalizations, among them the constructions of Janus
solutions in various gauged supergravity theories (see,
e.g., [31–38]) and half-BPS Janus solutions in type IIB
andM-theory [39–41]. Janus solutions have been important
tools to study conformal defects, interfaces and their
properties using holography (see, e.g., [42–44]).
In this paper we will exclusively consider the simplest

three-dimensional theory with a single massless scalar
field [45] defined by the (Euclidean) action

S ¼ 1

16πG3

Z
d3x

ffiffiffi
g

p �
Rþ 2 −

1

2
∂μϕ∂

μϕ

�
; ð2:1Þ

where G3 is the three-dimensional Newton’s constant. The
equations of motion following from (2.1) are given by

Rμν þ 2gμν −
1

2
∂μϕ∂νϕ¼ 0; ∂μðgμν

ffiffiffi
g

p
∂νϕÞ ¼ 0: ð2:2Þ

A Janus solution is obtained by writing the metric using a
Euclidean AdS2 (i.e., H2) slicing and making the scalar
only dependent on the slicing coordinate. It is easy to verify
that the following choice of metric and scalar satisfies the
equations of motion

ds2 ¼ dy2

4y2ð1 − yÞ2 þ fðyÞ dz
2 þ dτ2

z2
;

dϕ
dy

¼ 2cJ
yð1 − yÞ

1

fðyÞ : ð2:3Þ

If one chooses f as follows

fðyÞ ¼ 1 − cJ þ 2cJy
4yð1 − yÞ ; ð2:4Þ

the coordinate y takes values in the unit interval y∈ ½0; 1�.
By integrating the second equation of (2.3) one obtains

ϕðyÞ ¼ ϕ0 þ lnð1 − cJ þ 2cJyÞ: ð2:5Þ

The holographic interpretation of the solution is obtained
by considering the asymptotic boundary components of the
metric (2.3). There are three boundary components in an
H2 sliced Janus geometry. Two boundary components are
given by y → 0 and y → 1. They correspond to two half

spaces which are glued together at an interface, which can
be identified with the third boundary component of H2 at
z → 0 [30,42,46]. The scalar field takes different values on
the two sides depending on the integration constant cJ, and
the asymptotic value of the scalar field jumps by

Δϕ ¼ ϕjy¼1 − ϕjy¼0 ¼ ln
�
1þ cJ
1 − cJ

�
: ð2:6Þ

In holography a massless scalar is dual to a marginal
operator on the CFT side, hence the interpretation in the
Janus solution is given by a two-dimensional CFT whose
modulus takes different values across the interface. A
useful toy model is given by considering a CFT given
by a compact scalar where the compactification radius R
jumps across the defect [47]. Note that if we select cJ ¼ 0,
the scalar is constant and hence the jump vanishes, yielding
the AdS3 vacuum with unit curvature. It follows from (2.6)
that there are extremal values of cJ ¼ �1, where the jump
diverges and the spacetime becomes singular [48].

III. PROBE SCALAR IN JANUS BACKGROUND

In a bottom-up approach to AdS/CFT, we can include
additional operators in the CFT by adding fields to the
three-dimensional action. The probe approximation is
characterized by considering the free action for such fields
and neglecting higher order couplings as well as gravita-
tional backreaction. This approximation is sufficient for
calculating two-point functions of the dual operators.

A. Equation of motion for the probe scalar

In particular, scalar primaries of scaling dimension Δ are
described by adding a massive scalar field

Sprobe ¼ −
Z

d3x
ffiffiffi
g

p �
1

2
∂μψ∂

μψ þ 1

2
m2ψ2

�
; ð3:1Þ

where the scaling dimension Δ ¼ Δþ is expressed in terms
of the mass m of the scalar field by

Δ�ðΔ� − 2Þ ¼ m2; Δ� ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

p
: ð3:2Þ

Note that the mass squared can be negative, but is bounded
by the Breitenlohner-Freedman [49] boundm2 > −1 for an
AdS3 space with unit curvature radius. These relations are
for the standard quantization, which is what we adopt in
this paper. The alternate quantization of fields with −1 <
m2 < 0 identifies the scalar to a double trace operator [50];
see [51] for a discussion of interfaces and double trace
operators. In the following we will consider the massive
scalar field (3.1) in the probe approximation, i.e., we will
neglect the backreaction of the scalar on the metric as well
as its coupling to other fields and nonlinear terms in the
scalar action. This allows us to calculate the two-point
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function of the operators dual to the massive scalar fields in
the Janus background exactly. One has to go beyond the
probe approximation to calculate higher point functions or
correlation functions, but this will be beyond the scope of
this paper.
We can expand the scalar field in the basis of eigen-

functions gs;kðz; tÞ of the Laplacian of H2

ψðy; z; τÞ ¼
Z

dk
Z

dsμðsÞhsðyÞgs;kðz; τÞ; ð3:3Þ

with s, k parametrizing theH2 Laplacian eigenvalue and its
momentum along the τ direction,

z2ð∂2z þ ∂
2
τÞgs;kðz; τÞ ¼ −

�
s2 þ 1

4

�
gs;kðz; τÞ: ð3:4Þ

See Appendix A for a review of this basis, including the
explicit form of the integration measure, eigenfunctions,
and completeness/orthogonality relations. With this expan-
sion, the equation of motion for the probe scalar (3.1) in the
Janus background becomes an ordinary differential equa-
tion for hsðyÞ.

h00s ðyÞþ
2cJ

1−cJ þ2cJy
h0sðyÞ−

s2þ 1
4

yð1−yÞð1−cJ þ2cJyÞ
hsðyÞ

þ ð2−ΔÞΔ
4y2ð1−yÞ2hsðyÞ ¼ 0: ð3:5Þ

As we show below, this equation is Heun’s equation, i.e., a
second order ODE of Fuchsian type with four regular
singularities located at y ¼ 0; 1;∞, and y ¼ cJ−1

2cJ
. The

singular points y ¼ 0, 1 correspond to the two asymptotic
AdS boundaries.
The behavior of a solution hs near the asymptotic AdS

boundary components is determined by the scaling dimen-
sion and can be expressed as power series expansion

y → 0∶ hs ∼ aþ;sy
1
2
Δþ þ a−;sy

1
2
Δ− þ � � � ;

y → 1∶ hs ∼ bþ;sð1 − yÞ12Δþ þ b−;sð1 − yÞ12Δ− þ � � � ; ð3:6Þ

where the exponents Δ� are given by (3.2). If Δþ − Δ− is
an integer, the two terms in the expansion are not inde-
pendent and one has to add a logarithmic term. We will
comment on this case in the discussion, but in the following
we will assume that the expansion takes the form (3.6).
The most general solution of (3.5) is then determined by

choosing a�;s or b�;s, then obtaining the other coefficient
by the connection formula for (3.5). In the following
sections we will discuss this connection formula and use
it to calculate the two-point function for our probe scalar.

