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Quantum gravity and matter fields in a general background gauge
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We analyze the gauge dependence of the effective action in an interacting quantum theory of gravitational
and matter fields. An explicit off-shell result is obtained in a general background gauge at one-loop order,
which reduces in a particular gauge to the effective action found by ’t Hooft and Veltman [Ann. Inst. Henri
Poincare Phys. Theor. A 20, 9 (1974)]. We confirm the validity of DeWitt-Kallosh theorem, which implies
that the on-shell effective action should be independent of the gauge-fixing parameter. We employ this
theorem to expose the nonrenormalizability of the theory in a general background gauge.
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I. INTRODUCTION

Classical general relativity is a successful theory which
provides a very good description of the gravitational
interactions that occur at low energies. There have been
many attempts to quantize gravity along the lines used in
other gauge theories, and it was recognized that Einstein’s
theory of gravity is generally not renormalizable in the
usual sense. The contributions generated by the Feynman
loops to all orders require an infinite number of counter-
terms to cancel the ultraviolet divergences present in this
theory. The current point of view is that general relativity
could be considered as a low energy effective field theory
of some fundamental theory [1,2].

Pure quantum gravity is on-shell renormalizable at one-
loop order, so that its divergences can be absorbed by a
redefinition of the fields. On the other hand, it was shown in
Ref. [3] that when a scalar field is coupled to gravity the
theory is no longer on-shell renormalizable at one-loop
order, in the sense that its divergences cannot be removed
by field redefinitions. This outcome has been found in a
particular background-field gauge.

Many of the perturbative computations done in quantum
gravity are used the background-field method, which pre-
serves gauge invariance at all stages of the calculations [3—6].
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It was shown that the S matrix calculated in this approach is
equivalent to the conventional S matrix [7]. Thus, one
expects the on-shell counterterms to be independent of the
gauge-fixing parameters and of the parametrization of
graviton fields. This statement was proved by DeWitt and
Kallosh through a formal theorem, which asserts that the
loop counterterms on mass shell should be independent
of the gauge fixing and of the parametrization [8,9]. Their
arguments have been subsequently improved in several
papers [10-15].

However, some questions have been raised on the
general validity of this theorem in the nonrenormalizable
theory of quantum gravity [16-18]. Nevertheless, the
gauge-fixing independence of the on-shell effective action
was explicitly checked, in a rather general gauge, at one-
loop order in quantum gravity with a cosmological constant
[19]. Moreover, the on-shell independence of the effective
action in this model has been verified for a very general
parametrization of the metric field [20].

It may be useful to verify through explicit calculations the
DeWitt—Kallosh theorem for quantum gravity in the pres-
ence of matter fields. A wide class of such theories has drawn
considerable attention in the areas of quantum [21] and
inflationary [22] cosmology, where the scalar fields are
nonminimally coupled to gravity in a very involved way. For
these reasons, we consider in this paper a simple coupled
scalar-gravity theory. We use the background-field method
with a general nonminimal gauge-fixing Lagrangian, ' that is
characterized by two generic gauge parameters: £ and {. We

'A systematic approach to handle nonminimal gauges in the
Schwinger-DeWitt thecnique was derived in [23] for pure
quantum gravity.
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show that, in the limit £ — 0O, there appear in individual
Feynman diagrams singularities which could hinder the
general validity of this theorem. However, it turns out that
such singularities cancel out when adding all diagrams.

We outline the Becchi-Rouet-Stora-Tyutin (BRST) [24]
quantization of this theory in Sec. II, where we clarify some
aspects of the DeWitt-Kallosh theorem within the context
of this theory. In Sec. III, we present the calculation of the
off-shell effective action at one-loop order, which explicitly
depends on the generic gauge parameters ¢ and {. In
particular, we recover the result found in Ref. [10] in the
limit £ = 1 and reproduce the 't Hooft and Veltman result in
the limit £ = { = 1. We confirm this theorem by showing
that the on-shell effective action at one-loop is independent
of the gauge parameters. As shown in Sec. IV, the DeWitt-
Kallosh theorem enables one to prove in a simple way that
this theory remains nonrenormalizable in a general back-
ground-field gauge. A summary of the results is presented
in Sec. V. Some useful details of the calculations are given
in the Appendixes.

II. BRST SYMMETRY AND
DEWITT-KALLOSH THEOREM

Let us cons_ider, for definiteness, the interaction between
a scalar field ¢ and a gravitational field g** described by the
Einstein-Hilbert Lagrangian [3],

. - 1 - K2 - -
ﬁlnv(@? ¢) = _p §|:R +%§””0ﬂ¢(3y¢} ’ (21)

where x> = 162Gy and R is the Ricci scalar.

In order to preserve the basic diffeomorphism symmetry
of the theory, we use the background-field method [4],
where the fields are split into a background and a quantum
part as

d=¢+o. (2.2)

f_]ﬂy = g;w + Kh/w;
Here, g,, and ¢ are background fields, and £, and ¢ are
quantum fields. The Lagrangian (2.1), with the substitution
(2.2), is invariant under two types of transformations. The
first type is a background-field transformation given by

%39,” = €040 + Gua0y€” + Gua0u€” = Eppa(g)e”,

%&p = ¢“0,. (2.3a)
15}1 = e%o,h,, + h,,0,e* + h,,0,e”
Ol ol + a0, vaOu€”s
%5(;} = €%0,. (2.3b)

where E* ,(g) is covariant with respect to the background
coordinate transformation.

The second type is a quantum field transformation
given by

09 =0, o =0, (2.4a)

oh,, =E

Hv ﬂl/(l(gﬂb +Kh/w)€av (24b)

5 =Kke" 0y (P + ).

