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Resummed energy loss in extreme-mass-ratio scattering using critical orbits

Leor Barack®,"” Riccardo Gonzo®,*" Benjamin Leather®,"* Oliver Long®,

3 4l

¥ and Niels Warburton

'Mathematical Sciences, University of Southampton, Southampton, SO17 IBJ, United Kingdom
*Centre Sor Theoretical Physics, Department of Physics and Astronomy,
Queen Mary University of London, London EI 4NS, United Kingdom
*Max Planck Institute for Gravitational Physics (Albert Einstein Institute), D-14476 Potsdam, Germany
*School of Mathematics and Statistics, University College Dublin, Belfield, Dublin 4, Ireland

® (Received 12 February 2026; accepted 17 April 2026; published 19 May 2026)

Motivated by recent efforts to bridge between weak- and strong-field descriptions of black-hole binary
dynamics, we develop a resummation scheme for post-Minkowskian radiative observables in extreme-
mass-ratio scattering, augmented with post-Newtonian terms. Specifically, we derive universal interpo-
lation formulas for the total energy emitted in gravitational waves out to infinity and down the event
horizon of the large black hole, valid to leading order in the small mass ratio. We test our formulas using
numerical results from direct calculations in black hole perturbation theory. The central idea of our
approach is to utilize as a strong-field diagnostic the known form of divergence in the radiated energy along
geodesics near the parameter-space separatrix between scattering and plunge. The dominant, logarithmic
term of this divergence can be expressed in terms of instantaneous energy fluxes calculated along the
unstable circular geodesics that form the separatrix, fluxes that we obtain using interpolation of highly
accurate numerical data. The same idea could be applied to bound-orbit radiative observables via either
unbound-to-bound mapping or a direct resummation of bound-orbit post-Newtonian expressions.
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I. INTRODUCTION

Since its 2015 breakthrough, gravitational-wave astronomy
has advanced at a breathtaking pace. The LIGO-Virgo-
KAGRA (LVK) Collaboration has already cataloged more
than 300 compact binary signals [1], turning once-rare
transients into a population science. With the Laser
Interferometer Space Antenna (LISA) on the horizon [2],
the accessible spectrum will extend to massive black hole
mergers and extreme mass-ratio inspirals (EMRISs), promising
an unprecedented wave of discoveries in astrophysics, cos-
mology, and fundamental physics. Precision modeling of
gravitational wave sources forms an essential part of this
program. With the rapid advance in detector technology, we
are nearing a stage where the bottleneck in our ability to
extract physics from observations is no longer detector
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sensitivity but rather systematic source modeling errors.
The case of GW231123 [3] provides a stark illustration of
the challenge.

Waveform models for gravitational wave astronomy are
based on Effective One Body (EOB), phenomenological,
and reduced-order modeling techniques, informed by full
simulations in Numerical Relativity as well as perturbative
calculations. In this context, there exist several key per-
turbative frameworks, each tailored to a particular physical
regime. In particular, the gravitational self-force (SF)
program [4,5] has emerged as the primary framework
for modeling EMRIs, while the post-Minkowskian (PM)
and post-Newtonian (PN) expansions have recently seen
rapid progress in the weak-field, scattering regime of the
relativistic two-body problem [6-8]. There is a strong
motivation to develop synergistic treatments that blend
together the various perturbative approaches in the appro-
priate way in order to produce models that are uniformly
accurate across parameter space. Such synergies are not
only of conceptual importance but also of direct practical
use in waveform modeling: for instance, information
extracted from PM calculations of the scattering angle
for spinless binaries [9-22] has already been successfully
incorporated into precision EOB models for black hole
binary dynamics [23-30]. Conversely, EOB models ini-
tially constructed to generate bound-orbit waveforms have
been extended to the unbound case and used to explore the
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scatter—capture separatrix [29,31]. Beyond such applica-
tions, recent work has further uncovered a striking con-
nection between scattering observables and bound-orbit
quantities [32-37], opening a new avenue for a direct
translation of scattering results into predictions for bound
inspirals.

The availability of several complementary asymptotic
approximations can be exploited to inform an efficient
resummation of the perturbative expansions. In the case
of SF and PM, one can use the strong-field behavior of
certain invariant quantities calculated in a SF expansion to
guide a resummation of the weak-field PM series, to the
effect of producing a useful, uniformly valid approximant.
This was illustrated recently in the example of the scattering
angle, utilizing its known form of divergence near the
parameter-space separatrix between scattering and plunging
orbits [38—40].

Here we turn our attention to radiative fluxes in a
scattering process, with the aim of using similar ideas to
obtain PM-resummed formulas for the total energy lost via
emission of gravitational waves, focusing on Schwarzschild
black holes and working at leading order in the binary mass
ratio g := m/M. We use a terminology whereby “nPM
order” describes the O(G") term of the energy loss (where G
is the gravitational constant), and “1SF” refers to its O(g?)
term. In this notation, the total energy radiated to infinity is
now fully known through 4PM order [41-47] and through
ISF at 5PM order [18]. Horizon-absorption contributions
first arise at 7PM order and have been calculated at this order
[48-50]. In the context of black-hole perturbation theory, the
behavior of orbits near the separatrix and the properties of
gravitational radiation from such orbits were analyzed in a
variety of studies over the years, including [51-54]. Details
of the divergent behavior particularly relevant for our current
work have been explored in Ref. [55].

In this work, we construct novel semianalytic models for
the total amount of energy radiated during a scattering
encounter. These models combine PM expressions, aug-
mented with PN terms, with SF results to describe the total
energy carried away in gravitational radiation to infinity
and down the black hole horizon, Efy, and Eg,, respec-
tively. To assess the accuracy of these models, we compare
their predictions against numerical calculations for scatter-
ing geodesics in black-hole perturbation theory [56]. As a
diagnostic of the 1SF strong-field dynamics, we use the
singular behavior of Ey, and Egy, for scattering geodesics
approaching the separatrix in the parameter space. A key
idea is that near the separatrix, radiative losses are domi-
nated by radiation from the near-circular whirl motion at
periastron; in the separatrix limit itself, the number of
whirls diverges, and with it the radiative losses formally
diverge too. This divergence has the form EZy, o log(5j),
where 0 is the difference between the (a-dimensionalized)
orbital angular momentum and its critical value at a given
geodesic energy, and the proportionality coefficient is

entirely determined from the energy flux calculated on
the asymptotic unstable circular geodesic orbit. Such
circular-orbit fluxes can be readily computed with great
numerical precision using standard tools in black-hole
perturbation theory, and in this work we will obtain an
accurate analytical fit for these fluxes (to infinity and down
the horizon) as functions along the separatrix. These
analytical fit formulas then determine the coefficient of
the logarithmic divergence term that informs our resum-
mation procedure.

