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In many extensions of the Standard Model electroweak phase transitions at high temperatures can be
described in a minimal dimensionally reduced effective theory with SU(2) gauge field and fundamental
Higgs scalar. In this effective theory, all thermodynamic information is governed by two dimensionless
ratios x≡ λ3=g23 and y≡m2

3=g
4
3, where λ3, m2

3, and g3 are the effective thermal scalar self-interaction
coupling, the thermal mass and the effective gauge-coupling, respectively. By using nonperturbative lattice
simulations to determine the rate of sphaleron transitions in the entire ðx; yÞ-plane corresponding to the
Higgs phase, and by applying previous lattice results for the bubble nucleation, we find a condition

xðTcÞ≲ 0.025 to guarantee preservation of the baryon asymmetry, which translates to v=Tc ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Δhϕ†ϕi

p
=Tc ≳ 1.33 for the (gauge-invariant) discontinuity in Higgs condensate. This indicates that

viability of the electroweak baryogenesis requires the phase transition to be slightly stronger than
previously anticipated. Finally, we present a general template for analysing such viability in a wide class of
beyond the Standard Model theories, in which new fields are heavy enough to be integrated out at high
temperature.

DOI: 10.1103/q1jq-gq9m

I. INTRODUCTION

Explanation to the observed matter/antimatter asymme-
try of the Universe still remains elusive, despite long-
standing efforts [1]. Among the most studied candidates for
a dynamical generation of the asymmetry is the electro-
weak baryogenesis [2,3], where baryonic excess over their
antimatter counterparts is generated during an electroweak
phase transition. Such a phase transition is a violent
process, where macroscopic bubbles of the low-temperature
Higgs phase nucleate and eventually fill the young cosmos.
Since the detection of gravitationalwaves from astrophysical
sources a decade ago [4], attempts to understand such phase
transitions have become fashionable, due to their potential to
source a stochastic background of gravitational waves [5–7].
Detecting such a background is among the objectives of the
future LISA mission [8] and other next-generation space-
borne gravitational wave experiments [9–11].

While the Standard Model of particle physics (SM) with
the minimal scalar sector lacks a first-order electroweak
phase transition [12–16], in many of its extensions a first-
order transition can be triggered [17–25]. This requires that
new scalar fields, relevant at the electroweak scale, are light
enough and are not too weakly interacting with the Higgs
field, making such models attractive targets for future
collider experiments [26].
As a result of the nontrivial topological vacuum structure

of SU(2) gauge theory (in which classically equivalent but
topologically distinct vacua are enumerated by a topologi-
cal Chern-Simons number [27]) baryon number can be
violated through the process of Chern-Simons number
diffusion. In the high-temperature confinement phase
where the Higgs mechanism is not active this is a purely
nonperturbative process. Once the thermal plasma is
devoured by the expanding bubble of the low-temperature
Higgs phase the activation of the Higgs mechanism allows
us to understand baryon violating processes in terms of
sphalerons. In a perturbative picture (applicable in the
Higgs phase), sphalerons are semiclassical unstable saddle-
point configurations of the Higgs and SU(2) gauge fields
[28]. Sphaleron configurations correspond to half-integer
Chern-Simons number that lie on top of an energy barrier
separating two topologically distinct vacua with consecu-
tive integer Chern-Simons numbers. Thermal fluctuations
across the sphaleron barrier can violate the baryon number
through the (Adler-Bell-Jackiw) chiral anomaly [29–31].
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The sphaleron transitions (or Chern-Simons number
diffusion) are very rapid in the confinement phase, yet
exponentially suppressed in the Higgs phase. Con-
sequently, if the expanding bubble wall introduces enough
charge (C) and charge-parity (CP) violation in front of the
bubble wall, sphalerons in the confinement phase can turn
such bias into a net baryon number [32,33]. The excess of
baryons is then absorbed by the expanding bubble, and if the
rate of sphaleron transitions is sharply shut off in the Higgs
phase, the baryon number freezes to its value observed today,
providing us a mechanism for baryogenesis.
While such a process has multiple stages, in this article

our goal is to tackle only one of them: to accurately
determine the sphaleron rate in scenarios that have a first-
order electroweak phase transition. To achieve this, we
resort to nonperturbative lattice simulations in a minimal
dimensionally reduced effective theory for the electroweak
phase transition. Such a minimal setup is provided by the
theory with SU(2) gauge field and fundamental Higgs
scalar, for which the ratio of thermal effective Higgs self-
interaction coupling and the effective gauge-coupling x≡
λ3=g23 at the critical temperature controls the character of
phase transition, first-order transitions existing for x <
x� ¼ 0.0983 [34,35]. This condition can be fulfilled in a
class of theories where new scalars are sufficiently heavy at
high temperatures (but not necessarily at zero temperature)
that they can be integrated out from the thermal effective
theory, while reducing the effective Higgs self-interaction
coupling and thereby rendering the phase transition to be of
first-order. Typically, this requires a large portal interaction
with the Higgs field, enhancing detection prospects with
future particle colliders.
Our present study combines the previous nonperturba-

tive knowledge of thermodynamics and bubble nucleation
rate [35,36] within the minimal framework while adding
the nonperturbatively determined condition for the spha-
leron freeze-out in terms of dimensionless ratios x and y.
The fact that a full class of possible beyond the Standard
Model (BSM) scenarios can be mapped into the minimal
thermal effective theory, makes it possible to recast this
nonperturbative information to any such parent theory,
merely in terms of a dimensional reduction mapping into
the effective field theory; a procedure which by now is to a
large extend fully automated [37] (see, e.g., Refs. [38–45]).
Furthermore, as a by-product, we also provide a com-

prehensive comparison to a recent fully perturbative
approach tackling the same problem [46]. Such comparison
has also further-reaching motives: compared to perturba-
tion theory, nonperturbative lattice studies are expensive,
taking considerable computation time. At present, such
simulations for the sphaleron rate are well established for
the minimal effective theory we work with [47–51], as well
as for the bubble nucleation rate [35,36] (see also
Refs. [52–54]). Yet, for more complicated models, which
include new fields within the effective theory, similar

nonperturbative studies have not yet been performed, albeit
nonperturbative simulations of equilibrium properties have
appeared in [19–25]. However, establishing a reliable
perturbative approach—i.e. concretely learning which per-
turbative effects have to be included and what are their
limitations—makes it possible to tackle these more com-
plicated models by purely perturbative approach, which
would allow a scan through their often vast parameter
spaces with relative ease.
The rest of this article is organized as follows: In Sec. II

we review the setup for the simulations which aligns with
those in [51]. In Secs. III and IV we present our results and
compare them to a recent purely perturbative study [46],
while relegating further discussion on perturbative descrip-
tions to Appendix B. Section V is devoted to a discussion of
the class of parent theories that admit a first-order tran-
sitions and can be mapped into the minimal effective
theory. A summary and discussion of our findings is
presented in Sec. VI. In Appendix A we briefly discuss
the validity of integrating out the temporal gauge field
modes for strong transitions.

II. SETUP FOR THE SIMULATIONS

The sphaleron rate1 is the diffusion constant for the
Chern-Simons number NCS, which is defined through the
SU(2) field strength Fαβ as [2,32,56]

NCSðtÞ−NCSð0Þ≡ g2

32π2

Z
t

0

dt
Z

d3xϵαβγδTrFαβFγδ; ð1Þ

where Greek letters are Lorentz indices and ϵαβγδ is the
totally antisymmetric tensor with ϵ0123 ¼ þ1.
Akin to [49–51,57] our starting point for the simulations

is a dimensionally reduced effective field theory (EFT) in
three spatial dimensions (3D) [58–61], defined through the
following continuum action2

L3D ¼ 1

4
TrFijFij þ ðDiϕÞ†ðDiϕÞ þm2

3ϕ
†ϕþ λ3ðϕ†ϕÞ2;

ð2Þ

where the field strength and covariant derivative are

1The term sphaleron rate is often used loosely to refer to the
Chern-Simons number diffusion constant in both phases, while
technically the term sphaleron coined in [28] refers to the
classical saddle-point configuration, which only exists in the
Higgs phase. Also, one often encounters alternative terminology
for the two phases “symmetric/broken,” yet we avoid this as local
gauge symmetry cannot be spontaneously broken [55].

