
Heavy holographic correlators in defect conformal field theories

Georgios Linardopoulos 1,* and Chanyong Park 2,†

1Shanghai Institute for Mathematics and Interdisciplinary Sciences (SIMIS), Shanghai 200433, China
2Department of Physics and Photon Science, Gwangju Institute of Science and Technology,

Gwangju 61005, Korea

(Received 16 April 2026; accepted 25 September 2026; published 19 October 2026)

We study holographic defect conformal field theories which are dual to probe branes with bottom-up
methods. First, we determine the embedding of codimension-1 interface branes in anti–de Sitter space.
Then, we compute defect one- and two-point functions of heavy scalar operators at strong coupling. We use
geodesic approximations to compute reflected two-point functions in two ways as well as ambient and
defect-channel two-point functions. In appropriate limits, our results agree with the operator product
expansion and the boundary operator expansion.
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I. INTRODUCTION

Understanding strongly interacting systems is one of the
greatest challenges in theoretical physics. As traditional
quantum field theory (QFT) lacks a systematic framework
for exploring nonperturbative phenomena, an effective tool
is provided by the AdS/CFT correspondence and holog-
raphy [1–4]. The holographic proposal claims that (dþ 1)-
dimensional (weakly coupled, super) gravity and string
theories in AdS spaces are in a one-to-one mapping with
d-dimensional (strongly interacting, maximally supersym-
metric) conformal field theories (CFTs). As such, holog-
raphy paves the way for investigating strongly interacting
systems. Holographic QFTs with fewer symmetries and
supersymmetries have also been identified, e.g., holo-
graphic boundary and defect CFTs (BCFTs and dCFTs),
where planar boundaries and defects of various codimen-
sionalities break translation invariance [5,6].
The computation of strongly coupled correlation func-

tions with the AdS/CFT correspondence may proceed with
the top-down and the bottom-up approach.1 In the top-down
approach, the detailed gravity and string theory duals
of QFTs are known exactly. Leading-order correlation
functions can be computed with Witten diagrams in the
supergravity approximation [8–12], whereas for the next-to-
leading orders beyond supergravity, semiclassical string

methods are available. There is a distinction between scaling
dimensions (spectrum) and two-point functions [13–17],
whose computation generally differs from that of three- and
higher-point correlation functions [18–20]. In integrable
models of AdS/CFT [21–23], all-loop nonperturbative
methods for both the spectrum [24] and correlation func-
tions [25] have been developed.2

Top-down models of boundary and defect CFTs which
have concrete holographic realizations with probe branes,
go by the name of AdS/defect CFT correspondence (AdS/
dCFT for short). For such models, supergravity and Witten
diagram computations have been found to agree with
perturbative QFT calculations (in appropriate scaling lim-
its). Known cases include the (codimension-1) probe brane
systems D3–D5 [27–29], D3–D7 [30], and D2–D4 [31],
the (codimension-3) D1–D3 system [32] and the (codi-
mension-2) D3–D3 [33] and D3–D5 [34] probe brane
systems. Semiclassical string methods for these systems
were introduced in [35] (see [36] for a recent review).
Localization techniques for supersymmetric probe brane
systems have also been developed [37–41].
On the other hand, the bottom-up approach begins with

some generic AdS type of background and successively
adds to it new ingredients in order to approximate some
desired holographic dual QFT. This way, physical quantities
of QFTs such as the qq̄ potential [42–44], entanglement
entropy [45–51], and correlation functions [52–59] are
realized by geometric objects on the dual gravity side.
For two heavy scalar local operators located on the boundary
of AdS, their two-point correlation function can be com-
puted at strong coupling from the length of the geodesic
curve which connects them in the bulk of AdS [52–56]:
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1See, e.g., [7] for a recent description of the two approaches.

2See also [26] for an interesting new connection between
holography and integrability which is worth exploring further.
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hÔðxÞÔðyÞi ≃ e−Δ·Lðx;yÞ=R; ð1Þ

where Δ is the scaling dimension of the scalar operator
ÔðxÞ, Lðx; yÞ is the geodesic distance of the boundary
points x, y, and R is the AdS length. With this holographic
proposal, the known expressions of conformal two- and
three-point functions were obtained in [57].
Bottom-up methods typically ignore CFT matter fields

and their dual components in the bulk by focusing on the
classical gravity limit of the AdS/CFT correspondence. The
latter is obtained by allowing the number of colors N and ’t
Hooft coupling λ ¼ g2YMN to become infinite. The new
ingredient we add in this work is a bulk codimension-1
probe brane. As mentioned above, probe branes are holo-
graphically dual to BCFTs and dCFTs. The main goal of
this paper is the computation of holographic correlation
functions at strong coupling with the bottom-up approach.
Because bottom-up holography takes into account only
salient features of the models under study, details which are
needed for the identification of string states and their dual
QFT operators are by and large glossed over. Even so,
bottom-up methods provide useful information about the
structure of holographic correlation functions at strong
coupling, in the limit where the involved operators become
heavy as we will see.
Gauge invariant operators in the large-N limit of holo-

graphic CFTs likeN ¼ 4, SUðNÞ super Yang-Mills (SYM)
theory are classified according to their scaling dimensions.
See Table I below.3 Light operators have small and finite
scaling dimensions, while the dimensions of heavier states
tend to infinity with increasing powers of N. Single-trace
operators which diagonalize the planar (N → ∞), inte-
grable part of the dilatation operator ofN ¼ 4 SYM cannot
be heavier than

ffiffiffiffi
N

p
. Heavier operators which scale like N

include giant gravitons, which are probe finite-size compact
D-branes, holographically dual to determinant operators.
Huge states can also be constructed, e.g., by putting
together stacks of D-branes which backreact with the
background geometry and are believed to be relevant to
black holes.
The computation of heavy correlation functions is cur-

rently receiving increased attention, especially in the case of
huge backreacting operators [62–66]. Recent studies of the
heavy operator product expansion (OPE) can be found in
[67,68]. Perturbative calculations of heavy correlation func-
tions become more and more involved as the number of
Wick contractions increases and usually stop after a few loop
orders. Strong coupling calculations are essentially limited
to holographic models. Top-down methods generally start
with a saddle point approximation which makes the path
integral localize on classical solutions, to leading order in the
coupling (λ → ∞). In the heavy operator limit (Δ → ∞), the

leading-order correlator further localizes on geodesic curves.
By contrast, the bottom-up approach directly employs the
geodesic approximation recipe (1) and omits the preliminary
steps which are included in the top-down algorithm. This
simplifies and speeds up the computation of correlation
functions significantly; however, several details of the
correlators (such as, e.g., the precise form of the operators)
are no longer available.
Our paper is organized as follows. In Sec. II below, we

revisit the top-down computation of one-point functions of
chiral primary operators (CPOs) with the AdS/dCFT
correspondence. In Sec. III, we introduce the bottom-up
approach and show that it reproduces the embedding of
codimension-1 probe branes in AdS spacetime. We then
compute correlation functions of heavy scalar operators in
strongly coupled codimension-1 dCFT with the method of
geodesic approximations. In Sec. III A, we compute one-
point functions, and in Sec. III B two-point functions. In
Sec. III B 1, we compute reflected two-point functions in
two ways; in Sec. III B 2, we compute defect CFT two-
point functions in the ambient channel and in Sec. III B 3
defect CFT two-point functions in the defect channel.
Section IV includes our concluding remarks.

II. TOP-DOWN APPROACH

We consider holographic models of defect CFTs whose
string and gravity theory duals include a probe brane. Top-
down (AdS/dCFT) descriptions of these models are
obtained by adding probe branes on the dual string theory
sides of integrable holographic (supersymmetric) gauge
theories and CFTs, such as planarN ¼ 4 super Yang-Mills
(SYM) theory in 4D and Aharony-Bergman-Jafferis-
Maldacena (ABJM) theory in 3D. The probe brane induces
a defect on the dual CFT side which becomes a dCFT.
Supersymmetry and/or integrability may be broken on
either side of the emerging duality.
For example, take two copies of N ¼ 4 SYM theory,

with gauge groups SUðNÞ and SUðN − kÞ, separated by a
(planar) 3D codimension-1 defect at x3 ¼ 0.4 Such a

TABLE I. Types of gauge invariant operators in N ¼ 4 SYM.