We begin in Sec. II by revisiting relevant aspects of
geodesic motion in Schwarzschild spacetime, with a focus
on the singular behavior near the separatrix between
scattering and plunging orbits. We also connect the origin
of this divergent behavior with the analytic structure of the
radial action. In Sec. III, we consider the energy lost in
gravitational radiation by a scattering geodesic source
(neglecting radiation reaction on the orbit), analyzing its
divergent behavior in the separatrix limit and obtaining an
asymptotic formula for it in terms of the energy flux along
the limiting unstable circular geodesic. This formula later
forms a crucial ingredient of our resummation procedure. In
Sec. IV, we review other such ingredients, namely the
currently available PM and PN results for the energy loss in
scattering scenarios, and also construct a mixed PM/PN
model. These weak-field approximation models are then
tested against numerical results in black hole perturbation
theory. Section V introduces our resummation procedure,
designed to improve the performance of the weak-field
formulas in the strong-field regime. The formula is tested in
various ways in Sec. VI, again using numerical results as a
benchmark. Section VII provides a summary and final
commentary.

Conventions—Throughout the rest of this work we set
¢ =1=G, and we use the mostly plus (—+ ++) sig-
nature convention for the metric.

II. SCATTERING GEODESICS
AND THE SEPARATRIX

We begin by reviewing essential features of scattering
geodesics in Schwarzschild spacetime, with focus on the
behavior near the separatrix.

We consider a pointlike particle of mass m scattered off a
Schwarzschild black hole of mass M > m. In the test-
particle limit, ¢ := m/M — 0, the particle moves along a
timelike geodesic of the Schwarzschild background. We
use Schwarzschild coordinates x* = (¢, r, 0, ¢) adapted to
the black hole, denote the particle’s geodesic trajectory by
x%(7) with 7 being proper time along the geodesic, and
without loss of generality take the trajectory to lie in the
equatorial plane, i.e. 6, = /2. The particle’s conserved
energy and angular momentum per m are given, respec-
tively, by E:=—u, > 1 and L = u,, where u, = gozu’,

with u := dx/;, / dr being the particle’s four-velocity and g,
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being the background Schwarzschild metric. For later
convenience, we also introduce the dimensionless angular
momentum parameter

j:==L/M (1)

used prevalently in PN literature. The geodesic equations of
motion then admit the first-integral form

where the overdot denotes d/dz, f(r) := 1 —2M/r, and the
effective radial potential is given by

v = 10 1+ P25, 3

The pair (E, j) can be used to parameterize the family of
timelike geodesics in both scattering and bound-orbit cases.
In either case, it is useful to consider the real roots
{r,,r,ro} of the cubic equation E? = V(r; j), given by

- 6M B oM
T 2Ccos(€/3)” ' T 14 2Ccos|(2n 1 €)/3]

B 6M 4
r0_1+2{,’cos[(2ﬂ—§)/3]’ @
with

=112/ 2,

£ 1= arccos <1 + (36 _%54E2)/j2> |
g;

(5)

and with 2M < ry <rg and r; <0. For a scattering
geodesic, the motion is confined to r > r(, with r, being
the periapsis distance. The above roots define notions of
eccentricity e > 1 and semilatus rectum p via

Mp _Mp

2Mp
o _
l+e !

=

ro= r (6)

l1-e’
with the pair (e, p) providing an alternative, geometrical
parameterization of scattering geodesics. Another useful

parameterization is provided by the magnitude of the 3-
velocity at infinity (in the black hole’s frame),

V=, (7)

together with the impact parameter

. . M
b= lim 1, (@) sinlg, (7) - g,(~c0)| =L .

(8)

The boundary between plunging and scattering geo-
desics defines a curve j.(E) in the parameter space, called
the separatrix. It is obtained from the conditions

i,=0=7#,=E-V(r;j)=0=09,V(r;j), (9)

together with 02V (r; j) < 0, which give

27E* — 36E? + 8 + E(9E? — 8)%/2
i.(E) = , 10
]c( ) \/ 2(E2 — 1) ( )
or, in terms of v,
1 [8v* 42007 — 1+ (802 + 1)3/?
i —_— (11
]C(U) 7)\/ 2(] —’1]2) ( )

Geodesics with j > j.(v) scatter, while those with j <
Je(v) plunge. The critical value of the corresponding
impact parameter, at a given v, is

be(n) =208, (12)

with E = (1 — v?)~"/2. On the separatrix, the roots r, and
ro in Eq. (4) coincide, signaling the formation of an
unstable circular geodesic orbit at the “whirl” radius

R Mpe(e),
1+e

:%Mjg(v) [1—\/%}, (13)

where p.(e) =6+ 2e. The monotonically decreasing
function R(v) provides a convenient parameterization of
the separatrix curve, depicted in Fig. 1, with 3M < R <
4M for scattering orbits. The case R = 4M corresponds to
the marginally bound (“parabolic”) scattering geodesic
with » =0 [57], and R — 3M being the ultrarelativistic
scattering limit » — 1. In terms of the whirl radius R, the
critical angular momentum in Eq. (10) and the correspond-
ing circular-orbit specific energy take the simple forms

R/M 1-2M/R

VR/M =3’ V1=3M/R

It is interesting to note—cf. Fig. 1—how the separatrix
extends smoothly to the bound-orbit regime 2v/2/3 <
E < 1, where 4M < R < 6M and R = 6M is the innermost
stable circular orbit (ISCO).