In order to maintain the background symmetry (2.3), but
break the quantum symmetry (2.4), we introduce a gauge-
fixing term given by

1 L1, 2
5gf(g,¢,h»<p)=—2—é g(h’;‘u—ih(x”‘—moa"qﬁ) . (2.5)

where ; denotes covariant derivatives with respect to the
background field g,,, and &, ¢ are two arbitrary gauge
parameters. The corresponding Faddeev-Popov ghost
Lagrangian [25] is given by

‘Cgh = \/gﬁ” [ﬂﬂ;aa - R;w’?” - éKaﬂff)aufﬁ’?D]a (26)
where R, is the Ricci tensor, and 77 and 5* are vector ghost
fields, treated as quantum fields. At this point, it turns out to
be more convenient to use, instead of the gauge-fixing term
(2.5), an equivalent Nakanishi-Lautrup Lagrangian [26,27]
defined as

1 .
=g EB,,B” +B, (h””;p —5ha" —Cl«ﬂa“cﬁﬂ . (27)

where B* is a commuting quantum field. By functionally
integrating over B*, one can easily check the equivalence of
Eq. (2.7) to the gauge-fixing term Eq. (2.5).

Proceeding in this way, one can show that the total
Lagrangian

Etot(g’¢v hv (povfl’ ’7) = [:inv(g_’_K.h’qs +(p) +£/gf + Egh
(2.8)

is invariant under the quantum BRST transformations [28]

89 = 0, ¢ =0, (2.9a)

5h/u/ = Q)E/wr (g)'//T = wSh/wv op = Ka)(arq_s)’/lr = wSe,
(2.9b)

ot = ko', = oSy, 80, = —wB, = wSj,, (2.9¢)

6B, = wsSB, =0, (2.9d)

where w is an infinitesimal constant Grassmann quantity,
with inverse mass dimension.
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To this end, one first verifies the important relation

! 5_
Ll + Loy = s{\/g[—inﬂm

|
- (1 = S

5 ha” = Cl«ﬂa“¢>

}, (2.10)

which, together with the nilpotency property of the s
operator,

s?h = s’ = s’y = s’ =s’B, =0, (2.11)
manifestly shows the BRST invariance of the total

Lagrangian Eq. (2.8).
Next, one defines the effective action I (g, @) as

exp|iler(9.40)] = / DhDp DB Dip Dy

Xexpi/d4x |:[,mt(g,¢, hv(po97_7’l1)

) 5£inv 5£inv
-L£m g’¢ —K hu_—(p
(6.) Sgu " 09

(2.12)

where the expression the square bracket involves terms
quadratic and of higher degree in the quantum fields. To
one-loop order, it is sufficient to keep only the quad-
ratic terms.

Similarly, one defines the background expectation value
of an operator O as

_ / Dh D DB D Dy O(g, b, h, ¢, B, 71.n)

XeXpi/d4x[£t0t(g,¢,h,(ﬂ,Bv’_7»’7)

5£inv 5£inv

h v @
89w " 8¢

- L(g,p) — K (2.13)

This is invariant under BRST transformations of the fields,
as these can be absorbed by a change of field variables since
the Jacobian of the transformation is 1.

Let us now examine the £ dependence of the effective
action, under an infinitesimal change & — &+ A& (a
systematic general approach is provided in [15]). Then,
using Egs. (2.7), (2.12), and (2.13), one can see that

Sz exp il (g, ) (2.14)

é/d“x\/_B B).

We next consider the operator O = #j,B* which, due to
Eq. (2.9), satisfies the relation

(s(7,B")) =

Using the invariance of (7,B*) under the BRST trans-
formations of all fields in the integrand s(7,B*) = 0, one
gets from Eq. (2.13) the Ward identity,

_ A 5£inv 5£inv
<S(7’]ﬂBﬂ)>:l<7’]ﬂB”/d4x/ [K 5 Shy, + 50 Sgo]x/>.

(2.16)

—(B,B"). (2.15)

Combining Egs. (2.15) and (2.16), one finds from
Eq. (2.14) the equation

= d4xm<<ﬁ,,3ﬂ><x>

S Einv S [’inv
d*x’ sh s .
x / ! |:K 69/41/ " * 6¢ (p:| x’>

(2.17)

55 exp il g (9, 45)

Proceeding in a similar way, one finds that under an
infinitesimal change { — { + A(,

5¢ exp iles (9. @)

— kA / d“x\/@<(ﬁ”0ﬂ¢(ﬂ)(ﬂ

5£inv 5£inv
x/d4x/[1< 50 Shy,, + 50 S€0:|x’>' (2.18)

uv

When the background fields g,, and ¢ are on shell, each
functional derivative in Eq. (2.17) vanishes, so that one
obtains the relation

65 exp ireff(g’ ¢)‘on—shell = 5§ exp ireff(g’ ¢)|on—shell =0,
(2.19)

which confirms the DeWitt-Kallosh theorem in the theory
described by the Einstein Lagrangian Eq. (2.1). In the next
section, this result is explicitly verified at one-loop order for
general values of ¢ and (.

III. GAUGE-DEPENDENCE OF THE
ONE-LOOP EFFECTIVE ACTION

On dimensional and symmetry grounds, the background
counterterm Lagrangian at one-loop order may be expressed
in terms of the six independent structures,

Ler = g [c1 (&R + s (&, $)R,, R

i

167%¢

+x°¢c3(¢,¢) (DD g)?

+ k24 (€, 8)RO, P + K7 cs5 (€, L) R 0,p0, ¢
(¢.¢

)(9,90"$)°. (3.1)

+ K4C6

085012-3



J. FRENKEL and S. MARTINS-FILHO

PHYS. REV. D 113, 085012 (2026)

q q
oo fowwo
k k k k
e
p p
(@) (b)
q q
s~ R
ol o
k k
LN , Kk \ ’
P P
(©) (d
FIG. 1. One-loop contributions to (g*¢®) [(a)—(c)] and to

(@) (d). The wavy, curly, dotted, dashed, and solid lines denote
the quantum graviton, background graviton, ghost, quantum
scalar, and the background scalar, respectively. The momenta
satisfies the relation: ¢ = p + k.

where ¢ = (4 — D)/2, D is the spacetime dimension, and
c;(&,¢) are dimensionless coefficients, and we have taken
into account the identity

/ d*x\/G(RyupsR*7° — 4R, R + R*) = 0. (3.2)

In principle, three more independent structures, x*R¢Clh,
K*R*¢D,D, ¢, k*¢pd"$pd*$D,D ¢, could appear in theo-
ries more general than that in Eq. (2.1). Altogether, these
nine structures (or an equivalent set) exhaust all possible
independent terms expected from dimensional analysis,
symmetry, and the form of the interaction terms. Such

q
)73% k1 )73%
TTOO0
k ky k
P
(a)
v q
7 N
k k2
—ky
p+ki
(d

improved gravitational theories are commonly used in
cosmology [29,30]. In our model, characterized by the
gauge fixing term (2.5), only the six structures shown in
Eq. (3.1) actually occur.