Scaling dimensions Examples

Light operators Δ ∼ 1 CPOs
Medium operators Δ ∼ N1=4 Konishi operator
Heavy operators Δ ∼ N1=2 Giant magnons
Heavier operators Δ ∼ N Giant gravitons
Huge operators Δ ∼ N2 Backreacting operators

3A nice recent reference where more details can be found
is [60]. See also the classification of [61].

4The AdS5 Poincaré coordinates are denoted by ðx0; x1; x2;
x3; zÞ, while the coordinates on S5 are ðψ ; θ; χ;ϑ; ϱÞ. See (6)
below and (A6)–(A9) in Appendix A. This implies that the
boundary of AdS5 is located at z ¼ 0. Note also the notation
x ¼ ðx0; x1; x2; x3Þ and x ¼ ðx0; x1; x2Þ.
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system can be realized in string theory by a probe D5 or
D7-brane which is anchored to the boundary of AdS5 and
wraps an internal space with k units of Abelian or non-
Abelian flux through it [27,28,30].

A. Weak coupling

AdS/dCFT correlation functions can be computed by
means of “interfaces.” Interfaces are described by classical
(“fuzzy funnel” or “domain wall”) solutions of the gauge
theory equations of motion which share the symmetries of
the probe brane [69,70]. In the case of the 4D, codimen-
sion-1 dCFT which is dual to the D3–D5 probe brane
system, the tree-level one-point function of (length
Δ ¼ 2l) chiral primary operators (A1) is [28]

hOðxÞitree ¼ Cl
ð2π2Þlffiffiffiffiffiffi
2l

p
λl

kðk2 − 1Þl
x2l3

; Cl ≡ 1

2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ 1

2lþ 1

r
:

ð2Þ

Note that (2) holds only for SOð3Þ × SOð3Þ singlets. In
the case of the ferromagnetic vacuum state operator (A4),
we can go one step further. The tree-level one-point
function is given by [29,71]

hOðxÞitree ¼
1

2lþ 1

ffiffiffi
2

l

r �
8π2

λ

�
l

·
B2lþ1ð1þk

2
Þ

x2l3
; ð3Þ

where BnðxÞ are the Bernoulli polynomials and L ¼ 2l is
the length of the operator (l ¼ 0; 1;…). Both one-point
functions (2) and (3) vanish when the lengths Δ and L are
odd. Expanding the one-point function (3) around k ¼ ∞,
we are led to the following perturbative expansion:

hOðxÞitree ¼
1

2lþ 1
·
ð2π2Þlffiffiffiffiffiffi
2l

p
λl

ðkþ 1Þ2lþ1

x2l3

×

�
1 −

2lþ 1

k
þ ð2lþ 1Þð2lþ 3Þ

3k2
− � � �

�
;

ð4Þ

which agrees with the large-k behavior of the CPO tree-level
one-point function (2). For the vacuum state operator (A4),
the one-loop correction to the one-point function has also
been computed [71,72]:

hOðxÞi1-loop ¼
l

2l − 1

ffiffiffi
2

l

r �
8π2

λ

�
l−1

·
B2l−1ð1þk

2
Þ

x2l3
: ð5Þ

Similar results have been obtained for the (codimension-1)
D3–D7 dCFT [30,73–75] and the (codimension-3) D1–D3
dCFT [32,76] in 4D. For the (codimension-1) beta-deformed
D3–D5 dCFT in 4D, D2–D4 dCFT in 3D, and (codimen-
sion-2) D3–D3 dCFT in 4D, only scalar tree-level one-point

functions are currently available [31,77,78]. See [79,80] for
scalar tree-level D3–D5 two-point functions and [81,82] for
spinorial tree-level two-point functions in the D3–D5 and
D3–D7 dCFTs.

B. Strong coupling

AdS/dCFT correlation functions can also be computed
on the dual string theory side. The near-horizon geometry
of a large number N of coincident D3-branes is AdS5 × S5,
whose metric (in Euclidean signature) is

ds2 ¼ R2

z2
ðdx20 þ dx21 þ dx22 þ dx23 þ dz2Þ þ R2dΩ2

5: ð6Þ

The probe D5-brane extends in the radial direction of AdS5
and wraps AdS4 × S2 ⊂ AdS5 × S5, with k units of mag-
netic flux through S2. Solving the probe D5-brane equa-
tions of motion, we find the following solution [6]:

x3 ¼ κ · z; κ ¼ πkffiffiffi
λ

p : ð7Þ

One-point functions can be computed with the Gubser-
Klebanov-Polyakov-Witten prescription [2,3]. For the CPO
(A1), the result takes the following form [28,83] (omitting
higher-order terms; see [35,36] for more):

hOðxÞi ¼ Cl

Δ − 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

2Δπ2Δ

r
·
1

xΔ3
· ðΔ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þ 1

p
− κÞ

× ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þ 1

p
þ κÞΔ ¼ Cl

ffiffiffiffiffiffiffiffi
2Δλ

π2Δ

s
κΔþ1

xΔ3

×

�
1þ ΔðΔþ 1Þ

4ðΔ − 1Þκ2 þ
ΔðΔþ 1Þ

32κ4
þ � � �

�

¼ Cl
ð2π2Þlffiffiffiffiffiffi
2l

p
λl

k2lþ1

x2l3
þ � � � ; ð8Þ

where Δ ¼ 2l as before and the ellipsis denotes higher-
order corrections in 1=κ, for κ ≫ 1. The leading (in 1=κ)
term of the strong coupling result (8) exactly reproduces the
weak coupling, tree-level result (2) in the double scaling
limit k ≫

ffiffiffi
λ

p
≫ 1, κ ≫ 1. This limit is very reminiscent of

the Berenstein-Maldacena-Nastase limit [84] whereby the
perturbative expansion of anomalous dimensions of unpro-
tected operators of N ¼ 4 SYM organizes itself (up to
three loops) in powers of λ=J2, J being the angular
momentum of the operator. Interestingly, the strong cou-
pling value (8) of the one-point function of the CPO (A1)
can be turned into a nontrivial test for the one-loop
correction (5) to the one-point function of the vacuum
state operator (A4) [71,72] since, for Δ ¼ L ¼ 2l,
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hOðxÞi1-loop
hOðxÞitree

����
string

¼ hOðxÞi1-loop
hOðxÞitree

����
gauge

¼ λ

4π2k2
LðLþ 1Þ
L − 1

; ð9Þ

despite the fact that the operators (A1) and (A4) are not the
same. However, because (A1) has a nonvanishing projec-
tion onto (A4), (9) is expected to hold. In words, the ratio of
the next-to-leading-order term to the leading-order term in
(8) should match the ratio of the one-loop result (5) to the
tree-level result (3). Test (9) further leads to yet another
prediction for the asymptotic form of the perturbative
expansion at higher loop orders [83]. In the heavy operator
limit, which is obtained by sending Δ;l → ∞ while
keeping κ2 ≫ Δ, the strong coupling (tree-level) one-point
function (8) of the CPO (A1) takes the form

hOðxÞi ¼ Cl

ffiffiffiffiffiffiffiffi
2Δλ

π2Δ

s
κΔþ1

xΔ3

�
1þ Δ

4κ2
þ Δ2

32κ4
þ � � �

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

exp ðΔ=4κ2Þ

: ð10Þ

Similar results have been found for the D3–D7, D2–D4,
and D1–D3 probe-brane systems [30–32,74–76]. Scalar
two-point functions of the D3–D5 probe-brane system have
been computed in [35]; see [34] for the stringy computation
of a spinorial one-point function.
The one-point function of the ferromagnetic vacuum

state operator (A4) has been computed with semiclassical
strings in [85]. The result reads

hOðxÞi ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
þ κÞL

ð ffiffiffi
2

p
RÞL ¼ 2L=2κL

RL

�
1þ L

4κ2

þ LðL − 3Þ
32κ4

þ � � �
�
; ð11Þ

and it turns out to be the same with the one derived with the
geodesic approximation method as we will see below.

