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Gauged extended field theory and generalized Cartan geometry
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Cartan geometry provides a unifying algebraic construction of curvature and torsion, based on an
underlying model Lie algebra; a viewpoint that can be extended naturally to the higher algebraic structures
underlying supergravity. We present a Cartan-geometric framework for generalized geometries governed
by a differential graded Lie algebra, extending previous results. The extended tangent bundle admits
the action of both a global duality group G and a local gauge group H. This algebraic structure is
implemented via a brane current algebra; the phase space Poisson structure of p-branes. Within this
Cartan-inspired framework, we define a hierarchy of generalized connections and compute their linearized
torsion and curvature tensors, including the higher curvatures required by the tensor hierarchy.
This provides a systematic construction of curvature and torsion tensors in generic generalized geometries.
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I. INTRODUCTION

Geometry has always been central to our understanding
of the physical world—from the curvature of spacetime
in FEinstein’s general relativity to the intricate gauge
symmetries of particle physics. A clear manifestation of
this connection appears in (nonlinear) o-models, which are
theories whose fields are maps X:X —- M from a
p-dimensional world-volume X to a d-dimensional target
space M, typically equipped with a metric g. In their various
incarnations, o-models capture a wide range of phenomena,
from fundamental interactions in particle physics to effective
descriptions in condensed matter systems.

In the Hamiltonian formulation of o-models, the phase
space often carries a global symmetry group G, known
as the duality group. For example, the bosonic string
o-model enjoys G = O(d, d) T-duality symmetry [1-19].
Also for several higher-dimensional o-models, reorganizing
the degrees of freedom so that a G-covariance, typically
G = E;4), is manifest—either at the level of the Lagrangian
[20-25] or in the Hamiltonian framework [26—41]—has
proven to be a powerful organizational principle. This
reformulation not only streamlines the analysis of symmetries
and dynamics, but also reveals deep connections to extensions
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of classical geometry, such as (exceptional) generalized
geometry [28,42-51], see [52-54] for recent reviews.

In many situations, the o-model also possesses a local
gauge symmetry H, leading to gauged o-models. The
presence of this gauge symmetry reduces the physical
phase space; only H-equivariant configurations are physi-
cal. This reduction naturally fits into the language of
constrained Hamiltonian systems and symplectic reduction
[55], where the physical phase space is obtained as a
quotient by the H-action. In this work, we seek a unifying
geometric framework that makes both G-covariance and
H-gauge symmetry manifest.

A natural source of inspiration for such a framework is
Cartan geometry. Originally developed to generalize
Riemannian geometry, Cartan geometry describes a mani-
fold M by modelling its tangent spaces as homogeneous
spaces G/H, where G is a Lie group and H a closed
subgroup [56,57]. This perspective encompasses a wide
range of geometric structures, including Riemannian,
conformal, and projective geometries, and is inherently
tied to the theory of Lie algebroids [58-61].

Generalized geometry provides another, orthogonal,
extension of the classical picture; instead of working solely
with the tangent bundle 7M, one considers an extended
tangent bundle, such as TM @ T*M or more generally
T™M & \'T*M & ..., to incorporate gauge transforma-
tions of form fields into the geometric framework. This
can be formulated in terms of G-algebroids—such as
Courant or Leibniz algebroids [62—-64]—which generalize
the Lie algebroid structure underlying Cartan geometry.

Our main motivation is to extend Cartan geometry beyond
Lie algebroids, replacing them by more general algebroid
structures appropriate to generalized or exceptional geometry.

Published by the American Physical Society
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Such an extension not only implements the symmetries and
dualities of string and M-theory into the Cartan geometric
language, but also provides a unified description of the
metric, B-field, and other higher-form fields. This broader
framework—bridging Cartan geometry and generalized
geometry—promises new insights into the geometric foun-
dations of duality-symmetric theories and opens new direc-
tions for both physical applications and pure mathematical
developments. In the following, we will review the state of the
art in the relevant subfields.

A. Curvature in generalized geometries

In classical differential geometry, the curvature of an
affine connection plays a central role. It allows one to
define the Ricci scalar and tensor, which appear in the
Einstein-Hilbert action and its equations of motion.
Requiring the connection to be torsion-free and metric-
compatible uniquely determines it as the Levi-Civita
connection. In generalized geometry, however, this unique-
ness is lost; the natural analogs of these two conditions
fail to fix the generalized connection uniquely, leading
instead to a family of generalized Levi-Civita connections
[5,45,65-68]. While this is not by itself problematic, a
naive substitution of the Lie bracket by the Dorfman or
Courant bracket in the usual definitions of torsion and
curvature produces nontensorial objects [69,70]. For the
torsion, this issue can be resolved by introducing the
Gualtieri torsion, which contains an additional term pre-
cisely canceling the nontensorial contribution [69].

Curvature in generalized geometry can likewise be rede-
fined so that it is genuinely tensorial, though it still depends on
the choice of generalized connection [5,66,70,71]. This
construction crucially relies on the existence of the O(d, d)
metric on the generalized tangent bundle and therefore does
not directly extend to arbitrary generalized geometries.
Moreover, in this setting the curvature can no longer be
interpreted as the commutator of covariant derivatives. An
alternative approach is to restrict attention to certain sub-
bundles of the generalized tangent bundle on which the
noncovariance vanishes [65,72]. Remarkably, one can
still define a generalized Ricci scalar and a generalized
Ricci tensor which are covariant and independent of the
particular choice for the connection [45,65,73]. This enables
the construction of an action principle analogous to the
Einstein-Hilbert action, reproducing the bosonic Neveu-
Schwarz—Neveu-Schwarz sector of 10d type II or heterotic
supergravity [for O(d, d) and O(d, d + n)] and the internal
d-dimensional sector of 10d type II supergravity and 11d
supergravity (for Ed(d> with d < 7) [45,65,72,74]. For incor-
porating o' corrections, however, an analog of the Riemann
tensor in generalized geometry is required [66].

An elegant, alternative construction of the generalized
curvature tensor was given by Poldcek and Siegel [75],
who computed it by commuting covariant derivatives
on an extended space including coordinates for the local

symmetry. As we will explain below, this mirrors the
structure of Cartan geometry, where the Cartan connection
unifies the vielbein and spin connection, whose curvature
contains both torsion and Riemann components [56,57,76].
To generalize this construction beyond O(d,d), one
requires a hierarchy of connections, naturally organized
in the framework of tensor hierarchies [77]. Related
perspectives on torsion and curvature also arise from the
graded geometry approach [78-82].

B. Cartan geometry

Cartan geometry provides a unifying framework encom-
passing Riemannian, projective, conformal, and more
general Klein geometries [56,57]. It replaces the flat
tangent space of Riemannian geometry with a homo-
geneous space G/H, where G is a Lie group and H is a
closed subgroup. Nonhomogeneous spaces are then viewed
as infinitesimally Kleinian; they are modeled locally on
G/H, but their curvature breaks the global homogeneity.
For instance, in general relativity the model is Minkowski
space ISO(1,d—1)/SO(1,d—1)=R"4~!  and the Cartan
connection unifies the translational vielbein and rotational
spin connection into a single geometric object.

Formally, let M be a d-dimensional manifold, and g, §
the Lie algebras of G and H with dim(g/%) = d. A Cartan
geometry modelled on G/H is a principal H-bundle
n:P — M with a g-valued one-form 8 on P (the Cartan
connection) satisfying the following properties:

(1) Absolute parallelism: 0| p- T,P — g is a linear

isomorphism for every p € P;
(2) H-equivariance: R0 = Ad;-0 for all he€ H; and
(3) Reproduction of fundamental fields: 0(X;) = & for
£eb, where X; is the corresponding fundamental
vector field.
The Cartan curvature is the g-valued two-form
G):—d9+%[6',9]. (1.1)
For reductive Cartan geometries—those with a decompo-
sition ¢ = § @ ¢/} invariant under Ad(H)—the connec-
tion decomposes as @ = w + e, where @ is an Ehresmann
connection (e.g., spin connection) and e a coframe. The
Cartan curvature similarly splits into an -valued curvature
R” and a g/¥-valued torsion 7 for the connection w.

C. Generalized Cartan geometry

Motivated by generalized geometry, the notion of Cartan
geometry can itself be generalized [76], building on earlier
work by Polacek and Siegel [75]. There, techniques
inspired by Cartan geometry were used to systematically
construct covariant torsion and curvature tensors for gen-
eralized geometry and double field theory—previously
obtained only via ad hoc methods.

In this setting, absolute parallelism is replaced by a linear
isomorphism,
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0,: T,P®T,P—bd, (1.2)
where D is a 2(d + dim §)-dimensional Lie algebra with a
nondegenerate split symmetric ad-invariant bilinear form #,
and § C b is isotropic. The connection preserves 7, and b is
assumed to admit an Ad(H)-invariant decomposition,

b2hP DD Y,

with D modeling the generalized tangent space
T M @& T:M. The generalized Cartan connection then
takes a block form involving (Q, E)—the analogs of
(w, e)—together with an additional field p € A% §, which
acts as a compensating gauge field for the dual §*.

Its curvature decomposes into generalized torsion T,
curvature R® of the generalized spin connection Q, and a
higher curvature R” for p. The structure mirrors that of
ordinary Cartan geometry, but with an extra layer; just as
the torsion constructed from e alone is made covariant by
introducing w, the curvature of Q becomes covariant only
upon introducing p, whose own curvature is then covariant
on its own, without the need for additional connections.
This reflects the inherent tensor hierarchy structure of
extended geometries [77].

Based on these ideas, we introduce a minimal Cartan-
geometric framework adapted to extended geometries,
generalizing the standard theory by replacing the under-
lying Lie algebroid of TP with more general algebroids
over the principal bundle P governed by a differential
graded Lie algebra. This yields a covariant and systematic
formulation of generalized connections, torsion, and cur-
vature—naturally fitting into a tensor hierarchy—relevant
to both double and exceptional field theories.

Section II defines a class of generalized geometries
based on H x G, with H the local frame group and G a
global duality group. Section III realizes these geometries
in the phase space of branes, showing how their current
algebras encode the extended tangent bundle. Section IV
presents our main geometric results; explicit linearized
curvatures for the full generalized Cartan connection,
including higher gauge fields like p, and their organization
into a tensor hierarchy. Section V concludes with applica-
tions and open directions.

II. H x G-GENERALIZED GEOMETRY

In this section, we introduce an extended notion of
generalized geometry, which geometrizes the action of a
gauge group H in addition to a duality group G. To this end,
we define an extended notion (in the Cartan geometry
sense) of the generalized tangent bundle. Moreover, we
show which and how notions of generalized geometry, such
as the tensor hierarchy and generalized Lie derivative, can
be defined on this bundle. In Sec. III, we demonstrate how

this geometry is naturally realized on the phase space
of p-branes.

A. Input from G-generalized geometry

We assume a generalized geometry associated with a
duality group G, the typical examples with applications in
supergravity and string theory being G = O(d, d) or E ;).
Let us introduce the central objects and conventions used in
this article. A key role is played by the tensor hierarchy
(algebra) associated with G. This is understood here as the
graded vector space,

T =®R,

p=1

(2.1)

where RP denote representations of G or their associated
bundles. Elements of R, have degree p — 1, and we will
use K,,L,,M,,... to denote their indices. 7 can be
understood as an infinity-enhanced Leibniz algebra, or
alternatively (after degree shift) a differential graded
Lie algebral [83-92]. The two ingredients for this are

the e-product (corresponding to the algebra bracket)
'R, ®R, = R,q and the differential : R, - R,_,,

(V o W)L’”" — 7’]L”+"M[,quMp WNq7 (2.2)

(OV)Eret = Dy Fr1Miy, VEr, (2.3)
for VER,, WeR,. The partial derivative dy, is under-
stood with respect to generalized coordinates X™'. These
algebraic objects are characterized by structure constants,
called #- and D-symbols in the following. Explicit expres-
sions for G = E (4 can be found in [93]. The -symbols are
graded symmetric” in the sense,
11L/7+quNq = (— 1)(p_1)(q_1);7Lli+quMp. (24)
Let us note that the D-symbols are often (but not
always) the dual objects to the #-symbols [41]. The
following conditions on the #- and D-symbols are needed
here,

DKleMlaLl ® (3M1 = 0, (25)

L,,NIDMPHKNHP] a(Nl ® aPl) — 0’ (26)

K1)+1

"It becomes a differential graded Lie algebra only when
including R(. Without it, we need to have a Leibniz product
on R; as an additional algebraic input.

*For the application to exceptional generalized geometry in
arbitrary dimensions or arbitrary high representations in the
tensor hierarchy, this condition has to be relaxed as some of
the #-symbols do not have fixed symmetry, starting from Rq_, for
Eq) generalized geometry.
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in addition to relations that can be understood from graded
Jacobi (Leibniz) identities,

N,.. P —1),,N,., P
;1 /;+/Kqu;/, p+q+erquy + (_1)(/7 );/l g+ LqM,.i/l p+q+rK

+ (-1 )(q_l)(r_l)’?N”*'KPM,WP”*"“N

»N

0, (2.7)

pirly
when understanding the tensor hierarchy as a differential
graded Lie (Leibniz) algebra [88-90,92]. Furthermore, com-
patibility between the differential 0 and the e-product implies
the following equations relating the #- and D-symbols:

M, K,N, M, NipKpigi
("o i, Dp, oM + Dy, MraNifeaay p oy,

M
_ SPPTII 0y, forg=1 ‘ (2.8)
0 for g > 1

Moreover, let us comment on the relation between
D- and g-symbols. In many relevant cases, one can
identify the D-symbols with the (canonical) duals of
the 7-symbols. For instance, for G = E;,) this holds for
the representations R, up to p < 9 — d. Beyond this point,
the relevant representations are typically reducible, e.g.,
Ro_q =1 @ adj, in which case the D-symbol is a linear
combination of the relevant dual #-symbols.