2In this EFT, temporal gauge field components have been
integrated out [61]. For validity of this, see Appendix A.
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Fij ¼ ∂iAj − ∂jAi − g3½Ai; Aj�; Ai ¼
1

2
σbAb

i ;

Di ¼ ∂i þ ig3Ai; ð3Þ
for the 3D SU(2) gauge field Ai, with the dimensionful
SU(2) coupling g3. Indices i; j ¼ 1; 2; 3 denote spatial
Lorentz indices, while b ¼ 1; 2; 3 is the SU(2) adjoint
index. Finally, ϕ is a complex scalar doublet, for which we
define dimensionless parameters

xðTÞ≡ λ3
g23

; yðTÞ≡m2
3

g43
; ð4Þ

via thermal scalar self-interaction and thermal mass,
respectively. We do not include U(1) gauge field (i.e.,
we set the Weinberg angle θW ¼ 0) within the EFT, since it
has a negligible effect on the phase transition [12,62–64]
and the sphaleron rate3 [51,66–68]. Equation (2) is the
effective theory of the SM, but also of many of its
extensions, provided that new BSM fields are heavy
enough (akin to temporal gauge field components) at
and below the critical temperature of the transition. We
provide concrete examples of this in Sec. V.
Phase diagram of this EFT is dictated by the curve

yðTcÞ ¼ ycðxÞ, which has been determined nonperturba-
tively in [34,35] (as well as perturbatively in [34,41,69] to
maximal perturbatively available order [70]). Below the
critical ycðxÞ curve (after supercooling to temperatures
below the critical temperature), one can associate a similar
curve ypðxÞ for the condition that the system percolates,
and the transition completes [35]. This curve can be
determined from combining a condition from cosmological
evolution with the bubble nucleation rate, which has been
measured nonperturbatively for four different values of x in
[35], as well as calculated perturbatively in [35,71–73].
Here, we find nonperturbatively an analogous curve

yfðxÞ for a condition of the sphaleron freeze-out in the
Higgs phase [74]. Recently, such a curve was determined in
a semiclassical approximation within the EFT in [46]. As
formulated in [46], if the sphaleron freeze-out occurs at
temperatures higher than the percolation temperature, any
baryon number washout is prevented inside the bubble, and
hence any excess generated at the bubble wall would
automatically be preserved inside the bubble, potentially
leading to successful baryogenesis.4

The lattice action corresponding to the dimensionally
reduced 3D theory (2) is given by

S ¼ βG
X
x

X
i<j

�
1 −

1

2
TrPijðxÞ

�

− βH
X
x

X
i

1

2
TrΦ†ðxÞUiðxÞΦðxþ îÞ

þ β2
X
x

1

2
TrΦ†ðxÞΦðxÞ þ β4

X
x

�
1

2
TrΦ†ðxÞΦðxÞ

�
2

;

ð5Þ

where UiðxÞ are the SU(2) link variables, PijðxÞ are the
SU(2) plaquettes defined as

PijðxÞ ¼ UiðxÞUjðxþ îÞU†
i ðxþ ĵÞU†

jðxÞ; ð6Þ

and the Higgs field is written in matrix form

Φ≡ 1

g23

�
ϕ�
2 ϕ1

−ϕ�
1 ϕ2

�
: ð7Þ

The lattice parameter setting the scale of the lattice is βG ¼
4=ðg23aÞ þ 0.6674… where a is the lattice spacing. The
numerical factor comes from OðaÞ improvements to the
lattice continuum relationswhere the renormalization scale is
chosen as μ3 ¼ g23. The rest of the lattice parameters
βY; βH; β2; β4 are similarly related to the continuum param-
eters g23, x, and y through functions computable in lattice
perturbation theory [76,77]. The partialOðaÞ improvements
to the lattice parameters we use can be found in [78,79]. The
relations,with the samenotation as this paper, canbe found in
Appendix A in Ref. [51] (setting the U(1) coupling to zero
z → 0which is not included in thiswork as described above).
Following previous works [49–51] we use the effective

Langevin type description for the dynamical evolution. The
dynamics of the soft modes that govern the evolution of the
sphaleron configurations is fully overdamped and given by
an effective Langevin type evolution to a leading loga-
rithmic accuracy 1= lnð1=gÞ [80–84] in terms of SU(2)
coupling g of the parent theory.
In the Higgs phase the sphaleron rate can be computed

from the lattice as [36,47]5

Γ̃ðx; yÞ ¼ PðjNCS − 1
2
j < ϵ

2
Þ

ϵV|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
statistical

�				ΔNCS

Δt

				


d|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

dynamical

; ð8Þ
3We assume here that there are no strong external hyper-

magnetic fields. Strong hypermagnetic fields affect both the
phase transition and the sphaleron rate, see, e.g., Refs. [51,65] for
nonperturbative studies.

4We note, that this conclusion relies on an assumption that the
system remains in thermal equilibrium, yet across the bubble wall
the system departs from equilibrium and temperature varies across
the bubble. For deflagrations, the bubble can heat the plasma in the
Higgs phase inside the bubble back toward the critical temperature,
cf., Ref. [75]. We have implicitly assumed that such out-of-
equilibrium effects are negligible.

5Technically, this is the Chern-Simons number diffusion rate,
which is twice the sphaleron rate [74]. However, we refer Eq. (8)
as the sphaleron rate in order to stay consistent with terminology
used in [51].
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taking here the lattice volume V and the small time-step Δt
to be in dimensionless lattice units. The rate factorizes to
statistical, equilibrium and dynamical, out-of-equilibrium
parts.
The statistical part PðNCSÞ is obtained from multi-

canonical Monte Carlo computation which determines
the probabilistic suppression of getting to a sphaleron
configuration at NCS ¼ 1

2
� ϵ

2
with some small tolerance

ϵ ≪ 1 (we have used ϵ ¼ 0.04). While the dynamical part
determines the rate of transitioning from one vacuum to
another at the top of barrier at, or close to, the sphaleron
configuration. This is computed from evolving configura-
tions at NCS ¼ 1

2
� ϵ

2
in time and measuring the number of

trajectories that evolve from one vacuum to another. A single
trajectory may cross the sphaleron barrier multiple times and
the “dynamical prefactor” d is computed to account for this
effect. The prefactor is defined as the sum over the simulated
sample of trajectories d ¼ P

traj δtunnel=ðNcrossNtrajÞ where
δtunnel ¼ 1 if the trajectory changes the vacuumΔNCS ¼ �1
and δtunnel ¼ 0 otherwise, and Ncross is the number of times
the trajectory crosses the sphaleron barrier at NCS ¼ 1

2
. See

Refs. [36,47,49] for more details.
The naive lattice discretization of the topological Chern-

Simons number contains ultraviolet noise leading to unphys-
ical diffusion which can be removed by cooling the con-
figuration toward vacuum by a set amount of fictitious
cooling time, which gets rid of the unphysical noise. Due
to the cooling used in the measurement, the statistical and
dynamical parts of the rate (8) donot separately have a simple
physical interpretation. Cooling the configuration brings it
closer to the vacuum decreasing the probability of finding a
configuration with half integer Chern-Simons number, thus
decreasingPϵ ≡ PðjNCS − 1

2
j < ϵ

2
Þ. On the other hand, cool-

ing will similarly increase hΔNCS=Δti by the same factor as
it decreasesPϵ keeping the product of the two independent of
the cooling time.
Physical rate relates to the dimensionless quantity Γ̃

computed from the lattice as

Γðx; yÞ ¼ ðg23Þ5
σel

Γ̃ðx; yÞ; ð9Þ

where σel is the SU(2) color conductivity (that describes the
current response to external fields at the infrared) computed
via hard thermal loop effective description, which is given
as [84]

σel ¼
m2

D

3γ
;

γ ¼ 2g2T
4π

�
ln
mD

γ
þ 3.041þO

�
1

lnð1=gÞ
��

; ð10Þ

wherem2
D is the Debye mass. In the SMm2

D ¼ ð11=6Þg2T2

leading to the numerical value σel ¼ 0.91895T (see
Ref. [85] for a recently computed QCD correction). In
principle, the BSM physics would effect σel through

modifying the matching relation for the Debye mass, as
well as hard thermal loops used to derive Eq. (10), cf.,
Refs. [48,86]. Such effects can be expected to have minor
importance, and for simplicity we do not consider them
further.
For details of update algorithms to measure statistical

and dynamical parts of the sphaleron rate, we refer previous
works [35,36,47,49]. Our goal is to determine the sphaleron
rate in the entire ðx; yÞ-plane below the critical ycðxÞ curve,
i.e., in the Higgs phase. We directly jump into presenting
our results.

