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Black hole thermodynamics provides a unique setting in which general relativity, quantum field theory,
and statistical mechanics converge. In semiclassical gravity, this interplay culminates in the generalized
second law (GSL), whose modern proofs rely on information-theoretic techniques applied to algebras of
observables defined on null hypersurfaces. These proofs exhibit close structural parallels with the
thermodynamics of open quantum systems governed by Markovian dynamics. In this work, we draw
parallels between the dynamics of quantum fields in regions bounded by nonexpanding causal horizons and
the thermodynamics of quantum systems weakly coupled to equilibrium reservoirs. We introduce a
dictionary relating late-time boundary conditions to the choice of reservoir, vacuum states to fixed points of
the dynamics, and modular Hamiltonians to thermodynamic potentials. Building on results from a
companion paper on dual generalized second laws at future null infinity [A. Rignon-Bret and M. Vilatte,
companion paper, Phys. Rev. D 114, 065012 (2026)], we show that additional terms appearing in the
associated thermodynamic potentials admit a natural interpretation as work contributions. We demonstrate
that certain nonthermal vacuum states at null infinity allow for the operation of autonomous thermal
engines and enable work extraction from the radiation. Extending the analysis to the Unruh vacuum in
Schwarzschild and Kerr backgrounds, we obtain generalized grand-potential-type laws incorporating
graybody effects and angular momentum fluxes. Altogether, our results clarify the thermodynamic
description of black hole dynamics and place it within the broader framework of open quantum
thermodynamics.
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I. INTRODUCTION

Black hole thermodynamics [1–12] (see, for example,
Refs. [13–15] for comprehensive reviews) has occupied a
central role in research on quantum gravity for more than
half a century. The subject raises a number of deep and
interrelated challenges, including the precise formulation
and derivation of the laws of black hole mechanics [16–22],
their connection to Einstein’s equations [23–27] as well as
the breakdown of predictability [28,29], and proposed
resolutions to the information loss problem [30–45].
These issues continue to lie at the forefront of modern
research in high-energy theoretical physics.

More recently, many efforts have been deployed to
understand better the black hole entropy, either by extend-
ing the definition to the dynamical regime [46–56] or by
using algebraic techniques to properly define the general-
ized entropy [57–67]. The generalized entropy is tied to the
generalized second law [5,6,8], according to which the total
entropy of the Universe, including the contribution from
black holes, is nondecreasing. It can be written as

ΔSgen ¼ Δ
�

A
4G

þ Sout

�
≥ 0; ð1:1Þ

where A denotes the area of a cross section of the event
horizon and Sout represents the entropy of the matter fields
outside the black hole. Inspired by the work of Sorkin [68]
and Casini [69], Wall, in a series of seminal papers [70–73],
successfully applied techniques from quantum information
theory to quantum fields on the black hole horizon,
providing a precise and rigorous formulation and derivation
of (1.1). This framework has inspired a substantial body
of subsequent works on the generalized second law
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[63,65,74–79]. Moreover, the strategy developed in Ref. [73]
relies on the monotonicity of the quantum relative entropy
[80–84] and on the identification of an appropriate stationary
reference state—techniques that are standard in the realm of
thermodynamics of open quantum systems [85–91].
Hence, to better understand the generalized second law

and, more broadly, the notion of gravitational entropy, it is
instructive to compare proofs of the generalized second law
on horizons with more standard proofs in nonrelativistic
settings. In particular, the theory of open quantum systems
places strong emphasis on subsystems undergoing
Markovian (i.e., memoryless) dynamics [85,87,92–97].
The typical framework involves a small system weakly
coupled to an effectively infinite bath at equilibrium (i.e.,
satisfying the Kubo-Martin-Schwinger (KMS) conditions
[98,99]), with which it can exchange energy and particles.
In this regime, the weak interaction induces transitions
between the eigenstates of the small system. Moreover,
when the coupling is sufficiently weak, correlations
between the system and the environment can be neglected
beyond a certain timescale, as they are dissipated into the
infinite bath. This leads to the absence of information
backflow and an effectively Markovian evolution [87,100].
A closely related structure appears in quantum field theory
on null hypersurfaces. Since a horizon acts as a causal
barrier, information that crosses it cannot return to the
region from which it originated, and the dynamics of
quantum fields in a causal region or on a null hypersurface
is therefore Markovian. By contrast, when the boundary is
timelike, radiation can reenter the region, resulting in non-
Markovian behavior. Moreover, whereas in open quantum
systems the Markovian approximation is only valid to
leading order, for quantum fields on a horizon, it holds
exactly, as a direct consequence of causality.
Quantum thermodynamics, even when restricted

to the Markovian regime, is an extremely rich subject
[87,96,101–108]. Many physically relevant situations can
be studied within this framework, such as relaxation
processes toward (not necessarily thermal) stationary states
or the operation of microscopic engines weakly coupled to
reservoirs at different temperatures. A common feature of
Markovian dynamics is that the system typically converges
to a stationary state at late times. In quantum field theory, a
natural analog of such a fixed point is a vacuum state, since
both are characterized by invariance under an appropriate
notion of time translation symmetry. While in open
quantum systems the fixed point of the dynamics is
determined by the environment to which the system is
coupled, quantum field theory instead exhibits a plurality of
vacua associated with different representations of the
algebra of observables. Of particular interest is the repre-
sentation of observables defined on a black hole horizon or
at null infinity using a vacuum state ω, which selects a set
of modes with positive frequency with respect to a chosen
notion of time on the null hypersurface.

The main goal of the present paper is to provide a
detailed account of the correspondence between, on the one
hand, the thermodynamics of a quantum system weakly
coupled to an equilibrium reservoir and governed by
Markovian dynamics and, on the other hand, the thermo-
dynamics induced on a nonexpanding null hypersurface by
a representation of the algebra of observables defined by a
vacuum state compatible with prescribed late-time boun-
dary conditions (especially in black hole backgrounds).
Although we have already highlighted the close parallel
between the proofs of the generalized second law and the
thermodynamic laws emerging from Markovian dynamics,
it is instructive to test these ideas in contexts beyond the
standard formulation of the generalized second law. The
present paper constitutes the second part of a two-part
series, with the first part [109] focusing on the precise
setting in which the laws of spontaneous evolution are
equivalent to the monotonicity of certain thermodynamic
potentials constructed from observables at null infinity in a
black hole background: these are the dual Generalized
Second Laws.1 These proofs relied on selecting vacua
invariant under specific symmetry transformations and on
the monotonicity of the relative entropy. The thermody-
namic potential appearing in the spontaneous evolution law
was therefore tied to a particular choice of vacuum and,
correspondingly, to a specific choice of Hilbert space.
In the present paper, we extend this analysis by iden-

tifying key quantities and concepts common to both
frameworks (null hypersurfaces or open systems) and by
establishing a precise dictionary between them. In particu-
lar, we clarify how the timescale identified in Ref. [109],
which guarantees the monotonicity of the thermodynamic
potentials, is related to the characteristic timescales that
arise in Markovian evolution induced by an infinite
equilibrium bath. More importantly, we show that the
additional terms appearing in the thermodynamic poten-
tials—when a more realistic description of the black hole
radiation is considered—admit a natural interpretation as
work contributions. Building on this perspective, we
demonstrate how autonomous thermal engines can be
operated using the κl-vacua introduced in Ref. [109], which
provide a class of soft regularizations of the Hartle-
Hawking vacuum. The underlying reason why this is
possible is that these states are not thermal with respect
to asymptotic observers. Consequently, they are not passive
states [90,110] and may instead be viewed as collections of
reservoirs characterized by different effective temperatures,
in close analogy with the description of the Hawking
radiation spectrum in Ref. [111]. This structure allows one
to employ an autonomous engine—such as the Brunner-
Linden-Popescu-Skrzypczyk engine [101]—to lift a load

1The effective description of the thermodynamic potential is
provided in Ref. [78].
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on an energy ladder, thereby extracting work from the
nonthermal radiation.
The second part of the paper is devoted to completing

and extending the results of Ref. [109] to the Unruh
vacuum, in both Schwarzschild and Kerr black hole
backgrounds. In Ref. [109], quantum states are defined
with respect to an asymptotic algebra of observables at null
infinity. To ensure finite energy and entropy fluxes at null
infinity, soft and hard regularizations of the Hartle-
Hawking vacuum were introduced. The resulting class of
vacuum states therefore interpolates between the Hartle-
Hawking state and the more physically relevant Unruh
vacuum, the latter providing an accurate description of
Hawking’s radiation at late times. However, it is empha-
sized in Ref. [109] that the restriction of the Unruh vacuum
itself to the asymptotic algebra of observables at null
infinity does not belong to the class of regularized vacua
considered there. Consequently, a natural and important
objective is to obtain results analogous to those of
Ref. [109] directly for the Unruh vacuum.
Although an algebraic proof analogous to those obtained

in Ref. [109] for other classes of vacua is still lacking, we
present several arguments supporting the expected form of
the modular Hamiltonian of the Unruh vacuum when
restricted to a subalgebra of Iþ. These arguments rely
on the symmetry properties of the Unruh vacuum on the
past horizon [112–114] as well as on the contribution of the
radiation transmitted through the potential barrier. Building
on this structure, we are able to apply the same reasoning
developed for the classes of vacua considered in Ref. [109].
This allows us to express the dual generalized second law in
terms of a grand potential whose chemical potentials are
determined by the graybody factors. In this way, we recover
results closely analogous to those obtained in Ref. [78],
which were derived using a more effective approach.
The paper is organized as follows. Section II presents a

concise summary of the main results of Ref. [109], together
with the key arguments underpinning them. We briefly
review the semiclassical flux-balance laws on a perturbed
Killing horizon and at null infinity, the quantization of a
massless free scalar field on nonexpanding null hyper-
surfaces, and the construction of algebras of observables on
the Killing horizon and at null infinity. We also introduce
the basic concepts of modular theory, review the definition
of the relative entropy together with some of its funda-
mental properties, and recall the different classes of vacua
introduced in Ref. [109]. We discuss the symmetry trans-
formations that leave these vacuum states invariant and
explain how the monotonicity of the appropriate thermo-
dynamic potential follows from these considerations.
In Sec. III, we turn to conventional Markovian dynamics

for open quantum systems. We introduce the Lindblad
equation and discuss the approximations involved in its
derivation, emphasizing how the assumptions required in
the Lindblad framework closely parallel those made at null

infinity in deriving the flux-balance laws. We then review
the associated thermodynamics: the fixed points of the
dynamics are determined by the KMS conditions of the
reservoirs, which in general may not only exchange heat,
but also work with the system. As a result, the stationary
state does not need to be a thermal Gibbs state. We make
the connection between quantum thermodynamics and the
quantum-field-theoretic approach to the second law explicit
and summarize the resulting parallels in a compara-
tive table.
Section IV extends this discussion by showing how the

additional terms arising in the more intricate thermody-
namic potentials at future null infinity can, in principle, be
exploited to extract work and operate an engine, in close
analogy with quantum open systems. To illustrate this
mechanism, we employ the Brunner-Linden-Popescu-
Skrzypczyk (BLPS) engine [101], compute the maximum
extractable work in the soft regularization of the Hartle-
Hawking state using the Carnot universal efficiency bound,
and precisely recover the chemical potentials introduced in
Ref. [109].
Finally, in Sec. V, we focus on the Unruh vacuum.

Exploiting its symmetry properties on the past horizon, we
derive a formal expression for the one-sided modular
Hamiltonian associated with an algebra of observables at
null infinity. Applying monotonicity arguments for the
relative entropy yields a dual generalized second law (GSL)
statement closely analogous to that obtained for the
κl-vacua in Ref. [109], albeit with modified expressions
for the chemical potentials. We analyze the resulting
thermodynamic potentials and their properties in parallel
with Secs. III and IV, for both Schwarzschild and Kerr
black holes. In the Kerr case, an additional contribution
appears, naturally interpreted as a work term proportional
to the angular momentum flux.

II. DUAL GENERALIZED SECOND LAW

In this section, we summarize the results obtained in
Ref. [109] regarding the dual Generalized Second Law. We
start by reviewing some background notions such as the
algebra of observables, its Hilbert space representations
from the Gelfand-Naimark-Segal (GNS) construction, and
the definition of the relative entropy. Then, we recall the
definition of maximally extended null infinity and the three
vacuum states we consider in Ref. [109]. Finally, we
remind the reader how one can get the dual GSL from
the monotonicity of the relative entropy between a pair of
nested algebra of observables at null infinity. We refer the
reader to the aforementioned reference for more details.

A. Theoretical background

In this paragraph, we consider a null region of spacetime
N and U∈R an evolution parameter along it. We comple-
ment this coordinate by angles ðxAÞ. Let ϕ be a massless
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scalar field on N . Its conjugate momentum is denoted π,
and we have π ¼ ∂Uϕ. As a genuine feature of null
hypersurfaces, the momenta, and the field are not inde-
pendent variables.

1. Algebra of observables and GNS construction

Consider the set of test functions onN namely the set of
smooth functions of compact support on N . This set is a
vector space isomorphic to the space of solutions of the
Klein-Gordon equation on a null hypersurface. Indeed, we
assume that this equation reduces on N to ∂U∂Vϕ ¼ 0 so2

that the general solution restricted to N is of the form
ϕ ¼ ϕðU; xAÞ. Let S be this space of solutions. From
f∈S, define the operator

πðfÞ ¼
Z
N
πf dU ∧ ϵS; ð2:1Þ

where ϵS is the volume form of the spatial cross sections S
of N . The operators (2.1) are generically unbounded, so
one considers instead their exponentiation. Introducing
WðfÞ ≔ eiπðfÞ, we construct theWeyl algebra of the theory

WðfÞWðgÞ ¼ e
i
8
Ωðf;gÞWðf þ gÞ and WðfÞ� ¼ Wð−fÞ;

ð2:2Þ

where Ω is the symplectic form

∀ ðf; gÞ∈S ; Ωðf; gÞ ¼
Z
N
ðf∂Ug − g∂UfÞdU ∧ ϵS:

ð2:3Þ

The set of WðfÞ is a C�-algebra dubbed the algebra of
observables A of the spacetime region N . The appearance
of the symplectic structure in (2.2) renders explicit the
relation between the Weyl algebra and the equation of
motion of the theory at hand. This structure is generically
degenerate due to the zero modes inU the test function may
contain. To avoid this issue, it is preferable to smear the
momenta π instead of the field ϕ. The price to pay is that
one cannot treat the soft sector of the theory at hand, a
sector however irrelevant for the study we present in this
work. Note that the algebra of observables corresponds
precisely to the spacetime region in which the compact
support of the test functions lies. Changing the latter
changes the algebra of observables. An important example
is the restriction of an algebra to the region above a cut
U ¼ Ui. From an algebraic point of view, one gets a C�-
subalgebra Ai ⊂ A, while from a spacetime perspective,
this means that the elements of the restricted algebra are

operators WðfÞ with f of compact support in the
region U > Ui.
The algebra of observables being a unital C�-algebra,3 it

admits Hilbert-spaces representations thanks to the GNS
theorem [115,116]. In a nutshell, one starts from an
algebraic state, i.e., a map ω∶A → C which is positive
(ωðAA�Þ ≥ 0 for all A∈A) and normalized (ωð1AÞ ¼ 1),
and gets a ω-dependent quadruple ðH ; π; jΩi;DÞω where
H ω is a Hilbert space, πω∶ A → LðH ωÞ is a representa-
tion of the abstract algebra A in terms of linear operators
acting on H ω, and Dω ¼ πωðAÞjΩωi is a dense subset of
H generated by the action of the algebra on the vacuum
state jΩωi. In the following, in order to lighten the writing,
the notation for the algebra elements A∈A is also used for
their representatives πωðAÞ∈LðHωÞ. Also, one has that
ωðAÞ ¼ hΩωjAjΩωi for any element A∈A. The GNS
construction crucially depends on the initial choice of
algebraic vacuum state. Two different initial states ω lead
generically to two nonunitarily related GNS Hilbert spaces.
Finally, as the action of the algebra A on the vacuum jΩωi
generates the whole Hilbert space, one says that this vector
is cyclic. Given the exponentiation (2.2), once a vacuum
state is chosen, the Weyl algebra is represented by a
subalgebra of the algebra BðH ωÞ of bounded operators
of the GNS Hilbert space.