One could also consider more general invariants, such as
KR or kR, 0" po* ¢, which are odd in ¢. However, our
simple scalar model (2.1) is invariant under the discrete
symmetry ¢ — —¢. Such counterterms are therefore for-
bidden, as the background-field method ensures that the
effective action preserves the symmetries of the classical
action (2.1). Indeed, from the Feynman rules in
Appendix A, no diagram leads to an odd counterterm in
¢ at one-loop order. Nevertheless, spontaneous symmetry
breaking can still occur in more general theories [31].

The Feynman diagrams contributing at one-loop order to
the background graviton self-energy IT**%(k) and the
scalar self-energies I1(k) are shown in Fig. 1.

As shown in Appendix B [see Eq. (B5)], the divergent
parts of the diagrams shown in Figs. 1(a)-1(c) yield, in
momentum space, the following contribution to the grav-
iton self-energy:

2

167%¢

e () = k“{“cl (EOLLY + 5(8.0)
x |:L;4uLa/} + % (L”"L”ﬁ + LHﬁLD(l):| }’ (3.3)

where L# = kFkV /K> —np and ¢ (£, ¢) and ¢, (&,¢) are
gauge-dependent coefficients given by

1 5 43 E(E-1)
01(595)_%+6(§_1) ’ C2(§’§)_m 3 .
(3.4)
q q
-~ ki ,"'-).'" ki
\ ny ;
} m
- 7 ko k < ko
P P
(b) (©)
ki
q 7
uv -
“00000X r
k S
p
ko
(e) ()

FIG.2. One-loop contributions (permutations have been omitted) to the background 3-point function (g"* (k)¢ (k, )¢ (k,)) [(a)—(f)]. We

have that g = p+ k, r=p+ k—k; and k = k; + k,.
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We note here that the Eq. (3.3) is transverse to the
momentum k, which is a consequence of the diffeomor-
phism invariance of the theory.

We can connect the above results with the counterterm
Lagrangian (3.1) by using the relations

R(k) = kk* L% g, + O(x?), (3.5)

k2
R (k) = | LR == (DAL + LPL) | g+ O().
(3.6)

Then, one may verify that Eq. (3.4) fixes the coefficients
c1(&¢) and c¢,(&,¢) which appear in the Eq. (3.1).
Likewise, the divergent part of the scalar self-energy graph
depicted in Fig. 1(d) [see Eq. (B8)] fixes the coefficient

c3(&,C) to be

c-1
+o—. (3.7)

N =

03(5,@ =

In order to fix the coefficients c4(&,¢) and ¢5(&,¢) in
Eq. (3.1), we consider the diagrams shown in Fig. 2. As
shown in Appendix B [see Eq. (B17)], evaluating the
divergent contributions of the one-loop diagrams in Fig. 2
and using the relations given in Egs. (3.5) and (3.6), fixes
the coefficients ¢, and c5 as

ci(é.0) = —%— (&- 1)%4_ (5_4@ ’
cs(&.0) =%. (3.8)

Next, we consider the divergent parts of the diagrams
shown in Fig. 3, which fix the coefficient c¢(&,(). As

displayed in Appendix B [see Eq. (B25)], these contribu-
tions fix the coefficient c¢(&, ) to be

-1 — )2
LEo1, -0

1
Cé(g’ C) = E 4 ]

(3.9)

Substituting the coefficients (3.4), (3.7), (3.8), and (3.9)
in Eq. (3.1), we obtain the result

V9 1 21p2
= Y7 | [34+40(—1)%R
Ler 167%¢ 240[3+ 0(¢=1)7]
2

1
g 143 408~ DIR,R* +5L(D,D g

K2

12
2

(6= )28+ 5)R0, 0,0

[1+(E=-1)(£+5)=3(£—()*|RI, P b

4
B2 D+ -0 0092 | (3.10)
The above expression shows that the off-shell background
counterterm Lagrangian (3.10) is a gauge-dependent
quantity, which reduces to that obtained in Ref. [10]
for £=1. We note here that the coefficient of
R"0,¢0,¢ vanishes when & = 1, which explains why this
structure does not appear in the 't Hooft and Veltman
counterterm Lagrangian. A comparison of our result in
Eq. (3.10) with the one-loop counterterm found in the
improved gravitational gauge theories which are used in
quantum cosmology [29,30] is presented in Appendix C.

To determine the on-shell value of this quantity, we use
Einstein’s equations of motion,

K2

1
R, —5Rgy =+T

5 5 T (3.11)

D,D¥¢ =0,

q q
ki k3 ki V4 -7 \ k3
k2 ka ka AR ks
p p
(a) (b)
k3 k3
ki 4 ki 1
| e
I r r
~
1 ~
~
ka » ko »
k4 ks
d (e

q
ki k3
ks ‘.'."'...(‘._””,.' ks
P

()

ki _ 1 k3
N r
ka “5 ks
()

FIG. 3.
(D). Here, g = p+ k| +ky, r=p+ky and s = p + ky.

One-loop contributions (permutations have been omitted) to the background 4-point function {(¢(k;)p(k,)p(ks)p(ks)) [(@)—
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where the energy-momentum tensor 7+ corresponding to
the Lagrangian (2.1) is given by

1
T/w = Eg/waaqsaaqs - aﬂ¢av¢ (312)

From the above equations, we obtain the on-shell relations

2 2

K K
R, = —70,447(),/457 R=—-—0,00"9. (3.13)

Using these relations and Eqgs. (3.1) and (3.10), we
obtain for the on-shell counterterm Lagrangian the gauge-
independent result (see Appendix D),

Kt 1
Letlomesen = 2052 11(6:0) + a(6:0) = 264(8.0)
—2¢5(£.0) +4c(&.0)] [0, 90" ¢
/5K 203
1672 6320[ ¢aﬂ¢] (3.14)

which is in agreement with the DeWitt-Kallosh theorem.