III. RESULTS FOR THE SPHALERON RATE

Using the methodology of the previous section, we have
computed the sphaleron rate for different values of x and y
corresponding to the Higgs phase. The points where we
have done simulations can be seen in Fig. 1 and the data can
be found in [87].
As in previous works we find the lattice spacing

dependence to be mild for large values of x. However,
for small x≲ 0.15 there now appears noticeable lattice
spacing dependence. This is due to the fact that the
sphaleron rate is very sensitive to the value of the Higgs
condensate and thus the location of the phase transition,
i.e., the critical value yc, which does depend noticeably on
the lattice spacing [35,63]. Thus, when the transition is of
first-order, or the crossover is very sharply defined, around
the critical yc value the Higgs condensate changes rapidly
making the sphaleron rate more sensitive to the location of
yc. Or the other way around, deeper in the crossover region
the Higgs condensate changes more slowly around the yc
value and thus its location matters less. In the crossover

FIG. 1. The sphaleron rate for all the different x and y values we
computed. These are for the smallest lattice spacing used ag23 ¼
0.25 with volume V ¼ 323a3. For each point the rate was
computed from (8) with ∼5 × 105 samples for the statistical part
and ∼4000 trajectories for the dynamical part. The data can be
found in [87].
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case yc here refers to the pseudocritical point defined as the
location of the peak in the Higgs fields susceptibility.
We do not attempt to obtain a full continuum limit due to

it requiring considerable computational efforts. Instead, for
the small x≲ 0.1, where the lattice spacing has an effect,
we computed the rate for a few different lattice spacings
ag23 ¼ 0.25, 0.333, 0.4, 0.5 to estimate the error from not
taking the continuum limit and used the smallest lattice
spacing ag23 ¼ 0.25 for computing the results. The lattice
volume V ¼ 323a3 was chosen such that the finite volume
effects are negligible [49,51,88]. See Fig. 2 for the general
behavior of the rate on the lattice spacing for small and
large values of x.
In Fig. 3 we illustrate our results for the sphaleron rate at

three different fixed values of x as function of y below the
corresponding yc value. The full result for the rate is shown
in blue with error bars showing the statistical error, together
with a fit in black with standard error estimates in gray. In
addition, we plot the statistical part of the rate as defined in
Eq. (8) in orange. We can observe that the dynamical
contribution to Eq. (8) is significant but clearly subleading
in comparison with the statistical part. However, as noted
previously, the exact value of the statistical part will depend
on the amount of cooling used in the Chern-Simons number
measurement.
For further comparison, for each case in Fig. 3 we have

plotted a semiclassical result of [46] (for details, see
Appendix B). Such semiclassical approximation is oblivi-
ous to the real-time dynamics [described by the dynamical
part of Eq. (8)], but interestingly matches fairly well the
lattice results for the statistical part up to a y-independent
constants, by which we have shifted the perturbative results
manually. This allows us to speculate that the magnitude of
next-to-leading order (NLO) perturbative corrections
described by the fluctuation determinant (see discussion
in Appendix B and Ref. [46]) would presumably match the
constants (up to even higher-order contributions in pertur-
bation theory). Furthermore, for this to be the case, such
corrections would bare only minor y-dependence, and hence

FIG. 2. The sphaleron rate for large and small x values with
different lattice spacings with fixed volume. We show both a
linear 1þ a and quadratic 1þ a2 fits to the data points
extrapolated to a → 0. For large x there is no noticeable lattice
spacing dependence for the sizes simulated. For small x there is
noticeable dependence on the lattice spacing. For small x the
quadratic fits are used to estimate the error from not taking the
continuum limit.

FIG. 3. Sphaleron rate at three different x values as a function of y. The blue data points are the full rate and the orange points show
only the statistical part as defined in (8). The solid black lines are the fits to the full rate ln Γ̃. The gray dotted curves are the estimates
from a semiclassical computation without a dynamical factor [see Eq. (B1)], shifted by an order Oð10Þ number inserted by hand, as
explained in the main body. On the rightmost panel the dot-dashed line is the semiclassical computation for large x values [see Eq. (B7)].
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depend mostly on x alone. We interpret these findings as a
further motivation to extend results of [46] in future to
include consistent determination of these NLO effects in
purely perturbative approaches (see also Ref. [74]).
In Fig. 4 (left panel) we present our result for the

sphaleron rate ln Γ̃ in the ðx; yÞ-plane from x ¼ 0.02 up
to x ¼ 0.3. The colored contours are obtained by linearly
interpolating the data points obtained from simulations.
Around x ≈ 0.3we show the SMmapping fxðTÞ; yðTÞg for
temperature range T ≃ 130–167 GeV. At x≲ 0.1 red curve
shows the nonperturbative results of ycðxÞ and the blue
curve shows the ypðxÞ curve [35].

IV. COSMOLOGY: THE SPHALERON FREEZE-
OUT

Sphaleron freeze-out condition, at temperature Tf, can
be written as [74]

Nρ
ΓðTfÞ
T3
f

¼ HðTfÞ; ð11Þ

where Nρ ≈ 13
4
× 3,6 with the Hubble parameter

HðTÞ ¼
ffiffiffiffiffiffiffiffi
4π3g�
45

q
T2

mpl
, with g� ¼ 106.75 relativistic degrees

of freedom7 and the Planck mass mpl ¼ 1.22 × 1019 GeV.

From Eq. (11) we can solve Tf for any dimensional
reduction mapping exactly, but in analogy to definition
of yp curve, we can get an approximate general result by
noting that

ln Γ̃ðx;yfÞþ ln

�ðg23Þ5
σelT4

f

�
¼ ln

HðTfÞ
NρTf

≈−38.3�0.5; ð12Þ

is approximately a constant for the relevant temperature
range. For example, for T ¼ 100–250 GeV right-hand side
of (12) varies only from −38.8 to −37.9. Furthermore, we
assume that g23 and σel are not significantly affected by the
BSM physics. This allows us to invert this condition, to find
a curve yfðxÞ.
For a fixed value of x we are not able to efficiently

simulate y values that are very deep in the Higgs phase far
from the critical yc value, and thus for larger x values
(x≳ 0.1) we cannot reach the point of the freeze-out
condition. However, the rate in the Higgs phase is well
approximated by a pure exponential, and thus we can
perform a linear fit to ln Γ̃ðyÞ to extrapolate the rate deeper
to the Higgs phase to find the yf freeze-out value (similarly
what was done in the SM case [51,90]), see, e.g., Fig. 3.
Regardless, for the interesting region of first-order tran-
sitions with small x≲ 0.1 we do not need to extrapolate to
deeper in the Higgs phase.
The curve of sphaleron freeze-out yfðxÞ is shown as the

black line in Fig. 4, which turns out to be almost linear in
the small x < 0.03 regime. In the right panel of Fig. 4 we
zoom into the top left corner, relevant for strong first-order
phase transitions. For very small values of x, the freeze-out

FIG. 4. The sphaleron rate in the ðx; yÞ plane. The contour and black dotted constant rate lines are obtained from linearly interpolating
the data obtained from simulations with ag23 ¼ 0.25, V ¼ 323a3. The orange almost vertical line corresponds to the SM mapping for
temperatures 130–167 GeV. The gray dots with error bars are the sphaleron freeze-out y-values for fixed x, i.e., yfðxÞ. The black solid
line is a fit to small x ≲ 0.03 values of yf . The red and blue solid lines are the nonperturbative results for ycðxÞ and ypðxÞ respectively
[35]. The star denotes the first-order phase transition end point x� ¼ 0.0983 [35], i.e., for larger values of x the transition turns into a
smooth crossover. On the left panel the dot-dashed box denotes the area that is zoomed in on the right panel which shows the relevant
range for strong first-order phase transitions.