III. BOTTOM-UP APPROACH

In the bottom-up approach, the codimension-1 probe
brane Σ is viewed as an “interface” or “domain wall,” i.e., a
dynamical boundary that hosts gravitational degrees of
freedom. The total action of the system is given by the sum
of the bulk Einstein-Hilbert (EH) action, the boundary
improvement term of Gibbons-Hawking-York (GHY)
[86,87] and the action of the domain wall:

S ¼ SEH þ SGHY þ Sbrane: ð12Þ

By varying the action (12), we obtain Einstein’s field
equations in the bulk, along with the Israel matching
conditions on the boundary [88]:

γIμν ¼ γIIμν; πIμν − πIIμν ¼ tμν; ð13Þ

where γaμν is the first fundamental form, tμν is the energy-
momentum tensor of the brane, and πaμν is the canonical
momentum,

tμν ≡ 2ffiffiffiffiffiffi−γp ·
δSbrane
δγμν

; πaμν ≡ Ka
μν − Kaγaμν; ð14Þ

which is defined in terms of the extrinsic curvature Ka
μν and

its trace Ka on each side of the domain wall (a ¼ �). See
Appendix B for the corresponding definitions. The embed-
ding of the probe brane can be determined by solving the
junction equation which follows from (13).
Let us consider a four-dimensional interface brane inside

AdS5. The brane separates AdS5 into two subregions AdSI
and AdSII , one for each copy of N ¼ 4 SYM on the dual
field theory side. For consistency with the top-down
approach, the interface brane intersects the AdS boundary
[located at z ¼ 0, according to the Poincaré metric (6)] at
x3 ¼ 0. This way, the AdSI subregion corresponds to CFTI
to the right of the defect (x3 > 0) and the AdSII subregion
corresponds to CFTII to left of the defect (x3 < 0).
See Fig. 1.
Because the two copies of N ¼ 4 SYM have different

gauge groups [SUIðNÞ on the right, SUIIðN − kÞ on the left]
and ’t Hooft couplings [λI ≡ g2YMN, λII ≡ g2YMðN − kÞ],
their dual AdS subregions will have different radii:

R2
I ¼ α0

ffiffiffiffiffiffiffiffiffiffiffiffi
g2YMN

q
; R2

II ¼ α0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2YMðN − kÞ

q
; ð15Þ

where g2YM ≡ 4πgs. To determine the embedding of the
interface brane inside AdS5, we assume that the energy-
momentum tensor is of the following form:

tμν ¼ σ · γμν; ð16Þ

where σ stands for the tension of the interface brane. It can be
shown that the tension σ is related to the entropy of the
corresponding boundary state [89,90]. As such, it can be
considered as a measure of the boundary degrees of freedom.
When σ is a constant, the form (16) of the energy-
momentum tensor is consistent with a constant domain wall

FIG. 1. Interface brane in the bottom-up model.
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Lagrangian [91,92]. By solving the Israel matching con-
ditions (13), the following solution can be found (see,
e.g., [93] and references therein):

xa3 ¼ κa · za; RI

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2I

q
¼ RII

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2II

q
; ð17Þ

where the slope of the interface brane jumps across the
defect.
To keep the same brane slope as we move across the

defect, we should give up the first Israel matching condition
in (13). Specifically, we allow the first fundamental form γμν
to rescale by a constant overall factor, γIμν ¼ ðR2

I =R
2
IIÞ · γIIμν.

Considering the top-down (probe-brane) ansatz [6] for the
embedding of the interface brane,

z ¼ zðx3Þ; ð18Þ

we arrive at the following matching condition:

3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ź2

p ·

�
1

rþ
−

1

r−

�
¼ σ; r� ≡ R� þ R7∓

R6
�
; ð19Þ

where Rþ ¼ RI, R− ¼ RII, and primes denote differentia-
tion with respect to x3 (ź≡ ∂3z). The details of the derivation
can be found in Appendix B. Solving (19), we find the
following configuration of the interface brane:

x3 ¼ κ · z; κ ¼ σrþr−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ðrþ − r−Þ2 − σ2r2þr2−

p : ð20Þ

For consistency with the probe-brane result (7), the tension
of the interface brane should be set equal to

σ ¼ 3κffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p ·
jrþ − r−j
rþr−

: ð21Þ

In computing correlation functions below, we mainly focus
on one side of the domain wall (namely, side I), so that our
results are for the most part independent of the explicit value
of κ [as specified from the probe-brane solution (7), the
backreacting solution (17), or the solution (20)]. The back-
reaction of the brane to the geometry of spacetime is ignored
so that all geodesics will be probe-brane geodesics. No
geodesics cross the domain wall. A few computations on
side II of the domain wall pertain to solution (20) for
reference purposes only.

A. One-point functions

One-point functions (expectation values) of local oper-
ators vanish in CFTs, whereas two- and higher-point
functions are generally nonzero. As we have seen in the
introduction, the correlation function of two local operators
on the boundary of AdS can be computed (up to an overall
normalization) from the length of the geodesic curve which

connects them in the bulk [52–56]:

hÔðxÞÔðyÞi ≃ e−Δ·Lðx;yÞ=R; ð22Þ

whereΔ is the scaling dimension of the local operator ÔðxÞ
and Lðx; yÞ is the geodesic distance of the boundary points
x and y. The unrenormalized operators ÔðxÞ can be
renormalized by absorbing their UV divergences as (ϵ is
the short distance cutoff)

OðxÞ ¼ ÔðxÞ
ϵΔ

: ð23Þ

From now on, we consider only renormalized operators by
ignoring their UV divergences.
In boundary and defect CFTs, one-point functions of

local operators no longer vanish in the general case. For
codimension-1 boundaries and defects, only scalar operators
have nonvanishing one-point functions. In this case, one-
point functions can again be determined from the geodesic
distance between the operator on the boundary of AdS and
the codimension-1 boundary or defect. Focusing on the
AdS5=dCFT4 correspondence with a three-dimensional
(codimension-1) planar defect situated at the point x3 ¼ 0
of four-dimensional ambient space, the one-point function
of a (renormalized) local scalar operator is given, up to an
overall normalization N, by

hOðxÞi≡ hOðx; x3ÞjBi ¼ N ·
e−Δ·Lðx;x3;xr;xrÞ=R

ϵΔ
; ð24Þ

where x≡ ðx; x3Þ and x≡ ðx0; x1; x2Þ, while ðxr; xr; zrÞ is
a reflection point on the interface brane which minimizes the
distance to the location ðx; x3Þ of the operator OðxÞ on the
boundary of AdS. In the case of CFTI (x3 > 0), the geodesic
distance from the AdS boundary to the brane is

Lðx; x3;xr; xrÞ ¼ RI

Z
x3

xr

dx̃3 ·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x́2 þ ź2

p

z
; ð25Þ

where, once more, primes denote derivatives with respect to
x3 (and the corresponding integration variable x̃3), i.e., x́≡
∂3x and ź≡ ∂3z. Using the conserved quantities of the
integrand (25), the geodesic distance (25) can be computed
analytically to be [57,58]

Lðx;xr; xrÞ ¼ RI log

"
jx − xrj2 þ jx3 − xrj2 þ z2r

zrϵ

#
; ð26Þ

where ϵ is the UV cutoff and xr ¼ κ · zr [where κ is given
by (20)], because the reflection point lies on the interface
brane. By varying the geodesic distance in (26) with respect
to xr and zr (having also used xr ¼ κ · zr) we can determine
the location of the reflection point:
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xr ¼ x; zr ¼
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p > 0: ð27Þ

Plugging this solution, first into the formula for the geodesic
distance (26),

Lðx; x3;xr; xrÞ ¼ RI log

 
2x3ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
− κÞ

ϵ

!
; ð28Þ

and then into the expression (24) for the holographic one-
point function, we find

hOðxÞiI ≡ hOðx; x3ÞjIi ¼
CI
xΔ3

: ð29Þ

The one-point function structure constant [94] and its κ ≫ 1
perturbative expansion are identical to the top-down result
(11) for the one-point function of the ferromagnetic vacuum
state operator5:

CI ¼
NI

2Δð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
− κÞΔ ¼ NI · κΔ

�
1þ Δ

4κ2

þ ΔðΔ − 3Þ
32κ4

þ ΔðΔ − 4ÞðΔ − 5Þ
384κ6

þ � � �
�
; ð30Þ

where the overall normalization factor NI includes the
contribution of the compact internal space (originating in
the scalar field sector that is dual to the five-sphere) which
does not partake in the geodesic approximation formalism
(24) (cf. [58,95–98]).
In the heavy operator limit Δ → ∞, the perturbative

expansion of the bottom-up one-point function structure
constant (30) takes the following form, for κ ≫ Δ ≫ 1:

CI ¼ NI · κΔ
�
1þ Δ

4κ2
þ Δ2

32κ4
þ Δ3

384κ6
þ � � �

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

exp ðΔ=4κ2Þ

; ð31Þ

which matches exactly the corresponding top-down
result (10) for the one-point function of CPOs, as long
as we identify

NI ¼ Clκ

ffiffiffiffiffiffiffiffi
2Δλ

π2Δ

s
: ð32Þ

We can carry out a similar computation for the case of
CFTII . The operator is located at the point ðy; y3Þ, i.e., a
transverse distance y3 < 0 from the planar three-dimensional
defect at y3 ¼ 0. Repeating the above steps, we find the

reflection point ðyr; yr; urÞ:

yr ¼ y; ur ¼ −
y3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p > 0: ð33Þ

The one-point function is again given by

hOðyÞiII ≡ hOðy; y3ÞjIIi ¼
CII
yΔ3

; ð34Þ

where y≡ ðy; y3Þ, y ≡ ðy0; y1; y2Þ, and the structure con-
stant, along with its κ ≫ 1 expansion, reads

CII ¼
NII

2Δð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
þ κÞΔ ¼ NII

22ΔκΔ

�
1 −

Δ
4κ2

þ ðΔþ 3ÞΔ
32κ4

−
ðΔþ 5ÞðΔþ 4ÞΔ

384κ6
þ � � �

�
: ð35Þ

Note that the one-point function structure constants CI and
CII satisfy

CICII ¼
NINII

22Δ
: ð36Þ

B. Two-point functions

We now turn our attention to two-point functions. As a
warm-up, we compute the correlation function of two local
scalar operatorsO1ðxÞ andO2ðyÞ in the absence of a defect.
Based on the recipe (1), the (renormalized) two-point
function can be computed from the formula

hO1ðxÞO2ðyÞi ¼ N ·
e−Lðx;yÞ

ϵΔ1þΔ2
; ð37Þ

where N is a normalization constant and Δ1;2 are the
scaling dimensions of the operators. For equal scaling
dimensions, Δ ¼ Δ1 ¼ Δ2, the geodesic distance reads

Lðx; yÞ ¼ Δ log

�jx − yj2
ϵ2

�
; ð38Þ

which, upon inserting into the two-point function for-
mula (37), leads to the expected result:

hOðx; yÞi ¼ 1

ðx − yÞ2Δ : ð39Þ

Equation (39) gives the correlation function of two ambient
CFT operators with equal scaling dimensions Δ, in the
absence of a boundary or defect.
The generic form of two-point functions in the case of

codimension-1 boundary and defect CFTs is (C1). For two
scalar operators O1ðx; x3Þ and O2ðy; y3Þ, which are placed
at distances x3 > 0 and y3 < 0 from a planar codimension-1

5We thank C. Kristjansen for bringing the paper [94] to our
attention as well as for pointing out to us the computation of the
one-point function (11) which was carried out in [85].
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defect at x3 ¼ y3 ¼ 0, their two-point correlation function
can again be computed from (37). The total geodesic
distance between the operators on the boundary of AdS
and the interface brane in the bulk is

Lðx; x3; y; y3Þ≡
X2
a¼1

ΔaLa

Ra
; ð40Þ

where La (a ¼ 1, 2) is the geodesic distance of each
operator from the interface brane, as defined in (25) above.
The total geodesic distance (40) is given by

Lðx; x3; y; y3Þ ¼ Δ1 log

�jx − xrj2 þ jx3 − xrj2 þ z2r
zrϵ

�

þ Δ2 log

�jy − xrj2 þ jy3 − xrj2 þ z2r
zrϵ

�
;

ð41Þ
where ðxr; xr; zrÞ is the reflection point on the interface
brane. The reflection point is common for the two operators
and will be determined below by requiring that it minimizes
the total geodesic distance (40). Because the reflection point
lies on the interface brane, xr ¼ κ · zr.
For simplicity, we assume that the two operators have the

same longitudinal coordinates x ¼ y and equal conformal
dimensions, that is, Δ1 ¼ Δ2 ¼ Δ. By varying the geodesic
length L in (41) with respect to both xr and zr, we find the
following expression for the common reflection point:

xr ¼ x ¼ y;

zr ¼
κðx3 þ y3Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ðx3 − y3Þ2 − 4x3y3

p
2ð1þ κ2Þ : ð42Þ

Using this result, the two-point function (37) once more
takes the form of a conformal two-point function:

hOðx; x3ÞOðx; y3Þi ¼
1

jx3 − y3j2Δ
; ð43Þ

where x3 − y3 ¼ x3 þ jy3j is the distance of the two
operators. The form of the correlator (43) implies that
the defect obstructs the transmission of massive modes so
that the fields in the scalar two-point function hOOi are
Wick contracted with the (massless) CFT propagators.
Taking x3 ¼ −y3, the scalar two-point function (43) can

be written as the product of the one-point functions (29)
and (34) that we found above,

hOðx; x3ÞOðx;−x3Þi ¼ hOðx; x3ÞjIi · hIIjOðx;−x3Þi

¼ CI
jx3jΔ

·
CII

j − x3jΔ
¼ 1

j2x3j2Δ
; ð44Þ

which gives the two-point function of a scalar local
operator and its mirror image across the planar 3D defect

at x3 ¼ y3 ¼ 0. Note that we also need to take NINII ¼ 1
for the normalization constants in (36). The two-point
function (44) is, in fact, a special case of the disconnected
two-point function of the operators O1ðx; x3Þ and
O2ðy; y3Þ, evaluated at a point (x ¼ y, x3 ¼ −y3) where
it coincides with the connected two-point function.
That said, let us also write out the disconnected two-

point function of two scalar operators O1ðx; x3Þ and
O2ðy; y3Þ, which are placed, for instance, to the right of
the defect at x ¼ 0 (side of CFTI , with x3, y3 > 0):

hO1ðx; x3ÞO2ðy; y3Þi ¼ hO1ðx; x3ÞjIi · hIjO2ðy; y3Þi

¼ C1C2
jx3jΔ1 jy3jΔ2

: ð45Þ

1. Reflected two-point functions

We now compute reflected two-point functions. By
reflected, we mean that the fusion of two ambient operators
occurs at the same point on the planar codimension-1
boundary. From the point of view of the bulk theory, two
geodesics leave the location of the operators on the
boundary of AdS and meet at the same reflection point
on the interface brane. Because the general case turns out to
be very complicated, we resort to two alternative ways to
perform the computation. In the first (“collinear”) case, the
two operators lie on a single straight line from the defect,
while in the second (“equidistant”) case, the two operators
lie at the same normal distance from the defect. See Fig. 2.
Note that Fig. 2 applies to both the defect CFT and the bulk
of AdS.
Collinear case (x ¼ y). We first consider the case where

the two operators lie to the right of the defect (i.e., on the
CFTI side), at distances x3 > y3 > 0, and are collinear, i.e.,
x ¼ y. See the left drawing in Fig. 2. The geodesic distance
between the two operators and the interface brane is given
as before by

Lðx; x3; y3Þ ¼ Δ
�
log

�jx− xrj2 þ jx3 − xrj2 þ z2r
zrϵ

�

þ log

�jx− xrj2 þ jy3 − xrj2 þ z2r
zrϵ

��
; ð46Þ

where ðxr; xr ¼ κ · zr; zrÞ is the reflection point in the bulk
of AdS5. By varying the geodesic length with respect to xr
and zr, we find that the reflection point is given by