IV.NONRENORMALIZABILITY OF THE THEORY

In some gauge theories (like those with spontaneous
symmetry breaking) there are nonrenormalizable gauges,
but there also exist gauges ('t Hooft gauges) where the
renormalizability is restored. One may ask if a similar
feature may also occur in the coupled scalar-gravity theory,
which was proved to be, in a particular background gauge,
nonrenormalizable at one-loop order [3]. In contrast, this
theory remains nonrenormalizable in a general background
gauge, as may be shown in a simple way by using the
DeWitt-Kallosh theorem.

Suppose that there may exist gauges where this theory is
renormalizable in the sense that its divergences could be
absorbed by field redefinitions. This property would
require the relation

L™(g+ Ag. ¢+ Ag) =

L™(g.¢) + Ler.  (4.1)

where Lot is the counterterm Lagrangian (3.1). Using
Eq. (2.1), this relation would imply that

5£mv 5£inv
—Ag, +—A
A R

1 /1 1
= Jé{ L—z (5¢ R— R ) —5¢0

+ %g””d,,qﬁ&"qﬁ] Ag,, + D”D”quqS} =Lcr. (4.2)

On symmetry grounds and taking into account the structure
of the interaction Lagrangian, one can write the variations
at one-loop order in the form

2

Ag;w 167 2 [Cle/w + CZR/H/ + K (C3aﬂ¢ab¢
+ C4g;w a¢aa¢)}’ (43)
2
A¢p = CsD,D¥g, (4.4)

167%€

where C; are some dimensionless parameters.

Equation (4.2) leads to a system of six equations
expressing the five functions C; in terms of the six
coefficients ¢; occurring in Eq. (3.1), namely,

2C, +C, = —2¢1(£.0), (4.50)
C, = (&,0), (4.5b)
Cs = ex(&.0) (459
2C, + Cy +2C5 + 4C, = —dey(£,0), (4.5d)
Cy +2C5 =2¢5(£,0), (4.5¢)
Cy = 2C, = deg(&,0). (4.5)
Solving the first five equations, yields the solution
c=-ae0+288 —a.
a=-2 e, (4.60)
Cu =3 261(6.8) + e2(6.6) ~4eu(6:0) = 2es(E.)] and

Cs = c3(£.0). (4.6b)
Substituting these results in Eq. (4.5f) leads to the con-
sistency condition for renormalizability,

Cl (59 é’) + C2(§7 é’)

—2¢4(8.8) = 2¢5(£.0) +4c¢6(£.0) =0

(4.7)

If this condition holds, the on-shell counterterm Lagrangian
(3.14) would vanish,

Let|on-shen = 0. (4.8)
The condition (4.7), which implies the relation (4.8), is
necessary for renormalizability since the counterterm

Lagrangian has a different structure than that of the original
Lagrangian. Furthermore, the above argument shows that

085012-6
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FIG. 4. One-loop contributions to the ghost-background grav-
iton-ghost vertex.

the Eq. (4.7) is also a sufficient condition, because it
follows in consequence of renormalizability.

It is worth noting that if Eq. (3.14) were gauge dependent
one could find a gauge such that the renormalizability
condition (4.7) would be satisfied. However, according to
the DeWitt-Kallosh theorem, the on-shell counterterm
Lagrangian should be a gauge-independent quantity, which
turns out to be nonzero. Hence, it follows that the coupled
scalar-gravity theory is not renormalizable in the above
sense. However, as shown in Ref. [15], this theory is
renormalizable in the sense that all divergences can be
canceled by introducing the most general counterterms
compatible with its gauge symmetry. This is achieved by
using the Batalin—Vilkovisky technique [32] in conjunction
with the background-field method.

An interesting outcome of this nonrenormalizability is
the behavior of the ghost-background graviton-ghost vertex
in quantum gravity in the Landau-DeWitt gauge. This
vertex is illustrated in Fig. 4.

The Landau-DeWitt gauge, which is obtained in the limit
& — 0 and ¢ — 0 of the gauge-fixing term (2.5), consid-
erably simplifies the calculations and is very useful for the
understanding of many physical phenomena [33,34]. In
Yang-Mills theory, the ghost-background gluon-ghost ver-
tex is finite in consequence of the Ward identities in the
Landau background gauge. On the other hand, as shown in
Appendix D, this no longer happens in quantum gravity,
where the ghost-background graviton-ghost vertex is ultra-
violet divergent in the Landau-DeWitt gauge.

V. DISCUSSION

We have examined, using the background-field method,
the BRST symmetry of an interacting quantum theory of
gravity and scalar fields. This symmetry leads to an
important result, known as the DeWitt-Kallosh theorem.
It asserts that, on shell, the counterterm Lagrangian ought
to be independent of the gauge-fixing parameters and of the
parametrization of the fields. It may be useful to verify such
general statements by direct calculations, which could
expose some aspects that might be overlooked in formal
proofs. To this end, using a general background gauge
characterized by two generic gauge parameters £ and £, we
have explicitly calculated the ultraviolet divergences at one-
loop order.

We have shown that the off-shell counterterm
Lagrangian (3.10) is a gauge-dependent quantity, which
reduces to that obtained earlier by "t Hooft and Veltman in
the particular background gauge & = ¢ = 1. Moreover,
Eq. (3.12) is also consistent, for £ =1 and { = 0, with
the results obtained more recently in [29,30]. When & = 1,
the graviton propagator is of the Feynman type, so that one
can apply the same algorithm as that used in [3]. On the
other hand, for a general &, this propagator is more
involved, in which case one must employ a more elaborated
procedure (see Appendixes). We note here that in the limit
& — 0 the contributions from some individual diagrams
become singular, a feature that could pose a problem for the
validity of the DeWitt-Kallosh theorem. But, when adding
all terms, such singularities cancel out in consequence of
the Ward identities in the Landau background gauge, which
ensure that these singularities must be absent when £ = 0.
As a result, we obtain a polynomial contribution which is
quadratic in the gauge parameters £ and £.

