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Superradiant instabilities of rotating black holes can give rise to long-lived bosonic clouds, offering
natural laboratories to probe ultralight particles across a wide range of parameter space. The presence of a
companion can dramatically impact both the cloud’s evolution and the binary’s orbital dynamics, generating
a trail of feedback effects that require detailed modeling. Using a worldline effective field theory approach,
we develop a systematic framework for binaries on generic (eccentric and inclined) orbits, capturing both
resonant and nonresonant transitions without relying solely on balance laws. We demonstrate the existence
of “corotating” floating orbits that can deplete the cloud prior to entering the detector’s band, triggering
eccentricity growth towards a sequence of fixed points. Likewise, we show that “counterrotating” orbits can
also deplete the cloud, driving (unbounded) growth of eccentricity. Furthermore, we uncover novel features
tied to orbital inclination. Depending on the mass ratio, equatorial orbits can become unstable, and fixed
points may arise not only for aligned or antialigned configurations but, strikingly, also at intermediate
inclinations. We derive flow equations governing spin-orbit misalignment and eccentricity and identify
distinctive signatures that can reveal the presence of boson clouds in the binary’s history, as well as key
features of possible in-band transitions. These results refine and extend earlier work, yielding a more faithful
description of the imprints of ultralight particles in gravitational-wave signals from binary black holes,
signatures that are within reach of future detectors such as LISA, Cosmic Explorer, and the Einstein
Telescope.
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I. INTRODUCTION

The ultralight and weakly interacting frontier of particle
physics is difficult to probe with traditional collider and
tabletop experiments. Yet, accessing it is well motivated
by many theoretical considerations. The axion is a leading
candidate to solve the strong CP problem [1], while string
theory generically predicts a plethora of ultralight particles
[2–4], which at the same time also serve as potential
sources of dark matter in the Universe [5–7]. It is thus not
surprising that the direct detection of gravitational waves
(GWs) by the LIGO-Virgo Collaboration [8] was quickly
recognized to also open a window to physics beyond the
Standard Model that may only interact gravitationally. For
instance, the authors of [9] pointed out that measurements
of black hole (BH) spins allow for indirect constraints on
axionlike particles. As is well known, for ultralight scalars
propagating in the vicinity of spinning BHs superradiant

instabilities can extract the BH’s rotational energy, leading
to the formation of boson clouds [10–14]. Thus, by virtue
of superradiance, BHs cannot retain a high spin in the
presence of ultralight bosons with Compton wavelengths
comparable to the Schwarzschild radius. Moreover, the
end state of the superradiant evolution is also observatio-
nally relevant, as the boson clouds themselves are sources
of monochromatic GWs that depend only on the mass of
the new particle, e.g., [9,15,16].
Several properties of these so-called gravitational atoms

are controlled by

α≡GMμ

ℏc
¼ 0.07

�
M

10M⊙

��
μ

10−12 eV

�
; ð1Þ

the “structure constant,” with μ, M, the masses of the
ultralight boson and BH, respectively. In the nonrelativistic
limit, the (quasistable) states of the cloud can be described in
terms of hydrogenic-type spectrum [2,9,17,18]. Although
strong self-interactions, controlled by the axion decay
constant fa, tend to inhibit the growth of the cloud, super-
radiance can probe up to 10 orders of magnitude in
fað≲mPlÞ and μ, which in turn correspond to stellar-mass
to supermassive astrophysical BHs in nature [19–21].
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Constraining boson clouds through measurements of the
BH’s spin and/or observations of the GWs emitted by
boson clouds with future GW detectors such as LISA [22],
the Cosmic Explorer [23], the Einstein Telescope [24,25],
and others [26–28], thus, provides a window towards
testing the existence of new particles in nature, e.g,.
[15,16,20,21,29–36].
Exploiting these features, characteristic of isolated

gravitational atoms, remained the predominant approach
towards probing the ultralight frontier until the work of [37]
revealed a much richer picture: ultralight particles can
produce a nontrivial imprint in the GW signals from
binaries where a boson cloud interacts with a com-
panion. Crucially, resonant transitions between different
states of the gravitational atom can radically modify the
(cloud-free) vacuum evolution. Since then, a large body of
work has been devoted to understanding the orbital
dynamics of binary systems with BHs carrying a boson
cloud, e.g., [38–47]. For instance, the work of [38]
demonstrated the existence of “Landau-Zener” (LZ) tran-
sitions, inducing floating and sinking orbits, while ioniza-
tion effects were discussed in [39]. More recently, the
existence of fixed points in the dynamics of the orbital
eccentricity was demonstrated in [44,45], and a first
attempt at describing generic orbits, although limited to
binaries with a large mass ratio, appeared also in [45,48].
The goal of this paper is to provide a more complete

analysis of the dynamics of gravitational atoms in binary
systems and associated GW signatures.1 In particular, we
extend (and correct) previous results in the literature
regarding their chronological history and orbital backreac-
tion. This is achieved by introducing a systematic treatment
of the cloud and orbital sectors, via an effective field theory
(EFT) framework [52–57]. In the EFT approach, a gravi-
tational atom interacting with long-wavelength perturba-
tions, generated by a point-particle perturber, is described
via a worldline action endowed with a series of (time-
dependent) multipole moments [37]. The latter are deter-
mined by matching to the microphysics of the boson cloud.
The worldline EFT then allows us to study the evolution of
generic binary orbits directly at the level of the Hamiltonian
equations, without relying entirely on balance laws. Our
formalism is broadly applicable across the full range of
mass ratios and captures both resonant and nonresonant
mixing effects. This enables the systematic study of possible
transitions as well as a thorough assessment of their impact
on the cloud’s fate and orbital evolution.
As anticipated in [44,45], we demonstrate the existence of

fixed points governing the evolution of the eccentricity for
floating orbits. We further reveal analogous fixed points in

the spin-orbit misalignment angle (obliquity) β≡∠ðS;LÞ,
where L and S denote the orbital angular momentum and
spin of the gravitational atom, respectively. In doing so, we
refine and correct several aspects of the eccentricity/obliquity
flow diagrams previously depicted in [45]. Notably, depend-
ing on the mass ratio, we find that equatorial orbits may
become unstable, and fixed points can emerge not only for
corotating (β ¼ 0) and counterrotating (β ¼ π) configura-
tions, but also at intermediate obliquities. Consistent with
previous findings [45], we confirm that for β ≃ 0 clouds in
binaries that form at low orbital frequencies (corresponding
to GW signals below the LISA bandwidth) are typically
disrupted in the intermediate-mass to extreme-mass-ratio
inspiral (IMRI/EMRI) limits. We extend this conclusion
to the comparable-mass regime and show that disruption
persists across a broader region of parameter space, even
for β ≃ π.
In addition to the issue of stability, we also uncover a

series of striking features that emerge from the presence of
boson clouds in binary systems. Most remarkably, we find
faster-than-vacuum evolution of the orbital eccentricity and
spin-orbit obliquity, driven by resonant (and nonresonant)
transitions. The correlated off-band dynamics acts as a
forensic marker of a preexistent cloud, while in-band
resonances can significantly reshape the GW phase evolu-
tion. While a full assessment requires more detailed studies,
our findings provide a more solid foundation for waveform
modeling. Beyond the expected finite-size [37,38,58] and
ionization [39] effects, the features reported here define
concrete targets that motivate dedicated search pipelines for
third-generation detectors such as LISA [22], Cosmic
Explorer [23], and the Einstein Telescope [25].
Outline. In Sec. II, we introduce the worldline effective

theory and derive the associated equations of motion. In
Sec. III, we perform the matching to the microphysics of
the gravitational atom and extract the value of the (time-
dependent) multipoles. In Sec. IV, we study the dynamics of
the cloud and binary orbit, including spin effects. We detail
the floating conditions and demonstrate the existence of
fixed points—for equatorial and misaligned orbits—in both
IMRI/EMRI and comparable-mass regimes. We also present
flow diagrams for the eccentricity and obliquity. In Sec. V,
we turn to phenomenology, focusing on possible transitions
and highlighting two observational cases: orbital relics and
concrete scenarios yielding in-band GW phase evolution.
We conclude in Sec. VI with a summary, comparison with
previous literature, and future directions. A series of appen-
dixes collect technical details. Throughout this paper, we use
conventions from [44] (hereafter referred to as the Letter).

II. FRAMEWORK

We start by discussing the basic features of the system-
atic framework we introduce to describe the orbital dynam-
ics of gravitational atoms in binary systems without relying
on balance laws.

1We focus on scalar clouds. While vectors exhibit rich
phenomenology [49–51], the dynamics rests on the same
foundation [38]; accordingly, our analysis also provides a blue-
print for the vector case.
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A. Worldline theory

For a gravitational atom composed of a BH surrounded
by a cloud, for which the mass-energy density peaks around
a few orders of magnitude away from the horizon, at rc ≃
M=α2 (with α < 1) [2], an EFTworldline approach may be
implemented to describe the interaction with a companion
during the inspiral regime of a binary system (see also [37]).
In the early stages, their separation obeys R ≫ rc,

2 such that
we can treat the gravitational atom as a pointlike object
endowed with a series of multipole moments [52–57,59]. At
leading (quadrupolar) order, it can be described by the
worldline action,

SWEFT ¼ −
Z

dτ½MðτÞ þ 1

2
ωab
μ SabðτÞvμðτÞ

þQLðτÞ∇L−2Eil−1il þ � � ��; ð2Þ

where ωab
μ is the spin connection, and MðτÞ denotes the

total mass, vμ the four-velocity, and SabðτÞ the spin tensor
of the gravitational atom—including both the BH and the
cloud. The gravitational field also enters through
Elm ¼ Eμνe

μ
l e

ν
m, the electric component of the Weyl tensor

projected onto a local frame satisfying gμνelμemν ¼ ηlm, and
∇ is the covariant derivative. The associated QLðτÞ coef-
ficients, with L ¼ fi1 � � � ilg, describe the (time-dependent)
mass-type multipole moment of the object (in the Fermi
frame) and the dots include magnetic-type couplings, which
are not relevant for our purposes. See [52–57,59] for more
details.3

Our task is then to solve for the orbital dynamics of a
pointlike object with time-dependent mass, MðtÞ, spin
vector, SðtÞ, and mass multipole moments, QLðtÞ, interact-
ing with a perturber of mass M⋆, which (for simplicity) we
assume has negligible spin and internal structure. We will
consider the nonrelativistic regime, incorporating also post-
Newtonian (PN) corrections such as radiation-reaction and
spin effects.
We move to the center-of-mass frame of the binary

system and choose a unit vector, n, as a fixed axis. We
introduce, as is common in celestial mechanics, e.g., [60],
the semimajor axis, a, eccentricity, e, inclination, ι,
longitude of the ascending node, ϒ, and argument of
the periapsis χ as the parameters to describe the orbit
(see Fig. 1). We complete the set by adding the mean
anomaly, ϑ, obeying ϑ̇ ¼ Ω for the Kepler problem, with
Ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mð1þ qÞ=a3

p
, and q ¼ M⋆=M the mass ratio.

We will often find it convenient to use the eccentric

anomaly, E, related to the true anomaly, φ, related to
the relative distance via R ¼ að1 − e2Þ=ð1þ e cosφÞ (see
Appendix A).
We will refer to fa; e; ιg as principal and to fϑ; χ;ϒg as

positional elements. For spin degrees of freedom, on the
other hand, we will use the Euler angles associated with the
rotationRðn; ŜÞ, that will allow us to express the dynamics
of S in the terms of the parameters in the n frame. The flow
of orbital elements E≡ fa; e; ι; ϑ; χ;ϒg can be written in
the form of Hamiltonian equations,

dE
dt

¼ M̂
∂

∂E
ðHK þHIÞ; ð3Þ

where HK ¼ −qM2=ð2aÞ is Kepler’s Hamiltonian, and
HI representing the corrections beyond the point-particle
limit, due to the extendedness of the gravitational atom, as
well as PN effects, that follow from our worldline action [56].
The M̂ matrix takes into account the transformation between
E and Delaunay’s canonical basis (see Appendix A). The
resulting orbital equations take the form,

da
dt

¼ −
2∂ϑHI

aμΩ
; ð4Þ

de2

dt
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ð∂χHI − ∂ϑHIÞ
a2μΩ

; ð5Þ

dι
dt

¼ ∂ϒHI − ∂χHI cos ι

a2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
μΩ sin ι

; ð6Þ

dϑ
dt

¼ Ωþ 2ae∂aHI þ ð1 − e2Þ∂eHI

a2eμΩ
; ð7Þ

dχ
dt

¼ −
ð1 − e2Þ∂eHI − e∂ιHI cot ι

a2e
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
μΩ

; ð8Þ

dϒ
dt

¼ −
∂ιHI

a2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
μΩ sin ι

; ð9Þ

with μ≡ qM=ð1þ qÞ, the reduced mass.
The evolution of the spin also follows from the worldline

theory in (2) [56]. However, the derivation of the contri-
bution from the multipolar terms is slightly trickier, since it
involves varying the action with respect to the internal
angular variables [54]. For instance, the equations of motion
can be found in [59] for the leading quadrupolar case. See
also the Newtonian example in [60,61] and Appendix B for
more details.
We find three types of perturbations in our problem:

conservative, mixing, and dissipative. The conservative type
does not change the orbital energy and angular momentum,
and therefore, they can only influence the positional ele-
ments (see, e.g., [62]). Mixing perturbations are those that
exchange energy and angular momentum between the orbit

2In order to simplify the notation, in this paper, we depart from
the choice in [38] and use R instead of R⋆ for the separation, and
similarly, later on for the orbital elements.

3The description via (2) is valid in the regime where the
companion is outside of the cloud, which is the main focus of our
work here. We will briefly comment on dipolar-type couplings
later on.
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and the gravitational atom, while dissipative processes emit
energy-momentum to infinity. Although mixing perturba-
tions are intrinsically dissipative, the rearrangement of the
cloud’s degrees of freedom during a resonant transition
occurs, in general, on different timescales compared to the
absorption of angular momentum and energy by the parent
BH.We are interested in tracking the dynamics of the system
as a result of these perturbations on secular timescales, much
longer than an orbital period. In principle, this would allow
us to work within an adiabatic approximation, averaging
over orbital timescales. For radiation-reaction effects, for
instance, due to GW emission or BH absorption, we will
proceed in this fashion and add orbit-averaged quantities to
the right-hand side of the above equations. For the terms that
drive orbital resonances, on the other hand, we will solve the
full set of equations across the resonant dynamics without
resorting to orbital averages.

B. Interacting Hamiltonian

After adding a companion at a relative distance R, the
mass-multipole couplings in the worldline action in (2)
produce the following Hamiltonian interaction:

HI ⊃ −M⋆

X
l≥2

ð−1Þl
l!

QLeAL∂A

�
1

R

�
; ð10Þ

with R ¼ RR̂, and the vierbein, eAL, is responsible for
mapping from the orbital to the local frame in which we
will (shortly) perform the matching in Sec. III. Contracting

eAL∂A and using the standard relations between the sym-
metric trace-free (STF) tensors and spherical harmonics,
we find

HI ⊃ VQ ≡ −M⋆

X
l≥2

Xl
m¼−l

4π

2lþ 1

YlmðR̂Þ
Rlþ1

Qlm;

QL ¼ 4πl!
ð2lþ 1Þ!!

Xm
m¼−l

ðyhLi
lm Þ�Qlm; ð11Þ

where yL
lm are STF tensor harmonics, and

YlmðR̂Þ ¼
Xl
g¼−l

½DðlÞ
mgðS;LÞ��Ylg

�
π

2
;φ

�
;

½DðlÞ
mg�� ≡ eigξþimκ½dðlÞmgðβÞ��; ð12Þ

with DðdÞ are Wigner (small) matrices [63] depending
on the obliquity, associated with the rotation, RðS;LÞ≡
fκ; β; ξg, connecting the local frame of the gravitational
atom and the orbital frame.4 In general, we describe this
rotation through an intermediate (inertial) reference frame
n, such thatRðS;LÞ ¼ Rðn;LÞ½Rðn;SÞ�−1, see Fig. 1 and
Appendix B.

FIG. 1. Euler-angle rotation Rðn; L̂Þ from the reference frame, defined by the fixed axis n, to the (noninertial) orbital frame, whose
z axis is aligned with the orbital angular momentum L, while the y axis points in the direction orthogonal to the periapsis, with the orbital
elements E indicated.

4Notice that the g ¼ m term has support around β ¼ 0
(corotating limit), while g ¼ −m has support around β ¼ π
(counterrotating).
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From the interacting Hamiltonian, we derive the evolution
of the orbital parameters. We can also derive the equations of
motion for the spin, yielding (to all orders in the multipole
expansion)

Ṡj
Q ¼ ðRðn;SÞ−1Þjaϵabc

X∞
l≥2

M⋆ð−1Þl
Rlþ1

×
Xl
m¼−l

Qlm

�Z
dΩk̂Ylmðk̂Þk̂b

dPlðxÞ
dx

����
x¼k̂·R̂

�
R̂c; ð13Þ

where the Pl’s are Legendre polynomials. (See Appendix B
for more details.)
While the above equation includes the exchanges of

energy and angular momentum between the orbit and the
cloud, the contribution from the multipolar couplings to the
external flux of total angular momentum turns out to be
suppressed with respect to the leading (pointlike) term [64].
Hence, at leading order in the radiation-reaction (RR)
forces, we have

dS
dt

����
Q
þ dL

dt

����
Q
≃ 0: ð14Þ

More generally, to model RR effects we will introduce to
the right-hand side of (4)–(9) the following terms:

da
dt

����
RR

¼ −
64M3qðqþ 1Þ

5a3
fðeÞ; ð15Þ

de2

dt

����
RR

¼ 64M3qð1þ qÞ
a4

ffiffiffiffiffiffiffiffiffiffiffiffi
1− e2

p �
gðeÞ − fðeÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
1− e2

p 	
;

ð16Þ

with fðeÞ ¼ 1þ73e2
24

þ37e4
96

ð1−e2Þ7=2 and gðeÞ ¼ 1þ7e2
8

ð1−e2Þ2, upon adiabatic

averaging [65,66].
Other than the multipole moments, additional terms

present in HI include mass and spin PN corrections, which
we will consider up to OðΩaÞ5, or 2.5PN order, when the
leading radiation-reaction term kicks in, see, e.g., [56]. For
simplicity, we ignore the spin of the companion, and there-
fore, the possibility of a second cloud in the binary system.
This assumption can be easily relaxed in the worldline
approach by enlarging the parameter space.

III. MATCHING

In what follows, we describe the matching procedure that
allows us to read off the value of the QlmðtÞ coefficients
from the knowledge of the short-distance physics of the
gravitational atom, and subsequently, the interacting
Hamiltonian governing the binary dynamics. Moreover,
as explained later in Sec. V, many of the phenomenologi-
cally relevant cases can be studied in terms of an effective

two-level model, which we describe below. The discussion
generalizes straightforwardly to a multilevel system (see
Appendix C for details).
For the matching, we choose a frame where the z axis is

aligned with S, the total spin of the gravitational atom.
The latter includes both the cloud’s and BH’s spin, i.e.,
S ¼ Sc þ S, which we will assume remain parallel, SckS,
throughout the evolution of the system.5 As the choice of
Boyer-Lindquist coordinates is adapted to the asymptotic
observer, unlike the analysis in [59], we perform the
matching in a frame that is not fully corotating with the BH.

A. Clouds in external fields

Following [37], we perform a field redefinition, Ψ ¼
ðψe−iμt þ c:c:Þ= ffiffiffiffiffi

2μ
p

, average over the (high-frequency)
μ terms, and expand in the regime α ≪ 1, obtaining,

iψ̇ þ J ¼
�
−

1

2μ
∇2 −

α

r
þ VR þ V⋆ þ Vsg

�
ψ : ð17Þ

The potential in this equation includes VR, the (α-suppressed)
relativistic corrections to the bound potential [37,67]; Vsg,
accounting for the self-gravity of the cloud [20,47]; and V⋆,
induced by the presence of a perturber [37,38]. The remain-
ing term, parametrized on the left-hand side with I , include
all the non-Hermitian contributions due to decaying modes
[9,17,18,67], GW emission [9,15,30,68,69] and ioniza-
tion [39].
Ignoring dissipative and self-gravity effects, in isolation

the cloud is described by bound states resembling the
spectrum of the hydrogen atom, ψH

a ≡ hrjnalamai [17],
with various (fine and hyperfine) energy splittings [37,67],
scaling as

ϵnalama
¼ μ

�
1 −

α2

2n2a
þ fnalaα

4 þ hnala ãmaα
5 þOðα6Þ

�
;

ð18Þ

where ã is the (dimensionless) spin of the BH. While many
of these states are long-lived, they are ultimately unstable,
with a decaying width,6

Γnalama
≃ 2r̃þCnalaglama

α4laþ5ðϵnalama
−maΩHÞ; ð19Þ

withMΩH ¼ ã=½2ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ã2

p
Þ�. Moreover, the cloud can

also deplete through GWemission, where the typical decay
width scales as (with Mc the instantaneous mass of the
cloud) [69]

5While this is a valid approximation for the type of transitions
we consider here (where coriolis-type effects are suppressed), the
misalignment may be relevant near the Bohr regime.