6Nρ is a factor coming from the free energy of the system at
fixed baryon number, see Refs. [74,89].

7The value of g� can differ from the SM value used here in
various BSMmodels. However, the effect is small even forOð10Þ
changes in g�.
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line is above the percolation line ypðxÞ. Because the
percolation temperature is close to the temperature where
the bubbles nucleate, this means that the sphaleron freeze-
out occurs immediately inside the growing bubbles.
This is further illustrated in Fig. 5, and we find the

intersection point of yp and yf curves at x̄≡ 0.0251þ0.0012
−0.0002 ,

where we have added errors from varying the cosmology
condition and added continuum limit error estimates.
Hence, the main result we find is (assuming weak T-
dependence of x in the dimensional reduction mapping)
that all transitions with

xc ≲ x̄ ≈ 0.025; ð13Þ

prevent the sphaleron washout inside the bubbles of the
Higgs phase, and hence xc ≲ x̄ guarantees baryon number
preservation after strong first-order phase transition. We
point out, that this condition is more strict compared to
conditions xc ≲ 0.04 reported in the seminal work [34] as
well as xc ≲ 0.037 obtained in [47]. This indicates, that for
viable baryogenesis the electroweak phase transition has to
be somewhat stronger than previously anticipated.
Perturbative results for yp and yf are shown as black

dotted and gray dot-dashed curves, respectively, and they
also intersect at x ≈ 0.025, as found in [46]. Given that the
slope of the perturbative yf curve is slightly different from
our nonperturbative result, this almost perfect agreement of
the intersection point of yf and yp curves between these
two results seems accidental. Nevertheless, this comparison
demonstrates that the perturbative approach of [46] works
fairly well.

In the next section, we give a general template with
concrete examples how our result can be applied to
electroweak phase transitions in Standard Model scalar
extensions.

V. BEYOND THE STANDARD MODEL PHASE
TRANSITIONS

In the SM, there is no phase transition due to relatively
large value of the Higgs boson mass, resulting to a too large
value for the self-coupling λ to allow xc ≲ 0.1. This story
can be altered, if new BSM physics can reduce the thermal
Higgs self-coupling λ3, and hence xc at and around the
critical temperature. Concretely, this can be achieved by
introducing a new scalar field S that couples to the Higgs
scalar via a portal interaction

a2ϕ†ϕS2; ð14Þ

with portal coupling a2, where both fields ϕ and S are those
of a full parent theory at zero temperature. To describe a
general strategy to study phase structure of the model at
high temperatures, we first remain agnostic about the
concrete representation of S under the SU(2) symmetry.
First, we will assume a portal interaction quartic in the
fields, and afterward we discuss a cubic portal that leads to
a mixing between the scalars.
In addition to Eq. (14), augmenting the SM with the new

S field introduces two other parameters: the mass (squared)
μ2S and quartic self-interaction b4 of S. Often, it is
convenient to trade the mass squared parameter to the
physical pole mass of the S field, or masses, in case of
multiple fields. If we assume that there is only one such
field (for instance in the case when S is a one-component
singlet) and that at the zero temperature minimum at
leading order in perturbation theory hϕi≡ v0 ∼ 246 GeV
and hSi ¼ 0 (which correspond to the typical electroweak
minimum): we have a simple relation μ2S ¼ M2

S − 1
2
a2v20 in

terms of the pole mass MS at tree-level in perturbation
theory. We note that the expectation value of the Higgs is
not a physical quantity and hereby treat it only in the
context of a tree-level analysis, while we return to discuss a
more careful treatment below.
A general strategy to locate regions of first-order phase

transitions in ðMS; a2; b4Þ-space, using nonperturbative
information from the lattice simulations, proceeds as
follows:

(i) Identify a boundary between phenomenologically
unviable region where the electroweak minimum is
not the global minimum at zero temperature, and the
region where the global minimum is the electroweak
one.

(ii) Identify a boundary μ2S ¼ 0: In the region μ2S > 0 the
scalar S in the 3D EFT cannot become light to
undergo a transition of its own to have a nonzero
expectation value at some high temperature range,

FIG. 5. Zoomed in plot of Fig. 4 where the sphaleron freeze-out
yf and the nucleation temperature yp curves intersect at
0.0251þ0.0012

−0.0002 . The error bounds for the blue yp curve are from
varying the cosmology condition �5. The black solid line is a
linear fit to the obtained yfðxÞ values for x < 0.03 and the gray
error bound is a combination of the fit error and the estimated
continuum limit error. The linear fit for small x is
yf ¼ ð−5.65� 0.14Þxþ ð0.164� 0.004Þ.
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while in the region μ2S < 0 such a multistep phase
transition is possible.

(iii) At large MS and small a2, the scalar S decouples
from the SM thermodynamics, and akin to SM there
is no phase transition but a crossover.

(iv) In-between regions (ii) and (iii), the S field within
the 3D EFT is generally heavy compared to the
Higgs field at and around the critical temperature Tc,
allowing to integrate it out. In such cases, the S field
modifies the fxðTÞ; yðTÞg-mapping. If at Tc
xc ≲ 0.1, then there is a first-order phase transition,
otherwise a crossover (excluding the case xc < 0
which indicates that some perturbative corrections
are missing, potentially higher dimensional marginal
operators). As found in Sec. IV, if xc ≲ 0.025 the
transition is strong enough for viable EW baryo-
genesis.

This general strategy has been previously discussed or (at
least partly) applied in [17,18,34,46,47,91–98].
Before turning to concrete examples, let us discuss why

in particular this approach is powerful. First, identifying (i)
and (ii) requires nothing but zero temperature physics,
meaning that these steps are free from complications
arising at high temperature, such as accounting for thermal
resummations that arise due to thermal screening and Bose-
enhancement. On the other hand, the 3D EFT at high
temperatures is exactly the device to account for such
resummations consistently, relevant in (iii) and (iv).
The point (iii) is at first glance self-evident, but carries an

insightful observation: at largeMS and small a2 the thermal
mass of the S field is large compared to thermal portal
coupling, and hence it is certainly reliable to integrate out
the S field in this regime. This leads to an accurate, only
slightly modified fxðTÞ; yðTÞg-mapping compared to the
pure SM, as well as negligible marginal operators often
dropped from the EFT. The striking point about (iv) is that
any single-step first-order transition has to be located in-
between regimes (i) and (iii), and a nonperturbative probe
for this is the value of xc, in-between (ii) and (iii).
Hence, by applying the above strategy one can extract

reliable partly nonperturbative information about the phase
structure of any model without resorting to more conven-
tional (and purely perturbative) approaches, such as direct
numerical minimization of a thermal effective potential
which is numerically more expensive compared to working
with the fxðTÞ; yðTÞg-mapping, and unreliable for weak
transitions unable to find a boundary between first-order
transitions and crossovers. On the other hand, one still has
to ensure that the perturbative part of the analysis, the
dimensional reduction mapping, is reliable including the
omission of marginal operators.8 We discuss this aspect
further below.

Furthermore, once the boundary between crossovers and
first-order transitions has been reliably located by the
strategy outlined above, one can apply full thermal effective
potential at two-loop order without resorting to integrating
out the extra fields in parts of parameter space that admit
strong transitions. This perturbative approach has been
demonstrated to be in fair agreement with lattice simulations
that include active new scalar fields in the EFT, see
Refs. [22,23,25,103]. The benefit of such combined
approach is, that it is numerically a lot more feasible to limit
the use of a two-loop thermal effective potential to parts of
parameter space that can already be anticipated to admit
strong transitions, instead of scanning through the vast free
parameter space by brute force.
The strategy outlined above is general for all one-step

phase transitions irrespective of a representation of S or
multiple such fields, and corresponding dimensional
reduction mappings can be obtained in automated fashion
[37]. Before moving on, we emphasize that this strategy
cannot be used to study multistep phase transitions with
more complicated phase transition pattern, see, e.g.,
Refs. [24,103–108], yet such transitions are located
somewhere in-between boundaries (i) and (ii) that can
themselves be found, as already emphasized, simply by
zero temperature physics.9

Next, we provide some concrete flavor, by assuming that
the S-field is a singlet under SU(2), and has N real
components possessing an O(N)-symmetry. Akin to [38],
we assume that the singlet vacuum expectation value at zero
temperature vanishes. For studies where the new scalar is a
doublet or triplet under SU(2), see Refs. [46,93–95]. New
terms in the scalar potential are

1

2
μ2SS

2 þ 1

4
b4S4 þ a2ϕ†ϕS2: ð15Þ

As we have already discussed, we can relate the mass
squared parameter to physical mass by μ2S ¼ M2

S − 1
2
a2v20.