FIG. 2. Two ways to compute reflected two-point functions:
collinear (left) and equidistant (right).
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xr ¼ y ¼ x; zr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x3y3
1þ κ2

r
: ð47Þ

The corresponding reflected defect CFT two-point function
becomes

hOðx; x3ÞOðx; y3Þi ¼
1

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
ðx3 þ y3Þ − 2κ

ffiffiffiffiffiffiffiffiffi
x3y3

p Þ2Δ :

ð48Þ

Substituting the value of the invariant ratio ξ,

1þ ξ ¼ ðx3 þ y3Þ2
4jx3jjy3j

; ð49Þ

which has been defined in (C1), the collinear reflected two-
point function can be written as follows [94]:

hOðx; x3ÞOðx; y3Þi ¼
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ξÞð1þ κ2Þ

p
− κÞ−2Δ

ð4x3y3ÞΔ
: ð50Þ

Expanding the two-point function in the limit of small ξ,
we find

hOðx; x3ÞOðx; y3Þi

¼ C2I
ðx3y3ÞΔ

·
�
1 −

Δ
2
ð1þ c2Þξ

þ Δ
16

ð1þ c2Þð2ð1þ c2ÞΔþ 3þ c2Þξ2 þ � � �
�
; ð51Þ

where we have defined (for NI ¼ 1)

c≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
− κ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
þ κ ¼ 2C1=ΔI : ð52Þ

In the limit where the two points coincide, y3 → x3, ξ → 0,
the reflected two-point function (51) reduces to the square
of the one-point function in (29) and (30), in agreement
with the boundary operator expansion in (C8) when there
are no ambient-boundary correlations (B•j ¼ 0).
Equidistant case (x3 ¼ y3). In the equidistant case (right

drawing in Fig. 3), x3 ¼ y3 and x ≠ y. The geodesic length
which determines hOðx; x3ÞOðy; x3Þi becomes

Lðx; x3; yÞ ¼ Δ
�
log

�jx − xrj2 þ jx3 − xrj2 þ z2r
zrϵ

�

þ log

�jy − xrj2 þ jx3 − xrj2 þ z2r
zrϵ

��
: ð53Þ

The reflection point ðxr; xr; zrÞ once more satisfies
xr ¼ κ · zr, so that by extremizing the geodesic distance
(53) with respect to xr and zr we are led to the solution

xr ¼
xþ y
2

; zr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x23 þ ðx − yÞ2

4ð1þ κ2Þ

s
; ð54Þ

which we plug into (53) and the two-point function
recipe (37), obtaining

hOðx; x3ÞOðy; x3Þi ¼
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ξÞð1þ κ2Þ

p
− κÞ−2Δ

ð2x3Þ2Δ
; ð55Þ

which is nothing more than the collinear result (50), for
y3 ¼ x3 and

ξ ¼ ðx − yÞ2
4x23

: ð56Þ

The small ξ expansion of (55) is obviously very similar
to (51).

2. Ambient-channel two-point functions

In the ambient channel, the operators interact with the
planar codimension-1 boundary via ambient light modes,
that is, primary operators of the ambient CFT. See Fig. 3.
The two operators fuse at a three-point vertex by emitting
ambient light modes which mediate the interaction with the
boundary. To compute defect two-point functions in the
ambient channel, we need, apart from a reflection point on
the interface brane, an additional junction point in the bulk
of AdS where three geodesic curves meet (described by the
same Fig. 3). One part of the geodesic curve connects the
bulk junction point ðxj; xj; zjÞ to the reflection point
ðxr; xr; zrÞ on the interface brane. This part is described
by the following bulk-to-bulk propagator:

Ljr ¼ 2R log

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj − xrÞ2 þ ðxj − xrÞ2 þ ðzj − zrÞ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj − xrÞ2 þ ðxj − xrÞ2 þ ðzj þ zrÞ2

q
2
ffiffiffiffiffiffiffiffizjzr

p

3
75: ð57Þ

The other part of the geodesic curve consists of two bulk-to-boundary propagators which emanate from the junction point
ðxj; xj; zjÞ and terminate at the locations [ðx; x3; 0Þ and ðy; y3; 0Þ] of the local operators on the boundary of AdS5:
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L1 ¼ R log

�ðx − xjÞ2 þ ðx3 − xjÞ2 þ z2j
zjϵ

�
; ð58Þ

L2 ¼ R log

�ðy − xjÞ2 þ ðy3 − xjÞ2 þ z2j
zjϵ

�
: ð59Þ

The ambient-channel correlation function of two local
operators O1 and O2 (scaling dimensions Δ1 and Δ2)
which are located at the boundary points ðx; x3Þ and ðy; y3Þ,
respectively, is given by the following formula [57,99]:

hO1ðx; x3ÞO2ðy; y3Þi ¼ gj ·
e−Lðx;x3;y;y3Þ

ϵΔ1þΔ2
; ð60Þ

where gj is the coupling constant at the cubic interaction
point (dual to the junction point in the bulk). Writing Δj for
the scaling dimension of a light exchange operator Oj, the
total geodesic distance from the boundary to the interface
brane in the bulk of AdS is

Lðx; x3; y; y3Þ≡ ΔjLjr

R
þ
X2
a¼1

ΔaLa

R
: ð61Þ

In the case of two identical operators (Δ1 ¼ Δ2 ¼ Δ) which
are located at the boundary points ðx; x3Þ and ð−x; x3Þ, the
geodesic length which is associated with their two-point
function hOðx; x3ÞOð−x; x3Þi becomes

Lðx; x3;−x; x3Þ ¼ 2

2
64Δj log

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj − κzrÞ2 þ ðzj − zrÞ2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj − κzrÞ2 þ ðzj þ zrÞ2

q
2
ffiffiffiffiffiffiffiffizjzr

p

3
75

þ Δ log

�
x2 þ ðxj − x3Þ2 þ z2j

zjϵ

�375: ð62Þ

We may take xj ¼ xr ¼ 0 because the two-point function
is invariant under x → −x. To fix the junction and
reflection points (xj, zj, zr), we vary the geodesic length
with respect to xj, zj, and zr. We find the following
solution, which is valid for all values of ξ ≥ 0 and κ ≥ 0:

zr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

1þ κ2

r
· x3; xj ¼ x3

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
· q;

zj ¼ x3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ξÞð1 − q2Þ

q
; ð63Þ

where ξ ¼ x2=x23 ≥ 0 and we have defined

q≡
����� 1 − r

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

pffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
− r

�����; r≡ Δj

2Δ
: ð64Þ

To obtain the two-point function in the ambient channel, we
also assume

2Δ
ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
≥ 2Δ ≥ Δj

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
≥ Δj ð65Þ

or, equivalently,

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
≥ 1 ≥ r

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
≥ r > 0: ð66Þ

This assumption allows us to remove the absolute value
in (64), and the two-point function becomes

hOðx; x3ÞOð−x; x3Þi

¼ gj ×

�
1 − r2

4x2

�Δ
 ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ κ2
p

− κq − jκ − q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
jffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − q2
p

!Δj

:

ð67Þ

For small values of ξ, the absolute value in (67) should be
taken with a minus overall sign so that the two-point
function reads

hOðx; x3ÞOð−x; x3Þi

¼ gj ×

�
1 − r2

4x2

�Δ

×

0
@ðκ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
Þ ·

ffiffiffiffiffiffiffiffiffiffiffi
1 − q
1þ q

s 1
AΔj

; ξ ≪ 1: ð68Þ

FIG. 3. Ambient-channel two-point function.
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The perturbative expansion of the ambient two-point
function which is obtained from the extremal point (63)
becomes, in the limit of small ξ,

hOðx; x3ÞOð−x; x3Þi

¼ 1

j2xj2Δ
�
1þ

X
j>0

ð4ξÞΔj2 Cj••

× Cj

�
1 −

Δjξ

4
þ ΔjðΔj þ 3Þξ2

32
− � � �

��
; ð69Þ

where Δfj¼0g ¼ 0. This result fully agrees with the CFT
prescription (C6) in the heavy operator limit 2Δ > Δj ≫ 1

(and r ≫ 1). We may also read off the holographic one- and
three-point function structure constants

Cj•• ¼ gjð1 − r2ÞΔ
 
1

2

ffiffiffiffiffiffiffiffiffiffiffi
1þ r
1 − r

r !Δj

; Cj ¼
�
c
2

�
Δj

; ð70Þ

where the constant c is related to the one-point function
structure constant CI which was defined in (52).