6The coefficients in (18) and (19) can be found in Appendix A
of the Letter.
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ΓGW
nalama

≃
Mc

M2
Gnalama

α4maþ10; G211 ≃ 0.025;

G322 ≃ 2 × 10−7: ð20Þ

For the case of an orbital companion outside of the cloud
(R > rc), the interacting potential is given by [37,38]

V⋆ðrÞ ¼ −μM⋆

X
l≥2

Xl
m¼−l

4π

2lþ 1

rl

Rlþ1
Ylmðr̂ÞY�

lmðR̂Þ; ð21Þ

whereas for R < rc the dipole coupling (l ¼ 1) also
contributes; see [43,45,70,71]. The V⋆ term leads to both
corrections to the binding energies as well as resonant
mixing [37,38].
It is instructive to separate the contribution from the

m ¼ 0 and m ≠ 0 terms. Because of the orthogonality of
spherical harmonics, the former is the only part that can
contribute to the “diagonal” terms. In addition, since
(upon orbital averaging) these corrections vary slowly
with time, we can use an adiabatic approximation to
absorb them into the wave functions. We can then estimate
the corrections to the binding energy and radial function
using (time-independent) perturbation theory as follows:

Ea ≃ ϵa þ hψH
a jVm¼0

⋆ jψH
a i;

Ra ≃RH
a þ

X
b≠a

hψH
b jVm¼0

⋆ jψH
a i

ϵa − ϵb
RH

a ; ð22Þ

where RH
a are the Hydrogenic radial functions. Within this

extended Hilbert space, the effect due to the remaining
mixing (“off-diagonal”) terms can be then parametrized
through the following ansatz:

jψi ¼
X
a

caðtÞjai;

hrjai ¼ ψa ¼ RaYae−iðEa−μÞt: ð23Þ

The task is reduced to nonperturbatively solving for the
time-dependent caðtÞ coefficients, as in [38,41,44,45]. We
start by using (12) to rewrite the overlap due to the
multipole expansion in (21) (see also [38,44,45]), and by
performing an expansion into (a finite number of
obliquity) g overtones and (an infinite sum of eccentric)
k overtones,7 yielding (a ≠ b)

hajV⋆jbilm ¼
X
g;k

ηðabÞl;m;g;ke
−iðΣðabÞ

g;k þΔEabtÞ; ΣðabÞ
g;k ¼ ðg − kÞϑþ gξþmκ

ηðabÞl;m;g;k ≈ ηðabÞl;m;m;0d
ðlÞ
mgðβÞHl;g;k

�
Ω
Ω0

�2
3
ðlþ1Þ Ylgðπ2 ; 0Þ

Ylmðπ2 ; 0Þ
;

Hl;g;k ≡ ð−sgn½k�geÞjkj
jkj!

�
1þ ðlþ 1Þk

2ð−gÞ þOðe2Þ
�
;

ηðabÞl;m;m;0 ¼ −
μM⋆

rc

�
rc
a0

�
lþ1 4π

2lþ 1
Ylm

�
π

2
; 0

�
ðIrIΩÞðabjlmÞ;

IðabjlmÞ
r ≡

Z
R→∞

drr2R̂bR̂arl; IðabjlmÞ
Ω ≡

Z
dΩr̂Y�

aðr̂ÞYlmðr̂ÞYbðr̂Þ; ð24Þ

where r≡ r=rc, R≡ R=rc, R̂ ¼ r3=2c R, and a0 ¼
½Mð1þ qÞ=Ω2

0�1=3 is a semimajor axis associated with a
reference frequency, Ω0, which we define below, cf. (28).
Mixing occurs provided the selection rules are satis-

fied [37]: m ¼ −Δmab, lþ la þ lb ¼ 2Z, jla − lbj ≤
l ≤ la þ lb, and it is resonantly enhanced when (see [38]
and Sec. IV)

ΔðabÞ
g;k ¼ 0; Δm;g;k ≡ ΔEab þ Σ̇ðabÞ

g;k ; ð25Þ

where ΔEab ¼ Eb − Ea (and similarly for n, l, m
differences). The resonances can be further classified as
being of the Bohr (B; Δnab ≠ 0), fine (F ; Δnab ¼ 0,
Δlab ≠ 0), and hyperfine (H; Δnab ¼ Δlab ¼ 0,
Δmab ≠ 0) type [37,38].

Using (22), we can estimate the relative error in the
binding energy due to the tidal interaction at a given resonant
transition, Ω ≃ ΔEab; upon orbital averaging, this yields

�
ΔEab − Δϵab

Δϵab

�
res

≃
Δϵab=μ

α2
q

1þ q
2 − 3 sin2 β

ð1 − e2Þ3=2 ; ð26Þ

which remains small away from the Bohr regime [see (18)],
as well as for small eccentricities. The (leading) scaling in α
for the allowed transitions is then given by

7Technically speaking, the sum over overtones converges only
for moderate values of the eccentricity. See Appendix D for more
details.
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ΔEab ∼
αp

M

�
1þ δp;7

�
ã
α
− 1

��
;

p ¼ f3; 5; 7g; for fB;F ;Hg: ð27Þ

In order to monitor different overtones, and the shift of
the energy split ΔEab due to changes in α, it is useful to
introduce the following parameters (adapted from the
Letter):

ΩðabÞ
0 ≡

���� ΔEab

Δmab

����; s≡ sgn

�
ΔEab

Δmab

�
;

fðabÞ ≡ Ω

½ΩðabÞ
0 �sat

; fðabÞg;k ≡ −sΔmab

g − k
;

where αsat ≡ μMsat is the initial value at birth, when the cloud
saturates the superradiant condition. (In general, we will use
“sat” to refer to initial values at saturation of the super-
radiance growth.) For simplicity, we will ignore the impact of
nonzero values for fϑ̇ − Ω; ξ̇; κ̇g, such that (see Sec. IV for
more details)

ΔðabÞ
g;k ≃ sΔmab½ΩðabÞ

0 �sat
�
Ω0

Ωsat
0

−
f
fg;k

�ðabÞ
: ð28Þ

The existence of resonances requires fðabÞg;k > 0. For instance,
in the equatorial limit, we have the resonance condition
k=ð−sΔmabÞ < �s for g ¼ �m.
To set some of the relevant timescales of the LZ

phenomena, it is useful to linearize the frequency evolution
around a reference overtone, Ωg;k, such that [38]

Ω ≈ ½ΩðabÞ
g;k �sat þ γðabÞg;k t;

γðabÞg;k ≡ 96

5

�
qM5=3

ð1þ qÞ1=3
�

sat
½Ω11=3

g;k �ðabÞ
sat

ð29Þ

and, as we did in the Letter, introduce the following rescaled
variables:

zðabÞl;m;g;k ≡
ðηðabÞl;m;g;kÞ2

γðabÞg;k

; vðabÞ�g;k ≡ jΓ�
abjffiffiffiffiffiffiffiffiffi
γðabÞg;k

q ; Γ�
ab ≡ Γa � Γb;

wðabÞ
g;k ≡ ΩðabÞ

g;kffiffiffiffiffiffiffiffiffi
γðabÞg;k

q ; τðabÞg;k ¼
ffiffiffiffiffiffiffiffiffi
γðabÞg;k

q
t: ð30Þ

Modulo the orbital backreaction we discuss momentarily
in §IV, the inspiral is mostly driven by radiation-reaction
effects. The evolution near a resonance transition thenmimics
a LZ-type problem [72,73], and generalizations thereof
[74–76]. See [38,41,44] for more details.
In the remainder of this paper, we concentrate on hyper-

fine, fine, and (early) Bohr transitions that are within the
regime of validity of multipole-expanded effective theory.
Because of this, we will not consider Bohr transitions that
happen inside the cloud nor ionization effects [39]. In
addition, for simplicity, we will ignore self-interactions
[19–21] and self-gravity effects [47]. See Sec. VI for
comments on this point.

B. Two-level atom

In the nonrelativistic limit, the density of the cloud in a
ψa state is given by ρa ¼ μNcR2

aYaY�
a, where Nc is the

occupancy, which determines the mass,Mc ≃ μNc and spin
Sc ≃maNc, of the cloud. The multipolar decomposition
is obtained as a projection of the density profile on the
spherical harmonics. In particular, theQc

lm’s of the cloud (in
the local frame) vanish for m ≠ 0, and for the rest, we find

Qc
lm ¼

Z
drrlρðrÞY�

lmðr̂Þ

¼ δm0Mcrlc½IrIΩ�ðaajl0Þðone − levelÞ; ð31Þ

which dominates over the quadrupole moment of the BH,
e.g.,

Qc

QBH

����
20

∼
Mc

M
ã
α6

; ð32Þ

such that we can approximate Qlm ≃Qc
lm.

Introducing a second state, ψb, and allowing for level
mixing, we find

ρðtÞ ¼ McjcaðtÞRaYa þ cbðtÞRbYbj2; ð33Þ

where the ci’s are dimensionless occupancies of the two
states fjai; jbig, obeying jcaj2 þ jcbj2 ¼ 1. In this scenario,
the multipole moments become (with m̄ ¼ −m)

Qc
lm ¼ 1

2
Mcrlc ×

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
IðabjlmÞ
r ð−1Þm

�
eiδIðabjlm̄Þ

Ω þ e−iδIðbajlm̄Þ
Ω

	
ðtwo − levelÞ

þ
�
½IrIΩ�ðaajl0Þð1þ σÞ þ ½IrIΩ�ðbbjl0Þð1 − σÞ

	
δm0

�
; ð34Þ

where we introduced the canonically conjugate variables ðδ; σÞ through the relation [77],
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ca ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ σ

2

r
exp ½−iΔEabt=2�;

cb ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − σ

2

r
exp ½iðδþ ΔEabt=2Þ�; ð35Þ

and, as before, we distinguished the diagonal contribution
(due to the m ¼ 0 part) from the mixing terms. [Note
that (34) reduces to (31) when σ → 1.]
It is straightforward to compute the effects from the

diagonal piece. Upon orbital averaging, we find, e.g., for
the dominant l ¼ 2 mode,

hVdiag
Q il¼2 ¼

1

4

Ncffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
3
½2 − 3 sin2 β�

�
ð1þ σÞηðaaÞ2;0;0;0

þ ð1 − σÞηðbbÞ2;0;0;0

	
: ð36Þ

In contrast, the contribution from the mixing (a ↔ b) terms
in (11), can be written as8

Va↔b
Q ¼ Nc

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p X
l

Xl
m¼0

X
g;k

ηðabÞl;m;g;k cos ðδ − ΣðabÞ
g;k Þ:

ð37Þ
To conclude this section, it is instructive to examine

the Hamiltonian governing the cloud’s mixing evolution
between the jai; jbi states under the tidal field in terms of
the ðδ; σÞ canonical variables, which takes the form (see
Appendix C),

Hc ¼
Nc

2

�
−ΔEabσ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p

×
X
l

Xl
m¼0

X
g;k

ηðabÞl;m;g;k cos
�
δ − ΣðabÞ

g;k

	�
: ð38Þ

From here we notice that, although the expression in (11) is
in principle different than (21), the evolution of the cloud
and backreaction on the binary system is described by the
same interacting terms, cf. (37) and (38). This is expected,
since changes in the cloud are compensated by changes to
the orbit. Let us emphasize, nonetheless, the energy and
angular-momentum redistribution is now described in
terms of instantaneous laws rather than relying on balance
equations.

IV. DYNAMICS

We are now in a position to describe the most salient
features of the gravitational atom and orbital dynamics. For
simplicity, throughout this section we consider the basic

ingredients to describe two-state level mixing. (See
Appendix C for additional details.) We will use the results
from this section later on in Sec. V to describe phenom-
enologically relevant scenarios, including a discussion on
multistate level mixing and other effects.

A. Gravitational atom

The phase-space evolution equations follow from the
Hamiltonian in (38). There are, however, several ingredients
that need to be incorporated to fully describe the dynamics.
As we mentioned earlier, we must include dissipative effects,
e.g., cf. (19). The latter modify the right-hand side of the
evolution equations, which then take the form,

dσ
dt

¼ −2
X
l;m;g;k

ηðabÞl;m;g;kν
ðabÞ
g;k − Γ̄−

abð1 − σ2Þ; ð39Þ

dδ
dt

¼ −ΔEab −
2σ

1 − σ2
X
l;m;g;k

ηðabÞl;m;g;ku
ðabÞ
g;k ; ð40Þ

uðabÞg;k ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
cos
�
δ − ΣðabÞ

g;k

	
;

νðabÞg;k ≡ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
sin
�
δ − ΣðabÞ

g;k

	
; ð41Þ

where Γ̄aðbÞ is associated with both the reabsorption into the
BH ðΓaðbÞÞ, cf. (18), and the emission of GWs by the cloud
itself ðΓGW

aðbÞÞ, cf. (20).
To close the system, we also need to track the (instanta-

neous) occupancy of the cloud,

dNc

dt
¼ −ðΓ̄þ

ab þ Γ̄−
abσÞNc; ð42Þ

together with the (adiabatic) coevolution of the BH mass
and spin,9

dα
dt

≃ μ2NcðΓþ
ab þ Γ−

abσÞ; ð43Þ

dðãα2Þ
dt

≃ −
d
dt

�
μ2Nc

2
ðma þmb þ ðma −mbÞσÞ

�
Γ̄aðbÞ→ΓaðbÞ

;

ð44Þ

where the dependence on the decay width in (44) enters
upon taking the time derivative and replacing Ṅc by (42)
with Γ̄aðbÞ ¼ ΓaðbÞ. Notice that this set of equations is
coupled, and therefore, also ΓaðbÞ, ΔEab, etc., become
dynamical variables through a varying coupling constant.

8Notice that, unlike diagonal terms, the presence of the factor
of ðδ − ΣðabÞ

g;k Þ in the argument prevents us from implementing an
orbital averaging.

9A more accurate description may be achieved by balancing
the change in the BH parameters with the flux at the horizon from
the near-zone solution of the Klein-Gordon equation, coevolved
with the orbital dynamics. See also [41,47,78].
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For some of the (short) narrow transitions that may occur
in the H to early B regime, the effects due to GW depletion
of the cloud (as well as ionization) are negligible. This allows
us to approximate Γ̄ab ≃ Γab in (42), and eliminate (43),
yielding

α ≃ αsat

�
1þ αsat

M2
sat
ðNsat

c − NcÞ
�
: ð45Þ

From here, and via their α dependence [see (19) and (27)],
we obtain the following shifted values:

ΔΩðabÞ
0 ≃ p½ΩðabÞ

0 �satαsat
Nc

M2
sat

�
1 −

Nc

Nsat
c

�
;

ΔΓaðbÞ ≃ ð4lþ 5ÞΓsat
aðbÞαsat

Nc

M2
sat

�
1 −

Nc

Nsat
c

�
: ð46Þ

In what follows, we consider a few useful limits that can
help us understand some of the features of the general case.
We first look at the equations in (39) and (40) when a single
overtone dominates. We then consider perturbative mixing.
We study the possibility of overlapping overtones in the
low-frequency limit ðΩ ≪ Ωg;kÞ, and also examine the
decoupling limit which mimics a LZ-type transition [38].
Dominant overtone.When the dynamics is dominated by

a single ðg; kÞ overtone, a convenient description is given by
the Feynman-Vernon-Hellwarth representation [75,79,80].
The phase-space dynamics takes place on the unit (“Bloch”)

sphere spanned by fσ; uðabÞg;k ; νðabÞg;k g, where the variables

fjuðabÞg;k j ≤ 1; jνðabÞg;k j ≤ 1g are defined in (41), and their
corresponding evolution equations are (see [75] and
Appendix C)

duðabÞg;k

dt
¼ Γ̄−

abu
ðabÞ
g;k σ − νðabÞg;k ΔðabÞ

g;k ; ð47Þ

dνðabÞg;k

dt
¼ σð2ηðabÞl;m;g;k þ Γ̄−

abν
ðabÞ
g;k Þ þ uðabÞg;k ΔðabÞ

g;k : ð48Þ

Perturbative mixing. In the regimewhere the dynamics is
controlled by a single overtone and the population of the
jbi state is small (i.e., jσ − 1j ≪ 1), the evolution equations
can be solved perturbatively. We start by using (39)

and (48) and expressing νðabÞg;k and uðabÞg;k in terms of σ
and its derivatives,

νðabÞg;k ¼ −
Γ̄−
ab − Γ̄−

abσ
2 þ σ̇

2ηðabÞl;m;g;k

; ð49Þ

uðabÞg;k ¼ −1
Δg;k

ð2ηðabÞl;m;g;kσ þ Γ̄−
abν

ðabÞ
g;k − ν̇g;kÞ: ð50Þ

Introducing the parametrization,

σ ¼ 1 −
X
n

ε2nFð2nÞ; ð51Þ

the constraint ½uðabÞg;k �2 þ ½νðabÞg;k �2 ¼ 1 − σ2 turns into an

equation for the Fð2nÞ coefficients and their derivatives,
where we look for perturbative solutions at leading order,

i.e., ηðabÞl;m;g;k ∼OðεÞ. Furthermore we assume the adiabatic

condition Ḟð2Þ ∼ η̇ðabÞl;m;g;k ≪ 1, which applies to a large
number of relevant cases (see Appendix C). Keeping terms
up to Oðε2Þ, we then find

Fð2Þ ¼ 2½ηðabÞl;m;g;k�2
½ΔðabÞ

g;k �2 þ ðΓ̄−
abÞ2

;

νð1Þg;k ¼
−2Γ̄−

abη
ðabÞ
l;m;g;k

½ΔðabÞ
g;k �2 þ ðΓ̄−

abÞ2
; uð1Þg;k ¼

−2ΔðabÞ
g;k ηðabÞl;m;g;k

½ΔðabÞ
g;k �2 þ ðΓ̄−

abÞ2
;

ð52Þ

which implies, δ̇ ¼ Σ̇ðabÞ
g;k þOðεÞ. These expressions allow

us, in the regime of validity of perturbative mixing, to
integrate out part of the cloud sector and to concentrate
only on the remaining fNc; α; ãg variables. The results
agree with the “adiabatic following” approximation in [76].
The above approximation is valid provided Fð2Þ ≪ 1, or

equivalently,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ΔðabÞ

g;k �2 þ ðΓ̄−
abÞ2

q
≫ ηðabÞl;m;g;k, which justifies

our power-counting rules. Extending the perturbative sol-

ution towards the resonance (when ΔðabÞ
g;k ¼ 0), we find that

the validity of the approximation is linked to the strong

decay regime, i.e., jΓ̄−
abj ≫ ηðabÞl;m;g;k. In contrast, in the weak-

decay regime, perturbative results can be applied only in
the early stages of the transition, in particular to set up the
initial conditions for numerical evolution.
Low-frequency limit. For a single overtone, the perturba-

tive mixing approximation relies on the Bloch-sphere for-
mulation, which cannot be extended to multipole overtones.
We can, nonetheless, consider instead the low-frequency limit

fðabÞ ≪ 1, where ΔðabÞ
g;k ≃ ΔEab ≫ Σ̇ðabÞ

g;k [see (28)] takes on
the same value for all overtones. Using (39) and (40), we start
by writing the generalization of the Bloch constraint,

ðδ̇þΔEabÞ¼
�

2σffiffiffiffiffiffiffiffiffiffiffiffi
1−σ2

p
�

2
�
jWj2−

�
σ̇þðΓ̄−

abÞ2ð1−σ2Þ
2σ

��
;

W≡eiδ
X
g;k

ηðabÞl;m;g;ke
−iΣðabÞ

g;k ; U≡Re½W�;

V≡−Im½W�; ð53Þ

such that,
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jWj2 ¼
X
d

S2d þ 2
X
d<d0

SdS0d cos ½ΣðabÞ
g;k − Σm;g0;k0 �;

Sd ≡
X
ðg;kjdÞ

ηðabÞl;m;g;k; ð54Þ

where d≡ g − k ¼ g0 − k0 ¼ � � �, includes in the same class
a series of (degenerate) overtones, and

P
ðg;kjdÞ indicates a

sum over ðg; kÞ pairs with g − k ¼ d. We resort again to a

perturbative expansion of the sort, σ ¼ 1þPn ε
2nFð2nÞ,

using the same scaling rules and assuming adiabaticity as

before, i.e., ηðabÞl;m;g;k ∼OðεÞ, Ḟð2Þ ∼ η̇ðabÞl;m;g;k ≪ 1. We assume
the solution does not depart significantly from the one

obtained for a single overtone in (52), such that δ̇ ∼ Σ̇ðabÞ
g;k .