2. Modular theory and relative entropy

There exists a special type of subalgebra of BðH ωÞ, the
ones that are equal to their double commutant A00. The
latter are called von Neumann algebras. Consider Ai to be
the algebra of observables of the region U > Ui. Its
commutant A0

i corresponds to the algebra of observables
of the region U < Ui. Therefore, the double commutant is
again Ai, which is therefore a von Neumann algebra. In
more general situations, given an algebra of observables,
one associates directly to it a von Neumann algebra by
taking the double commutant. Von Neumann algebras can
be of three different types depending on whether or not one
has pure states and density matrices (type I), only density
matrices (type II), or neither of both (type III), as concepts
such as traces are ill defined [117,118]. For example,
consider the vacuum state jΩUi defined on the Weyl
algebra associated to a nonexpanding null hypersurface
N charted by the null coordinate U, that is defined so that
jΩUi is a Gaussian state on the subspace of positive
frequency solutions induced by U. Via the GNS construc-
tion with this vacuum state, the algebra of observables A is
a subalgebra of BðH ΩUÞ. As jΩUi is a pure state with
respect to A, A00 (¼ A) is a type I von Neumann algebra.
Instead, A00

i is type III as jΩUi becomes a mixed state on
this subalgebra and even looks like a thermal state with

2This is the case on the black hole Killing horizon and at null
infinity. 3Meaning that the identity operator 1A belongs to it.
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respect to some modular Hamiltonian (see Appendix A of
Ref. [109]).
Up to taking the double commutant, we now consider

that the algebra of observables A and any of its restrictions
Ai are von Neumann algebras. To define the relative
entropy, we need to consider states jΨi which are cyclic
(see the definition above) but also separating. A separating
state is a state such that for any A∈A, AjΨi ¼ 0 implies
A ¼ 0. Physically, a state which is cyclic and separating is
not only a state from which all other states in the Hilbert
space can be generated (up to a limiting procedure) by
applications of observables on it but also a state which
allows one to distinguish among all the observables in the
algebra. Such states are at the heart of Tomita-Takesaki
modular theory [119,120]. Given a cyclic and separating
state jΨi, one defines the modular operator ΔΨ ≔ S†ΨSΨ,
where SΨ is the Tomita operator

∀A∈A; SΨðAjΨiÞ ¼ A†jΨi ð2:4Þ

and S†Ψ is its Hermitian conjugate. One can show that the
latter is actually the Tomita operator for the commutant
algebra A0. When traces and density matrices are defined,
assuming that jΨi is cyclic and separating for A, we
consider ρ̂AI

Ψ the density matrix associated to the restriction
of jΨi to a subalgebraAI . In that case, the modular operator
reads ΔΨ ¼ ρ̂AI

Ψ ⊗ ðρ̂AII
Ψ Þ−1 with AII ≔ A−1

I . Given two
cyclic and separating states jΨi and jΩi (the latter being
often chosen to be the vacuum state of a GNS Hilbert
space H Ω), one defines the relative modular operator
ΔΨjΩ ≔ S†ΨjΩSΨjΩ, where SΨjΩ is the relative Tomita

operator

∀A∈A; SΨjΩðAjΨiÞ ¼ A†jΩi: ð2:5Þ

When we can define density matrices ρ̂AI
Ω and ρ̂AII

Ψ , we find

that ΔΨjΩ ¼ ρ̂AI
Ω ⊗ ðρ̂AII

Ψ Þ.
Because of the cyclic and separating character of jΨi, the

modular operator is positive definite; therefore, one can
take its logarithm and define the modular Hamiltonian

ΔΨ ¼ e−KΨ ⇔ KΨ ¼ − lnΔΨ; ð2:6Þ

which usually does not belong to BðH ΩÞ. When the total
algebra of observables A is restricted to a subalgebra Ai
whose commutant A0

i is just the algebra of the region
U < Ui, we can decompose the modular Hamiltonian into
two pieces,

KΨ ¼ KAi
Ψ − K

A0
i

Ψ ; ð2:7Þ

called the one-sided modular Hamiltonians. The right-
sided piece KAi

Ψ commutes with the algebra A0
i, while the

left sided K
A0

i
Ψ commutes with Ai. Given TUU, the doubly

null component of the stress-energy tensor of the scalar
field theory we quantize on N , the one-sided modular
Hamiltonian of the vacuum state jΩUi∈H ΩU

with respect
to the restricted algebra Ai is4 (see Appendix E of
Ref. [109])

KAi
ΩU

¼ 2π

Z þ∞

Ui

Z
S
ðU −UiÞ∶TUU∶ΩUdU ∧ ϵS; ð2:8Þ

where the integral runs over the spacetime region asso-
ciated to the algebra Ai.

5 Note that the normal-ordered
version of the stress tensor, with respect to the vacuum state
jΩUi. appears in (2.8). When proving the dual GSL (or the
plain GSL), one needs to relate the modular Hamiltonian to
geometric quantities such as the black hole area or the
Bondi mass. Care is therefore to be taken because, as we
shall recall in a subsequent paragraph, these geometric
quantities are related to integrals of the covariant stress-
energy tensor, not its normal-ordered version. Additional
terms will therefore appear.
We recall the fundamental result that the cyclic and

separating vector jΨi satisfies the Kubo-Martin-Schwinger
conditions with respect to A, i.e.,

∀ ðA;BÞ∈A2;

hΨjΔ−1
Ψ AΔΨBjΨi ≔ hΨjeKΨAe−KΨBjΨi ¼ hΨjBAjΨi:

ð2:9Þ

Finally, we quote Tomita’s theorem which asserts that the
modular flow preserves the von Neumann algebra A, i.e.,
∀ t∈R;Δit

ΨAΔit
Ψ ⊂ A. Hence, we understand why a geo-

metric modular flow must be generated by a boost
Hamiltonian like (2.8), since the flow must vanish when
U ¼ Ui in order to preserve the algebra Ai attached to the
subregion U > Ui.

3. Araki’s relative entropy

Given two cyclic and separating states jΨi and jΩi (often
taken to be the vacuum state) for a von Neumann algebraA,
we write Araki’s definition [82] of the relative entropy as

SðΨjjΩÞ ≔ hΨjð− lnΔΨjΩÞjΨi: ð2:10Þ

This quantity is positive and vanishes if jΨi ¼ AjΩi with
A∈A0 a unitary element. The relative entropy evaluates the
difference between two quantum states given that we only

4A vacuum state is always cyclic for its Hilbert space, as a
consequence of the GNS theorem. It may become separating
when restricted to a subalgebra of observables.

5Therefore, the total modular Hamiltonian with respect to
the full algebra would have been KA

ΩU
¼ 2π

Rþ∞
−∞

R
SðU −

UiÞ∶TUU∶ΩUdU ∧ ϵS:
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possess the observables belonging to A to perform meas-
urement in order to distinguish them. Given this interpre-
tation, one understands that if we restrict to a subalgebra of
observables making a difference between two states will
become harder. This is the monotonicity of the relative
entropy between two von Neumann algebras B ⊂ A,

SAðΨjjΩÞ ≥ SBðΨjjΩÞ: ð2:11Þ

All the proofs of the GSL or its dual version have been
rooted in this inequality since Wall’s seminal work [73].
Finally, it can be shown (see Appendix D of Ref. [109] for
the proof) that the relative entropy is related to the one-
sided modular Hamiltonian of AI via the formula6

Sðρ̂AI
Ψ jjρ̂AI

Ω Þ ¼ −Sv:N;AI
ΨjΩ þ hKAI

Ω iΨ; ð2:12Þ

where we see appearing the renormalized von Neumann
entropy of jΨi with respect to jΩi

Sv:N;AI
ΨjΩ ¼ TrðρAI

Ω ln ρAI
Ω Þ − TrðρAI

Ψ ln ρAI
Ψ Þ: ð2:13Þ

4. Spacetime approach

The objective of the last three paragraphs was to present
the basic mathematical notions underpinning the proof of
the dual GSL. These were abstract considerations, so we try
to be more concrete now. Going back on the null hyper-
surfaceN , we consider the space of solutions of the Klein-
Gordon equation which we complexify into S C together
with the symplectic structure which becomes the Klein-
Gordon product

∀ ðf;gÞ∈S C; ΩCðf;gÞ ¼ i
Z
N
ðf̄∂Ug− g∂Uf̄ÞdU ∧ ϵS:

ð2:14Þ

It is generically not an inner product, unless we select a
projector K∶ S C → S>0

K which divides S C into a direct
sum between the space of positive frequency solutionsS>0

K
and the space of negative frequency solutions. OnS>0

K ,ΩC

becomes an inner product. One can then take the Cauchy
completion of S>0

K and get the one-particle Hilbert space
H K

1 from which one gets the Fock space via the usual
formula

H K ≔ F sðH K
1 Þ ¼ ⨁

∞

n¼0

�
sym ⊗

n

k¼0
H 1

K

�
; ð2:15Þ

where the symmetrization is taken as we deal with bosonic
fields. The vacuum state jΩUi is defined as the state that is
annihilated by the set of operators

aðKfÞ ¼ ΩCðKf;ϕÞ ¼ hf;ϕiK ð2:16Þ

and is unique. The canonical commutation relations read

½aðKfÞ;a†ðKgÞ� ¼ΩCðaðKfÞ;a†ðKgÞÞ ¼ hf;giK: ð2:17Þ

The construction is therefore entirely based on the choice of
projectorK, i.e., on the choice of positive frequency modes.
For example, given thatU is a natural time parameter onN ,

one can project on the normalized modes Yl
mðxAÞe−iΩUffiffiffiffiffiffi

4πΩ
p with

Ω > 0. This means that the field is decomposed as such,7

ϕ̂ðU;xAÞ¼
Xþ∞

l¼0

Xm¼þl

m¼−l

Z þ∞

0

dΩffiffiffiffiffiffiffiffiffi
4πΩ

p

×
�
Yl
mðxAÞâΩlme−iΩUþ Ȳl

mðxAÞâ†ΩlmeiΩU
�
;

ð2:18Þ

so that jΩUi is the state annihilated by all âΩlm with Ω > 0.
Of course, other choices are possible; therefore, other vacua
can be considered (see Sec. II C).
The link with the more algebraic approach is done as

follows. The Hilbert spaceH K is actually the GNS Hilbert
space built upon the algebraic quasifree state ωU repre-
sented by the vector jΩUi. The vacuum state ωU is chosen
so that it matches some boundary conditions at late time. In
all the cases studied in Ref. [109], the choice of algebraic
quasifree state ω from which one starts a GNS construction
gets translated into a choice of positive frequency modes,
i.e., a choice of notion of time. However, some naive
choices of vacua may turn out to be irrelevant, as they lead
to an inaccurate description of the physical process at hand,
while more involved ones are more appropriate.
This concludes this subsection whose aim was to gather

at one place all the notions the article needed to become (up
to the proof of all the above statements) self-contained.

B. Massless scalar field on maximally extended
null infinity

1. Defining maximally extended null infinity

Consider the maximal extension of the Schwarzschild
solution in D ¼ 4 dimensions, charted by the Kruskal

6We present the case where traces exist, the formula is also
valid for type-III algebras (such as AI

i at null infinity) as long as
one defines the renormalized von Neumann entropy as

S
v:N:;AI

i
ΨjΩ ≔ SðΨjjΩÞ − hKAI

i
Ω iΨ, which is possible as long as jΨi

is in the domain of the one-sided modular Hamiltonian K
AI

i
Ω .

7We consider a basis of complex spherical harmonics such that
Ȳl
m ¼ ð−1ÞmYl

−m.
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coordinates ðŨ; Ṽ; xAÞ with A ¼ 1, 2. The associated
Penrose diagram is centered on the bifurcation surface B
located at Ũ ¼ Ṽ ¼ 0. The coordinate Ũ (respectively, Ṽ)
is affine and inertial on the left (respectively, right) horizon
HL ¼ H−

II ∪ Hþ
I (resp HR ¼ H−

I ∪ Hþ
II). Among all the

isometries of this spacetime, the relevant one for our study
is the one which is timelike in the external regions and the
one with respect to which the future event horizon is a
Killing horizon. Its expression in terms of Kruskal coor-
dinates is

ξ ¼ κðṼ∂Ṽ − Ũ∂ŨÞ; ð2:19Þ

with κ ¼ 1
4M the black hole surface gravity. This setup is

adapted to the GSL, which focuses on the dynamics on the
future event horizon. The dual GSL instead is related to the
dynamics of Iþ

I . To translate Wall’s proof there, we need to
define a reference state (the vacuum state of the previous
paragraph), which becomes thermal once restricted to the
subalgebra of observables of Iþ

I . To simplify the discussion
by considering future directed time variables on Iþ

I , we
propose in Ref. [109] a slight change of perspective by
considering the inverse Kruskal coordinates U and V
defined by

U ≔ −
1

Ũ
¼

(
eκuþ on Iþ

I

−e−κu− on I−
II

ð2:20Þ

V ≔ −
1

Ṽ
¼

(
−e−κvþ on I−

I

eκv− on Iþ
II

; ð2:21Þ

where u� (respectively, v�) are affine coordinates of Iþ
I

and I−
II (respectively, I−

I and Iþ
II). The region covered

by U, namely, IR ¼ Iþ
I ∪ I−

II, is called right maximally
extended null infinity, while V covers IL ¼ I−

I ∪ Iþ
II

called left maximally extended null infinity IL. The set
ðU;V; xAÞ covers a conformal extension of the black
hole background, and one can draw a Penrose diagram,
which will now be centered on spacelike infinity ι0

located at U ¼ V ¼ 0, while the bifurcation surface is
moved at U ¼ V ¼ ∞; see Fig. 1. The locus of interest
for the remaining of the paper is IR; that is, in all the
considerations of the Sec. II A, we take N ¼ IR and
consider on it a massless scalar field that we shall
quantize in Sec. II C. In particular, we denote by AI the
algebra of observables and by AI

i the restricted algebra
above a cut U ¼ Ui. Note finally that the Killing field
(2.19) now reads

ξ ¼ κðU∂U − V∂VÞ: ð2:22Þ

2. Semiclassical Einstein dynamics

As explained around (2.8), the integral of the stress-
energy tensor is related to the variation of the relevant
geometric quantities: A is the area of the horizon, and M is
the Bondi mass. The relation is obtained via the semi-
classical dynamics on the perturbed horizon and at null
infinity:

(i) On the horizon HL, the relevant equation is the
Raychaudhuri equation [121], which in the semi-
classical regime reads

d2ϵS
dṼ2

¼ −8πhTṼ ṼiΨϵS þOðℏ2Þ; ð2:23Þ

where h·iΨ denotes the expectation value in a state in
a state jΨi and ϵS is the volume form of a spatial
cross section of the horizon. Equation (2.23) has
been obtained under the hypothesis of a small
perturbation so that only linear terms remain. In
particular, the expansion square θ2 is neglected in
front of hTṼ ṼiΨ. One can show that at the end of the
day we can write [here, DH

0 ¼ ðṼ0;þ∞Þ × S2]

1

4
ðAjþ∞ − AjṼ¼Ṽ0

Þ

¼ 2π

Z
DH

0

ðṼ − Ṽ0ÞhTṼ ṼiΨdV ∧ ϵS

≔ 2πhKṼ0
iΨ; ð2:24Þ

as long as limṼ→þ∞ Ṽ θl ¼ 0. We refer to the
quantity KṼ0

as the boost energy above the cut
V0. From (2.24), we get that between two cuts Ṽ ¼
Ṽ1 and Ṽ ¼ Ṽ2 > Ṽ1,