Near the separatrix, for a small §j:= j— j.(v) >0,
scattering geodesics exhibit the so-called ‘“zoom-whirl”

Je(R) = E(R) = (14)
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FIG. 1. Representation of the space of (nonplunging) geodesic
orbits around a Schwarzschild black hole, using the squared
inverse specific orbital energy, 1/E?, and inverse pericenter radius,
M /ry, as compact coordinates on parameter space. Nonplunging
geodesics consist of periodic/bound orbits (1/E? > 1) and scat-
tering orbits (1/E? < 1). The boundary of the region is formed by
circular geodesics; it is made up of two segments, green and orange
curves in the diagram corresponding, respectively, to stable and
unstable circular geodesics. The two segments join smoothly at the
Innermost Stable Circular Orbit (ISCO). The locus of unstable
circular orbits (orange curve) is the separatrix, represented in the
text by the function ry = R(E). Points along the separatrix also
represent homoclinic orbits (for 1/E> > 1, 4M < R < 6M) or
heteroclinic orbits (for 1/E? < 1,3M < R < 4M), which display
infinite “zoom-whirl” behavior. The two orbits illustrated are
examples of near-separatrix homoclinic and heteroclinic geo-
desics [their parameters are (E = 0.962253,j = 3.67426) and
(E =1.26486, j = 5.77319), respectively]. Our resummation
technique takes advantage of the singular behavior of geodesics
near the separatrix as a marker of strong-field dynamics.

behavior [51], completing many azimuthal cycles in a near-
circular motion just outside the periapsis distance. The total
azimuthal phase traversed by the particle diverges loga-
rithmically as 6 — 0, in accordance with

Ap = py(t = ) = ¢)(7 = —o0)]

§J:0A(v) log <]5(—Jv)> +const(v) + -+ (15)

where const(v) does not depend on §j and the ellipses
denote terms that vanish in the separatrix limit. The
coefficient of the logarithmic term in Eq. (15) is

A(v) = —<1 —L;(—zv)>_l/4, (16)

a derivation of which can be found in Appendix A of [40].
In terms of the whirl radius R, this becomes
oM -1/2

A. Separatrix singularity from a radial action

It is instructive to consider the near-separatrix behavior
also from the point of view of an action formulation, central
to effective field theory and amplitude methods. The radial
action for a scattering geodesic is given by

My o [
IV ( 7]) 210 \/m’ (18)

where the infrared regulator 7 is introduced for mathemati-
cal definiteness, with ry < 7 < oo, noting the integral
formally diverges for 7 — oo. The limit 7 — oo is taken
only at the end of the calculation, after constructing a
scattering “‘observable” from 1£’> [such as the scattering
angle; see Eq. (20) below], when one then aims to
demonstrate that the result is finite. For alternative ways
of regulating the integral in Eq. (18), see, e.g., Ref. [58].

For a small §j > 0 at fixed v, the radial action (18)
admits an asymptotic expansion

7) 6j— T . 5 r |
I(VWJNOCI(O;(D)@ log <ﬁ> + 7 W)sj+ ..., (19)

with some finite coefficients cl((:;(v) and c\”(v). This
vanishes in the limit §j — 0, as expected of the radial
action of a circular orbit. The presence of the logarithmic
term traces back to a branch point in the complex j plane,
and the radial action develops a branch cut' starting at the
critical value (10). In the ultrarelativistic limit E — oo,
where explicit expressions for / £’> are available in terms of
hypergeometric functions [59,60], it is easy to verify that
such a branch cut starts at j.(v) = 3v/3(1 = v?)~1/2,

The radial action (18) acts as a generating functional for
the dynamics via the Hamilton—Jacobi formalism [61]; see
Ref. [58] for a recent discussion in the context of the first
law of binary black hole mechanics. As an example, the
geodesic scattering angle Ag can be obtained using

A(p:ﬂ—]imm, (20)

r—o0 aj
which is indeed finite, unlike the scattering radial action
itself. Near the separatrix in particular, the calculation
recovers Eq. (15) with the correct coefficient A(v). This
universal divergent behavior characterizes other observ-
ables derived from the radial action, such as coordinate or
proper-time delays [58].

'Such information about the analytic structure of the scattering

amplitude (closely related to / (,r) [13])—most notably, the emer-
gence of a strong-field Regge cut in the (v, j) plane which is
nonanalytic in the Newton’s constant G—may also be useful in
developing bootstrap approaches to classical gravitational scatter-
ing, where constraints from analyticity play a key role.
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III. ENERGY LOSS IN THE CRITICAL LIMIT

A. Singular form of the energy loss

The radiative dynamics of binary black holes near the
critical threshold have been studied in detail in a variety of
contexts; see, for example, Ref. [62] (numerical relativity),
[53] (critical phenomena in black hole perturbation theory),
[63] (black hole perturbation theory and EOB), and [55]
(the ultrarelativistic limit). For our purposes we need an
analytical model of the total energy radiated in gravitational
waves by a fixed scattering geodesic near criticality, i.e. for
0j < 1, ignoring radiation backreaction on the geodesic.
The assumption of geodesic motion with no backreaction
holds approximately (to leading order in the mass ratio) in
the adiabatic regime where §j is not too small, but must
ultimately fail as §; tends to zero, because the radiated
energy from the fixed geodesic grows unboundedly in the
critical limit, as we discuss below. We will nonetheless keep
the geodesic fixed in our analysis even as we take §j — O,
which would fit our purpose here. In principle, this setup
can be made mathematically consistent by replacing the
retarded boundary conditions of the problem with “time-
symmetric” ones, in which a commensurate amount of
radiation is pumped in from past null infinity and out of the
past horizon to exactly compensate for radiative losses. In
our concluding remarks, we will further comment on the
validity of ignoring radiative corrections to the orbit in our
scheme.

Consider a near-critical scattering geodesic with param-
eters (v,j) such that 0 <8j = j— j.(v) < 1. The total
energy lost via radiation as the particle of mass m moves
along that geodesic, Egw = E&w + Egw» 1S given by the
balance-law formula [64]

Eow = —m/ooEdr, (21)

[Se]

where E = dE/dr o« m is the momentary rate of geodesic
energy dissipation, expressible in terms of the local
gravitational self-force acting on the particle [4]. We take
7 =0 to be the moment of periapsis passage, r,(0) = ry
with 7,(0) = 0. We split Egy into a “whirl” contribution,

Egl\l{/rl = —m /Tl Ed’[, (22)

7

and a “zoom” contribution, EXS™ := Egyw — EShrl, where

7y > 0 is such that 6r,(z;) = r,(7,) — ro < M. The geo-
desic equation of motion then implies |i,(7)| <1 for
—-7; <7 <1, ie., the motion remains nearly circular
during the entire whirl.