This allows us, in the low-frequency limit (fðabÞ ≪ 1), to
ignore the factor of δ̇ on the left-hand side of (53). We can
then perform an orbit-average on both sides, yielding

Fð2Þ ¼ 2hjWj2i
ðΔEabÞ2 þ ðΓ̄−

abÞ2
; Vð1Þ ¼ −2Γ̄−

abhjWj2i
ðΔEabÞ2 þ ðΓ̄−

abÞ2
; Uð1Þ ¼ −2ðΔEabÞhjWj2i

ðΔEabÞ2 þ ðΓ̄−
abÞ2

; ð55Þ

where, away from the resonance, we have hjWj2i →P
d S

2
d (see §IVC). Notice that, restricting the above result to the single-

overtone case, i.e., U ¼ ηðabÞl;m;g;ku
ðabÞ
g;k etc., the result agrees with the low-frequency limit of (52), as expected.

Decoupling limit. Another important limit is when Nc ≪ M2, which linearizes the Schrödinger problem in (17).
Using (29), and returning to the dominant-overtone case, the solution can be written in terms of the parabolic cylinder
functions (cf. Appendix B of the Letter) and the adiabaticity of the resonant transition is then controlled by the typical

size of the zðabÞl;m;g;k parameters, as σð∞Þ ∼ 2 exp ð−2πzðabÞl;m;g;k=jgþ kjÞ − 1, while the temporal dynamics of the transition

depends on the ratio vðabÞ−g;k =
ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
[38,44,76]. For weak decay, vðabÞ−g;k ≪

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
, in the adiabatic regime

(zðabÞl;m;g;k ≳ 1), we find narrow resonances taking place over a time τLZ ≃ 4

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
[81]. A resonance becomes wide

either in the superadiabatic ðzðabÞl;m;g;k ≫ 1Þ weak-decay regime or for strong decay, vðabÞ−g;k ≫
ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
. In the latter case,

one finds [via (15), (30), (42), (52)]

1

Nc

dNc

dfðabÞ
≃ −½fðabÞ�ð4l−7Þ=3 × 2½v−ẑl;mw�ðabÞg;k

fðeÞ½ðv−g;kÞ2 þ ð1 − f
fg;k
Þ2ðΔmabwg;0Þ2�ðabÞ

; ð56Þ

where ẑl;m;g;k ≡ zl;m;g;k=½fðabÞ�ð4lþ1Þ=3. This illustrates that the cloud can experience significant decay even

when fðabÞ ≪ fðabÞg;k .

B. Orbit and spin

It is often customary to include the inclination, ι, among the principal elements, together with fe;Ωg. However, a self-
consistent description of the dynamics can be achieved by tracking the obliquity, β, instead. We summarize the main
equations below and refer the reader to Appendix A and Appendix B for further details.
Principal elements and obliquity. The evolution of these parameters receives contributions both from Va↔b

Q [via (4)–(5)
and (37)] and from radiation reaction [cf. (15)–(16)]. Combining these contributions, we find

dΩ
dt

¼ fðeÞGγðabÞm;0 ½fðabÞ�11=3 −
X
l;m;g;k

 
fðabÞ

fðabÞg;k

!
4=3

ðg − kÞð ffiffiffi
γ

p
bηl;mνÞðabÞg;k ; ð57Þ

de2

dt
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

3½ΩðabÞ
0 �sat

�
fðeÞGγm;0f8=3

�
gðeÞ
fðeÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p �
þ
X
l;m;g;k

1

fg;k

�
f
fg;k

�
1=3

× ðg − kÞ
�

g
sΔm

fg;k þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p �
ð ffiffiffi

γ
p

bηl;mνÞg;k
�ðabÞ

; ð58Þ

bðabÞg;k ≡ 3ð1þ qÞ1=3ðMΩðabÞ
g;k Þ1=3sat

qðM=MsatÞ5=3
½wðabÞ

g;k �sat Nc

M2
sat
; G≡

�
M5q3=ð1þ qÞ

½M5q3=ð1þ qÞ�sat

�
1=3

; ð59Þ

where bðabÞg;k > 0 parametrizes the orbital backreaction.
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The derivation of the obliquity flow involves a few additional steps, most notably establishing the relationship between β
and the other relevant parameters in a generic n frame. After several manipulations, we arrive at (see Appendix B)

d cos β
dt

¼
X
l;m;g;k

ðηl;mνÞðabÞg;k

�ðf=fg;kÞ1=3 ffiffiffiffiffiffiffi
γg;k

p bg;k

3Ωsat
g;k

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ðm − g cos βÞ − ðg −m cos βÞ
sc

�ðabÞ
; ð60Þ

with

sc ≡ SðtÞ
NcðtÞ

≃ ã

�
α

αsat

�
2
�
Nsat

M2
sat

�
−1

þ
�
ma þm

σ − 1

2

�
: ð61Þ

It is instructive to note that (60) simplifies in two relevant limits,

d cos β
dt

≃
X
l;m;g;k

ð ffiffiffi
γ

p
bηl;mνÞðabÞg;k

"
ðf=fg;kÞ1=3

3Ωsat
g;k

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
#ðabÞ

ðm − g cos βÞ; bðabÞg;k

½wðabÞ
g;k �sat

≫

 
fðabÞg;k

fðabÞ

!
1=3

ð62Þ

and

d cos β
dt

≃ −
X
l;m;g;k

ðηl;mνÞðabÞg;k
ðg −m cos βÞ

sc
;

bðabÞg;k

½wðabÞ
g;k �sat

≪

 
fðabÞg;k

fðabÞ

!
1=3

; ð63Þ

which we may loosely refer to as the IMRI/EMRI (Sc ≫ L) and the comparable-mass (Sc ≪ L) limits, respectively, after
noticing

Sc
L
≃
Nc

M2
αp=3

ð1þ qÞ1=3
q

≃
bðabÞg;k

½wðabÞ
g;k �sat

; ð64Þ

near a resonant transition (MΩ ≃ αp).
The alert reader will recognize that (57), (58), and (62) differ nontrivially from their counterparts in [45] (see Appendix E

for more details). As we shall see, this has important phenomenological consequences.
Positional elements. For the region of parameter space on which we focus here, the positional angles do not play a

leading role. However, they do affect various details of the resulting dynamics (see Appendix B). The positional elements
evolve not only due to Va↔b

Q in (37), but also due to Vdiag
Q in (36) and other conservative PN terms. Below we focus on the

periapsis precession, χ, which is analogous to the evolution of ϑ and ϒ. We find [via (4)–(9), (37), (36)]

dχ
dt

jQ ¼ −
½fðabÞ�1=3
½ΩðabÞ�sat0


 ð ffiffiffi
γ

p
bÞðabÞ0

8ð1 − e2Þ2 ð1þ 3 cosð2βÞ þ 2 sinð2βÞ∂ιβ cot ιÞ

× ½ð1þ σÞηðaaÞ2;0;0;0 þ ð1 − σÞηðbbÞ2;0;0;0� þOðηðaaÞl>2;0;0;0; η
ðbbÞ
l>2;0;0;0Þ

þ
X
l;m;g;k

ð ffiffiffi
γ

p
bÞðabÞg;k

3½fðabÞg;k �4=3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
�
u

�
cot ι∂ιβ∂βηl;m −

ð1 − e2Þ
e

∂eηl;m

�

þ ν cot ι∂ιðgκ þmξÞηl;m
�ðabÞ
g;k

�
; ð65Þ

where in the first line, we concentrated on the dominant
l ¼ 2 mode in Vdiag

Q .
Let us add a few observations. First, in addition to

inducing shifts in the energy and wave function corrections
[cf. (26)], tidal deformations also act as a conservative
effect that manifests as the precession of positional

elements in the orbital sector. Second, in the equatorial
limit, χ and ϒ become degenerate, and the divergent term
proportional to cot ι (in the third row) is canceled by a
corresponding term from ϒ̇. A similar cancellation occurs
between χ̇ þ ϒ̇ and ϑ̇ − Ω in the e → 0 limit [see (7)–(9)
and [60] for further discussion].
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C. Equatorial limit

A phenomenologically relevant situation is that of
equatorial orbits, with the spin aligned (or antialigned)
with the angular momentum. For corotating (β ¼ 0) or

counterrotating (β ¼ π) orbits the tidal overlap ηðabÞl;m;g;k ∝

dðlÞmgðβÞ is supported only for g ¼ þm and g ¼ −m,
respectively. In what follows, we describe the main features
of the dynamics in the vicinity of a particular ðg; kÞ
overtone. For concreteness, let us take n ¼ L̂ as the
reference z axis. The residual angular dynamics is then
restricted to SOð2Þ × SOð2Þ angular variables. We will
describe the evolution of the system ignoring at first the
effects due to precession, which we will return to at the end
of this subsection.
Floating fixed points. Backreaction effects are most

pronounced in the weak-decay regime and become increas-
ingly prominent the narrower the resonance. In this
situation, when the transfer of energy-momentum between
the cloud and the orbit happens on short timescales, the
orbital dynamics encounters a number of fixed points in the
frequency, Ω ≃Ωg;k, yielding floating orbits [38,44,45].
Remarkably, during floating, the evolution equations in
(57) and (58) also feature a series of fixed points in the
eccentricity [44,45], for which dΩ=dt ¼ de2=dt ¼ 0, when
the following condition is met:

gðeÞ
fðeÞ ¼

gs
−Δmab

fðabÞg;k : ð66Þ

Let us focus first on transitions with Δmab < 0, i.e.,
s ¼ 1. On the one hand, for corotating orbits, we
have g ¼ m ¼ −Δmab > 0 and early overtones, for which

0 < fðabÞg;k < 1, fixed points occur at ecr between [0.3, 0.6],

whereas for fðabÞg;k ≥ 1 and k < −Δmab we have ecr ¼ 0, and
the eccentricity decays faster than in vacuum [44]. On the
other hand, for counterrotating orbits, with g ¼ −m < 0, all
resonant overtones, which are only present for k < Δmab,
lead to growth of eccentricity. Remarkably, since de2=dt
remains positive, there is no fixed point (nor upper bound)
in the counterrotating case, although the conditions that
sustain floating ðΩ̇ ¼ 0Þ break down as e → 1 (see below).
As we explained in the Letter, the growth of eccentricity for
corotating orbits can be understood from the balance laws.
While the orbital frequency remains fixed, the loss of
orbital angular momentum yields d

dt ðL2Þ ∝ − d
dt ðe2Þ. Since

L̇ ∝ ðs g
m − fðabÞg;k Þ, for g ¼ m, we find that the eccentricity

grows (decays) for early (late) resonances. A similar
argument applies also to the counterrotating case. The flux
obeys L̇ ≃ −ðg=mÞṠ þ T GW, with T GW < 0 (see the Letter
for the explicit expression). As the spin of the gravita-
tional atom decreases (Δmab < 0 → Ṡ < 0), we find the

eccentricity grows for g ¼ −m, provided the conditions for
floating are met.
The situation is reversed for transitions with Δmab > 0.

The main overtone is available only on counterrotating
orbits, with early(late) overtones producing growth(decay)
of eccentricity; whereas for the case of corotating orbits, all
overtones with k < −Δmab lead to growth of eccentricity.
The evolution of the eccentricity in (rescaled) time can

be obtained by replacing the floating condition, Ω̇ ¼ 0,

in (57), allowing us to eliminate νðabÞg;k in (58), yielding

eðτðabÞg;k Þ ≃ ecr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
1 −

e2res−

e2cr

�
exp

2
4− τðabÞg;k

wðabÞ
g;k

Ξ0ðecrÞ
3
5

vuuut ;

Ξ≡ −
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
fðeÞðgðeÞfðeÞ −

g
g−kÞ

3
; ð67Þ

where eres− is the eccentricity at the onset of the resonance.
In order to identify the associated timescale, using (39)
and (57) [neglecting the cloud decay and taking fðeÞ ≃ 1],
we find

σfloat ≃ 1 −
2τðabÞg;k

ðg − kÞbðabÞg;k

;

½τðabÞ�floatg;k ≃ ðg − kÞbðabÞg;k ; ð68Þ

such that the eccentricity growth in (67) is controlled by the

ratio ½b=w�ðabÞg;k ≃ Sc=L. Expectedly, the largest growth of
eccentricity occurs when the spin of the cloud dominates
over the orbital angular momentum (Sc ≫ L).
Floating criteria. From the dynamical equations, we

can readily find out what is necessary to sustain floating

orbits. Following (39), (47)–(48), the dynamics of νðabÞg;k

obeys a paraboliclike trajectory from νðabÞg;k ð−∞Þ ¼ 0 to

νðabÞg;k ðþ∞Þ ¼ 0. From (57), the floating condition, Ω̇ ≃ 0,
implies

½νðabÞg;k �float ≃ fðeÞ
ðg − kÞ½bðabÞ�satg;k

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q ; ð69Þ

constrained by j½νðabÞg;k �floatj ≤ 1 [cf. (41)]. In addition,

since the sign of ν̇ðabÞg;k is determined by the sign of σ,
this implies that the bracket in the first term in (48) must
be positive during floating (since the second term becomes
subdominant at the resonance). These two constraints yield
the following condition for the critical amount of cloud
required to maintain a floating orbit:
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Nc > Ncr
c ≡ Nc;sat

fðeÞ
ðg − kÞ½bðabÞ�satg;k

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q

× max

2
641; vðabÞ−g;k

2

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
3
75; ð70Þ

which should be satisfied both at the beginning and at
any point during the floating transition. The criteria in

(70) can be satisfied by increasing either bðabÞg;k or zðabÞl;m;g;k.

However, a large value for zðabÞl;m;g;k would broaden the
resonance, thus weakening the counterbalance to radia-
tion reaction. By comparing the floating timescale (68)
to the typical (unperturbed) duration of a LZ transition,

τLZ ≃ 4

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
, the condition τLZ < τfloat, requires

bsatg;k ≳ 4

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
=ðg − kÞ; ð71Þ

which further restricts the values that support floating.
An example highlighting the agreement between numeri-
cal and analytic results is depicted in Fig. 2.
The above requirements delineate the conditions under

which floating orbits can exist, and, in turn, determine the
circumstances in which floating ceases before the popula-
tion transfer is complete. Notice that for early overtones,

provided eres− < ecr, the fact that zðabÞl;m;g;k ∝ e2jkj grows

during the transition will tend to decrease the value
of Ncr

c , thus allowing for a self-sustained floating condition.
In contrast, the decrease of eccentricity that occurs for
the late overtones increases the value of Ncr

c , moving in
the direction of the resonance breaking. Furthermore, in the
counter-rotating case, as e → 1 we have fðeÞ ∼ ð1 − eÞ−7=2,
which would also break the floating conditions. These
findings are in agreement with the limits discussed in
[44,45], within the overlapping realm of validity.
Quasifloating. The floating conditions, as previously

stated, can only apply in the weak-decay regime vðabÞ−g;k ≪ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
and bg;k ≪ 1=vðabÞ−g;k . In the moderate- and strong-

decay cases, the change of the BH mass, via absorption,
unavoidably leads to a shift in the resonant frequency

ΩðabÞ
g;k ∼ αp towards higher values. Provided that the reso-

nance is not too wide, the orbital frequency will follow the

shift in the condition Ω ≃ΩðabÞ
g;k ðαÞ as α evolves [cf. (46)].

Following (42) and (52), we can show that this quasifloating
scenario is characterized by an evolution of the orbital

frequency which is slower than in vacuum, Ω̇ðabÞ
g;k =Ω̇jRR ≪ 1,

provided

α
Nc

M2

�
wg;kzl;m;g;k

v−g;k

�ðabÞ
≪ 1: ð72Þ

From (57), we can also solve for νðabÞg;k in this regime, yielding

νquasi−floatm;g;k ¼ fðeÞðfðabÞ=fðabÞg;k Þ7=3 − p½wðabÞ
g;k �satðα̇=αÞðfðabÞ=fðabÞg;k Þ−1=3

ðg − kÞbðabÞg;k ðNc=Nsat
c Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q : ð73Þ

FIG. 2. Evolution of the orbital frequency [left] and eccentricity [right] through the (k ¼ −1) j544 i → j533i transition, with
ðq; αÞsat ¼ ð1; 0.3Þ, ðNc=M2Þsat ¼ 0.13, eðΩ1;−1

sat Þ ¼ 0.05, and in the weak-decay regime. Numerical solution (solid black), floating
period and eccentricity growth [via (68), (69)] (red, dot-dashed), and standard radiation-reaction (RR) vacuum evolution (cyan, dotted).

TRAILS OF CLOUDS IN BINARY BLACK HOLES PHYS. REV. D 113, 124053 (2026)

124053-13



Since ½νðabÞg;k �quasifloat ≲ ½νðabÞg;k �float [c.f. (69)], the impact on
the eccentricity evolution will be somewhat weaker com-
pared to the floating scenario, while the quasifloating lasts
longer than (68). However, quasifloating alleviates at the
same time some of the resonance breaking conditions. We
illustrate the previous discussion with a specific example in
Fig. 3.
Sinking. In contrast to floating, transitions with ΔEab > 0

can drain energy from the orbit, thus accelerating the
inspiral [38]. This sinking of the orbit leads to transitions,
which reduce adiabaticity, limiting the backreaction effects.
This can be seen, in the weak-decay regime, by introducing

a renormalized LZ parameter, i.e., zðabÞl;m;g;k → ζðabÞl;m;g;k ≡
ðηðabÞl;m;g;kÞ2=Ω̇, which can be shown to scale as [44]

ζðabÞl;m;g;k ≃

 
zðabÞl;m;g;k

πb2g;k

!
1=3

: ð74Þ

Hence, as the backreaction parameter becomes large,

bðabÞg;k ≫ 1, the duration of the transition also shrinks, thus
reducing the impact on the orbit. Sinking resonances have
so far been studied only in the weak-decay regime on the
main ðg; kÞ ¼ ðm; 0Þ overtones, and shown to produce,

when bðabÞg;k ≫ 1, a kick in the orbital frequency and
eccentricity followed by transient oscillations [38,45].
However, these types of resonances are a more general
phenomena, for instance, when Δmab > 0, sinking occurs
for co(counter)rotating orbits whenever k > −jΔmabj
(k > jΔmabj). Although the evolution of the eccentricity
during sinking is less predictable, we can show that in the

bðabÞg;k ≫ 1 limit, the evolution equation in (58) implies that a
drop (or jump) in eccentricity is possible for early (or later)

overtones on corotating orbits, whereas on counterrotating
orbits the eccentricity always decreases. The criteria is
reversed, between co- and counterrotating orbits, when
Δmab < 0. Furthermore, the stronger the decay, the
smoother the transition, shifting the onset of mixing to
earlier times. In contrast to floating, the presence of strong
decay can therefore have a larger impact on the orbit for
sinking transitions. We illustrate a few dynamical features
of sinking transitions in Fig. 4.
Nonresonant mixing. So far we have assumed the cloud

survives until the resonance. However, for sufficiently wide
transitions, the cloud may be depleted long before the
resonance frequency is reached. Nonetheless, even in such
circumstances, the orbital backreaction can imprint a
significant departure from the standard vacuum evolution.
The depletion of the cloud operates irrespectively of the
sign of ΔEab, and even if the resonance conditions are not
met. For this nonresonant behavior, the strongest overlap
turns out to be with the main overtone, with k ¼ 0, even for
moderate eccentricities. In the case of nonresonant mixing,
we solve the evolution of the orbital elements and spin
angles in frequency via perturbative mixing using (52).
Regardless of the sign of ΔEab, from (57) and (58), we find
that for Δmab < 0 on corotating (g ¼ −Δmab) orbits, the
backreaction to nonresonant mixing tends to make the
transition more adiabatic, while the eccentricity depletes
faster than in vacuum. These features are reversed for
counterrotating (g ¼ Δmab) orbits with Δmab < 0. The
exact opposite occurs for transitions with Δmab > 0.
Precession effects on resonances. The precession of the

orbit can influence the position and duration of the reso-
nances. The non-Keplerian flow of ϑ̇, together with fξ̇; κ̇g,
compete with the orbital frequency Ω, affecting the reso-
nant condition [cf. (25)]. For instance, consider the apsidal
precession, which involves an interplay between PN, V1PN,