1

4
ðAṼ2

− AṼ1
Þ ¼ −2πðhKṼ2

iΨ − hKṼ1
iΨÞ: ð2:25Þ

(ii) At null infinity Iþ
R, the relevant dynamics lies into

Bondi’s equation [122,123] for the mass, i.e.,

FIG. 1. Conformal extension of the black hole spacetime
centered on spacelike infinity. The blue region is the region
R∞ of [65]. The figure is taken from the first part of this
work [109].
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dM
du

¼ −
Z
S
hTuuiΨϵS; ð2:26Þ

where we already considered the semiclassical
regime. The equation is naturally defined on Iþ

R
only, hence the use of the affine coordinate u
(corresponding to uþ in the last paragraph). Writing
(2.26) with our U coordinate, we get

κU2
d2M
dU2

¼
Z
S
ð−κ−1∂uhTuuiΨþhTuuiΨÞϵS; ð2:27Þ

and we are naturally led to assume that

κ−1∂uhTuuiΨ ≪ hTuuiΨ; ð2:28Þ

which is the equivalent on a black hole background
of the condition θ2 ≪ hTṼ ṼiΨ. The condition (2.28)
is fundamental for proving the dual GSL, and it
possesses an interesting thermodynamic interpreta-
tion; see Sec. III A. At the end of the day, the link
between the Bondi mass and the boost energy at IR
is given by

Mjþ∞ −MðU0Þ ¼−
Z
DI

0

κðU−U0ÞhTUUiΨdU ∧ ϵS

≔−κhKU0
iΨ; ð2:29Þ

where DI
0 ¼ ðU0;þ∞Þ × S2, so between to finite

cuts U ¼ U1 and U ¼ U2 > U1 one has

MðU2Þ −MðU1Þ ¼ κðhKU2
iΨ − hKU1

iΨÞ: ð2:30Þ

Note the analogy between the dynamics of the
Killing horizon Hþ

L and the one of Iþ
R . One can

push it further by considering the boost field
χ ¼ κðU −U0Þ∂U ¼ ð1 − e−κðu−u0ÞÞ∂u. At the cut
U ¼ U0, it vanishes, while at late times
U → þ∞, it reduces to the affine Killing time
∂u ≔ κU∂U. Note finally that the adapted time ū
for quantization above a cut U ¼ U0 is8

ū ≔ κ−1 ln ðU − U0Þ ¼ uþ κ−1 ln ð1 − e−κðu−u0ÞÞ:
ð2:31Þ

This consideration is crucial when dealing with the
dual GSL in the Unruh state; see Sec. VA.

C. Hartle-Hawking state and its regularizations

On IR, whose evolution parameter is the inverse Kruskal
time U, the natural decomposition of the field ϕ is the one
of (2.18). However, having at hand a bunch of different
angular-momentum modes ðl; mÞ allows for more freedom.
In particular, we motivate in Ref. [109] a more general
decomposition of the scalar field operator of the form

ϕ̂ðU;xAÞ ¼
Xþ∞

l¼0

Xm¼þl

m¼−l

Z þ∞

0

dΩffiffiffiffiffiffiffiffiffi
4πΩ

p
�
Yl
mðxAÞâΩlme−iΩUðl;mÞðUÞ

þ Ȳl
mðxAÞâ†ΩlmeiΩU

ðl;mÞðUÞ
�
; ð2:32Þ

with Uðl;mÞ a notion of time attached to the specific
angular mode ðl; mÞ one considers. In particular, it can
be different between two modes, i.e., Uðl;mÞ ≠ Uðl0;m0Þ if

ðl; mÞ ≠ ðl0; m0Þ. The modes Yl
m

e−iΩU
ðl;mÞffiffiffiffiffiffi

4πΩ
p are normalized and

define the positive frequency solutions (when Ω > 0). The
vacuum state jΩfUðl;mÞgi is therefore the state annihilated by
all operators âΩlm, i.e.,

∀Ω > 0; ∀ ðl; mÞ; âΩlmjΩfUðl;mÞgi ¼ 0: ð2:33Þ

Finally, the one-particle Hilbert space is obtained through
the repeated action of the creation operators â†Ωlm on (2.33)
and the Fock space via (2.15). The vacuum state is invariant
under Möbius reparametrization of the times Uðl;mÞ, i.e.,

∀ ðl; mÞ∶Uðl;mÞ → Ũðl;mÞ ¼ almUðl;mÞ þ blm
clmUðl;mÞ þ dlm

;

almdlm − blmclm ≠ 0; ð2:34Þ

which can be shown either using directly the field decom-
position (2.18) or by analyzing the transformation proper-
ties of the two point function (see Ref. [109]).
As the notion of time depends on the angular momentum

mode, it is expected that the total vacuum state jΩðl;mÞi
admits a tensorial decomposition with respect to the modes
ðl; mÞ. Indeed, if one considers

ϕ̂ ¼
X
lm

ϕ̂lm;

ϕ̂lm ¼
Z þ∞

0

dΩffiffiffiffiffiffiffiffiffi
4πΩ

p
�
Yl
mâΩlme−iΩU

ðl;mÞ þ Ȳl
mâ

†
Ωlme

iΩUðl;mÞ
�
;

ð2:35Þ

the ϕ̂lm become effectively two-dimensional chiral fields.
Given the commutation relations

½ϕlmðUÞ; πl0m0 ðU0Þ� ¼ i
2
δðU − U0Þδll0δmm0 Ȳl0

m0Yl
m; ð2:36Þ8An adapted time for quantization in a null hypersurfaceN is a

variable that runs from −∞ to þ∞ as one goes along N .
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the two-dimensional chiral conformal field theory (CFT)
attached to two different modes ðl; mÞ ≠ ðl0; m0Þ are inde-
pendent. Calling jΩUðl;mÞ i the vacuum state for the theory
ϕ̂lm, we can write the total vacuum jΩfUðl;mÞgi as

jΩfUðl;mÞgi ¼ ⊗
lm
jΩUðl;mÞ i ð2:37Þ

so that fUðl;mÞg can be seen as a sequence of times Uðl;mÞ,
indexed by l and m. When decomposing the field in ðl; mÞ
modes like in (2.35), it can be useful to introduce also the
notation ϕ̂l ¼

P
m ϕ̂lm so that the l-stress-energy tensor

(renormalized with respect to the vacuum jΩUðl;mÞ i reads

∶Tl
Uðl;mÞUðl;mÞ∶ΩUðl;mÞ ¼ ∂Uðl;mÞϕ̂lm∂Uðl;mÞϕ̂lm

− h∂Uðl;mÞϕ̂lm∂Uðl;mÞϕ̂lmiΩUðl;mÞ : ð2:38Þ

In Ref. [109], three classes of vacuum states of the form
(2.33) are considered:

(i) The Hartle-Hawking state at IR is built on the times

∀ ðl; mÞ; Uðl;mÞ ¼ U ð2:39Þ

and denoted jΩHi. Such a state is pure with respect
to the algebra AI , while it becomes cyclic and
separating for the restricted algebra AI

i . Therefore,
given the symmetries (2.34), it is also cyclic and
separating for any restriction above any cut, i.e., with
respect to AI

i .
9 It can be used to model a black hole

at equilibrium with its radiation. At any point of the
bulk spacetime, the net energy flux is vanishing, as
the outgoing radiation is exactly compensated by
incoming radiation from I−

L. This is not true at Iþ
R

where an infinite energy flux is observed. These
undesirable divergences betray the impossibility to
describe accurately a radiating Schwarzschild black
hole using that state: an asymptotic observer will not
actually be able to distinguish the black hole from
the surrounding radiation. Moreover, it is unrealistic
to think that all the angular modes ðl; mÞ can make it
to future null infinity. Because of the potential
barrier which depends on l,10 high-angular momen-
tum modes should be backscattered inside the black
hole and therefore be inaccessible to an asymptotic
observer. This is why in Ref. [109] we propose two
regularizations of the Hartle-Hawking state.

(ii) The L-vacuum corresponds to a hard regularization
in which a cutoff L < þ∞ is chosen a priori. We

denote it by jΩL
Hi. The modes l < L corresponds to

thermal excitations at Hawking temperature TH at
future null infinity, while the modes l ≥ L have
been completely backscattered; therefore, the
observer sees the Minkowski vacuum for them.
Physically, it could be realized by feeding the black
hole with some incoming thermal radiation made of
modes of angular momentum l ≤ L at the Hawking
temperature. If L is large enough, the ingoing
radiation exactly compensates the outgoing radia-
tion (because the modes l ≥ L emitted from the
black hole cannot cross the potential barrier), and
the field is in the L-vacuum. The associated notion
of time is

Uðl;mÞ ¼
(
U if l < L

u� ¼ κ−1 ln�U if l ≥ L
; ð2:40Þ

while the space of positive frequency solutions is
given by

S>0
L ≔

(
f∈S C

����fðU; xAÞ ¼
XL−1
l¼0

Xl

m¼−l

×
Z þ∞

0

dΩaΩlmYl
me−iΩU þ

Xþ∞

l¼L

Xl

m¼−l

×
Z þ∞

0

dωaωlmYl
me−iωu�

)
: ð2:41Þ

Thanks to the cutoff L, only a finite number of
modes are excited relative to the Minkowski vac-
uum, rendering therefore the energy density and the
energy flux finite at future null infinity.11

(iii) The κl-vacuum jΩfκlgi corresponds to a soft regu-
larization in which we take into account that each
angular mode l is effectively scattered differently by
the black hole. We translate this observation in
Ref. [109] by proposing to associate to the modes
belonging to the same sector l their own effective
temperature

Tl ≔
κl
2π

; ð2:42Þ

where κ ≥ κl ≥ 0 and κl → 0 when l → þ∞, as the
bigger the angular mode, the more backscattering
there is. The sequence fκlg is not precise, but, given
the shape of the potential (2.42), an interesting
candidate to model an evaporating black hole might9To be more precise the state built upon (2.39) coincides with

the Hartle-Hawking state only on the subalgebra A0 (and other
restrictions) but not on the total algebra A.

10Recall that the Schwarzschild potential takes the form
VlðrÞ ¼ ð1 − 2M

r Þðlðlþ1Þ
r2 þ 2M

r3 Þ.

11Recall that L ¼ 0 corresponds to the Minkowski vacuum
while the Hartle-Hawking state is recovered in the limit
L → þ∞.
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be κl ¼ e−αlðlþ1Þ with α > 0 a constant. The asso-
ciated notion of time is

Uðl;mÞ ¼
�
Ul ≔ eκluþ on Iþ

R

Ul ≔ −e−κlu− on I−
R

; ð2:43Þ

soUl ¼ U if κl ¼ κ and jUlj ¼ jUjκlκ , while the set of
positive frequency solutions is given by

S>0
κl ≔

�
f∈S C

����fðU; xAÞ

¼
Xþ∞

l¼0

Xl

m¼−l

Z þ∞

0

dΩaΩlmYl
me−iΩU

l

	
: ð2:44Þ

To each sequence of fκlg is associated a vacuum
state jΩfκlgi, and changing at least one of the κl leads
to a different vacuumwhose associated Hilbert space
H Ωfκlg is generically non unitarily related to the
previous one. However, thanks to the freedom one
has in choosing the effective temperature, we
believe that this state may lead to a more accurate
description of a radiating Schwarzschild black hole,
since the graybody factors depend on the angular
momentum l. Therefore, the class of κl-vacua
constitutes nice toy models to study some thermo-
dynamic properties of the Unuruh vacuum. In
particular, the bunch of effective temperatures
(2.42) allows to extract work from the κl-vacua;
see Sec. IV.

This concludes our review of the relevant vacuum states
considered in Ref. [109], to which we refer the interested
reader for further details. We now turn to a recap of the
proof of the dual generalized second law.

D. Relative entropy and dual GSL

We consider two spacelike hypersurfaces Σ1 and Σ2

starting both at the bifurcation surface B and ending at two
different cuts at Iþ

R , say, U ¼ U1 > 0 and U ¼ U2 > U1,
AI

2 ⊂ AI
1 . A representation of this situation is depicted in

Fig. 2. We push these hypersurfaces to infinity so that they
cover a region DB

i of the union Hþ
L ∪ Iþ

R . We have that

DB
i ¼ ðð0;þ∞Þ × S2HÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

≔DH

∪ ððUi;þ∞Þ × S2IÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
≔DI

i

; ð2:45Þ

and the dual GSL between DB
1 and DB

2 is equivalent to the
one between Σ1 and Σ2 by unitarity. We denote AI

i as the
algebra of observables of DI

i , and similarly AH is the one
of DH so that the total algebra of DB

i is AB
i ¼ AH ⊗ AI

i .
Take a vacuum state jΩi, which represents the asymp-

totic state to which our system (the radiating black hole)
will relax at late times, and construct its GNS Hilbert space

H Ω. With respect to any restricted algebra AI
i , this state is

assumed to be cyclic and separating. Consider jΨi a second
cyclic and separating state for all AI

i so that the monot-
onicity of the relative entropy (2.11) reads

SAI
1
ðΨjjΩÞ ≥ SAI

2
ðΨjjΩÞ; ð2:46Þ

since AI
2 ⊂ AI

1 . Using (2.12), we get

ΔSv:N:;A
I
i

ΨjΩ − ΔhKAI
i

Ω iΨ ≥ 0; ð2:47Þ

with

ΔSv:N:;A
I
i

ΨjΩ ≔ S
v:N:;AI

2

ΨjΩ − S
v:N:;AI

1

ΨjΩ

and ΔhKAI
i

Ω iΨ ≔ ΔhKAI
2

Ω iΨ − ΔhKAI
1

Ω iΨ: ð2:48Þ

For the total algebraAB
i ¼ AH ⊗ AI

i , we just consider as a
vacuum state the product state

jΩ̄i ≔ jΩHi ⊗ jΩi; ð2:49Þ

which is cyclic and separating for all AB
i , together with

jΨ̄i∈H Ω̄ also cyclic and separating, so that at the end we
get the fundamental inequality

ΔSv:N:;A
B
i

Ψ̄jΩ̄ − ΔhKAI
i

Ω iΨ̄ ≥ 0; ð2:50Þ

between the spacetime domain DB
1 and DB

2 . Then, we use
(2.8) to relate the one-sided modular Hamiltonian to
the normal-ordered stress tensor. It remains, finally, to
recover the Bondi mass using the relation between the

FIG. 2. Setup in which the hypersurfaces Σ1 and Σ2 both starts
at the horizon bifurcation surface B and end at different cuts
U ¼ U1 and U ¼ U2, respectively, at I

þ
R . The regions DH and

DI
i are also depicted. Figure taken from Ref. [109].
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normal-ordered stress tensor and the covariant stress tensor.
The dual generalized second law can then be formulated as
the statement that a thermodynamic potential GΩ decreases
between Σ1 and Σ2, i.e.,

ΔGΩ ≤ 0: ð2:51Þ

Now, we specialize these steps to the three vacua we
defined in Sec. II C:

(i) In the Hartle-Hawking state, the one-sided modular
Hamiltonian with respect to the algebra AI

i reads

K
AI

i
ΩH

¼ 2π

Z
DI

i

ðU −UiÞ∶TUU∶ΩH
dU ∧ ϵS; ð2:52Þ

and the relation between ∶TUU∶ΩH
and TUU is of the

form

TUU ≕TUU∶ΩH
þ Schwarzian term; ð2:53Þ

so using Einstein’s equations (2.30), we get [the state
jΨ̄i has to be chosen such that (2.28) holds]

ΔhKAI
i

ΩH
iΨ̄ ¼ ΔM − ΔMΩH

; ð2:54Þ

with ΔMΩH
the variation of Bondi mass in the

Hartle-Hawking state. Given that this state is exactly
thermal, one can apply the Clausius relation
(ΔS ¼ Q

TH
) for the infinite bath of radiation at

Hawking temperature TH. As no work can be
extracted from it, one has W ¼ 0, and we get
ΔS ¼ ΔE

TH
, which gives in the case at hand

ΔSΩH
¼ ΔMΩH

TH
; ð2:55Þ

meaning that the zero point energy in the Hartle-
Hawking state actually corresponds to a variation of
entropy. Adding (2.55) to (2.54), we find from the
inequality (2.50)

ΔM−THΔS≤ 0⇒ GΩH
¼M−THS≔F ð2:56Þ

withΔS ¼ ΔSv:N:;A
B
i

Ψ̄jΩ̄H
þ ΔSΩH

. The relevant potential

is therefore the free energy, betraying the relation
with the thermodynamics of a system which ex-
changes energy with a bath at Hawking temperature.
However, recall that expressions appearing in (2.55)
are divergent, hence the need for a regularization.
One can first use the hard regularized L-vacuum
jΩL

Hi. It is straightforward to check that if L is
sufficiently large the exact same steps can be
repeated using now the Hilbert space H ΩL

H
built

from the L-vacuum jΩL
Hi,12 but now the quantities

appearing in (2.55) are finite, as are the two
members of the left-hand side of the inequality
in (2.56).

