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The gallium anomaly, a persistent discrepancy exceeding 4σ in the 71Ga neutrino capture rates from 51Cr
and 37Ar radioactive sources by the GALLEX, SAGE, and recently BEST experiments, has challenged
particle physics and nuclear theory for over three decades. We present a new calculation of the neutrino
capture cross section, abandoning the conventional leading-order approximation for electronic wave
functions by numerically solving the Dirac-Coulomb equation for both bound and continuum electron
states. Finally, we reevaluate the gallium anomaly, updating its global significance and presenting the most
up-to-date status of its interpretation in terms of sterile neutrinos.

DOI: 10.1103/pz8g-zz1b

I. INTRODUCTION

The study of neutrino interactions with matter has
provided profound insights into both the properties of
neutrinos and the dynamics of weak interactions. In this
field, a particularly intriguing and long-standing puzzle is
the so-called gallium anomaly [1,2], observed in experi-
ments involving gallium-71 (71Ga) as a neutrino target. This
anomaly, identified at the GALLEX [3–6] and SAGE [7,8]
experiments, which reported a measured neutrino-induced
inverse beta decay (IBD) rate from 51Cr and 37Ar calibration
sources systematically lower than predictions, has raised
questions about the robustness of the theoretical cross
section calculations. Moreover, when considered alongside
other anomalies [9–12], it has strengthened the case for
potential implications beyond the standard model [13–23].
The anomaly arises in the charge current νe þ 71Ga →

71Geþ e− reaction, a process historically used to detect

neutrinos from solar and artificial sources. While the
theoretical predictions for the cross section have provided
critical benchmarks for interpreting experimental results,
the persistent deficit in the observed rates, now exceeding
4σ thanks to the recent short-baseline BEST experiment
[24,25], demands a closer examination of the underlying
assumptions and parameters in the theoretical models. An
early theoretical work by Bahcall [26] established the
foundation for these predictions. However, the persistence
of this anomaly later prompted other theoretical investiga-
tions [27–32] that employed more recent experimental
inputs, the inclusion of radiative terms, additional correc-
tions, and an updated evaluation of excited-state contribu-
tions, among others.
Our analysis builds on and updates these previous works.

In this paper, we undertake a comprehensive revision of the
theoretical cross section for neutrino interactions with 71Ga.
The widely employed theoretical approach relies on the
detailed balance (db) principle [33–36] between neutrino-
induced IBD and electron-capture (EC) rates, factorizing
nuclear and leptonic matrix elements, and utilizing leading-
order (LO) approximations for the lepton wave functions
[37,38]. Here, we abandon the conventional LO approxi-
mation for electronic wave functions by numerically
solving the Dirac-Coulomb equation for both bound and
continuum electron states, using the same underlying
assumptions and software. The latter is used to obtain an
accurate determination of the Fermi function [39], a
correction for the Coulomb distortion of the outgoing
electron in the field of the associated nucleus. While doing
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so, we incorporate recent developments in the evaluation of
the electron-capture lifetime of 71Ge [40–43] and the first
determination of the nuclear charge radius of 71Ge [44], the
use of a more accurate Q-value [45], as well as updated
electron-capture probability ratios [37,41,46].
These updates aim to provide a more accurate and self-

consistent theoretical framework for interpreting gallium-
based neutrino experiments. Moreover, we update the
status of the allowed parameter space for the interpretation
of such an anomaly in terms of sterile neutrinos
[1,13,14,18] whose presence would result in a reduction
of the observed IBD event rate.

II. DETERMINATION OF THE NEUTRINO
CAPTURE CROSS SECTION

The ground-state neutrino-induced IBD cross section of
the process νe þ 71Ga → 71Geþ e− can be written as1

[26,35,47,48]

σgs ¼
G2

FjVudj2g2AΩeΩν

πð2JGa þ 1Þ
X
j

pj
eE

j
ejHIBD

j j2BðEj
eÞ; ð1Þ

where GF is the Fermi constant, Vud is the Cabibbo-
Kobayashi-Maskawa matrix element [49], gA ¼ 1.2764 is
the axial-vector coupling constant [50], Ωe and Ων are
normalization volumes, and JGa ¼ 3=2 is the nuclear spin
of gallium. The momentum of the electron is indicated by
pe, while Ee is the energy of the emitted electron, which is
related to the Q-value of the process, QEC, and to the
energy of the absorbed neutrinos by Ee ¼ Eν −QECþ
me − 0.09 keV.2 Finally, the sum runs over the different
possible electron energies, Ej