FIG. 3. Time evolution of the orbital frequency [left] and frequency evolution of the eccentricity [right] through the j322i → j311i
transition, with ðq; αÞsat ¼ ð0.1; 0.22Þ, ðNc=M2Þsat ¼ 0.33, and eðΩsat

g;kÞ ¼ 0.1. Numerical solution (solid black) and radiation-reaction
vacuum evolution (cyan, dotted) are shown in both cases for the corotating case (g ¼ 1, k ¼ −1). We also illustrate the growth of
eccentricity for the k ¼ −2 counter-rotating overtone (blue).
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and the multipolar, VQ, corrections. We can estimate the rate
of precession at the resonance (MΩ ∼ αp) as follows10:

χ̇

Ω

����
1PN

∼ α2p=3
ð1þ qÞ2=3
1 − e2

; ð75Þ

χ̇

Ω

����
Q20

∼ α4p=3−3
Nc=M2

ð1þ qÞ2=3
1

ð1 − e2Þ3 : ð76Þ

It follows that for all H=F resonances (p ¼ 5, 7), the
correction due to precession is negligible for q ≲ 1 and
e≲ 0.5. Hence, for our purposes in this paper, we can
neglect the impact of precession on the resonance con-
ditions. However, that is no longer the case deep into the
Bohr regime, nor for highly eccentric orbits.
Stability. Finally, as a prelude to the general situation, let

us analyze the dynamical equations in the vicinity of the
equatorial case and for the dominant g ¼ �m resonant

transitions. Using that ðηðabÞl;m νÞg;k > 0 [c.f. (49)], from (62),
we can read off the following condition:

sgnð∂t cos βÞ ¼ sgnðm − g cos βÞ; ðSc ≫ LÞ; ð77Þ

which can be used to study the stability of planar orbits in
the IMRI/EMRI limit. In particular, for allowed transitions
with Δmab < 0 (m > 0) near corotating orbits (g ¼ m,
jβj ≃ 0, cos β ≲ 1) β decreases, yielding a stable configu-
ration. In contrast, near counterrotating orbits (g ¼ −m,
jβj ≃ π, cos β ≳ −1), an increasing β makes the equatorial

orbit unstable. The situation is reversed for allowed tran-
sitions with Δmab > 0 (m < 0).
For comparable masses, from (63), we find

sgnð∂t cos βÞ ¼ sgnðm cos β − gÞ; ðSc ≪ LÞ: ð78Þ

The above condition implies that for all Δmab > 0 allowed
transitions (m < 0), both corotating and counterrotating
equatorial orbits are stable. However, transitions with
Δmab < 0 (m > 0) along equatorial configurations become
unstable to small perturbations.
Let us emphasize two important points regarding the

above discussion. First of all, it applies exclusively to
resonant transitions with g ¼ �m, which dominate in the
vicinity of β ¼ 0 or β ¼ π. Depending on the initial
conditions, subdominant resonant transitions (having a
small but nonzero overlap) may still render quasiplanar
orbits unstable. This is the case when an attractive fixed
point emerges, away from the equatorial plane. As we shall
see shortly, such scenarios arise for transitions with g > m,
and more prominently, in the q ≪ 1. Secondly, the rate of
growth (decrease) of β towards the fixed points depends on
various parameters, including the type of transition, mass
ratio, and the cloud’s density. Therefore, although in theory
some equatorial orbits are unstable, in practice, they may
not all experience large perturbations. Both these features
have relevant phenomenological implications to which we
return in the following section.

D. Misaligned orbits

We move now onto the more general case of misaligned
orbits with β∈ ½0; π�, focusing on the phenomenologically
relevant cases of (quasi)floating and nonresonant mixing.

FIG. 4. Time evolution of the orbital frequency [left] and eccentricity [right] during a sinking (early Bohr) transition j211i → j54 − 4i
on the counterrotating orbit for ðg ¼ −5; k ¼ −1; 0; 1Þ overtones (dashed purple, solid red, and dot-dashed green), with
ðq; αÞsat ¼ ð0.05; 0.1Þ, ðNc=M2Þsat ¼ 0.33, eðΩsat

g;kÞ ¼ 0.05, respectively. The appearance of the shaded band is due to the rapidly
oscillating nature of the solution. Therefore, we also plot the averaged solution in the case of k ¼ −1 resonance (black). The
corresponding vacuum evolution is indicated in dotted cyan.

10The periapsis precession originating from the 1PN potential
obeys χ̇1PN > 0, while the sign of χ̇Q depends on the angular
profile of the cloud and the mixing dynamics.
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As a side product, we will also provide flow diagrams
highlighting the dynamics near the equatorial limit. As
before, we restrict our attention to the region of parameter
space in which precession effects do not modify the
resonance behavior (see Appendix B).
Floating fixed points on inclined circular orbits. Let us

consider first an idealized floating scenario, i.e., Ω̇ðabÞ
g;0 ≃ 0

and Γ̄−
ab ≃ 0, on a circular orbit.11 Resonances are possible

provided fðabÞg;0 > 0, i.e., g > 0, with both s ¼ �1. In these
circumstances, and using (69), we can find a closed-form
solution to (60):

cos β ≃
�
m
g
−
�
m
g
− cos βð0Þ

�
exp−



bg;0
wg;0

t
bg;0

��
;

ðSc ≫ LÞ; ð79Þ

cos β ≃
cos βð0Þð1þ ma

ðã=NcÞÞ − t
bg;0ðã=NcÞ

1þ ma
ðã=NcÞ −

g
m

t
bg;0ðã=NcÞ

; ðSc ≪ LÞ:

ð80Þ

Let us consider the IMRI/EMRI limit first. For g ¼ m
overtones ðΔmab < 0Þ, we find that βðtÞ → 0, consistently
with our previous discussion on stability. In contrast, for
g ¼ −m > 0 ðΔmab > 0Þ, the situation is reversed and
βcr ¼ π becomes a fixed point. Let us emphasize, however,
that other fixed points are also possible. For instance, for
m=g < 1, the condition cos βcr ¼ m=g determines a series
of attractor points; whereas, for m=g > 1, there is no real
solution, and therefore, βðtÞ → 0.
In the comparable-mass limit, the obliquity is governed

primarily not by the transfer of momentum from the cloud
to the orbit, but by the cloud’s internal dynamics. This
yields the milder behavior shown in (80). For example, in
the diluted-cloud limit, ã=Nc → ∞, one recovers the
expected βðtÞ ≃ βð0Þ. The more interesting regime turns
out to be when ã=Nc ≃ 1. As noted in (78), transitions with
g ¼ m > 0 make the critical point at βcr ¼ 0 unstable.12

More generally, for resonances with g ≠ m, the fixed points
are unstable when g=m < 1, whereas for g=m > 1, the
would-be fixed point lies outside the real domain and the
evolution instead drives βðtÞ → π.

Throughout the previous discussion, we assumed the
floating conditions (70), (71) are satisfied. However, since

the overlap depends on the obliquity ηðabÞl;m;g;k ∝ dðlÞmgðβÞ,
analogously to the arguments below (71), the sustainability
of a floating configuration is not always guaranteed. As an
example, let us consider the g ¼ m resonant overtone, first

in the IMRI/EMRI limit. Here, we have that ηðabÞl;m;m;k ∼
dðlÞmmðβÞ is maximal at β ¼ 0 and goes smoothly towards
zero at β ¼ π. For orbits starting at βð0Þ ≃ π, the floating

conditions require that bðabÞg;k is sufficiently large [cf. (70)] to

offset the angular suppression dðlÞmm ∼ ðβ − πÞ2m. Yet, once
floating begins, it can become progressively more sustain-
able as βðtÞ → 0. This changes for the case of comparable
masses, where a fixed point is present at βcr ¼ π. In such a
case, starting at βð0Þ ≃ 0, the dynamical evolution would
move towards resonance breaking instead. These two
situations are somewhat similar to the differences in the
evolution of the eccentricity on equatorial orbits for early
and late overtones, respectively.
Floating on generic orbits in the IMRI/EMRI limit. The

most general situation involves orbits with both β ≠ 0 and
e ≠ 0. In this scenario, there is an interplay between g and k
overtones that can lead overtone degeneracy. More con-
cretely, to the existence of a tower of overtone pairs ðg; kÞ,
ðg0; k0Þ; � � �, that may resonate at the same orbital frequency,
provided g − k ¼ g0 − k0 ¼ � � � ¼ d [see (54)]. [Recall

Σ̇ðabÞ
g;k ≈ ðg − kÞϑ̇ [see (28)].] This possibility arises when-

ever Ylgðπ=2; 0Þ ≠ 0, which ensures a nonzero mixing
overlap [cf. (24)]. Although more involved, these degen-

erate overtones share the same Bloch variables ðν; uÞðabÞd ,
which allows us to simplify the problem. Let us first
consider the weak-decay regime and assume that the

floating conditions are valid, i.e., Ω̇ðabÞ
g;k ≃ 0, Γ̄−

ab ≃ 0.
Under these assumptions, we find, generalizing (69),

½νðabÞ�floatd ≃
fðeÞ

ðg − kÞbd
P

ðg;kjdÞsgnðηðabÞl;m;g;kÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q ; ð81Þ

where
P

ðg;kjdÞ indicates a sum over degenerate overtone

pairs. Notice that in (69) the factor of sgnðηðabÞl;m;g;kÞ is
inconsequential, since an overall sign does not alter the
physics [38]. However, as we shall see, for degenerate
overtones the relative signs turn out to play an important
role. Substituting (81) into (58) and (62), and performing a
change of variables dt → −dσ=ð−σ̇Þ, the evolution equa-
tions for fe; βg become

11Contrary to the claims in [45], the circular limit is consistent
with β ≠ 0 (see Appendix E).

12The resulting instability in (80) grows slowly for βð0Þ ≃ 0,
as long as ma > m. By contrast, for ma < m, the weak-decay
approximation breaks down. We discuss representative examples
in Sec. V.
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de2

dð−σÞ ≃
�
bd
wd

�ðabÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
d
P

ðg;kjdÞðgðeÞfðeÞ −
g
dÞsgnðηðabÞl;m;g;kÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
3
P

ðg;kjdÞsgnðηðabÞl;m;g;kÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q ;

d cos β
dð−σÞ ≃

P
ðg;kjdÞ½ðbdwd

ÞðabÞ ðm−g cos βÞ
3
ffiffiffiffiffiffiffiffi
1−e2

p − ðg−m cos βÞ
scðσÞ �sgnðηðabÞl;m;g;kÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
2
P

ðg;kjdÞsgnðηðabÞl;m;g;kÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q : ð82Þ

FIG. 5. Eccentricity/obliquity fe; βg flow for degenerate overtones ΩðabÞ
ðg;kjdÞ ¼ ðm=dÞΩðabÞ

0 in the limit ðbd=wdÞðabÞ ≫ 1 [via (82)] for
l ¼ 2 and: ðm; dÞ ¼ ð2; 2Þ [upper left], (2,3) [upper right], (1,2) [lower left], and (1,3) [lower right]. Fixed points are indicated by
red dots, and (nonequatorial) separatrices by purple and green dashed curves. The strongest (eccentric) overtone on the left diagrams
corresponds to the main one, at k ¼ 0, while on the right the strongest one is at k ¼ −1. The lower panel exhibits the nonequatorial fixed
points at ðe; βcrÞ ¼ ð0; π=3Þ [left; cf. (79)] and ð0.48; π=4Þ [right].
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As expected, the factors of sgnðηðabÞl;m;g;kÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
zðabÞl;m;g;k

q
cancel out

for a single dominant overtone but remain in the more
general degenerate case. Notice that, in the bd=wd ≫ 1
limit, the evolution equations become autonomous
[depending only on ðβ; eÞ] and scale-free [after absorb-
ing the overall factor into a new “time” variable
σ → ðbd=wdÞσ], which allows us to construct a series of
flow diagrams. We illustrate four different situations in
Fig. 5.13 In addition to fixed points in the eccentricity at
β ¼ 0 (equatorial), and the obliquity at e ¼ 0 (circular),
fixed points exist also away from these limits. Moreover,
we also encounter separatrices, originating from zeroes of
the numerator and denominator of (82), that delineate
different regimes. Let us emphasize that, while these
diagrams provide useful guidance, they are constructed
under the assumption of an uninterrupted floating configu-
ration.14 Therefore, they omit regimes in which floating
breaks down. In general scenarios, the evolution of the orbit
will ultimately depend on the initial conditions of the full
system and parameter space, which we will discuss in more
detail in Sec. V.
Nonresonant mixing on generic orbits. Over the secular

evolution of β, the binary may, in principle, sweep across
the entire tower of g overtones, including nonresonant
modes with d ≤ 0. Since our focus is the coevolution of the
cloud and the host binary in the regime fðabÞ ≪ 1, we can
use the low-frequency approximation in (55) to follow
multi-ðg; 0Þ overtones (notice that, for nonresonant mixing,
the k ¼ 0 contribution typically dominates for each value
of g). The low-frequency limit faithfully captures the
cloud’s decay, but it does not fully incorporate the
corresponding orbital backreaction. To restore this effect,
we complement it with the substitution rule, implied by
(57)–(60) (restricted to k ¼ 0),

X
g

gηðabÞl;m;g;0ν
ðabÞ
g;0 →

�P
ggη

2
l;m;g;0P

gη
2
l;m;g;0

Vð1Þ
�ðabÞ

; ð83Þ

where Vð1Þ is defined in (55). This agrees with the low-
frequency limit of the equatorial dynamics, when only one
overtone has support.

V. PHENOMENOLOGY

For a given BH mass at the saturation point of super-
radiant growth, we can probe a range of ultralight bosons—
set by μ ¼ αsat=Msat—through their imprint on GW signals
from compact binaries. To determine the cloud properties at
saturation, we adopt a quasiadiabatic model of superradiant
evolution [13,15,16], which fixes the relevant parameters
and the cloud’s state ðjaiÞ, given the initial mass of a
rapidly spinning BH (see Appendix F for details).
Astrophysical and cosmological formation scenarios then
provide priors for the compact binaries containing BHs
capable of hosting a boson cloud, including distributions
for the (initial) orbital elements fΩ; e; βgin [82–104]. We
coevolve the gravitational atom and its host binary—
consistently tracking level-mixing and precession effects,
as well as resonant and wide-state transitions—until either
the cloud is depleted, or largely disrupted; or it survives into
the detector’s band. Both branches yield testable predic-
tions. Early depletion generates changes in the distribution
of orbital and spin elements relative to cloud-free baselines,
whereas long-lived clouds produce notable in-band signals.
Following [85], the Letter presented a proof-of-concept

population study under the assumption of corotating,
equatorial field binaries carrying a boson cloud. Here,
we lift these restrictions and incorporate several new
features into a unified model. Although a comprehensive
analysis that encompasses all relevant effects lies beyond
the scope of this paper—for example, during the early
inspiral the binary may be influenced by relaxation and
environmental effects, e.g., [83,105–109], and by dynami-
cal friction [39,42,45] at later stages—we highlight key
elements and isolate robust signatures that furnish concrete
targets for GW searches and set a clear path forward for
future analyses.
We highlight our main results for stellar-mass

f5≲Msat=M⊙ ≲ 150; 0.1≲ q ≲ 10g and IMRI/EMRIs
f102 ≪ Msat=M⊙; ð10M⊙=MsatÞ ≲ q ≲ 10−2g separately.15
We defer the more technical details to Appendix F. For
the sake of notation, we will also drop the “sat” label in the
remainder of this section.

A. Stellar binaries

In what follows, we take tage ≃ 108 yr as a reference
value for the j211i and j322i excited states, but consider

13Similar plots can be found in [45], which however differ
significantly from ours. The discrepancy arises from missing
terms in [45], as well as the authors’ omission of degenerate
overtones (see Sec. VI).

14Moreover, they also illustrate the approximate location of the
true fixed points of the system. This is because, in the IMRI/
EMRI limit, the term in (62) vanishes by construction at the fixed
points, promoting the (would-be subleading) contribution in (63)
to a leading role. In practice, this slightly shifts the value of the
fixed points relative to those displayed in the figures.

15The case for the intermediate-mass regime,M ≃ 102–104M⊙,
has strengthened in recent years, with multiple lines of observa-
tional evidence, e.g., [110], including constraints on their spins
[111]. The lower-mass region will be within reach of forthcoming
LIGO-Virgo-KAGRA observing runs [112], and further explored
by third-generation detectors such as ET [25]. LISA, in turn, is
expected to survey intermediate-mass systems across a broad range
of parameter space, while also accessing the 104–105M⊙ region
thought to inhabit the nuclei of dwarf galaxies [113].
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also scenarios with tage ≳ 109 yr that can populate the j433i
state for higher values of α (see [35] and references therein
for a discussion on tage values).
Chronology of the j211i state. The first growing mode

remains viable, provided 0.01ð0.02Þ≲ α≲ 0.09 (0.11) for
M ≃ 5M⊙ð150M⊙Þ. Possible transitions then include
quadrupolar H transitions j211i → fj210i; j21 − 1ig and
early B transitions (l ≥ 4) j211i → fjlðl − 1Þ − ðl − 1Þi,
jðlþ 2Þðlþ 1Þðlþ 1Þig, before entering the deep B regime
and ionization. All of the narrow H resonances are of the
(quasi)floating type, with Δmab < 0, while all early narrow
B resonances are of the sinking type. This is also the case
for the excited states we will study shortly.
In the regime α≲ 0.06, the H transitions occur so early

in the inspiral that they do not affect binaries which merge
within a Hubble time. For such small values of α, only
clouds that form after theH transitions can grow and survive
long enough to enter the detector band. Once there, they
encounter early (sinking) B resonances which, while not
sufficiently adiabatic to disrupt the cloud, can still imprint
significant changes to the orbital evolution. Subsequently,
the system is governed by the ionization-driven inspiral and
the deeper B regime; see, e.g., [114] for a preliminary study.
For larger values of α, 0.06≲ α≲ 0.1, boson clouds can

undergo H transitions before the binary enters the detector
band; see Fig. 6. In this case, the strongest resonances [with
ðg; kÞ ¼ ð2; 0Þ] efficiently deplete the cloud across most of
parameter space, except within a narrow region around
counterrotating orbits (β ≃ π).16 From (70), we find that for
e≳ 0.01ðα=0.1Þ8=9 and comparable masses, the strongest

available (k ¼ −3) transition disrupts the cloud.17 By
contrast, binaries on counterrotating orbits with negligible
eccentricity may survive the H regime, although up to
≃50% of the cloud’s mass may be depleted.
Chronology of the j322i state. The next excited state is

supported in the range α ≳ 0.1, and it poses a richer
resonant history. At first we find H resonances: j322i →
fj321i; j320i; j32 − 1i; j32 − 2ig, driven by l ¼ 4 transi-
tions, with the first two also present with l ¼ 2 per-
turbations. Transitions to fj320i; j32 − 2ig are possible
in the equatorial limit. Next, in the F regime, we find a
(wide) quadrupolar transition to the (spherical) state
j322i → j300i, and three (l ¼ 3)-mediated narrower (qua-
sifloating) resonances: fj311i; j310i; j31 − 1ig, where the
middle one is only possible away from the equatorial plane.
All of the F transitions occur in the LISA band in the

lower range of BHmasses, as well asH transitions for large
values of α ≳ 0.3. For high stellar masses, H resonances
fall outside of the band, while F transitions typically occur
inside for α≳ 0.2. Early B resonances, on the other hand,
occur at comparable higher frequencies. (See Fig. 6.)
Depending on the birth frequency, the fate of the cloud is

largely dictated by the wide mixing with the j300i state,

located at Ωð322;300Þ
0 ≃ ð102–103ÞΩð322;32mÞ

g;k and Ωð322;300Þ
0 ≃

ð3–15ÞΩð322;31mÞ
g;k , relative to other transitions (choosing the

strongest eccentric overtones close to the main one at
k ¼ 0). We then consider three basic scenarios for binary
formation: (i) prior to theH regime; (ii) after theH regime;
and (iii) in the vicinity of the F transitions. These regimes
are separated by roughly decades in frequency.

FIG. 6. The value of ΩðabÞ
g;0 for a selection of transitions with M ¼ 70M⊙. For the j211i state [left], to j54 − 4i (blue) and to

fj21 − 1i; j210ig (cyan, full/dashed). For the j322i state [right], to j54 − 4i (blue), to fj300i; j31miðg ¼ 1Þ; j31miðg ¼ 3Þg (red, full/
dashed/dot-dashed) and to fj320i; j321ig (cyan, full/dashed). The gray dot-dashed line indicates the lowest frequency for a
nonmonochromatic GW signal in the LISA band; while dotted line indicates the lowest frequency for a binary to coalesce within
Hubble time (with q ¼ 0.5; ein ≪ 1).