B. Two point correlation functions

The AdS/CFT correspondence identifies the generating
function of correlation functions with the gravitational
partition function with the corresponding boundary sources
for the bulk fields turned on. The finite on-shell action in
AdS/CFT is obtained using the machinery of holographic
renormalization [52–54]. For the probe scalar action, this
entails integrating (3.1) by parts, regularizing the action by
introducing a cutoff of the AdS boundaries at y ¼ ϵ and
y ¼ 1 − ϵ, adding a counterterm to make the action finite,1

and then taking the cutoff to zero. This gives

Sren ¼ lim
ϵ→0

Z
dzdτ

�
−
1

2

ffiffiffi
g

p
gyyψ∂yψ −

1

2

ffiffiffi
γ

p
Δ−ψ

2

�����y¼1−ϵ

y¼ϵ

:

ð3:7Þ

Here γab is the induced metric of the H2 factor.
For a Janus geometry, we can turn on sources on either

side of the boundary corresponding to the two half spaces
bisected by the interface. In the following, we denote the
y ¼ 0 boundary as the L(eft) and the y ¼ 1 boundary as the
R(right). The bulk field can be expressed in terms of
the sources

ψðy; z; tÞ ¼
Z

dz0dτ0

z02
�
KLðy; z; τjz0; τ0ÞJLðz0; τ0Þ

þ KRðy; z; τjz0; τ0ÞJRðz0; τ0Þ
�
; ð3:8Þ

where KL=R corresponds to the bulk-to-boundary propa-
gator (B8) with the source on the left/right half-space,
respectively.
The two-point correlation functions of the operators dual

to the probe scalar are then given by derivatives of the
on-shell action with respect to the sources JL=R

hOðz; τÞOðz0; τ0ÞiRR ¼ δ2Sren
δJRðz; τÞJRðz0; τ0Þ

;

hOðz; τÞOðz0; τ0ÞiLL ¼ δ2Sren
δJLðz; τÞJLðz0; τ0Þ

;

hOðz; τÞOðz0; τ0ÞiLR ¼ δ2Sren
δJLðz; τÞJRðz0; τ0Þ

: ð3:9Þ

The coordinates z, τ parametrize a half space and the RR
and LL correlators correspond to both operators inserted on
the same half space, while the LR correlator corresponds
to one operator inserted on the left half space and one on
the right.

1This counterterm is sufficient for Δ < 3 [54], in general
additional counterterms can be added to make the on-shell action
finite.
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C. Bulk boundary operator product expansion

The two-point functions (3.9) in the presence of a co-
dimension one defect allow for bulk and boundary operator
expansions, which have been discussed for CFTs in general
dimensions in [55–57]. We are specializing to the d ¼ 2
case which is relevant for the AdS3=CFT2 context. The
correlation function of two bulk operators can be expressed
in terms of the cross-ratio

hO1ðz; τÞO2ðz0; τ0Þi ¼
1

jzjΔ1 jz0jΔ2
fðξÞ: ð3:10Þ

For an interface/defect localized at z ¼ 0, the distinction of
the LL;LR; RR correlation functions, i.e., whether the bulk
operators are inserted on the same or opposite sides of the
defect can be encoded in the cross ratio

ξLL;RR ¼ ðτ − τ0Þ2 þ ðz − z0Þ2
4zz0

;

ξLR;RL ¼ ðτ − τ0Þ2 þ ðzþ z0Þ2
4zz0

: ð3:11Þ

Operators inserted on the same side can be brought close
together away from the defect, which corresponds to the
standard bulk OPE and the limit ξLL;RR → 0. Note that such
a limit is impossible for operators inserted on opposite sides
of the defect. We are interested in the limit of the bulk
operators close to the defect/interface, which corresponds
to the limit ξ → ∞ for all cross ratios (3.11), so we drop the
subscript in the following. This lets us express (3.10) in
terms of the bulk-boundary conformal block [55,56]

fðξÞ ∼
X
Ôi

bO1Ôi
bO2Ôi

1

jξjΔ̂i
2F1

�
Δ̂i; Δ̂i; 2Δ̂i;−

1

ξ

�
; ð3:12Þ

where Δ̂i denote the conformal dimensions of the boundary
operators appearing in the bulk-boundary operator product
expansion (BOPE) and bOÔi

are the BOPE coefficients. In
this paper we will use holography to calculate the spectrum
of boundary operators Δ̂i as well as the BOPE coefficients
for a probe scalar field in the Janus interface theory.

IV. HEUN CONNECTION FORMULA

In this section we relate the equation of motion for the
probe scalar in the Janus background to Heun’s equation,
and present the relevant connection formulas which will be
used to calculate the two-point correlators holographically.
Heun’s equation is a natural generalization of the hyper-
geometric differential equation in the sense that it is a second
order ordinary differential equation of Fuchsian type with
four instead of three regular singular points. In particular we

are interested in the connection formula which relates
Frobenius expansions around different singular points.
This formula was obtained in [17,25,26,58] from the fusion
transformation of degenerate Virasoro blocks in the semi-
classical limit.

A. Heun’s equation

After rescaling hs by a factor

hsðyÞ ¼ ð1 − cJ þ 2cJyÞ−1
2ρsðyÞ; ð4:1Þ

the probe scalar equation (3.5) becomes Heun’s equation in
its normal form

ρ00s ðyÞ þ TðyÞρsðyÞ ¼ 0 ð4:2Þ

with

TðyÞ ¼ δ0
y2

þ δ1
ðy − 1Þ2 þ

δt
ðy − tÞ2 þ

δ∞ − δ0 − δ1 − δt
yðy − 1Þ

þ ðt − 1Þχ
yðy − 1Þðy − tÞ : ð4:3Þ

The parameters can be expressed in terms of the scaling
dimension of the probe scalar, the Janus deformation
parameter, and the eigenvalue of the H2 Laplacian

t ¼ −1þ cJ
2cJ

; δ0 ¼ δ1 ¼
Δ
2

�
1 −

Δ
2

�
;

δt ¼ δ∞ ¼ 1

4
; χ ¼ −s2 − 1

4

1þ cJ
: ð4:4Þ

Note that the H2 Laplacian eigenvalue −s2 − 1
4
only enters

through the accessory parameter χ, whose appearance is a
new feature for Heun’s equation compared to the hyper-
goemetric differential equation.
The parameters δi ¼ ð1

2
þ θiÞð12 − θiÞ; i ¼ 0; 1; t;∞ have

a nice interpretation. 1
2
� θi are the critical exponents at

each singularity, and the parameters θi will be related to
the Liouville momenta used in the fusion expansion, which
is reviewed in Appendix D. It follows from (4.4) that
the critical exponents at y ¼ 0, 1, which correspond to
the AdS boundaries, depend on the scaling dimension Δ.
There is an overall sign ambiguity when θi ≠ 0 and a
choice between Δ ¼ Δ�; for later notational ease, we will
choose θ0;1 ¼ Δ−−1

2
.

Solutions to (4.2) near y ¼ 0 can be expanded in terms of
two linearly independent functions, the so-called Heun
functions
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ρLs;þ ¼ y
Δþ
2 Hl

�
t; χð1 − tÞ þ Δ−

�
1

2
þ tðΔ− − 1Þ

�
;Δ−;Δ−;Δ−;Δ−; y

�
; ð4:5Þ

ρLs;− ¼ y
Δ−
2 Hl

�
t; 1 −

Δ−

2
þ ð1 − tÞχ; 1; 1; 2 − Δ−;Δ−; y

�
; ð4:6Þ

and similarly for the solutions near y ¼ 1

ρRs;þ ¼ ð1 − yÞΔþ2 Hl
�
1 − t;

�
t −

1

2

�
Δ− þ ð1 − tÞðΔ2

− − χÞ;Δ−;Δ−;Δ−;Δ−; 1 − y

�
; ð4:7Þ

ρRs;− ¼ ð1 − yÞΔ−2 Hl
�
1 − t; 1 −

Δ−

2
− ð1 − tÞχ; 1; 1; 2 − Δ−;Δ−; 1 − y

�
; ð4:8Þ

with superscripts L and R chosen to indicate the left and right
AdS boundaries and � denoting the two independent
solutions. The Heun function Hlða; q; α; β; γ; δ; zÞ is a
Fuchs-Frobenius solution to Heun’s equation and the explicit
form of Hl as a power series is given in Appendix C.