The first condition (2.5) is the section condition that
restricts physical functions to only depend on a subset x™ of
the coordinates XM1,

oy, = (0,,,0,...),

1

(2.9)

while the second condition (2.6) is a consequence of
nilpotency of the differential 0> = 0. As usual after solving
the section condition, the representations R, correspond to
bundles over some underlying manifold M with coordinates
x". Their concrete form will not be relevant in the following.
The R;-representation corresponds to the so-called gener-
alized tangent bundle Ry =TM & ..., where “...” corre-
sponds to various p-forms and mixed-symmetry tensors,
depending on the concrete example. On this generalized
tangent bundle, one can define a generalized Lie derivative,

EVWN‘ — VM] aMl WN] - VVA/[I dMl VN'

+ YMNi oy VEIWE (2.10)
for V,WeR,. The Y -tensor’ is defined in terms of the
n- and D-symbols as

YMlNl

KL, = DPzM'Nl”PzK,L,- (2.11)

The algebra of generalized diffeomorphisms, generated
by the generalized Lie derivative (2.10) closes into the

As explained in [41], the Y-tensors of E;(7) and Ey ) can also
be written in this form.

so-called C-bracket [46],
[LVI ’ ﬁvz]WNl = ﬁ[vl’vz]cWNl ’

1
Vi Vale =5 (£v, Vo= Ly, V1). (2.12)

Similarly, there is an action of generalized vectors A €R| on
sections @ of an R ,-bundle for p > 1, defined in terms of

the tensor hierarchy differential 0 and e-product [74,94,95],

Lo® = A (9D) + (A D). (2.13)
Again this closes into the C-bracket, [L, ,L,]® =
‘C[/\l;/\z]cq)'

B. Extended generalized geometry

Generalized geometry geometrizes the action of the
duality group G in the sense that all quantities appearing
are phrased as G-representations. The goal now is to
geometrize an additional gauge symmetry Y = Lie(H).
When comparing to general relativity, G would correspond
to GL(d), and H could be taken as the Lorentz group
O(1,d —1). Alternatively, § could correspond to an arbi-
trary algebra of generalized Killing vectors.

1. Action of an additional symmetry group H

The Lie group H with Lie algebra § (with structure
constants f,4") describes an additional gauge symmetry
that is associated with an action of a generator 7, € ) on an
object V€R,,, defined as #, - VMr = f,y MV such that

Fag Fom, "7 = =2f am, " Fipx, - (2.14)

Furthermore, we assume that ) leaves the # and D-symbols
invariant:

L+z K+
praptp ”M,,qu

(2.15)

KL Kyl
4 pP+q q ptq =
Jam,"rirtig v+ fan, m vy k, = fak,,,

M K,N N MK
farx," "Dy, "0 fax, D, 0T

p+1
- f“LpH KI}HDK;;HMPN]' (216)

A typical example of H will be the maximal compact
subgroup of G.

2. Representations

As a first step, we define an extended R -representation
as the vector space,
Ri=HOR, & (R2®H) D (Rs®H" AH) & ...
=h® DR, ® A7), (2.17)

40
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that geometrizes both the action of G via the appearance of
G-representations R, and the action of H with § and §*
transforming in the adjoint and coadjoint representation,
and R, transforming as above (2.14). For an object V' in
this representation, we introduce the notation

i )

VM= (v VM VR VeV ) (218)

for its index. For p > 1, this can be extended to a hierarchy
of representations R,

R, =R, ®Rp11®h)® (R, @9 Ah) D ...

= @(Rerq ® /\q[)*)’ (2.19)
q>0
with indices
VMe = (VM vl v ). (2.20)

Note that despite being seemingly infinite-dimensional,
these representations are finite-dimensional (given that all
representations R, in the original tensor hierarchy are
finite-dimensional). They are restricted by the dimension-
ality n of the gauge algebra §), which cuts-off all form
indices beyond y;...u,. From the point of view of super-
gravity, the ordinary tensor hierarchy of E, typically
ends at Rg_, [96], whereas from the point of view of
branes, the ordinary tensor hierarchy E ) is restricted by
the P-brane dimension to Rp, .

For G = E4(4), the approach here is closely related to the
“megaspace” exceptional field theory in [77]. There, an
extended geometry is proposed that naturally corresponds
to generalized geometry associated t0 G = E;(44n) Where
n = dim(Yy). The R,-representation (2.17) proposed here,
could be understood as a subset of the R of E (i)

R1(Ega):H) C Ri(Egin(asn))s (2.21)
in both the finite- and infinite-dimensional cases.
R (Eqa). ) appears as leading contribution in the level
decomposition of R (E g ,(4+n))- In particular, R ignores
the mixed-symmetry tensors that appear in the GL(d)-
decomposition of Ey ,44n) for R, with p > 9 — (d+n).

The approach in [77] has the effect that it geometrizes
not only duality transformations by elements in G = E 4
and the gauge group H, but full duality transforma-
tions by Eg,,(44n) This larger group allows to capture
generalized dualities [97], but the trade-off is that for
generic choices of d < 9 and n one ends up with irregular,
infinite-dimensional Lie algebras* ¢y - To circumvent

4Though see [98—104] forrecent progress in extended geometries
based on infinite-dimensional (affine/Kac-Moody) Lie algebras.

this problem, we propose here a minimal extended sym-
metry algebra that is determined solely by the global G- and
local H-covariance.

3. Extending R, to p=0

In Sec. IV we will introduce the Cartan connection. To
deal with it in an effective way, it is practical to define R as

Ro=DBR; @A\ & (Hh®H) & Ro)

g1

® DR, ® \h).

q=1

(2.22)

This is motivated by the existence and similar structure of
an Ry-representation of the duality group G, which is
simply the Lie algebra g of G. Here, we introduce it by
hand. It is clearly a representation of H x G. A special role
will be played by the subalgebra

iﬁo = @(RZ ® /\qf)),

g>1

(2.23)

in which the physical fields, in our cases the generalized spin
connection and higher versions, are contained. We focus on
computing torsion, curvatures and the corresponding
Bianchi identities for these fields specifically. Therefore,
it will be practical to limit the discussion to this subalgebra.

We can define the following Lie algebra structure of R,

A B
(Rel.ap R

_ A. B Vi-Vp+ Cpyt
o) =1 Oy R

a ...(lpﬁ].../jq Y1---Vp+q>

(2.24)

in terms of the canonical duals of the #-symbols (2.2) subject
to the normalization

A,By D Dyiy

c,, o pMA,,Bq = 5C (225)

n

pta’

with the convention that the generalized Kronecker delta

takes values 41 for its nonzero components. Here Rgf__.ap
denote the generators of R;‘, ® A’H. The commutator
in (2.24) should be viewed as an ad hoc definition of a
Lie algebra structure; nevertheless, consistency is ensured
by the graded Jacobi identity satisfied by the dual #-symbols.

4. n- and D-symbols

In principle, these are simply inherited from the
n- and D-symbols of G-generalized geometry. The extended
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n-symbol n* MmN, - R ® Ry — R, has the following nonvanishing components for p, g, r > 1:

Aaeid Aeeid

ceehy o ceedpn _(—_1\q 1---Vg-1 Lq -
n Ly =n L, = ( 1) 5;/11~~/1,1_25Nq’ for pP=4q >2
P Yyl Vyeeily ) 0 else
Nq Nq
Apeeids gL oo Hp_1V1e Vg
" —(- pa —
L B (=1)Piy M,,Nqéfl,,_lm_z , forr=p+gq (226)
n Hieo iy VpesiUpy .
VoMt i eVo else
Mp Nq

In particular, we note that 72 w = 0and n“ uN, = 2y u = 0. We adopt conventions in which contractions of form indices

include the standard combinatorial factors. For example,

XEyy, =XbY, + XPYVE 4+

1 L, Aeodpos

T

The H x G D-symbols are defined similarly in terms of the G D-symbols,

for p, g > 1 and r > 2. Here, we have formally introduced a
D-symbol D LMM »Ng for ¢ > 1. Such objects do not usually
appear in the exceptional field theory literature. However,
they are not needed in practice; in all relevant expressions,
the D-symbols are contracted with derivatives. Hence, these
hypothetical components will not appear explicitly, due to
the section condition which is explained below.

The extended #- and D-symbols are used to define the
extension of the Y-tensor,

YK]£1M1N1 = DPzchlnPZMlNl' (227)

In a similar vein, one can introduce #- and D-symbols that
map between different representations R,.

5. Section condition

As usual, we associate generalized coordinates XM to
the representation R . A section is defined by the constraint
on the coordinate dependence of functions, namely,

D MN19y ® dy, = 0. (2.28)

The form of the #-symbols (2.26) makes it clear that the
only solution to the section condition at this point is one
with coordinates y* associated to ¥ and coordinates X"
associated to the usual R;-representation, implying

—(=1)78L1 6, . for p=gq>2

otherwise
MN. Mo Apiga B
_(_l)quL p qéft,...ﬂpt?yl.“y 1 for r = p+4q
p+q P q
otherwise

aM] :(aﬂ’aMpOa-"')y (2.29)

where ()Ml is subject to the usual G-section condition,

DLZ[MlNla[ul ® GNI — O (230)
Hence, an appropriate setup for a generalized notion of
Cartan geometry uses the coordinates,

XM= (y#, XM10,...), (2.31)

on section, where y* corresponds to the coordinates of the
gauge group H and XM to the generalized coordinates
of G-generalized geometry. In the context of generalized
Cartan geometry, the former become the fiber coordinates
of the principal H-bundle P — M, and the latter would be
extended coordinates associated with the generalized tan-
gent bundle of M.

C. Generalized Lie derivative

The natural generalized Lie derivative, or Dorfman
bracket, of sections V, W of the bundle associated to
R, would be’

5Depending on the context we will also write M = M, when
there is no reason for confusion.
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LoWM = YN g WM _WN g YM L yMN o VRWE
(2.32)

Closure of this generalized Lie derivative requires the
following identities for the Y-tensor [46]:

0 = dpdy URVEWO(YMP oYV g — YMN p567),

(2.33)
0 = (0pUR0\ VS — 0\ US0p VR)WE
X VMV g YIP g + YMN o YiP g
+ 2YMN 8% + YMN 52 8D). (2.34)

While the first identity holds because the Y-tensor comes
from a consistent tensor hierarchy algebra, the second
one does not hold in general because terms proportional to
y-derivatives could cause problems. A simple proof of
(2.33) for G-generalized geometry goes as follows. We
know from (2.8) that

M KN M,N, , K _ My ¢N,
(I’] ZLIKIDPZ : 1+DK3 i 31”2111)0N1 _5P25L16N1

(2.35)

holds. By tensoring this relation with Dy, ®15195 and
symmetrizing the derivatives, we see that the second term
vanishes due to (2.6) and this eventually leaves us with

YRS, ¢ DpKVigy ® ds,) = DPZRlsl(sﬁla(Nl ® Js,).
(2.36)

Further contracting this with 7" M,0, gives us our desired
result (2.33).

To deal with (2.34), we will introduce two additional
assumptions on the generalized Lie derivative, that will lead
to a consistent gauge structure. By committing to a larger
|

L,y W= ([v.wly + Ly w' = Ly, v")d,

duality group (in particular one which would rotate to a
different choice of §) they could be lifted but this is not the
aim of the present, minimal, setup. It should be understood
in contrast to the maximal extensions of [77] where the
generalized Lie derivative is defined for the full R,
representation. For G = E ;) the latter leads to R being
a representation of E,. (4, for n = dim(}). The fact that
for G =0(d, d) our definition of the R,-structure coin-
cides with O(d + n,d + n), as shown in [75,76,105-107],
is a peculiarity of this specific duality group.

Assumptions:

(1) Parameters of the generalized diffeomorphism are

required to be of the form
V=v+V, ehdR, (2.37)

because they describe the action of the original
duality group G and the action of a gauge algebra §.
We assume a special ansatz for the dependence on y.
It only enters via a twist, depending on the repre-
sentation of § through

2

Ty (0. X) = e (y)...en,» (1) TG (X)), (2.38)
where e,%(y) is associated to the right-invariant
Maurer-Cartan form on H. Moreover, e MFA" (y)
mediates the action of H on the representations R ,.

As hinted already by (2.15) and (2.16), the H-action has to

preserve the symbols 77 and D of G, restricting the respective

Lie algebra § to be a subalgebra of g. The role of this twist

becomes clearer in the current algebra picture where it is

explicitly derived in Sec. III B.

Acting with a V from (2.37) on a general

W=w+ Wi+ Wyt~ (W (W) M2, ) e Ry,

the generalized Lie derivative in (2.32) simplifies to

+ (Ly, WY+ Oy, 0" (Wa)2 D, MV ay,
+ (Ly, (W2)M2 4 20y, v (W3)i Dy M — ”wa”(Wz)z[zwz)a‘&z

! M, , Ly M,N
+ (p—1)! (Ly, (W) p,o + POy, v (Wp+1)m~-ﬂp—l”DLp+1 Y
M, oy
—(p- 1)/UKfK[Mp,IU(WF)”11'"”1’—2]”)6‘1(41[) Hp-1
¥ (2.39)
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with [v, w]g = f'v"w*. Remarkably, the algebra of such

extended generalized diffeomorphisms (2.37) closes on
arbitrary sections W of the R;-bundle,

£M+U1£U+V1W_£17+V,Eu-&-UlW:ﬁ[u-&-Ul.ﬂ-&-Vl]CWv (240)
with the extended Courant bracket

[u+ Uy, v+ Vile = ([u, ]y + Ly, v = Ly,u) + [Uy, Vi]es
(2.41)

where the last term is the ordinary C-bracket associated to
the duality group G. The proof of this closure crucially
depends on the identities (2.6) and (2.8) and is presented in
Appendix A.

III. DERIVATION FROM BRANE
CURRENT ALGEBRA

In the previous section, we introduced a new general-
ized geometry that makes a duality group G and a gauge
symmetry algebra f) manifest. Here, we will show that this
setting has a very natural origin in the realization of the
phase space of branes and its parametrization in terms
of G-covariant currents.

A. Review: Brane currents in G-generalized geometry

For the realization of G-generalized geometry on the
phase space of 1-BPS P-branes, the following dictionary
has been established in [41]:

(i) We consider the Hamiltonian formulation of a
P-brane in d-dimensional space.6 The phase space
variables can be put into the form of a hierarchy of
currents, associated to the tensor hierarchy of G
(usually this will be Ey,) for P > 1, namely,

(P—p+1)-formsty €R,. (3.1)

Typically, these 1 —are constructed from the

canonical momentum density of the P-brane, the
embedding coordinate fields and world-volume
gauge fields. Examples of explicit realizations of
the brane currents for the Hamiltonian formulation
of D-branes, M-branes or Kaluza-Klein monopole
world-volume theories have been presented in
[37,41]. For example, for M2-branes, the typical
currents are

®The extension to (11 =d+n)- or (10=d+n—1)-
dimensional supergravity backgrounds is straightforward and
has been discussed in [41].

(i)

(iii)

066017-8

Imy = (pm7dxm A dXMI, 0, ),
ty, = (dx™,0,...),

ty, = (1,0,...). (3.2)
They arise after employing the M-theory decom-
position of R ,-indices into GL(d)-indices m, m';
The Poisson brackets of these P-form currents,
from now on referred to as current algebra, take
the form

{ta,(0).15,(0')} == P10 5 tc, (') Ad'S(0=0).