e, weighted by the correspond-
ing branching ratio, BðEj

eÞ, of the neutrino source
employed in gallium experiments. The term HIBD

j repre-
sents the matrix element of the transition and incorporates
the involved lepton, ψ , and nuclear, Ψ, wave functions, and
the Gamow-Teller Hamiltonian, ĤGT.
In the literature, it is common practice to assume that the

neutrino can be considered to be a plane wave normalized
in such a way to cancel Ων in Eq. (1), and that the electron
wave functions vary slowly within the nuclear volume.
Therefore, the latter can be factored out by considering its
value at a specific distance r0, usually chosen to be r0 ¼ 0
or r0 ¼ Rbox, where Rbox represents the equivalent box
density radius, namely, Rbox ¼

ffiffiffiffiffiffiffiffi
5=3

p
Rch, with Rch being

the nuclear charge radius. In this way, one can isolate the
IBD nuclear matrix element, MIBD

nuc ,
3

HIBD
j ≃ ψ j

eðr0ÞMIBD
nuc ; ð2Þ

where

MIBD
nuc ¼

Z
Ψ�

71GeðrÞĤGTΨ71GaðrÞdr: ð3Þ

This permits us to use the detailed balance principle,
according to which the nuclear matrix element in
Eq. (3) can be extracted from the inverse process,
e−bound þ 71Ge → 71Gaþ νe, thus from the measurement
of the electron-capture lifetime of 71Ge, referred to
as t1=2. The electron-capture rate is defined as
[37,38,48,51,52]

λEC ¼ ln 2
t1=2

¼ G2
FjVudj2g2A

2πð2JGe þ 1Þ
X
x

nxðEx
νÞ2jHEC

x j2; ð4Þ

with JGe ¼ 1=2 being the nuclear spin of the ground state
of 71Ge, nx being the relative occupation number of
electrons in the atomic x shell, and HEC

x being the EC
matrix element. In both the IBD cross section in Eq. (1) and
the EC rate in Eq. (4), we account for radiative corrections
and the weak magnetism contribution following Ref. [27].
Factorizing out the leptonic wave functions, as in the IBD
case, the electron-capture matrix element becomes

HEC
x ≃ ψb

e;xðr0ÞMEC
nuc; ð5Þ

where we introduced the superscript b to the electron wave
function to emphasize the electrons being bound in the EC
process, contrary to the IBD case.
In this way, the EC nuclear matrix element can be

retrieved as

jMEC
nucj2

2JGe þ 1
¼ 2π3 ln 2

G2
FjVudj2g2AfECt1=2

; ð6Þ

with fEC being the phase space factor for an allowed
electron capture, which, given that EC happens mainly with
the 1s shell electrons, can be expanded as [35,47]

fEC ≃ 2π2jψb
e;1sðr0Þj2ðE1s

ν Þ2ð1þ ϵ1so Þ
�
1þ PL þ PM

PK

�
; ð7Þ

with ϵ1so accounting for exchange and overlap effects, and
PL;M;K being the experimentally measured electron-capture
probabilities for the L, M, and K shells [37,41,46]. Here,
jψb

e;1sðr0Þj2 is the 1s electron density at the nucleus
obtained from

jψb
e;1sðrÞj2 ¼

jg1sðrÞj2 þ jf1sðrÞj2
4π

; ð8Þ

1Natural units with ℏ ¼ c ¼ 1 are used throughout.
2Following Ref. [26], we consider a small correction of

0.09 keV representing the energy lost during the electronic
rearrangement.

3In the literature, the nuclearmatrix element is often referred to in
termsof theGamow-Teller strengthBGT ¼ jMnucj2=ð2J þ 1Þ,with
J being the total angular momentum of the initial nuclear state.
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where g1sðrÞ and f1sðrÞ represent the exact solution of the
Dirac-Hartree-Fock-Slater (DHFS) equations [53] for a
bound electron in the 1s state.
Following the detailed balance principle,

jMIBD
nuc j2¼db jMEC

nucj2, the ground-state neutrino-induced
IBD cross section reduces to [27]

σdbgs ¼
2π2 ln2
fECt1=2

�
2JGeþ1

2JGaþ1

�X
j

pj
eE

j
eF ðEe; Z; r0ÞBðEj

eÞ; ð9Þ

where, to match the usual conventions, we have normal-
ized the nondistorted electron wave function, jψeðr0Þj2free,
to cancel Ωe in Eq. (1), and introduced the Fermi function,
F ðEe; ZÞ ¼ jψeðr0Þj2=jψeðr0Þj2free, which corrects for the
distortion of the electron wave function due to the
Coulomb potential of the daughter nucleus, with Z being
its atomic number. Here, we use a generalized Fermi
function given by [54]