B. Connection formula

In the following we calculate the two-point corre-
lation functions from the bulk-boundary propagator. An
important ingredient in the construction is the connection
formula, which relates the two linearly independent nor-
malizable and non-normalizable solutions ρLs;� at the
boundary at y ¼ 0 to the normalizable and non-normal-
izable solutions ρRs;� at the other boundary at y ¼ 1

ρLs;ϵðyÞ ¼
X
ϵ0¼�

Cϵϵ0ρ
R
s;ϵ0 ðyÞ: ð4:9Þ

The connection coefficients can be computed by two
different methods: from semiclassical Virasoro conformal

blocks (Trieste formula) [25], or from large-order asymp-
totics of Frobenius expansion coefficients (Schäfke-
Schmidt formula) [26]. We adopt the former method for
our calculation of the two-point function. We review some
details of the CFT calculation, originally presented in
[25,26,58], in Appendix D, and show the agreement
between the two methods to first nontrivial order in
Appendix E. In the following we present the results which
are relevant for the calculation of the two-point function.
The connection formula can be obtained from the semi-

classical conformal block in the s-channel [17], whose 1
t

expansion has the form

WðtÞ ¼ ðδ∞ − δσ − δtÞ lnðtÞ þ
X∞
k¼1

Wnðfθig;σÞ
1

tk
: ð4:10Þ

Wewill work to order 1
t2 in this paper. The first two terms in

the expansion are given by

W1ðfθig; σÞ ¼
ðδσ − δ0 þ δ1Þðδσ − δ∞ þ δtÞ

2δσ
;

W2ðfθig; σÞ ¼
ðδσ − δ0 þ δ1Þ2ðδσ − δ∞ þ δtÞ

8δ2σ

�
1

δσ − δ0 þ δ1
þ 1

δσ − δ∞ þ δt
−

1

2δσ

�

þ ðδ2σ þ 2δσðδ0 þ δ1Þ − 3ðδ0 − δ1Þ2Þðδ2σ þ 2δσðδ∞ þ δtÞ − 3ðδ∞ − δtÞ2Þ
16δ2σð4δσ þ 3Þ : ð4:11Þ

Higher order terms can in principle be calculated using a
recursion formula first obtained in [23] and worked out up
to third order in [59–61]. The expansion becomes rather
unwieldy quickly and the second order is all there is needed
to obtain results to first nontrivial order in the Janus
perturbation.
The values of the quantities δi ¼ 1

4
− θ2i ; i ¼ 0; 1; t;∞ are

given in (4.4). The fifth parameter δσ ¼ 1
4
− σ2 and σ is

related to the momentum of the internal leg of the 4-point
Virasoro block. It can be connected to the accessory
parameter χ which appears in Heun’s equation (4.3) via
the Zamolodchikov relation

t
∂W
∂t

¼ χ: ð4:12Þ
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This relation can be used to determine σ as a power series
in 1=t

σ ¼ ωþ
X∞
k¼1

½σ�kt−k; ð4:13Þ

where the leading Liouville momentum is fixed by the
leading OPE term in WðtÞ

ω2 ¼ θ2∞ − θ2t þ χ þ 1

4
: ð4:14Þ

We use the expansions (4.10) and (4.13) to solve (4.12)
order by order in 1=t. The connection coefficients (4.9)
depend on σ and the semiclassical conformal blocks and are

given by (see Appendix D for details)

Cϵϵ0 ¼
Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þ
Γð1

2
− ϵθ0 þ ϵ0θ1 � σÞ exp

�
1

2
ðϵ0∂θ1 − ϵ∂θ0ÞWðtÞ

	
:

ð4:15Þ

Here we have introduced the shorthand Γða� bÞ ¼
Γðaþ bÞΓða − bÞ, and will adhere to this notation for the
rest of this paper. Both the accessory parameter χ as well as t
depend on the Janus deformation parameter cJ via the
relations (4.4). In particular, an expansion in small cJ corres-
ponds to an expansion in 1=t. Here we present the expansion
of σ to second order in the Janus deformation parameter cJ
instead of 1=t, which is needed in the next section

σ ¼ isþ i
11þ 48s4 þ 20ðΔ− − 2ÞΔ− þ 8s2ð7þ 2ðΔ− − 2ÞΔ−Þ

256sðs2 þ 1Þ c2J þOðc3JÞ: ð4:16Þ

V. THE TWO-POINT CORRELATOR AND THE
DEFECT OPERATOR SPECTRUM

In this section we calculate the holographic two-point
function for the probe scalar (3.9) using the bulk-boundary
propagator (3.8). We present the details of the construction of
the propagator using the Wronskian method in Appendix B.
The main ingredients are the two linearly independent
solutions which are normalizable on the right and left
boundary respectively, which are normalized as follows

NR
s ¼ ρRs;þ; lim

y→1
NR

s ¼ ð1 − yÞΔþ2 þ � � � ;

NL
s ¼ ρLs;þ; lim

y→0
NL

s ¼ y
Δþ
2 þ � � � : ð5:1Þ

Using the connection formula (4.9), the expansion of the
normalizable modes NL;R

s near the opposite boundaries
takes the following form

NR
s ∼ −C−−y

Δþ
2 þ Cþ−y

Δ−
2 þ � � � y → 0;

NL
s ∼ Cþþð1 − yÞΔþ2 þ Cþ−ð1 − yÞΔ−2 þ � � � y → 1:

ð5:2Þ

Equipped with (5.1) and (5.2), we find the near-boundary
behavior of the bulk field (3.8) as a function of the sources
at the right boundary boundaries to be (see Appendix B for
details)

lim
y→1

ψðy; z; τÞ ¼ R−ðz; τÞð1 − yÞΔ−=2

þ Rþðz; τÞð1 − yÞΔþ=2 þ � � � ; ð5:3Þ

with

R−ðz; τÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ cJ
p JRðz; τÞ; ð5:4Þ

Rþðz; τÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ cJ
p

Z
dz0dτ0

ðz0Þ2
Z

∞

−∞
dk

×
Z

∞

0

dsμðsÞg�k;sðz; τÞgk;sðz0; τ0Þ

×

�
Cþþ
Cþ−

JRðz0; τ0Þ þ
1

Cþ−
JLðz0; τ0Þ

�
; ð5:5Þ

and for the left boundary we have

lim
y→0

ψðy; z; τÞ ¼ L−ðz; τÞyΔ−=2 þ Lþðz; τÞyΔþ=2 þ � � � :

ð5:6Þ

with

L−ðz; τÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − cJ
p JLðz; τÞ;

Lþðz; τÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − cJ
p

Z
dz0dτ0

ðz0Þ2
Z

∞

−∞
dk

×
Z

∞

0

dsμðsÞg�k;sðz; τÞgk;sðz0; τ0Þ

×
�
−
C−−

Cþ−
JLðz0; τ0Þ þ

1

Cþ−
JRðz0; τ0Þ

�
: ð5:7Þ

The renormalized on-shell action (3.7) is given by terms
evaluated at the boundaries y ¼ 0 and y ¼ 1 and can then
be written as
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Sren ¼
1