(3.3)

Additionally, there can be also spatial world-volume
boundary contributions [d(...). They have been
discussed in detail in [37,108] for the string and the
membrane. Here, we will always neglect them.
There are two underlying gradings for a current
1y,—one from its nature as a spatial (P—p+1)-
form (hence depending on P) and as an element
of R, in the tensor hierarchy/infinity-enhanced
Leibniz algebroid. With respect to the former,
the current algebra bracket of (P — p + 1)-form
currents is in fact graded skew-symmetric
(again up to world-volume boundary terms) with
degree —P

{ta,(0),15,(0))} = =(=1)P=D4"D {1y (0'), 14 (o)}
(3.4)

This grading is consistent with the graded symmetry
of the y#-symbols (2.4);

A correspondence between generalized geometry
and this current algebra structure comes from a
section @ of the generalized tangent bundle or a
general R ,-bundle, which can be associated to the
object

o= [ox@n, @) (339

where the integral is to be understood over the
spatial part of the world-volume. In general, the
Poisson bracket of two such sections, for generic
currents satisfying (3.3), does not automatically
reproduce the generalized Lie derivative L,

{®, A} = LD, (3.6)
for a section A = [ A% (X(0))t4,(6) € Ry. In order
to obtain this correspondence between Poisson

structure and generalized Lie derivative (up to total
derivatives), the hierarchy of currents additionally
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has to satisfy the so-called brane charge constraints,

tMp A dXNlaNl = DMI)KF—]N] tkp_lle, (37)
together with the assumption 7y, = (p,,, ...), where
pm 1s the canonical momentum of the brane.
Remarkably, solutions to the constraints (3.7) are
in one-to-one correspondence with a Hamiltonian
formulation of J-BPS branes;

(iv) Hamiltonian and spatial diffeomorphism constraints
are characterized by a generalized metric H41%1, in
which also the coupling to a background metric and
p-form gauge fields is encoded,

H=H"Bi1, A *tp ~0, (3.8)
and the D-symbols
DCZAlBltA] A *tBI ~ 0. (39)

In principle, this is just a reformulation of G-generalized
geometry, but in the following we use it as a computational
device. Moreover, if we neglect world-volume boundary
contributions, the algebraic structure becomes simpler; it
gives rise to a Lie algebroid. In particular, the Jacobi
|

P

identity of the current algebra (3.3) corresponds to the
graded Jacobi identity of the n-symbols (2.7).

B. Adding h)-gauge symmetry

Following the idea of [75], pursued further in [76,109],
we supplement the above brane current algebra with the
local action of a gauge group H C G. It is generated on the
brane phase space by the currents s, with the Poisson

brackets,
{54(0),55(0")} = fap’s,(0)8(c — '),
{56(0), 130, ()} = fan, Yoty ()30 = @), (3.10)

which are governed by the structure constants f 5" and the
h-action faMpNP from Sec. II B. However, the extended
algebra of the currents (s, 74,14, ...) does not close into a
Poisson algebra any more. Fortunately, the authors of [75]
noticed that the Jacobi identity can be restored after
introducing dual gauge symmetry generators X* into the
current algebra in a specific way. Here, we do the same and
introduce dual generators such that the extended current
algebra becomes an (infinite-dimensional) Lie algebra,

{s4(0).55(0')} = fop’s,(0)8(c = o),
{54(0). 1y, ()} = fam, vy, (0)8(c — '),
{S{I(G),Z/’(U’)}Zéﬁ dé(o = &) + f,/'T (0)8(c — &),
{¥(0). tm,(0)} = 0 = {Z%(0). Z(c")}.

(o)

[ —;

{tm, (o). ty, (¢

q

Written in this way, the last equation is not manifestly
skew-symmetric. But it turns out (up to neglected boundary
terms) that it is, after assuming

(3.12)

— N
dtMp = _faM,, P2 A [Np.

Due to the Maurer-Cartan equation dX¥ =
similar identities hold for

zfa/iyz A z/j

. 1
(=1)P=rNdeg, = = fou VriN: + 5 fothy . (3.13)

where the prefactor (—1)=7*! is due to the form degree
of M,

Combined with this relation, the current algebra (3.11)
should be seen as a minimal extension of (3.10) such that it
is a Poisson algebra, which satisfies the Jacobi identity as is
shown in Appendix B 2. It can be easily understood as a

-n P+qMNtL+(6)/\dl (0 - 6)+faM ’n ”*”KNZ‘L

, NZ%0)8(c — o). (3.11)

twisted version of a trivial extension of the current algebra
(3.3) associated to G-generalized geometry, as shown in
Appendix B 1.

From the currents in (3.11), one can construct

.y,
ty, =g, NN AXY, (3.14)
where X% = e,%(y)dy* is the right-invariant Maurer-Cartan

form and the coordinates y* are canonically conjugate to s,,,
defined by

{e,"s4(0).y"(0)} = =6,6(c — o).

Moreover, we define the dual frame fields e,”(y) with
e (v)el(y) = 8h. At this point, we have found a higher-
dimensional motivation for the second assumption (2.38)
from Sec. IIC. The twist described there arises after
combining (3.12) with (3.14)—the first of these two

(3.15)

066017-9
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equations gives rise to the e, factors, while the second
results in the ey 4 twists.

From the P-brane current point of view, R will consist
of all the possible spatial P-forms,

iy = (Sus vty By 0g1 5 o). (3.16)

{tal ®p— 1( ) ﬁq 1( /)} _ ( ) q(anﬂlM,

— (_1)(P+’1);7Lp+q

and
{sa(0). " ()}
_(—nﬁwmﬁM@qu@—&
YﬂZ ﬂp 1 ’
—~_fy01w1 ( )5(6_6)

+¢MQM@;h*@m@—aq (3.19)

In front of the dd-terms, we recognize the ‘“extended”
n-symbols defined in (2.26). Making use of them, we are
eventually left with the compact current algebra

{tan, (0). 1w, ()} = =0 a2, (0) A d'S(0 = &)

+fM]N]'C't£ 0)5(c—0'). (3.20)

Similarly to above one can define representations of R, [P]
as brane world-volume general sections of

V= /U"s o)+ Vi ty, (0) + V32 15 (0) + ...).

In direct analogy with the G-generalized geometry case,
one can reproduce the extended generalized Lie bracket
between such objects as

{W,V} = Ly (3.21)
if an extended brane charge condition holds,
tm, A AXN1Oy = Dy - Nitp oy, (3.22)

for the currents 7, . Decomposing it into h- and
R p-indices, this simply reduces to the brane charge

condition in G-generalized geometry (3.7) and the con-
dition (3.14).

p

...y 1Py
NI

Similarly, R;.; will consist of all possible (P —k + 1)-
forms,
Dt Ty o) (3.17)

th (th’

The relevant bracket for these currents in the R;-
representation’ tz,}l;”a"'] can be obtained as

P16 A d8(6 - o)

rtq

_ fyM,, KP’IILPMKI,N[I tzl...(l,,flﬁl...ﬂqfﬂ(a)é(G _ G/)

pt+q

(p—1)

S i e o - o)

rtq

(3.18)

Let us note that the brane current algebra always closes,
not only when (2.37) is satisfied. Only the following
identity holds:

{UAV. W}t +c.p.
= / ([Ly, Ll = Ly U + boundary terms) = 0.

(3.23)

Hence, in general closure of the extended generalized Lie
bracket (2.32) is only guaranteed up to boundary terms.® As
shown in Sec. II B, closure without such boundary terms
will only be possible if (2.37) satisfied.

C. The zero-mode algebra

The structure constants f 4, Nlﬁl in the current algebra
(3.20) correspond to a Leibniz algebra (in particular they
are not manifestly skew-symmetric). In the context of
generalized Cartan geometry, this algebra plays the role
of the model algebra as explained below in Sec. IV.
In particular, we are going to show that the structure
constants in (3.20) naturally correspond to a Leibniz
algebra associated with a differential graded Lie algebra

7 . .
For the generic case one obtains,

{135 (0). (o))

(_1)(rq+s)< ”LP i, ZZ] -a,fy...Js

- (o) A d'8(c — o)

rtq

ay...af..
" FMK Nz/thM

+fom,© P (0)5(0 ~ o)

1+q

+ (_1)(r+s) 2,7 PN fy& a t”‘z alpy.. /”\75(6)5(0__6/))'

¥A side result of this is that the extended generalized Lie
bracket closes with requiring (2.37), up to total derivative terms.

066017-10
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structure. The latter comes from the canonical Poisson
structure of spatial p-forms and the canonical momentum.
Crucially, this is analogy is only valid up to world-volume
boundary terms (associated with the world-volume de
Rham differential).

Starting from the currents 7y =14 A X" A ... A X%,
we define their zero-modes TPZI = [ 1y (o) ER,_, for
r < p, and a differential Q: R; — R,_; acting on these by

orsy = (-1 [ at (o)
a, r ay T2y
= (1)1 BTG (1) 2 f T
(3.24)

This operator squares to zero thanks to (2.14) and the
Jacobi identity of §). We also define a graded symmetric
product :R; ® R, — R, ; for the zero-modes, explicitly
acting on these as

Ter ° Tgsq (_l)r(q_l)ncll+quBq Tarﬂx

Criq”

(3.25)

From this formula we read off the degree |TZ:| =
p — r— 1, which agrees with the fact that TX; is an object

of the vector space R,,_,.

TZ])—I o Tg:—l = _ng;—l ° QTZi—l

P

p—1
—(=1)P4
(2
Cpig
= y1)+q—l T
f AP q
a, /34_1

Using (2.15), we check that the differential Q is a
derivation of the product e,

o a T |
Q(T, * %) + QT * T+ (=1)"%'T5 » 0T}y =0,
(3.26)

From the definition of e and the properties of the

n-symbols (2.7), the product e satisfies the graded Jacobi
identity,

s ; T3 | e,
(TG« T ) » T2 + (=)' TG o (T < T7)

T/fs

Tk
+ (=) Tel (e o) (3.27)

, Ty =0.

The differential Q: R; — R,_; is defined for i > 2,
but extending the graded vector space to include a
further space R, we can also extend the differential to
0: R, - Ry. As was discussed in [88], this extension
allows us to take the differential Q and the product e as
the fundamental structures, forming a differential graded
Lie algebra. In particular, we can define the Leibniz
product o :R; @ R; — R, as

. P
_QTA[p 1 .TB(j]l

—(—l)(p_])(q_l>fyAPDp;,]Cp+quBqT”p*lﬁq—l}/

Cpiq

C ay @201 |Pr Py ¥d
>;1 p+ququy5[ ITC

rtq

: (3.28)

rtq

ypAq—l

where TZ’; ~'and T/;‘;'] are zero-modes in R ;. The graded Jacobi identity of e (3.27) and the compatibility of Q with e (3.26)

ensure the Leibniz identity for the product o,

Ap-1 P Yi-1 Ap-1 Yi-1
TA,, °<T3q oT¢, )—_TA,, O(Tc, ¢

P _ /. o,
oTy) = (T = 0T} ) = QTS

= T (QTY « QTS ) + (T = QT) + QT

Ay
:(TApp1

o) o T + T o (T4 o TH).

If we take the maximal compact subgroup of the duality group G, the model algebras we construct here can be understood as
a generalization of the Euclidean or Poincaré group; hence, in the context of O(d, d) in [76] this was dubbed generalized
Poincaré algebra. To see why, let us consider the simplest possible duality group G = GL(d). It is special because its tensor
hierarchy only has a nontrivial R representation, the fundamental of GL(d). After identifying H = O(d) with its maximal
compact subgroup, the structure constants in (3.28) are those of the Euclidean group’s Lie algebra.
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IV. CURVATURES AND TORSIONS
IN THE LINEARIZED THEORY

A. Extended generalized Cartan geometry

Given a manifold M, the aim is to define curvature
tensors that are both covariant under generalized diffeo-
morphisms, i.e., admit an action of a duality group G, and
under (local) H-gauge transformations. Let us define the
setting step-by-step, almost in full analogy with [76] where
the same steps are discussed for O(d,d) generalized
geometry. The final curvature tensors agree with [77], as
far as they have been calculated there.

(1) The underlying algebraic structure is constituted by

(i) A Lie group H, called gauge group, with Lie
algebra §. Given the underlying duality group G,
H is typically the maximal compact subgroup
of G-i.e., for O(d,d) it is the double Lorentz
group O(1,d —1) x O(d - 1,1), or for Ey4) =
SL(5) it would be SO(5). We assume the
differential graded Lie algebra structure for the
tensor hierarchy of G, as described in Sec. IL
H C G ensures that the identities in (2.15) hold.
In standard Cartan geometry, the tangent bundle
TP of the principal H-bundle P — M plays a
central role. Its generalization in this context
will be a bundle over P, associated to the R;-
representation of H x G generalized geometry
introduced in Sec. 11,

R, [P|~THOR, M ® (RM|@T*H) ...
(4.1)

where R, [M] represents the usual R ,-bundles of
G-generalized geometry. Locally, which is all
that we are interested in, this agrees with the
result [76] that for O(d, d) the extended gener-
alized tangent bundle is R,[P] =TP @ T*P.
Crucially, as shown in Secs. II and III, it is
possible to define a generalized Lie deriva-
tive on this bundle. For sections VM1 =
(v*,VY1,0,...) of R,[P] acting on general
sections W of R ,[P], the bracket (2.39) closes.
On the other hand, it turned out that on the brane
world-volume general sections of R;[P] have
a well-defined algebra defined by the current
algebra (3.18) and (3.19) up to world-volume
boundary terms. It is the latter structure that we
will employ below in order to obtain curvature
tensors;

(ii) The model algebra® is a differential graded Lie
algebra [88,89] with an isotropic subalgebra
§ C 1. In particular, we assume the existence of
a graded vector space,

066017-12

L=L+L+L+...=I,. (4.2)

p>0

with a graded symmetric product *:[, x [, —
[,,, and a differential Q: I, — [,_;, subject to
the compatibility conditions in [88,89]. From this
differential graded Lie algebra, one can derive a
Leibniz bracket on [ via the derived bracket

aob=—-Qa*b, fora,bel,. (4.3)

As an example, we had demonstrated above in
Sec. IIIC that the H x G tensor hierarchy in-
troduces exactly such a differential graded Lie
algebra as zero-mode part of the current algebra
(up to world-volume boundary terms). For the
extended generalized Cartan geometry setting,
we also assume I to contain fj as a (nonmaximal)
isotropic Lie subalgebra,

[5.5] ch and n(h.h) =0. (44)

Similar to the R -bundle, I, can be decomposed
as a direct sum of vector spaces (but not of Lie/
Leibniz algebras),

L=bOR O®H QR ®.... (45)

In particular, since dim(I;) = dim(R,), we will
label its elements with R ;-indices I, L. These
satisfy

TioTe = freMTpm. (4.6)

In this article, we consider the above minimal
setting of a model algebra I, which is defined
alone by the action of f on the tensor hierarchy
{R,} of G, and the tensor hierarchy structure
itself. Nevertheless, a more general Leibniz alge-
bra structure (with § an isotropic Lie subalgebra)
should be easy to incorporate in what is to follow.