It is now useful to rewrite ESN in the form

. (/}p(Tl) . .
Bt = —m / "y o (23)
Pp\—T1

where E and ¢, are considered functions of ¢ along the
scattering orbit. Both these functions approach constant,
finite values in the limit 6j — 0, up to correction of
O(6r,(7y)) that can be made arbitrarily small. At leading
order in j and 6r,(7;), these values are the same constant
values that these quantities admit on the limiting unstable
circular geodesic of radius R. We denote these values by
E.(R) and

@.(R) = B — (24)

" RYR/M =3

In this approximation, Eq. (23) becomes
EG' = —m[E.(R)/¢. (R)]Ag™"™, (25)

where Ap™'™ := ¢ (7)) — @,(—7) is the orbital phase
accumulated during the whirl, which diverges in the limit
5j — 0. We see that EZh inherits the singular behavior
of A(pwhirl.

Finally, we note that the phase accumulated during the
zoom, Ap — Ap™" | is necessarily bounded for any finite
71, and so is EGR". This means that the singular relation (23)
applies, at leading order, also to the full quantities, i.e.
Egw ~-m[E,(R)/¢,(R)]Ag. Substituting from Egs. (15),
(17), and (24), we arrive at

RVR = 3M Sj
Egw = —F———— + const(R)

6M — R mE. (R)log <jc(R)

+o (26)

where the ellipsis represents terms that vanish in the limit
0j — 0. Note the (R-dependent) constant term here has a
nonlocal contribution coming from the entire zoom portion
of the scattering orbit, so it cannot be obtained from a simple
next-order local analysis near the unstable circular orbit.

We can write down similar asymptotic formulas sepa-
rately for the energy radiated to infinity and that absorbed
by the black hole, Ety, and Egy, respectively. The well-
established energy-balance law for bound orbits (see, e.g.,
Ref. [65]), as applied to the limiting circular geodesic of
radius R, implies

-mE_(R) = (1 -3M/R)"'>(Ft(R)+ F7(R)), (27)

where the two terms on the right are respectively the fluxes
of energy radiated in gravitational waves to null infinity
and across the future event horizon, and the factor
(1=3M/R)™'/2 is dt/dz. Using this, Eq. (26) splits into
two corresponding contributions,

104042-5



BARACK, GONZO, LEATHER, LONG, and WARBURTON

PHYS. REV. D 113, 104042 (2026)

RY/? 5j
== fﬂ,;(R)log< / > + const*(R)

6M — R Jje(R)
4on. (28)

The expressions in Eq. (28) (without the constant term) will
be used in this study to model the divergent behavior of the
radiated energies EZy, near the separatrix.

B. Energy flux from unstable circular orbits:
Determination of F<(R)

The circular-orbit fluxes FE(R) in Eq. (28) are not
known in analytic form, but they can be calculated numeri-
cally with great precision for given values of R using
modern codes in black hole perturbation theory. Flux
calculations are ubiquitous in the literature, but few have
been performed for unstable circular orbits. Previous
examples include Refs. [53,55], where numerical energy
flux calculations were presented for circular geodesics
below the ISCO.

Here we adopt the basic strategy of Ref. [53] and
compute the fluxes mode by mode in a Fourier-harmonic
decomposition of the Lorenz-gauge metric perturbation
equations sourced by a point mass on a circular geodesic
with radius 3M < R < 6M. We repeat the calculation for a
dense sample of R values in this range, in each case
extracting the asymptotic fluxes at null infinity and across
the future horizon. The calculation uses the code developed
in [66], which employs a hyperboloidal foliation together
with spectral collocation and spatially compactified coor-
dinates. This architecture enables the extraction of fluxes
directly at null infinity and on the horizon, without
incurring any extrapolation error. It also allows the com-
putation to be efficiently parallelized across hundreds of
Fourier modes, enabling us to achieve higher precision than
in previous work. Such higher precision proved crucial, in
particular, for capturing the logarithmic divergence of F<
near the light ring (see below).

To obtain sufficient numerical precision in the total fluxes,
itis necessary to compute and add together the contributions
from a sufficient number of Z-mode multipoles. The flux
distribution into # modes broadens significantly with
decreasing R, compelling us to compute hundreds of mode
contributions for R values close to 3M in our sample. We
employ an automated selection algorithm to determine an
optimal truncation level £ ,,,,, as follows. For each orbital
radius R, and each 2 < # < 500, we compute the total flux
per £-mode via F% , =320, F? 4, where FC ,, are
individual #, m contributions. At sufficiently large #, we
expect an exponential fall-off, & , o« exp(k*7), with some

(R-dependent) x* < 0. We apply a criterion to detect the
onset of exponential behavior, and for each 7 in the
exponential tail, we extract the “local” exponent, k£, via
anonlinear exponential fit, and compute the error that would
occur from neglecting the remaining piece of the exponential

tail, using the formula for the sum of a geometric series:

ot

e

etjléunc = fjo:f P (29)
1-—e

Additional error in the partial sum over £-mode contributions

comes from the numerical evaluation of the modal contri-

butions F ff themselves. We crudely approximate it as

4
€r_T_oise =€ Z]:ﬂo:f’ (30)
=2

taking e = 10~'? as the effective machine precision in our
calculation. The total error in the partial sum is taken to be
e, = max(eif.. €X..), and the truncation mode £, is
then chosen to be the value of # that minimizes €,,. This
procedure is designed to ensure that we add all mode
contributions at our disposal up to the point where the
overall error in the partial sum over modes becomes

dominated by numerical noise. We use the partial sum
S0 FL, as our approximant for F%, and we record
+é€,¢ as an error bar for it. Our circular-orbit flux dataset for
3M < R < 6M is available in the accompanying ancillary
file [67].