4
ðΔþ − Δ−Þ

Z
dzdτ
z2
�ð1þ cJÞR−ðz; τÞRþðz; τÞ þ ð1 − cJÞL−ðz; τÞLþðz; τÞ

�
: ð5:8Þ

The two-point function (3.9) is obtained by taking derivatives with respect to the sources JL=R at the respective boundaries
and can be expressed as an integral over the eigenvalues of the Laplacian on H2 in terms of the connection coefficients as
follows:

hOðz; τÞOðz0; τ0ÞiRR ¼ ðΔþ − Δ−Þ
2

Z
∞

−∞
dk
Z

∞

0

dsμðsÞg�k;sðz; τÞgk;sðz0; τ0Þ
Cþþ
Cþ−

;

hOðz; τÞOðz0; τ0ÞiLL ¼ ðΔþ − Δ−Þ
2

Z
∞

−∞
dk
Z

∞

0

dsμðsÞg�k;sðz; τÞgk;sðz0; τ0Þ
−C−−

Cþ−
;

hOðz; τÞOðz0; τ0ÞiRL=LR ¼ ðΔþ − Δ−Þ
2

Z
∞

−∞
dk
Z

∞

0

dsμðsÞg�k;sðz; τÞgk;sðz0; τ0Þ
1

Cþ−
: ð5:9Þ

In the next two subsections we will evaluate this expression in two cases. First the undeformed solution with cJ ¼ 0 which
corresponds to the AdS3 vacuum and hence a trivial defect, and second for a nonzero Janus deformation parameter cJ
corresponding to a Janus interface.

A. Case 1: cJ = 0

When cJ ¼ 0, we have an exact AdS3 background and the connection coefficients become

Cϵϵ0 ¼
Γð1 − ϵð1 − Δ−ÞÞΓðϵ0ð1 − Δ−ÞÞ

Γððϵ0 − ϵÞÞ 1−Δ−
2

þ 1
2
� isÞ ; ð5:10Þ

which is a reflection of the fact that Heun’s equation simplifies to a hypergeometric equation for cJ ¼ 0. The two-point
functions are then given by

hOðz; τÞOðz0; τ0ÞiRR ¼ hOðz; τÞOðz0; τ0ÞiLL

¼ ðΔþ − Δ−ÞΓðΔ− − 1Þ ffiffiffiffiffiffi
zz0

p

2Δþþ2π4Γð1 − Δ−Þ
Z

∞

−∞
dk
Z

∞

0

dss sinhð2πsÞ

× Γ
�
3

2
− Δ− � is

�
KisðjkjzÞK−isðjkjz0Þeikðτ−τ0Þ; ð5:11Þ

and

hOðz; τÞOðz0; τ0ÞiRL=LR ¼ ðΔþ − Δ−ÞΓðΔ− − 1Þ sinðπðΔ− − 1ÞÞ ffiffiffiffiffiffi
zz0

p

2Δþþ1π4Γð1 − Δ−Þ

×
Z

∞

−∞
dk
Z

∞

0

dss sinhðπsÞΓ
�
3

2
− Δ− � is

�
KisðjkjzÞK−isðjkjz0Þeikðτ−τ0Þ: ð5:12Þ

The integral over the spectral parameter s can be performed using the appropriate Kontorovich-Lebedev transforms

Z
∞

0

x sinhðπxÞΓðλþ ixÞΓðλ − ixÞKixðαÞKixðβÞdx

¼ 2λ−1π3=2
�

αβ

β þ α

�
λ

Γ
�
1

2
þ λ

�
Kλðβ þ αÞ; j arg αj < π; 0 < Reλ <

1

2
; β > 0; ð5:13Þ

and

JANUS CORRELATORS AND HEUN’S EQUATION PHYS. REV. D 112, 126013 (2025)

126013-7



Z
∞

0

x sinhð2πxÞΓðλþ ixÞΓðλ − ixÞKixðαÞKixðβÞdx

¼ 2λπ5=2

Γð1
2
− λÞ

�
αβ

jβ − αj
�

λ

Kλðjβ − αjÞα > 0; 0 < Reλ <
1

2
; β > 0; ð5:14Þ

which are Eqs. (12) and (13) in Ch. 12 of [62]. Then (5.11) and (5.12) become

hOðz; τÞOðz0; τ0ÞiRR=LL ¼ 1 − Δ−

25=2π3=2
ðΔþ − Δ−Þðzz0ÞΔþ

Z
∞

−∞
dk

1

Γð2 − Δ−Þ
� jkj
jz − z0j

�
3=2−Δ−

K3=2−Δ−
ðjkjjz − z0jÞeikðτ−τ0Þ;

hOðz; τÞOðz0; τ0ÞiRL=LR ¼ 1 − Δ−

25=2π3=2
ðΔþ − Δ−Þðzz0ÞΔþ

Z
∞

−∞
dk

1

Γð2 − Δ−Þ
� jkj
jzþ z0j

�
3=2−Δ−

K3=2−Δ−
ðjkjjzþ z0jÞeikðτ−τ0Þ:

ð5:15Þ

The remaining integral over k can by computed using the
following Fourier transform formula

1ffiffiffiffiffiffi
2π

p
Z

dteiωt
1

ða2 þ t2Þh ¼
21−h

ΓðhÞKh−1
2
ðjaωjÞ

�jωj
jaj
�

h−1
2

:

ð5:16Þ

Using this the two-point function (5.15) becomes

hOðz; τÞOðz0; τ0ÞiRR=LL ¼ ðΔþ −Δ−Þð1−Δ−Þðzz0ÞΔþ

21þΔ−πððz− z0Þ2 þ ðτ− τ0Þ2ÞΔþ
;

ð5:17Þ

hOðz; τÞOðz0; τ0ÞiRL=LR ¼ ðΔþ −Δ−Þð1−Δ−Þðzz0ÞΔþ

21þΔ−πððzþ z0Þ2 þ ðτ− τ0Þ2ÞΔþ
:

ð5:18Þ

The two correlators are identical upon replacing z0 by −z0 in
the RL=LR correlators, and the RR=LL correlators are
those of a conformal primary of weight Δþ. This confirms
that the cJ ¼ 0 case reproduces the two-point function of
pure AdS using the slightly unconventional H2 slicing of
AdS3. The LR;RL correlator with insertions on either side
of the interface is finite when the sources are brought
together, unlike the LL;RR case where both sources are on
the same half space.