(ii) In the κl-vacuum, the one-sided modular Hamilto-
nian can be written as

K
AI

i

Ωfκlg
H

¼2π
X
l

Z þ∞

Ul
i

Z
S
ðUl−Ul

iÞ∶Tl
UlUl∶Ωfκlg

H
dUl∧ϵS;

ð2:57Þ

with Tl
UU defined in (2.38). For the proof to work,

we needed to choose the sequence fκlgl≥0 so thatP
lð2lþ 1Þκl < þ∞. Under that hypothesis, to-

gether with (2.28), we find in Ref. [109] the
following inequality between the cut u ¼ u1 and
the cut u ¼ u2 of Iþ

R ,

ΔM
TH

−
Xþ∞

l¼0

Xm¼þl

m¼−l

Z þ∞

0

μωl
TH

hΔnωlmiΨ̄dω − ΔS ≤ 0;

ð2:58Þ

with jΨ̄i∈ jΩ̄fκlg
H i. In this expression, we recognize

chemical potential terms μωl whose relation to κl is

μωl ¼ ω

�
1 −

κ

κl

�
; ð2:59Þ

which are negative (at it should for bosonic fields) as
κ ≥ κl. Also, Δnωlm is the spectral density operator,
which reads

Δnωlm ≔ Δn̄ωlm − ðu2 − u1ÞhNωlmiΩfκlg
H

ð2:60Þ

with on the one hand hNωlmiΩfκlg
H

the VEV of the

number operator for the modes ðωlmÞ in the κl-
vacuum and on the other hand n̄ωlm the excess
density of modes compared to the vacuum

n̄ωlm ¼ lim
Δω→0

X
ω;ωþΔω

Nωlm − hNωlmiΩfκlg
H

Δω
: ð2:61Þ

Therefore, in the κl-vacuum, the relevant thermo-
dynamic potential is the grand potential, which
reads

12It means that the larger L is, the less restrictive are the
conditions on the state jΨ̄i∈H Ω̄L

H
needed to recover (2.56). In

particular, it works immediately for an arbitrary state in the Fock
space built from the modes with angular momentum l ≤ L. See
Ref. [109] for further details.
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GΩfκlg ≔ M −
Xþ∞

l¼0

Xþl

m¼−l

Z þ∞

0

μωlhnωlmiΨ̄dω − THS:

ð2:62Þ

The nongeometric terms related to the chemical
potentials are of particular interest as we shall show
in the next section that they are related to work
terms. As a final remark, which will help to make
contact latter with the discussion of the Unruh
vacuum, let us note that the modular Hamiltonian
(2.57) can also be written in terms of the excess
density (2.61) and the chemical potentials (2.59)

K
AI

i

Ωfκlg
H

¼ 2π

Z
DI

i

ðU − U0Þ∶TUU∶Ωfκlg
H

dU ∧ ϵS

−
X
lm

Z þ∞

0

μωl
TH

n̄ωlmdω; ð2:63Þ

showing even more explicitly the decomposition
into two terms: a geometric contribution related to
the Bondi mass and a nongeometric one associated
to the chemical potentials.

This concludes our recollection of the fundamental defi-
nitions and result of the first part of this work [109]. These
results complete and generalize the earlier results obtained
by one of us in Ref. [78] and place them on a precise and
rigorous footing beyond the effective approach employed
there. Now, we delve into the relation with thermodynamics
of open systems.

III. RELATIONS WITH DYNAMICS OF OPEN
SYSTEMS

A. Characteristic timescales

The assumption (2.28) was essential to relate the Bondi
mass to the boost energy so in fine to the one-sided modular
Hamiltonian (2.52). We aim to justify it by making the
parallel between black hole thermodynamics at null infinity
and the theory of open quantum systems more explicit. We
can write (2.28) as

τB
τD

≪ 1; ð3:1Þ

where τB ¼ κ−1 ¼ 4M and τD ¼ hTuuiΨ
∂uhTuuiΨ. The latter corre-

sponds to the typical time evolution of the stress-energy
tensor in a state jΨi. In the case where we have a constant
flux of particles at Iþ

R , τD ¼ ∞, and (3.1) is obviously
satisfied. In fact, this assumption is really analogous to
some assumptions on the relaxation time of the bath that we
encounter in open quantum systems. In this latter frame-
work, one considers a system—corresponding, in the
quantum field theory picture, to a quantum field in a given

state jΨi on IR—that relaxes toward an equilibrium state
under the influence of a reservoir. The equilibrium state
corresponds to a vacuum state, such as the Hartle-Hawking
vacuum, the Unruh vacuum, or one of the regularized vacua
introduced in Sec. II C. In the gravitational setting, the
analog of the reservoir is provided by the spacetime
dynamics itself—for instance, a black hole collapse—
which settles into specific late-time boundary conditions.
In our approach, however, since we quantize directly on IR,
the choice of late-time boundary conditions becomes a
kinematical choice rather than a dynamical one. Indeed, it
is equivalent to selecting a vacuum state—and hence a
Hilbert space—among the infinitely many unitarily inequi-
valent representations of the algebra of observables on
IR.

13 Different choices of vacuum states therefore corre-
spond to different late-time boundary conditions. Within
the theory of open quantum systems, a particularly impor-
tant class of systems is provided by Markovian systems,
namely, systems whose evolution is memoryless. A system
S, described by a density matrix ρS ∈BðH SÞ (here,H S is
the Hilbert space of the system), which follows a
Markovian dynamic (of Hamiltonian H) under the influ-
ence of some bath B, evolves according to the Lindblad
equation [87,90,93,100]

dρS
dt

¼LðρSÞ¼−i½H;ρS�þDðρSÞ;

DðρSÞ¼
X
i

γi

�
LiρSL

†
i −

1

2
fL†

i Li;ρSg
�
; γi≥0; ð3:2Þ

ensuring a (complete) positive and trace preserving dynam-
ics. In (3.2), L is the Lindblad operator, DðρÞ is called the
dissipator and encodes the nonunitary part of the under-
lying dynamics. It is expressed via some jump operators
ðLi; L

†
i Þ and dissipation rates γi, whose exact expression is

phenomenological.14 The Lindblad equation is the gener-
alization of the von Neumann equation15in the case where a
system is driven by an environment to which it is weakly
coupled, so we can consider that its dynamics is effectively
Markovian. It can be proven [93] that any dynamics that is
complete positive and trace preserving16 (CPTP) and
Markovian can be written in the Lindblad form (3.2).

13This multiplicity arises from the breakdown of the Stone–
von Neumann theorem in quantum field theory.

14They depend on the system at hand. If we imagine the system
S to be a qubit weakly interacting with a bath at thermal
equilibrium, the jump operators Li can be the Pauli ladder
operators L� ¼ σ� associated to the qubit (plus eventually a
dephasing term induced by the operator Lz ¼ σz).

15In the Schrödinger picture, it reads i d
dt ρS ¼ ½H; ρS�.

16So that we map density matrices into density matrices. The
notion of complete positivity is needed so that an induced
dynamics on a subsystem preserves the positivity of the larger
system.
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However, in realistic physical situations, strict
Markovianity is an idealization. Indeed, once the system
S and the bath B begin to interact, correlations inevitably
develop between them, regardless of their initial states. The
assumption underlying the macroscopic derivation of the
Lindblad equation is that such correlations are effectively
“erased” by the bath after a characteristic timescale τB
which can be interpreted as the bath correlation time.
This time scale is typically of order ℏ

TB
, TB denoting the

temperature of the bath [87].17 On timescales longer than
τB, the reservoir effectively loses memory of its past
interactions by dispersing information into its infinitely
many degrees of freedom, so the reduced dynamics of the
system becomes effectively Markovian. Consequently, the
time variable t appearing in the Lindblad equation (3.2)
should not be identified with the microscopic time entering
the von Neumann equation. Rather, it should be interpreted
as a coarse-grained, mesoscopic time variable τ. As a result,
the Lindblad equation can only be used to describe the
dynamics of the system S on timescales t ≫ τB, and any
attempt to interpret it at shorter timescales is physically
meaningless.18 The joint evolution of the system S and
the environment B is schematically represented by the
evolution

ρSBð0Þ ¼ ρSð0Þ ⊗ ρBð0Þ ⟶ ρSBðτBÞ
¼ ρSðτBÞ ⊗ ρBðτBÞ þ δχ⟶

t≫τB
ρSBðtÞ ≈ ρSðtÞ

⊗ ρBðtÞ; ð3:3Þ

where δχ represents the correlations induced between the
system and the bath.19 This information is subsequently
erased as it is dissipated into the infinitely many degrees of
freedom of the bath,20 and the reduced dynamics of the

system becomes effectively Markovian on timescales larger
than τB.
In our setting, the characteristic timescale τB ¼ κ−1 ∼ ℏ

TH
corresponds to the inverse Hawking temperature and plays
the role of the reservoir correlation time. It is also of the
order of the typical wavelength of Hawking radiation and
thus naturally characterizes the decay of correlations. Open
quantum system theory then implies that the second law is
expected to hold only on timescales much larger than the
correlation time τB ¼ ℏ

TB
. Accordingly, we do not expect the

dual generalized second law to be valid on timescales of
order τD ∼ τB, but only on longer, coarse-grained time-
scales τD ≫ τB. This requirement is precisely captured by
assumption (3.1).
At this point, it is useful to explain more precisely why

this parallel can be drawn. The key observation is that, on
null hypersurfaces, Markovianity is not merely an approxi-
mate property—it is exact, enforced by causality: once
information crosses a causal horizon, it cannot return.
Consequently, one would expect the effective correlation
time to vanish, i.e., τB ¼ 0. Indeed, this is exactly what
occurs on null hypersurfaces at finite distance, such as
black hole horizons or the Rindler horizon. This is perfectly
consistent with our formalism: an observer attempting to
measure an operator on a future causal horizon would require
infinite acceleration, corresponding to an infinite Unruh
temperature. Likewise, the typical wavelength of particles
observed exactly on a black hole horizon vanishes due to
infinite blueshift, so the correlation time is zero. Similar
reasoning applies to any null hypersurface at finite distance.
The situation is different at null infinity. Here, Iþ is a

null hypersurface in the conformal spacetime, and the
observers following its null geodesics are inertial. This
explains why the natural timescale of the problem, the
surface gravity κ, appears explicitly in formulas such as
(2.29) and (2.30), since we have chosen u to be the affine
inertial time. In contrast, it does not appear in the analogous
expressions for finite horizons, such as (2.24). It is well
known that the surface gravity is fundamentally associated
with physics at infinity rather than on the horizon itself: it is
defined by normalizing the asymptotic Killing vector so
that its timelike component has unit norm at infinity.
Consequently, it corresponds to the asymptotic generator
of time translations.21 On the horizon, by contrast, the
Killing field is null and cannot be normalized.

B. Dual Generalized Second Law from
Lindblad’s equation

In this subsection, we take a step back and analyze the
formulas obtained in Sec. II D froma thermodynamic point of
view. First, we try to understandwhywe find additional terms

17This estimate applies provided the bath does not possess
additional intrinsic scales, such as infrared or ultraviolet cutoffs.

18This is analogous to expecting the Navier-Stokes equations
to remain valid below the atomic scale, where the notion of a
continuum fluid description breaks down.

19At this stage, a nonvanishing mutual information between
the system and the bath is generated by the interaction. As a
consequence, the second law may be locally violated due to
information backflow into the system. This mechanism underlies
Maxwell’s demon–type scenarios, in which available information
is consumed to apparently violate the second law.

20More precisely, by ρB, we mean the state of the subset of bath
degrees of freedom that effectively interact with and drive the
system S. If instead one were to identify the bath with “the rest of
the Universe,” correlations would never truly disappear, and no
information would be lost. What is required is that the correlation
functions of the bath observables Bα associated with these
degrees of freedom decay on timescales t ≫ τB, namely,
hBαðtÞBβðtþ ΔtÞi⟶

Δt≫τB
0. In practice, these operators Bα appear

in the interaction Hamiltonian between the system and the bath
HI ¼

P
α Sα ⊗ Bα, where the Sα are operators acting on the

system S.

21Its Noether charge then corresponds to the usual notion of
energy.
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to the energy and entropy variations when we look at the
monotonicity of the relative entropy to infer a second law.
The usual framework in the theory of open quantum

systems is to work with a finite dimensional system
interacting with an infinite bath. Then, as we saw in
Sec. III A, as long as the coupling γ is sufficiently weak
and that the timescales we are interested in are longer than
the correlation time τB,

22 the system’s dynamics can be
approximated by a Markovian evolution which translates to
the Lindblad equation (3.2) at the quantum level. However,
in order to deduce the precise form of the jump operators,
we need to get a minimum of knowledge on the state of the
bath, since the latter induces the system’s dynamics. Since
the bath is infinite, we cannot associate a proper density
matrix to it. However, the state of the bath is implicitly
characterized by the correlation functions of the bath
operators. It is quite standard to assume that the operators
of the bath satisfy the KMS conditions [98,99]

∀ðA;BÞ∈AB; ∀ t∈R; hαtðAÞBi¼hBαtþiβðAÞi; ð3:4Þ

where AB is the bath’s algebra, αt is the modular flow [see
below (2.9)], and β is the inverse bath temperature.
However, even if (3.4) corresponds to the usual “thermal-
ity” conditions, they do not mean that the bath is thermal in
the usual thermodynamic sense. Typically, if the bath
cannot only exchange energy but also particles with the
system, the flow αt will not be generated by the system’s
Hamiltonian and will generically depend on the Lagrange
multipliers associated to the conserved quantities (β for the
energy and the chemical potential μ for the number of
particles). Indeed, if faω; a†ωgω∈R is the set of ladder
operators associated to the bath, in such cases, the KMS
conditions will imply that

hNωi ¼ ha†ωaωi ¼ haωa†ωe−βðω−μÞi ¼ ðha†ωaωi þ 1Þe−βðω−μÞ
¼ ðhNωi þ 1Þe−βðω−μÞ ð3:5Þ

so that if nω ¼ hNωi is the average number of particles
we have23

nω þ 1

nω
¼ eβðω−μÞ ð3:7Þ

which is a Bolse-Einstein distribution. To gain some
intuition, it is insightful to write the formal density matrix
associated to the bath as

ρB ¼ e−βðHB−
P

i
μiNiÞ

Z
; Z ¼ Tre−βðHB−

P
i
μiNiÞ ð3:8Þ

whereHB is the bath’s Hamiltonian and μi are the chemical
potentials associated to the species i (whose number
operator is of course Ni). Then, the modular flow αt can
be written as

∀A∈AB; ∀ t∈R; αtðAÞ ¼ ρitBAρ
−it
B : ð3:9Þ

Similarly, in Tomita-Takesaki modular theory reviewed in
Sec. II A (see also Appendix D of Ref. [109]), any cyclic
and separating state jΨi satisfies the KMS condition with
respect to its own modular Hamiltonian KΨ ¼ − lnΔΨ
(with inverse temperature β ¼ 1), so

∀ ðA;BÞ∈AB; ∀ t∈R;

hΨjΔiðtþiÞ
Ψ AΔ−iðtþiÞ

Ψ BjΨi ¼ hΨjBΔit
ΨAΔ

−it
Ψ jΨi ð3:10Þ

and in particular the (algebraic) vacuum state ω from which
the GNS Hilbert space H Ω is built satisfies the KMS
conditions with respect to its own modular Hamiltonian
KΩ ¼ − lnΔΩ. However, a generic quasifree state ω is not
thermal, since its modular Hamiltonian does not coincide
with the Noether charge associated with time translations.
We have seen that, when the Hartle-Hawking state ωH is
restricted to the algebra A0, the modular Hamiltonian
reduces precisely to the standard generator of time trans-
lations on Iþ

R [see (2.52)], as shown in Ref. [109]. By
contrast, for the Minkowski vacuum ωM, the modular
Hamiltonian is given by the boost generator. For the κl-

vacuum ωfκlg
H , the modular Hamiltonian differs from both

cases and instead resembles that of a thermal bath at
equilibrium with nonvanishing chemical potentials.
From a physical perspective, selecting a vacuum state ω
on IR is therefore equivalent to choosing a specific
reservoir—or infinite bath–in the framework of open
quantum thermodynamics.
We come now to the proof of the second law for open

quantum systems undergoing a Markovian dynamics. The
key ingredient is the fixed point of the dynamics induced by
the Lindblad equation (3.2). However, it is easy to prove
that if the two-point functions of the observables of the
environment24 satisfy the generalized KMS conditions (3.4)

22In fact, the relevant condition to make it work is to have
τBγ ≪ 1 since the “transition time” must be of the order γ−1.