By shifting the fields as ϕ → ϕþ v=
ffiffiffi
2

p
and S → Sþ s by

real background fields, the requirement that the electro-
weak minimum of the tree-level potential, i.e., the mini-
mum to v-direction, can be written as

−
μ2

4λ
< −

μ2S
4b4

; ð16Þ

8For recent studies where marginal operators cannot be ne-
glected, see Refs. [99–102].

9Possible existence of multistep transitions in this region is
intuitive in the following sense: in the region where the
electroweak vacuum is not global, the system has to transition
from the confinement phase to the S-phase at some high
temperature, and only in a vicinity of this region it is possible
that system transitions first to the S-phase at some temperature,
and subsequently to the electroweak phase at some lower
temperature. Where exactly this happens in-between boundaries
(i) and (ii), requires to study thermal EFT with new scalars
actively included [24,103].
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required for (i), where μ2 is the Higgs mass (squared)
parameter.
For constructing the EFT, we assume that singlet mass

parameter is suppressed as μ2S ≪ ðπTÞ2 compared to the
scale of nonzero Matsubara modes (referred later as the
“hard” scale), and once the hard scale is integrated out the
singlet thermal mass at one-loop reads [38]

μ2S;3 ¼ μ2S þ
1

12
T2ð2a2 þ ðN þ 2Þb4Þ: ð17Þ

We assume this thermal mass to be heavy compared to the
scale of the transition, i.e., μ2S;3 ∼m2

D ∼ ðgTÞ2, and hence
integrate out the singlet (akin to temporal gauge field
modes).10 The scale of the transition is set by the Higgs
thermal mass m2

3 ¼ yðTÞg43 ∼ 1
x g

4T2 around the critical
temperature yc ∼ 1=x. For small x ∼ g=π one hence has
m2

3 ∼ ðg3
2T=

ffiffiffi
π

p Þ2, which is parametrically in-between the
soft ðgTÞ and ultrasoft ðg2T=πÞ scales [69,103,110].
Consequently, Higgs thermal self-coupling at the scale of

the transition reads

λ3 ¼ TðλðΛÞ − βλLbÞ −
N
32π

a22;3ffiffiffiffiffiffiffiffi
μ2S;3

q þ N
4ð4πÞ2

a32;3
μ2S;3

; ð18Þ

where a2;3 ¼ Tða2 − βa2LbÞ, and we have included singlet
contributions from the hard scale ∼πT at one-loop, and
from the soft scale ∼gT at two-loop level.11 Here Lb ∝
lnðΛ=TÞ in the hard scale part, and β denotes one-loop beta
functions describing running with respect to the (parent
theory) renormalization scale Λ.
The singlet contributions in Eq. (18) manifest in three

distinct ways: (1) soft scale corrections within the EFT (last
two terms), (2) hard scale contributions proportional to Lb
and described by the running of λ; note that βλ includes a
term proportional to a22, see Refs. [111,112], and (3) the
value of λ at the initial scale (often identified as the Z-boson
mass) which receives corrections from the singlet via one-
loop vacuum renormalization, cf., Ref. [112]. As discussed
in [113] (see also Ref. [114]), for accurate numerical
analysis all these three effects are important and need to
be taken in account. However, for our discussion here, we
focus only on the soft scale corrections.

At one-loop, the soft scale correction in Eq. (18) is
described by the second last term, and crucially, contributes
with a minus sign: this term reduces λ3 and is exactly what
is desired to strengthen the transition. On the other hand,
the last term in Eq. (18) that arises at two loops from the
soft scale, dilutes this desired reduction [41,113], and turns
out to be crucially important to account for, as we see
below. We observe that in order to reduce λ3 so that xc ≲
0.025 these two terms need to be in delicate balance with
the first term in Eq. (18), and for this we observe below that
having N > 1 helps considerably. We point out that the soft
scale perturbative expansion in Eq. (18) is an expansion in

a2;3=ðπ
ffiffiffiffiffiffiffiffi
μ2S;3

q
Þ, and it is this ratio that needs to be small

enough for integrating out the singlet to be sensible.
The thermal mass of the Higgs, is composed as

m2
3¼m2

3;SMþ N
24

T2a2ðΛÞ−
N
8π

a2;3
ffiffiffiffiffiffiffiffi
μ2S;3

q

þ N
4ð4πÞ2a2;3

�
ðNþ2Þb4;3−a2;3

�
1þ ln

�
Λ3

2
ffiffiffiffiffiffiffiffi
μ2S;3

q
���

;

ð19Þ

where we isolated the SM part (see, e.g., Refs. [61,112]),
b4;3 ¼ Tðb4 − βb4LbÞ [112] and Λ3 is the renormalization
scale of the 3D EFT. We note that here the second term
describes hard scale corrections at one-loop, but we did not
write down the corresponding two-loop contribution from
the hard scale, see Ref. [112]. In practical calculations, it is
crucial to include such two-loop contribution to cancel the
running of the one-loop term [115,116]. In Eq. (19) the last
two terms are soft scale corrections from the singlet, at one
and two loops, respectively.
We note, that for generic models the dimensional

reduction matching relations (as well as required one-loop
β-functions) can be obtained using DRalgo code [37,117].
However, zero-temperature vacuum renormalization pro-
cedure required for relating Lagrangian parameters of a
model to physical quantities such as pole masses (see, e.g.,
Refs. [61,112,118]) is not included. Likewise, the soft scale
corrections to scalar couplings [cf. Eq. (18)] is not
(automatically) included in the current version.12

10If the singlet vacuum mass parameter is very heavy
(μ2S ∼ ðπTÞ2), the singlet needs to be integrated out entirely
(including the zero Matsubara mode) in the dimensional reduc-
tion, see Refs. [92,109]. We do not discuss this situation here
for simplicity, cf., Ref. [95].

11Contributions from the scale gT are enhanced, and reaching
the same formal accuracy as for the hard scale contributions
requires a higher loop order calculation [61].

12Here we concretely refer to DRalgo version 1.3. However,
two-loop soft corrections to the scalar coupling [Eq. (18)] can be
obtained (manually) with a following trick: DRalgo can be used to
compute the two-loop effective potential V3D

eff ðv3Þ with respect to
the Higgs background field v3, which includes soft scale
corrections by a new scalar S. Since the effective potential is
the generator of n-point Green’s functions Gn, one can expand it
as series in v3, identify and isolate contributions of S and extract
the required 4-point function from 1

4
v43G4 for the two-loop

matching [61].
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The critical temperature Tc can now be determined
from the condition yðTcÞ ¼ yðxcðTcÞÞ. That is, from the
condition that fxðTÞ; yðTÞg-mapping intersects with
(nonperturbatively determined) ycðxÞ curve at Tc.
However, since yðTÞ is fairly rapidly changing with
temperature, below we resort to a simplification yðTcÞ ≈
0 and use this condition to estimate the Tc. This condition is
independent of xðTÞ, and hence provides a slight simpli-
fication for our numerical illustration below, in which we
do not include relevant two-loop thermal masses, running
of parameters, nor one-loop vacuum renormalization.