B. Case 2: cJ ≠ 0

Unlike the AdS3 case, the integral over the spectral
parameter s is not readily computable when cJ ≠ 0. We
instead start by integrating the expressions (5.9) over k.
Integrating the H2 Laplacian eigenfunctions (see
Appendix A) over the momentum k amounts to a cosine
Fourier transform of modified Bessel functions [63]

Z
∞

0

KνðαxÞKνðβxÞ cosðxyÞdx ¼ π2

4
ffiffiffiffiffiffi
αβ

p secðπνÞPν−1=2

�
y2 þ α2 þ β2

2αβ

�
: ð5:19Þ

This turns the two-points functions into the following expressions

hOðz; τÞOðz0; τ0Þi ¼ ðΔþ − Δ−Þ
4π

Z
∞

0

dss tanhðπsÞPν−1=2

�ðτ − τ0Þ2 þ z2 þ z02

2zz0

�
½suitable ratio of C�: ð5:20Þ

Using the hypergeometric representation of Legendre functions, we get an expression in terms of the cross-ratio

ξ ¼ ðτ−τ0Þ2þðz−z0Þ2
4zz0 which is denoted as ξLL;RR in (3.11)

Pis−1=2

�ðτ − τ0Þ2 þ z2 þ z02

2zz0

�
¼ 2F1

�
1

2
þ is;

1

2
− is; 1;−ξ

�
: ð5:21Þ

The limit we are interested in is the case where the operator insertions are close to the defect but remain apart, meaning
ξ → ∞. Such an insertion admits a BOPE, whose relevant details were reviewed in Sec. III C. To take this limit we use the
appropriate transformation formula for the hypergeometric function, which is given by
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2F1

�
1

2
þ is;

1

2
− is; 1;−ξ

�
¼ Γð−2isÞ

Γð1
2
− isÞ2 ð−ξÞ

−1
2
−is

2F1

�
1

2
þ is;

1

2
þ is; 1þ 2is;−

1

ξ

�

þ Γð2isÞ
Γð1

2
þ isÞ2 ð−ξÞ

−1
2
þis

2F1

�
1

2
− is;

1

2
− is; 1 − 2is;−

1

ξ

�
: ð5:22Þ

The two terms only differ by s → −s, so we can extend the integral to [−∞;∞] and just keep one term. Plugging in the
connection coefficients, we obtain the following expressions for the LL and RR two-point function

hOðz; τÞOðz0; τ0ÞiRR ¼ ðΔþ − Δ−Þ
4π

Z
∞

−∞
dss tanhðπsÞ Γð−2isÞ

Γð1
2
− isÞ2 ð−ξÞ

−1
2
−is

2F1

�
1

2
þ is;

1

2
þ is; 1þ 2is;−

1

ξ

�

×
ΓðΔ− − 1ÞΓð3

2
− Δ− � σÞ

Γð1 − Δ−Þ
cosðπσÞ

π
e−∂θ1WðtÞ; ð5:23Þ

hOðz; τÞOðz0; τ0ÞiLL ¼ ðΔþ −Delta−Þ
4π

Z
∞

−∞
dss tanhðπsÞ Γð−2isÞ

Γð1
2
− isÞ2 ð−ξÞ

−1
2
−is

2F1

�
1

2
þ is;

1

2
þ is; 1þ 2is;−

1

ξ

�

×
ΓðΔ− − 1ÞΓð3

2
− Δ− � σÞ

Γð1 − Δ−Þ
cosðπσÞ

π
e−∂θ0WðtÞ: ð5:24Þ

For the LR/RL two-point function we utilize the following transformation formula

2F1

�
1

2
þ is;

1

2
− is; 1;−ξ

�
¼ Γð−2isÞ

Γð1
2
− isÞ2 ð1þ ξÞ−1

2
−is

2F1

�
1

2
þ is;

1

2
þ is; 1þ 2is;

1

1þ ξ

�

þ Γð2isÞ
Γð1

2
þ isÞ2 ð1þ ξÞ−1

2
þis

2F1

�
1

2
− is;

1

2
− is; 1 − 2is;

1

1þ ξ

�
: ð5:25Þ

Since ξ ¼ ξLL;RR it follows from (3.11) that the combination 1þ ξ ¼ ξLR;RL is the cross ratio for correlators across the

interface. In the following we will denote ξLR;RL ¼ ξ̃ for brevity.

hOðz; τÞOðz0; τ0ÞiRL=LR ¼ ðΔþ − Δ−Þ
4π

Z
∞

−∞
dss tanhðπsÞ Γð−2isÞ

Γð1
2
− isÞ2 ðξ̃Þ

−1
2
−is

2F1

�
1

2
þ is;

1

2
þ is; 1þ 2is;

1

ξ̃

�

×
Γð3

2
− Δ− � σÞ

Γð2 − Δ−ÞΓð1 − Δ−Þ
e−

1
2
ð∂θ1þ∂θ0

ÞWðtÞ: ð5:26Þ

The integrands for the RR and LL correlators, which
correspond to the insertion of both operators on the left
and right, respectively, only differ by the exponent coming
from the semiclassical block W. The LR/RL correlators,
which correspond to the insertion of the operators on two
opposite sides have a different integrand compared to
LL/RR. However, it is straightforward to see that the loca-
tions and orders of the poles are precisely the same for all
three cases: gamma function poles from Γð3

2
− Δ− þ σÞ and

Γð3
2
− Δ− − σÞ, both of order 1.

We will evaluate the integral over the spectral parameter
s using the residue theorem, and the locations of the poles
will be related to the conformal dimension of the boundary
operators appearing in the BOPE due to the factors of

ð−ξÞ−1
2
−is in (5.23), (5.24), and (5.26), see the discussion in

Sec. III C. In selecting the first term in (5.22), which has the
form 2F1ðΔ̂; Δ̂; 2Δ̂;− 1

ξÞ, we have implicitly made a con-
tour choice. The scaling dimensions of the boundary
operators must obey Δ̂ ≥ 0 for a unitary CFT, so we will
close the contour on the lower half plane, picking up
contributions from the poles of Γð3

2
− Δ− − σÞ

σn ¼
3

2
− Δ− þ n; n ¼ 0; 1; 2;…: ð5:27Þ

We can invert the relation (4.16) relating σ and s for shifted
pole locations perturbatively up to order c2J and obtain
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sn ¼ −i
�
3

2
þ n − Δ−

�
þ i
128

�
32ðnþ 1Þ þ nðn − 1Þ

1=2þ n − Δ−
þ 2 − 10nðnþ 1Þ

3=2þ n − Δ−
þ ðnþ 1Þðnþ 2Þ

5=2þ n − Δ−
− 16Δ−

�
c2J þOðc3JÞ:

ð5:28Þ

As discussed above, comparing (5.23), (5.24), and (5.26) to (3.12), the poles give us the boundary operator scaling
dimension

Δ̂n ¼
1

2
þ isn: ð5:29Þ

This is one of our main results. The Janus deformation hence induces a shift in the boundary operator dimension of second
order in cJ. The factor of jzz0j−Δþ in (3.10) can be restored by going to a flat conformal frame. The BOPE coefficients bOÔn

are then the residues evaluated at the shifted poles.

hOðz; τÞOðz0; τ0ÞiL=R;L=R ¼
X
Δ̂n

bOL=RÔn
bOL=RÔn

ð−ξÞ−Δ̂n
2F1

�
Δ̂n; Δ̂n; 2Δ̂n;−

1

ξ

�
;

hOðz; τÞOðz0; τ0ÞiL=R;R=L ¼
X
Δ̂n

bOL=RÔn
bOR=LÔn

ðξ̃Þ−Δ̂n
2F1

�
Δ̂n; Δ̂n; 2Δ̂n;

1

ξ̃

�
: ð5:30Þ

Here the sum is over the boundary operators Ôn which are labeled by positive integers n. Evaluating the residues of the
integrals (5.23), (5.24), and (5.26) allows us to read off the BOPE coefficients for the LL;RR; LR, and RL correlators

bOLÔn
bOLÔn

¼ ðΔþ − Δ−Þ
2

sn tanhðπsnÞ
Γð−2isnÞ
Γð1

2
− isnÞ2

Γðnþ 3 − 2Δ−Þ
Γð1 − Δ−ÞΓð2 − Δ−Þn!

e−∂θ1Wjs¼sn ; ð5:31Þ

bORÔn
bORÔn

¼ ðΔþ − Δ−Þ
2

sn tanhðπsnÞ
Γð−2isnÞ
Γð1

2
− isnÞ2

Γðnþ 3 − 2Δ−Þ
Γð1 − Δ−ÞΓð2 − Δ−Þn!

e−∂θ0Wjs¼sn ; ð5:32Þ

bOLÔn
bORÔn

¼ ðΔþ − Δ−Þ
2

sn tanhðπsnÞ
Γð−2isnÞ
Γð1

2
− isnÞ2

ð−1ÞnΓðnþ 3 − 2Δ−Þ
Γð1 − Δ−ÞΓð2 − Δ−Þn!

e−
1
2
∂θ0

Wjs¼sn−
1
2
∂θ1

Wjs¼sn : ð5:33Þ

Where the residues are evaluated at the shifted locations
(5.28) using the formula

Γð1 − zÞΓðzÞ ¼ π

sin πz
: ð5:34Þ

Note that the BOPE coefficients satisfy a consistency
relation where the product of (5.31) and (5.32) is equal
to the square of (5.33).