Next we fit our numerical ¢ data to an analytical
model. Following Ref. [53], we introduce z:= 1 —3M/R
and note the expected divergent behavior £ ~ (log z)/z as
z—0 (R — 3M), predicted from the arguments and
numerical evidence presented in Ref. [55]. We also note
the PN behavior £+ ~ (1 —z)3 and 3 ~ (1 — z)° for z —
1 [R — oo, assuming F7(R) extends analytically to the
stable circular-orbit regime, R > 6]. With all this in mind,
we fit our data to a rational-function model augmented with
logarithmic terms, of the form

2 o2'(aF + bflogz)
(1-2) 233 gt

with @™ = 5 and a~ = 9. The coefficients ai, b7, and ci
are determined via a nonlinear least-squares optimization,
with the polynomial orders selected to minimise residuals
across the entire domain 0 < z < 1/2. The resulting fit
coefficients are listed in Table I. Figure 2 displays the fitted
functions FE(R) with a comparison to the numerical
data. Our models reproduce the data for F(R) to within
a fractional difference of < 107 over the range 3.02M <
R < 6M. (The domain 3M < R < 3.02M corresponds to
ultrarelativistic scattering with » > 0.97, not explored in
this work. Our fit could be refined near R =3 for the
purpose of modeling the ultrarelativistic regime.)

As an extra check, we have compared our flux data to
available analytical PN formulas; this too is shown in
Fig. 2. At O(q?), expressions have been derived to very

Fi(z) =

, (31)
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TABLE I.  Best-fit coefficients for the circular-orbit energy flux
models in Eq. (31).

Coefficient F7(R) FE(R)

ag —-4.5563 x 10! -1.8230 x 10!
a, —1.3751 x 10° —4.6277 x 10!
a, —1.2946 x 10* 2.8983 x 103
as —9.2057 x 103 5.4709 x 10*
ay 9.9077 x 10* 1.4786 x 10°
as —7.4782 x 10* —-1.7659 x 10°
by —1.6689 x 10! —1.6410 x 10!
b, —5.2856 x 107 -2.1537 x 107
b, —6.2221 x 10° —3.9977 x 10!
b, —2.8967 x 10* 1.2888 x 10*
by 3.5909 x 10* 1.3082 x 103
bs 3.5044 x 10* 9.9192 x 10*
o —8.7831 x 107! 8.5179 x 10°
c 2.1703 x 10° 9.6513 x 10!
e 2.5358 x 107! 1.7000 x 10?
cs 9.4971 x 10! 4.4786 x 103

high PN order through analysis of solutions to the
Teukolsky equation. Here we used the 22PN-order expres-
sions for F{ derived in [68,69], and the 22.5PN-order
expressions for F7 derived in [70,71] (Reference [72]
recently extended the calculation of F¥ to 30PN.). These
PN expressions also provide some insight into the

10%y —— Fifit - FfPN s FF
I — Fofit - FOPN v F7
1071
" .
1073 T Ty
1077}
10% ' i

: i : ' '
addddgpn | TTETREY VR ¥ Y-E V- Y-y
Y-¥o¥ oy
Iq“m‘iiiiiﬂkp‘*‘_ Adaa ¥-¥-%-v
b ‘*-A—A—A—-‘--‘_.‘

1 - FX/F,
S

6.0

sl
ot

30 35 40 45 50
R/M

FIG.2. Energy flux (per ¢*) from unstable circular geodesics, at
null infinity (¥ ) and down the event horizon (F7), as a function
of orbital radius R. Triangular markers show results from our
high-precision numerical calculations (with error bars indiscern-
ible on the scale of this plot). Our analytical models (31), with the
best-fit parameters from Table I, are shown in solid lines. The
corresponding PN expressions are shown in dashed line for
comparison. The bottom panel displays the relative difference
between each flux model and the numerical data.

analytical structure of F* and support the functional form
used in our fitting model, Eq. (31). Itis striking to observe in
Fig. 2 how well the PN formulas agree with the numerical
data in the part of the domain nearer the ISCO, despite their
being applied here deep in the strong-field regime.

IV. ENERGY LOSS IN WEAK-FIELD
APPROXIMATIONS

Our resummation method for ng, to be described in the
next section, will interpolate between the strong-field
singular behavior described in Eq. (28) and analytical
approximations based upon weak-field expansions. In this
section, we review the necessary weak-field input for this
procedure, which involves results from calculations in both
PM and PN theories.

A. Energy loss in a post-Minkowskian expansion

In the weak-field regime, r > M (where, recall, r is the
periapsis distance), it is natural to apply a PM expansion,
i.e. an expansion in powers of GM/r, around a flat
Minkowski background. The total energy loss at infinity
can be computed using the “in-in” formalism [73,74],
either in a worldline effective theory [75] or in the
amplitude-based KMOC approach [76], with Poincaré
invariance fixing the form of the linearized stress—tensor
operator that enters the quantization of the underlying field
theory. For the energy absorbed by the horizon, additional
worldline degrees of freedom are required to encode the
interaction between the horizon and the bulk fields [77].
Their response is determined by matching to the low-
frequency absorption properties of the black hole, allowing
EgG,, to be treated on the same footing as Ey, within the
PM expansion.

At leading order in the mass ratio, we can write the PM
expansion as

Egy =My 5 (v), (32)
k=kZ

where v:=mM/(m + M)* = ¢*> + O(¢?) is the symmet-
ric mass ratio (a more natural parameter used in lieu of ¢
in PM analysis with arbitrary mass ratios), and the
leading expansion terms have kj =3 and kj; =7.
Recall that j is the conserved orbital angular momentum
of the geodesic orbit (per m and per M). The dimension-
less coefficient functions E(ik)(v) encode the velocity
dependence of the radiated and absorbed energy at
kPM order. In this work, we use the current state-of-
the-art PM results, which at O(v?) are 5SPM for Efy, [18]
and 7PM (leading term) for EGy [48]. At leading PM
order, the coefficients are given by
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LT 6F S E-1
5(3) =13 {TlﬁPI(E) sinh < —
E+1
- (PQ(E) 1+ 6P5(E) log <%)>} (33)
o —5—”(21154—14E2+1)(EZ—1)4 (34)
™16 '
with E = (1 —2?)7"/2, and where

P,(E) = 70E® — 165E* + 112E* — 33,

P,(E) = —210E® + 552E° — 339E* 4+ 9123
— 3148E? + 3336E — 1151,

P3(E) = 35E® + 60E° — 185E* + 16E> + 145E?
— 76E + 5.

The expressions for £, (k>3) are more unwieldy, and we

refer the reader to [18 45] for their explicit form. An
implementation of these expressions is also available as
the accompanying Mathematica script [78].