However, for any serious analyses that accounts these
effects there is no reason to resort to this simplification.
As an illustration of the previous discussions we fix

b4 ¼ 1 and solve Tc and xc in parts of ðMS; a2Þ-plane
where μ2S > 0 (and hence also the electroweak minimum is
automatically global). We depict result in Fig. 6 which
shows different regions of crossover (xc > 0.1), weak first-
order transitions (0.025 < xc < 0.1), strong first-order
transitions (0 < xc < 0.025) and regions where marginal
operators or other higher-order effects are non-negligible
(xc < 0). In the left column we show results including only

FIG. 6. Regions of crossover in yellow (xc > 0.1), weak first-order transitions in orange (0.025 < xc < 0.1), strong first-order
transitions in red (0 < xc < 0.025) and regimewhere marginal operators or other higher-order effects are non-negligible in blue (xc < 0)
in ðMS; a2Þ-plane with fixed b4 ¼ 1. In first column, soft contributions from the singlet are computed at one-loop, and in the second
column at two loops, while different rows use N ¼ 1, 3, 5, in descending order.
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one-loop corrections of the singlet from the soft scale,
while the right column also includes the two-loop (soft
scale) contributions. For each row we use N ¼ 1, 3, 5 in
descending order.
In top row with N ¼ 1 we observe that integrating out

the singlet at one-loop (left) results in a narrow band of
strong transitions with 0 < xc < 0.025, yet inclusion of
two-loop corrections (right) completely removes this
region, and even in the top right corner with large a2
and MS, xc does not become small enough for strong
transitions. This result indicates that for N ¼ 1 there exists
no strong one-step phase transitions which can be described
within our approach. Yet we emphasize that our analysis
does not indicate that this model with N ¼ 1 could not
admit strong two-step transitions in which a light singlet
plays a dynamical role and cannot be integrated out.
On the other hand, second and third row of Fig. 6

indicate that, as N is increased, two-loop corrections do
not spoil conditions for strong transitions. Furthermore, as
could be expected by increasing the number of degrees of
freedom that are integrated out, the value of portal
coupling required to trigger the transition becomes
smaller. This could perhaps be taken as a motivation to
study BSM models where larger number of heavy fields
are used to trigger the phase transition, such as two- or
three-Higgs doublet models [119], or even more exotic
models with higher dimensional representation electro-
weak multiplets [120–122].
However, we emphasize that results of Fig. 6 are only

illustrative,13 and do not include several higher order
corrections that are expected to be important, such as
two-loop thermal masses, one-loop running of parameters
nor corrections from one-loop vacuum renormalization.
Indeed, in [46] it has been concluded that when such
corrections are included in the real-triplet extended SM
[24,95,103,107] all strong one-step transitions found based
on including only one-loop soft scale corrections from the
triplet, vanish when two-loop effect are included (see also
Ref. [113] for similar conclusions in the real singlet-
extended SM).
Next, we shall discuss a possibility that the singlet model

includes non-Z2 symmetric operators [123,124], that is, we
add the following terms to the scalar potential

b1Sþ b3S3 þ a1Sϕ†ϕ: ð20Þ

From now on for simplicity, we also assume that N ¼ 1.
Due to the presence of the cubic portal, two scalars mix
with a mixing angle we denote by θ. In terms of physical
masses the Lagrangian parameters read (at tree-level)

μ2 ¼ −
1

4
ðM2

h þM2
S þ ðM2

h −M2
SÞ cosð2θÞÞ;

μ2S ¼
1

2
ð−a2v20 þM2

h þM2
S − ðM2

h −M2
SÞ cosð2θÞÞ;

λ ¼ 1

4v20
ðM2

h þM2
S þ ðM2

h −M2
SÞ cosð2θÞÞ;

a1 ¼ −
2

v0
ðM2

h −M2
SÞ sin θ cos θ;

b1 ¼ −
1

4
a1v20: ð21Þ

Again, for any serious investigations these relations should
be augmented with corrections from one-loop vacuum
renormalization, cf., Ref. [112]. From this reference, one
can also find a physically meaningful recipe to replace the
unphysical Higgs vacuum expectation value v0 by physical
observables (the Fermi constant related to muon lifetime
and weak gauge boson pole masses). Above, the relation of
Eq. (21) tying together b1 and a1 follows from convention
that singlet vacuum expectation value at zero temperature
vanishes, which can be achieved by a coordinate trans-
formation shifting the singlet field. We note that without
Z2-symmetry (S → −S), the presence of mixing—which
we assume to be small sinðθÞ ≪ 1 in accord with phe-
nomenology—in fact slightly increases the Higgs self-
interaction coupling λ. We also comment that, in presence
of the mixing, the condition for the electroweak minimum
to be global becomes significantly more complicated
analytically. Nevertheless, it is straightforward to guarantee
this condition numerically.
Cubic couplings b3 and a1 have dimension of mass, and

for dimensional reduction to be reliable these couplings
have to be small enough compared to the temperature (for
details see Ref. [112]). Since we keep the mixing angle
small, in practice for a1 this requires the pole mass MS to
not be exceedingly large. Within the EFT, these operators
are described by couplings b3 ¼

ffiffiffiffi
T

p ðb3 − βb3LbÞ and a1 ¼ffiffiffiffi
T

p ða1 − βa1LbÞ at one-loop [112] while the tadpole
coupling at one-loop is given by

b1;3 ¼
1ffiffiffiffi
T

p
�
b1 þ

1

12
T2ðb3 þ a1Þ

�
: ð22Þ

Again, accurate analyses would require one to include also
the two-loop correction, but here we omit it for simplicity.
When the singlet is integrated out at the soft scale within

the EFT, already at tree-level, it modifies the Higgs thermal
mass by a term [41]

−
b1;3a1;3
2μ2S;3

; ð23Þ

and the Higgs thermal self-coupling by

13In other words, we use this N-singlet extension as an
illustrative toy model, rather than as a serious candidate for
the BSM theory.
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−
a21;3
8μ2S;3

þ 1

4
b1;3

�
2
a2;3a1;3
μ4S;3

−
b3;3a21;3
μ6S;3

�
: ð24Þ

It turns out that these tree-level contributions dominate over
the loop corrections involving cubic couplings [41,92], and
hence for simplicity we do not consider such higher order
corrections here. We observe that in particular the first term
in Eq. (24) leads to efficient reduction of xc.
Next, we turn to numerics and fix b4 ¼ 1.0 and b3 ¼ 0

(varying these numbers would keep our discussion the

same qualitatively) and similar to Fig. 6 we plot different
regions based on xc in the ðMS; a2Þ-plane for three different
values sinðθÞ ¼ 0.05, 0.1, 0.15. We observe that again the
top right part of the ðMS; a2Þ-plane admits strong first-order
transitions, and for increasing mixing angles, such regions
move toward smaller a2, as could have been anticipated.
We emphasize that transitions can be expected to be of

first-order (with increasing strength for increasing a2) also
in the region where xc < 0. This expectation is supported
by perturbation theory within another EFT that has negative
quartic self-coupling, yet small and positive coefficient for

FIG. 7. Similar to Fig. 6, but in non-Z2 symmetric case with N ¼ 1 and with varying the mixing angle.
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a sextic marginal operator ðϕ†ϕÞ3 [125–127]. However,
nonperturbative studies of such EFT—which suffers from
absence of super-renormalizability and hence exact lattice-
continuum relations—have yet to be performed.
In the non-Z2 symmetric case a key difference to the

previous Z2-symmetric case is, that since the reduction of
xc is dominated by the cubic portal coupling that acts
already at tree-level within the EFT, the results can be
expected to be significantly less sensitive to higher order
corrections, and hence more reliable. This provides evi-
dence that as far as strong electroweak phase transitions are
considered, models with cubic portals to Higgs appear
perhaps much better motivated compared to models with
mere quartic portals. On the other hand, such cubic portals
cannot be incorporated to wide classes of models; this
includes models with extra doublets as such operators are
forbidden by gauge symmetry, or, e.g., the real triplet
model, where the gauge symmetry allows for cubic
operator ϕ†ðSbσb=2Þϕ, but which is tightly constrained
to be small by the electroweak ρ-parameter [107].
In Fig. 8 we illustrate results for a single representative

parameter point (defined in the plot legend), that maps into
xc < 0.025 (left), and allows us to extract the sphaleron rate
as function of temperature (right). We observe, that indeed
the temperature dependence in xðTÞ is weak in the range
from yc to yf and yp, and that Tc, Tf, and Tp are all within
1 GeVaround 158 GeV, indicating very minor supercooling
down from Tc. This is a typical trend for these heavy
(thermal) portal scalar scenarios.
In summary, in this section we described a general,

powerful strategy to study and find strong first-order electro-
weak phase transitions using combination of perturbation

theory (dimensional reduction and integrating out extra
scalars) and nonperturbative information from the lattice,
in particular for the character of a transition and whether it is
sufficiently strong to preserve the baryon asymmetry by
shutting off the sphaleron transitions. We further illustrated
how this procedure can be concretely realized in a simplified
setting with an extra singlet.
Yet we emphasize, that in order to simplify the dis-

cussion, we did not consider all higher order perturbative
effects that can be expected to be important, such as two-
loop thermal masses, renormalization group running of
parameters nor corrections from one-loop vacuum renorm-
alization (cf., Ref. [112]). For any serious studies, we
advocate that these effects should be included, as well as
estimates of the validity of dimensional reduction that could
be compromised when high-temperature expansions and
expansions at the soft scale become unreliable when large
couplings or extremely strong transitions are involved
[109,118,128].