F ðEe; Z; rÞ ¼
jf1ðrÞj2 þ jg−1ðrÞj2

2p2
e

; ð10Þ

where the electron wave functions fκðrÞ and gκðrÞ are the
exact radial solutions of the DHFS equations for the
outgoing electron of the IBD process for the eigenvalue κ,
which assumes values κ ¼ �1 for allowed decays.
In this work, we developed a software based on the

RADIAL package [53] that allows us to numerically
evaluate the Fermi function in Eq. (10), using the exact
DHFS radial electron wave functions, ψe;κðrÞ, that are
given in terms of the large and small components, gκðrÞ and
fκðrÞ, obtained by solving

�
d
dr

þ κ þ 1

r

�
gκ − ðEe − VðrÞ þmeÞfκ ¼ 0;

�
d
dr

−
κ − 1

r

�
fκ þ ðEe − VðrÞ −meÞgκ ¼ 0; ð11Þ

where VðrÞ is the atomic potential of the germanium atom.
Similar functions, ψb

e;nκðrÞ, gnκðrÞ, and fnκðrÞ, can be
defined for the case of bound electron states, with
the replacement of the electron energy Ee with
Enκ
e ¼ me − jEnκ

bindj, where Enκ
bind is the binding energy

and introducing a subscript n indicating the principal
quantum number. In our work, we consider the DHFS
potential, which is given by

VDHFSðrÞ ¼ VnucðrÞ þ VelðrÞ þ VexðrÞ; ð12Þ

to which we apply the so-called Latter tail correction
[53,55], in order to ensure the correct long-range behavior.
Here, VnucðrÞ represents the nuclear potential, which has
been determined by considering a two-parameter Fermi
(2 pF) distribution [56] with the first measurement of the

charge radius of 71Ge as an input parameter, equal to Rch ¼
4.032� 0.002 fm [44], and skin thickness t ¼ 2.3 fm. The
electronic potential VelðrÞ accounts for the interaction
energy of an electron with the entire electronic cloud at
a distance r, and the exchange potential VexðrÞ is defined as

VexðrÞ ¼ −Cexe2
�
3

π

�
1=3

½ρðrÞ�1=3; ð13Þ

where ρðrÞ, which enters both VelðrÞ and VexðrÞ, is
determined through a self-consistent solution of the
DHFS equations iteratively [53]. The constant Cex, as
discussed in Refs. [57,58], varies according to the chosen
potential model. For example, Cex ¼ 3=2 corresponds to
the Slater approximation [53,59], while Cex ¼ 1 to the
Kohn-Sham one [53,60]. DHFS calculations neglect addi-
tional effects, such as the Breit interaction, vacuum
polarization, and self-energy corrections, which, however,
are expected to be subdominant for the problem under
investigation. In Fig. 1, we compare our results based on
RADIAL to those obtained exploiting the GRASP [61]
software as well as to other results available in the literature
in terms of ρ1sðrÞ ¼ 2jψb

e;1sðrÞj2, where the factor 2
represents the electron multiplicity. GRASP solves the
Dirac equation without any approximation for the exchange
effects, including also the aforementioned contributions.
Interestingly, the results obtained using RADIAL for
Cex ¼ 1 are in perfect agreement with those of GRASP.
Moreover, we observe that a variation of Cex produces a
difference in the electron density at the nucleus smaller than
1%, in agreement with the findings of Ref. [62]. Given that
Cex is expected to assume a value between Cex ¼ 3=2 and

FIG. 1. Electron density at the nucleus as a function of the
radial distance from the origin. We compare our calculations
based on RADIAL [53] (labeled “Cadeddu et al.”) with that
obtained using GRASP [61] and with those available in the
literature [38,62–64]. The horizontal dashed lines indicate the
values obtained after applying the averaging procedure. The
vertical dotted and dash-dotted lines represent Rch and
Rbox ¼

ffiffiffiffiffiffiffiffi
5=3

p
Rch, respectively.
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Cex ¼ 1, we chose to fix its values to the average one,
namely, Cex ¼ 1.25, adding a systematic uncertainty to
account for the observed spread. The density at the nucleus
corresponding to this choice is also shown in Fig. 1, from
which it can be compared to the Dirac-Fock result obtained
in Refs. [62,63], finding an excellent agreement. The
numerical values obtained for the electron density are
reported in Table I in units of ðℏ=mecÞ3, along with those
available in the literature. We checked that, when using
similar assumptions, the electron densities evaluated with
our code are compatible with those reported in the literature
within about 0.2%.
Besides the numerical evaluation of the electron density

at the nucleus, we employed the same dedicated software,
based on the RADIAL package [53], also to numerically
evaluate the free electron wave functions for a finite-size
nucleus, which enter the generalized definition of the Fermi
function in Eq. (10). This has to be compared to the
common definition of the Fermi function, which can be

found in the literature (see, e.g., Ref. [27]), obtained by the
product of various contributions, namely,