B. Energy loss in a post-Newtonian expansion

A complementary weak-field approximation is obtained
by expanding EZ, in powers of v, which is a priori useful
in the small-v regime of the scattering problem. This is
similar to the familiar PN expansion for bound orbits, but
unlike in the case of (say, circular) bound motion, here the
small-v limit does not automatically correspond to the
weak-field limit j > 1, since v and j are independent
parameters. In order to impose j — oo for v — 0, one can
carry out the expansion in powers of v while holding fixed
the product vj, rather than j itself. The “PN limit” of this
expansion is then understood as one in which

v — 0, j — oo, vj = fixed, (35)
ensuring an overlap with the PM domain of validity. In this
scheme, the PN expansion of the O(1?) energy emitted to
infinity takes the form

[n/6]

E+
Gw 721) {a vj) +me vj)(log v) ] (36)

where logarithmic terms arise from hereditary tail effects,
first manifest at (relative) 3PN order, i.e. n = 6 [6,79].
In reality, available PN results are not formulated directly
in terms of an expansion at fixed »j, but instead they
employ a quasi-Keplerian parameterization, in which the
orbital dynamics are described in terms of a set of PN
eccentricities. For hyperbolic orbits, one choice is the time
eccentricity e, [6], and usually PN calculations utilize the

proper velocity at infinity, p. = Ev, as an expansion
parameter instead of the coordinate velocity v. The leading,
“Newtonian-order” form of the time eccentricity is

2 2

e ~ e =1+ (pej)’. (37)

so the PN expansion at fixed ey is equivalent to one at fixed
Peoj = vj + O(v?). In particular, it too is automatically a
weak-field expansion, so it is expected to have a domain of
overlap with the PM expansion.

In the above scheme, we thus have the form

) [n/6]
|: eN) + Z bnl eN)(logpoo) poo

(38)

The coefficient of the leading (OPN) term was derived
already in the 1970s [80,81]; it is given by

2 (602+673¢3)
45  (e3—1)°

“(1/ey)

ap(ey) =

(96 +292¢3% +37¢4)
(ex—1)"2

—i—Bcos

(39)
Higher-order instantaneous coefficients up to 2PN order
beyond the leading term are available in closed analytic
form at arbitrary ey [82-85]. At 2.5PN and 3PN order
beyond the leading term (n = 5 and n = 6 respectively),
the energy flux receives hereditary contributions involving
nonlocal-in-time integrals. For hyperbolic motion, these
integrals cannot be evaluated in closed form at arbitrary
eccentricity. However, they have been evaluated analyti-
cally term by term in an expansion in powers of 1/, i.e.,
through a mixed PN-PM expansion. The best currently
available results at 2.5PN and 3PN orders include PM terms
up to O(j~1) [86,87]. We henceforth refer to this best
available model as the 3’PN model, where the prime serves
to remind that o(j!°) terms are omitted at the 2.5PN and
3PN orders. The explicit 3'PN expressions used in
the current work are provided in the accompanying
Mathematica script [78].

Similar PN expansions are yet to be derived for the
horizon-absorbed energy, so in this work we will be using
only PM expressions for Egy.

C. Energy loss in a mixed PM-PN expansion

Combining the above PM and PN expansions in a
suitable way, we can construct a weak-field approximation
that is valid through both 5PM and 3PN orders, modulo

o(j~"°) terms at 2.5PN and 3PN orders. Let EJ,,, and E3,PN
denote our 5PM and 3'PN approximations for Efy
[Egs. (32) and (38) respectively]. We construct a mixed

approximation by adding ESPM and E;PN together and
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removing all overlapping terms:

E+

5PM/3'PN = ESPM + E3’PN (E;-’PN>5PM' (40)

Here, (Ejpy)spy is the result of PM-expanding E3 PN 1

powers of 1/ at fixed pg, up to 5SPM order [O(j7)], i.e.,
(E;F’PN)SPM
1

= , 0 N (Poosj=1 . 41

Zk'] [a % 3PN(P en(PeosJ /x)) o (41)

This must be identical to (Edp,)spy—rthe result of PN-
expanding Edp,,, up to 3PN order—and it captures exactly
the overlapping terms that need to be subtracted to
avoid double-counting. By construction, E; is valid

SPM/3'PN
through both 5PM and 3'PN orders.

The explicit expression for EZ; is provided in the

5PM/3'PN
accompanying Mathematica script [78].

D. Comparison with numerical data

We can check the fidelity of each of our three weak-field
approximations, Edpy, Edpy, and Edy, /3PN by compari-

son with numerical results for Ey, obtained in black-hole
perturbation theory. These benchmark results were recently
computed by one of the authors (NW) in Ref. [56], using
numerical integration of the Regge-Wheeler perturbation
equations with a scattering geodesic source in the fre-
quency domain. Figures 3 and 4 illustrate the behavior of
our approximations against benchmark data from the code
of [56], which are available in the accompanying ancillary
file [88]. We see that all three approximations work well in
the weak-field regime, as expected. It is also demonstrated
that the 3'PN formula outperforms the 5PM model at low
velocity, but the situation reverses at higher ». Most
notably, the mixed PM/PN model outperforms either of
the two separate expansions across the entire domain and
for both values of velocity shown. Finally, also as expected,
we see how all three approximations ultimately break
down in the strong-field regime. It is this breakdown of
the weak-field approximations that we seek to cure with our
resummation technique, to be introduced next.

V. RESUMMATION PROCEDURE

We seek analytical models for Efy, that smoothly
interpolate between the weak-field approximations of the
previous section and the strong-field singular behavior at
the separatrix described in Sec. III. More specifically, we
look for a “resummation” of the weak-field expansions that
reproduces the known logarithmic divergence at j = j.(v)
without impacting the form of any known PM or PN
expansion terms. We achieve this using the technique
already mentioned: We first add the logarithmic divergence

To/M
5 10 20 30 40 50 60 70
1000 T
n
101 !!, v =02 *  Eew
1, Espp
+ 10 ~. T Eqgpx
=08 I

5PM/3PN ]

FIG. 3. Total energy radiated to inﬁnity in the weak-field
approximations E;PM, E3 PN and ESPM JypNe @S @ function of
orbital angular momentum j (lower scale) and periapsis distance
ro (upper scale) at a fixed value v = 0.2 of the velocity at infinity.
“Exact” benchmark results Ely, from the numerical code of
Ref. [56] are shown for reference. (Estimated error bars on the
numerical values are too small to be visible on the scale of this
plot.) The lower panel displays relative differences with respect to
the numerical data. The location of the separatrix is marked by the
vertical line. Here and in all subsequent plots, the displayed
quantities E* are normalized by a factor ¢>?M (= m>/M).

term (28) to the appropriate weak-field expansion, and then
remove common expansion terms. For instance, to resum
the SPM series (32) for EGW, we add it to the logarithmic
term in (28) and then subtract all terms in the PM expansion
of the logarithmic term up to and including 5PM order.
Since the subtracted “counterterms” are regular at the
separatrix, the resulting resummed expression is guaranteed
to possess both the correct singular behavior at the
separatrix and the correct SPM behavior at infinity; and
since the counter terms are smooth functions of the
parameters anywhere between these two boundaries, the
procedure is guaranteed to yield a smooth interpolation
formula.