23In fact, one can obtain much more that only the average
number of particles but the whole Boltzmann distribution by
using the KMS conditions from the expectation value
∀ k ∈ N; hNk

ωi ¼ haωNk−1
ω a†ωe−βðω−μÞi ¼ hðNω þ 1Þke−βðω−μÞi

(the latter equality requires the identity aωNk
ω ¼ ðNω þ 1Þkaω

which can be easily proven by induction), to deduce the set of
equations

∀k∈N; Xþ∞

Nω¼0

ðNωþ1ÞkðpðNωþ1Þ−e−βðω−μÞpðNωÞÞ¼0 ð3:6Þ

leading to the Boltzmann distribution.

24At least the ones that appear in the interaction Hamiltonian
HI between the system and the infinite bath; see footnote 20.
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the fixed point σ ∈BðH SÞ will correspond to an equilib-
rium state relative to the environment. For instance, if the
correlation functions of the reservoirs behave in such a way
that the KMS conditions (3.5) are satisfied, it is easy to
show that the fixed point of the dynamics will be25

σ ¼ e−βðHS−
P

i
μiNiÞ

Z
; Z ¼ Tr e−βðHS−

P
i
μiNiÞ; ð3:11Þ

whereHS is the system’s Hamiltonian andNi is the number
operator, of quanta of the type i that are exchanged between
the system and the bath. Then, it is possible to prove that
the eigenvalues of the Lindbladian appearing in (3.2) are all
strictly negative except one that is equal to zero, so that
there is a unique fixed point of the dynamics.26 The fact that
the other eigenvalues are negative allows us to conclude
that the state of the system will converge towards its fixed
point ρ⟶

t→þ∞
σ. Calling λ1 the smallest nonvanishing eigen-

value of the Lindbladian L (in absolute value), we can
conclude from (3.2) that for any ρ∈BðH SÞ

jjρðtÞ − σjj ≤ e−λ1tjjρð0Þ − σjj ð3:12Þ

so that the system will “thermalize” (or relax) to σ in a time
τR ∼ 1

λ1
. To study the thermodynamics of the process, we

consider the relative entropy SðρjjσÞ. Then, we use the
monotonicity of the relative entropy for the CPTP map etL

that is the propagator of the Lindbladian and get

∀ ðs; tÞ∈R2þ;

SðρðsÞjjσÞ ≥ SðetLρðsÞjjσÞ ¼ Sðρðsþ tÞjjσÞ ð3:13Þ

so that27 we can write

ΔSðρÞ − ΔhKiρ ≥ 0; ð3:14Þ

where K ¼ − ln σ is the modular Hamiltonian of the fixed
point σ and SðρÞ is the von Neumann entropy of the state ρ.
For instance, in the special case where the KMS conditions
translate to (3.5), such that (3.11) is the fixed point of the
dynamics, Eq. (3.14) becomes

ΔSðρÞ − β

�
ΔhHiρ −

X
i

μiΔhNii
�

≥ 0 ð3:15Þ

or

ΔG ≤ 0; G ¼ hHiρ −
X
i

μihNiiρ − TBSðρÞ; ð3:16Þ

where G is the grand potential. Of course, if ∀ i; μi ¼ 0,
then the grand potential reduces the free energy
F ¼ hHiρ − TBSðρÞ. Therefore, the difference of relative
entropy is indeed nothing more than the usual entropy
production term that we have in ordinary thermodynamics.
It is of course very similar to the equations of the previous
sections (2.56) or (2.58). In addition, since the variation of
internal energy is given by ΔE ¼ ΔhHiρ, and since the
Clausius relation can be written as

ΔS −
Q
TB

¼ Sc ≥ 0 ð3:17Þ

(with Sc the created entropy), one can identify the heat and
work fluxes

Q¼ΔhHiρ−
X
i

μiΔhNiiρ; W¼
X
i

μiΔhNiiρ ð3:18Þ

where W here is the chemical work. Of course, if we
have more constraints so that more charges could be
exchanged between the system and the reservoir, we
could have additional work sources on the system, like
mechanical work −pdV or electrical work −ΦdQ.28

This relation between the terms related to the chemical
potential and the notion of thermodynamic work is
essential to show how work can be extracted from the
κl-vacuum; see Sec. IV. Hence, the thermodynamics
induced from the Lindblad equation on a system
interacting weakly with some reservoir in a generalized
KMS state is very similar to the story told in Sec. II.
We summarize the different points in Table I.
The key point is that choosing a quasifree state ω—

which, via the GNS construction, fixes a corresponding
Hilbert space—is equivalent to selecting a reservoir that
drives the system toward a specific equilibrium state.
However, the reasons why the system equilibrates in the
two cases are quite different. In a Hilbert space H ω, it is
because any state jΨi will look like the vacuum state ω if
one sufficiently restricts the algebra of observables. Indeed,
since a state jΨi∈H ω is (a linear combination of) local
excitations of the field on top of the vacuum state, these
local excitations will not be visible from the subalgebraAi,
if the cut ui is taken at sufficiently late time. For instance, a

25Contrary to the environment, the system has a finite dimen-
sional Hilbert space, so its density matrix is well defined.

26Any CPTP map that is an automorphism admits at least one
fixed point, but in general, this fixed point is not unique. To
obtain uniqueness, the dynamics should be able to “mix” all the
different sectors of the Hilbert space; otherwise, different sectors
could have their own fixed points.

27Notice that the monotonicity of relative entropy is in general
not enough to ensure thermalization. Since the relative entropy
decreases and is positive, it must converge to some L ≥ 0 at late
times. However, thermalization to the fixed point is equivalent to
proving that L ¼ 0.

28Electrical work appears in gravity when considering the
Reissner-Nordström black hole.
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coherent state

jΨi ¼ eiπðfÞjΩi∈H ω ð3:19Þ

generated by a test function f with compact support on
I ⊂ IR will look like the vacuumwith respect to the algebra
Ai if I ∩ ðui;þ∞Þ ¼ ∅. Consequently, since eiπðfÞ is a
unitary operator, the relative entropy between jΨi and jΩi
will vanish when restricted to the algebra Ai, as explained
below (2.10). However, there does not exist a timescale
comparable to τR ∼ λ−11 as in (3.12). We can understand it
because here the Hilbert space is infinite dimensional, so
there is no equivalent to a strictly nonvanishing lower
bound for the eigenvalues of L. Therefore, in general, we
must take τR ¼ þ∞, i.e., the process we just described
happens strictly speaking only at “infinite” late times. We
should not forget that we mean very different things when
we talk about the ”evolution” of the quantum system in
both cases (algebraic and thermodynamic). Indeed, we
define the state of the quantum field on IR so that its
specification is kinematical, and by evolution, we only
mean to restrict some initial data to a a smaller subset of
data, while actually the Lindblad equation talks about a
dynamical evolution of the quantum state. However, the
two concepts coincide on a null hypersurface: they are the
limits of both spacelike and timelike hypersurfaces, so we
can define quantum states and an Hilbert space on them and
still see the (kinematical) restriction of these states to a
smaller subalgebra at late time as a dynamical evolution.
This is why there is such an interesting interplay between
thermodynamics and the physics of quantum field on null
hypersurfaces. The choice of the vacuum state fixes the
infrared behavior of the field on the null hypersurface.
However, contrary to what happens on a Cauchy surface, in
the case at hand, infrared behavior means late time
behavior, so the field relaxed to the vacuum state at late
time on the null hypersurface. The different inequivalent
vacuum states offer different thermodynamic stories to the
quantum field.
To conclude this subsection, we would like to come back

to what we identified as the “system” and what we
identified as the “reservoir” for the quantum fields at

Iþ
R . As we have emphasized, the choice of Hilbert space,

or equivalently the choice of vacuum state ω, is analogous
to a choice of reservoir. Therefore, what we call the system
here is just made out of the excitations of the quantum
fields on top of the vacuum state jΩi, the latter being fixed
by the late time boundary conditions. In the vacuum state
jΩi, the quantum field behaves exactly as a reservoir would
behave, since this state is stationary. Consequently, there is
no entropy production, and the vacuum state is in thermo-
dynamic equilibrium. However, as we also emphasized in
the previous subsections, in general, even in the vacuum
state, the charges are not conserved, so we expect a constant
flux of particles, energy, and entropy. However, since the
vacuum state is stationary, the variation of thermodynamic
quantities is made without any entropy production (Sc ¼ 0)
so that the Clausius relation

ΔS ¼ Q
T

ð3:20Þ

is always satisfied. In usual thermodynamics, an infinite
bath obeys the Clausius relation (3.20) since it is always at
equilibrium and there are no entropy production terms.
Remember that in the vacuum state the charges, like the
total energy, are strictly speaking infinite, so there can be
constant energy and entropic fluxes without changing the
state. These are exactly the same assumptions that are made
for a bath at equilibrium in thermodynamics, which always
satisfies some kind of generalized KMS conditions even if
it can exchange energy and entropy with the system.
Indeed, if A is the system (we change the latter with
respect to Sec. III A to avoid confusion with the entropy)
and B is the bath, the usual thermodynamic relations tell us
that

ΔSA ¼ QA

T
þ Sc; ΔSB ¼ QB

T
; ð3:21Þ

where T is the temperature of the bath. In addition,
conservation of energy between the bath and the system
implies that QA þQB ¼ 0, so

TABLE I. The physics of a small system weakly coupled to a large reservoir in equilibrium undergoes a Markovian dynamic (driven
by the Lindblad equation), exactly as the evolution of quantum fields defined on the nonexpanding null hypersurface IR, where by
“evolution” we mean restriction of the state to smaller and smaller subalgebras AI

i of observables on IR.

Quantum thermodynamics At future null infinity Iþ

System Our physical system Excitations of the quantum field
Reservoir Infinite bath at equilibrium Boundary conditions at late time
Timescale Coarse-grained time t ≫ τB ∼ 1

T Coarse-grained time t ≫ τB ∼ 1
TH

State invariant under the dynamics The fixed point The vacuum state ω
Reference state in the relative entropy The fixed point The vacuum state ω
Entropy production Difference of relative entropies Difference of relative entropies
Relaxation to equilibrium Toward the fixed point Toward the vacuum state
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ΔSA þ ΔSB ¼ Sc ≥ 0 ð3:22Þ

for the closed system. For quantum fields on Iþ
R , QB is the

constant heat flux of the vacuum state (equal to ΔMΩ for
instance if all the chemical potentials vanish), while QA is
the heat flux associated to the excitations on top of the
vacuum, i.e., are related to the one-sided modular
Hamiltonian that vanishes in the vacuum ω. However,
here we do not haveQA þQB ¼ 0, since the system is open
and therefore energy, particles, and entropy can flow
through Iþ

R , so the total charges (the Bondi mass, the
number of particles, etc.) are not conserved, and it is the
reason why one has to deal with other thermodynamic
potentials than the entropy.

IV. WORK EXTRACTION FROM A
NONROTATING BLACK HOLE

In this section, we explain how we could interpret the
additional “chemical potential” terms appearing in the
formula (2.58) as work so that from the Hilbert space
H Ωfκlg

H
one can design an engine which runs based on the

fact that the vacuum jΩfκlg
H i is not thermal. To establish the

latter, we will discuss the notion of passive states and work
out an explicit example of how we could extract work using
the BLPS engine [101].

A. Passive states

To understand why we can extract work from the
κl-vacuum, it is essential to define first what is a passive
state [90,110].
Definition 1. A passive state is a quantum state ρ such

that any unitary transformation on it can only increase its
internal energy, i.e., for any unitary U∈BðH ΩÞ,

trðHUρU†Þ ≥ trðHρÞ: ð4:1Þ
From this definition, it is straightforward to show that an
alternative characterization of a passive state would be that
the population of the state in the energy eigenbasis
decreases if the energy increases, i.e.,

∀ ðE;E0Þ; E0 > E ⇒ pðE0Þ < pðEÞ; ð4:2Þ
since a unitary transformation mixes the eigenvectors while
keeping the same eigenvalues. The passive states are very
important in quantum thermodynamics, because it is impos-
sible to extract work from them using a unitary operation.
Otherwise, if the state is not passive, it is in principle possible
to extract work. A standard example of a passive state is a
thermal state, which obviously satisfies the two equivalent
conditions (4.1) and (4.2). Indeed, it is well known that it is
impossible to extract work from a single thermal state, as it
was even one of the earlier formulations of the second law of
thermodynamics (due to Kelvin and Planck).

From this new perspective, it is interesting to understand
which are the passive states among the different vacua we
considered in Sec. II. It is quite clear that the Hartle-
Hawking state jΩHi (restricted to any algebra AI

i ) is a
passive state, since it is thermal. The same is true for the L-
vacuum, which is exactly thermal up to the cutoff L and
finally coincides with Minkowski. However, the κl-vacuum
is certainly not passive in general because of the presence
of the chemical potentials μωl [see (2.59)]. Indeed, one can
always find (many) pairs of triplets ðNωlm;ω; lÞ and
ðNω0l0m0 ;ω0; l0Þ, so

e−
2πNωlmω

κl ≤ e
−
2πN

ω0l0m0ω0
κl0 ; Nωlmω ≤ Nω0l0m0ω0 ð4:3Þ

as long as κl0 ≠ κl, which contradicts (4.2). It is because,
precisely, the κl-vacuum is not thermal with respect to the
generator of asymptotic translations29 when restricted to the
algebra AI

i . Likewise, as we will explain in Sec. V, the
Unruh vacuum ωU is not a passive state when restricted to
the algebraAI

i . Again, it is because the Unruh vacuum state
ωU, although thermal if restricted to the white hole horizon
H−

R, is not thermal on Iþ
R since the potential barrier scatters

the particles emitted from H−
R.