3. Defect-channel two-point functions

In the defect channel, two ambient operators exchange
boundary light modes, i.e., primary operators of the CFTon
the codimension-1 boundary. See Fig. 4 (valid as before for
both the dCFT and the bulk of AdS). The defect-channel
two-point function can be computed by a recipe similar to
(57)–(61), which we used above to compute the two-point
function in the ambient channel. This time, there is no bulk
junction point but there are two reflection points on the
interface brane. These are ðxr; xr; zrÞ and ðyr; yr; urÞ, with
xr ¼ κ · zr and yr ¼ κ · ur. For two identical operators
(Δ1 ¼ Δ2 ¼ Δ) which are placed at the AdS boundary
points ðx; x3Þ and ðy; y3Þ, the geodesic length which is
associated with their defect-channel two-point function
hOðx; x3ÞOðy; y3Þi is

Lðx; x3; y; y3Þ ¼ 2Δ̊j log

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxr − yrÞ2 þ ðκzr − κurÞ2 þ ðzr − urÞ2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxr − yrÞ2 þ ðκzr − κurÞ2 þ ðzr þ urÞ2

p
2
ffiffiffiffiffiffiffiffiffi
zrur

p
#

þ Δ log

�ðx − xrÞ2 þ ðx3 − κzrÞ2 þ z2r
zrϵ

�
þ Δ log

�ðy − yrÞ2 þ ðy3 − κurÞ2 þ u2r
urϵ

�
; ð71Þ

where Δ̊j is the scaling dimension of the boundary operator
O̊j. The distance from the boundary of AdS5 to the
interface brane is minimized by the one-point function
reflection points we computed in (27):

xr ¼ x; zr ¼
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p > 0; ð72Þ

yr ¼ y; ur ¼
y3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p > 0: ð73Þ

These correspond to two independent geodesic curves which
leave the operatorsOðx; x3Þ andOðy; y3Þ at the boundary of
AdS and terminate at the corresponding reflection points
ðxr; xr ¼ κ · zr; zrÞ and ðyr; yr ¼ κ · ur; urÞ on the interface
brane. Plugging these reflection points into (71) and using
the two-point function formula (60), we find the following
expression for the defect-channel two-point function:

hOðx; x3ÞOðy; y3Þi ¼
g2jC

2
I

jx3y3jΔ
·

" ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

pffiffiffĩ
ξ

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ̃

p
#
2Δ̊j

; ð74Þ

where the definition of the one-point function structure
constant CI can be found in (30) and the modified invariant
ratio ξ̃ is given by

ξ̃≡ ð1þ κ2Þ · ðx − yÞ2
4jx3jjy3j

: ð75Þ

Expanding the defect-channel two-point function (74) for
large values of the invariant ratio ξ̃ ≫ 1, we find

hOðx; x3ÞOðy; y3Þi

¼ 1

jx3y3jΔ̊
·

�
C2I þ

X
j>0

ξ̃−Δ̊jB2
•j

×

�
1 −

Δ̊j

2ξ
þ Δ̊jð2Δ̊j þ 3Þ

16ξ̃2
− � � �

��
; ð76Þ

where Δ̊fj¼0g ¼ 0 and the ambient-boundary coupling
constant B•j is given by

FIG. 4. Defect-channel two-point function.
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B2
•j ¼ c ×

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p

2

!Δ̊j

; c≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p
− κ

; ð77Þ

while the definition of the constant c was given in (52)
above. With these identifications, the perturbative expansion
(76) agrees with the generic expansion of the defect-channel
two-point function (C10), in the heavy operator limit
ξ̃ ≫ Δ̊j ≫ 1.

IV. CONCLUSIONS

We studied holographic defect conformal field theories
with bottom-up methods. We started by reviewing the
computation of defect one-point functions in top-down
holography, focusing on the D3-probe-D5 brane system.
For this system, one-point functions of CPOs have been
computed at both weak and strong coupling, and they have
been found to agree with each other in a certain double-
scaling limit. We then turned to the bottom-up approach.
We showed that it leads to the same embedding of a
codimension-1 interface brane in AdS space as the top-
down method, after making the appropriate identifications.
The bottom-up approach was subsequently applied to the
computation of heavy scalar defect correlators at strong
coupling, mainly one- and two-point functions. In the
former case, findings [94] agree with the available top-
down results at weak and strong coupling. In the latter case,
the computed reflected, ambient, and defect-channel two-
point functions agree with the predictions of the OPE and
the boundary operator expansion in appropriate limits.
Although ambient-channel two-point functions have been
studied before with top-down methods (at both weak
[79,80] and strong coupling [35]), the study of reflected
and defect-channel two-point functions with top-down
methods (at both weak and strong coupling) is currently
missing.
There seem to be more solutions in the case of

ambient-channel two-point functions which are worth
exploring further. In the case of two identical operators
(Δ1 ¼ Δ2 ¼ Δ) which are placed at the boundary points
ðx; x3Þ and ð−x; x3Þ, there seems to be a solution to the
minimization conditions for xj ¼ xr ¼ 0, and

zr ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2j þ z2j
1þ κ2

s
; ð78Þ

xj ¼
1

3

�
2x3 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x23 − 3x2 þ 3z2j

q �
: ð79Þ

If, instead, the two identical operators are placed at the
boundary points ðx; x3Þ and ðx; y3Þ, there seems to be
another set of solutions for xj ¼ xr ¼ x, and

zr ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2j þ z2j
1þ κ2

s
; xj ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3y3 − z2j

q
; ð80Þ

or xj ¼
1

3

�
x3 þ y3 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x23 − x3y3 þ y23 þ 3z2j

q �
: ð81Þ

It would be interesting to find out whether the above
solutions are legitimate by specifying the value of the
junction coordinate zj which minimizes the total geodesic
distance in (57)–(61). If so, these solutions would give
rise to new expressions for the two-point function in the
ambient channel, which would be useful to determine.
In the case of the defect-channel two-point function, we

have chosen to explore only one solution which minimizes
the distance of the interface brane to the boundary of AdS5,
by ignoring the distance between the two reflection points
on the interface brane. It would be interesting to investigate
whether more solutions exist and minimize the total
geodesic distance as well, i.e., by including the geodesic
which has its end points on the interface brane. Indeed,
there seems to be a solution when the two identical
operators (Δ1 ¼ Δ2 ¼ Δ) are placed at the boundary points
ðx; x3Þ and ðx; y3Þ, with xr ¼ yr ¼ x and

zr ¼
x3y3

urð1þ κ2Þ or zr ¼
x3ðy3 − κurÞ

κy3 − urð1þ κ2Þ : ð82Þ

It would be interesting to examine whether these solutions
solve the corresponding minimization conditions (i.e.,
determine ur) and, if so, specify the corresponding value
of the defect-channel two-point function.
Although we have basically chosen to focus on the

D3–D5 system, our results are completely general and most
probably quite universal. We expect formulas very similar
to the ones herein presented to hold in any codimension-1
holographic defect CFT, e.g., the dCFTs which are dual to
the D3–D7, D3–NS5, and beta deformed D3–D5 probe
brane system in four dimensions or the D2–D4 system in
three dimensions. It would be interesting to investigate
whether the bottom-up approach can also be applied to
holographic defect CFTs of higher codimensionalities, for
example, the codimension-2 dCFT which was recently
proposed in [34] and is dual to a codimension-1 probe
D3-brane in AdS space (D3-probe-D3 system). Other
interesting systems of higher codimensionalities are the
codimension-2 D3–D3 system, the codimension-3 D1–D3
system, and other surface defects (such as, for instance,
Gukov-Witten defects).6 It should be possible to set up the
computation of correlation functions in these systems with
the bottom-up (geodesic approximation) approach.