(2) A generalized Cartan connection 0 is a pointwise
isomorphism between the two algebraic settings
introduced above. It is defined for p € P as

o], R[P], -1, (4.7)

and preserves the differential graded Lie algebra
structure which is governed by the #- and D-symbols
in (2.26). This implies that this isomorphism—
the generalized Cartan connection—is in fact a (point-
wise) isomorphism of differential graded Lie algebras

8], DR,[P], = & (4.8)
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consisting of a
09],: R,[P],
connections 09 besides 1) will not introduce new
degrees of freedom in the definition of the generalized
Cartan connection, as it is shown below in Sec. IV B.
Hence, we will typically refer to =6 as the
generalized Cartan connection, although one should
understand it as acting on the full hierarchy.

The further standard assumptions on € are the same
as in standard Cartan geometry and generalized Cartan
geometry [76]:

(1) Left-invariant vector fields of TH are identified
with the Lie subalgebra § C [;; and

(i1) Equivariance. The right-action R;, of h € H has
to match the adjoint action of 4~!, through

collection of  maps
- Iq. Nevertheless, all additional

R;0 = Ad,-06. (4.9)
Again, we will interpret this relation as gauge
transformations for the components of 6.

It will turn out that, under these assumptions, a natural choice is

to take @ generated by the subalgebra 510 introduced in (2.23),

(4.10)

2

1
0 = exp <Q;§1R2‘ +§pgl"2Ré§az + >

This will be explained in detail in the next section where
we will also construct representations (Rél”,,,ap) 5, of the
generators of Efio.

(3) For a definition of the generalized Cartan curvature
®, we employ the brane current algebra (3.18) and
(3.19). Consider the generalized Cartan connection 6
represented as a brane current,

()M,
07 (o) = 04" (o)t (). (4.11)
As explained in the next section, we will only be
concerned with p = 1, as the other components do not
contain any new information compared to 8(!). The
generalized Cartan curvature will then be given by the

nontrivial components © 4,3, ¢ of the current algebra,9
|

5 0
H M
QA] Eq M
a.u Ml,l/
H.Al M = Q'Az 539142

o p aay yMy.viv,
QA3 51/1’/2 QA3

10(0).08) ()} = 145,68 (") A d(0 = )
+ 04,550, (0)5(c = o).
(4.12)

Due to the additional twist by the generalized Cartan
connection, it contains

(i) The model algebra (3.20) including the action
of § on the representations R, of g, because it
is already contained in in (3.20), and, addition-
ally; and

Generalized torsions and curvatures, which are
covariant under generalized diffeomorphisms
and f-gauge transformations.

This data can be extracted from a decomposition of the
R -indices of O 4 5, Ciinto H x G-indices. All required steps
are detailed below in Sec. IV C.

The definition (4.12) generalizes the one originating from
string currents in the O(d, d) case in [76]. But it is also closely
related to the one in [77], which is based on a generalized Lie
derivative or Dorfman bracket [-, -], , (Without referring to the
string current algebra), twisted by the generalized model
algebra d: © 45 = —[04,05]p €D.

As the connections 0%) in general, do not only contain
components in f) and R |, a similar definition for the extended
generalized Cartan curvature is not possible in the framework
of H x G-generalized geometry, because the generalized Lie
derivative (2.39) only closes after imposing the additional
constraint (2.37). Therefore, we employ the brane current
algebra in order to define the generalized Cartan curvature
in (4.12), which is well-defined up to boundary terms. In
contrast [77] is able to make use of the generalized Lie
derivative directly because they are using the maximal
extension to Ey (41, for which the generalized Lie deriva-
tive closes without additional constraints.

(i)

B. Generalized Cartan connection
As an ansatz for the parametrization of the *R;-
connection 6 =6V|,: R,[P], — ; consistent with our
assumptions, we propose

0 0 0
0 0 0
et M
5/1EA2 2 0 O (4 13)
SUEQ SIRELM o 0

°The fact that the 6(7) leave the n-symbols invariant, guarantees this form of the current algebra.
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This form of the generalized Cartan connection extends
both the megavielbein from [110] and the generalized
Cartan connection in O(d,d) generalized geometry
[761."° Its components organize themselves into a tower
of higher connections Q, beginning with the spin con-
nection Q, #. In particular, for ¢ < p, we have

591(41)a1...ap_].Mq _50:1...0:,,_1 Myvi...vpy

poH1e Mgt T VHLHg- VL Vg BRA ’

(4.14)

and a dependence on the generalized frames E AFM » of the

R ,-bundles of §-generalized geometry. Similar to the
Cartan connection, the physically relevant input is given
by E AIM 1, while all the other generalized frames can
be derived from this quantity. They represent a natural
generalization of the solder form familiar from ordinary
Cartan geometry.

1. Linearized constraints from compatibility with n

Not all the connection components are independent.
There are relations between the ’s because the connec-
tions @(P) are required to preserve the graded structure, and
in particular the #-symbols

HE;) M, 9(811) N,y 9(622)

nam = P an, (415)
As such, the generalized Cartan connections give rise to a
Lie group. But working with this Lie group directly is
|

()ay...ap M,
Apn”] s Mg-2 -

(i) All independent components of the Cartan connec-
tion are contained in the first column of (4.13),
which is formed by 59’21. There are further restric-
tions which eventually only keep

Hi1H2H3

Qo P (4.18)

with

as independent components. To understand the
derivation of this tensor structure, put A; =

"1"A"’P*‘ for p>1, B, = Bﬁ in (4.15), and project
P ’

"These special cases arise from truncating the differential
graded Lie algebra; the generalized Cartan connection of [76]
corresponds to the case where the tower terminates at R, = 1,

while the ordinary Cartan connection is recovered when the tower
terminates already at R ;.

_ M, V..V O ...,
q P=q P2
(_1>(!’ q)g !A 5”1_

cumbersome, one could choose different parametrizations
and a preferred one is not immediately obvious. Instead, we
focus here on the underlying Lie algebra. It arises when we
work at the linearized level in Q. Moreover, for the sake of
brevity of the final expressions, we work in the metric

formalism and assume E, M, = 524 " for the generalized
: »

frame fields of G-generalized geometry. After performing
the variation, we are left with

1 1 2
0= 59(}11) Min© B, + 59531) MinC 4, + 59(M>2 CpMe 4,

(4.16)

to solve. For the sake of brevity, one might ignore changes
of E A, My to circumvent the Lie algebra of the duality group

G and instead focus on the generators for the connections
that arise as generalizations of the affine connection. These
assumptions are sufficient to analyze the independent
components of the generalized Cartan connection, and to
gain insights into the construction and consistency of
generalized torsions and curvatures. As a consequence of
the compatibility condition (4.16), we conclude:
(i) The components of the connections 0») for p > 1
are fixed by the components of 8 = #'). Assuming
A= “"X’”“ for p > 1, B, = f in (4.16) can be

P
used to iteratively determine §”). For example, for

6 one finds the identity for ¢ < p

» ~HgoV1--Vp_g* (417)

onto the C, ="
(p.q) =(2.2),

acC B <C c
Qﬁ:%: + ngﬂ by, = ”DAAZBZQDT/}‘

'gqu-component for g > 1, then for

(4.20)

After contraction with of B, and C,, for example,
one notices that

Q(aﬁ) _ O,

i Q%ﬂ] ~ P, QR (4.21)

showing that QZ‘f only has a skew-symmetric
contribution. Moreover, we see that parts of the

Qgi-component are fixed by this choice.
For p > g =2 we have that

Q5 = (1) Q5 (422)

showing that Qﬁ’f""a”" = Q[f:]“'a”*'];
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(iii) Components in the remaining columns are connected

to fundamental ones (4.18) in the first column via identities

like
-1 c
p+|’7 Prig,m = 9 "np, Bi = (=1)PQjp 6,
Lc;::: K LI B = Qf;—l-v] Ypri p_ g 25r<p. (4.23)
[
This essentially determines the first subdiagonal compo-  holds. Remarkably, this relation is nothing else than

nent of the Cartan connection, expressed in terms of €} 1.
(iv) These results suggest that the components of the
generalized Cartan connection arise from the vector
space R, dual to the one defined in (2.23). We do
not see the fact that Ry = g, where g is the Lie
algebra of the duality group, because we keep the
physical frame fixed. Hence, from here on, we take
the Cartan connection to be generated by if{o. This is
in agreement with the known results for the duality
group O(d, d) [75,76] and the alternative approach
for exceptional duality groups presented in [77]; and
Nonlinearity in the connection will not impact the
counting of the degrees of freedom of the generalized
Cartan connection 6. The only difference to what we

have seen here is that contractions and e-products of
the independent components will appear.

)

2. Solving the constraints

Still, we should check if the constraints (4.23) indeed
admit solutions for all columns beyond the first. Taking a
look at the first relation there, we find the solution,

Ky p K,M; OH
Koh - _(<1)Dy K, (424)
assuming that
C,B, E c E,..BhOv — ov s6r
(D, mnria p, 0 pDa, r17)Q = Qp 64
(4.25)
|
By Ya pu _ sop oBy B, \a1---Qpp M, a;
(RV1U2)A2 _5U1U25A2’ and (RVIDZ)A[H»Z HieeHpoi 5#

the # — D identity (2.8) where the partial derivative is
replaced by € . It constrains the R part of the generalized
connection, while the § factor is a mere spectator. But due
to the G-covariance of (2.8), either this full R} irreducible
representation is compatible with it or nothing at all. Hence,
we conclude that (4.25) holds generally.

Assume for a moment that p” ;"7 =0 and only Q)
contributes to 50 4 M through

804, M = Q4 (R)) 4 M

V')A, (4.26)

with the generators RP'. As matrices, the latter only have
entries on the first subdiagonal, namely,

(RE)4" = 6485, and
Bi\ay...a, M
(R”])leﬂal ,41.”..;4,,71 = 5”1 #P ],,DAPHM,,Bl for p > 1.
(4.27)

From this set of generators, one can derive the generators
which have to be contracted with the various p’s we
encountered. The first of them is
B, ¢, pD
RV, =n"cp,[Ry) . R,]. (4.28)

which can be derived from (2.24). It comes with only the
second subdiagonal populated by

This pattern can be continued recursively to obtain the explicit form of the higher-order generators,

B
P _ B
Ryl w, =1"rc

p=

where the normalization factor is fixed by first row of the resulting matrix as

(R" .,

"YFrom Egq. (4.15), these can be obtained by the choice A; =
choices of B;.

)a]...ap_lﬂ -
A,

aj.. a,,_

1 ZZ+111/1V277 C, D1D ,7+2EP+IC1DE,7+|MPDI for P2 L. (4'29)
D

0, [R [m e R (4.30)

S (4.31)

' for p > 1 and B; = B,. Similar identities follow for other

I
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As argued in Sec. II B these generators form the Lie algebra
E)N{O if complemented with the generators of G. At this point,
there is no guarantee that R, is the maximal subalgebra,
under the assumptions of the generalized Cartan connec-
tion, that gives rise to (4.15).

Eventually, they find their use in writing

Y22 Al .ul Hp A[)
60 = €y R, +§ ol Pa, Ruln,
p>2

(4.32)

To continue with the computation of curvatures in the next
section, the component

Kypy.mp MK, J1-H
Q — — PD 1 ?
Ly ( 1) Lpi Pu

(4.33)

is needed. It can be either obtained by getting the relevant

components of the generators R;‘l”_.ﬂp and combining them
with (4.32) or by employing the conditions (4.23).

{04,(0). 05" ()} = (=1)P (14,5, 00777 (0') A (0 —

1
+ @5, 1 ()0 (0)5(0 — o)

(p—11 A%

1 Brof
+ Cpy PPy 1(0)078[)_1

+ 04,5, /171 (0)0c, (0)5(0 = o)

+ 6,577 (0)0,(0)5(0 — ')

Tr-2 (6)8(c — o)

(R,-curvature)

C. A hierarchy of curvatures

As the generalized Cartan curvature, we understand the
structure functions © 4, Blcl in Eq. (4.12). Here, we calcu-
lated these components using the brane current algebra.
Alternatively, one could obtain the same result using the
extended generalized Lie derivative (2.39); the generalized
Cartan connection 64, can be interpreted as a I,-valued
section of the Rj-bundle. But remember that due to (2.37),
the extended Lie derivative only closes for sections
0 A €h d R,. However, as we will propose below, this
is enough because the independent components of the
curvature and torsion are completely contained in:

i) {6,(0), Qﬁ "'(6’)}, which captures the model

algebra, and

(i) {04, (o). 6'ﬁ "'(¢’)}, which unifies the general-

1zed torsions and curvatures of the physical space.
Let us have a look at the latter. Using the solution (4.24), its
components can be written as

5 00" (6)8(6 = o))

DB r Cp+1

)+f(lA] 'n pH

(R ,-torsion)

(R -curvature)

(R ,—i-curvature)

(4.34)

From this expression, we extract several fundamental quantities. All of them can be expressed in terms of the independent
components of the generalized Cartan connection. We take a generalized coordinate basis with the generalized frame

E, M = 5%‘ to obtain
(i) R,-torsion:

@ABcﬁl Pt

1By Vp-1

B
faB ’95?15?11--.7:711

2 ﬁ)—
= (P = 1)fy, 2”05 2%, &))"

Dy L C,E 0a sPPr
+ faa,"'mrip g Dp, 1951551--%}4

(4.35)

yp—Z]a.

We appreciate that this result nicely generalizes the standard expression for p =1

C
®A|B| b=

—Zfa[AIC'Ql B,] +faA nhep B,DLZC E'Qa

of the torsion in exceptional generalized geometry [74]. As in [76], we naturally identify faBlcl Qf with a

connection I'y g, €1 on the generalized tangent bundle R [M]. Therefore, we call it R ,-torsion, but in the frame
formalism one might also understand it as a curvature for the generalized frame;
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(i) R,-curvature:

o
p= 1: @AIB]‘[} = _za[A]Qg]] +faA,C1’7D2C B pé)z
(4.36)
o1l =y fy
ﬂ?
+faA| pPriie, B, PD L (4.37)

p+1

These formulas reduce to those of [77] after linearization.
As suggested in (4.34), we claim that the R ,-curvatures for
q < p are also contained in the generalized Cartan curva-
ture. Let us exemplify this by looking at the R-curvature.
The relevant component takes the form

Oy 5 fll It =

192p Yp-2

Bi...y
_(_1)pDBpCp_101@A]D]a5/y]___f/fiza'
(4.38)

Hence, under our assumptions many components of
the generalized Cartan curvature are described by the
‘R -curvature.