VI. DISCUSSION

In this article we have extended previous nonperturbative
determinations of the Higgs phase sphaleron rate in the
minimal SU(2) +Higgs 3DEFT to entire parameter region in
ðx; yÞ-plane (corresponding to thermal self-coupling and
thermal mass) relevant for first-order electroweak phase
transitions in BSM theories in which first-order phase
transition is triggered by a new field with large enough
thermalmass. In particular, we determined nonperturbatively
a curve yfðxÞ that captures information when the sphaleron
transitions freeze out in the Higgs phase. Our study hence

FIG. 8. On the left panel the orange curve shows the fxðTÞ; yðTÞg-mapping for a non-Z2 symmetric N ¼ 1 scalar, with
MS ¼ 400 GeV, a2 ¼ 3.17, sin θ ¼ 0.1, b4 ¼ 1, b3 ¼ 0, and two-loop corrections; as in the middle row of Fig. 7. The shown
fxðTÞ; yðTÞg-mapping corresponds to temperature range of 155.9–158.6 GeV. On the right panel we used the interpolated lattice data to
get the sphaleron rate for the fxðTÞ; yðTÞg-mapping of the specific model, giving us the sphaleron rate as a function of temperature. The
gray standard error bounds are again from the continuum limit error estimate. The horizontal dotted line shows the confinement phase
sphaleron rate in the SM case as found in [51], here scaled to the dimensionless Γ̃. The gray dot-dashed line on the right plot shows the
Hubble rate terms in (12) without approximating them as constants.
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complements previous nonperturbative studies for analogous
curves ycðxÞ andypðxÞ describing the critical andpercolation
temperatures, respectively.
Combining this information allowed us to confirm that

ypðxÞ and yfðxÞ curves intersect, and hence find a condition
that sphalerons in the Higgs phase are shut off before the
percolation occurs, and this happens when xc ≲ 0.025,
assuming that xðTÞ is only mildly changing with temper-
ature in-between yc ¼ yðTcÞ and yp ¼ yðTpÞ.14 Under
this assumption, the condition xc ≲ 0.025 provides a
necessary,15 yet not sufficient condition for viability of
the electroweak baryogenesis. This condition is slightly
stricter than previously obtained by analogous investiga-
tions [34,47], and hence our results indicate that to preserve
the baryon asymmetry the electroweak phase transition has
to be slightly stronger than previously thought.
So far we have assumed that the temperature in the Higgs

phase inside the bubbles does not reheat significantly above
Tp. However, relaxing this assumption and allowing the
temperature to grow back all the way up to Tc would
provide an even stronger bound on phase transition
strength. Using our lattice data we find xc ≳ 0.019þ0.001

−0.0005
(stronger than reported in [2]), yet we comment that to
obtain a more accurate value for this bound would require
more careful analysis of the continuum limit of the
yfðxÞ curve.
We can also translate the above upper bound on xc to a

lower bound on the discontinuity of the Higgs condensate
Δhϕ†ϕic [57] defined as the difference of the condensate in
the different phases at the critical temperature (or yc). For
the explicit definition of hϕ†ϕi see, e.g., Ref. [51]
[Eq. (14)]. Using xc ¼ 0.025 results to a lower bound
v=Tc ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Δhϕ†ϕicg23

p
=Tc ≳ 1.33 (by using the results

from [35] to obtain the discontinuity).16 Here we also used
the SM value g23 ≃ 0.4T. By computing the (gauge-invari-
ant) condensate in perturbation theory for x ¼ 0.025, we
obtain v=Tc ≳ 1.01 at leading order, and v=Tc ≳ 1.36 at
N4LO using results of [41,69], with latter providing a fair
agreement with the lattice.
In particular, these conditions provide a nonperturbative,

consistent alternative to widely circulated, heuristic con-
dition vc=Tc ≳ 1 (in Landau gauge) to prevent the washout,
in terms of the Higgs field expectation value vc at the

critical temperature, computed from the thermal effective
potential (see, e.g., Refs. [129,130]). Furthermore, we
emphasize that our nonperturbative condition is universal
within the underlying assumptions about the construction
of the EFT at the infrared, namely that everything but the
SU(2) gauge fields and the Higgs doublet can be integrated
out. In addition, we assumed that effects of BSM fields to
the dynamical part of the rate are negligible.
We also saw that for small values of x≲ 0.15 the

sphaleron rate does depend noticeably on the lattice
spacing, unlike for large values of x as seen in previous
studies. This is because the sphaleron rate is very sensitive
to the value of the Higgs condensate. Thus, when the
transition is very sharply defined or of first-order, in the
vicinity of the transition the value of the condensate, and by
extension the sphaleron rate, is sensitive to the exact
location of the critical temperature or yc which does depend
on the lattice spacing.
To give flavor how our findings can be used to study

electroweak phase transitions in a class of BSM theories
under these assumptions, we also reviewed a general
procedure and exemplified it in terms of a simplified
setting with singlet scalar portal. In particular, we demon-
strated how the most simple quartic portal is sensitive to
higher-order perturbative corrections, yet argued that this
feature can be mitigated if such portal comprises of
multiple fields or fields that are in higher dimensional
representations of electroweak multiplets. Furthermore, we
showcased the attractive nature of a possible cubic portal to
trigger strong electroweak phase transition, a feature that
can be realized in, e.g., the non-Z2 symmetric singlet-
extended SM, for which phenomenological signatures are
actively predicted and searched for in the present and future
collider experiments, cf., e.g., Refs. [25,131] and references
therein.
Interestingly, a semiclassical approximation of Ref. [46]

agrees fairly well with our nonperturbative determination.
This can be understood in terms of the mass scales of the
problem: themass scale of the sphaleron in theHiggs phase is
set by the gauge boson mass, and hence well above the mass
scale of the transitioning scalar [69,103,132], hinting that a
perturbative description of the sphaleron is faster converging
than that of the bubbles [46,133,134]. Nonetheless, to
concretely confirm this, it would be highly motivating to
revisit a computation of the sphaleron fluctuation determi-
nant [135–137] to go beyond the semiclassical approxima-
tion within the EFT (also cf. Ref. [74]). Furthermore, given
the success of semiclassical approximation, it would cer-
tainly be motivating to generalize the semiclassical approxi-
mation of Ref. [46] to a class of multistep phase transitions,
that involvemultiple active scalar fields charged under SU(2)
within the final EFT at the infrared. Reliable perturbative
approach to such more complicated situations would offer
immensely faster ways to analyze vast free parameter spaces,
compared to nonperturbative simulations.

14Should this assumption be relaxed, then the more general
condition to prevent the sphaleron washout is xf ¼ xðTfÞ <
0.025 and hence yf > yp, i.e., Tf > Tp.

15Strictly speaking, the condition xc ≲ 0.025 guarantees that
sphalerons cannot wash out any baryon asymmetry in the Higgs
phase, while at slightly larger values of xc it could be still possible
to survive from the double exponential washout, if the initial
asymmetry generated in front of the bubble is huge compared to
experimentally observed value. For details, see Ref. [46].