VI. DISCUSSION

In this paper, we studied a new occurrence of Heun’s
equation in theoretical physics, namely the equation of
motion of a massive probe scalar in an AdS3 Janus solution.
The two-point functions were calculated using the con-
nection coefficients of Heun’s equation, obtained by taking
advantage of degenerate Virasoro blocks in a Liouville
CFT. We identified the shift in conformal dimension of the
boundary CFT operators dual to the probe scalar field, and
also found the BOPE coefficients with different operator
insertions with respect to the Janus defect. These results are

given as a expansion for small Janus deformation para-
meter cJ. We presented the first nontrivial order which is
quadratic in cJ. It is in principle possible to obtain higher
orders using the expansion of the semiclassical conformal
blocks, but we did not present these as the expressions
become very unwieldy.
For generic mass of the probe scalar the two Frobenius

solutions are linearly independent. For special mass values
where Δþ − Δ− is an integer, the solutions to the equation
of motion become degenerate, i.e., the index equation gives
two identical roots. We did not discuss this case in the
present paper but the resulting logarithmic correction can
be handled using methods discussed recently in [17].
The three-dimensional Euclidean Janus solution can be

used to construct wormhole solutions by taking a quotient
of the Euclidean H2 slice by a discrete Fuchsian group Γ,
yielding a compact Riemann surface Σ2 ¼ H2=Γ. The
resulting Riemann surface has genus g ≥ 2 and the worm-
hole would relate two CFTs defined on Σ with different
marginal deformations. Note that the boundary of the
Euclidean AdS space H2 is removed by the quotient and
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hence operators localized on opposite ends of the wormhole
cannot come close to each other, while operators on the
same side can still have a bulk OPE. For compactH2=Γ the
spectrum of the two-dimensional Laplacian will be dis-
crete. This means that in the expressions for the correlators
in Sec. V, the integrals over s will be replaced by discrete
sums. While obtaining the spectrum is a hard mathematical
problem, it may still be possible to consider the bulk OPE
channel which is dominated by small distances, hence the
sum over s may be approximated by an integral.
In this paper we considered a massive scalar in a simple

Janus background in the probe approximation, i.e., we
neglected any backreaction of the probe scalar on the Janus
solution as well as any other couplings to other fields
which may be present. It would be interesting to apply the
methods presented in this paper to supergravity theories
which are consistent truncations of ten-dimensional sol-
utions, such as gauged d ¼ 3, N ¼ 8 gauged supergravity
[64]. Supersymmetric Janus and RG-flow interface solu-
tions have been constructed for such theories, see, e.g.,
[35,65,66]. This may be interesting for two reasons: First,
even in a probe approximation, couplings to other back-
ground fields may modify the linearized equation for the
massive scalar field which may not be of Heun form at all
(or correspond to confluent limits). Second, there have been
several interesting relations and inequalities of holographic
observables in holographic interface theories involving
various forms of entanglement entropy and reflection and
transmission coefficients [67–69]. It may be possible that
the two-point functions which have been calculated here
could also obey such relations and provide useful data in
describing holographic interfaces. We leave these interest-
ing questions for future research.
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APPENDIX A: EIGENFUNCTIONS OF THE
LAPLACIAN ON H2

We are looking for an orthogonal basis of eigenfunc-
tions of the Laplacian ∇2

H2
on the upper half plane

(ζ ¼ τ þ iz; z > 0). The eigenfunctions of the two-dimen-
sional Laplacian on H2 satisfy

∇2
H2
gs ¼ z2ð∂2z þ ∂

2
τÞgs ¼ −

�
s2 þ 1

4

�
gs; ðA1Þ

and we have

gk;s ¼ eikτz
1
2KisðjkjzÞ; ðA2Þ

where Kν is the modified Bessel (or MacDonald) function.
One completeness/orthogonality relation is given by

Z
dzdτ
z2

μðsÞg�k;sðz; τÞgk0;s0 ðz; τÞ

¼
Z

dzdτ
z2

s sinhðπsÞ
π3

g�k;sðz; τÞgk0;s0 ðz; τÞ

¼ δðk − k0Þδðs − s0Þ: ðA3Þ

The second completeness/orthogonality relation is obtained
by integrating

2

π2

Z
∞

0

dss sinhðπsÞKisðxÞKisðx0Þ ¼ xδðx − x0Þ; ðA4Þ

using the Kontorovich-Lebedev transform pair [70]

f̃ðsÞ ¼
Z

∞

0

dxKisðxÞfðxÞ

fðxÞ ¼ 1

π2x

Z
∞

0

ds2s sinhðπsÞKisðxÞf̃ðsÞ; ðA5Þ

which, together with the integral over k, leaves us with

1

π3

Z
∞

−∞
dk
Z

∞

0

dss sinhðπsÞg�k;sðz; τÞgk;sðz0; τ0Þ

¼ z2δðz − z0Þδðτ − τ0Þ: ðA6Þ

1. Boundedness of spectrum of ∇2
H2

There is an argument using the Cauchy-Schwarz
inequality to show that the eigenvalues of the Laplacian
on H2 lie in ½−∞;− 1

4
�. We will start with the integral

I ¼ 1

4

�Z
∞

0

f2
1

z2
dz

�
2

: ðA7Þ

We can integrate the identity

∂z

�
f2

1

z

�
¼ 2∂zff

1

z
− f2

1

z2
; ðA8Þ

where the integral on the left hand side will vanish,
following from square integrability. Then we have

I ¼
�Z

∞

0

∂zff
1

z
dz

�
2

: ðA9Þ

We can now use the Cauchy-Schwarz inequality jðu; vÞj2 ≤
ðu; uÞðv; vÞ where the inner product is defined as the
integral over z. This gives the inequality
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I ≤
Z

∞

0

ð∂zfÞ2dz
Z

∞

0

f2
1

z2
dz: ðA10Þ

The second factor on the right hand side is one factor in the
square on the left-hand side, so dividing by it gives

1

4

Z
∞

0

f2
1

z2
dz ≤

Z
∞

0

ð∂zfÞ2dz: ðA11Þ

Since this inequality is true point-wise, we can make every-
thing dependent on τ and integrate over τ∈ ½−∞;þ∞�.
We can also add the positive definite term

R ð∂τfÞ2 to the
right hand side without violating the inequality. Finally
we multiply by 1 ¼ z2

z2 inside the integral. Putting this all
together we get

1

4

Z
H2

f2
dzdτ
z2

≤
Z
H2

z2
�ð∂zfÞ2 þ ð∂τfÞ2

� dzdτ
z2

: ðA12Þ

Integrating the right-hand side by parts for both z, τ
gives

1

4

Z
H2

f2
dzdτ
z2

≤ −
Z
H2

fz2ð∂2z þ ∂
2
τÞf

dzdτ
z2

≤ −
Z
H2

f∇2f
dzdτ
z2

: ðA13Þ

If f is an eigenfunction of the Laplacian, ∇2f ¼ λf and
we get

λ ≤ −
1

4
: ðA14Þ

Writing λ ¼ νðνþ 1Þ with ν ¼ is − 1=2 we find that
λ ¼ −s2 − 1

4
≤ − 1

4
, meaning s must be real-valued.