6See also [100] for yet another interesting system where our
present methods could be applied.
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We expect a similar universality to hold for correlation
functions. Although we have mainly examined heavy
CPOs by computing their one- and two-point correlation
functions with the method of geodesic approximations, our
results could apply to more complicated heavy operators.
Another possible research direction would be to apply the
method of geodesic approximations to the computation of
spinorial correlation functions. Instead of computing cor-
relation functions in AdS space, it would also be worth
evaluating geodesic correlation functions in the compact
counterparts of the geometry (e.g., the five-sphere).
See [101] for a relevant recent work. Computing three-
and higher-point defect correlation functions with the
methods of the present paper would also be very interest-
ing. We hope to return to these issues in future projects.
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APPENDIX A: CHIRAL PRIMARY OPERATORS

The CPOs ofN ¼ 4 SYM are “light” 1=2 Bogomol’nyi-
Prasad-Sommerfield operators which are defined in terms
of the six scalar fields ϕ1;…;ϕ6 of N ¼ 4 SYM as
follows:

OIðxÞ ¼
ð8π2ÞΔ=2
λΔ=2

ffiffiffiffi
Δ

p · Ci1i2…iΔ
I tr½ϕi1ðxÞ…ϕiΔðxÞ�; ðA1Þ

where I are SOð6Þ quantum numbers which specify the
CPO and Δ is the scaling dimension of the CPO. Ci1i2…iΔ

I is

a traceless symmetric tensor of SOð6Þ which is normalized
as Ci1i2…iΔ

I Ci1i2…iΔ
J ¼ δIJ . The overall normalization of the

CPOs (A1) is such that the corresponding two-point
function is normalized to unity [10]:

hOIðxÞOJ ðyÞi ¼
δIJ

jx − yj2Δ ; ðA2Þ

while the traceless symmetric tensor Ci1i2…iΔ
I is associated

with S5 spherical harmonics:

Ci1i2…iΔ
I Xi1Xi2…XiΔ ¼ YIðXÞ;

X6
i¼1

X2
i ¼ 1: ðA3Þ

A very important operator among the CPOs (A1) corre-
sponds to the vacuum state of the N ¼ 4 SYM (ferro-
magnetic) spin chain which is defined as

O ¼ ð2πÞL
λL=2

ffiffiffiffi
L

p · tr½ZL�; Z≡ ϕ1 þ iϕ2: ðA4Þ

It corresponds to a CPO of the form (A1)–(A3) with the
corresponding spherical harmonic being given by

YL ¼
�
X1 þ iX2

2

�
L
: ðA5Þ

YL is manifestly SOð3Þ × SOð3Þ symmetric under the
following parametrization of the five-sphere:

X1 ¼ cosψ cos θ; X2 ¼ sinψ cosϑ; ðA6Þ

X3 ¼ cosψ sin θ cosφ; X4 ¼ sinψ sin ϑ cos χ; ðA7Þ

X5 ¼ cosψ sin θ sinφ; X6 ¼ sinψ sinϑ sin χ; ðA8Þ

for which the metric of S5 takes the form

dΩ2
5 ¼ dψ2 þ cos2 ψdΩ2

2 þ sin2 ψdΩ2
2: ðA9Þ

Interestingly, both operators (A1) and (A4) can become
arbitrarily heavy in the limit L ∼

ffiffiffi
λ

p
∼

ffiffiffiffi
N

p
, in which case

they are also known as Berenstein-Maldacena-Nastase type
of CPOs.
The chiral primary operators (A1) and (A4) are very

special among all operators of N ¼ 4 SYM because they
are protected from receiving quantum corrections in their
scaling dimensions Δ (which are, hence, equal to their
length Δ ¼ L), as well as their (two- and) three-point
function structure constants. This property ceases to hold
for four- and higher-point functions of CPOs [102].
One-point functions of local operators, which trivially

vanish in CFTs (and N ¼ 4 SYM), are no longer generi-
cally zero in the presence of codimension-1 defects. In the
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case of the CPOs (A1) and (A4), the corresponding
structure constants are also unprotected and do receive
quantum corrections.

APPENDIX B: RESCALED GEOMETRIES

In this appendix, we provide details on the derivation of
solution (20) with the bottom-up approach. We begin with a
brief review of some basic concepts and definitions from
the geometry of embedded hypersurfaces.
It has been known for a long time that the consistent

variational formulation of Einstein’s field equations in
spacetime manifolds with boundaries should include
improvement boundary terms [86,87]. The improved action
of the gravitational field in a d-dimensional bulk spacetime
M (parametrized in terms of the coordinates xμ,
μ ¼ 0;…; d − 1) with a codimension-1 non-null boundary
∂M (parametrized in terms of the coordinates ξa,
a ¼ 0;…d − 2) reads

S ¼ SEH þ SGHY; ðB1Þ

where we work in a system of units where G ¼ 1 and set

SEH ¼ −
1

16π

Z
M

ddx
ffiffiffiffiffiffi
−g

p ðR − 2ΛÞ; ðB2Þ

SGHY ¼ −
1

8π

Z
∂M

dd−1ξ
ffiffiffiffiffiffi
−γ

p
K; ðB3Þ

where gμν is the bulk metric and Λ the corresponding
cosmological constant. In (B3), γ stands for the determinant
of the first fundamental form γμν [to be defined in (B11)
below], while K ¼ gμνKμν ¼ γμνKμν is the trace of the
extrinsic curvature Kμν. The latter is defined as

Kμν ≡ γρμγσν∇ρn̂σ ¼ ∇μn̂ν − n̂μn̂ρ∇ρn̂ν; ðB4Þ

where∇μ is the covariant derivative with respect to the bulk
metric gμν. By varying the improved gravitational action
(B1)–(B3), we obtain

δS ¼ −
1

16π

Z
M

ddþ1x
ffiffiffiffiffiffi
−g

p 	
Rμν −

1

2
ðR − 2ΛÞgμν



δgμν

−
1

8π

Z
∂M

ddξ ·

	
1

2

ffiffiffiffiffiffi
−γ

p ðKμν − KγμνÞδγμν

þ ffiffiffiffiffiffi
−γ

p ∇̊μδn̂μ


: ðB5Þ

The bulk term gives rise to the Einstein’s field equations
which we assume are satisfied everywhere in the bulk M.
The last term in (B5) can be transformed into a boundary
term on the (d − 2)-dimensional non-null boundary ∂

2M
and is typically ignored.

Supposing that the (d − 1)-dimensional boundary is a
domain wall, the total action of the system takes the
form (12):

S ¼ SEH þ SGHY þ Sbrane: ðB6Þ

The corresponding variation becomes

δS ¼ −
1

16π

	Z
∂Mþ

ffiffiffiffiffiffiffiffiffi
−γþ

p
πþμνδγ

μν
þ þ

Z
∂M−

ffiffiffiffiffiffiffiffi
−γ−

p
π−μνδγ

μν
−

−
Z
∂M

ffiffiffiffiffiffi
−γ

p
tμνδγμν



; ðB7Þ

where the definitions of the energy-momentum tensor tμν
and the canonical momentum πaμν, on either side of the
domain wall (a ¼ �), can be found in (14) above.
We now consider an interface brane inside AdS5 [i.e.,

d ¼ 4; see (6) for the corresponding metric]. The brane
separates AdS5 into two subregions AdSI and AdSII , with
different radii RI and RII. The world volume coordinates of
the interface brane are

ξ0 ¼ x0; ξ1 ¼ x1; ξ2 ¼ x2; ξ3 ¼ x3; ðB8Þ

while the ansatz for the embedding of the interface brane
inside AdS5 is identical with the top-down approach [6]:

z ¼ zðx3Þ: ðB9Þ

The unit normal vector n̂μ is found to be (ź≡ ∂3z)

n̂�μ ¼ �R�
z
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ź2

p · ð0; 0; 0;−ź; 1Þ; ðB10Þ

where R� is any of the two AdS5 radii, Rþ ¼ RI and
R− ¼ RII . The first fundamental form γμν and the normal
projector Nμν are defined as

γμν ¼ gμν − n̂μn̂ν; Nμν ¼ n̂μn̂ν; ðB11Þ

which leads to the following expression for the first
fundamental form of the interface brane (B8) and (B9):