16In principle, the cloud can also excite some of the earlier
overtones with k < 0; however, due to the width of the main
overtone, for β ≲ π=2 these are comparatively inefficient at
growing the eccentricity.

17Given the expected eccentricity distributions, see, e.g.,
[85,115], most binaries have moderate-to-high eccentricities in
the early inspiral and therefore, satisfy this condition.
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In scenario (i), mixing with the spherical state becomes
relevant toward the upper end of the α range, since

Ωð322;300Þ
0 =Ωð322;32mÞ

0 ∼ α−2, although the narrower H tran-
sitions may still be successfully excited.18 The quasifloat-
ing conditions (70) are easily satisfied even for modest
eccentricities, so that early overtones are the first to be
excited, leading to a moderate growth of eccentricity. Let us
consider a setup analogous to that discussed in the Letter,
but with a fixed boson mass μ ¼ 5 × 10−13 eV, and a
population of binary BHs with component masses
M=M⊙ ∈ ½60; 80� and initial eccentricities ein ∈ ½0.1; 0.6�,
spanning a range of initial obliquities βin. We initialize
the orbital frequency at Ωin=π ≃ 10−4 Hz and evolve the
systems up to the middle of the LISA band, corre-
sponding to a (peak) GW frequency fGW ≃ 10−2 Hz, where

fGW ≃ Ω
π
ð1þeÞ1.1954
ð1−e2Þ3=2 (cf. [116]). The results are shown in

Fig. 7. The left panel displays the distribution of eccen-
tricities for the vanilla superradiant scenario,19 together
with the corresponding distribution obtained for a denser
cloud. Consistent with [44], we find that a sizeable
fraction of binaries (from ≈5% and up to 50% depending
on the density of the cloud) are observed with eccen-
tricities e≳ 0.01 at fGW ≃ 10−2 Hz. The right panel shows

the evolution of the obliquity for a representative con-
figuration with α ¼ 0.25, q ¼ 0.1, and ein ¼ 0.3.
While in quasiequatorial configurations the obliquity

remains nearly unchanged, more generic setups tend to
evolve towards counterrotating orbits. Specifically, for
β ≲ π=2, the k < 0 overtones are excited, driving an
increase in eccentricity, whereas for π=2≲ β ≲ π, the
dominant k ¼ 0 resonance typically operates, reducing
the eccentricity. In nearly equatorial cases, β ≃ f0; πg,
the eccentricity flow is instead governed by mixing with
the j300i state.20
In the (ii) scenario, the cloud is instead formed after

the H regime. In this case, we find that the cloud
depletes through perturbative mixing with the wide
j300i F transition, much before entering the realm of
narrower F resonances. This holds irrespective of the
values for fe; βgin. We find that the obliquity changes
only moderately from its initial value, while eccentricity
decreases slightly more (less) compared to vacuum
evolution for 0≲ β ≲ π=2 (π=2≲ β ≲ π); see Fig. 8.
The (iii) possibility, on the other hand, is interesting for

the case of in-band transitions. Although the strong pull of
the j300i state over the narrower j31mi (and early B)
transitions renders the latter ineffective, deviations from the

FIG. 7. Features of the cloud-orbit coevolution in scenario (i) (see main text), due to the three-state mixing fj322i; j32mi; j300ig,
m∈ f0; 1g. Ratio of binaries observed at fGW ¼ 10−2 Hz with eccentricities above a given value ex, for βin ≃ 0 [left]. We show both the
vanilla case (Mc=M ≃ 0.05, dashed black), as well as denser clouds (Mc=M ≃ 0.2, solid black). Eccentricity/obliquity fe=eRR; βg flow
for vanilla clouds [right], normalized to standard radiation-reaction (RR)-driven evolution in vacuum (eRR), for the specific case
α ¼ 0.25, q ¼ 0.1, ein ¼ 0.3, and seven βin values.

18Restricting to the dominant (l ¼ 2)-driven resonances, the
strongest overtones are ðg; kÞ ¼ ð2; 0Þ, with the one connecting to
j321i occurring first.

19Starting with a highly spinning BH in vacuum (ãin ≲ 1), the
cloud occupancy can be computed for a given ðα; ãÞ at the start of
the each superradiant cycle j211i → j322i → � � �. See Appendix F
for more details.

20The negligible change in eccentricity at βin ≃ π in the plot (to
the right) is a consequence of the given choice of param-
eters (which are meant to illustrate the radical changes in the
obliquity). In fact, large deviations in the eccentricity distribution
can occur also for counterrotating configurations and are due to a
portion of binaries that undergo a handful of strong ðg; kÞ ¼
ð−2;−3Þ resonances.
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standard scenarios may reveal the presence of a boson
cloud; see Fig. 8.21

In summary, across all scenarios the cloud depletes well

before—or at the latest at—Ωð322;300Þ
0 across all parameter

space. Binaries undergoing H transitions attain eccen-
tricities somewhat above the cloud-free baseline, with
obliquity for initially off equatorial orbits being driven
towards the counterrotating limit; see Fig. 7. At the same
time, we find that strong perturbative mixing with j300i
prevents comparable growth in the F regime. Nevertheless,
as shown in Fig. 8, broad in-band transitions can still drive
noticeable departures from standard vacuum evolution.
Chronology of the j433i state. The presence of older

BHs allows for higher excited states to form. For example,
for M ≃ 70M⊙ and α ≃ 0.25, the j433i level overtakes
j322i at tage ≃ 109 yr and for α≳ 0.3, already at
tage ≳ 108 yr, within typical stellar BH ages. For F
transitions to spherical states jnalamai → jna00i, the
selection rule enforces ðl; mÞ ¼ ðla; maÞ, such that the
width decreases rapidly with increasing values of la. As
discussed above, wide transitions can mitigate the impact of
narrower F resonances. In the j322i case, perturbative
mixing with j300i suppressed eccentricity growth in the
region of parameter space considered in the Letter. This
obstruction is lifted, to a degree, for higher excitations, such
as j433i. Although the quantitative details slightly differ,
the full picture developed in the Letter remains qualitatively
robust under general conditions.

For illustrative purposes, we consider clouds that form
after theH regime, taking the same mock distribution as in
the (ii) scenario for j322i. Chronologically, the first over-
tone band is fk ≤ 0; g ¼ 3g of (l ¼ 3)-mediated transitions
to fj420i; j421i; j422ig. As anticipated, and consistent
with our findings in the Letter, sufficiently large initial
values drive the increase of eccentricity for corotating
planar orbits (βin ≃ 0) toward the fixed points, with
negligible change in obliquity. The eccentricity distribution
is shown on the left in Fig. 9, for vanilla as well as for
denser clouds. As illustrated in the plot, an even greater
fraction of binaries (compared to j322i) may achieve large
values of in-band eccentricities at the heart of the LISA
band. Remarkably, a similar distribution arises when
βin ≲ π=2, with somewhat smaller gains in the eccentricity,
but with a more prominent change in the obliquity, dis-
played on the right. For cases with π=2≲ βin ≲ π, the main
(k ¼ 0) resonances are activated, yet they typically shut off
before the cloud is exhausted, enabling the evolution
toward the next band of g ¼ 1 transitions. The eccentricity
then depletes faster than in vacuum, while the obliquity
grows towards the counter-rotating fixed point.
Finally, the most phenomenologically relevant scenarios

for the j433i state are those in which resonance transitions
occur within the detector band. As a representative example,
consider a binary that forms close to the g ¼ 1 resonance
band with βin ¼ 3π=4, where it encounters the strongest
transition, j433i → j421i. In Fig. 10, we show the evolution
of the peak frequency and obliquity, with the dotted curve on
the left panel corresponding to the standard vacuum case.
Strikingly, the right panel illustrates how the cloud-driven
evolution of the obliquity is orders of magnitude larger than
relativistic effects. (For instance, even assuming a non-
negligible spin for the companion, which for simplicity

FIG. 8. Evolution of the (normalized) eccentricity and obliquity [left] due to the wide mixing j322i → j300i in the (ii) scenario (see
main text); with α ¼ 0.2, q ¼ 0.1, ein ¼ 0.3, and seven different values for βin. Evolution of the peak GW frequency over the timescale
of the LISA mission in the (iii) scenario [right]; for a ð50þ 25ÞM⊙ binary on near equatorial co- (black) and counterrotating (blue)

orbits, with Ωin ¼ 0.12Ωð322;300Þ
0 , ein ¼ 0.05, α ¼ 0.28.

21The closer the binary system lies to the Ωð322;300Þ
0 resonant

frequency, the more pronounced the backreaction from the
transition becomes. For βin ≲ π=2, this can even induce a transient
outspiral that remains observable in band, whereas for βin ≳ π=2
the binary can undergo a temporary growth of eccentricity.
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we have ignored in this paper, the relativistic evolution of the
obliquity, β̇GR, would first enter at 2PN order.)

B. EMRI/IMRI binaries

We organize the discussion similarly to the stellar case.
However, in contrast to stellar binaries, for the α≲ 0.3
range that we focus on in this paper, the j211i and j322i
states are the only relevant ones for very massive BHs
carrying a boson cloud (see Fig. 11).
Chronology of the j211i state. The window of support for

the first excited state is 0.015≲ α≲ 0.11 for the intermedi-
ate mass case, M ≃ 104M⊙, and 0.03≲ α≲ 0.15 for bigger
BHs, M ≃ 106M⊙, respectively. Generically, j211i states
which are sensitive to theH regime do not coalesce within a
Hubble time, and therefore, are not relevant for our purposes

here (see Fig. 11 and Appendix F). Likewise, early (sinking)
B resonances, which do not lead to the disruption of the
cloud, also lie outside the band of present and future GW
detectors. The fingerprints of the j211i state on GW
observables are thus encoded in transitions occurring deeper
into the B regime, where ionization effects become relevant.
We do not discuss this possibility in this paper, see, e.g.,
[45,46] for preliminary results.
Chronology of the j322i state. Outside the α range

relevant for the j211i state, and for M ≳ 103M⊙, the j322i
state remains stable throughout the α≲ 0.3 interval con-
sidered here. In the window 0.1≲ α ≲ 0.2 (for the fiducial
values in Fig. 11), binaries that may merge on timescales
shorter than a Hubble time are primarily influenced by the
F regime, which is typically encountered before the system
enters the LISA band. For larger α, binaries may

FIG. 9. Features of the cloud-orbit coevolution for j433i in the F regime. Ratio of binaries observed at fGW ¼ 10−2 Hz with
eccentricities above a given value ex, for βin ≃ 0, and both for vanilla and denser clouds [left]. Flow of (normalized) eccentricity and
obliquity for the specific case α ¼ 0.25, q ¼ 0.1, ein ¼ 0.3 and six different βin values, considering only vanilla-type clouds [right].

FIG. 10. Evolution of the peak GW frequency fGW [left] and the obliquity [right] over the nominal LISA mission lifetime for the
j433i → j421i F -transition, with α ¼ 0.28, ð50þ 30ÞM⊙, ein ¼ 0.1, and βin ¼ 3π=4.
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additionally excite H resonances, depending on their birth
frequency and on astrophysical constraints.
We examine two broad dynamical regimes, distinguished

by whether the host binary is either (i) shaped by the
cloud’s H-transition sequence, or (ii) born in the radiation-
reaction-driven phase after theH regime has passed. Unlike
in the stellar-mass case, scenario (i) is only weakly affected
by the broad transition to j300i, so that earlier overtones
can proceed essentially uninterrupted. Yet, these transitions
typically occur well before the LISA band, so any transient
eccentricity growth is largely erased by the time the system
becomes observable. The situation is markedly different for
the obliquity. Because of the presence of fixed points, and
the fact that a cloud-free inspiral exhibits no comparable
changes, gravitational atoms can leave a pronounced and
qualitatively distinct imprint on the observed values of β.

We consider two paradigmatic examples in Fig. 12.22

Each trajectory exhibits three clearly separated stages. We
initialize the system with orbital parameters chosen close to
a resonant transition; the early evolution therefore proceeds
as a standard, radiation-reaction-driven inspiral. At a later
time, the orbit sweeps into the relevant resonance and the
binary transitions into a quasifloating phase. Finally, once
the cloud has been sufficiently depleted, the inspiral
resumes its vacuum-driven evolution, which we follow

FIG. 11. Position of the resonance transitions for M ¼ 104M⊙. Same conventions as in Fig. 6, and assuming q ≃ 10−3.

FIG. 12. Eccentricity/obliquity flow for ðα; qÞ ¼ ð0.3; 10−3Þ. We show on the left trajectories initialized near Ωð322;321Þ
2;0 , for ein ¼ 0.05

and βin ∈ f0.2; π=6; π=4; π=3; 5π=12; π=2 − 10−1g (solid), together with a near-co-rotating configuration with ein ≃ 0.025 and βin ¼
10−2 (black dashed). The numerical curves are overlaid on the analytic flow obtained under idealized floating conditions (lower-left

quadrant of Fig. 5). On the right, we use initial conditions chosen near the overtone Ωð322;321Þ
2;−1 . We take ein ¼ 0.1 and

βin ∈ f10−2; π=6; π=3; π=2 − 10−2g, and superpose the resulting trajectories on the analytic prediction (lower-right quadrant of Fig. 5).

22For the cases shown in Fig. 12, the condition that the binary
reaches the LISA band within a Hubble time requires
M ≲ 5 × 104M⊙. For smaller α ≃ 0.2–0.25, the backreaction is
even larger (and thus, the floating time). Consequently, the BH
mass range that will not be filtered out from coalescing within a
Hubble time is shifted downwards (see also Appendix F).
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for a further interval up to the point of (almost) complete
depletion.
The left panel illustrates a configuration in which the

binary enters the H regime with initial eccentricity ein ≪ 1
and obliquity βin < π=2. In this case, the first (adiabatic)
transition encountered is j322i → j321i with g − k ¼ 2
(since ein ≪ 1 renders the early overtones ineffective),
featuring a fixed point at fecr; βcrg ≃ ð0; π=3Þ. We find
that the semianalytical (idealized) floating approximation
in (82) captures the dynamics remarkably well away from
the fixed point (see the discussion in Sec. IV D). For the

cases with larger βin, initialized at Ωin ¼ 0.4Ωð322;321Þ
2;0 , GW

emission from the cloud reduces the occupancy by a factor
of ≃Oð10Þ before floating begins; nevertheless, the strong
drive toward the fixed point remains clearly visible (solid
curves). For a configuration with dynamical capture closer

to resonance, Ωin ¼ 0.8Ωð322;321Þ
2;0 , we find that the push

toward the fixed point is unavoidable even for a quasie-
quatorial setup with βin ≃ 10−2 (dashed curve).23 In the plot
to the right, we consider a moderately eccentric binary
initialized prior to the g − k ¼ 3 overtone, with

Ωin ¼ 0.9Ωð322;321Þ
2;−1 . We observe the same eccentricity

growth as in previous examples in §VA. However, these
occur much before the LISA band, and can only leave a
significant remnant value for M ≃ 103M⊙. Crucially, the
growth of obliquity toward the off equatorial fixed point is a
generic feature that persists even for larger BHs.
The features shown in Fig. 12 correspond to configu-

rations with initial obliquities βin ≲ π=2. The qualitative
picture remains unchanged in the complementary regime

βin ≳ π=2, where trajectories typically alternate between
phases of standard radiation-reaction-driven evolution and
intervals in which the dynamics closely follows the analytic
flow in Fig. 5 toward the fixed points. While resonant
effects weaken as βin approaches the counterotating limit
(particularly, for ein ≪ 1), we nonetheless find that,
through the combined action of narrow resonances, cloud
GWemission, and the broad j322i → j300i transition, most
binaries—including quasi-circular systems with βin ≃ π—
undergo substantial depletion, reaching Nc=Nsat

c ≲ 10−6,

before the orbital frequency reaches Ωð322;300Þ
0 .

Let us now turn to the scenario in (ii). As in the stellar-
mass case, the presence of the wide transition j322i →
j300i, on top of the narrower F resonances, plays a crucial
role. On the one hand, the effective width of the transitions
is narrower than in the comparable-mass limit [cf. (56)]. On
the other hand, the larger orbital backreaction slows down
(speeds up) the inspiral for βin ≲ π=2 (βin ≳ π=2), thus also
prolonging (shortening) the depletion. At the same time,
and unlike the stellar case, the stronger orbital backreaction
enables narrower transitions j322i → j31mi, m∈ ½−1; 1�,
to have a more prominent role. This complicates a
straightforward repetition of our previous analyses. For
illustrative purposes, we therefore highlight below a few
representative phenomenological examples, and defer a
more comprehensive investigation of the interplay between
wide and narrow F transitions in the q ≪ 1 limit to
future work.
Let us consider a binary with a BH of mass

M ≃ 103–104M⊙, carrying a boson cloud in an IMRI with
q ¼ 10−2. We initialize the system after theH regime, with

Ωin ¼ 5 × 10−2Ωð322;300Þ
0 , and evolve until the vicinity of

Ωð322;300Þ
0 . The obliquity/eccentricity flow (relative to radia-

tion-reaction in vacuum) is shown in Fig. 13 for two values of
the initial eccentricity, ein ¼ 0.05 (left) and ein ¼ 0.2 (right).

FIG. 13. Flow of fe=eRR; βg (relative to vacuum) due to F resonances combined with wide mixing. We set α ¼ 0.3, q ¼ 10−2,

Ωin ¼ 5 × 10−2Ωð322;300Þ
0 and ein ¼ 0.05 [left], ein ¼ 0.2 [right]. (For illustration, black and red curves on the right are initialized at the

onset of the narrow resonance.).

23For smaller values of βin, closer to the co-rotating case, the
binary may be dominated by the j322i → j320i transition, whose
fixed point lies at βcr ¼ 0 [cf. Sec. IV D].
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For the case of low eccentricity, and smallest values of
βin (black, red), the wide transition accelerates the depletion
of both the cloud occupancy and the orbital eccentricity.
The first adiabatic narrow resonance is j322i → j31 − 1i,
ðg; kÞ ¼ ð3;−1Þ [ðg; kÞ ¼ ð3; 0Þ] for black (red),24 yielding
Nc=Nsat

c ≃ 10−7 at the end of the evolution. For the next two
values of βin ≲ π=2 (green, purple), the depletion of the
cloud and changes in the eccentricity are comparatively
slower. For these ranges of the obliquity, narrow resonances
are typically triggered, details of which (growth/decay of e
and β), are somewhat sensitive to the initial conditions. In all
cases, we find that the cloud at the end of the evolution
satisfies Nc=Nsat

c ≲ 10−3. For the second-largest βin (blue),
the interplay between degenerate overtones leads to signifi-
cant eccentricity growth,25 while the cloud is approximately
depleted by Nc=Nsat

c ≲ 10−2. Finally, for the counterrotating
case (gray), no strong narrow resonances are triggered, and
the system is dominated by perturbative mixing. Near orbital

frequencies of the order of Ω ≃ Ωð322;300Þ
0 , we find

Nc=Nsat
c ≃ 1=2. The strong backreaction near Ωð322;300Þ

0

induces the growth of eccentricity shown in the plot (left).
For this trajectory, the cloud can proceed to a sequence of
early sinking-B transitions (which again do not deplete the
cloud), and subsequently, onward to the deep-B regime.
Increasing the initial eccentricity to ein ¼ 0.2 activates

additional early-time overtones, including for near-equa-
torial configurations. The resulting changes in the system
are reflected in the flow chart shown in the right panel.
Notably, binaries with small obliquity (black, red) can
experience a pronounced growth in orbital eccentricity,

outpacing the standard radiation-reaction evolution. While
the behavior at other obliquities depends more sensitively
on the initial conditions, the β ≳ π=2 region exhibits a clear
increase in eccentricity—due to either resonant-induced
growth off the equatorial plane (blue), or wide-transition
effects for counterrotating orbits (gray).
The effects illustrated above become increasingly pro-

nounced as the cloud-hosting binary starts its radiation-

reaction-driven phase closer to the resonance Ωð322;300Þ
0 , as

well as for smaller mass ratios. The qualitative impact of a
given transition also depends sensitively on the obliquity.
For β ≲ π=2, the wide transition alone can in principle
induce a temporary outspiral, followed by a quasifloating
phase. In these situations, although comparatively stronger
than in the stellar-mass case, the influence of narrower
transitions is suppressed and the coalescence time is
prolonged, yielding an almost monochromatic signal in
the LISA band.26 In contrast, for β ≳ π=2, the wide
transition accelerates the inspiral, opening up additional
in-band observational opportunities. In Fig. 14, we show
an example featuring a segment of the evolution of the
peak frequency (left) and the obliquity (right), starting at
the onset of a narrow (g − k ¼ 1) resonance and extending
to the end of the (quasi)floating period, shortly after
which the occupancy has dropped to Nc=Nsat

c ≲ 10−4. We
observe a substantial growth of eccentricity accompanied
by a decrease in obliquity, on timescales compatible with
the LISA mission. This growth of eccentricity makes the
peak frequency evolve much faster than in vacuum (cyan,
dotted). The large final value of the eccentricity at the end
of the transition, e ≃ 0.7, further accelerates the inspiral,

FIG. 14. Peak GW frequency fGW [left] and obliquity [right] for the fj322i; j311i; j300ig mixing, with α ¼ 0.3, ð103 þ 10ÞM⊙,

Ωin ¼ 0.1Ωð322;300Þ
0 , fein; βing ¼ f0.1; 5π=6g.