On the other hand, the on-shell counterterm Lagrangian
(3.14) becomes gauge independent, yielding a result which
is in agreement with the DeWitt-Kallosh theorem. We
applied this theorem to establish that in a general back-
ground gauge this theory is nonrenormalizable in the sense
that its divergences cannot be absorbed by field redefini-
tions. However, the theory is renormalizable in the broader
sense that the ultraviolet divergences can be canceled by
introducing all possible counterterms allowed by its gauge
symmetry.
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APPENDIX A: FEYNMAN RULES

In this appendix, we show and derive some of the
Feynman rules required to compute the one-loop counter-
terms in the Einstein-Hilbert theory coupled to a scalar field
in the background-field method. Here, we follow the usual
definitions and conventions used in Ref. [3],

Rﬂyaﬂ = _aﬂrllj{z + aarl:/j + F/;ar‘l}:ﬁ - F’;ﬁr,};(,, (Al)
R;waﬂ = gﬂyRyvaﬂ’ Ruﬂ = Rﬂuﬁw R = Ruﬂgyﬁ' (A2)

Moreover, we use that
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9w = My + KQu> (A3)
where 7, is a flat background, and g, is the background
graviton field.

In order to derive the Feynman rules, we use the
definitions (2.2) and (A3),

g =" — kg — kNP hyp + K21 ¢ hyy

+ 2" P hyy + K2 HGh™, Ada
7

_ K K . K2 ) K2 "
\/.6 =1 +§gll: +§”” h/w - Eg” h/w +Zgll:” ﬁha/}
KZ a2 apb
+ g (hi? = 2hihe). (A4b)
K
Fﬂul = Enﬂp(augpﬂ + a/tgpzz - apg;u/)’ (A4C)
K o
Dah/u/ = 00']1[41/ - 5'] p[(aagpy + apg/m- - apg/m)hav
+ (ao'gpy + augpa - apgua)h;m]’ (A4d)
in the effective EH action,
lS = i/d4x(,Ci“V + ,Cgf + Egh)’ (AS)

where £, Ly, Ly, are, respectively, the invariant (2.1),
gauge-fixing (2.5), and ghost (2.6) Lagrangians.

Consider the perturbation g,, = g,, = 1,, + kg,,. One
can show that, in momentum space,

VIR) = kL85 + O(k?), (A6a)
~ Duv K - L U q2 c v
ViR =3 |7 (a)a" g =5 (L (g) L (q)
T Lﬂﬂ(q)m(qﬂ} §o(@) + O, (A6D)
where
M AV
L(q) = 3~ (A7)
We also have that
VIR = K L% (q)L* (q)8,,8,5 + O(k*).  (ABa)

—5 5 1 1
\/QR”DR/“/) = K2q4 |:Z L(t/f(q)L;w(q) 4 ngz(q)L,u/}(q)

F DL [fan + 06 (A8

1. Propagators for the quantum fields: 4,, and 7, 7,

The quadratic form in the quantum graviton field is
given by

/ d*xh /wBMWﬁ hep, (A9)

where

1/1
Bl = — | (S on™ — oy
[5 (2 1 1

1 1
+ = 0%y — Z%n"%"”) + o — 0%y

2
L
=5 4 S (A10)
+ symmetrizationsu <> v and o < f
+ permutation (i, v) <> (a, ). (A11)

Going to momentum space (0 — ip) and computing
i[B**(p)]~! with computer algebra (throughout this work
we have used Package- X [35]), we obtain

i
- p* +ie
E-1
+ 2 (PpP Moy + PpPullew

D;wa/)’(p) = |:’7m/77/}/,t + Noylpy — NapMluw

+ PaPullpy + pap,,npy)] - (A12)

Similarly, from Eq. (2.6), we obtain the following
expression for the ghost propagator:

oo
D;w(p) =1

(A13)

2. Vertex ghh

The interactions terms ghh arises from [36]

1
LB =~ 2 Taﬂuﬁy&\/?DahﬂvD/fh}’é

_ﬁ[R<lh2_lh h’“’)
2 2

+ R (2hCh,, — hh,w)] , (A14)

where h = h, bl and
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Touvpys — H(O)a/wﬂy& 4 lH(I)a/wﬂyé _ lH(l)aﬂyﬂuﬁ + H(l)aﬂﬂyvﬁ _ H(l)a/wéyﬂ
2 2

1 1 1 1
+E <H(1)(w/3yy§ _ EI_I(l)ntm/l/ﬁé _ EH(I)(wﬁyuﬁ 4 ZH(I)am/ﬁMS) + O(K‘z), (AIS)
with
H(O)aﬂyﬁy& = %n(zﬂr]ﬂy”yﬁ _ %”aﬂﬂyunyﬁ + ”ay’,]ﬂynﬂé _ ”aﬁnyy”yﬂ
+ % (77"”71’”11’*5 - %n“”n”ﬁ "’ — %f’/”ﬂ"”nﬂ‘s + %n“ﬂ 'I”"'775> , (A16)
and