FðEe; ZÞ ¼ F0ðEe; ZÞL0ðEe; ZÞUðEe; ZÞSðEe; ZÞ; ð14Þ

where F0ðEe; ZÞ is derived from the solution of the Dirac
equation for a pointlike nucleus. The latter is typically
evaluated at the nuclear surface to keep it finite, and its
expression is given by

F0ðEe; ZÞ ¼ 4ð2peRboxÞ2γ−2
jΓðγ þ iηÞj2
jΓð2γ þ 1Þj2 e

πη; ð15Þ

with γ ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðαZÞ2

p
and η≡ ðαZEeÞ=pe, where α is the

fine-structure constant. The additional term L0ðEe; ZÞ
corrects for the finite size of the nucleus considering a
box density with equivalent radius Rbox ¼

ffiffiffiffiffiffiffiffi
5=3

p
Rch, while

UðEe; ZÞ is introduced to improve the nuclear distribution

TABLE I. Comparison of different electron densities for the 1s bound state of 71Ge at a specific radius r0, 4πjψb
e;1sðr0Þj2, according to

various calculations available in the literature, which consider nuclear charge densities, ρchðrÞ. “A” refers to the considered germanium
mass number, which typically enters in the definition of the charge radius. The table presents results from various references, specifying
ρchðrÞ (box or 2 pF distribution), the associated input parameters, and the corresponding values of 4πjψb

e;1sðr0Þj2, in units of ðℏ=mecÞ3.
We also report the electron density, as obtained using a different Dirac equation solver, GRASP [61]. In the last seven rows, we show the
values obtained in this work for r0 ¼ 0, r0 ¼

ffiffiffiffiffiffiffiffi
5=3

p
Rch and with the averaging procedure (avg.) considering different values of Cex

entering Eq. (13).

Reference ρchðrÞ ρchðrÞ input par. [fm] 4πjψb
e;1sðr0Þj2

Band et al. (1979) [63] (r0 ¼ 0) DFa Box [A ¼ 74] 1.2 A1=3 0.0692
Band et al. (1986) [62] (r0 ¼ 0) for Cex ¼ 3

2
Box [A ¼ 74] 1.201 A1=3 0.0696

Band et al. (1986) [62] (r0 ¼ 0) for Cex ¼ 1 Box [A ¼ 74] 1.201 A1=3 0.0690
Behrens et al. [38] (r0 ¼ 0) Box [A ¼ 69] 1.2 A1=3 0.0694
Bambynek et al. [37] (r0 ¼ 0) 2 pF [A ¼ 71] c ¼ 4.43, t ¼ 2.4 0.0692

Band et al. (1979) [63] (r0 ¼ 5.04 fm) DF Box [A ¼ 74] 1.2 A1=3 0.0675
Behrens et al. [38] (r0 ¼ 4.92 fm) Box [A ¼ 69] 1.2 A1=3 0.0677
Martin et al. [64] (r0 ¼ 4.49 fm)b 2 pF [A ¼ 74] c ¼ 4.49, t ¼ 2.5 0.0676
Elliott et al. [27] (avg.)c 2 pF [A ¼ 71] … 0.0679

GRASP [61] (r0 ¼ 0) 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0689
GRASP [61] (r0 ¼ 5.20 fm) 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0671
GRASP [61] (avg.) 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0678

Cadeddu et al. (r0 ¼ 0) for Cex ¼ 3
2

2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0695
Cadeddu et al. (r0 ¼ 0) for Cex ¼ 1 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0689
Cadeddu et al. (r0 ¼ 0) for Cex ¼ 1.25 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0692
Cadeddu et al. (r0 ¼ 5.20 fm) for Cex ¼ 3

2
2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0677

Cadeddu et al. (r0 ¼ 5.20 fm) for Cex ¼ 1 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0671
Cadeddu et al. (r0 ¼ 5.20 fm) for Cex ¼ 1.25 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0674