Let us recall the form of the singular separatrix term from
Eq. (28),

Eiuvd) =B 0loe(25). @)
where

oy RO)

B0) = - O FHRW). ()
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FIG. 4. Same as Fig. 3, this time for » = 0.35. We see that the
5PM formula takes over from the 3’PN model as a better
approximation at large j. The mixed 5PM/3'PN model still
outperforms both pure PM and pure PN models at all j.

and j.(v) is given explicitly in Eq. (11). Here, R(v) is the
whirl (periapsis) radius of the critical geodesic obtained by
taking j — j.(v) at fixed v; it is given explicitly in Eq. (13).

We will explore two resummation formulas, one
obtained from the pure PM expansion (32), and another
(for Ey, only) from the mixed SPM/3'PN expansion (40).

We denote the corresponding resummed quantities by Ei,

and E'. .. They are constructed through
Ex = Ef + Eg,, — CTx, (44)

where X € {PM, mixed}, Ex is the base PM or mixed
expansion, and CTj, are suitable counterterms. The latter
are given by

CT, = —B*(v i (J c(?) ) (45)

k=1

with kKt =5 and k- = 7; and

CTh ., = CThy + Z Z ctf P (46)

n=0 k=

where in the last expression the term CTpy; accounts for all
PM expansion terms of Eqmg up to SPM order, and the
remaining terms on the righthand side capture the < 3PN
pieces of higher PM terms up to 15PM order. The sum over
n here is associated with the PN expansion in powers p, at

?"o/M
4 5 6 7810 20 40 80
o - . : T T
107 - ‘"T‘—‘-‘—;:—.—_—._‘___‘_i__\_\‘
107!
T
K03 . E(+;W
1074 Eipyi
1075 [ E;PM/S)’PN _____ EIJyrlixcd

102 10-1 100 100

FIG. 5. Resummed energy-loss models £, and EI. .
[Eq. (44)] as functions of §j:=j— j.(v) (lower axis) and
periastron distance r, (upper axis) for fixed » = 0.2. The
resummation models are plotted against reference numerical data
for ng from the code of [56]. (Estimated error bars on the
numerical values are too small to be visible on the scale of this
plot.) Also shown for reference are the plain SPM and 5PM/3'PN
weak-field approximations (without resummation). The lower
panel displays relative differences with respect to the numerical
data, with filled (open) markers denoting underestimation (over-
estimation) by the model.

fixed jp., (equivalent to fixed ey), with the coefficients
given by

1 0"
n! apoo

+ — _

et = . (47)

p
k *© Peo=0

B+(U)M k}

where one makes the replacement v = p (1 + p%)~/?

before taking derivatives. We note that ct, =0 for 0 <
n <5 (since k > 6), and, in general, ct,fn # 0 for n =6.
Thus, we may also write Eq. (46) in the somewhat more
transparent form

CT:

mixed —

= CTfy + S Z Z et TN (48)

n=0 k=

showing that the PN expansion of EQm begins at 3PN order
[half an order lower than that of Efy; cf. Eq. (38)].

The numerical values of the coefficients ctfn are avail-
able in the accompanying Mathematica script [78].
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VI. TEST OF RESUMMATION FORMULAS

In this section, we illustrate the performance of our
resummation formulas using benchmark numerical data
from the code of Ref. [56], which are available in the
accompanying ancillary files [88,89]. We have checked and
confirmed that error bars on the numerical data are visibly
indiscernible on the scale of the plots to be presented below
(with the exception of a few data points in Fig. 7; see the
discussion in the caption of that figure). For our purposes,
we thus usually regard the numerical data as “exact.”

Figure 5 displays the resummed energy-loss expressions
Ejy and ET. . as functions of §j := j — j.(v) for a fixed
velocity-at-infinity value of » = 0.2. Also shown, for
reference, are the plain 5PM and 5PM/3’PN approxima-
tions (without resummation), and the comparison numeri-
cal results for a sample of §j values. By design, the
resummation formulas both agree with the exact values
Ely in the asymptotic domains §j — 0 and §j — oo, but
we see in this example how they succeed in tracking the
correct behavior uniformly well at any §;. While the plain
weak-field approximations get progressively worse at small
oj (being at least a factor 2 off already at ry ~ 8M), E;’limd
agrees with Efy, to within at least ~10% throughout the
entire domain. Notably, the resummation formulas appear
to outperform the plain weak-field expressions anywhere in
the domain, and even in the weak-field regime.

Similar comparisons are presented in Figs. 6 and 7 for
fixed v = 0.35 and fixed v = 0.7, respectively. The same
general behavior is observed here too: both resummation
formulas describe the flux reasonably well across the entire
domain, with £ agreeing with the numerical data to

mixed

within <15% at v = 0.35, or within <25% at v = 0.7.

TU/M
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FIG. 6. Same as in Fig. 5 but for » = 0.35.

Visibly, as might be expected, the added value from
including PN terms in our weak-field approximation
diminishes with increasing »; at v = 0.7 the resummed
PM model on its own performs essentially as well.

We now turn to the horizon energy absorption Egy.
Figure 8 shows the results in the example of v = 0.35.
Once again, the resummation formula, E]SM in this case, is
plotted against the plain PM approximation, here Epy, and
compared with “exact” numerical data from the code of
[56], which are available in the accompanying ancillary
file [89]. We note immediately that, in this case, the term
(E;ng — CTpy) in Eq. (44) remains much greater than Epy,
even at large j, disrupting the ability of E[‘,M to capture the
correct PM behavior in the weak-field regime.