B. BLPS engine

To illustrate the previous statements, it is useful to
explicitly show how we can extract work from the κl-
vacuum state, since we claim it should be feasible. An
interesting illustration of how it could work is to study the
BLPS engine [101].
This engine works by taking two qubits made of two

energy eigenstates (with different energies) ðj0ii; j1iiÞ,
i ¼ 1, 2, coupled to two thermal baths at different temper-
ature T1 and T2, with T2 > T1. Let us assume that the
energy gap between the ground states j0i1 (respectively,
j0i2) and the excited states j1i1 (respectively, j1i2) of the
qubit of the cold (respectively, hot) bath is E1 (respectively,
E2) and that E2 ≥ E1. The four energy eigenstates states
ðj0i1; j0i2; j1i1; j1i2Þ of the two qubits span a four-dimen-
sional Hilbert space ðj00i; j10i; j01i; j11iÞ by taking the
tensor product of the Hilbert spaces of the two separate
qubits. Since the cold (respectively, hot) bath is in thermal
equilibrium at the temperature T1 (respectively, T2), we
have that

pðj10iÞ ¼ e−
E1
T1pðj00iÞ; pðj01iÞ ¼ e−

E2
T2pðj00iÞ;

pðj11iÞ ¼ e−ð
E1
T1
þE2

T2
Þpðj00iÞ ð4:4Þ

and the stationary state of the joint qubits (4.4) is not
passive if and only if

29More precisely, with respect to H ¼ R
DI

i
ð1 −

e−κðu−uiÞÞTuudu ∧ ϵS that is the correct one-sided modular
Hamiltonian for the algebra AI

i .
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E2

T2

−
E1

T1

≤ 0 ð4:5Þ

so that we have a population inversion, i.e.,

pðj10iÞ ≤ pðj01iÞ; E2 ≥ E1: ð4:6Þ

Of course, it is impossible to satisfy (4.6) if T1 ¼ T2 but
feasible if one can describe the environment as a bunch of
thermal baths at different temperatures. However, if (4.6) is
satisfied, we can use this nonequilibrium configuration to
lift a load on an energy ladder. Indeed, if we assume that the
energy gap on the ladder is given by

Ev ¼ E2 − E1 ≥ 0; ð4:7Þ

then it is enough to couple the virtual qubit spanned by the
states ðj10i; j01iÞ to the eigenstates of the ladder through
the (pertrubative) interaction Hamiltonian (see Fig. 3)

HI ¼ g
X
n

j01ijnih10jhnþ1jþ c:c; g≪E1;E2; ð4:8Þ

where the states jni are the energy eigenstates of the ladder
with eigenvalue En ¼ nEv ¼ nðE2 − E1Þ. Now, the key
point is that the population inversion (4.6) of the virtual
qubit runs the engine so that the load actually climbs the
energy ladder instead of lowering it. Indeed, the transition
j01i → j10i is more likely than the inverse transition
j10i → j01i since the state j01i is more populated than
the state j10i, so the interaction term (4.8) induces the
transitions jni → jnþ 1i more often than their counterpart
jnþ 1i → jni; see Fig. 4. In the end, on average, the load is
able to climb the ladder, so we have extracted work form
the population inversion (4.6).
The exact dynamics of the engine is needed in order to

compute the associated work (per unit of time) Ẇ.

However, one can give an upper bound for the efficiency
of such an engine from basic thermodynamics

jẆj
Q̇2

≤ ηC ¼ 1 −
T1

T2

; ð4:9Þ

where ηC is the famous Carnot efficiency for an engine.

C. Application to I +
R

Likewise, the fact that the vacuum jΩfκlg
H i is not a

thermal state allows us to lift a load on an energy ladder
exactly as the BLPS engine does. Indeed, when restricted to
the algebra of observables AI

i , we saw that the κl-vacuum
was a highly mixed state which satisfies the KMS con-
ditions with different temperatures depending on the mode
l. From the latter, we get

hNωliΩfκlg
H

¼ ha†ωlaωliΩfκlg
H

¼ haωla†ωle−
2π
κl
ωiΩfκlg

H

⇒
hNωliΩfκlg

H
þ 1

hNωliΩfκlg
H

¼ e
2π
κl
ω; ð4:10Þ

so the κl-vacuum is obviously not a passive state, since if
κl < κ (obtained when l ¼ 0) one can always find ω0 > ω
such that

ω

κ
−
ω0

κl
≤ 0; ð4:11Þ

as ω and ω0 span a continuum set of values. Therefore, to
operate the BLPS engine, one must identify two qubits with
energy gaps ω and ω0 and couple them to two appropriately
chosen, distinct sectors l of the outgoing radiation in the κl-
vacuum. This arrangement ensures that the qubits thermal-
ize at the respective temperatures TH ¼ κ

2π and Tl ¼ κl
2π.

Then, we couple the two eigenstates j01i and j10i of the
two qubits to an energy ladder using the perturbative

FIG. 3. A picture depicting the BLPS engine. Because of the
population inversion, we are able to extract some energy (heat)
Q2 from the hot temperature bath so that we can perform some
work W ≤ 0 to lift a load on an energy ladder. Figure taken from
Ref. [124], written by one of us.

FIG. 4. Here, we represented the eigenbasis of the tensor space
spanned by our two qubits. We depicted the jumps induced by the
reservoirs (in blue and red) on the composite qubit and the
transition to a higher energy eigenstate of the ladder. Figure taken
from Ref. [124], written by one of us.
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interaction Hamiltonian (4.8), exactly as we did in the
previous paragraph. Consequently, we are indeed able to
lift the load, and so we can indeed extract work from the
κl-vacuum state as long as the condition (4.11) is satisfied,
as we advertised. It might be quite surprising at first
because we have already highlighted the similarities
between the κl vacuum and the Unruh vacuum [12], the
latter being also not a passive state when restricted to Iþ

R .
One can therefore conclude that we can extract some work
from a Schwarzschild black hole in the Unruh vacuum,
while it seems counterintuitive if one only has the Penrose
process [1] in mind. However, we should remember that the
Penrose process is a classical process, while here we are
saying that we can extract work from the nonthermality of
the Hawking radiation at null infinity, which does not exist
classically. Similarly, the first laws of black hole physics
(the equilibrium version as well as the physical process
version) are classical laws and therefore are referred as first
laws of black hole mechanics. They cannot tell us about the
decomposition into work and heat fluxes at null infinity of
quantum processes at Iþ

R . Instead, we should refer to
operational definitions of work and heat, as we did
in (3.18).
To find the maximal amount of work that can be

extracted, we start by using reversibility, which tells us that

Q1

T1

¼ Q2

T2

⇒
ω0

Tl
¼ ω

TH
ð4:12Þ

so30 that

jWmaxj ¼ ηCQ2 ¼
�
1 −

Tl

TH

�
ω ¼

�
TH

Tl
− 1

�
ω0 ¼ −μω0l

ð4:13Þ

is equal to the chemical potential associated to the mode
ðω0; lÞ. So, indeed, we see that we can interpret the term
−μωlhnωlmi in (2.58) as a resource that we can consume in
order to extract work, for instance, as shown in this section,
to lift a weight.

V. THERMODYNAMICS IN THE UNRUH
VACUUM: SCHWARZSCHILD AND KERR

The vacuum states that we discussed in the previous
sections were states defined on an asymptotic algebra of
observables at null infinity. However, none of the states

introduced so far would correspond to the restriction of the
Unruh vacuum. Nevertheless, the Unruh vacuum is
expected to be the quantum state of the fields at late time
after a real black hole collapse. Hence, we have a very good
physical motivation to look at quantum states in the GNS
representation of the Unruh vacuum and seek the formu-
lation of the dual GSL in this case.

A. Construction of the Unruh vacuum

The Unruh vacuum is constructed as a joint vacuum state
on HR and I−

L. Since it can be shown that some compo-
nents of the stress energy tensor blow up on the right
horizon HR, the Unruh vacuum is usually only defined on
the black hole region III and the exterior region I. On the
horizon HR, it is annihilated by the set of operators

aðfÞ¼
�
2i
Z
HR

f̄πϵHR

����f¼X
lm

Yl
mðxAÞ

Z þ∞

0

aΩlme−iΩŨdΩ
	
;

ð5:1Þ

where π ¼ ∂Ũϕ is the momentum operator on the horizon
and Ũ is the affine Kruskal coordinate on the horizon. In
particular, in the Unruh vacuum ωU, the two-point function
of the momenta on the horizon HR is given by [112]

ωUð∂ŨϕðŨ1; xA1 Þ∂ŨϕðŨ2; xA2 ÞÞ ¼ −
1

4π

δ2ðxA1 − xA2 Þ
ðŨ1 − Ũ2Þ2

; ð5:2Þ

which is invariant with respect to Mobius transformations
of the coordinate Ũ (see also Ref. [73]). Hence, the
restriction of the Unruh vacuum to the algebra of observ-
ablesAHR on the right horizonHR is equal to the restriction
of the Hartle-Hawking vacuum on AHR . Therefore, ωU
satisfies the KMS conditions with respect to the algebra of
observables on H−

R (or equivalently Hþ
R ), and the modular

Hamiltonian is the local boost operator31

KAH−
R

ΩU
¼ − lnΔAH−

R

ΩU
¼ 2π

Z
H−

R

ŨTŨ ŨdŨ ∧ ϵS: ð5:3Þ

We are interested in the subregion of H−
R (at Ṽ ¼ 0),

DHR
i ≔ ðŨi; 0Þ × S2 with Ũi < 0. Note that this region of

the horizonH−
R directly faces the regionDI

i ¼ ðUi;þ∞Þ ×
S2 on Iþ

R (located at Ṽ ¼ þ∞) with U ¼ − 1
Ũ
. Then, from

Mobius invariance of the Unruh vacuum onHR, we deduce
that ωU also satisfies the KMS conditions with respect to

the algebraA
H−

R
i associated to the regionD

H−
R

i onH−
R with a

modular Hamiltonian

30It might seem paradoxical that the reversibility (and so the
most efficient thermalization) happens when (4.11) is saturated,
while we clearly need the population inversion to lift the load on
the energy ladder. It is because it is just a limit for which the
process becomes extremely slow. However, we should not
confuse thermodynamics and kinetics. The thermodynamic trans-
formation that consumes the least amount of resources is always
the reversible one.

31As Ũ is affine and inertial on the right horizon, the covariant
and normal-ordered stress tensor coincides in the Unruh vacuum.
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K
A

H−
R

i
ΩU

¼−lnΔA
H−
R

i
ΩU

¼2π

Z
D

H−
R

i

ðU−UiÞTUUdU∧ ϵS: ð5:4Þ

Use Ũ → − 1
Ũ
þ 1

Ũi
¼ − 1

Ũ
−Ui. Then, since ωU is thermal

with respect to the modular Hamiltonian (5.4), some
outgoing particles are emitted with a thermal spectrum

from the region D
H−

R
i of the past horizon H−

R toward the
exterior region I. Defining the Unruh vacuum directly on
the algebra of observables at null infinity is a hard task that
we bypass in this work by considering instead the propa-
gation of the thermal spectrum emitted atH−

R in the exterior
region I and by analyzing which part of it is actually
received at Iþ

R .
If we take Ui ¼ 0, then Ũi ¼ −∞ so D

H−
R

i ≔
D

H−
R

∞ ¼ H−
R, and the outgoing modes are thermal with

respect to the Killing time ∂u ¼ κU∂U.
32 Therefore, the

spectrum at Iþ
R can be computed using the transmission

coefficients tωl for any mode Yl
mffiffiffiffiffiffi
4πω

p e−iωu defined on the

horizonH−
R, where ω is the Killing frequency conjugated to

the Killing time. Indeed, since the Killing energy (and so
the Killing frequency) is conserved while the mode
propagates in region I, the problem is analogous to find
the out quantum state if we have a potential barrier with
transmission coefficient tωl, while the in state is a thermal
state at temperature TH ¼ κ

2π. Therefore, we deduce that the
restriction of the Unruh vacuum at Iþ

R satisfies the KMS
conditions (valid for all m given a fixed l)

nωlm ¼ hΩUja†ωlmaωlmjΩUi

¼ hΩUjaωlma†ωlmjΩUie−βHðω−μωlÞ ⇒
nωlm þ 1

nωlm
¼ eβHðω−μωlÞ; ð5:5Þ

where

μωl ¼ TH ln
jtωlj2

1 − ð1 − jtωlj2Þe−βHω
ð5:6Þ

and μωl is the chemical potential introduced in Ref. [78].
Indeed, formally, the one-sided modular operator of the
Unruh vacuum associated to the algebra AI

0 ≔ AIþ
R is

given by

σA
I
0 ¼

X
fNωlmg

Y
ω>0;lm

e−βHNωlmðω−μωlÞjNωlmihNωlmj; ð5:7Þ

where the state σ is not normalized and can be obtained
directly by computing the ratio of particles from each mode

thermally populated at the Hawking temperature on the past
horizonH−

R that have been able to cross the potential barrier
(see Ref. [78] for a detailed computation).
However, in order to apply our previous arguments of

Sec. II (and detailed in Ref. [109]) in the case of the Unruh
vacuum, we want to compute the restriction of the latter to
the subalgebra AI

i ofAI
0 , i.e., the algebra of observables in

the region DI
i ¼ ðUi;þ∞Þ × S2 on Iþ

R . To do this, we
must be able to find the restriction of ωU on the future event
horizon Hþ

L (with algebra AHþ
L ) and then the restriction of

ωU on the algebra of observables A
H−

R
i . The latter has

already been worked out, and we saw that it was a thermal
state with respect to the modular Hamiltonian (5.4), with
conjugated time

ū ¼ κ−1 ln ðU −UiÞ ¼ uþ κ−1 ln ð1 − e−κðu−uiÞÞ; ð5:8Þ
while the modular Hamiltonian associated to ωU on the
algebra AHþ

L can be computed similarly to the asymptotic
one (5.7) since we just have to compute the ratio of particles
that have been reflected back toward the future horizonHþ

L
knowing the initial thermal distribution onH−

R. For that, we
use the reflection coefficient rωl, related to the transmission
coefficient tωl through the conservation equation

jrωlj2 þ jtωlj2 ¼ 1: ð5:9Þ
Knowing the restriction of the Unruh vacuum of a massless

field onD
H−

R
i andHþ

L is sufficient to deduce its restriction on
DI

i . However, even if in the Unruh vacuum one has an
outgoing flux of thermal particles which are emitted from the

regionD
H−

R
i , we cannot use a priori the coefficients ðrωl; tωlÞ

to obtain the spectrum on D
H−

R
i , because the frequencies

appearing in ðrωl; tωlÞ are the Killing frequencies conjugated
to the Killing time u, while the Unruh vacuum is thermal on
DI

i with respect to the modular Hamiltonian associated to
the time (5.8), that is rigorously equal to the Killing time

only if one takes ui ¼ −∞ (i.e., when D
H−

R
i ¼ D

H−
R

∞ ¼ H−
R).