Cadeddu et al. (avg.) for Cex ¼ 1.25 2 pF [A ¼ 71] c ¼ 4.559, t ¼ 2.3 0.0681
aHere, DF refers to the use of a different resolution method, namely, Dirac-Fock instead of the DHFS one, for which the exchange

effect is evaluated without any approximation. The same result has also been reported in Ref. [62].
bReference [64] quotes jg1sj2 and does not report the value of A. Thus, we consider A ¼ 74, which corresponds to the most abundant

stable isotope of germanium.
cReference [27] uses the same wave functions reported by Bahcall in Ref. [26], after applying, in their calculations, corrections to the

neutrino energy.
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from a box density to a more realistic Fermi distribution.
Finally, SðEe; ZÞ introduces a correction to the outgoing
wave function due to atomic screening [53,54,65]. We have
checked that by considering a nucleus with a uniform
density and evaluating the Fermi function at the origin, we
retrieve the tabulated values of the Fermi function from
Behrens et al. [38], expressed as the product of the first two
terms of Eq. (14), namely, F0 and L0.
In Fig. 2, we show our result for the Fermi function

calculated using the exact DHFS gκðrÞ and fκðrÞ wave
functions in Eq. (10) for Ee ¼ 1.031 MeV. Our result has
been obtained by calculating all of the contributions to the
Fermi function within a unique and coherent framework
and is in agreement within 0.2–0.3% with the values
reported in Ref. [27], as shown in Table II for r0 ¼ 0.

Moreover, we have checked that the choice of Cex does not
affect the free electron wave functions, with an impact on
the evaluation of the Fermi function below 0.004%. In
Fig. 2, we also show the electron density for the 1s bound
state of 71Ge, as obtained by our numerical calculation for
Cex ¼ 1.25 and the 2 pF distribution used to describe the
nuclear density.
As a further improvement, we move beyond the conven-

tional approximation of evaluating the electron wave
function at a single point, as done in Eqs. (2) and (5).
We propose the adoption of averaged wave functions over
the 71Ge nuclear charge density, in both the calculations of
IBD and EC amplitudes.4 This modification also results in
an averaging procedure of the Fermi function in Eq. (10),
F̄ ðEj

e; ZGeÞ, consistent with the prescription originally
suggested by Bahcall [35] for a pointlike nucleus.5 The
averaging is done through

F̄ ðEe; ZÞ ¼
R
ρchðrÞF ðEe; Z; rÞd3rR

ρchðrÞd3r
; ð16Þ

where ρchðrÞ is the considered nuclear density distribution.
The effect of the averaging procedure of the Fermi function
is also shown in Table II.
Using this procedure, the ground-state cross section

becomes

σ̄dbgs ¼
2π2 ln2

f̄ECt1=2

�
2JGeþ1

2JGaþ1

�X
j

pj
eE

j
eF̄ ðEj

e;ZGeÞBðEj
eÞ; ð17Þ

where f̄EC is obtained by replacing the punctual wave
function in Eq. (7) with its average over the nuclear
volume, calculated as [66]

jψb
e;1sj2 ¼

R
ρchðrÞjψb

e;1sðrÞj2d3rR
ρchðrÞd3r

: ð18Þ

The effect of averaging the electron density is shown in the
last row of Table I, where we compare the values obtained

FIG. 2. Fermi function for 71Ge as a function of the radial
distance (blue solid line), as derived in this work in Eq. (10) using
the exact DHFS gκðrÞ and fκðrÞ wave functions for
Ee ¼ 1.031 MeV. We also show the charge density of 71Ge,
ρchðrÞ (gold dashed line) in arbitrary units (also shown in green
multiplied by r2) and the electron density for a bound electron in
the 1s state of 71Ge (red long dashed line), as obtained from our
numerical code for Cex ¼ 1.25. The vertical dotted and dash-
dotted lines represent Rch and Rbox ¼

ffiffiffiffiffiffiffiffi
5=3

p
Rch, respectively.

TABLE II. Comparison between the Fermi function defined
according to Eq. (14) [27], FðEe; ZGeÞ, and those calculated with
our software according to Eqs. (10) and (16), F ðEe; ZGeÞ and
F̄ ðEe; ZGeÞ, for electron energies Ee relevant to 51Cr and 37Ar
neutrino sources. In the second and third columns we use r0 ¼ 0.

Source Ee [MeV] FðEe; ZGeÞ F ðEe; ZGeÞ F̄ ðEe; ZGeÞ
51Cr 1.031 2.774 2.782 2.732

1.030 2.775 2.782 2.733
1.025 2.779 2.786 2.736
0.711 3.306 3.314 3.257
0.710 3.309 3.317 3.260
0.705 3.330 3.338 3.281

37Ar 1.092 2.734 2.741 2.692
1.092 2.734 2.742 2.692
1.089 2.736 2.743 2.694

4The average should be evaluated over the Gamow-Teller
transition density, defined as the overlap between the 71Ge and
71Ga nuclear wave functions with the interaction Hamiltonian.
However, this quantity is not currently accessible from first
principles in nuclear theory, and we leave its inclusion for an
upcoming work.