To address this problem, we are forced to abandon our
usual resummation technique and introduce an alternative
procedure in its place. Instead of eliminating a finite number
of PM expansion terms of the singular function Eg,, (via the
subtraction of CTpy;), we suppress the support of EG, at
large j more sharply with an exponential attenuation func-
tion. Specifically, in the resummation formula (44) we
multiply Eg,, by a function of the form exp[—k(3j/ i),
with certain k > 0 and f > 0, and drop the counterterm
CTpy altogether. We have found through experiment that an
attenuation with = 1 acts too aggressively, producing too
sharp a transition between £, and the PM approximation.

sing
The value = 1/2 was selected, as it was observed to
facilitate a smooth transition. Our modified resummation
formula for the absorbed energy thus takes the form

’I”()/M
6 78 10 20

=
+0
S
o
= e >0
S U S
—4 N N N
10 1071 100 10 102

0]

FIG. 7. Same as in Figs. 5 and 6 but for » = 0.7. The onset of
noisy behavior in the relative differences at large §j is where
differences dip below the floor of numerical error in the data. The
level at which this occurs is consistent with our estimate of that
numerical error.
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FIG. 8. Resummed horizon absorption models EI;M [Eq. (44)]
and Epy; [Eq. (49)], with a comparison to the plain 7PM formula
[Egs. (32) with (34)] and to numerical data from the code of [56],
for v = 0.35. Also shown are the equivalent models using the
8PM and 9PM coefficients extracted from weak-field numerical
data [56]. The structure of the plot is similar to that of Figs. 5-7.

El;M = Epy + et 6j/chs_ing’ (49)

where it only remains for us to prescribe the value of k.
That we do using the following procedure. First, for each

fixed value of v, we determine the value j= j, that

minimizes the difference [Epy(j) — E5,,(/)]; it can be

easily confirmed (analytically) that this difference always
admits one and only one minimum, for any value of v. We
then choose j, to be the value around which to introduce
the transition from the £, term to the Ep,,; term, achieved

sing
by requiring that the EG,, term is suppressed by three
exponential folds (i.e., a factor e™3) at j= j,. This

condition is enforced with the choice

k=3 V jc/5j07 (50)

where dj := jo — j.. This completes our prescription for
the modified resummation model Epy,. For our specific v =
0.35 example, we have calculated and used k = 13.8894.
We have plotted the alternative resummation formula Epy,
too in Fig. 8, showing it does much better than Epy in
providing a faithful representation of the true function Egy,
across the domain.

A comparison of Figs. 6 and 8 shows that the PM
approximation E7p,; captures the large-j asymptotic behav-
ior of Egyy less well than EZp,y, captures Efy,. This might be
expected from the fact that E7p,,; is only a leading-order

approximation while Ed,, is accurate to third relative
order. The differing level of performance is evident in the
above examples. We do not yet have a more accurate model
for Egy,, but we can attempt to “predict” the amplitude of
its > 7PM terms at given v values by fitting a higher-order
PM model to a large-j segment of the numerical data. NW
previously applied this procedure to numerically determine
the coefficients of the 8PM and 9PM terms of Egy, for
v = 0.35 [56]. The resulting 9PM-accurate model is also
plotted in Fig. 8, together with the corresponding resum-
mation formulas Ejpy, and Egpy, where for the term Epy,
we use the fitted 9PM model. An improved performance of
the resummation models is evident in the entire domain.
This experiment should serve to further motivate an
analytical PM calculation of the horizon absorption beyond
the leading order, which to the best of our knowledge has
not been attempted so far.

VII. CONCLUDING REMARKS
AND FUTURE DIRECTIONS

This work advances the idea that the universal critical
behavior near the separatrix between bound and plunging
orbits around black holes can serve as a strong-field
diagnostic informing an effective resummation of weak-
field analytical expansions. The basic idea has been
explored before as applied to the scattering angle in
hyperbolic encounters [38—40]. Here, for the first time,
we apply it to radiative observables, focusing on the total
energy loss in hyperbolic encounters as a first example.

Our resummation procedure is based on the observation
that, in the separatrix limit, the energy loss is dominated by
radiation from a circular whirl motion at the periapsis
distance, which diverges in proportion to the number of
whirl cycles. The logarithmic form of this divergence is
universal, and its overall scaling is determinable from the
constant flux of energy emitted during the whirl motion.
We have produced an accurate analytical model for these
fluxes by fitting to high-precision numerical calculations
for unstable circular geodesics. Hence we have produced an
accurate analytical model for the divergent behavior of the
energy loss.

We have then prescribed a procedure that blends our
near-separatrix model with state-of-the-art weak-field
models for the O(g?) energy loss to infinity (accurate
to 5SPM and 3PN orders) and down the event horizon
(accurate to 7PM order). The resulting formulas effec-
tively interpolate between the weak- and strong-field
regimes, realizing the synergistic potential between the
PM, PN, and self-force methods. The outcome is a semi-
analytical approximant that remains uniformly reliable
across the full scattering parameter space. We have
demonstrated the performance of our resummed energy-
loss formulas against accurate results from numerical
calculations for scattering orbits.
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As we have alluded to at the start of Sec. III, the
separatrix singularity is but an artifact of ignoring radiation-
reaction correction to the orbit; of course, no divergence
occurs in reality. Generically, radiative dynamics transports
the object across the separatrix on a timescale proportional
to log g [90], after which the object plunges into the black
hole on a near-geodesic trajectory. (In [53] it was shown
that, through exponential fine-tuning of the initial con-
ditions, one can arrange for the particle to maintain a whirl
motion near the separatrix for as long as a full radiation
timescale, ~1/¢.) Infinite whirl motion formally occurs
only in the limit ¢ — 0. We therefore expect our method to
work well only for sufficiently small mass ratios, and better
with decreasing q.

We expect the basic idea of our procedure to be
applicable to other scattering observables, including the
angular-momentum loss, the gravitational time-delay, or
the gravitational redshift along scattering orbits. More
profoundly, the procedure should offer a systematic route
to constructing uniformly valid models even for bound-
orbit observables, either via scattering-to-bound mappings
or through a direct resummation of PN fluxes informed
by bound-orbit separatrix physics. More broadly, this
approach points toward a new organizing principle for
gravitational-wave observables, in which analyticity and
critical behavior play a central role in bridging between the
weak- and strong-field regimes.
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