Although we do not present a general proof that all
components of the generalized Cartan curvature are fixed
this way, it seems obvious that at least all dynamical
contributions (which contain a derivative of the Cartan
connection) are. Derivatives can only carry R;-indices.
Moreover, we cover all independent contributions to the
Cartan connection.

As for the connection, these are only the linearized
expressions. At the nonlinear level, all possible contrac-
tions of the spin connections QM P, with #-symbols and
structure constants f ", faM » are expected to contribute.

Nevertheless, already at the hnear level, the key character-
istic of these connections—their hierarchical structure—
and their interplay with the constraints of the generalized
Cartan connection become evident.

pP = 1: ®A131ﬂ:

ﬁp lﬂ

p > 1: @AIBPI}I'“ﬁp—]-/f — a pB

C D £
tan s, (faC,,H "pp

1
g o
—20[141!2%[] +faA1C1’7D2CIBlpﬂDZ + OmczAlBl <faC2D2p/1})0; + Efyﬁﬂpa),

Cy,D
‘I’faA, 'n er]C] ]7pD

For the generalized Cartan connection, it was possible to
organize all its components into the Lie algebra Eflo. One
might ask if something along those lines works here, too.
Looking at the representations which contribute to (4.35),
(4.36), and (4.37), it is suggestive to define the vector space

ER_I - R—l @ @(Rl ® Rq ® /\q[)*),

=1

(4.39)

with R_; denoting the representation of the embedding
tensor for the duality group G. It hosts the R ,-torsion and
all the R ,-curvatures. While the ) factors are very similar
to the other R, spaces we have already encountered, the
respective representations of the duality group G do not fit
into the tensor hierarchy any more. A notable exception is
the duality group O(d, d) where one finds

RO —R_ @ @(Rq 1@ A, (4.40)

1. An ambiguity

The form of the Cartan curvature, as presented in (4.35),
(4.36), and (4.37) is not unique. Given our definition via the
current algebra (4.34), additional redundant components of
the curvature arise, which do not appear in the desired form.
Take for example12

_aclpyE(; _fﬂEzDan3D2C1pH/ += fﬁeynH3E2C p?ge

(4.41)

v.x
O%,c, =

in the conventions of (3.18). It differs from the expected
(4.37) by world-volume boundary terms or “total deriva-
tive” terms."” Up to a total sign, one can conveniently put
both in the form,

(4.42)

/}p l/}a

p+1

< Poapa 1 YSP1---Pp-i
p _,’_( 1)p+ fyﬂ P >

p+l1 p+l

(4.43)

In general, any real number a should give a reasonable definition of a curvature. The form presented in (4.36) and (4.37)
(for @ = 0) is chosen such that it reproduces the expressions from [77] and that the curvatures fit nicely into R_; defined
above. One interpretation of the difference is, that we could use (4.37) together with (4.41) (corresponding to @ = —1) as the

Dy . . " . .
"This is defined as the coefficient in {0%,(0).0¢,(0)} = ... +

“Because up to world-volume boundary terms, {04,(c

O, ](0)'9( 0)é(c —ff')-
) 9/;1”.4.11,,_,

= {0 (6).0,,(0)}.
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structure “functions” of a Leibniz algebroid which arises
from a Dorfiman bracket. Alternatively one could take
(4.43) with a = —% to obtain a “Courant bracket” analog.

2. Bianchi identities

In analogy to the differential and algebraic Bianchi
identities for torsion and curvature in Riemannian geom-
etry, we expect to derive consistency conditions relating the
different components of ®. A complete collection of such
identities is beyond the scope of this paper, so we content
ourselves with a sketch of two ways of how to approach
Bianchi identities for the curvatures, and what types of
relations one can expect. Based on the ambiguity men-
tioned above, we have to decide whether we interpret the
generalized Cartan curvature as structure functions of the
Courant or Dorfman bracket (resulting in a Leibniz
algebra). In both cases, they are derived from the Jacobi
identity of the current algebra. Let us demonstrate this with
a few crucial examples. The calculations are similar to the
ones presented in Appendix B2 for the “flat” current
algebra (i.e., the one that is not twisted by the generalized
Cartan connection). An additional complication is that the
Jacobi identity requires “generalized Cartan curvature in
higher representations,” namely the structure constants in

@) @ G ,

{0.4,(0).05, ()} ~...+ 0O 45, 0 (0)5(c—0),
where ... refer to the do-terms that are not included
explicitly here. We will not present the technical details
as they do not offer new insights but only additional

complications in comparison to Appendix B 2. In principle,

(4.44)

O v[ @7]] }/p— +fa lI ( (IVIC 7]7_

P

77 Fy|By] + ®\BllEp+1

the nontrivial'* part of the Jacobi identities can be decom-
posed into two parts; a Jacobi identity of the type

{0u(o

captures the fact that the curvatures are h-tensors. They
transform covariantly as

1):104,(02),05 (03)}} +c.p. =0 (4.45)

Vol = fan, Ty, + f’Th . (4.46)

Moreover, this Jacobi identity also identifies components of

2) (1)
® with the ones of ©,

s ]() -Bpa].Cj (D)P1---Bp1.C;
( - 1)5 " ®A B,, 711--7j= = ®A]Bp, YieeVjma (447)
for 2 < j < p. For example, for j = p =2 we get
G (1) 4.C,
HOup =045 (4.48)

For the differential Bianchi identities, we obtain different
versions, or interpretations. Depending on « in (4.42) and
(4.43), we are dealing with
(1) “Courant bracket”-type Bianchi identity: Looking
at the h-component of the Jacobi identity of type
{04,(01).{05,(02).0¢,(03)}} + c.p. =0 (4.49)

for p>2, one finds at the linearized level in
connections the Bianchi identity

S E
e 71”“Fc)

G ,E, ) apyy..yp-18
(f/iC g, G, M ”“\B 1E, T fpm)7 0 Eviip, c,n Priag, EPH):OD !

p_ Y 1 ﬂ‘ 2 p— ]6
+ (T)faﬂ[/ll <fs[AlF"IE"“F,C,)WD”“BI]EP+1 +EfeF,HzD”z’/[F"HC,,E,”] A BI>PZ T oot

P2

+fa[

(4.50)

where V, =0, + QAI”Vﬂ.IS Note that this relation contains naked connection components which are not part of the
covariant derivative. They originate from derivatives of §-functions in the brane current algebra. For p = 1, (4.50) becomes
E G, ,E D apry

Vi, 05,c,] = 2f aja, Fi(n 218, Ocy 5, + By E G ) ELPD, ) =0, (4.51)
and, as expected, it can be checked that this identity is satisfied by the R-curvature (4.36). Usually, naked connections are
not expected in the consistency condition for the curvature. Therefore, our result here gives rise to a new interpretation of the
tensor hierarchy of connections: the /R connection is introduced to correct the noncovariance of the partial derivative. It has
itself a curvature, which is noncovariant unless one introduces a higher R, connection. Moreover, as shown in [76], the R,
connection takes the role of a higher torsion. Now, the Bianchi identity of the R curvature is also corrected by the

“Other parts give rise to the Jacobi identity of § or the identity (2.14).

Of course, in the linearized framework the connection part does not contribute when acting on physical fields, V4 © = d, ©.
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introduction of an R; connection (which also corrects the
curvature of the R, connection). As a consistency check,
let us note that the last term does not exists for G = O(d, d)
because its tensor hierarchy ends with R,. Also in this case,
there is no ambiguity in the definition of the generalized
curvature and torsion because Courant and Dorfman
brackets give the same results. From this Jacobi identity
we also have the following identity relating higher curva-
tures to lower ones (similar to the above case) for
1<j<p:

(2)71---7p-1.Dj1

E7 1 _(_ Vi---Yp- ]
OunE, 0., M7 Blc,,*( 1)

ACp.6i- (452)

‘P g, E;-
There is a plethora of such Bianchi identities for the other
components of the Jacobi identity. We will not consider
them here explicitly for the sake of brevity; typically, they
will correspond to algebraic identities, relating different
components of the generalized Cartan curvature; and

|

(i1) “Dorfman bracket”-type Bianchi identity. In con-
trast to the above construction that only refers to
curvatures of the form @2‘ 77, one can derive an
identity that resembles more ' the Leibniz identity of a
Dorfman bracket,

2a[A]®Bl]CIy + aC1®A1317 + zfa[AlFlG)Bl]Ezayr]EzFlCl
- faAlFl(anjclnEzFlBl =0, (4.53)
where @7 is defined in (4.41). It can be easily

verified by substituting the known curvatures and
using the relations (2.7) and (2.14). An advantage of
this formulation in comparison to the “Courant
bracket”-type is that no naked connections appear
in the Bianchi identity. On the other hand, one needs
to introduce a curvature (4.41) in addition to (4.37).
Similarly, one can get the Bianchi identity for the
R,-curvature,

5 5 .
204,05 ¢, + 2f aa, " 921(]15377&F|C2 ~ fan, " OGN B, = 0, (4.54)
with the algebraic curvaturels(%’fg2 = —fpr, 20" chzp}fﬂ g e f, /,{,Vp(s””” The Bianchi identity for the general

R p-curvature for p > 2 is

Ti-Tp N g
2a[Al®Bl]Cp +2f“[ Fl@ B|E, 17’]El ]

with the curvature

€Y p-1. N ) €71
®Ech fﬁE 0 D,C,PH,

which can be obtained from the current algebra.

V. OUTLOOK

In this article, we constructed a minimal setting for
gauged exceptional geometry, i.e., an extended geometry
that simultaneously geometrizes the action of generalized
diffeomorphisms (and their associated tensor hierarchy)
and an underlying compatible gauge symmetry. Building
on this and generalizing previous work on extensions of
Cartan geometry [75-77,107], we proposed a setting for
computing curvatures that are covariant under both sym-
metries. As a proof of concept, we derived in Sec. IV C
expressions for a hierarchy of torsion and curvatures at the
linearized level. In particular, we derived the R ,-curvatures
(4.36), (4.37), and the R ,-torsion (4.35), which are the
only independent components which contribute to the
generalized Cartan curvature. While the linearized analysis

16Meaning that it does not contain derivatives at the linearized
level.

faAl G)E2 ‘y”’aﬂEzFlB1 =0 (4.55)
~Yp10f ) POY1 -V p-1 X
- (=17 f Nrpepm, (4.56)

|

is sufficient in order to obtain insights into the hierarchical
structure, with remarkable new features like Dorfman or
Courant-like curvatures and Bianchi identities, it would be
desirable to eventually find the full nonlinear expressions
for the curvatures.

Extending our analysis further will eventually require a
complete collection of explicit expressions of the tensor
hierarchy—in the language of this article: all #- and D-
symbols for all representations R ,. Moreover, the present
construction prominently uses the language of differential
graded Lie algebras and thereby suggests an index-free
version of generalized Cartan geometry which is more in
line with the mathematical treatment of Cartan geometry in
the language of differential forms. Since differential graded
Lie algebras are strict L, algebras, a natural extension of
our framework would be to allow for generic L, algebras
with nontrivial higher brackets [111-113]. From super-
gravity it is known that in “realistic” tensor hierarchies of
E(4), the graded symmetry structure breaks down at high
degree. This constitutes one of the major challenges of the
maximal approach proposed in [77], where the symmetries
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H x G are embedded into an exceptional group of suitable
dimension. In practice, this puts severe restrictions on
the dimension of the gauge group H. Our construction
circumvents this problem, albeit at the price of losing
the ability to capture generalized U-dualities as explored
in [97]. On the other hand, as we are now able to deal with
gauge groups H of arbitrary dimension, it is possible to
address two further questions that are fundamental from a
geometric point of view.

Firstly, we focussed solely on the construction of
covariant curvatures. But in a physical setting requiring
metric-compatibility of the connections (here in particular,
what was called the R -connection €, ) is central in order
to identify the propagating degrees of freedom of the
theory. As is well-known already in O(d, d), vanishing
torsion and compatibility with a generalized metric (a
symmetric R} ® Rj-tensor) does not uniquely fix the
generalized affine connection [66]. The same problem still
exists for the generalized Cartan connection. One potential
solution is to introduce a new gauge symmetry which shifts
the nonfixed components as was suggested in [110]. But on
its own, this new symmetry does not close; it must be
extended, which—at least for O(d, d)—Ileads to a graded,
infinite-dimensional symmetry group H. Performing a
similar construction in M-theory will only be possible
with the tools developed here. Moreover, infinite-
dimensional gauge groups H are central in the construction
of higher-derivative corrections though the generalized
Bergshoeff-de Roo mechanism [114,115] as has been
shown recently in [116]. Secondly, our hierarchy of
connections and curvatures strongly resembles the struc-
tures of higher-gauge theory [113,117-120]. Phrasing our
setting in such a language seems feasible and desirable. In
particular, our construction might hint at a gravitational
analog of higher-gauge theory, consistent with the success
of Cartan geometry in formulating gravity as a gauge
theory.

Finally, the present construction made essential use
of brane current algebras [27,29-32,37,38,41,109,121],

|

primarily as a computational tool. As suggested in [41],
the gauged version of exceptional geometry developed here
may find applications in the description of exotic branes
(such as the Kaluza-Klein monopole) where one or more
transverse directions carry gauge symmetries. First results
in that direction were already proposed in [22]. Potentially,
the world-volume theory of such exotic branes could be
constructed from first principles using gauged exceptional
geometry and the construction outlined in [41]. This would
not only provide a systematic approach to classify and
analyze their dynamics, but also offer a setting in which
dualities (U-dualities and their generalizations [122,123])
can be studied explicitly.
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APPENDIX A: CLOSURE OF EXTENDED
GENERALIZED LIE DERIVATIVE

Assuming closure of the ordinary generalized Lie
derivative Ly, we only need to check the extra terms
involving the D-symbols and the structure constants f s’ in
(2.39). Looking only at the M component of the left hand
side (lhs) of (2.40), we get

([Cu- Ly = Ly, (DL, MM 0y, 0" (W2).?) = Ly, (D, 0y, u (W2).?)
+ Dy, MNioy ut (Ly, (Wz)ﬁz + 2Dy, 2P1op, U”(W3)/If5 + fu’ 0" (Wa)5?)
— Dy MNioy v*(Ly, (Wz),fz + 2DK3L2P'0P.M”(W3)/155 + fuu (Wa)52)
=DM (Wz)ﬁz(UflaplaNl V" — dp Oy, ””Vfl + fuo!' O, W7 = fLu’ay, v”)
+ (YMiPrg o Dy SN — YK D MV (0, Uf‘aval‘ — dy, uﬂaprf‘)(W2)f;2

+ 2Dy, 2P D MV Oy, w0, ¥ (W3 ) — Op, Oy, v (W) ).