APPENDIX B: BULK AND BULK-BOUNDARY
GREEN’S FUNCTIONS

Green’s functions for linear second order ODEs can be
constructed using the Wronskian method.2 The Wronskian
for an ODE is defined as

Wðϕ1;ϕ2ÞðyÞ ¼ ϕ1ðyÞ∂yϕ2 − ϕ2ðyÞ∂yϕ1ðyÞ; ðB1Þ

where ϕ1;2 are two linearly independent solutions of the
ODE.Weworkwith the normal form ofHeun’s equation (4.2)
rather the one coming from the probe scalar (3.5), since

∂yW ¼ ϕ1ðyÞ∂2yϕ2 − ϕ2ðyÞ∂2yϕ1ðyÞ ðB2Þ

vanishes for the normal form meaning the corresponding
Wronskian is constant. The bulk Green’s function is con-
structed by choosing ϕ1;2 to be NL=R

s , defined in (5.1)

Gðy; z; τjy0; z0; τ0Þ ¼ 1

π3

Z
∞

−∞
dk
Z

∞

0

dss sinhðπsÞg�k;sðz; τÞgk;sðz0; τ0Þ

×
θðy − y0ÞNL

s ðy0ÞNR
s ðyÞ þ θðy0 − yÞNL

s ðyÞNR
s ðy0Þ

WðNL
s ; NR

s ÞðyÞ
: ðB3Þ

From (5.1) and (5.2), we can confirm that the Wronksian is
constant and given by

WðNL
s ; NR

s ÞðyÞ ¼
Cþ−

2
ðΔþ − Δ−Þ: ðB4Þ

The bulk-boundary propagators with sources on either
boundary are then given by

K̂Rðy; z; τjz0; τ0Þ ¼
Δþ − Δ−

2
lim
y0→1

1

ð1 − y0ÞΔþ=2

×Gðy; z; τjy0; z0; τ0Þ; ðB5Þ

K̂Lðy; z; τjz0; τ0Þ ¼
Δþ − Δ−

2
lim
y0→0

1

y0Δþ=2

×Gðy; z; τjy0; z0; τ0Þ; ðB6Þ

with the normalizations fixed so that

ð∂2y þ TðyÞÞK̂L;Rðy; z; τjz0; τ0Þ ¼ 0;

lim
y→1

K̂Rðy; z; τjz0; τ0Þ ¼ ð1 − yÞΔ−=2z2δðz − z0Þ

× δðτ − τ0Þ;
lim
y→0

K̂Rðy; z; τjz0; τ0Þ ¼ 0;

lim
y→0

K̂Lðy; z; τjz0; τ0Þ ¼ yΔ−=2z2δðz − z0Þδðτ − τ0Þ;

lim
y→1

K̂Lðy; z; τjz0; τ0Þ ¼ 0: ðB7Þ

The bulk-boundary Green’s function for the original
probe scalar can be obtained by rescaling K̂L=R by the
factor (4.1)

2See [51,71] for related constructions of Green’s functions in
holography.
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KRðy; z; τjz0; τ0Þ ¼
1

π3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − cJ þ 2cJy

p
Z

∞

−∞
dk
Z

∞

0

dss sinhðπsÞg�k;sðz; τÞgk;sðz0; τ0Þ
NL

s ðyÞ
Cþ−

;

KLðy; z; τjz0; τ0Þ ¼
1

π3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − cJ þ 2cJy

p
Z

∞

−∞
dk
Z

∞

0

dss sinhðπsÞg�k;sðz; τÞgk;sðz0; τ0Þ
NR

s ðyÞ
Cþ−

: ðB8Þ

The bulk field for the probe scalar with sources on the left and the right boundary can then be written as

ψðy; z; τÞ ¼
Z

dz0dτ0

ðz0Þ2
�
KRðy; z; τjz0; τ0ÞJRðz0; τ0Þ þ KLðy; z; τjz0; τ0ÞJLðz0; τ0Þ

�
: ðB9Þ

APPENDIX C: HEUN FUNCTIONS

In this appendix we review some properties of Heun’s
differential equation and its local Frobenius solutions,
following the conventions found in Sec. 31 of [72].
Heun’s equation (4.2) is a 2nd order Fuchsian differential
equation with 4 regular singularities (z ¼ 0; 1; a;∞)

H00 þ
�
γ

z
þ δ

z − 1
þ 1þ αþ β − γ − δ

z − a

�
H0

þ αβz − q
zðz − 1Þðz − aÞH ¼ 0: ðC1Þ

Near the critical point z ¼ 0 the Frobenius solution that
evaluates to 1 at z ¼ 0 has the power series expansion

Hlða; q; α; β; γ; δ; zÞ ¼
X∞
j¼0

Ajzj: ðC2Þ

The Frobenius coefficients Ai satisfy the recursion
relations

A0 ¼ 1;

A1 ¼
q
aγ

A0

RjAjþ1 − ðQj þ qÞAj þ PjAj−1 ¼ 0; ðC3Þ

with

Pj ¼ ðj − 1þ αÞðj − 1þ βÞ;
Qj ¼ j

�ðj − 1þ γÞð1þ aÞ þ a; δþ 1þ αþ β − γ − δ
�
;

Rj ¼ aðjþ 1Þðjþ γÞ: ðC4Þ

The other solution at z ¼ 0 (for γ ≠ 1; 2; 3;…) is

z1−γHl
�
a; ðaδþ εÞð1 − γÞ þ q; αþ 1 − γ; β þ 1 − γ; 2 − γ; δ; z

�
; ðC5Þ

and the solutions at z ¼ 1 (with similar restrictions on δ) are

Hlð1 − a; αβ − q; α; β; δ; γ; 1 − zÞ; ð1 − zÞ1−δ;
Hl
�
1 − a; ðð1 − aÞγ þ εÞð1 − δÞ þ αβ − q; αþ 1 − δ; β þ 1 − δ; 2 − δ; γ; 1 − z

�
: ðC6Þ

Subtleties arise when γ; δ ¼ 1; 2; 3;…; such logarithmic
cases are also discussed in [72]. We omit that discussion
here as this does not become an issue for the solutions we
handle in this paper, as long as the dilaton mass is kept
generic.

APPENDIX D: VIRASORO CONFORMAL
BLOCKS

The connection coefficients that relate the probe scalar
solutions near either AdS boundary come from fusion
rules for degenerate Virasoro blocks in a Liouville CFT.
This CFT is distinct from the CFT2 that is dual to AdS3.