5Bahcall suggested to apply the averaging procedure to F0

considering that the “electron-capture can occur anywhere within
the nuclear volume” [35]. This is not completely justified, since
in the evaluation of F0 the nucleus is assumed to be pointlike and
considering that the Fermi function corrects the wave function of
the outgoing electron and it does not refer to the electron captured
in the EC process. On the contrary, the introduction of exact
DHFS electron wave functions, as done in this work, naturally
leads to the evaluation of the average of the latter within the
nucleus when factoring out the electron wave function from the
matrix element, as in Eq. (2).
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at a fixed radius, namely, r0 ¼ 0 and r0 ¼
ffiffiffiffiffiffiffiffi
5=3

p
Rch, with

that retrieved after the averaging procedure.
When exploiting the detailed balance principle, a key

piece of information used is the well-known half-life of the
EC decay of 71Ge. In this work, four independent mea-
surements of the half-life are employed [40–43], namely,

t1=2½71Ge� ¼

8>>>><
>>>>:

11.43� 0.03 d;

11.46� 0.04 d;

11.468� 0.008 d;

11.4645� 0.0036 d;

ð19Þ

of which a weighted average has been taken, resulting
in t1=2 ¼ 11.465� 0.003 d.
Also needed is the Q-value of the EC process, which is

given by the 71Ge − 71Ga atomic mass difference

QEC ¼ M½71Ge� −M½71Ga� ¼ 232.47� 0.09 keV; ð20Þ

obtained from an average of five different experimental
values [45]. The neutrino energy in the EC process depends
on the binding energies of the involved 71Ga states. For a
K-shell electron capture, using EK

bind ¼ 10.367 keV [67],
the corresponding neutrino energy is E1s

ν ¼ 222.10�
0.09 keV. Finally, another important input is the exper-
imentally measured electron-capture probabilities for the L,
M, and K shells. We combine the measurements of PL=PK
and PM=PK ratios from Refs. [41,46] along with the
measurements provided in Table XIV of Ref. [37],
obtaining

PL

PK
¼ 0.1174 � 0.0009;

PM

PK
¼ 0.0188 � 0.0004; ð21Þ

with associated atomic binding energies EL
bind ¼

1.2990 keV and EM
bind ¼ 0.1595 keV for the L and M

shells of 71Ga [67], respectively.
To calculate fEC, following Eq. (7), we take into account

the so-called overlap and exchange correction, ϵ1so , given
that we write the total rate in terms of the 1s capture rate.
We compute the average of the values reported in
Refs. [68,69], as previously done in Ref. [27], yielding
to ϵ1so ¼ −0.013� 0.007. We also consider an additional
term due to the weak magnetism correction, ½1þ ϵq�EC,
with ϵq ¼ ð4.9� 0.7Þ × 10−4 [27].
In particular, using all these inputs in Eq. (7) and after

calculating the average of the electron density at the
nucleus, as in Eq. (18), we obtain

f̄EC ¼ 0.0227� 0.0002; ð22Þ

in units of ðℏ=mecÞ3. The latter f̄EC is used to extract the
nuclear matrix element from the experimental measurement

of t1=2, as in Eq. (6). Usually, the numerical value is
expressed in terms of the Gamow-Teller transition strength
for the IBD process, which results in

BGTðgsÞ ¼
jMIBD

nuc j2
2JGa þ 1

¼ 0.0859� 0.0006; ð23Þ

when the detailed balance is applied.
In Table III, we report the ground-state cross section for

the IBD process for 51Cr and 37Ar neutrino sources. The
average procedure reduces the ground-state cross section
by 2.8%, indicating a non-negligible correction that should
be taken into account. Moreover, the reported uncertainty
on the cross section includes also a systematic uncertainty
due to the choice of the exchange potential parameter,
estimated as the maximum difference between the cross
section calculated for Cex ¼ 1 and Cex ¼ 3=2 with respect
to that obtained for our benchmark value of Cex ¼ 1.25.
This contribution corresponds to about 0.4%.
To obtain the total cross section, it is necessary to

account for the contribution of the excited states corre-
sponding to the transitions 3=2− → 5=2− at 175 keV and
3=2− → 3=2− at 500 keV [27],

σ ¼ σgs

�
1þ ξð5=2−ÞBGTð5=2−Þ

BGTðgsÞ
þ ξð3=2−ÞBGTð3=2−Þ

BGTðgsÞ
�
;