1 B —
HWauwpys — K(_(szl 5/D],1ﬂ7,7v5 — ,70/55/‘”[5,{1,]»5 — ,]aﬂnwg;l(sfl)gﬂm = K-Gﬂll’laﬂl’ﬂﬂsgﬂlb]' (A17)
The total result for the g, ,, h,,,,h,,,, interactions vertex is given by
1 v 1
<—1>i§{652552 3555 praps {gnmmw 04 Lot
_ lGul vy apypBrs + G apfyrd G auvdyp
2
1 pivy apfryd 1 v apyvBo 1 v apByvd 1 v, apypBrd
+ = G11M "/_,GMl wy _,GM11 Hney _|_,GM11 Ky
£ 2 2 4
frar apvfByd 1
+HOM KQ(6;:3653p17psa6516§2n*””2 3L B spaady 05
— 0130 P p3ady 08205 ) + v < 5) + (a, p,v) < (8,7, 5)]
1 1
H3V3 =2 LM T M2V 3V T, fofi3, Va3
+ P (P1) <4n n 1 )
1 V(= \ =M=V Z_)% — v (= v — V(=
+g (L PR Py — o (LM () L7 (py) + L (pr) LM (1))
(2n”3“25z2(5{j3 — n“2”2(5535§3) } + symmetrizations p; <> v;
+ permutation (uo, v2,p2) <> (us, vs, ps3).
3. The vertex ijgn
The interaction terms coming from the ghost Lagrangian given in Eq. (2.6) read
1 Az 32U = LAy Y778 1 MU 1 A > PO
Ky 5 Gl =, (871 + ¢ 1 )9p0,m, + 5 11 [(9yit, )" (0,800 + 0,801 = 068,
- ﬁﬂﬂ/)ﬂ(aﬁgoﬁ + aigo'ﬂ - aaglﬁ>ap11v - ﬁyﬂlm(aﬁgau + al/gdﬂ - aagyﬂ)aﬂrlp}} - ﬁule’//u' (Alg)

From (A18), we obtain the following momentum space interaction vertex A1,
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1
m{ SPRN Y + P + pn
1 _
H +§( Yo — Pipan”® — pu - pan“"n”a>
P2
‘ 1 v of3
ﬁm\:’" T3 (2;03191?7 —p1-pa3n™'n )
@ 1
" A, -5 (e —pivsn™ —pr- psﬂ“%”“)
" |
=5 B¢ @07 + pin?) = 0™ — pint "] }
+ symmetrizations « < 3,
|
where we have used Eq. (A6b). ¢
K2 \/gT" hop, 0,
4. Gravity coupled to a scalar field ¢ Ve pTH

Now, we consider the coupling between the graviton and
a scalar field. From the classical Lagrangian

_ yll/ _ _

V35 9ubo . (A19)
we obtain the scalar propagator in the momentum space,
1

—ig- (A20)

The interactions terms arise from the Lagrangian (2.12),

- \/5% 3,0, + "g G (hfi” - %hlf”> PO
2
_k g—gﬁ(wwv — Lk /G710, p, it (A21)

Consider the interaction terms ghge. Arising from the
first term of Eq. (A21), we have

2
K
— Z [4nﬂ(tgvlihaﬁ + 4gy(z’7u/}haﬁ 4 gznaﬂnﬂuhaﬁ
- z(gaﬂhaﬂnﬂy + nﬂanbﬂhaﬂgg + gﬂvnaﬁh(lﬁﬂaﬂqsay(p'

(A22)

The remaining terms comes from the second term of
Eq. (A21), which can be written as
|

2
_Zi

_ [CINTNCY
A¢ Ep1Pp2t'n

[ fplﬁp2u77a”
— &p1®p2 ™ + Epr* (p2n®?
— &p1 - pan®P + Epy - pan®
— (psPpa

— Cpa®panPt —

P2

p3

of v (p3“p2tn’

— (pa®p2"n® — (pa - pan®Pt

—Ep1op P + Epr” (potn®?

(PP ps ™ —
Y — Cpa®pstn® 4 Cps®pant + Cpa®psP
+ (patp2"n™? + (patpat P —

= K.'g \/_< (lﬂgﬁ _gﬂyg{lﬂ> aﬂ;y(pay¢' (A23)

Using Eq. (A4), we obtain from the determinant the
contribution

o1
K—ggﬂ 9,7 =~ Fhogn™ ) o, (A24)
2 &% 2
and coming from the tensor T#*%, we obtain

g o o 1 a, (0]
—Kzg n*g" + g n’ — > (¢ + ¢"*n) | 01 h,p00,b,

(A25)
and finally, from the covariant derivative,
Kzg a,,Af 1 Aaf | 1,0
27 [77” '’ — =51 / ]17 ?[(028pa + 0a8ps
—0,801)hop + (0,8,5 1 058,1 — 0,841 oo |00, h. (A26)

Note that we have introduced the notation 7% =
vz g T, ., - Adding all contributions, the vertex

8us(P4) M (P3)@(p1)#(p2) follows in momenta space as

a, Bup

— 2P — pan

)

— 2™ — pon?”

UnPE - Epy - pan™ 0P + Cpstpatn™P + (pat'ps
(P3P patn™ — (p2Ppstn™ — (pspanH

pv

) + Epap P + Epr 2Pt
v, af

U
(A27)

CpaP " n™H — (paPparn®” — (pa®pa¥nPH
Y+ Cp2 - 3™t + Cpa - psn™ ™.
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From the first term of Eq. (A21), we obtain the interaction terms gp¢, which leads to the vertex g,,¢(p1)p(p2).

%
Pl/
4 K
Hm ZE (NP1 - P2 — P1uP2v — P1uP2u) - (A28)
\
P2\
N
This following interaction terms from Eq. (A21),
Z.: 7 1 v k(1 UL T, yny
KE h,zx - E hv (Paﬂ¢ - 5 577 ha —h (a[lgoabd) + aﬂ¢01/(p>7 (A29)

leads to the vertex ¢@h, which, in momentum space, reads

1 ¢
ik {n“”m ‘P2 — p2"pY — pipe” + E(n“”m -ps — ps'pl —pipE) | - (A30)

Similarly, we obtain other relevant vertices for the computation of the counterterm Lagrangian at one-loop order,

P2

p1 /
/ . -2
2i¢
Tnzpmpé‘ : (A31)
AN
P2 N\
i 3 B_ B s
N w —i [Phpin™” + pipsn™” — phpin™ — pypin®"
— popin™ — piphn™ — pspin® — pipsn™ (A32)
P — pSphn™ — piphn® + pSpint + ppint
i + 00 py - pa 0™ py - pa — P py - pa],
and the ghost vertex,
o
P1
o'i‘ 2
! iCk™(py'P5 + p1ph). (A33)
“