Going from the first to the second equality, we expanded the generalized Lie derivatives and grouped similar terms. Using
the skew-symmetry of (W3),1f,}, we observe that the last line combines to give

4D 2P Dy MV u Op v* (W) = O,

which vanishes thanks to the property (2.6). The terms involving the Y-tensor simplify using (2.8) and (2.36) to
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(YMiPrg s, Dy SN — YKP @ D MV (0, Uf'azvl V" — Oy, u"dp, Vfl)(wz),llz

(2.8)
=(YMPig 5 Dy, SN A+ YN o Dy SIP) (0, U Oy, 0" — Oy, udp, Vf')(Wz),IZZ

— Dy, "N (g, Ulflazvl v — dy, u" O, Vfl)(Wz)ﬁz
20D, MM (20, UR Oy 1 = 20y, w0, ) VR = O, UR 0y, 19 + O, b0 V) (W) 2
= D1, M1 (9, Uy 0, v = 9, w9y, V') (Wa)j2.
This leaves us with the following terms:
(Lot L)WM =Dy MV (W) 2 (U7 0p, Oy, v = 0p, O, V' 4 f 1Oy, 4 07+ f 1t Oy, 07 +-Oy, Uy Op, v = 0p Oy, V'),
which is exactly the M; component of the right hand side (rhs) of (2.40), namely,
(£[u+ul,y+v1]CW)M‘ = DLZMINI dy, ([u, ”]lfl, + Ly, vt = Evﬂ”)(“’z)ﬁz
=D, MM (Wz)ﬁz (fuo"On U 17 + foo''u" Oy, 07 + Oy, Uf‘ dp V" + Uf‘apld,\,l !
— Op, 'y, V' = Op, Oy, uM V1),

and matches the terms above from the lhs, establishing closure.

One can with a bit more work also show closure for all components of R;. The lhs is something like,

M M L M
([Lw EV}W)ﬂfnﬂ,ﬂ = £U] (Lvl (Wp)ﬂl?“l‘p—l + PDL,,HM”N‘aNl UD(WP-Q-l)ﬂlp-tlﬂp—ll’ - (P - 1)Dyfl/[ﬂ,,_li(Wp>”]’.),_”,)72]j)

+ PDL,,HA/[”P'C)P1 u(Ly, (Wp+1)ﬁf.+ulﬂp_m +(p+ I)DQ,7+2L"+]N10N1 UU(WF+2)"QIP"+‘Z"P-IP”
— oL, (Wi ),flpf.l,lp,l]x)

= (p= D Fyp, MLy, (W) pD MY, v (W),

— (= DAt W,)0 ) = (wU)) < (0, V).

One can immediately see that the term involving W, cancels out, thanks to the nilpotency of the D-symbols (2.6). The
very first term above already closes, by assumption. Expanding the remaining terms, this becomes

M, P LJ+
([Lo L)’ ey = pDLp+1MPN' [(U10p, 05, 0" = 0p, Oy, " V' Y(W i)ty
LJ
+ (UfI O, V" = dy, “DV{)[)‘)PI (Wst )i pr0]

P,N, yM,L 0 0 L
+pDy, PN YMetp o (0L, UT Oy, 0¥ = Oy, w0, Vi ) (W )ul iy v

MP P 2 v P
- (P - l)fv[p,,_ll(Wp%lMﬂp_z],l(Ul laPl vt = aPlu Vll)
M, Py v P
-(p- 1)fu[/4p_liaP1 (Wp>mm,4p_2]/1<Ullv —u'Vy')

M
- (p - I)YMPNI PpQIfI'/[Mp—IA(Wp)/ll[.i.[ll,_z]ﬂ(alvl UvIQI v = u”aN] VIQ])

L,
+pDy M [0y, u V] = U oy, v¥)0p, (Wi Dl o

p+1

R
+ YLFHPIRPHQI (0NI u”ap] VIQI - apl UIQ] aNl vb)(W]H»l )mpf_lﬂp_]y

L’+ 0 a3V v 7
- pfy&)ﬂ(W]H»l)”:,,,lﬂpfl]l(aMu/7) — u"dy, ")

M, vi/Ni Ny, v
-(p- 1)fb[;lp,lllaN](Wp)”l,,,#p_z]/l(u Vit =U")

L,

Hy ety

L, P P
-plp— 1)DL,,HM"N‘fp[y,,,,X(Wp+1)ﬂl'_+_,l,,p72py(upaN, Vit = aNl Uy )

-(p- I)YMPNIL,,PI (u”oy, Vfl — Oy, Uf] v)(W,)

M
(P = D20 = w?)fy AW L
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This should be equal to the rhs, which evaluates to

A4P A4P
(E[M+U],'U+V]]CW)M1-»~/4p—1 = »C[Ul,vl]c(Wp)Ml-»-ﬂp-l

+pDy

p+l1

L
MPNlaN] ([M, U]Ifj’ + EU] UD - ‘Cvluy)(WP"rl)ﬂlpf'l/‘p—ly

M,

— (p = D[y + Loyt = Ly i) fo PV,
L
= pDy, MWl o (Fap” (O, w0 + w0y, 07) + UY' Oy, 0p, v*
- aNl apl I/tnyl + ONI Uf] apl 7)” — apl u”@Nl Vi)l)

= (p= V(U 0p,0* = 0p, V') fop, F (W,

!
Hiee-Hp2]d

104 Alp
- (p - l)faﬁyfv[y,,_]ﬂu U/}(Wp)ﬂl,,,ﬂp_ﬂ/l'

When comparing this to the lhs, we observe that all the
terms simplify thanks to the identities (2.6), (2.8), (2.15),
(2.16), and the Jacobi identity for j, establishing closure in
much the same way as for the R| component.

APPENDIX B: PROPERTIES OF THE EXTENDED
CURRENT ALGEBRA

1. Derivation from underlying Poisson algebra

The fact that the above current algebra is indeed a
Poisson algebra can be checked explicitly (below). But it
can be understood from a relation to an underlying Poisson
algebra,

{s4(0),5(0")} = =8.6(c = &), (B1)
(6') ANd'8(c — o),

(B2)

{;MF(U)»;M‘,(U/)} = —WL”*quNq;LW

{s54(0).7m,(0")} = 0= {y"(0), 7, (c")}
= {su(0),5,(")} = {y(0),y*(¢)}.
(B3)

|
The coordinates y* are canonically conjugate to the gauge
generators s,. This is obviously a Poisson algebra, assum-
ing that the 7?) form a tensor hierarchy algebra [i.e.,
assuming that the n-symbols satisfy the graded Jacobi
identity (2.7)]. As usual for the brane currents, it is assumed
that dilP) = 0.
The quantities in (3.11) are related by

Sa=ed (V)5 1 = e, POV, ZO=e, (y)dy*.

e, (y) is a right-invariant frame on H, with dual coframe
e’ (v)-em, N»(y) is an element of the duality group G in the
representation Rp ® R;.

For this derivation, these ‘“vielbeine” are chosen

such that the structure functions are constant and
given by

f(lﬁy = _26[(l|ﬂ(aﬂe\ﬂ]y)elluv

faMpr = _ea”(aueMpr)eZ,{Np'

2. Jacobi identities
{54(00) {17 (02). ) (03) 1} + {1 (03). {sa(01). 157 (02)}} = {137 (02). {a(00). 1§ (03)}}
= —(=fax L”*"’?K”“’M,,Nq + faM,,K”’?L”*"Kqu +f(quanL’7+l'Mqu)I(Litj)(a?v) A dd(oy — 03)6(01 — 03)
+ tl(oifj) N 2/55(01 —0,)6(02 — 03) (_faM,,KpfﬂL,,+qu+q77Lp+quNq + faLMP”“’fﬂMp KqﬂL”*”Kqu

P, L K P P
+ fam, Kf o, Mk p— fan,” fpm, Loy reip N, fpa fym, Koy ”*quNq)

=0.

ptq

Here, manipulations of the dé-terms as distributions up to world-volume boundary terms were performed. The first of the
o-terms arises due to (3.12).
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The first term vanishes due to the §-invariance of the -symbols (2.15). The second term vanishes due to a combination of
h-invariance of the n-symbols (first step) and the fact that the faMpN » are a representation of §y (second step), (2.14),

K Pyl Pyl
— fam, o(f, L., Tk N, = N, ”*"Kqu)
K Pyl Ky P
+ fom, " (far,,, " rrag N, = fan, "0 70 N,)
P
+ fpa Fou, vk,
= 2f1pm, Ko f @K,,L”’?P”*"L,,Nq + fpa’ frm, K”/IP’W’KPN,]

=0.

Similarly, one can also show the Jacobi identity for {t('), ), t(')}, which should generalize easily to the generic case
{8 ¢ (" This gives

{1a,(0), {15,(¢), 1, (6") }} + cyc((Ar, 0), (B, 0'), (C1, 6"))
=" p,p,1"7 ¢\, g, (0) A d6(0 = ') A d(0 = 0”) (B6)

+ (faa," 05 e, 0,172 F 8, = Fan, 05 F 0,120, )1%,(0) A dé(o —6")d(c — o) (B7)

f}
+ faa, 51 f 35,05 F 0,126, f% (6)6(c — d)é(c' — o")

+cye((Ay,0), (By,0"). (Cy.0")). (B8)

By consistency, this should give zero as a distributional identity, i.e., integrated with a suitable test function ¢(c, o', 6”).
Let us first look at (B6), i.e., the terms proportional to d6 A dd. Dropping boundary terms after integrating by parts twice
to get rid of the delta functions, these terms look like,

n5 g, .17 ¢, / // g #(0.0',0")1g,(6) A dS(c —6') AdS(o —06") +cyc((Ay.0), (By.0'), (Cy.6"))
=550, c,a, /020345(0" c,0) Atg (o) + n5 oo, a B, /3301415(07 0.0) A tg(0)

+ 14, 0,1" 5, c, /010245(0, 0,0) A tg, (o),

where 0;¢p(o, 6, 0) for i = 1,2, 3 is short for an exterior derivative with respect to the ith argument of the test function ¢,
e.g., 01¢(c,0,0) = [, [,dp(0,06",6")8(c — ¢')5(6’ — 6”). In particular, after integrating the delta functions, we have
d = d; + 0, + d5. This fact, along with an integration by parts and (3.12) allows us to write these three integrals as

(1%, 0,12 coa, + 15 0,172 4,8, + 1% 4,0,17%8,¢,) / 010:¢(0,0,0) A tg, (o)
+ far, 50" 00,12 4,8, /1%3(0') A 01p(0.6,6) = far,"n" 5, 0,02 4, /taE3(0) N Oyp(0,0,0).

The first line above vanishes due to (2.7), while the remaining terms will combine with the terms (B7) proportional to 6dd,
which are now of the form

(fas, " 115 4,0,0°2 F 0y = Fac, " 05 F, 0172 a8, + Far, B0 ¢, 0,172 4,,) / 1z, (0) A 01¢(o,0,0)
+ (Fac," 1% 5, 0,17 F a, = fan, 05, 0,078 0, = Far, 0" 8, 0,17% 4, / 1t (6) A 0,9(0,0,0)

+ (faA1F1”E3C102”D2F131 _faBlFlnEsFlDanZC]Al) / tﬁ(“) A 03¢(0,0,0).
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The strategy is to use the identities (2.7) and (2.15) to combine the partial derivatives d;¢ to an exterior derivative d¢.

This gives us

— (Far, S0P 5,0, + fab, " 0172 c,a, + fac, T 0P2a,8,)1% FiD, / 1% (6) A dg(o,0,0)

+ (=far, P05 001 a8, = fan, M5 5,01 2 0, Fy + ar B0 e 0P a08,) / 1% (6) A 01p(0,0,0)

+ (=far, "0 40,1 28,0, = fan, " 15 00,1 4 P, —faF3E377F3BIDZﬂD2c,AI)/1%3 (6) A 0rp(0,0,0)

+ (—fou%D277E3BIDQ”IFZCIAl —fach"?ESAlDﬂFzB,FI)/t‘é(f’) A 03p(o,0,0).

Using the same aforementioned identities, it turns out that the ¢ A 0;¢ integrals all share the same prefactor, namely the
one in front of the d;¢ integral. So we can also complete the exterior derivative, and then integrate by parts and use the

identity (3.13), resulting in

1
[=(Faa,"0"25,c, + fan, " 0P2 00 15 Fipy = Fan, " 1% 50,172 0 F,) / (faE3F3 1%, (o) + Efgylﬁsz (0'>> }.

Simplifying these and grouping terms gives us

—faA,F'f/}BlG‘WE’FIDZWDZG,C,/t%f(a)(ﬁ(ﬁ,ﬁ,ﬁ)+CYC(A1,31,C1),

which precisely cancels out the contribution coming from the 60 terms (B8). This proves that the Jacobi identity

{t, ¢ (D} = 0 is satisfied.

[1] M.J. Duff, Duality rotations in string theory, Nucl. Phys.
B335, 610 (1990).

[2] A. A. Tseytlin, Duality symmetric formulation of string
world sheet dynamics, Phys. Lett. B 242, 163 (1990).

[3] A. A. Tseytlin, Duality symmetric closed string theory
and interacting chiral scalars, Nucl. Phys. B350, 395
(1991).

[4] W. Siegel, Two vierbein formalism for string inspired
axionic gravity, Phys. Rev. D 47, 5453 (1993).

[5] W. Siegel, Superspace duality in low-energy superstrings,
Phys. Rev. D 48, 2826 (1993).

[6] W. Siegel, XManifest duality in low-energy superstrings,
in International Conference on Strings 93 Berkeley,
California, 1993 (World Scientific, Singapore, 1993),
pp. 353-363; arXiv:hep-th/9308133.

[7] C.M. Hull, A geometry for non-geometric string back-
grounds, J. High Energy Phys. 10 (2005) 065.

[8] C. M. Hull, Doubled geometry and T-folds, J. High Energy
Phys. 07 (2007) 080.

[9] N. Hitchin, Generalized Calabi-Yau manifolds, Quartum J.
Math. 54, 281 (2003).

[10] M. Gualtieri, Generalized complex geometry, Ph.D. thesis,
Oxford University, 2003, arXiv:math/0401221.

[11] M. Graiia, R. Minasian, M. Petrini, and D. Waldram,
T-duality, generalized geometry and non-geometric back-
grounds, J. High Energy Phys. 04 (2009) 075.

[12] C. Hull and B. Zwiebach, Double field theory, J. High
Energy Phys. 09 (2009) 099.

[13] B. Zwiebach, Double field theory, T-duality, and courant
brackets, Lect. Notes Phys. 851, 265 (2012).