ð24Þ

where ξð5=2−Þ and ξð3=2−Þ are the phase space coeffi-
cients, which take the values ξð5=2−Þ ¼ 0.669 and
ξð3=2−Þ ¼ 0.220 for the 51Cr neutrino source and
ξð5=2−Þ ¼ 0.696 and ξð3=2−Þ ¼ 0.264 for the 37Ar one.
These values are obtained as the ratio of the excited-state
cross section to the ground-state one, if BGT is assumed to
be the same, as done in Refs. [26,27]. The Gamow-Teller
strength values for the excited contributions were obtained,
following Ref. [27], from the experimental measurement of
forward-angle (p,n) scattering [70] and from ð3He; 3HÞ
scattering [71], leading to different estimations of about
6% and 9%, respectively. In both cases, we report the
results in Table III for 51Cr and 37Ar neutrino sources. Such
values can be compared to those reported by the most

TABLE III. Ground-state cross sections for neutrino capture on
71Ga for 51Cr and 37Ar neutrino sources compared to those
obtained with two different choices for excited-state contribu-
tions, in units of ½10−45 cm2�. The overline refers to the average
over the nuclear volume of the bound-state wave function and the
Fermi function.

Source σdbgs σ̄dbgs σ̄dbðp;nÞ σ̄dbð3He;3HÞ
51Cr 5.42� 0.06 5.28� 0.06 5.57þ0.28

−0.07 5.73� 0.17
37Ar 6.50� 0.07 6.32� 0.07 6.71þ0.35

−0.09 6.93� 0.22
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recent calculation available in the literature [27]. The
ground-state cross sections agree within 0.8%, while, after
applying the averaging procedure, our total cross sections
result to be approximately 2% smaller than those reported
in Ref. [27].

III. REEVALUATION OF THE ANOMALY

Our calculation of the IBD cross section can be used to
determine the number of expected IBD events, Ncal, by
considering the neutrino source activity, the atomic density
of the target, the average neutrino path length through the
absorption material, and the exposure [72]. This value can
be compared with the experimental measurements from
GALLEX [3–6], SAGE [7,8], and BEST [24,25], Nexp,
leading to a ratio R ¼ Nexp=Ncal. Alternatively, one can
directly retrieve the ratios R for each experiment, which
have been determined using a reference cross section [26],
by rescaling them to correct for the difference between our
cross section and the reference one. The two procedures
lead to the same results, which are reported in Table IV. We
define the following χ2 function:

χ2 ¼ min
η

�X
k;j

ðRk − ηR̄ÞðV−1ÞkjðRj − ηR̄Þ þ
�
1 − η

Δη

�
2
�
;

ð25Þ
where the sum runs over all the experimental measurements
k, j and the nuisance parameter η is constrained, in the case
of the (p,n) excited contribution, by

Δη ¼
�Δηþðp; nÞ ¼ 0.050 for η > 1;

Δη−ðp; nÞ ¼ 0.013 for η < 1;
ð26Þ

and Δηð3He; 3HÞ ¼ 0.031 for the ð3He; 3HÞ one.
The covariance matrix V is obtained from the uncer-

tainties on the Rk ratios. The resulting best-fit value for all
the experiments is found to be R̄ ¼ 0.835þ0.030

−0.048 , when
considering the (p,n) excited contribution, see Fig. 3 (upper
panel). Taking into account the nonparabolic behavior of
the χ2, shown in Fig. 4, we obtain a 5.5σ anomaly. With the
ð3He; 3HÞ excited contribution we obtain R̄ ¼ 0.811þ0.037

−0.035 ,
also shown in Fig. 3 (lower panel), and a smaller 4.7σ

anomaly. These results have been obtained by improving
the calculation method used in Ref. [31] by removing the
model uncertainties from the BEST data, to avoid double
counting. These uncertainties are correlated among the
experiments and are taken into account in the χ2 with the η
nuisance parameter. We also took into account the correla-
tion of the systematic uncertainties of the BEST data.
Moreover, to provide a conservative estimate of the anomaly,
we reevaluate it considering the ground-state cross section in
Eq. (17), whose best fit of the data is found to be
R̄ ¼ 0.881� 0.031, which corresponds to a 3.8σ anomaly.
Our result is in good agreement with previous ones

[26–28], although with differences in the procedure. In
fact, the averaging procedure, which leads to a lower cross
section value, compensates for the refined statistical analy-
ses, leading to a similar significance of the anomaly. It is
worth stressing that in this work we use the same software
and underlying assumptions when evaluating the electron

TABLE IV. Ratio between the experimental number of IBD events and the predicted one for each experimental measurement
considered, together with the corresponding uncertainties, divided, when necessary, between correlated (cor) and uncorrelated (unc).