Nevertheless, we can decompose the modes bω̄lm ¼
1

4πω̄Y
l
me−iω̄ ū (vanishing for u ≤ ui) in the basis of modes

bωlm ¼ 1ffiffiffiffiffiffi
4πω

p Yl
me−iωu using the Klein-Gordon product

ðbωlm;bω̄l0m0 Þ¼−2i
Z
H−

R

bω̄l0m0∂ub̄ωlmdu∧ ϵS

¼δll0δmm0
1

2π

Z þ∞

ui

ffiffiffiffi
ω

ω̄

r
e−iω̄ūeiωudu

¼δll0δmm0

2π

Z þ∞

ui

ffiffiffiffi
ω

ω̄

r
eiðω−ω̄Þu

×ð1−e−κðu−uiÞÞ−iκ−1ω̄du

¼−
δll0δmm0

2πi
1

ω− ω̄
þo

�
1

ω− ω̄

�
ð5:10Þ

32Recall the expression of the Killing field of the
exterior region I displayed in (2.19). On H−

R, it reads
ξ ¼ −κŨ∂Ũ ¼ κU∂U .
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so that the spectrum is centered around ω ¼ ω̄, but with
some non-negligible standard deviation. However, the
modes bω̄lm ¼ 1ffiffiffiffiffiffi

4πω̄
p Yl

me−iω̄ ū are not normalized. To get

normalized modes, a strategy is to complexify the frequency
ω and look at the modes

bϵω̄lm ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ϵ

ω̄− iϵ

r
Yl
me−iðω̄−iϵÞūHðūÞ; ϵ> 0; ð5:11Þ

where ϵ is small and HðūÞ is the Heaviside function. Then,
we compute the Klein-Gordon product between two modes
(5.11) and find

ðbϵω̄lm; bϵω̄0l0m0 Þ ¼ δll0δmm0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̄0 − iϵ
ω̄ − iϵ

r
2iϵ

ðω̄0 − ω̄Þ þ 2iϵ

¼
�
δll0δmm0 if jω̄ − ω̄0j ≪ ϵ

0 if jω̄ − ω̄0j ≫ ϵ
; ð5:12Þ

so we have indeed normalized modes in the limit ϵ → 0þ
while

ðbϵω̄lm;bωl0m0 Þ¼2δll0δmm0

Z þ∞

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωϵ

4πðω̄− iϵÞ
r

e−iðω̄−iϵÞūeiωudū

¼δll0δmm0

ffiffiffiffiffiffi
ω

πω̄

r ffiffiffi
ϵ

p
ðω− ω̄þ iϵÞþOðϵ32Þ ð5:13Þ

so that

jðbϵω̄lm; bωl0m0 Þj2 ¼ δll0δmm0
ω

ω̄

1

π

ϵ

ðω − ω̄Þ2 þ ϵ2

þOðϵ2Þ⟶
ϵ→0þ

δll0δmm0δðω − ω̄Þ ð5:14Þ

and we see that the spectral energy distribution of bϵω̄lm is
localized around the Killing frequency ω ¼ ω̄. Therefore,
the normalized outgoing particles emitted from the region

D
H−

R
i are transmitted to the regionDI

i of I
þ
R or reflected back

toward the black hole horizon Hþ
L with amplitude tωl and

rωl, respectively. Then, we can conclude that the restriction
of the Unruh vacuum to the algebra AI

i of Iþ
R satisfy the

KMS conditions (5.5) with ω changed into ω̄, conjugated to
the time (5.8) in the region DI

i , and with μω̄l ¼ μωl, i.e.,

σA
I
i ¼

X
fNω̄lmg

Y
ω̄>0;lm

e−βHNω̄lmðω̄−μω̄lÞjNω̄lmihNω̄lmj: ð5:15Þ

Notice that in this case the ladder operators of (5.5) are
changed into the ladder operators associated to the region
DI

i , which generate the algebra AI
i .

B. Second law in the Unruh vacuum

The expression (5.15) allows us to define the one-sided
Hamiltonian of the Unruh as

K
AI

i
ΩU

¼ 2π

Z
DI

i

ðU − UiÞ∶TUU∶ΩU
dU ∧ ϵS

−
X
lm

Z þ∞

0

μωl
TH

n̄ωlmdω; ð5:16Þ

where we replaced ω̄ by ω to simplify the notation, but we
should keep in mind that from here ω is not strictly
speaking the Killing frequency but the frequency conju-
gated to the time (5.8) (as we assumed implicitly in the
other sections), and where n̄ωlm is an unbounded operator
defined as

n̄ωlm ≔ lim
Δω→0

X
ω;ωþΔω

Nωlm − hNωlmiΩU

Δω
¼ nωlm − hnωlmiΩU

;

ð5:17Þ

similarly to the excess density operator (2.61) defined
for the κl-vacuum. In addition, the one-sided modular
Hamiltonian (5.16) satisfies the normalization condition

hΩUjKAI
i

ΩU
jΩUi ¼ 0 ð5:18Þ

and has the same form as the modular Hamiltonian of the
κl-vacuum [see (2.63)] except that now the chemical
potential μωl is not linear in the frequency ω [see (2.59)]
but is now given by (5.6). In particular, the modular
Hamiltonian (5.16) is made of a combination of two terms,
a geometric one that is giving the variation of internal
energy (through the gravitational constraints on Iþ

R ) and
another one that must be interpreted as work term, and is
not equal to the variation of some Noether charge, as was
the case for the soft regularization of the Hartle-
Hawking state.
To apply the monotonicity of the relative entropy

between an arbitrary state jΨi in the GNS construction
of the Unruh vacuum and the Unruh vacuum itself
jΩUi, between two subalgebras of AI

0 , AI
1 , and AI

2

with AI
2 ⊂ AI

1 , we must compare the one-sided modu-
lar Hamiltonian of the Unruh vacuum attached to
these two regions. The arguments of the previous
subsection apply whatever the value of Ũi on H−

R;
therefore, we conclude that the modular Hamiltonian
of the Unruh vacuum associated to the algebra AI

i has
always the form (5.16) whatever the cut Ui at Iþ

R .
Therefore, for a state jΨi∈HΩU

, we have the funda-
mental inequality

ΔSA
I
i

ΨjΩU
− ΔhKAI

i
ΩU
iΨ ≥ 0; ð5:19Þ

which has the same form as usual.
To get the charges, we should take into account the flux

of energy, entropy, and particles in the Unruh vacuum jΩUi
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at Iþ
R . The flux of energy and particles are constant and

well known: they are equal to

ΔhNωlmiΩU
¼ −ðu2 − u1Þ

jtωlj2
eβω − 1

δω;

ΔMΩU
¼ −ðu2 − u1Þ

X
lm

Z þ∞

0

ω
jtωlj2
eβω − 1

dω; ð5:20Þ

where hNωlmiΩU
is the number of particles with quantum

numbers l and m and in the frequency range ðω;ωþ δωÞ,
with δω ≪ ω, crossing the section of Iþ

R between the time
u1 and u2, with u2 − u1 ≫ κ−1, whileΔMΩU

is the variation
of the Bondi mass in the Unurh vacuum, given by the total
energy flux associated to the particles on the region ðu1; u2Þ
of Iþ

R . Of course, both terms in (5.20) are finite for bounded
regions of Iþ

R . To deduce the entropy flux at Iþ
R in the

Unruh vacuum, we notice that the flux is stationary so it is
associated to a vanishing entropy production. Then, sim-
ilarly to what we did for the κl-vacuum, in the Unruh
vacuum, we can consider any bunch of modes with the
same angular momentum l and frequency in the range
ðω;ωþ δωÞ to be in thermal equilibrium at temperature
Tωl given by

Tωl ¼
TH

1 − μωl
ω

ð5:21Þ

as we can see from the formal expression (5.15), where the
local temperatures Tωl have been introduced by Page [111]
and the effective chemical potentials μωl given by (5.6) in
Ref. [78], the relation (5.21) already appearing in that
reference. Notice that, since there is a infinite number of
modes in the range of frequency ðω;ωþ δωÞ, no matter
how small δω > 0 is, we can treat them as an infinite
reservoir of modes in thermal equilibrium at the temper-
ature Tωl. Therefore, from the Clausius relation, we have
that

δSωl ¼
δEωl

Tωl
; δEωl ¼ −ðu2 − u1Þ

Xm¼þl

m¼−l
ω

jtωlj2
eβω − 1

δω;

ð5:22Þ

and we obtain the total entropy flux by summing the
contributions from the local reservoirs at temperature Tωl,

ΔSΩU
¼

Xþ∞

l¼0

Z þ∞

0

δSωl; ð5:23Þ

but from the relation (5.21), we deduce immediately that

ΔMΩU
−
X
lm

Z þ∞

0

μωlmhΔnωliΩU
dω ¼ THΔSΩU

; ð5:24Þ

and

hΔnωlmiΩU
¼ lim

δω→0

ΔhNωlmiΩU

δω
¼ −ðu2 − u1Þ

jtωlj2
eβω − 1

ð5:25Þ

so that for a state (not too far from the vacuum) we can
combine (5.24) with (5.20) to get

ΔM −
X
lm

Z þ∞

0

μωlhΔnωlmiΨdω − THΔSΨ ≤ 0 ð5:26Þ

with ΔSΨ ¼ ΔSv:N:;A
I
i

ΨjΩU
þ ΔSΩU

being the total entropy

flux. The same expressions hold upon replacing jΨi
by jΨ̄i∈HΩ̄U

with the total reference state jΩ̄Ui ¼
jΩH i ⊗ jΩUi.
We notice that we obtain a result that is very similar to

the one that we obtained from the κl-vacuum. The only
difference is the dependence of the local temperature Tωl.
However, this difference is crucial, since in the case Tωl ¼
Tl it was possible to compute the restriction of the κl-
vacuum state on any subalgebra AI

i of Iþ
R using the

local Mobius symmetries, for each two-dimensional
chiral conformal field theory (CFT) associated to the
mode ðlmÞ. However, we cannot find a time Ulm that
will make it work for the Unruh vacuum, because the
local temperatures depend also on the frequency ω.
Instead, we used the symmetries of the Unruh vacuum
on the past horizon H−

R and deduced from a trans-
mission problem a formal expression from the modular
Hamiltonian, which is similar to what is done in
Ref. [78]. However, the proof is not fully satisfactory.
To get a satisfactory proof, one has to compute the
modular Hamiltonian of the Unruh vacuum directly on
the subalgebra AI

i on Iþ
R , instead of using the effective

modular Hamiltonians deduced from the formal expres-
sions (5.15). Consequently, deriving the dual general-
ized second law directly from the asymptotic algebra
AI

i in the Unruh vacuum remains an open problem.
Nevertheless, the formal expression (5.7) already indi-

cates that the Unruh vacuum is neither a thermal state at Iþ
R

nor even a passive state. It is because from the point of view
of an asymptotic observer the modes are emitted from a
bunch of reservoirs with different effective temperatures
Tωl. Therefore, similarly to what we showed in the previous
section, we could use the BLPS engine [101] in order to lift
a load on a energy scale using the Hawking asymptotic
outgoing radiation in the Unruh vacuum.

C. Kerr black hole

So far, we have restricted our attention to the
Schwarzschild black hole. Realistic astrophysical black
holes, however, typically possess nonzero angular
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momentum. In this case, the spacetime settles into the
Kerr solution, a stationary and axisymmetric geometry.
This solution admits a one-parameter family of Killing
vector fields that become null on the event horizon. At
asymptotic infinity, the norm of these Killing fields
diverges due to their angular component, reflecting the
fact that the black hole rotates with respect to an
asymptotic observer with finite angular velocity ΩH.
Nevertheless, their timelike component can be normal-
ized to (minus) unity at infinity. In this case, one has
selected the Killing field

ξKerr ¼ ∂u þ ΩH∂ϕ; ð5:27Þ

where u is the usual affine coordinate at Iþ
I (so that

∂t ¼ ∂u), while ∂ϕ is also a Killing field, being the
generator of the rotations in the axisymmetric direction,
and its conjugated charge is the angular momentum Lz.
On both horizons, Eq. (5.27) becomes

ξKerr ¼ κðṼ∂Ṽ − Ũ∂ŨÞ; ð5:28Þ

where κ is the surface gravity. Therefore, once restricted
to the horizon, the Killing field has the same form as
the Killing field in Schwarzschild. The maximal

extension of the Kerr spacetime, whose Penrose dia-
gram is depicted in Fig. 5, also admits another universe,
and it is overall much richer than the Schwarzschild
maximal extension, since the singularities are timelike
for example. However, in this work, we focus only on
one part of the maximal extension of the solution, the
one depicted in Fig. 5. It looks like the maximal
extension of the Schwarzschild solution as long as
one restricts one’s attention to the exterior regions.
Therefore, all the arguments given in Ref. [109] and
summarized in Sec. II can be generalized to a Kerr
background.

1. Vacuum state for Kerr

On both horizons HR and HL, we can define positive
frequency solutions with respect to the affine times
Ũ and Ṽ and a vacuum state ω. However, in the
Schwarzschild case, we can extend the state ω defined
using the algebra on both horizons to the maximally
extended spacetime by requiring invariance of the two-
point function under the Schwarzschild Killing flow, so
we get the Hartle-Hawking vacuum. However, it is
impossible in the case of the Kerr black hole, and this
is due to the fact that the Killing field (5.27) fails to be
timelike in the exterior region [112].33 We could also
proceed as in the Schwarzschild case at null infinity, by
considering the algebra of observables

AIR ¼ AIþ
R∨AI−

L ð5:29Þ

and taking the time

U ¼
�
eκuþ on Iþ

R

−e−κu− on I−
L

; ð5:30Þ

but the state would not describe the asymptotic behav-
ior of the field’s quantum state in a Kerr background
for any reasonable boundary conditions. First, we
would like to break the spherical symmetry, since
the Kerr solution is only axisymmetric. In principle,
it can be done by choosing for each quantum number
ðl; mÞ a positive frequency solution associated to the
time coordinate

Uðl;mÞ ¼
�
eκlmuþ on Iþ

R

−e−κlmu− on I−
L

ð5:31Þ

that changes for any of the two-dimensional chiral
conformal field theory (CFT) described by the quantum
numbers ðl; mÞ, as we did in (2.43). The only differ-
ence is that it is now better to take the real spherical

FIG. 5. One region of the Penrose diagram of the maximal
extension of the Kerr solution. The (anti)trapped regions
(black and white holes) are in shaded blue. In the eternal Kerr
solution, the singularities are timelike (vertical dashed black
lines). Therefore, contrary to the Schwarzschild solution, one
can pile up, on top of each other, an infinite amount of
regions like the one depicted in this figure, so only a fraction
of the maximal extension of the Kerr solution is represented
here. Notice that, as long as one focuses on the exterior
regions, the diagram is very similar to the one of an eternal
Schwarzschild black hole.

33In fact, at infinity, the norm of (5.27) is infinite because the
angular components of the metric diverge in r2.

BLACK HOLE …. II. OPEN SYSTEMS, … PHYS. REV. D 114, 065011 (2026)

065011-23



harmonic basis Yl
m to decompose the field instead of

the complex one.34 It is because the transformation
(5.31) mixes the lower operators faΩlmgΩ>0 associated
with the mode ðl; mÞ with the upper operators
fa†Ωl−mgΩ>0 in the spherical harmonic decomposition
basis, since Ȳl

m ¼ ð−1ÞmYl
−m. Otherwise, everything

works exactly as for the κl-vacuum, and the quantum
field restricted to the algebra AI

i is described by a
thermal state on each sector ðl; mÞ with temperature
Tlm ¼ κlm

2π , defined with respect to the corresponding
local geometric modular Hamiltonian.
Nevertheless, if there is no equivalent to the Hartle-

Hawking vacuum state in a Kerr black hole spacetime, the
Unruh vacuum still exists. It is because the restriction of the
latter on the horizonHR is identical to the restriction of the
Hartle-Hawking vacuum. Therefore, in the Unruh vacuum,
outgoing particles are emitted with a thermal spectrum, at
the temperature TH ¼ κ

2π as seen from asymptotic observ-
ers, from the past horizonH−

R. Since (5.27) is a Killing field
and reduces to (5.28) on the past horizon (with Ṽ ¼ 0), then
a mode with frequency ω0 on the horizon and angular
momentum m has a frequency ω (conjugated to the Killing
time u) as seen by an outgoing observer equal to
ω ¼ ω0 þ ΩHm. Therefore, if all the modes were trans-
mitted perfectly from the past horizonH−

R to future infinity
Iþ
R , we would have had a thermal spectrum at the Hawking

temperature so that for any mode ðωlmÞ35

nωlm þ 1

nωlm
¼ eβHðω−mΩHÞ ð5:32Þ

and from which we could deduce an effective temperature

Tωm ¼ TH

1 − mΩH
ω

ð5:33Þ

that is very similar to (5.21) but now with a chemical
potential μm ¼ mΩH.