APPENDIX B: ONE-LOOP COUNTERTERMS

Here, we compute the diagrams in Figs. 1-3 in a general background gauge using the Feynman rules derived in
Appendix A. We use dimensional regularization with D = 4 — 2¢, where D is the spacetime dimension. With these results,
we derive the corresponding one-loop counterterm Lagrangians.
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1. 2-point diagrams

Here, we present the divergent part of the diagrams
shown in Fig. 1. We introduce the following tensor basis:

T = ki, (Bla)
T =, (BIb)
T =™ + e, (Blc)
T = kKl + eken”, (B1d)
Tie? = kI + kel + k™ + eken”?. (Ble)

a. Graviton loop

First, we compute the graviton loop, which corresponds
to the graphs depicted in Figs. 1(a) and 1(b). As result, we
obtained the same result found in [11,23,36] for a general
background gauge £. These diagrams lead to the following
counterterms:

['2a+2b =

(B2)

b. Scalar loop

Next, we consider the scalar loop diagram shown in
Fig. 1(c). In the basis B 1, we obtain that the scalar loop
diagram is equal to

K2 1
T#Wﬁ T/Ml/f K+ Tﬂbaﬂ JZ
167%¢ (60 *30 80 480

Tﬂ“’ﬁ 2 — Tk, B
80 - 480 5k> (B3)
This result leads to the following counterterms:
Vi (1 I o
= — R, +—R B4
L2 = Tore \ 120" * 330 (B4)

c. Graviton self-energy

One can find the graviton self-energy in a general gauge
with a scalar field by summing the diagrams in Figs. 1(a)-1(c).
The divergent part of the graviton self-energy leads to the
counterterm Lagrangian,

1 1
Loatobiae = T\{ge [(@ + 3 (&- 1)2) R?
43 5(5 B 1) 2
* <@+ 3 )R,w], (B5)

which is the result found in [3].

d. Scalar self-energy

The scalar self-energy can be computed in a general
gauge £. The diagram is shown in Fig. 1(d). The divergent
part of this diagram reads

2 ¢ K* B6
e (B6)
Using the prescription,
1
kK - a0 (D”D"qﬁ)z, (B7)
one finds the counterterms,
K’ Vg
== D, D“¢)?, B8
=520 (0,09) (B3)
which correspond to one quarter of the 't Hooft and

Veltman result (when & = ¢ = 1). This result also agrees
with Ref. [10] for & = 1.

2. 3-point function
The one-loop diagrams that contribute to the 3-point
function g, (k)¢ (k)¢ (k,) are shown in Fig. 2. In order to
simplify our results, we introduce the tensor basis,

T’lg/(k, k] s kz) = —2k] . kz(k”ky - k2l7lw), (B9a)

Tk, (k. k. ky) = (k- ky) (k- ko)

k? 1
t3 (ko'ky¥ + ky#ky”) = 2 [kt k" (ke - ky)
4k (k- k) + kPR (K- k)

+ kR (k- k). (B9b)

Note that the tensor structures above corresponds in
momentum space to the invariants: Rd,¢(k;)0"¢(k,) and
R, (k)0 $(ky)0"p(k,), respectively.

Using this basis, one can show that the divergent parts of
the diagrams in Figs. 2(a)-2(c) are, respectively, given by

1 1w )
=3 E=DE+4) | TR (k ki ko) = T (k ki ko) |
(B10)
1
+— 32T (k, Ky, k), (B11)

12¢
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—K3Z_,’{ TR (k ki ko) + T (K, kl,kz)} (B12)

These results can be rewritten in position space as

_% 26— 1)(§+4){ R0, — Rwa”qﬁd”(lﬁ)] (B13)

+ 55 KR, PHP,

s (B14)

and

1
—6K25R6”¢0M¢ - K2§Rwa“¢a’“gb. (B15)
Now, we consider the divergent parts of the diagrams in
Figs. 2(d)-2(f). Summing these diagrams and subtracting the
induced 3-point contribution from the counterterm (B8), we

obtain a transverse result that can be written in terms of the
basis (B9),

s[(E-0)?3¢8-1

E 12

E-1-%
2

Tﬂy(kl + ky ki, k)

Tlll?l;/,(kl +ky ki k) | (B16)

The total result, using Eqgs. (B13) and (B16), leads to the
counterterms,

Lo VI [AE-1)-60(E-1) +2+3L((-2)
3F 167%¢ 12

xRaﬂgbd”gb—i-g_Tl(Zf—l-S)Rﬂya“gﬁd”gb] .

(B17)

When & = { = 1, it reduces to the result found in [3]. When
& =1, we find that

1 - 1)
Laple—y = IS 16\{26 [—E + %] R0, ¢, (B18)

which is the same result found in Ref. [10].

3. 4-point scalar function

Next, let us consider the divergent part of the 4-point
scalar function. We remember the reader that permutations
are implied.

The diagram shown in Fig. 3(a) (summing all the
permutations) leads to

2(8 4 &+ 1)K [(ky - k) (ks - k3) +
+ (ky - ko) (k3 - ky)].

(ki - k) (ko - ks)
(B19)

Computing the diagram in Fig. 3(b), we find

25:4 4
?K [(ky - kg)(ky - k3) + (ky - k) (ky - ky)
+ (ky - ko) (k3 - ky)]. (B20)
The ghost diagram in Fig. 3(c) yields
— 452Kk (ky - k) (K - k) 4 (ky - ks) (ks - ky)
+ (ky - ko) (ks - ky)]. (B21)

Now, we compute the triangle and box diagram shown in
Figs. 3(d)-3(f). We find, respectively, that

= 3(& =02k (ky - ka) (ko - k3) +
+ (ky - ko) (k3 - ky)],

(ki - k3)(ky - ky)
(B22)

>
gz (&= 02k (ky - ky) (ks - k) + (ky - k3) (ks - ky)
+ (ky - ky) (k3 - ky)]s (B23)
and
é(f — O [(ky - kg) (K - ks) + (ky - k3) (Ko - ky)
+ (ky - ko) (k3 - ky)]. (B24)

The counterterm Lagrangian in a general gauge induced
by the 4-point function is given by

\[

Lip = gRH+2(E= 1) + (6= 0O -0 (3ub0,0)”

(B25)
When & = 1, one finds the result obtained in Ref. [10], and

now setting ¢ = 1, it reduces to the result in t" Hooft and
Veltman [3].