Rgs Rðp;nÞ Rð3He;3HÞ

GALLEX Cr1 1.049� 0.121 0.994� 0.115 0.966� 0.112
GALLEX Cr2 0.894� 0.121 0.847� 0.115 0.823� 0.112
SAGE Cr 1.045� 0.132 0.991� 0.125 0.963� 0.122
SAGE Ar 0.875� 0.105 0.824� 0.099 0.798� 0.096
BEST Cr-R1 0.870� 0.032ðuncÞ � 0.023ðcorÞ 0.825� 0.031ðuncÞ � 0.022ðcorÞ 0.802� 0.030ðuncÞ � 0.021ðcorÞ
BEST Cr-R2 0.843� 0.031ðuncÞ � 0.027ðcorÞ 0.799� 0.029ðuncÞ � 0.025ðcorÞ 0.777� 0.029ðuncÞ � 0.025ðcorÞ
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FIG. 3. Ratios between the experimental values and our
theoretical estimations of the event rates in gallium experiments,
when considering the (p,n) (upper panel) or the ð3He; 3HÞ (lower
panel) excited-state contribution. Also shown are the best-fit
value of R̄ (green line) and its 1σ uncertainty (green band).
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wave functions in both the Fermi function and f̄EC calcu-
lations in Eq. (17). Entering as a ratio, any systematic shift
should cancel in the cross section determination, making the
result more robust and self-consistent.

IV. STERILE NEUTRINOS

The simplest and most considered explanation of the
gallium anomaly is the hypothesis of short-baseline active-
sterile neutrino oscillations (see the recent review in
Ref. [1]). Figure 5 shows the allowed regions in the space
of the effective parameters of 3þ 1 short-baseline active-
sterile oscillations (see Ref. [14]). Our results confirm those
obtained in previous works [11,20,24,27,31,73–75], which
show that the gallium data, including the recent and most
precise BEST data, can be explained by short-baseline
active-sterile neutrino oscillations with a large mixing
(0.16≲ sin22ϑee ≲ 0.54 at 2σ, for Δm2

41 ≳ 0.98 eV2).
Such large mixing is in tension with the bounds obtained
from the analysis of reactor antineutrino data [11,76–79],
the solar neutrino bound [80,81], and the KATRIN neutrino
mass measurement [82]. The solar and KATRIN bounds are
shown in Fig. 5 for comparison. The reactor bound is more
complicated, because it depends on the reactor antineutrino
flux model and on the choice of the dataset [11,76]. These
tensions disfavor the sterile neutrino explanation of the
gallium anomaly, which is, however, still considered
because so far nobody has found a plausible alternative
explanation.6

V. CONCLUSIONS

In this work, we critically reassessed the status of the
gallium anomaly. By employing exact Dirac-Hartree-
Fock-Slater wave functions for both the bound and
continuum electron states, a new averaging procedure,
and a refined statistical analysis, we reevaluated the
neutrino capture cross section on 71Ga, showing that a
5.5σ discrepancy is now achieved with the (p,n) excited-
state contribution, and 4.7σ with the ð3He; 3HÞ excited-
state contribution. Such a result was obtained by using
the same software and underlying assumptions when
evaluating the electron wave functions in both the
Fermi function and electron density at the nucleus for
the EC process, which enter as a ratio in the cross
section. Thus, we avoided possible systematic shifts,
making the result more robust and self-consistent.
We also presented the updated allowed region in the
space of the effective parameters of 3þ 1 active-sterile
neutrino mixing. We confirmed the need for the explan-
ation of the gallium data of a large active-sterile mixing,
which is in tension with the results of reactor antineu-
trino experiments [11,76–79], with the solar neutrino
bound [80,81], and the KATRIN neutrino mass meas-
urement [82]. Hence, the solution of the gallium
anomaly remains an open problem, which may be solved
by a new source experiment with a different detector
[32,86,87].
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FIG. 4. Δχ2 ¼ χ2 − χ2min as a function of R̄ obtained from the
combined analysis of the gallium data when considering the (p,n)
(red line) or the ð3He; 3HÞ) (purple line) excited-state contribution.
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FIG. 5. Contours of the 2σ allowed regions in the plane of the
effective oscillation parameters of 3þ 1 active-sterile neutrino
mixing obtained from the combined analysis of the gallium data
when considering the (p,n) (red line) or the ð3He; 3HÞ (purple line)
excited-state contribution. The crosses indicate the best-fit points.
Also shown are the 2σ solar bound sin22ϑee ≲ 0.17 [80] (cyan
line) and the 95% C.L. bound of the KATRIN experiment [82]
(green line).

6Exotic explanations have been proposed inRefs. [23,30,83–85].
Some have been shown to be in tension with the reactor rate
data [20].
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