The s-channel connection formulas are considerably sim-
pler than the traditional t-channel result. What follows is a
summary of the findings in [17,26].
The central charge of a 2D Liouville CFT can be

parametrized by the background charge Q

c ¼ 1þ 6Q2; Q ¼ bþ 1

b
; ðD1Þ

where b can be thought of as a coupling constant (which we
will later take to 0). Primary operators in this CFT are
labeled by their Liouville momenta P, and have conformal
weight
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h ¼ Q2

4
− P2: ðD2Þ

Degenerate Verma modules occur for a discrete set of
Liouville momenta, parametrized by two integers r and b

Phr;si ¼
1

2

�
rbþ s

b

�
: ðD3Þ

The s-channel conformal blocks, which we get from
inserting the OPE in a four-point function of primary
operators, take on a series expansion in terms of the cross-
ratio t, with coefficients fixed from instanton counting
using the AGT relation [5].
When we insert a degenerate primary into the four-point

conformal blocks, the resulting five-point conformal blocks
obey the BPZ equation with different insertions related by
the fusion coefficients. The insertions we are interested
in are

with the intermediate momenta coming from degenerate-
primary fusion rules.
Respectively taking the y → 0 and y → 1 OPE limits,

the leading behavior becomes and the leading exponents
will later become the critical exponents for the relevant
Frobenius solutions to Heun’s equation.
The BPZ equation for the degenerate four-point blocks is

�
1

b2
∂
2
y þ L−2

�
F ðy; tÞ ¼ 0; ðD4Þ

with L−2 the differential operator

L−2 ¼
h0
y2

þ h1
ðy − 1Þ2 þ

ht
ðy − tÞ2

þ h∞ − hh2;1i − h0 − h1 − ht
yðy − 1Þ

þ tðt − 1Þ
yðy − 1Þðy − tÞ ∂t −

�
1

y
þ 1

y − 1

�
∂y: ðD5Þ

The degenerate blocks in Fig. 1 are related by a fusion
transformation matrix

F ½0�
ϵ ðy; tÞ ¼

X
ϵ0¼�

Fϵϵ0 ðP0; P1; PσÞF ½1�
ϵ ðy; tÞ; ðD6Þ

with

Fϵϵ0 ðP0; P1; PσÞ ¼
Γð1 − 2ϵbP0ÞΓð2ϵ0bP1Þ

Γð1
2
− ϵbP0 þ ϵ0bP1 � bPσÞ

: ðD7Þ

When we take the semiclassical limit, i.e.,

b→ 0; Pi;Pσ →∞; bPi → θi; bPσ → σ; ðD8Þ

we get several simplifications. The conformal weights of
each operator factorize into the critical exponents

hi → δi ¼
�
1

2
þ θi

��
1

2
− θi

�
; ðD9Þ

and more importantly the conformal blocks factorize into
the heavy (Δi ¼ Oðc1Þ, corresponding to the punctures)
and light (Δi ¼ Oðc0Þ, corresponding to the degenerate
operator insertion) parts. The heavy block exponentiates, as
proven in [60], leaving

F ½i�
ϵ ðy; tÞ⟶semiclassical

N ½i�
ϵ ρ

½i�
ϵ ðyÞ exp ½b−2WðtÞ�; i ¼ 0; 1:

ðD10Þ

FIG. 1. Degenerate 4-point blocks with the degenerate operator
fusing with the y ¼ 0 and y ¼ 1 punctures.
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N ½i�
ϵ ¼ exp½ϵ

2
∂θiWðtÞ� is a normalization factor that

accounts for the shift in conformal weights coming from
fusion rules, and WðtÞ is the classical s-channel Virasoro
block

Plugging (D10) back into the BPZ equation (D4) and

solving for ρ½i�ϵ ðyÞ, we finally get the connection coefficients
(4.15) for the normal form of Heun’s equation.

APPENDIX E: AGREEMENT BETWEEN
THE TRIESTE AND SCHÄFKE-SCHMIDT

FORMULAS

The Schäfke-Schmidt formula for the normal form of
Heun’s equation [26] is given by

CSS
ϵϵ0 ¼

Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þð1 − 1
tÞ−

1
2
−θt

ΓðΘ10 � ωÞ

× exp
X∞
k¼1

ln

 
1 −

1

t
αk−1 −

1
t βk

1 − 1
t αk −

1
tβkþ1

1−���

!
; ðE1Þ

With Θ10 ¼ 1
2
þ ϵ0θ1 − ϵθ0 defined for brevity and

αk ¼ −
ðkþ 1

2
− ϵθ0 − θtÞ2 − θ20 − θ2∞ þ ω2

ðkþ 1
2
− ϵθ0 þ ϵ0θ1Þ2 − ω2

;

βk ¼
kðk − 2ϵθ0Þððk − ϵθ0 þ ϵ0θ1 − θtÞ2 − θ2∞Þ

ððkþ 1
2
− ϵθ0 þ ϵ0θ1Þ2 − ω2Þððk − 1

2
− ϵθ0 þ ϵ0θ1Þ2 − ω2Þ : ðE2Þ

Truncating the infinite fraction to order 1
t then expanding the logs for small 1

t, we have

CSS
ϵϵ0 ≈

Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þ
ΓðΘ10 � ωÞ exp

��
1

2
þ θt −

X∞
k¼1

ðαk−1 þ βkÞ
�
1

t

	
: ðE3Þ

Resumming the exponent in terms of polygamma functions, we are left with

CSS
ϵϵ0 ≈

Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þ
ΓðΘ10 � ωÞ exp

�
−
�ðϵθ0 þ ϵ0θ1Þð14 − ω2 þ θ2∞ − θ2t Þ

2ð1
4
− ω2Þ þ ðψðΘ10 þ ωÞ − ψðΘ10 − ωÞÞσ1

�
1

t

	

≈
Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þ

ΓðΘ10 � ωÞ exp

�
−
ðϵθ0 þ ϵ0θ1Þð14 − ω2 þ θ2∞ − θ2t Þ

2ð1
4
− ω2Þ

1

t

	�
1 − ðψðΘ10 þ ωÞ − ψðΘ10 − ωÞÞ σ1

t

	
: ðE4Þ

Expanding the Trieste formula in 1
t, we have

CT
ϵϵ0 ≈

Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þ
ΓðΘ10 � ðωþ σ1

t ÞÞ
exp

�
−
ðϵθ0 þ ϵ0θ1Þð14 − ω2 þ θ2∞ − θ2t Þ

2ð1
4
− ω2Þ

1

t

	

≈ Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þ exp
�
−
ðϵθ0 þ ϵ0θ1Þð14 − ω2 þ θ2∞ − θ2t Þ

2ð1
4
− ω2Þ

1

t

	

×

�
1

ΓðΘ10 � ωÞ −
�
Γ0ðΘ10 þ ωÞ
Γ2ðΘ10 þ ωÞ

1

ΓðΘ10 − ωÞ −
1

ΓðΘ10 þ ωÞ
Γ0ðΘ10 − ωÞ
Γ2ðΘ10 − ωÞ

�
σ1
t

	

¼ Γð1 − 2ϵθ0ÞΓð2ϵ0θ1Þ
ΓðΘ10 � ωÞ exp

�
−
ðϵθ0 þ ϵ0θ1Þð14 − ω2 þ θ2∞ − θ2t Þ

2ð1
4
− ω2Þ

1

t

	

×

�
1 − ðψðΘ10 þ ωÞ − ψðΘ10 − ωÞÞ σ1

t

	
: ðE5Þ

We have only shown explicit agreement to order 1
t, but the two formulas exactly agree to all orders; see Table 1 in [73].
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