APPENDIX C: COUNTERTERMS IN GENERAL
SCALAR-GRAVITY MODELS

In Refs. [29,30], a more general scalar-gravity model is
considered. It is interesting both for quantum and infla-
tionary cosmology. The action of this improved gravita-
tional theory reads

s= [ axi(vor-J630,00.0 - V@)

(C1)

In principle, the field-dependent couplings U(¢), G(¢) and
V(¢) are general.
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A general calculation showing the quantum inequiva-
lence of the Jordan and Einstein frames is provided in [30].
Meanwhile, in [29], the one-loop counterterms in the De
Donder gauge (( =1 and { = 0) are derived with U =
1/k> (or equivalently U = —1/k*> and R — —R) and
G = 1. The counterterms Lagrangian, in our notation, reads

43 1 5
Vo { —R?+ >kt

_ZR2 af 2
2% g0 T agR T K (I Patys)

1 vV
+ 129D o <—§R + K2V — 2@752>
13 10°*V 5
+R<——K2V ———> +§K4V2
oV\2 1 [(0*V\2
—2k% | — =) |-
(%) +1(57) |
For our simple scalar-gravity model (2.1), we have to set
R — —R, V =0 in Eq. (C2) which leads to Eq. (3.10).

(C2)

APPENDIX D: ON-SHELL
COUNTERTERM LAGRANGIAN

The counterterm Lagrangian of quantum gravity and
scalar matter fields in a general gauge is obtained by adding
all the contributions coming from the 2-, 3-, and 4-point
functions obtained in Egs. (B2), (B4), (BS), (B17), and
(B25). This Lagrangian reads [the explicit form is shown
Eq. (3.10)]

Ler = Lop + Lap + Lyp, (D1)
where £2P = £2a+2b + EQC + £2d-

Using the on-shell condition (3.13), we have that

R,0"$pd=R(0"¢p)>, R*=R%, = —K—;R(aﬂ¢)2 and
k0,90 = —2R(0,¢)*. (D2)

To obtain the on-shell counterterm Lagrangian, we consider
each term of Eq. (D1),

KJg[43 &8 ¢
Loplon-shen = = Ton2e [@ Tt 5} Ro,p0"p, (D3a)
Vgl 1 & & 2-2&
L3pon-shen = Tor2e [— TS tet 2 } Ro,p0"p,
(D3b)
Vg & & P2
Laplon-shen lonle [2 +Tts } 0,
(D3c)

Remember that D,D¥¢ = 0, and this implies that £,
vanishes on shell.

Clearly, summing all contribution in the left-hand side of
Eq. (D1), the dependence on & and ¢ vanish. Then, we
arrive to the well-known result,

VIK? 203
‘CCT|0n—shell - _mﬁ

VKt 203
- 167:25%[0"4)6%]2’

R0, o ¢

(D4)

where we have used (D2).

APPENDIX E: LANDAU-DEWITT
BACKGROUND GAUGE

We consider here, for simplicity, the pure quantum
gravity, where this gauge is characterized by the condition

i
WY~ ki =0, (E1)

where  hys = Gop = Gap = Jap — Nap — K8ap- In order to
quantize this theory in the Landau-DeWitt gauge, we
introduce external sources (antifields) G** and C*
coupled, respectively, to the variations of the graviton field
Jap and the ghost field #,, under the BRST transforma-
tions (2.9).

The full Lagrangian is obtained by the usual BRST
procedure,

fu g 5 — v 1 a;
Lol = ,T\CR - {—\/Zm,, <h’;‘u —Zha”>
1 *aff = &
+ ;G 9ap — C*1, | (E2)

where we have used Eq. (2.10) in the limit £ — 0, and
omitted the matter fields.

When applying the BRST operator S to the background
graviton field g,4 in Eq. (E2), it is useful to introduce a
source W,; defined as

Sgaﬂ = Wa . (E3)
We note that the mass dimensions of G**, C**, and Wop
are 2, while their ghost numbers are, respectively, —1, =2,
1. These sources are invariant under BRST transformations,
so that

SG* = sC* = sW,; = 0. (E4)

Using the BRST symmetry of the theory, one obtains the
Slavnov-Taylor identity for the action S = [ d@*xCM!,
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oS oS oS oS
d4x[— Sg,,) +—(sn,) +—(sif,) +—— sf)y}
/ s (S5 (50 o (51,) 5™ (55,)

/d4 oS oS +5S oS oS n oS
= X —_—— _
89,, 6G* ~ én, 6C* &y, " 6Y,

WW] =0.
(E5)

Moreover, using Eq. (2.7) in the limit £ — 0 and { — 0, one
deduces the Nakanishi identity,

5S 1w
e T E6
5B, Y2 (E6)

Employing the above relations, extended to the quantum
effective action I', one can derive the Ward identities
which relate the one-particle irreducible Green functions.
We do not go into the details of this derivation here, which
involve rather lengthy calculations. For our purpose, it is
sufficient to point out that one such Ward identity relates

the ghost-background graviton-ghost vertex I,z to the 1PI
Green function I'yg+q. In momentum space, one may
represent schematically this relation as

F’?yﬁ"gaﬁ(kl Jy) kpkl"FWWzG*mga/x(kl ko) (E7)

We note that in the Yang-Mills theory a similar relation
involves the ghost-background gluon-ghost vertex I', ; ; and
the Green function I'g 4+ 5. In this case, by power counting,
one can see that this Green function is finite, which implies
the finiteness of ghost-background gluon-ghost vertex in
the Landau gauge. On the other hand, one can see by power
counting that in quantum gravity the Green function Iy 4
is quadratically divergent, which implies that the ghost-
background graviton-ghost vertex is ultraviolet divergent in
the Landau-DeWitt background gauge. This is confirmed
by an explicit evaluation of the diagrams shown in Fig. 4,
which yields a very involved divergent result.
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