[14] D. Geissbiihler, D. Marqués, C. Nuifiez, and V. Penas,
Exploring double field theory, J. High Energy Phys. 06
(2013) 101.

[15] G. Aldazabal, D. Marqués, and C. Nuifiez, Double field
theory: A pedagogical review, Classical Quantum Gravity
30, 163001 (2013).

[16] D.S. Berman and D.C. Thompson, Duality symmetric
string and M-theory, Phys. Rep. 566, 1 (2014).

[17] C.D. A. Blair, E. Malek, and A.J. Routh, An O(D, D)
invariant Hamiltonian action for the superstring, Classical
Quantum Gravity 31, 205011 (2014).

[18] O. Hohm, D. Liist, and B. Zwiebach, The spacetime of
double field theory: Review, remarks, and outlook,
Fortschr. Phys. 61, 926 (2013).

[19] E. Plauschinn, Non-geometric backgrounds in string
theory, Phys. Rep. 798, 1 (2019).

066017-24


https://doi.org/10.1016/0550-3213(90)90520-N
https://doi.org/10.1016/0550-3213(90)90520-N
https://doi.org/10.1016/0370-2693(90)91454-J
https://doi.org/10.1016/0550-3213(91)90266-Z
https://doi.org/10.1016/0550-3213(91)90266-Z
https://doi.org/10.1103/PhysRevD.47.5453
https://doi.org/10.1103/PhysRevD.48.2826
https://arXiv.org/abs/hep-th/9308133
https://doi.org/10.1088/1126-6708/2005/10/065
https://doi.org/10.1088/1126-6708/2007/07/080
https://doi.org/10.1088/1126-6708/2007/07/080
https://doi.org/10.1093/qjmath/54.3.281
https://doi.org/10.1093/qjmath/54.3.281
https://arXiv.org/abs/math/0401221
https://doi.org/10.1088/1126-6708/2009/04/075
https://doi.org/10.1088/1126-6708/2009/09/099
https://doi.org/10.1088/1126-6708/2009/09/099
https://doi.org/10.1007/978-3-642-25947-0
https://doi.org/10.1007/JHEP06(2013)101
https://doi.org/10.1007/JHEP06(2013)101
https://doi.org/10.1088/0264-9381/30/16/163001
https://doi.org/10.1088/0264-9381/30/16/163001
https://doi.org/10.1016/j.physrep.2014.11.007
https://doi.org/10.1088/0264-9381/31/20/205011
https://doi.org/10.1088/0264-9381/31/20/205011
https://doi.org/10.1002/prop.201300024
https://doi.org/10.1016/j.physrep.2018.12.002

GAUGED EXTENDED FIELD THEORY AND GENERALIZED ...

PHYS. REV. D 113, 066017 (2026)

[20] Y. Sakatani and S. Uehara, Branes in extended spacetime:
Brane worldvolume theory based on duality symmetry,
Phys. Rev. Lett. 117, 191601 (2016).

[21] C.D. A. Blair and E.T. Musaev, Five-brane actions in
double field theory, J. High Energy Phys. 03 (2018) 111.

[22] Y. Sakatani and S. Uehara, Exceptional M-brane sigma
models and 7-symbols, Prog. Theor. Exp. Phys. 2018,
033B05 (2018).

[23] A.S. Arvanitakis and C. D. Blair, The exceptional sigma
model, J. High Energy Phys. 04 (2018) 064.

[24] C.D. A. Blair, Open exceptional strings and D-branes,
J. High Energy Phys. 07 (2019) 083.

[25] Y. Sakatani and S. Uehara, Born sigma model for branes in
exceptional geometry, Prog. Theor. Exp. Phys. 2020,
073B05 (2020).

[26] M.J. Duff and J. X. Lu, Duality rotations in membrane
theory, Nucl. Phys. B347, 394 (1990).

[27] A. Alekseev and T. Strobl, Current algebras and differ-
ential geometry, J. High Energy Phys. 03 (2005) 035.

[28] D.S. Berman and M. J. Perry, Generalized geometry and
M theory, J. High Energy Phys. 06 (2011) 074.

[29] M. Hatsuda and T. Kimura, Canonical approach to
Courant brackets for D-branes, J. High Energy Phys. 06
(2012) 034.

[30] M. Hatsuda and K. Kamimura, SL(5) duality from canoni-
cal M2-brane, J. High Energy Phys. 11 (2012) 001.

[31] M. Hatsuda and K. Kamimura, M5 algebra and SO(5,5)
duality, J. High Energy Phys. 06 (2013) 095.

[32] M. Hatsuda, S. Sasaki, and M. Yata, Five-brane current
algebras in type II string theories, J. High Energy Phys. 03
(2021) 298.

[33] M.J. Duff, J.X. Lu, R. Percacci, C.N. Pope, H.
Samtleben, and E. Sezgin, Membrane duality revisited,
Nucl. Phys. B901, 1 (2015).

[34] Y. Sakatani and S. Uehara, Non-Abelian U-duality for
membranes, Prog. Theor. Exp. Phys. 2020, 073B01
(2020).

[35] Y. Sakatani, Extended Drinfel’d algebras and non-
Abelian duality, Prog. Theor. Exp. Phys. 2021, 063B02
(2021).

[36] C. Strickland-Constable, Classical worldvolumes as gen-
eralised geodesics, arXiv:2102.00555.

[37] D. Osten, Currents, charges and algebras in exceptional
generalised geometry, J. High Energy Phys. 06 (2021) 070.

[38] A.S. Arvanitakis, Brane current algebras and generalised
geometry from QP manifolds. Or, “when they go high, we
go low”, J. High Energy Phys. 11 (2021) 114.

[39] M. Hatsuda, H. Mori, S. Sasaki, and M. Yata, Gauged
double field theory, current algebras and heterotic sigma
models, J. High Energy Phys. 05 (2023) 220.

[40] D. Osten, On exceptional QP-manifolds, J. High Energy
Phys. 01 (2024) 028.

[41] D. Osten, On the universal exceptional structure of world-
volume theories in string and M-theory, Phys. Lett. B 855,
138814 (2024).

[42] C.M. Hull, Generalised geometry for M-theory, J. High
Energy Phys. 07 (2007) 079.

[43] P. Pires Pacheco and D. Waldram, M-theory, exceptional
generalised geometry and superpotentials, J. High Energy
Phys. 09 (2008) 123.

[44] D.S. Berman, H. Godazgar, M.J. Perry, and P. West,
Duality invariant actions and generalised geometry, J. High
Energy Phys. 02 (2012) 108.

[45] A. Coimbra, C. Strickland-Constable, and D. Waldram,
Eyq) x R generalised geometry, connections and M
theory, J. High Energy Phys. 02 (2014) 054.

[46] D.S. Berman, M. Cederwall, A. Kleinschmidt, and D. C.
Thompson, The gauge structure of generalised diffeo-
morphisms, J. High Energy Phys. 01 (2013) 064.

[47] D.S. Berman, E. T. Musaev, and D. C. Thompson, Duality
invariant M-theory: Gauged supergravities and Scherk-
Schwarz reductions, J. High Energy Phys. 10 (2012) 174.

[48] A. Coimbra, C. Strickland-Constable, and D. Waldram,
Supergravity as generalised geometry II: E;4) x R* and
M theory, J. High Energy Phys. 03 (2014) 019.

[49] O. Hohm and H. Samtleben, Exceptional form of D = 11
supergravity, Phys. Rev. Lett. 111, 231601 (2013).

[50] K. Lee, C. Strickland-Constable, and D. Waldram,
Spheres, generalised parallelisability and consistent trun-
cations, Fortschr. Phys. 65, 1700048 (2017).

[51] O. Hohm and H. Samtleben, Consistent Kaluza-Klein
truncations via exceptional field theory, J. High Energy
Phys. 01 (2015) 131.

[52] D.S. Berman and C. D. A. Blair, The geometry, branes and
applications of exceptional field theory, Int. J. Mod. Phys.
A 35, 2030014 (2020).

[53] C. Sterckx, Modave lecture notes: Introduction to excep-
tional field theory, Proc. Sci. Modave2023 (2025) 004
[arXiv:2410.19600].

[54] H. Samtleben, Exceptional field theories, arXiv:2503
.16947.

[55] J. Marsden and A. Weinstein, Reduction of symplectic
manifolds with symmetry, Rep. Math. Phys. 5, 121 (1974).

[56] R. W. Sharpe, Differential Geometry: Cartan’s Generali-
zation of Klein’s Erlangen Program, Vol. 166 of Graduate
Texts in Mathematics (Springer, New York, 1997).

[57] A. Cap and J. Slovédk, Parabolic Geometries: Background
and General Theory, Mathematical Surveys and Mono-
graphs (American Mathematical Society, Providence, 2009).

[58] K. C. H. Mackenzie, General Theory of Lie Groupoids and
Lie Algebroids, London Mathematical Society Lecture
Note Series (Cambridge University Press, Cambridge,
England, 2005).

[59] A.D. Blaom, Geometric structures as deformed infinitesi-
mal symmetries, Trans. Am. Math. Soc. 358, 3651 (2006).

[60] M. Crampin and D. Saunders, Cartan Geometries and
their Symmetries: A Lie Algebroid Approach, Atlantis
Studies in Variational Geometry (Atlantis Press, Dordrecht,
Netherlands, 2016).

[61] J. Attard, J. Francois, S. Lazzarini, and T. Masson, Cartan
connections and Atiyah Lie algebroids, J. Geom. Phys.
148, 103541 (2020).

[62] Z.-]. Liu, A. Weinstein, and P. Xu, Manin triples for Lie
bialgebroids, J. Diff. Geom. 45, 547 (1997).

[63] D. Baraglia, Leibniz algebroids, twistings and exceptional
generalized geometry, J. Geom. Phys. 62, 903 (2012).

[64] M. Bugden, O. Hulik, F. Valach, and D. Waldram,
G-Algebroids: A unified framework for exceptional and
generalised geometry, and Poisson—Lie duality, Fortschr.
Phys. 69, 2100028 (2021).

066017-25


https://doi.org/10.1103/PhysRevLett.117.191601
https://doi.org/10.1007/JHEP03(2018)111
https://doi.org/10.1093/ptep/pty021
https://doi.org/10.1093/ptep/pty021
https://doi.org/10.1007/JHEP04(2018)064
https://doi.org/10.1007/JHEP07(2019)083
https://doi.org/10.1093/ptep/ptaa081
https://doi.org/10.1093/ptep/ptaa081
https://doi.org/10.1016/0550-3213(90)90565-U
https://doi.org/10.1088/1126-6708/2005/03/035
https://doi.org/10.1007/JHEP06(2011)074
https://doi.org/10.1007/JHEP06(2012)034
https://doi.org/10.1007/JHEP06(2012)034
https://doi.org/10.1007/JHEP11(2012)001
https://doi.org/10.1007/JHEP06(2013)095
https://doi.org/10.1007/JHEP03(2021)298
https://doi.org/10.1007/JHEP03(2021)298
https://doi.org/10.1016/j.nuclphysb.2015.10.003
https://doi.org/10.1093/ptep/ptaa063
https://doi.org/10.1093/ptep/ptaa063
https://doi.org/10.1093/ptep/ptaa188
https://doi.org/10.1093/ptep/ptaa188
https://arXiv.org/abs/2102.00555
https://doi.org/10.1007/JHEP06(2021)070
https://doi.org/10.1007/JHEP11(2021)114
https://doi.org/10.1007/JHEP05(2023)220
https://doi.org/10.1007/JHEP01(2024)028
https://doi.org/10.1007/JHEP01(2024)028
https://doi.org/10.1016/j.physletb.2024.138814
https://doi.org/10.1016/j.physletb.2024.138814
https://doi.org/10.1088/1126-6708/2007/07/079
https://doi.org/10.1088/1126-6708/2007/07/079
https://doi.org/10.1088/1126-6708/2008/09/123
https://doi.org/10.1088/1126-6708/2008/09/123
https://doi.org/10.1007/JHEP02(2012)108
https://doi.org/10.1007/JHEP02(2012)108
https://doi.org/10.1007/JHEP02(2014)054
https://doi.org/10.1007/JHEP01(2013)064
https://doi.org/10.1007/JHEP10(2012)174
https://doi.org/10.1007/JHEP03(2014)019
https://doi.org/10.1103/PhysRevLett.111.231601
https://doi.org/10.1002/prop.201700048
https://doi.org/10.1007/JHEP01(2015)131
https://doi.org/10.1007/JHEP01(2015)131
https://doi.org/10.1142/S0217751X20300148
https://doi.org/10.1142/S0217751X20300148
https://doi.org/10.22323/1.464.0004
https://arXiv.org/abs/2410.19600
https://arXiv.org/abs/2503.16947
https://arXiv.org/abs/2503.16947
https://doi.org/10.1016/0034-4877(74)90021-4
https://doi.org/10.1090/S0002-9947-06-04057-8
https://doi.org/10.1016/j.geomphys.2019.103541
https://doi.org/10.1016/j.geomphys.2019.103541
https://doi.org/10.4310/jdg/1214459842
https://doi.org/10.1016/j.geomphys.2012.01.007
https://doi.org/10.1002/prop.202100028
https://doi.org/10.1002/prop.202100028

FALK HASSLER, DAVID OSTEN, and ALEX SWASH

PHYS. REV. D 113, 066017 (2026)

[65] A. Coimbra, C. Strickland-Constable, and D. Waldram,
Supergravity as generalised geometry I: Type II theories,
J. High Energy Phys. 11 (2011) 091.

[66] O.Hohm and B. Zwiebach, Towards an invariant geometry
of double field theory, J. Math. Phys. (N.Y.) 54, 032303
(2013).

[67] M. Garcia-Fernandez, Ricci flow, Killing spinors, and
T-duality in generalized geometry, Adv. Math. 350,
1059 (2019).

[68] V. Cortés, M. Mackevicius, T. Mohaupt, and O. Schiller,
The canonical generalised Levi-Civita connection and its
curvature, arXiv:2507.17604.

[69] M. Gualtieri, Branes on poisson varieties, in The Many
Facets of Geometry: A Tribute to Nigel Hitchin (Oxford
University Press, New York, 2010).

[70] O. Hohm and B. Zwiebach, On the Riemann tensor in
double field theory, J. High Energy Phys. 05 (2012) 126.

[71] B. Jurco and J. Vysoky, Courant algebroid connections and
string effective actions, in Workshop on Strings, Mem-
branes and Topological Field Theory (World Scientific,
Singapore, 2017), pp. 211-265; arXiv:1612.01540.

[72] M. Garcia-Fernandez, Torsion-free generalized connec-
tions and heterotic supergravity, Commun. Math. Phys.
332, 89 (2014).