24Although the k ¼ −1 overtone is triggered for βin ≃ 0, the
growth of eccentricity is only moderate.

25By analyzing the idealized flows in Sec. IV D, we find the
horizontal asymptote (from above) fe → 1; β → π=2g.

26In the IMRI regime, the typical frequency drift may still
exceed t−1LISA. See [47] for a dedicated study of the detectability of
circular co-rotating orbits in the lower–mass IMRI regime.
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causing the IMRI to exit the LISA band on a timescale
of days.27

VI. SUMMARY AND OUTLOOK

Provided they exist in nature, clouds of ultralight bosons
surrounding BHs in binaries are inevitably transient phe-
nomena—the question is not whether they fade away, but
rather when and how. The timing determines if we witness
their demise unfold within the frequency band of GW
detectors, or whether they imprint measurable changes
into the binary’s orbital parameters relative to (cloud-free)
vacuum evolution. The mechanism, in turn, fixes the
character and strength of the observable signatures.
Building on the worldline EFT approach [52–56], in this
paper, we developed a unified formalism that tracks the
nonlinear dynamics of the gravitational atom and its host
binary on generic orbits. Armed with this powerful frame-
work, we demonstrated the existence of fixed points in the
evolution of the eccentricity and obliquity—both for co-
and counterrotating (planar) orbits as well as off the
equatorial plane—which allowed us to identify several
orbital fingerprints and in-band GW signatures of gravita-
tional atoms in binary systems.
Novel features. We established the following key points

for stellar binaries:
(i) Boson clouds in stellar binaries that form at low

orbital frequencies—prior to the H=F regime but
merging within a Hubble time—are generically
disrupted by resonance transitions, essentially inde-
pendent of the initial eccentricity and obliquity.28

This induces either a substantial modification of the
in-band GW phase evolution or, if it occurs outside
the direct observational window, leaves behind a
characteristic trail in the distribution of orbital
parameters that may be observed at later times.
See Figs. 7–10.

(ii) In-band transitions—whether broad or narrow—
drive pronounced departures from the standard
(cloud-free) GW phase evolution of stellar binaries.
These arise not only from shifts in the peak
frequency and the relevance of higher harmonics,

but also from the evolution of the obliquity, which
can outpace relativistic effects.

(iii) Larger-than-expected values for the eccentricity
—eð10−2 HzÞ ≳ 0.01—are observed in a significant
fraction of corotating ðβin ≃ 0Þ stellar binaries with
q ≲ 0.1 (consistent with our findings in the Letter).
Even greater values may be observed in the presence
of dense clouds. Similar increase of the eccentricity
develops for a portion of stellar binaries with
βin ≲ π=2, q≲ 0.1, with growth of eccentricity
correlated with an increase in the obliquity.

Whereas, for IMRI/EMRI binaries:
(1) Boson clouds around supermassive black holes, with

M ≳ 106M⊙, that are part of an EMRI at (very) low
orbital frequencies, i.e., prior to theH=F transitions,
typically do not enter the detector band within a
Hubble time. This remains true whether the cloud is
dominated by the j211i state at small α, or by j322i
at larger values.29 In contrast, for clouds in binaries
that are born at higher frequencies, i.e., already past
the H=F regime, these may remain undisrupted
until well into the B regime.

(2) Binaries in which an intermediate-to-supermassive
BH (with mass in the range M ≃ 103–106M⊙) is
surrounded by a boson cloud during the early
inspiral—sensitive to the H=F regime—may ulti-
mately reach the detector band. This is especially
true at large α, and, at the upper end of the mass
range, provided q≳ 10−3. In most cases, the cloud is
disrupted outside the direct observational window,
but it may still leave behind observable signatures of
its prior existence.30

(3) The obliquity distribution exhibits strong resonance-
driven structural changes with respect to stellar-mass
binaries, together with a more direct correlation with
orbital eccentricity. We identify two characteristic
features in the resulting populations:
(a) Binaries clustering on quasicircular orbits—due

to the large separation between the H transi-
tions and the LISA band—with obliquities in
the range β∈ ½3π=8; π=4� (Fig. 12).

(b) Moderate-to-highly eccentric binaries grouped
near β ≃ f0; π=2; πg (Fig. 13). The increase in
eccentricity over vacuum evolution is more
robust for β ≳ π=2, whereas the β < π=2 region
is more sensitive to wide mixing, which tends to
lower the eccentricity on long timescales.

(4) In-band transitions may occur in the IMRI regime.
For cases with βin ≳ π=2, depending on the initial

27Note that at the end of the resonance, the periastron distance
remains parametrically separated from the innermost stable
circular orbit, ½að1 − eÞ�resþ=rISCO ≃ 25, and thus, our PN-based
calculation remains valid. This may not hold in more extreme
examples, where counterrotating resonances could precipitate the
plunge.

28Due to the absence of F transitions, clouds in the j211i state
with 0.05 ≲ α≲ 0.1 can survive the early inspiral, provided the
orbit is nearly counterrotating (βin ≃ π) and the initial eccentricity
is small (ein ≪ 1). More generally, if dynamical captures at
higher orbital frequencies can be realized, boson clouds can also
persist beyond theH=F region and into the B region, irrespective
of the initial state. In particular, for α < 0.05, the boson cloud
does not encounter adiabatic resonances prior to the B regime; see
Fig. 6.

29The (non)resonant transitions prolong the inspiral for the
later, whereas for the former the dominant effect arises from the
orbital influence due to the cloud’s own GW emission.

30A significant portion of the cloud may however survive if the
binary enters a radiation-reaction-driven phase right before the
F regime, and with βin ≃ π on a quasicircular (ein ≪ 1) orbit.
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value, ein ≳ 10−2, the resonance can trigger a sub-
stantial increase of the eccentricity that can speed up
the binary’s progression towards coalescence. The
increase in eccentricity is correlated with a decrease
in the obliquity (Fig. 14).

Our results provide a basis for turning both detections
and null results into constraints on putative ultralight
particles via precision data, both for stellar and EMRI/
IMRI binaries.
Comparison with previous work. A first step toward

characterizing the orbital dynamics of misaligned configu-
rations was taken in [45], albeit restricted to the q ≪ 1
limit. While we concur with some of the qualitative results
—such as the disruption through resonances for boson
clouds formed in the early binary inspiral (at low frequen-
cies), phenomena which we show here for the first time
persists into the comparable-mass regime—the analysis
in [45] does not include all effects required for a compre-
hensive and self-consistent description of the system’s full
dynamics on generic orbits. In addition, we find that certain
assumptions and simplifications, both in [45] and in our
Letter [44], are not always justified. Moreover, although
extremely useful as a guiding principle [38], the complete
reliance on balance laws can hinder the proper description
of the evolution of the system at all times. We identify the
following key issues:

(i) Unlike previous work, our present analysis incorpo-
rates the combined effects of GW emission from the
cloud—qualitatively significant in the H regime—
the dynamical evolution of the background BH
parameters—which leads to a widening of the float-
ing regime—and the introduction of “degenerate
overtones”, a concept that is crucial for capturing
consistent resonant dynamics on generic orbits.

(ii) The use of balance laws—as originally introduced
in [38] and implemented in [44,45]—is well justified
for complete in-out processes and for (very) narrow
transitions. However, capturing the full dynamics
requires the inclusion of the interaction terms
encoded in the Hamiltonian (38). While these terms
are less relevant for the H=F transitions considered
in [44], their influence grows as the width increases,
leading to significant deviations, particularly for
nonresonant mixing (see Appendix E).

(iii) As we have demonstrated here, wide transitions
have a profound impact on the dynamics. Yet they
were largely overlooked in the previous literature
[38,44,45] and only recently considered [47], albeit
restricted to corotating circular orbits. An attempt to
include their effects for more generic configurations
appeared in [117], although it still omits the crucial
interaction term in the balance laws.

(iv) The coupled evolution of the spin and orbital angular
momenta plays a central role in determining the
dynamical equations governing the eccentricity and

obliquity. These effects, which are overlooked in [45],
modify the flow equations and position of the fixed
points in the fe; βg plane, away from β ¼ f0; πg.
(See Fig. 5.) Furthermore, although not the focus of
our present work, precession significantly influences
the position and duration of resonances deep in the B
regime, even for planar orbits [cf. (75)–(76)].

These considerations show that the chronological sequence
of resonances proposed in [45] is altered in a nontrivial
manner. First, while clouds are typically disrupted near
corotating orbits, analogous disruption can also occur in the
counterrotating limit. Second, the presence of nonequatorial
fixed points in the obliquity, together with the broadening
of the transitions, substantially reshapes the resonance
sequence proposed in [45]. Consequently, as demonstrated
throughout this work, the resulting in-band and off-band
observational signatures of ultralight boson clouds around
BHs in binaries are considerably richer than previously
anticipated.
Outstanding questions and prospects. Notwithstanding

the advances achieved in this work, several important
questions remain open that deserve further investigation:

(i) We considered only gravitationally bound clouds. In
principle, self-interactions can influence both the
bound-state spectrum and the superradiant growth
[19–21]. For instance, assuming a standard axion-
like potential, V ¼ μ2f2að1 − cosΨ=faÞ, the effect of
self-interactions on the superradiant evolution is
subdominant for fa ≳ ð10−2–10−3ÞmPl. For smaller
decay constants, on the other hand, self-interactions
may dilute the cloud. Although a more systematic
treatment is in principle needed, as we have shown
here even diluted clouds can dominate over the
quadrupole moment of the parent BH [c.f. (32)].
This motivates the extension of our framework to
include additional couplings beyond the minimal
models we studied here.

(ii) We have ignored relativistic corrections to the
bound-state spectrum, which become important
for α≳ 0.3 [67]. As discussed in [118], one must
incorporate relativistic effects not only in the eigen-
values but also in the scalar eigenfunctions and the
inner product. Although we do not expect these to
modify our qualitative results, they may impact
quantitative values. As shown in Sec. VA, stellar
binaries also populate higher-la states [15], and
relativistic effects may ultimately have a sizeable
impact for large values of α.

(iii) In general, a full description of the dynamics requires
accounting for the simultaneous participation of
multiple levels. The resulting transition patterns are
often intricate, potentially spanning several channels.
In our examples, for each initial eccentricity and
obliquity, we have restricted attention to cases where
level overlap is not expected to introduce significant
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error (see Appendix F). A comprehensive treatment
that evolves all levels concurrently may ultimately be
required to capture the system’s full evolution and to
validate the approximations employed here.

(iv) We have ignored self-gravity effects. As shown
in [47], depending on the density of the cloud,
self-gravity can shift its energy levels and, for some
H-transitions, it can even reverse the sign of the level
splitting. So far this effect has been quantified only
for two (fastest growing) states, la ¼ f1; 2g, on
corotating, equatorial orbits [47]. Let us emphasize,
however, that prior to the H transitions, the inspiral
is slow enough for the cloud’s GW emission to
become relevant, reducing its mass by up to an order
of magnitude and thus, suppressing self-gravity
effects. In addition, because the backreaction param-
eters scale as 1=q in the q ≪ 1 limit, even a diluted
cloud can still leave a notable imprint on the orbital
dynamics. This motivates a more systematic analysis
that robustly characterizes the H regime for
generic cases.

(v) In general, the expansion in (23) is incomplete: a tidal
perturber also sources scalar radiation [39,42,45,117].
Although this channel does not significantly affect
the H and F regimes, it is amplified in the deep B
regime, inducing strong backreaction analogous to
tidal disruption [119]. This has been explored using
numerical relativity in [120–122], and self-force
methods in [43,46,71]. Recent advances within the
EFTapproach [123] suggest a path to analytic control
that merits further study.

(vi) Searching for imprints of scalar clouds in binary BH
orbital parameter distributions demands going be-
yond the mock population study explored here.
Building on well-motivated astrophysical priors,
one must contrast the orbital evolution across three
key scenarios: vacuum binaries, binaries embedded
in baryonic environments (where relevant), and
systems hosting scalar clouds. Such an analysis
would sharpen our ability to disentangle features
uniquely induced by ultralight degrees of freedom
from a dark sector, with particular emphasis on the
emergence and structure of fixed points in the joint
evolution of eccentricity and obliquity.

(vii) Dedicated waveform models encompassing all the
relevant physical phenomena are thererfore essential
to bring our results to ready-to-use form. (For
instance, as in [124,125], by incorporating systems
with large quadrupole moments.) As we have
demonstrated here, the worldline EFT framework
offers a natural (and efficient) way to include finite-
size and environmental effects, which will be acces-
sible with next-generation GW detectors.

We will return to these issues in greater detail in
future work.
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APPENDIX A: FLOW OF ORBITAL ELEMENTS

Phase space. In celestial mechanics, it is customary to
encode the orbital state in phase space through a set of
(generally noncanonical) orbital elements E, which possess
a direct geometric interpretation. Alternatively, one may
employ canonical action-angle variables, such as the
Delaunay pairs D≡ fðϑ;ΛÞ; ðχ; LÞ; ðϒ; LzÞg, where

Λ≡ M3=2qffiffiffiffiffiffiffiffiffiffiffi
1þ q

p ffiffiffi
a

p ðA1Þ

is the canonical action associated with the semimajor axis.
In this language, the symplectic structure appearing in (3)
reads

M̂ ¼ ĜTĴ Ĝ; Ĝ≡ ∂E
∂D

; Ĵ≡
"

0 În
−În 0

#
; ðA2Þ

where Ĝ is the Jacobian for the transformation D → E, Ĵ is
the canonical symplectic form, În the n-dimensional iden-
tity matrix, and n ¼ 3 is the number of canonical pairs [60].
Hence, if the effective mass parameter Mð1þ qÞ evolves
only adiabatically in time, Λ remains an adiabatic invari-
ant, Λ̇ ≃ 0.
If the perturbation enters through the Hamiltonian, the

evolution of the orbital elements follows from Lagrange’s
planetary equations [60] [cf. (4)–(9)]. On the other hand,
for dissipative (or non-Hamiltonian) perturbations, we can
instead express Ė in terms of the perturbing force via Gauss
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variational equations [60,62]. Since Ė depends linearly on
the non-Keplerian perturbation, the total evolution is
simply the superposition of all perturbations acting on
the orbit. This description adopts the osculating viewpoint
that if the perturbation were switched off at time t, the
trajectory would instantaneously revert to a Keplerian orbit
whose initial conditions are given by the instantaneous
values EðtÞ. While the perturbation is active, however, the
motion is in general not Keplerian, and all orbital elements
evolve nontrivially—including the mean anomaly, such
that ϑ̇ ≠ Ω.31

Eccentric anomaly. For general Keplerian orbits it is often
useful, in addition to the mean (ϑ) and true (φ) anomaly, to
introduce E, the eccentric one [60]. The latter is connected to
the orbital radius through the relation R ¼ að1 − e cosEÞ,
and to the mean anomaly via (Kepler’s equation)

ϑ ¼ E − e sinE: ðA3Þ

The relationship between E and φ follows from the
identities,

sinφ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
sinE

1 − e cosE
; cosφ ¼ cosE − e

1 − e cosE
: ðA4Þ

We illustrate the connection between true, eccentric, and
mean anomaly in Fig. 15.
Adiabatic approximation. Typically, we are interested in

the secular evolution on timescales≫ 2π=Ω, i.e.,much longer
than the orbital period. On such timescales, Lagrange’s
planetary equations may be averaged over the fast orbital

motion. Equivalently, one may first perform an orbit average
of the non-Keplerian part of the Hamiltonian and then insert
the result into Lagrange’s equations [60,126],

hHIi≡ 1

2π

Z
2π

0

dϑHIðϑ;EnfϑgÞ; ðA5Þ

where we treat the remaining orbital elements Enfϑg as
constant over a single orbital period. A successful or-
bital averaging of HI immediately implies hȧi ¼ 0 for
conservative perturbations, since the explicit dependence on
the mean anomaly ϑ is removed; cf. (4).
In principle, the presence of an additional dynamical

timescale with characteristic frequency comparable to or
higher than Ω can obstruct this averaging procedure (for
instance, near resonances or when the perturbation varies
rapidly in time). Throughout this work, we implement orbital
averaging wherever it is justified, without always making the
notation h� � �i explicit. For approaches that go systematically
beyond the adiabatic approximation—particularly relevant
for highly eccentric or nearly plunging orbits with
1 − e≲ 0—see, e.g., [127–130].

APPENDIX B: SPIN AND POSITIONAL
ELEMENTS

Euler angles. To track the orbital and spin dynamics with
respect to an inertial reference frame, specified by the unit
vector n, we recast the parameters fκ; β; ξg [cf. (12)] in
terms of the Euler angles associated with the rotations
Rðn;LÞ≡ fϒ; ι; χg and Rðn;SÞ≡ fY; I; xg, through the
composition ruleRðS;LÞ ¼ Rðn;LÞ½Rðn;SÞ�−1. Without
loss of generality, we fix the remaining gauge freedom by
choosing x ¼ 0.
More explicitly, to pass from the frame aligned with n to

the frames aligned with L or S, we use a passive zyz Euler
rotation (in that order),

FIG. 15. The three anomalies in an eccentric orbit. The central object is at F1 and the companion at S, moving along the blue orbit. The
periapsis is P and the apoapsis A. The true anomaly φ is the angle between F1P and F1S. The auxiliary circle used to define the eccentric
anomaly E is centered at C and has radius a. The eccentric anomaly E is the angle between CP and CS0, where S0 is the point on the
auxiliary circle lying on the line through S that is perpendicular to CP.

31Notice that the angular elements χ (argument of pericenter)
and ϒ (longitude of ascending node) become ill-defined in the
limits e → 0 and ι → 0, respectively. In these regimes, one may
switch to alternative sets of (non)canonical elements [60], or
work directly with the Keplerian conserved quantities (see
Appendix E).
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Rða; b; cÞ≡
0
B@

cos c sin c 0

− sin c cos c 0

0 0 1

1
CA
0
B@

cos b 0 − sin b

0 1 0

sin b 0 cos b

1
CA

×

0
B@

cos a sin a 0

− sin a cos a 0

0 0 1

1
CA; ðB1Þ

where ða; b; cÞ denote, respectively, the Euler angles for
fðn;LÞ; ðn;SÞ; ðL;SÞg introduced above. We caution the
reader that, in the zyz convention for ðn;LÞ, the final χ
rotation does not land on the periastron direction, but rather
on a direction shifted by π=2. Since this is a constant offset,
it plays no role in the dynamical content of the main text,
and we suppress it throughout.32 From RðS;LÞ ¼
Rðn;LÞ½Rðn;SÞ�−1, we may then express the obliquity
in terms of the fðn;LÞ; ðn;SÞg angles as

cos β ¼ cos ι cos Iþ cos ðϒ − YÞ sin ι sin I; ðB2Þ

with analogous, albeit more cumbersome, relations
for fκ; ξg.
Spin dynamics. The multipolar couplings encoded in VQ

induce the following evolution equation for the spin of the
gravitational atom [59,61]:

Ṡj
Q ¼ ðRðn;SÞ−1Þjaϵabc

X∞
l¼1

M⋆

l!
QhbLi

∂hcLi

�
1

R

�
: ðB3Þ

Upon shifting l → lþ 1, and using (11) together with
standard STF identities,33 we recover the compact form
reported in (13).
For illustrative purposes, consider the gravitational atom

in a given state (without mixing)[cf. Sec. III B]. In this
case the body is axisymmetric, QhaLi ¼ qlŝhaLi, with

ql ¼
ffiffiffiffiffiffiffiffi
4π

2lþ1

q
Ql0, and ŝ denotes the unit vector along the

symmetry axis. The integral in (13) can then be carried out
explicitly, yielding

dS
dt

¼
X
l≥2

M⋆

Rlþ1
ð−1Þlql

dPlðxÞ
dx

jx¼ŝ·R̂: ðB4Þ

We may further expose the qualitative content of this
equation by performing an adiabatic average. Retaining,
for simplicity, only the leading l ¼ 2 contribution, and
after straightforward manipulations, we obtain

Ṡ ¼ ΩQS × S; ΩQS ≡ 3M⋆

2a3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
3
q2 cos β

J
LS

;

J ≡ Lþ S; ðB5Þ

in agreement with the standard spin dynamics of axisym-
metric celestial bodies; see, e.g., [60,61]. [Notice that the
same result also follows from (14).]
Precession. As shown in (B5), precession effects are an

important part of the spin dynamics, even within a single-
state atomic description. The same parametric scaling,
however, continues to apply in a multilevel setting. This
will allow us to generalize scaling estimates to assess the
impact of precession effects in more realistic, multilevel
scenarios. We begin by comparing the relevant timescales.
Using (B5) combined with (15), and evaluating at orbital
separations near resonance transitions [c.f. (27)], we
obtain

tRR
tQS

∼
αð−2p−9Þ=3

ð1þ qÞ2=3
1 − e2

1þ 7
8
e2

; ðS ≫ LÞ;

∼
α−3−p=3

qð1þ qÞ1=3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

1þ 7
8
e2

�
Mc=M

α

�
; ðS ≪ LÞ;

ðB6Þ

where tRR ≡ L=½L̇�RR and tQS ≡ S=½Ṡ� are the radiation-
reaction and precession scales, respectively. In both limit-
ing cases ðS ≪ L;L ≫ SÞ, we find that tRR ≫ tQS
throughout the parameter space of interest. A similar
estimate (for e≲ 0.6) yields tRR ≫ tSO [132], with tSO
the radiation-reaction scale associated with the standard
spin-orbit coupling (which contributes to precession at
1.5PN order, e.g., [54,126]).
In general, over the long timescales associated with

resonant transitions, we find tfloat ≫ tRR, which precludes
the use of the total angular momentum as a fixed reference
axis. (Indeed, this is one of our main points of disagreement
with the treatment in [45].) Nevertheless, continuing with
the one-level system—where resonant transitions are
absent—as a paradigmatic example, it is then convenient
to adopt a frame aligned with the total angular momentum,
n ¼ Ĵ, which streamlines the derivation, yielding

33One such nontrivial identity is

ŝhaLinhbLi ¼ l!
ð2lþ 1Þð2lþ 1Þ!! ½K1δ

ab þ K2ðŝaŝb þ nanbÞ

þ K3ŝðbnaÞ þ K4ŝ½bna��;

where fŝ;ng are unit vectors and K1 ¼ dxPl, K2 ¼ −d2xPlþ1,
K3 ¼ 2d2xPl þ ð2lþ 1ÞdxPlþ1, K4 ¼ ð2lþ 1ÞdxPlþ1, with
x ¼ ŝ · n. See, e.g., [61] for a review.