36 However, while looking closely,
there are several important differences with the for-
mula (5.21). The most important difference is that the

temperature (5.33) can be negative, while it was impossible
for (5.21) since the chemical potential was negative. It
happens when ω −mΩH < 0. In thermodynamics, a neg-
ative temperature is a feature of instability and indicates
that work can be extracted from the system. For instance,
the virtual qubit of the BLPS engine [101] studied in
Sec. IV has a negative temperature in the case of a
population inversion. The possibility of extracting work
from the Kerr black hole is well known and translates
classically into the Penrose process [1], in which the mass
of the black hole can decrease if the mass loss is
counterbalanced by an higher loss in angular momentum,
so the variation of the black hole area remains positive in
the process, which, by conservation of the Killing energy
and the angular momentum, means for the escaping particle
that E −ΩHJz < 0 (which is the classical counterpart of
ω −ΩHm < 0). Likewise, superradiance is a quantum
manifestation of the instability of a Kerr black hole and
happens precisely for the modes satisfying ω −ΩHm < 0.
It can be seen from the fact that in a Kerr spacetime the
formula (5.9) becomes

Γωlm ¼
�
1 −

mΩH

ω

�
jtωlmj2 ¼ 1 − jrωlmj2; ð5:34Þ

so jrωlmj > 1 if ω −ΩHm < 0 and therefore there is a
spontaneous emission of particles from the past horizon.
Notice that, even if Γωlm can be negative, we
have Γωlm < 1.
Therefore, from the above discussion, one can compute

the restriction of the Unruh vacuum of a Kerr black hole on
Iþ
R by using the same strategy as for the Schwarzschild

black hole, i.e., by studying a transmission/reflexion proc-
ess, except that now we have to replace ω by ω −ΩHm and
the transmission coefficient jtωlmj2 appearing in the chemi-
cal potential by Γωlm (5.34). Then, we can conclude that the
formal one-sided modular Hamiltonian on Iþ

R for the Unruh
vacuum in a Kerr black hole is given by

σA
I
0 ¼

X
fNωlmg

Y
ω>0;lm

e−βHNωlmðω−mΩH−μωlmÞjNωlmihNωlmj

ð5:35Þ

with chemical potentials [78]

μωlm ¼ TH ln
Γωlm

1 − ð1 − ΓωlmÞe−βðω−mΩHÞ ð5:36Þ

and effective temperature

Tωlm ¼ TH

1 − mΩHþμωlm
ω

: ð5:37Þ

One can show that ω −mΩH − μωlm ≥ 0 [78] as one can
write

34The real spherical harmonics are defined by Yl
m ¼8>><

>>:
Yl
mþȲl

mffiffi
2

p if m > 0

Yl
m if m ¼ 0

Yl
mþȲl

mffiffi
2

p
i

if m < 0

and they are the spherical counterpart of

the cosine and sine decomposition of the complex exponential.
They also form an orthonormal basis and therefore satisfy the
completeness relation. However, they are not eigenfunctions of
the angular momentum operator Lz (except for m ¼ 0 of course),
but we have instead LzYl

m ¼ −imYl
−m if m ≥ 0 and LzYl

m ¼
imYl

−m otherwise.
35Of course, one can also use the KMS conditions to prove that

pðNωlm þ 1Þ ¼ e−βHðω−mΩHÞpðNωlmÞ and get the complete prob-
ability distribution, as usual.

36The quantity mΩH has already been associated to a chemical
potential in the literature; see, for instance, Ref. [125].
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ω −mΩH − μωlm ¼ ω −mΩH − TH ln jΓωlmj þ TH ln j1 − ð1 − ΓωlmÞe−βHðω−mΩHÞj ð5:38Þ

and then decompose the proof into two subcases. When ω −mΩH > 0, we have

jΓωlmj ¼ Γωlm ð5:39Þ

j1 − ð1 − ΓωlmÞe−βHðω−mΩHÞj ¼ 1 − ð1 − ΓωlmÞe−βHðω−mΩHÞ ð5:40Þ

¼ 1 − e−βHðω−mΩHÞ þ Γωlme−βHðω−ΩHmÞ ð5:41Þ

≥ Γωlme−βHðω−ΩHmÞ; ð5:42Þ

and we conclude from the fact that the logarithm is an increasing function. When ω −mΩH < 0, we have instead

jΓωlmj ¼ −Γωlm ð5:43Þ

j1 − ð1 − ΓωlmÞe−βHðω−mΩHÞj ¼ ð1 − ΓωlmÞe−βHðω−mΩHÞ − 1 ð5:44Þ

¼ e−βHðω−mΩHÞ − 1þ jΓωlmje−βHðω−ΩHmÞ ð5:45Þ

≥ jΓωlmje−βHðω−ΩHmÞ; ð5:46Þ

and we also conclude from the fact that the logarithm is an
increasing function. Therefore, the effective temperature
(5.37) is always positive. Similarly, it can be proven that
(5.36) is always negative, as in the Schwarzschild case.37

Now, if we want to restrict the Unruh vacuum to the
algebraAI

i associated to the regionDI
i , we can proceed for

Kerr exactly as we did for Schwarzschild in the previous
section. We use the symmetries of the Unruh vacuum on the
past horizon HR to have a KMS state on some subregion
ðŨi; 0Þ × S2H of the past horizon H−

R with respect to the
modular Hamiltonian (5.4) and conclude that the modes
now have a frequency ω̄ associated to the correct time ū
defined in (2.31). Similar computations as in the
Schwarzschild case show that the distribution of the
frequencies ω̄ is highly picked around the Killing fre-
quency ω so that the outgoing modes are still transmitted
using the same graybody factor Γωlm. Hence, the formal
one-sided modular operator associated to the algebra AI

i is
given by

σA
I
i ¼

X
fNω̄lmg

Y
ω̄>0;lm

e−βHNω̄lmðω̄−mΩH−μω̄lmÞjNω̄lmihNω̄lmj;

ð5:47Þ

where ω̄ is conjugated to the time ū ¼ uþ κ−1

× ln ð1 − e−κðu−uiÞÞ, as in the Schwarzschild case.

2. Second law in a Kerr background

To avoid clutter, we set ω̄ ¼ ω in this paragraph, but
one should remember that they are, strictly speaking,
different. If we consider that the formula for the one-
sided modular operator associated with the algebra AI

i is
given by (5.47), then the one-sided modular Hamiltonian
of the Unruh vacuum in the Kerr background is
given by38

K
AI

i
ΩU

¼ 2π

Z
DI

i

ðU − UiÞ∶TUU∶ΩU
dU ∧ ϵS

−
X
lm

Z þ∞

0

μωlm
TH

ðnωlm − hnωlmiΩU
Þdω

−
ΩH

TH

X
lm

Z þ∞

0

mðnωlm − hnωlmiΩU
Þdω ð5:48Þ

that we normalized so that

hΩUjKAI
i

ΩU
jΩUi ¼ 0 ð5:49Þ

as always. Compared to (5.16), the only new additional
term in (5.48) is the (renormalized) angular momentum
flux

37The proof goes along the same line as for the positivity of the
temperature.

38We use (5.17) for defining for the various objects appearing
in (5.48).
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Li
z − hLi

ziΩU
¼

X
lm

Z þ∞

0

mðnωlm − hnωlmiΩU
Þdω

¼
Z
DI

i

ð∂uϕ∂ϕϕ − h∂uϕ∂ϕϕiΩU
Þdu ∧ ϵS;

ð5:50Þ

where we used the fact that ∂ϕYl
m ¼ imYl

m. Then, in
order to get the charge variation, we have to compute the
flux of energy, angular momentum, and number of
particles in the Unruh vacuum in a Kerr background.
The fluxes between two cross sections u ¼ u1 and u ¼
u2 of Iþ

R are constant and given by

ΔhNωlmiΩU
¼ −ðu2 − u1Þ

Γωlm

eβðω−ΩHmÞ − 1
δω;

ΔMΩU
¼ −ðu2 − u1Þ

X
lm

Z þ∞

0

ω
Γωlm

eβðω−ΩHmÞ − 1
dω

ΔJΩU
¼ −ðu2 − u1Þ

X
lm

Z þ∞

0

m
Γωlm

eβðω−ΩHmÞ − 1
dω:

ð5:51Þ
Then, we deduce the entropy flux in the Unruh vacuum
in a manner exactly similar to the Schwarzschild case,
except that for Kerr we have to take into account the
angular momentum flux. Again, we consider a subset of
modes with quantum numbers ðl; mÞ and with frequency
in the range ðωþ δωÞ and treat them as a reservoir with
local temperature Tωlm. Recall that, since the modes are
labeled in frequency by a continuous parameter ω, there
is an infinite number of modes in any of our local
reservoirs, so we can consider them as infinite.
Therefore, the local Clausius relations in the stationary
Unruh vacuum (no entropy production at all) tell us that

δSωlm ¼ δEωlm

Tωlm
; δEωlm ¼−ðu2−u1Þω

Γωlm

eβðω−ΩHωÞ−1
δω;

ð5:52Þ

so

ΔSΩU
¼

X
lm

Z þ∞

0

δSωlm ð5:53Þ

and from (5.37) we deduce that

ΔMΩU
−ΩHΔJΩU

−
X
lm

Z þ∞

0

μωlmhΔnωlmiΩU
dω

¼ THΔSΩU
: ð5:54Þ

Then, we obtain the second law from the monotonicity
of relative entropy for a restriction of algebra between a
state jΨi∈H ΩU

and the Unruh vacuum jΩUi,

ΔSv:N:;A
I
i

ΨjΩU
− ΔhKAI

i
ΩU
iΨ ≥ 0; ð5:55Þ

combined with the relation (5.54) giving the charge
fluxes in the Unruh vacuum. In the end, we find that

ΔM−ΩHΔJ−
X
lm

Z þ∞

0

μωlmhΔnωlmiΨdω−THΔSΨ ≤ 0;

ð5:56Þ

where J is the geometric Penrose angular momentum
charge [126] at Iþ

R and whose variation is equal to the
flux of angular momentum on the corresponding portion
of Iþ

R thanks to the semiclassical Einstein equations.
Hence, we found another thermodynamic potential asso-
ciated to the Unruh vacuum in a Kerr background, which
reduces to the one we found in the κl-vacuum in a
Schwarzschild background for ΩH ¼ 0. In addition, we
should interpret the angular momentum term and the
particle flux term as work, as can be seen from the
local temperature (5.37). Indeed, we can run the BLPS
engine (or another autonomous engine), and the
maximal amount of extractable work should be
given by Carnot efficiency in the reversible case
Q1

T1
¼ ω

Tωlm
¼ ω0

TH
¼ Q2

T2
, i.e.,

jWmaxj ¼ ηCQ2 ¼
�
1 −

Tωlm

TH

�
ω0

¼
�

TH

Tωlm
− 1

�
ω ¼ −μωlm −mΩH: ð5:57Þ

However, notice that there is a difference between the
two work terms appearing in (5.56). Indeed, the angular
momentum flux gives a geometric contribution thanks to
the semiclassical Einstein’s equations at Iþ

R , while it is
not the case for the particle flux.

VI. CONCLUSION

In writing this two-part series (together with Ref. [109]),
our aim was to address readers from diverse backgrounds
with an interest in thermodynamics and to clarify the
precise connections between concepts from quantum
thermodynamics and open quantum systems on the one
hand and recent developments in quantum field theory and
gravity on the other hand, with particular emphasis on
thermodynamics on null hypersurfaces. We hope that the
results presented here will be of interest to multiple
communities and contribute to building bridges between
subfields that share a common focus on thermodynamic
principles.
In the present paper, we place particular emphasis on

the close connection between the quantization of a free
field on a nonexpanding null hypersurface, such as IR,
and the emergence of Markovian dynamics in open

ANTOINE RIGNON-BRET and MATTHIEU VILATTE PHYS. REV. D 114, 065011 (2026)

065011-26



quantum systems. From this perspective, black hole
thermodynamics appears strikingly similar to quantum
thermodynamics in the weak-coupling regime. This
analogy naturally motivates the use of additional tools
and concepts from quantum thermodynamics and quan-
tum stochastic thermodynamics to gain further insights
into black hole physics. One important outcome of this
viewpoint is the clarification of the relation between the
multiplicity of vacuum states that can be defined in a
black hole background and the one-to-one correspon-
dence we have emphasized between the choice of late-
time boundary conditions compatible with these vacuum
states and the induced thermodynamic potentials. This
correspondence also underlies the effective decomposi-
tion between work and heat fluxes provided by the
modular Hamiltonian.
This framework may therefore be used to extend

proofs of the generalized second law to more general
settings. Wall’s proof of the generalized second law [73],
for instance, relies on a Hilbert space obtained as a
representation of the horizon algebra built from the
Hartle-Hawking vacuum state, which is compatible with
an expansion that vanishes at late times [see below
(2.24)]. However, realistic black holes evaporate and do
not relax toward equilibrium states, so this condition is
not satisfied. As a consequence, the Hartle-Hawking and
Unruh vacuum states exhibit different infrared behaviors
and do not belong to the same Hilbert space. A closely
related discussion appears in Ref. [65]. To overcome
these difficulties, one must either study the second law
for a broader class of late-time boundary conditions—
corresponding to a different, more physically realistic
Hilbert space, as we have done at null infinity in the
present work and in Ref. [109]—or formulate the
problem directly on an open region with compact closure
so that the specific choice of Hadamard vacuum state
becomes irrelevant.
Another promising direction suggested by the above

considerations concerns the role of possible non-
Markovian effects in the formulation of the second law
in semiclassical gravity. Throughout this paper, we have
seen that the thermodynamics of quantum fields on non-
expanding null hypersurfaces is naturally associated with
Markovian dynamics in open quantum systems, since
the presence of a causal horizon prevents any backflow
of information. By contrast, one may investigate the
monotonicity of thermodynamic potentials—such as the
generalized entropy—on noncausal horizons, including
dynamical horizons [127] or stretched horizons
[128,129]. This question is also closely related to recent
work on black hole dynamical entropies [47,51,52]. Since
neither dynamical horizons nor stretched horizons are
null hypersurfaces in general, information backflow is

no longer a priori excluded, and non-Markovian effects
may become relevant for the formulation of the second
law. In such a non-Markovian regime, the second law
cannot be expressed as a local, monotonic entropy-
production rate. Instead, it must be formulated as a
global entropy balance or, equivalently, as a relative-
entropy inequality, in which entropy production is
governed by the buildup of system-environment corre-
lations rather than by irreversible dissipation alone
[130–133]. It would therefore be very interesting to
understand how the generalized second law is realized in
this setting and whether further parallels with quantum
thermodynamics can be established.
Finally, from a complementary perspective, it may be

particularly fruitful to study alternative thermodynamic
potentials—such as the generalized free energy—rather
than focusing exclusively on the generalized entropy itself.
From the viewpoint of asymptotic observers, the black hole
area is not a directly measurable quantity, whereas asymp-
totic charges such as the Bondi or ADM mass are
observable [78]. In this sense, free energy (or related
thermodynamic potentials), rather than entropy alone,
becomes the more natural thermodynamic quantity, as
already emphasized in Ref. [78] and in the present series
of papers. Notably, both the black hole area and the mass
are geometric quantities that arise as Noether charges: the
former is associated with Killing fields at the horizon, while
the latter is tied to asymptotic symmetries at infinity
[17,18]. If spacelike slices are compact, as in de Sitter
space, such boundary charges vanish altogether. This
observation suggests that entropy and energy share a
common conceptual origin in covariant theories of gravity.
Both emerge as boundary charges associated with diffeo-
morphism symmetries and differ only in the geometric
nature of the boundary on which they are defined. From this
perspective, there is no deeper conceptual difficulty in
understanding entropy in gravity than in understanding
energy or free energy. Accordingly, investigating alterna-
tive thermodynamic potentials may provide new insights
into the microscopic behavior of gravity and the underlying
thermodynamic structure of spacetime.
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