16Note, here we have written the condensate in units of g23
which is what is naturally obtained from the lattice. In the abstract
the condensate is directly in 4D units.
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APPENDIX A: TEMPORAL GAUGE FIELD
COMPONENTS

In the effective theory of Eq. (2) temporal gauge field
components Aa

0 have been integrated out perturbatively, and
their effect is encoded in the parameters of the EFT [61].
This procedure relies upon an approximation that the
Debye mass mD ≈ NmD

g2T of Aa
0 fields dominates over

the field-dependent mass generated by the Higgs mecha-
nism. For very strong transitions (at very small x), that
involve large jump in the Higgs condensate, this perturba-
tive approximation becomes unreliable. Technically, the
previous criteria amounts to m2

D ≫ h3v23, where h3 ≈ 1
4
g2T

is the coupling of Aa
0 to Higgs field, and v3 is the scalar

background field (used to generate correlation functions in
the EFT matching). For small values of x, in the Higgs
phase we can estimate the size of the background field by
the leading order perturbative result v3 ≈

g3
8πx at the critical

temperature [69], and hence we arrive to a lower bound

x ≫
g

16π
ffiffiffiffiffiffiffiffiffi
NmD

p ≈ 0.0093; ðA1Þ

for the SM values g2 ≈ 0.4 and NmD
≈ 11

6
. While this lower

bound is indeed smaller than our condition x̄ ≈ 0.025 for
the baryon number preservation in Eq. (13), in the future it
could be interesting to revisit our simulations without
integrating out the temporal gauge field components (cf.,
Refs. [34,138,139]), in order to scrutinize the accuracy of
our present results. We also note, that in BSM theories
where a new portal scalar is charged under SU(2), it would
increase the value of NmD

(cf., Refs. [94,95]) and hence
integrating out the temporal gauge fields becomes more
reliable.
Additionally, as pointed out in [46], previous simulations

[49–51] have not included the perturbative effect of
temporal gluon fields to the Higgs thermal mass (see also
Refs. [92,111]). This effect scales as ∼g2Yg3s=π3 and appears
formally at higher order than NLO in the dimensional
reduction [61]. Yet, it has been demonstrated to have a
small, but not entirely negligible, effect on thermodynamics

and the sphaleron rate [46], due to relatively large numeri-
cal values of the top quark Yukawa coupling gY and the
strong coupling gs.

APPENDIX B: SEMICLASSICAL CALCULATION
IN TERMS OF HIGGS CONDENSATE IN

PERTURBATION THEORY

In Ref. [46] a semiclassical calculation17 of the sphaleron
rate has been formulated for x ≫ 0.1 as well as for x < 0.1.
In the latter case

ΓLO
sph ¼ T4e−Ssphðx;yÞ; ðB1Þ

where the sphaleron action has a simple approximation
Ssphðx; yÞ ≈ 29ffiffi

2
p φ0ðx; yÞ in terms of the Higgs phase mini-

mum of the leading order effective potential [36,69]

VLO ¼ g63

�
1

2
yφ2 þ 1

4
xφ2 −

1

16π
φ3

�
; ðB2Þ

where the scalar background field φ is scaled to be
dimensionless. Extremal condition d

dφVLOjφ¼φ0
leads to

the expression

φ0 ¼
3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 − 1024π2xy

p
32πx

; ðB3Þ

for the Higgs phase minimum. Note that our normalization
for the background field here differs by a factor 1=

ffiffiffi
2

p
from

the expression in [46]. On the lattice, the expectation value
of the square of the Higgs field is described by the scalar
condensate hϕ†ϕi. This condensate can be computed in
perturbation theory as [57]

hϕ†ϕi≡ d
dy

Veff ; ðB4Þ

and at leading order

φ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hϕ†ϕi

q
: ðB5Þ

At higher orders within the 3D EFT perturbation theory
[140], it has been shown that this condensate can be
computed with remarkable agreement with the lattice
result, for strong phase transitions at small x [41,69].
The correspondence in Eq. (B5) might tempt one to

approximate the semiclassical sphaleron action in terms of
the Higgs condensate, rather than the background field at
the minimum as

17In this approach, a sphaleron field configuration is found at
classical level within the 3D EFT. This corresponds to a leading
order approximation in perturbation theory, which would receive
corrections from a fluctuation determinant computed for the
sphaleron field configuration.
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Ssphðx; yÞ ≈
29ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hϕ†ϕi

q
; ðB6Þ

with a following motive: two-loop corrections to the Higgs
condensate are known to be large, and hence it would be
desirable to add such corrections to the semiclassical
formulation of [46]. For this, we follow [41,69] and use
the three-loop effective potential, expanded around its
leading order minimum; this is gauge-invariant in accord
with [141,142]. Next, we compute the condensate by taking
the y-derivative of the resulting potential, and we obtain the
condensate as function of x and y at all five perturbative
orders up to and including N4LO (cf., Ref. [41], in which
similar results are reported in a strict expansion around
leading order yc). This results in somewhat lengthy analytic
expressions, which we do not write down explicitly here.
We compare these perturbative results against the lattice

results for the condensate in Fig. 9, yet have to immediately
stress the following: the condensate itself is not (3D)
renormalization scale invariant, while the difference of
the condensate between two phases is [57]. In this sense,
our following observations are only to be taken as tentative.
In perturbation theory, we fix the 3D renormalization scale
as Λ3 ¼ 1.35g23, and this choice matches the lattice result in
Fig. 9 remarkably well (and point out, that perturbation
theory converges rapidly at small x, with already NLO
(two-loop) being close to lattice result, albeit we do not
illustrate this).
Using the action of Eq. (B6) for the semiclassical

approximation, we additionally show the results for yf-
curves using the condensate at LO and N4LO. We observe

that higher order corrections to the scalar condensate do not
drastically change the result for perturbative yf, yet brings the
perturbative result farther away from the lattice result. We
stress, however, that simply adding such higher order
corrections to the condensate as we have discussed, does
not provide renormalization scale invariant result for the
sphaleron rate.
What this exercise illustrates, on the other hand, is that in

perturbation theory the sphaleron rate is not crucially
sensitive to the higher order corrections that modify the
Higgs expectation value (or the condensate) at two loops
and beyond. This conclusion can be viewed in terms of the
physical picture provided by [116]: the mass scale of the
transitioning scalar is in-between perturbative soft and
nonperturbative ultrasoft scales, and major perturbative
corrections to the thermodynamics arise from the soft scale
through heavy gauge field in the Higgs phase. The mass
scale of the sphalerons in the Higgs phase, on the other
hand, is set by the gauge boson mass, and hence sphaleron
dynamics are not similarly sensitive to large soft scale
corrections, as sphalerons in the Higgs phase live at the soft
scale themselves. For this reason, already the semiclassical
approximation agrees reasonably well with the full non-
perturbative result from the lattice. This leads us to
speculate that leading corrections to the semiclassical
picture, that are encapsulated by the one-loop fluctuation
determinant computed around the sphaleron background
[114,135–137]18 are responsible for the major of the
remaining difference between the lattice and perturbation
theory. This speculation is further supported by perturbative
results reported in [74] and related discussion in [46], that
our discussion here complements.
Finally, for completeness we collect here the perturbative

result of [46] for the sphaleron rate in the semiclassical
approximation for large x ≫ 0.1 used in Fig. 3. That is, the
classical action can be approximated as

Ssphðx; yÞ ≈
ffiffiffiffiffiffi
−y
2x

r
ðAþ BxC lnðDxÞÞ; ðB7Þ

where the overall factor is simply the expectation value of
the tree-level potential, and the remainder is a fit with
coefficients A ¼ 26.12, B ¼ −2.145, C ¼ 0.4237, and
D ¼ 0.00717. This concludes our detour to perturbation
theory.

FIG. 9. Dimensionless condensate hϕ†ϕi=g23 in the ðx; yÞ-plane,
from lattice (dotted black) versus N4LO perturbation theory
(solid gray), together with yf-line from the lattice (solid black)
and in perturbation theory with LO (dot-dashed black) and N4LO
condensate (dot-dashed blue).

18Reference [114] discusses a computation of the fermionic
fluctuation determinant analytically in terms of higher-dimen-
sional, marginal operators within the EFT, and their effect to the
sphaleron rate. Recent works [100–102,143] study marginal
operator effects on thermodynamics and bubble dynamics of
phase transitions, yet do not consider the sphaleron rate.
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