32This is the reason why the zxz convention is often adopted in
celestial mechanics, where χjzyz ¼ χjzxz þ π=2 and ϒjzyz ¼
ϒjzxz − π=2. On the other hand, the zyz convention is particularly
convenient here, as it renders the Wigner small-d matrices purely
real [63]. Finally, we caution the reader that our convention for
Wigner’s small-d matrix, dðlÞmg, differs from the one implemented
in Mathematica [131], which corresponds to WignerD×
½fl;−m;−gg; a; b; c�.
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ϒ̇jQ ¼ ẎjQ ¼ ΩQS.
34 The relative strength of the preces-

sion effects discussed in the following remain parametri-
cally valid even in multistate scenarios.
Two observations follow immediately. First, in the

EMRI limit (S ≫ L), we obtain ϒ̇jQ=ϒ̇jSO ∼ α3q, whereas
for comparable masses (S ≪ L), we find instead
ϒ̇jQ=ϒ̇jSO ∼ αp=3−2. Hence, quadrupole-induced preces-
sion can be parametrically important across the relevant
parameter space for comparable-mass binaries, while it is
suppressed in the EMRI regime (in particular, for q≲ α3).
Second, the rates fϒ̇jQ; ẎjQg enter the evolution equa-

tions for fκ̇; ξ̇g and could, in principle, shift the resonance
condition in (25). However, one can show that the ratio

ϒ̇jQ=ΩðabÞ
0 scales with α and q as in (26) for S ≫ L, while

in the opposite regime it follows the scaling of (76). We
therefore conclude [see also the discussion around (76)]
that, within the parameter ranges of interest here, neither
apsidal nor nodal precession appreciably alters the location
of the resonances.35

Spin-orbit misalignment. In extending the analysis to the
fully general n-state case, with n ≥ 2, we find that the
integral in (13) becomes considerably less transparent.
Furthermore, its closed form is not especially illuminating.
Nevertheless, one may verify term-by-term that, to the PN
order relevant here, the resulting equations of motion are
fully equivalent to imposing the constraint (14).
The relation in (14) also enables us to follow the

evolution of the obliquity, cf. (B2). To this end, it is
convenient to express the spin kinematics in the inertial n
frame via the identities below [in direct analogy with the
corresponding relations for the orbital angular momentum;
see (E2)],

dS
dt

¼ ðṠx cosYþ Ṡy sinYÞ sin Iþ Ṡz cos I; ðB7Þ

dI
dt

¼ 1

S
½ðṠx cosYþ Ṡy sinYÞ cos I − Ṡz sin I�; ðB8Þ

dY
dt

¼ cosY
S sin I

ð−Ṡx tanYþ ṠyÞ; ðB9Þ

with S ≡ jSj. After a sequence of algebraic manipulations,
combining (B7)–(B9) with (4)–(9), and using the explicit

structure of the interaction terms in VQ, we arrive at (60).
Crucially, when working in the inertial n frame, the final
result receives contributions from the dynamics of both L
and S.

APPENDIX C: MICROPHYSICS OF
GRAVITATIONAL ATOMS

Hamiltonian and Bloch sphere. Starting from the Klein-
Gordon equation on a Kerr background and carrying out
the nonrelativistic expansion in α, one can obtain the cloud
Lagrangian density (see Appendix A of [37]). From here,
and implementing the field redefinition in (35), we find
(neglecting dissipative effects)

Lc

Nc
¼ 2δ̇ðσ − 1Þ þ 2ΔEabσ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
×
X
l;m;g;k

ηðabÞl;m;g;k cosðδ − ΣðabÞ
g;k Þ: ðC1Þ

The phase space of the system becomes E ∪ fσ; δg.
Performing the Legendre transformation on Lc we obtain
the interacting Hamiltonian (38), and the equations of
motion in (39)–(40) (with Γ̄−

ab ¼ 0).
The decay widths are incorporated by promoting the

two-level evolution to

i∂t

�
ca
cb

�

¼
X
l;m;g;k

0
B@ −iΓa ηðabÞl;m;g;ke

−iEabt−iΣ
ðabÞ
g;k

ηðabÞl;m;g;ke
iEabtþiΣðabÞ

g;k −iΓb

1
CA� ca

cb

�
;

ðC2Þ

which generates the nonsymplectic contribution in (39) and
yields the occupancy evolution in (42). In the single-
overtone ðg; kÞ limit, one may perform a unitary trans-
formation to the dressed frame of (C2) (see, e.g., the
analysis in [38]). This makes it natural to recast the
dynamics in terms of Bloch-sphere variables, defined by

uðabÞg;k ¼ 1

Nc
ðcac�b þ c�acbÞ; νðabÞg;k ¼ −i

Nc
ðcac�b − c�acbÞ:

ðC3Þ

Differentiating (C3) and substituting (C2) leads directly to
(47)–(48). The extension to degenerate overtones is imme-
diate; see the discussion surrounding (81).
Perturbative mixing. The Bloch-sphere formulation

allows us to implement, whenever jσ − 1j ≪ 1, a pertur-
bative mixing approximation. To leading order in ϵ the

constraint equation ½uðabÞg;k �2 þ ½νðabÞg;k �2 ¼ 1 − σ2 gives

34Moreover, unlike in a generic n frame, aligning with J
implies ∂tιjQ ¼ ∂tIjQ ¼ 0; whereas, in general, one would have
∂tιjQ ≠ 0 and ∂tIjQ ≠ 0. In both cases, we find ∂tβjQ ¼ 0, since
here we consider only conservative interactions that keep the
obliquity constant.

35We emphasize, however, an important caveat. Even for g ¼
k ¼ 0 the resonance condition (25) can still be met on misaligned
orbits, providedmκ̇ þ ΔEab ¼ 0. For such shifted resonances, the
required precession rate is realized only at very large eccen-
tricities, or deep into the B regime.
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�ð3Γ̄−
ab∂tF

ð2Þ − ∂
2
t Fð2ÞÞ

½ηðabÞl;m;g;k�2
þ ∂tFð2Þ ∂tη

ðabÞ
l;m;g;k

½ηðabÞl;m;g;k�3
− 2Γ̄−

ab
Fð2Þ

½ηðabÞl;m;g;k�2
�
Γ̄−
ab þ

∂tη
ðabÞ
l;m;g;k

ηðabÞl;m;g;k

�
þ 4

�2

þ
 

ΔðabÞ
g;k

ηðabÞl;m;g;k

!
2�
−8Fð2Þ þ ð∂tFð2Þ − 2Γ̄−

abF
ð2ÞÞ2

½ηðabÞl;m;g;k�2
�
¼ 0: ðC4Þ

Let us now address the adiabaticity assumption that leads
to (52). As this assumption does not hold in general, let us
first consider the decoupling limit, where away from the
highly eccentric limit, we have ∂

τðabÞg;k
∼ ½fðabÞ�8=3=wg;k

[via (15)]. We can use this scaling to check the self-
consistency of dropping derivatives in (C4).
Consider further, for simplicity, a special case Γ̄−

ab ¼ 0,

so that ΔðabÞ
g;k =ηðabÞl;m;g;k ≫ 1 for the perturbative mixing

approximation to be valid. Thus, the term in the second
line of (C4) dominates, where [via (52)]

Fð2Þ=ð½∂tFð2Þ�2=½ηðabÞl;m;g;k�2Þ ∼ w4
g;k½fðabÞ�−16=3:

Hence, as long as ½wðabÞ�4g;k ≫ ½fðabÞ�4=3, which is satisfied

in the regime of our interest (as wðabÞ
g;k ∼ α−5p=6), we can

drop the derivative term. Similar reasoning applies in the
case of a strong-decay resonance.36

The preceding consistency check assumed an inspiral
driven by radiation reaction. However, (quasi)floating
further enhances the adiabaticity of the evolution, most
notably by stalling the orbital frequency (cf. Sec. IV C).
This, in turn, suppresses the relevant (time) derivatives even
more. We illustrate the robustness of the perturbative-
mixing treatment by direct comparison with a numerical
calculation during quasifloating in Fig. 16.
Throughout our perturbative-mixing treatment, we have

used the bookkeeping assignment ηðabÞl;m;g;k ∼OðεÞ, although
the correct expansion parameter is given by the ratio

ηðabÞl;m;g;k=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ΔðabÞ

g;k �2 þ ðΓ̄−
abÞ2

q
. The latter is the reason why

the approximation remains valid even for resonances in the
strong-decay regime. In other words, although the cloud
decay is resonantly enhanced, the relative mixing between

states is still perturbative. That said, the derivation of (52)
relies on the assumption of adiabatic evolution of the orbital
parameters. This, however, fails for sinking resonances, for
which the mixing itself is perturbative but the evolution is
not adiabatic, and (52) ceases to be a reliable approximation
(in agreement with our numerical validation).
Beyond Bloch: Three-state mixing. In most scenarios, we

have considered a two-state (at a time) mixing approach.
However, we often must grapple with a more general
situation, involving an n-state system with n > 2 (see also
Appendix F). In this case, unitarity and phase-space
invariance imply that there are 2n − 2 degrees of freedom
in the occupancy dynamics. For all practical purposes in
this paper, we focus on scenarios with n ≤ 3.
For three-state mixing, the representation in (35) can be

extended as

ca ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ σ

2

r
exp

�
−
i
2
ðΔEab þ ΔEacÞt

�
; ðC5Þ

cb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − σÞð1þ ϱÞ

4

r
exp

�
i

�
δþ 1

2
ðΔEab − ΔEacÞt

��
;

ðC6Þ

cc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − σÞð1 − ϱÞ

4

r
exp

�
i

�
δϱ þ

1

2
ðΔEac − ΔEabÞt

��
;

ðC7Þ

including 2 additional degrees of freedom fϱ; δϱg, such
that in the limit ϱ → �1 the system reduces to the
familiar n ¼ 2 case. The dynamical system simplifies
dramatically if the overlap between the decaying
mode and the additional state is suppressed, i.e.,
jhbjV⋆jcilmj ≪ min fjhajV⋆jbilmj; jhajV⋆jcilmjg, allow-
ing us to perform the same unitary transformation to the
dressed frame as in the two-state scenario. This turns out to be
an excellent approximation throughout parameter space.37

36More explicitly, since in this regime ΔðabÞ
g;k ≃ 0 and

Γ̄−
ab=η

ðabÞ
l;m;g;k ≫ 1, the second line of Eq. (C4) vanishes. More-

over, from the first line of Eq. (C4), we can verify that the
derivative terms are parametrically suppressed, in the sense
that Γ̄−

ab=½ð∂tηðabÞl;m;g;kÞ=ηðabÞl;m;g;k� ∼ ðvwÞg;k. Now, for the transitions

of interest wðabÞ
g;k ≫ 1, and, by construction—from the require-

ment of an adiabatic strong-decay resonance—we have
vðabÞg;k ≫

ffiffiffi
z

p ðabÞ
g;k ≫ 1, implying ðvwÞðabÞg;k ≫ 1. We thus recover

the self-consistency of the adiabatic approximation.

37This is the case since the multistate overlap occurs mostly in
the strong-decay transitions, thus inhibiting the b ↔ c transi-
tions, due to the fast decaying nature of the jbi state. In contrast,
in the weak-decay regime overlaps are typically narrower, in
which case an n ¼ 2 approximation suffices.
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Wecannow introduce the Feynman-Vernon-Hellwarth (FVH)
representation,38 both for the ðabÞ and ðacÞ sectors, i.e., (C3)
and fuðacÞg;k ; νðacÞg;k g, defined by substituting cb → cc in (C3).
Both sectors satisfy constraints that depend on σ and ϱ.
We proceed to analyze the perturbative mixing as in the

two-state case. Using (51), we introduce the same ansatz as
in (52) and expand in ε, assuming the same power-counting

rules: ηðabÞl;m;g;k ∼ ηðacÞl;m;g;k ∼OðεÞ, and suppressing time deriv-
atives (see the previous discussion). After straightforward,
albeit tedious, calculations we arrive at

Fð2Þ ¼ 2½ηðabÞl;m;g;k�2
½ΔðabÞ

g;k �2 þ ðΓ̄−
abÞ2

þ 2½ηðacÞl;m;g;k�2
½ΔðacÞ

g;k �2 þ ðΓ̄−
acÞ2

;

and likewise to an expression for ϱ, which asymptotes to

ϱ → 1 for ηðacÞl;m;g;k → 0, and ϱ → −1 for ηðabÞl;m;g;k → 0. We can
then proceed to implement an extension of the analysis
leading to (57)–(60), now applicable to a three-state
system.

APPENDIX D: OVERTONE EXPANSION
FOR ECCENTRIC ORBITS

Eccentric overtones. In the Letter, we performed an
expansion in overtones in the small-eccentricity limit [44].
In principle, this can be generalized to arbitrary powers
of e. We start by noticing that, for each g overtone, we find
[cf. (24)]

hajV⋆jbilmg ⊃ e−igφð1 − e cosEÞ−ðlþ1Þ; ðD1Þ

where E and φ can be expressed in terms of ϑ as a series in
e (see [60]). For instance, for the exponential factor,

e−igφ ¼ e−igϑ
Y∞
j¼1

e−igαj sinðjϑÞ; ðD2Þ

where αj are coefficients that can be calculated to arbitrary
order in e [e.g., α1 ¼ 2eþOðe3Þ] by the procedure
explained in [60]. We can then further expand each product
factor using the Jacobi–Anger identity, and rewrite the full
expression as

e−igφ ¼
X∞
k¼−∞

Cke−iðg−kÞϑ; Ck ≡
X
fmjjkg

Y∞
j¼1

Jmj
ð−gαjÞ;

ðD3Þ

with Jk are the Bessel functions obeying Jk ∼ ejkj for
e ≪ 1, and fmjjkg indicates a sum over fm1;…; mjg,
obeying the constraint

P
j jmj ¼ k. For the term depending

on the distance, on the other hand, we find both harmonic
and nonharmonic contributions,

ð1 − e cosEÞ−ðlþ1Þ

¼
�
1 − e

�
−
e
2
þ 2

X∞
m¼1

J0mðmeÞ
m

cosmϑ

��−ðlþ1Þ
: ðD4Þ

Notice that eachm term, multiplying (D3), can be absorbed
into the Ck’s by shifting the value of k. Finally, we have

ð1 − e cosEÞ−ðlþ1Þe−igφ ¼
X∞
k¼−∞

C̃ke−iðg−kÞϑ;

C̃k ¼
X
n¼jkj

fnðl; g; kÞen; ðD5Þ

where fnðl; g; kÞ are coefficients that can be calculated
using the procedure outlined above.
Extending the earlier work in the Letter, in this paper, we

implemented the overtone expansion up to Oðe6Þ. This is
sufficient for all the examples studied in Sec. IV and
Sec. V.39 The value of the fnðl; g; kÞ’s can be found in the
ancillary file accompanying the arXiv submission.

FIG. 16. Numerical evolution of the Bloch variable νðabÞg;k
(black) for the transition in Fig. 3, with the perturbative mixing
(52) superposed in orange dot dashed.

38In principle, the Bloch representation (which relies only on
the Hermiticity and unit-trace properties of the density matrix)
introduces n2 − 1 variables. In contrast, the FVH representation
introduces 2n − 1 variables. Only for n ¼ 2 do they coincide.

39We note that in ≲20% of cases, k < −5 overtones are
triggered in the H regime studied in Sec. V. In these cases, we
take fnðl; g; kÞ ≃ 10, motivated by the trend observed for lower
overtones, since Oð1Þ variations in ηðabÞl;m;g;k do not affect the results
shown in Fig. 7. In particular, (i) the excess eccentricity relative to
vacuum evolution is driven by (relatively) later overtones, and
(ii) the earliest overtone that may be triggered depends on the initial
orbital frequency. As a result, a large portion of the binary systems
do not have access to very early overtones.
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Arbitrarily eccentric orbit. The above representation is
particularly well suited to isolating resonant transitions and
estimating their excitation through the coefficients ηðabÞl;m;g;k.
However, even for modest initial conditions, floating can
induce a rapid growth of the eccentricity toward fixed
points—sometimes reaching large values (see Sec. IV C).

In this regime, the overtone decomposition may cease to be
under control, as terms nominally suppressed by powers of
ejkj can become appreciable. To describe these scenarios,
we turn to a formulation of the mixing potential VQ in (37)
that does not explicitly rely on a converging k-overtone
expansion, i.e.,

VQ ¼ −M⋆

X
l;m;g

μNcrlc
Rlþ1

4π

2lþ 1
Ylg

�
π

2
; 0

�
ðIrIΩÞðabjlmÞdðlÞmgðβÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
cos ½δ − Σφ;ðabÞ

g �;

Σφ;ðabÞ
g ≡ gφþ gξþmκ: ðD6Þ

We next change variables from ðϑ; eÞ to ðE; eÞ using (A3). This induces a Jacobian Ĝ0 on the subspace spanned by ðϑ; eÞ,
which can be composed with (A2). Hence, under the transformation,

M̂0 ¼ Ĝ0TM̂Ĝ0;

we obtain a new representation of Lagrange’s planetary equations for E0 ¼ Ejϑ→E. For illustrative purposes, we present
below only the evolution equations for the orbital frequency and eccentricity,

dΩ
dt

����
Q
¼ −

X
l;m;g

ðlime→0ηl;m;g;0Þ ffiffiffiffiffi
γ0

p
b0

ð1 − e cosEÞlþ3
½fðabÞ�4=3½

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
gνφ;ðabÞg − eðlþ 1Þ sinEuφ;ðabÞg �;

de2

dt

����
Q
¼ −

X
l;m;g

ðlime→0ηl;m;g;0Þ ffiffiffiffiffi
γ0

p
b0

½ΩðabÞ
0 �satð1 − e cosEÞlþ3

½fðabÞ�1=3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

× ½e
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
ðlþ 1Þ sinEuφ;ðabÞg þ ½ð1 − e2Þg − gðe cosE − 1Þ2�νφ;ðabÞg �;

νφ;ðabÞg ≡ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
sin ðδ − Σφ;ðabÞ

g Þ; uφ;ðabÞg ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
cos ðδ − Σφ;ðabÞ

g Þ; ðD7Þ

where the trigonometric functions (of gφ) entering in

fνφ;ðabÞg ; uφ;ðabÞg g can be expressed using (A4) in terms of
the eccentric anomaly and orbital eccentricity.