γ�μν ¼
R2
�
z2

·

	
diagð−1; 1; 1; 0; 0Þ

þ 1

1þ ź2
· block

�
03×3;

�
1 ź

ź ź2

��

; ðB12Þ

while the corresponding momenta π�μν are given by
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π�μν ¼
3

R�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ź2

p · γ�μν

þ R�z
00

zð1þ ź2Þ3=2 · diagð−1; 1; 1; 0; 0Þ: ðB13Þ

The first fundamental forms on either side of the domain
wall are, therefore, related as follows:

γ−μν ¼
R2
−

R2þ
· γþμν;

ffiffiffiffiffiffiffiffi
−γ−

p ¼ R5
−

R5þ
·
ffiffiffiffiffiffiffiffiffi
−γþ

p
: ðB14Þ

At this point, we also assume that the energy-momentum
tensor of the interface brane is simply related to its first
fundamental form (16):

tμν ¼ σ · γμν; ðB15Þ

where σ is the tension of the brane. Therefore, the energy-
momentum tensors on the two sides of the domain wall are
also related as

t−μν ¼ σ · γ−μν ¼ σ ·
R2
−

R2þ
γþμν ¼

R2
−

R2þ
· tþμν: ðB16Þ

Assuming that the variations of the first fundamental
form are the same on the two sides of the boundary, i.e.,
δγμνþ ¼ δγμν− ¼ δγμν, the variation of the improved gravita-
tional action (B7) becomes

δS ¼ −
1

16π

Z
∂Mþ

ffiffiffiffiffiffiffiffiffi
−γþ

p
·

�
πþμν −

R5
−

R5þ
π−μν

−
�
1þ R7

−

R7þ

�
tþμν

�
· δγμνþ : ðB17Þ

Note that the resulting configuration is equivalent to one
where all matter is concentrated on one side of the
boundary. The variation (B17) implies the following
matching condition:

R5þπþμν − R5
−π

−
μν ¼

�
R5þ þ R7

−

R2þ

�
σ · γþμν; ðB18Þ

which can also be written in the form (13):

π̂Iμν − π̂IIμν ¼ tμν; ðB19Þ

where we have defined

π̂I=IIμν ≡ R5
�π

�
μν; tμν ≡

�
R5þ þ R7

−

R2þ

�
σ · γþμν: ðB20Þ

To solve the matching condition (B19), we plug the
canonical momenta (B13) and the energy-momentum

tensor (B20) into the matching condition equations (B18)

and (B19). To solve, we obviously have to set z
00 ¼ 0 in (B13)

which leads to

3R4þffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ź2

p · γþμν −
3R6

−

R2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ź2

p · γþμν ¼ tμν: ðB21Þ

With a few redefinitions, (B21) can be brought in the
form (19):

3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ź2

p ·

�
1

rþ
−

1

r−

�
¼ σ; r� ≡ R� þ R7∓

R6
�
; ðB22Þ

which we can solve, obtaining the solution (20) and (21):

x3 ¼ κ · z; κ ¼ σrþr−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ðrþ − r−Þ2 − σ2r2þr2−

p : ðB23Þ

APPENDIX C: CROSSING EQUATION

The generic form of two-point functions in codimension-1
defect CFTs is [103]

hO1ðx; x3ÞO2ðy; y3Þi ¼
f12ðξÞ

jx3jΔ1 jy3jΔ2
; ðC1Þ

where the codimension-1 invariant ratio is defined as

ξ≡ ðx − yÞ2
4jx3jjy3j

: ðC2Þ

The function f12ðξÞ which shows up as two-point function
structure constant can be completely specified in the so-
called ambient channel by using the ambient OPE (see,
e.g., [36] for details). In four dimensions,

f12ðξÞ ¼ ð4ξÞ−Δ1þΔ2
2

�
δ12 þ

X
j

ð4ξÞΔj2 Cj12Cj

× 2F1

�
Δj þ δΔ

2
;
Δj − δΔ

2
;Δj − 1;−ξ

��
; ðC3Þ

where δΔ≡ Δ1 − Δ2 and the sum is over all CFT primary
operators Oj, whose dCFT one-point function structure
constant is Cj, and their CFT three-point function structure

constant corresponding to hO1O2Oji is Cj12. For operators
with equal scaling dimensions Δ1 ¼ Δ2 ¼ Δ (and
Cj12 ¼ Cj••), the two-point function reads

hOðx; x3ÞOðy; y3Þi ¼
1

ðx− yÞ2Δ
�
1þ

X
j

ð4ξÞΔj2 Cj••Cj

× 2F1

�
Δj

2
;
Δj

2
;Δj − 1;−ξ

��
: ðC4Þ
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We may expand the ambient-channel two-point function in
small values of ξ ≪ 1, finding

hOðx; x3ÞOðy; y3Þi

¼ 1

ðx − yÞ2Δ
�
1þ

X
j

ð4ξÞΔj2 Cj••Cj

×

�
1 −

Δ2
jξ

4ðΔj − 1Þ þ
ΔjðΔj þ 2Þ2ξ2
32ðΔj − 1Þ − � � �

��
: ðC5Þ

If we further assume that the operators Oj are heavy, i.e.,
Δj ≫ 1, the two-point function becomes, in the limit of
small Δjξ ≪ 1:

hOðx; x3ÞOðy; y3Þi

¼ 1

ðx − yÞ2Δ
�
1þ

X
j

ð4ξÞΔj2 Cj••Cj

×

�
1 −

Δjξ

4
þ Δ2

jξ
2

32
−
Δ3

jξ
3

384
þ � � �

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

expð−Δjξ=4Þ

�
: ðC6Þ

Alternatively, the two-point function structure constant
f12ðξÞ can be computed in the so-called defect channel
by means of the boundary operator expansion. In four
dimensions,

f12ðξÞ ¼ C1C2 þ
X
j

ξ−Δ̊jB1jB
j
2

× 2F1ðΔ̊j; Δ̊j − 1; 2Δ̊j − 2;−ξ−1Þ; ðC7Þ

where C1 and C2 are the one-point function structure
constants of the ambient operators O1 and O2 and the
sum is over all boundary primaries O̊j whose scaling

dimension is Δ̊j. B1j and B2j are the structure constants

of the ambient-boundary two-point functions hO1O̊ji and

hO2O̊ji. For i ¼ 1, 2 we also defineBj
i ≡ Bij=C̊jj, where C̊jj

is the structure constant of the two-point function hO̊jO̊ji.
Equality between the ambient-channel two-point function
structure constant (C3) and the defect-channel one (C7)
leads to the so-called crossing equation (see Fig. 5). The
corresponding defect-channel expression for the two-point

function (C1) in case the two operators are the same
(Δ1 ¼ Δ2 ¼ Δ, C1 ¼ C2 ¼ C) is

hOðx; x3ÞOðy; y3Þi

¼ 1

jx3y3jΔ
·

�
C2 þ

X
j

ξ−Δ̊jB2
•j

× 2F1ðΔ̊j; Δ̊j − 1; 2Δ̊j − 2;−ξ−1Þ
�
: ðC8Þ

Expanding the defect-channel two-point function for large
values of ξ ≫ 1, we find

hOðx; x3ÞOðy; y3Þi

¼ 1

jx3y3jΔ̊
·

�
C2 þ

X
j

ξ−Δ̊jB2
•j

×

�
1 −

Δ̊j

2ξ
þ ðΔ̊j þ 1ÞΔ̊2

j

4ð2Δ̊j − 1Þξ2 − � � �
��

: ðC9Þ

For heavy boundary operators O̊j, the two-point function

becomes, in the limit ξ ≫ Δ̊j ≫ 1,

hOðx; x3ÞOðy; y3Þi

¼ 1

jx3y3jΔ̊
·

�
C2 þ

X
j

ξ−Δ̊jB2
•j

×

�
1 −

Δ̊j

2ξ
þ Δ̊2

j

8ξ2
−

Δ̊2
j

48ξ3
þ � � �

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

expð−Δ̊j=2ξÞ

�
; ðC10Þ

taking the characteristic exponential form of heavy operator
expansions; cf. (10), (31), and (C6).

FIG. 5. Crossing equation in codimension-1 dCFT.
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