[73] G.R. Cavalcanti, J. Pedregal, and R. Rubio, On the
equivalence of generalized Ricci curvatures, Proc. Am.
Math. Soc. 153, 2639 (2025).

[74] M. Cederwall, J. Edlund, and A. Karlsson, Exceptional
geometry and tensor fields, J. High Energy Phys. 07 (2013)
028.

[75] M. Polacek and W. Siegel, Natural curvature for manifest
T-duality, J. High Energy Phys. 01 (2014) 026.

[76] F. Hassler, O. Hulik, and D. Osten, Current algebra and
generalized Cartan geometry, Phys. Rev. D 110, 126022
(2024).

[77] F. Hassler and Y. Sakatani, Hierarchy of curvatures in
exceptional geometry, Phys. Rev. D 109, 106002 (2024).

[78] P. Aschieri, F. Bonechi, and A. Deser, On curvature and
torsion in courant algebroids, Ann. Henri Poincare 22,
2475 (2021).

[79] M. Cueca and R. A. Mehta, Courant cohomology, Cartan
calculus, connections, curvature, characteristic classes,
Commun. Math. Phys. 381, 1091 (2020).

[80] P. Batakidis and F. Petalidou, Courant-Dorfman algebras
of differential operators and Dorfman connections of
Courant algebroids, J. Geom. Phys. 199, 105142 (2024).

[81] A. Chatzistavrakidis and L. Jonke, Basic curvature & the
Atiyah cocycle in gauge theory, J. Phys. A 57, 465401
(2024).

[82] A. Chatzistavrakidis, T. KodZoman, and Z. Skoda, Brane
mechanics and gapped Lie n-algebroids, J. High Energy
Phys. 08 (2024) 231.

[83] J. Palmkvist, The tensor hierarchy algebra, J. Math. Phys.
(N.Y.) 55, 011701 (2014).

[84] J. Greitz, P. Howe, and J. Palmkvist, The tensor hierarchy
simplified, Classical Quantum Gravity 31, 087001 (2014).

[85] M. Cederwall and J. Palmkvist, L, algebras for extended
geometry from borcherds superalgebras, Commun. Math.
Phys. 369, 721 (2019).

[86] M. Cederwall and J. Palmkvist, Tensor hierarchy algebras
and extended geometry. Part I. Construction of the algebra,
J. High Energy Phys. 02 (2020) 144.

[87] M. Cederwall and J. Palmkvist, Tensor hierarchy algebras
and extended geometry. Part II. Gauge structure and
dynamics, J. High Energy Phys. 02 (2020) 145.

[88] R. Bonezzi and O. Hohm, Leibniz gauge theories and
infinity structures, Commun. Math. Phys. 377, 2027
(2020).

[89] R. Bonezzi and O. Hohm, Duality hierarchies and differ-
ential graded Lie algebras, Commun. Math. Phys. 382, 277
(2021).

[90] S. Lavau, Tensor hierarchies and Leibniz algebras,
J. Geom. Phys. 144, 147 (2019).

[91] S. Lavau and J. Palmkvist, Infinity-enhancing of Leibniz
algebras, Lett. Math. Phys. 110, 3121 (2020).

[92] S. Lavau and J. Stasheff, From Lie algebra crossed
modules to tensor hierarchies, J. Pure Appl. Algebra
227, 107311 (2023).

[93] Y. Sakatani and S. Uehara, n-symbols in exceptional
field theory, Prog. Theor. Exp. Phys. 2017, 113B0l
(2017).

[94] O. Hohm and Y.-N. Wang, Tensor hierarchy and gener-
alized Cartan calculus in SL(3) x SL(2) exceptional field
theory, J. High Energy Phys. 04 (2015) 050.

[95] Y.-N. Wang, Generalized Cartan Calculus in general
dimension, J. High Energy Phys. 07 (2015) 114.

[96] H. Samtleben, Lectures on gauged supergravity and flux
compactifications, Classical Quantum Gravity 25, 214002
(2008).

[97] F. Hassler and Y. Sakatani, Consistent truncation and
generalized duality based on exceptional generalized
cosets, arXiv:2510.12799.

[98] G. Bossard, M. Cederwall, A. Kleinschmidt, J. Palmkvist,
and H. Samtleben, Generalized diffeomorphisms for Ej,
Phys. Rev. D 96, 106022 (2017).

[99] G. Bossard, F. Ciceri, G. Inverso, A. Kleinschmidt, and H.
Samtleben, Eg exceptional field theory. Part I. The poten-
tial, J. High Energy Phys. 03 (2019) 089.

[100] G. Bossard, F. Ciceri, G. Inverso, A. Kleinschmidt, and H.
Samtleben, Eg exceptional field theory. Part II. The
complete dynamics, J. High Energy Phys. 05 (2021) 107.

[101] M. Cederwall and J. Palmkvist, Tensor hierarchy algebra
extensions of over-extended Kac—-Moody algebras, Com-
mun. Math. Phys. 389, 571 (2022).

[102] M. Cederwall and J. Palmkvist, Gradient structures from
extensions of over-extended Kac-Moody algebras, J. High
Energy Phys. 08 (2025) 200.

[103] G. Bossard, A. Kleinschmidt, and E. Sezgin, On super-
symmetric E|; exceptional field theory, J. High Energy
Phys. 10 (2019) 165.

[104] G. Bossard, A. Kleinschmidt, and E. Sezgin, A master
exceptional field theory, J. High Energy Phys. 06 (2021)
185.

[105] M. Polacek, Aspects of T-dually extended superspaces,
Ph.D. thesis, SUNY, Stony Brook, 2017.

[106] D. Butter, F. Hassler, C. N. Pope, and H. Zhang, Consistent
truncations and dualities, J. High Energy Phys. 04 (2023)
007.

066017-26


https://doi.org/10.1007/JHEP11(2011)091
https://doi.org/10.1063/1.4795513
https://doi.org/10.1063/1.4795513
https://doi.org/10.1016/j.aim.2019.04.038
https://doi.org/10.1016/j.aim.2019.04.038
https://arXiv.org/abs/2507.17604
https://doi.org/10.1007/JHEP05(2012)126
https://arXiv.org/abs/1612.01540
https://doi.org/10.1007/s00220-014-2143-5
https://doi.org/10.1007/s00220-014-2143-5
https://doi.org/10.1090/proc/17165
https://doi.org/10.1090/proc/17165
https://doi.org/10.1007/JHEP07(2013)028
https://doi.org/10.1007/JHEP07(2013)028
https://doi.org/10.1007/JHEP01(2014)026
https://doi.org/10.1103/PhysRevD.110.126022
https://doi.org/10.1103/PhysRevD.110.126022
https://doi.org/10.1103/PhysRevD.109.106002
https://doi.org/10.1007/s00023-021-01024-5
https://doi.org/10.1007/s00023-021-01024-5
https://doi.org/10.1007/s00220-020-03894-y
https://doi.org/10.1016/j.geomphys.2024.105142
https://doi.org/10.1088/1751-8121/ad88c0
https://doi.org/10.1088/1751-8121/ad88c0
https://doi.org/10.1007/JHEP08(2024)231
https://doi.org/10.1007/JHEP08(2024)231
https://doi.org/10.1063/1.4858335
https://doi.org/10.1063/1.4858335
https://doi.org/10.1088/0264-9381/31/8/087001
https://doi.org/10.1007/s00220-019-03451-2
https://doi.org/10.1007/s00220-019-03451-2
https://doi.org/10.1007/JHEP02(2020)144
https://doi.org/10.1007/JHEP02(2020)145
https://doi.org/10.1007/s00220-020-03785-2
https://doi.org/10.1007/s00220-020-03785-2
https://doi.org/10.1007/s00220-021-03973-8
https://doi.org/10.1007/s00220-021-03973-8
https://doi.org/10.1016/j.geomphys.2019.05.014
https://doi.org/10.1007/s11005-020-01324-7
https://doi.org/10.1016/j.jpaa.2022.107311
https://doi.org/10.1016/j.jpaa.2022.107311
https://doi.org/10.1093/ptep/ptx151
https://doi.org/10.1093/ptep/ptx151
https://doi.org/10.1007/JHEP04(2015)050
https://doi.org/10.1007/JHEP07(2015)114
https://doi.org/10.1088/0264-9381/25/21/214002
https://doi.org/10.1088/0264-9381/25/21/214002
https://arXiv.org/abs/2510.12799
https://doi.org/10.1103/PhysRevD.96.106022
https://doi.org/10.1007/JHEP03(2019)089
https://doi.org/10.1007/JHEP05(2021)107
https://doi.org/10.1007/s00220-021-04243-3
https://doi.org/10.1007/s00220-021-04243-3
https://doi.org/10.1007/JHEP08(2025)200
https://doi.org/10.1007/JHEP08(2025)200
https://doi.org/10.1007/JHEP10(2019)165
https://doi.org/10.1007/JHEP10(2019)165
https://doi.org/10.1007/JHEP06(2021)185
https://doi.org/10.1007/JHEP06(2021)185
https://doi.org/10.1007/JHEP04(2023)007
https://doi.org/10.1007/JHEP04(2023)007

GAUGED EXTENDED FIELD THEORY AND GENERALIZED ...

PHYS. REV. D 113, 066017 (2026)

[107] F. Hassler and Y. Sakatani, All maximal gauged super-
gravities with uplift, Prog. Theor. Exp. Phys. 2023,
083B07 (2023).

[108] D. Osten, Current algebras, generalised fluxes and non-
geometry, J. Phys. A 53, 265402 (2020).

[109] M. Hatsuda, O. Hulik, W.D. Linch, W.D. Siegel, D.
Wang, and Y.-P. Wang, .A-theory—A brane world-volume
theory with manifest U-duality, J. High Energy Phys. 10
(2023) 087.

[110] D. Butter, Exploring the geometry of supersymmetric
double field theory, J. High Energy Phys. 01 (2022) 152.

[111] T. Lada and J. Stasheff, Introduction to SH Lie algebras for
physicists, Int. J. Theor. Phys. 32, 1087 (1993).

[112] O. Hohm and B. Zwiebach, L, algebras and field theory,
Fortschr. Phys. 65 (2017)-4 1700014.

[113] L. Borsten, H. Kim, and C. Saemann, E,L . -algebras,
generalized geometry, and tensor hierarchies, arXiv:2106.
00108.

[114] W. H. Baron, E. Lescano, and D. Marqués, The generalized
Bergshoeff-de Roo identification, J. High Energy Phys. 11
(2018) 160.

[115] W. Baron and D. Marques, The generalized Bergshoeft-de
Roo identification. Part II, J. High Energy Phys. 01 (2021)
171.

[116] A. Gitsis and F. Hassler, Unraveling the generalized
Bergshoeftf-de Roo identification, J. High Energy Phys.
06 (2025) 048.

[117] J. C. Baez and J. Huerta, An invitation to higher gauge
theory, Gen. Relativ. Gravit. 43, 2335 (2011).

[118] M. Griitzmann and T. Strobl, General Yang-Mills type
gauge theories for p-form gauge fields: From physics-
based ideas to a mathematical framework or From Bianchi
identities to twisted Courant algebroids, Int. J. Geom.
Methods Mod. Phys. 12, 1550009 (2014).

[119] P. Ritter, C. Sdmann, and L. Schmidt, Generalized higher
gauge theory, J. High Energy Phys. 04 (2016) 032.

[120] L. Borsten, M. Jalali Farahani, B. Jur¢o, H. Kim, J.
Nérozny, D. Rist, C. Saemann, and M. Wolf, Higher
gauge theory, arXiv:2401.05275.

[121] G. Bonelli and M. Zabzine, From current algebras for
p-branes to topological M-theory, J. High Energy Phys. 09
(2005) 015.

[122] Y. Sakatani, U-duality extension of Drinfel’d double, Prog.
Theor. Exp. Phys. 2020, 023B08 (2020).

[123] E. Malek and D. C. Thompson, Poisson-Lie U-duality in
exceptional field theory, J. High Energy Phys. 04 (2020)
058.

066017-27


https://doi.org/10.1093/ptep/ptad104
https://doi.org/10.1093/ptep/ptad104
https://doi.org/10.1088/1751-8121/ab8f3d
https://doi.org/10.1007/JHEP10(2023)087
https://doi.org/10.1007/JHEP10(2023)087
https://doi.org/10.1007/JHEP01(2022)152
https://doi.org/10.1007/BF00671791
https://doi.org/10.1002/prop.201700014
https://arXiv.org/abs/2106.00108
https://arXiv.org/abs/2106.00108
https://doi.org/10.1007/JHEP11(2018)160
https://doi.org/10.1007/JHEP11(2018)160
https://doi.org/10.1007/JHEP01(2021)171
https://doi.org/10.1007/JHEP01(2021)171
https://doi.org/10.1007/JHEP06(2025)048
https://doi.org/10.1007/JHEP06(2025)048
https://doi.org/10.1007/s10714-010-1070-9
https://doi.org/10.1142/S0219887815500097
https://doi.org/10.1142/S0219887815500097
https://doi.org/10.1007/JHEP04(2016)032
https://arXiv.org/abs/2401.05275
https://doi.org/10.1088/1126-6708/2005/09/015
https://doi.org/10.1088/1126-6708/2005/09/015
https://doi.org/10.1093/ptep/ptz172
https://doi.org/10.1093/ptep/ptz172
https://doi.org/10.1007/JHEP04(2020)058
https://doi.org/10.1007/JHEP04(2020)058

	Gauged extended field theory and generalized Cartan geometry
	I. INTRODUCTION
	A. Curvature in generalized geometries
	B. Cartan geometry
	C. Generalized Cartan geometry

	II. H&times;G-GENERALIZED GEOMETRY
	A. Input from G-generalized geometry
	B. Extended generalized geometry
	1. Action of an additional symmetry group H
	2. Representations
	3. Extending Rp to p=0
	4. n- and D-symbols
	5. Section condition

	C. Generalized Lie derivative

	III. DERIVATION FROM BRANE CURRENT ALGEBRA
	A. Review: Brane currents in G-generalized geometry
	B. Adding h-gauge symmetry
	C. The zero-mode algebra

	IV. CURVATURES AND TORSIONS IN THE LINEARIZED THEORY
	A. Extended generalized Cartan geometry
	B. Generalized Cartan connection
	1. Linearized constraints from compatibility with n
	2. Solving the constraints

	C. A hierarchy of curvatures
	1. An ambiguity
	2. Bianchi identities


	V. OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: CLOSURE OF EXTENDED GENERALIZED LIE DERIVATIVE
	APPENDIX B: PROPERTIES OF THE EXTENDED CURRENT ALGEBRA
	1. Derivation from underlying Poisson algebra
	2. Jacobi identities

	References