In all numerical evolutions presented here, we employ
the overtone expansion. Over the region of parameter space
of interest, the error remains under control. A direct
comparison between the overtone expansion and the full
evolution at arbitrary eccentricity is shown in Fig. 17.
Moreover, as demonstrated in Appendix E, in the narrow-
resonance limit, the full dynamics reduces to the analysis
in [44]. In such regime, and during floating, the cloud may
be integrated out in a k-resummed form, yielding fixed
points that remain valid for arbitrary e < 1.

APPENDIX E: FLUX-BALANCE APPROACH

Balance laws. In many situations of interest, we may be
able to read off the change of the orbital elements via the
balance laws associated with the would-be conserved quan-
tities of the Keplerian problem [38]: the orbital energy HK,
angular momentum L and the Laplace-Runge-Lenz vector
[60,126],40

FIG. 17. Evolution of the eccentricity for the example in Fig. 3;
using the truncated overtone-based expansion (black) and the
complete dynamics [cf. (D6)] (green).

40We can also use HK and L combined with kinematic
constraints, see, e.g., [127,128].
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e ¼ ṙ ⨯ ðr ⨯ ṙÞ
Mð1þ qÞ −

r
r
; ðE1Þ

due to the losses induced by “fluxes” from orbital and spin
perturbations. (On top of the spin dynamics already dis-
cussed in Appendix B).
There are in total 1þ 3þ 3 ¼ 7 components. However,

the constraints L · e ¼ 0 and ðL=ðμΛÞÞ2 þ e2 ¼ 1 reduce
them to five equations for the Enfϑg variables. For
instance, for the Enfϑ; χg variables, we have

da
dt

¼ 2a2

M2q
ḢK;

de
dt

¼ 1

aeM2q
½a2ḢKð1 − e2Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1 − e2ÞMðqþ 1Þ

q
× ðsin ιðL̇x cosϒþ L̇y sinϒÞ þ L̇z cos ιÞ�;

dι
dt

¼ 1

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q

aM3ð1 − e2Þ

s

× ððL̇x cosϒþ L̇y sinϒÞ cos ι − L̇z sin ιÞ;
dϒ
dt

¼ 1

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q

aM3ð1 − e2Þ

s
1

sin ι
ð−L̇x sinϒþ L̇y cosϒÞ:

ðE2Þ

These are kinematic identities. The specific evolution
equations will then depend on prescribing the values for
the given fluxes of ḢK and L̇. In the case of GW emission,
upon adiabatic averaging (see Appendix A), we can then
recover the standard evolution equations, e.g., for fȧ; ėg
first derived in [65,66].
Isolated-atom approximation. From the full interacting

Hamiltonian, HI, and using Milanković’s equations
[60,133], we obtain the fluxes of ė and L̇, and from there,
the evolution of the orbital elements through the relations
in (E2). By construction, this procedure reproduces the
equations of motion derived directly from the Hamiltonian in
Sec. IV B. By contrast, the earlier analyses in our Letter [44]
and in [45] adopted a more direct—but, as we will see,
generally incomplete—identification. For simplicity, we
restrict to a two-state system and neglect decay-width effects,

ḢK ¼ −ĖIA
c ¼ NcΔEabσ̇=2;

EIA
c ¼ NcðEajcaj2 þ Ebjcbj2Þ; ðE3Þ

L̇z ¼ −Ṡc; Sc ¼ Ncðmajcaj2 þmbjcbj2Þ; ðE4Þ

where we used (35) to rewrite the energy flux as
ĖIA
c ¼ −NcΔEabσ̇=2. We refer to this as the isolated-atom

(IA) approximation. A direct comparison with (38) makes it

immediately apparent that the interaction term is missing in
the IA prescription.
The IA approximation was originally introduced in [38]

for use within an S-matrix framework, where interaction
terms can be neglected because the in and out states are, by
construction, noninteracting. In the present context, how-
ever, such terms can play an important role. To illustrate the
impact of the missing contribution in the IA results,
consider, for simplicity, a resonant transition on a corotat-
ing circular orbit. From (38), we find

2

Nc

dHc

dt
¼ −ΔEabσ̇ − 2ηðabÞl;m;g;k



ðΔE − ΔmΩÞν

þ
�
∂tη

η

����
l;m
uþ Δmðϑ̇ −ΩÞν

��ðabÞ

g;k
: ðE5Þ

Using (7), one can show that the last term, in square
brackets (½…�), does not contribute. The remaining piece,

proportional to νðabÞl;m;g;k, becomes negligible only in the limit
of narrow resonances—as expected in an S-matrix treat-
ment. This is indeed the case for several of the scenarios
studied in [44,45], for which the IA approximation is
therefore justified. However, in general, the evolution of the
full system during a resonance (see Fig. 3) tends to broaden
the transition, thereby promoting the interaction term to a
phenomenologically relevant role (cf. Sec. IV, Sec. V). For
instance, comparing the IA approximation against the
dynamics implied by (57) and (58) for equatorial orbits
and under the single-overtone dominance, we obtain

dΩIA

dΩ

����ðabÞ
l;m;g;k

¼ fðabÞg;k

fðabÞðtÞ ; ðE6Þ

dðe2ÞIA
dðe2Þ

����ðabÞ
l;m;g;k

¼ fðabÞg;k

fðabÞðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
− fðabÞðtÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e2
p

− fðabÞg;k

; ðE7Þ

which provides a direct quantification of the error incurred
by the IA prescription. Crucially, this discrepancy is not
merely quantitative, but can also be qualitative. To see this,
notice that in the circular limit, one may attempt to
determine the orbital backreaction either by balancing
the cloud’s energy or by balancing its spin. However, only
the latter option (as employed in [38]) yields the correct
result, since Sc (effectively) carries no interaction term.
Energy balance via the IA approximation, instead, leads to
inconsistent predictions away from the exact floating case.
Another regime, for which the IA approximation induces

a significant qualitative error, is that of wide mixing. As a
concrete example, consider circular counterrotating orbits
[cf. Sec. V]. From (57), one finds Ω̇ ∼ gσ̇ > 0 (for g > 0),
while the IA approximation incorrectly predicts
Ω̇ ∼ −ΔEabσ̇ < 0. Physically, as the cloud spin decreases,
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the orbital angular momentum must also decrease, and the
orbital frequency therefore accelerates.41

Finally, an additional subtlety arises for nonequatorial
orbits. In the analysis of [45], the balance between L and Sc
was enforced in a frame aligned with n ¼ Sc=Sc, while
imposing the conditions L̇x ¼ 0 and L̇y ¼ 0. Substituting
these assumptions into (E2) then yields the flow equations
for fė; β̇g adopted in [45]. However, spin precession
contributes to the energy-momentum balance, even in
the EMRI limit, rendering the chosen n-frame noninertial
(see Appendix B). As a result, the procedure in [45] leads to
incorrect predictions for inclined orbits, even for narrow
resonances. (See Sec. 3.4 of [45] and compare with our
results in Sec. IV D.)

APPENDIX F: REMARKS ON MULTILEVEL
PHENOMENOLOGY

Superradiant growth. We implement the following
minimal (“vanilla”) evolution model. The boson field
initially populates a single hydrogenic level, jai≡
jma þ 1mamai (e.g. j211i, and so on), and remains in this
state throughout the superradiant growth phase until sat-
uration. At saturation, the BH spin parameter is driven to

ãsat ¼
4maαsat

m2
a þ 4α2sat

: ðF1Þ

After the occupation number reaches its maximum, the jai
state depletes via GW emission [9,13,15,16]. While the
cloud may lose up to an Oð1Þ fraction of its mass, a
substantial overdensity can persist over timescales of phe-
nomenological relevance. As the next level, jma þ 2ma þ
1ma þ 1i, begins to grow and extracts additional angular
momentum, the original mode jma þ 1mamai is pushed
across the superradiant threshold and becomes decaying.
Provided the requisite conditions are maintained, the system
proceeds through the familiar ladder j211i → j322i →
j433i → � � �.
Denoting by ðαn; ãnÞ the parameters at the onset of the

nth superradiant cycle, and neglectingOðα2Þ corrections to
the bound-state energies [20,34], we obtain

αsat ¼ αnð1 − αnnc;satÞ; ðF2Þ

ãsat ¼
ãn −manc;sat
ð1 − αnnc;satÞ2

; ðF3Þ

where nc ≡ Nc=M2
n is the (dimensionless) cloud occu-

pancy. As long as ã > ãsat, the equations in (F1)–(F3)

form a closed algebraic system that determines ðnc; α; ãÞjsat
from the parameters at the beginning of the cycle.
Expanding to leading order in αn yields nc;sat ≃
ðãn − ãsatÞ=ma. Fixing the boson mass μ, we then propa-
gate from an initial spin ãin ¼ 0.995 and a distribution of
BH masses (equivalently, set by αin), obtaining the (satu-
rated) values which we use as initial data for the numerical
evolution of the binary dynamics shown in Sec. V.
Let us emphasize that, within the superradiant-growth

scenario considered above, the cloud can carry at most
Oð10%Þ of the original BH mass [78,134]. Accretion onto
the BH—from either baryonic or dark-matter environments
—may nevertheless yield substantially denser configura-
tions, reaching up to ∼1=3 of the original mass [16,78] (see
also [135]). Incorporating matter accretion into our cloud-
evolution model is beyond the scope of this work. We have,
however, probed the impact of higher masses in a few
representative cases (see Fig. 7 and Fig. 9), where we find a
significant enhancement of backreaction effects.
Loss of the cloud’s mass. As noted above, the cloud may

deplete through GW emission well before the binary
encounters any resonant regime. In addition, level mixing
can also drain the cloud mass. To assess the impact of this
secular mass evolution on the orbital dynamics—through
the time dependence of the mass parameters fM; qg—we
must include an additional contribution to the orbital flow.
Assuming the cloud-mass evolution is adiabatic, we may
follow the evolution of the semimajor axis aðtÞ from the
adiabatic invariance of the action variable Λ [cf. (A1)],
which implies

da
dt

����
MðtÞ

¼ −a
1þ 2q
1þ q

Ṁc

M
: ðF4Þ

The associated loss of cloud mass generically drives an
outspiral of the orbit. Consider first level mixing, for which
ΔM=M ∼OðαpÞ with p ¼ 3, 5, 7. Comparing the result-
ing drift against the resonant evolution of the orbital
parameters [cf. (57)], we obtain

ȧjQ
ȧjMðtÞ

∼
1

qð1þ qÞ2=3 α
−2p=3: ðF5Þ

For small-to-moderate values of α, this ratio is parametri-
cally large, implying that cloud mass loss from level mixing
does not materially modify the resonant imprint on the
binary evolution. We therefore set G ≃ 1 in (57), and do so
throughout the numerical evaluations in Sec. IVand Sec. V.
By contrast, GW-driven cloud depletion can remove an

Oð1Þ fraction of the cloud mass, ΔM=M ∼Oðα0Þ, and
can therefore have a significantly larger impact on the
orbital evolution [136]. For instance, comparing with
standard radiation-reaction effects evaluated near a

41Floating resonances on counter-rotating eccentric orbits are
then possible, because the loss of angular momentum can be
accommodated by a combination of stalling the orbital frequency
and increasing the eccentricity.
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resonance, MΩ ≃ αp, we find [via (20)]42

ȧjRR
ȧjMðtÞ

≃ −
1

Gnalama

qð1þ qÞ−1=3α8p=3−4ðmaþ3Þ
�
Mc=M

α

�
−2
:

ðF6Þ

From here, it follows that mass-loss effects are most relevant
—and can even become dominant—for H transitions of the
j211i state with q ≲ 0.1. In this regime, GW emission from
the cloud may induce a quasifloating phase, persisting until
an Oð1Þ fraction of the cloud mass has been radiated away.
In practice, the resulting delay can push the system out of the
detector band, with effective timescales that may exceed a
Hubble time. Hence, whether by substantially postponing
the inspiral, depleting the cloud, or both, H transitions of
j211i become ineffective for q≲ 0.1, and can further prevent
the cloud from surviving long enough to re-enter the GW
band at later stages of the inspiral. By contrast, for F=B
transitions or for higher-ma states, the extra suppression in
GW emission rates—together with the longer timescales
(p ¼ 3, 5)—renders this effect negligible.
Wide transitions.As emphasized in Sec. V, the width of a

transition plays a central role in the interaction between
the cloud and the orbit [40,47,117]. To quantify its impact,
we can use (56) as a measure of the effective width of the
transition,

1

Nc

dNc

dfðabÞ
½fðabÞ�−ð4l−7Þ=3

≃ −
�
ẑl;m

Ω0

Γb

�
1þ ð1 − fÞ2

�
Ω0

Γb

�
2
�
−1
�ðabÞ

g;0
: ðF7Þ

Notice that ðΩ0=ΓbÞðabÞ ∼ αp−6−4lb ≫ 1, which tends to
suppress the width of strong-decay transitions for lb ≥ 1.
This suppression is absent, however, for transitions into
spherical states with l ¼ la and lb ¼ 0. For instance, for
α≳ 0.1, we have ðΩ=ΓbÞð322;300Þ ∼Oð1Þ.
For the j211i state, aside from the dipole-driven F -type

transition j211i → j200i that occurs inside the cloud,43

H transitions have a moderate width, while early B
transitions are narrow. In contrast, j322i exhibits strong
quadrupolar mixing with the j300i state, acting outside the
cloud. Comparatively, for subsequent excited states, the
effect of wide mixing becomes increasingly suppressed as
la increases. We plot in Fig. 18, the width defined in (F7),
for la ¼ 2, 3, 4. This demonstrates that, even in the q ≪ 1
limit, the width of the j322i → j300i mixing remains non-
negligible, whereas for j544i and higher-la states multi-
polar suppression narrows the effect, also for comparable
masses.
Let us now turn to the la ¼ 2 case. In the decoupling

regime [cf. (56)], reducing the mass ratio suppresses the
cloud-depletion rate. We illustrate this behavior in Fig. 18
(left), where we consider quasicircular orbits and integrate
Eq. (56) for orbital frequencies lying in the interval

½10−2; 2� of the main resonance Ωð322;300Þ
0 . This trend,

however, should be viewed as a leading-order baseline
rather than a robust prediction. Once orbital backreaction is
included, the picture becomes qualitatively richer. The
effective backreaction, bg;k=wg;k ∼ q−1, is enhanced for
q ≪ 1. As a result, the inspiral is prolonged (accelerated)
for β close to the corotating (counterrotating) equatorial
limit, yielding correspondingly more (less) cloud depletion
relative to the baseline, as discussed in Sec. V B.

FIG. 18. Width of fine transitions to spherical states on corotating circular orbits [via (F7), evaluated at fðabÞ ¼ 0.1]: j322i → j300i,
j433i → j400i, and j544i → j500i [left], shown in red, black, and cyan, respectively, for α ¼ 0.3 (solid) and α ¼ 0.15 (dotted). Leftover
occupancy of the cloud in the decoupling limit [Eq. (56)], due to the l ¼ 2 wide transition, normalized to the value at saturation Nsat

c
[right], for α ¼ 0.3 (full line) and α ¼ 0.15 (dashed), on corotating (red) and counterrotating (blue) orbits, respectively.

42We ignore here the level-mixing channel of GW emission,
which can be shown to be suppressed for the transitions of
interest, most of which lie in the moderate-to-strong decay regime
(see also [137]).

43This occurs for α≳ 0.2 [45]. Note, however, that for such
high values of α, the lifetime of the j211i state shortens due to the
growth of the j322i state. For instance, for M ¼ 10M⊙, we have
tj322i ≃ 103 yr, while for M ¼ 106M⊙, tj322i ≃ 108 yr.
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Time vs frequency evolution. Quasifloating can substan-
tially prolong the inspiral when the relevant transition is
encountered very early. In many cases, we find that a time-
domain evolution yields a quasifloating duration that differs
by a factor of ≃Oð1Þ from the estimate in (68), while the
orbital frequency drifts away from the resonant value by
Oð10%Þ over the course of the quasifloating phase (as
occurs, for example, for the dashed trajectory in Fig. 18,
right). With this in mind, a practical criterion is obtained by
simply adding the radiation-reaction-driven time to coa-
lescence to the ideal floating timescale in (68). This
provides a reliable estimate of whether a given IMRI/
EMRI that encounters anH resonance will be “filtered out”
before ever reaching the detector band. We demonstrate this
in Fig. 19 (left), assuming that the companion is captured
immediately prior to the resonant transition. Initializing the

evolution earlier, on the other hand, can partially deplete
the cloud through GW emission, weakening the ensuing
quasifloating phase (and, conversely, shortening it). We
quantify these effects in more detail using (20) and (42),
and illustrate them in Fig. 19 (right).
Formulating an analogous estimate in the F regime is

more subtle, owing to the interplay between narrow and
wide transitions. Nevertheless, a rough assessment can be
obtained by adopting the floating timescale associated
with the strongest transition, i.e., j322i → j300i. Doing
so relaxes the curves in Fig. 20. In particular, focusing on
the α ¼ 0.3 curve, binary inspirals with q≳ ð10M⊙=MsatÞ
ðq≳ 10−3Þ will traverse the F regime within Hubble time,
in the rangeM ≃ 103–105M⊙ ðM ≃ 106M⊙Þ of BHmasses.
Multistate overlap. Since we have Δϵab ∼ ½hnlΔm�ab

[cf. (18)], all H transitions share the same fundamental

FIG. 19. The curves on the left delineate the region in which ðtcol þ tflÞ=tH < 1, where tcol is the radiation-reaction-driven coalescence

time starting after the resonance Ωð322;321Þ
2;0 (with ein ≪ 1), tfl is the floating timescale for the transition under consideration, and tH is

the Hubble timescale. The criterion is satisfied to the right of each curve. We plot on the right the cloud occupancy immediately before
the j322i → j321i resonance,Nres−

c , shown relative to the saturation occupancy in the vanilla superradiant-evolution model, as a function
of the orbital frequency at which superradiance saturates and the binary evolution is initialized. All curves are for α ¼ 0.3.

FIG. 20. Position of the ðg; 0Þ resonant overtones relative toΩð322;300Þ
0 , with g ¼ 3 (full line) and g ¼ 1 (dashed) [left]. Wigner d-matrix

of the transitions, weighted by ðIrIΩÞð322;31mj3;mÞ [right].
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frequency ΩðabÞ
0 . Consequently, for the dominant l ¼ 2

transitions considered here, any resonant overtone occur-

ring at the same fractional frequency fðabÞg;k ¼ 1=Nþ of ΩðabÞ
0

may activate both the m ¼ 1 and m ¼ 2 channels simulta-
neously, whereas only the m ¼ 2 degenerate overtones can

be triggered at fðabÞg;k ¼ 2=ð2N0 þ 1Þ. Although this degen-
eracy is lifted by Oðα6Þ corrections, the quasifloating
character of the transitions implies that mutual overlap
may still play a role. To streamline the discussion in Sec. V,
we initialized most of our examples—both for q ≃ 1
binaries and in the IMRI/EMRI regime—at values away
from βin ¼ f0; πg, and prior to the (chronologically first)
m ¼ 1 transition.
For the case of quasiequatorial orbits, we determined

instead which transition the system encounters first by
evaluating the quantity

P
ðg;kjdÞ η

ðabÞ
2;m;g;kðβinÞ=Γ322−m, and

selecting the transition that maximizes it. In Fig. 12 (left),
we further restricted our analysis to the ein ≪ 1 regime,
so that the ðg; kÞ ¼ ð2;−3Þ overtone of the m ¼ 2

transition—which coincides with the ðg; kÞ ¼ ð2; 0Þ over-
tone of the m ¼ 1 transition—remains ineffective.
For F transitions, the narrower l ¼ 3 bands of the

j322i level cluster into two groups, g ¼ f1; 3g, as shown
in Fig. 20 (left). Although the individual transitions
within each band lie closer together than in the H
regime, we apply criteria analogous to those used above.
As illustrated in Fig. 20, this yields a good approxima-
tion, except within a small range of α and in the vicinity
of βin ≃ π=2.
Finally, the full transition structure of j433i contains a

richer hierarchy of g bands, spanning l ¼ 5 down to l ¼
2–mediated transitions. Chronologically, very weak and
largely ineffective l ¼ 5 transitions occur first, followed by
the g ¼ 3 band of l ¼ 3 transitions on which we concen-
trate. We apply the same criteria as above to identify the
dominant resonance. In a few cases with βin ≳ 3π=4, where
these g ¼ 3 transitions are insufficiently adiabatic to
deplete the cloud, we continue the evolution to the next
strongest g ¼ 1 band; see Fig. 9 (right).
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