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Lepton number violating meson decays, such as M7 — M5 £7¢;, provide constraintsond = 9 AL = 2
operators. Renormalization group equation (RGE)-improved bounds on the Wilson coefficients of
these operators have been presented in the literature, taking into account perturbative quantum
chromodynamics (QCD) one-loop corrections and the corresponding operator mixing. Here, we present
for the first time the contribution of connected diagrams to the hadronic matrix elements (M,|O,|M).
These diagrams, usually overlooked under the assumption that (M,|0,|M;) ~ (M,|J,,, |0)x
(01J 4,4, IM 1) > (M3|J ., X J 4 4,|My), can give indeed a significant contribution to the matrix element.
Including these connected diagrams is but the first step toward a full nonperturbative computation of the
long-range QCD effects in these operators, that should be performed using lattice field theory techniques.
However, connected diagrams represent the leading order in the 1/N. expansion of the QCD
nonperturbative effects and thus our work can be understood as a realistic, first approximation to a

complete calculation of the long-range part of the matrix elements.

DOI: 10.1103/pwtl-6xkv

I. INTRODUCTION

In the standard model lepton number is conserved at the
perturbative level. However, in Standard Model effective
field theory (SMEFT) [1-5] lepton number violation
(LNV) appears in the form of nonrenormalizable operators
[6,7]. The most stringent test of lepton number violation is
neutrinoless double beta decay (Ovff), for reviews see for
example [8-10].

However, Ovpp is sensitive only to LNV in the first
generation of leptons. To test LNV for higher generation
leptons one has to resort to exotic processes, such as
™t - £FTM|M,, and M7 - M3 £7¢; where £ stands for
¢ = e, p in case of tau decays and, in principle, any SM
generation in meson decays (when kinematically allowed).
Experimental constraints for all of these processes can be
found in the Particle Data Book [11], where the results from
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flavor factories [12—17] and flavored experiments at the
LHC [18-21] are summarized.

Comparing the experimental data with the theoretical
predictions in the lepton number violating sector of the
SMEFT allows to put constraints on the Wilson coefficients
of individual effective operators, for earlier work consid-
ering constraints from neutrino masses and/or LNV meson
decays see [22—40], while results for LNV muon con-
version can be found, for example, in [41-44]." However,
the matching between the experimental data and the
theoretical prediction is affected by a number of uncer-
tainties related to the perturbative order at which the
theoretical computation of the Wilson coefficients has been
performed and on the specific regularization and renorm-
alization schemes adopted. The running of the Wilson
coefficients between the scale at which the theoretical
(perturbative) computation of short-range effects is sound
and the (lower) scale at which the experimental measure-
ments are made must be taken into account, introducing
scheme dependence. Moreover, quite generally it is found
that loop computations introduce mixing of the operators,
responsible for a given transition at tree-level, with other
operators originally not present, thus enlarging the operator
basis to be taken into account. This was shown to be
also the case for M7 — My ¢7¢5 and v — £TMTM;5

'We note in passing that also searches at LHC can put bounds
on LNV models [45-48].
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decays [49], where QCD one-loop corrections where
computed and renormalization group (RG) running was
properly accounted for. The inclusion of these effects was
shown to have a significant impact on the bounds on the
relevant Wilson coefficients.

In this paper, our aim is to go one step beyond the work
done in [49], and introduce a first estimate of the effect of
long-range physics. This can be done by computing the
relevant hadronic matrix element at leading order in the
1/N, expansion.

The hadronic matrix element (M,|O,|M;) is usually
computed under the assumption that the s-channel-
like contribution dominates, i.e., that (M,|O,|M;) ~
(M3|J 4g, X J4,,|M 1), with J,, a quark current and where
the initial and final mesons sources are M; = g;I'g, and
M, = g3"q,, with T',T” some y-matrix dependent on the
mesons quantum numbers. In order to get an estimate of the
hadronic matrix element, the vacuum insertion approxima-
tion (VIA) is usually adopted: (M,|J, ,, xJ4q|Mi)~
(M,|J ;,,,10)(0|J, ,,|M ). This approximation corresponds
to neglecting all soft gluon exchanges between the initial
and final mesons and, at the same time, to neglecting
the production of intermediate hadronic states (such as,
for example, other heavier mesons with the appropriate
quantum numbers). In the language of the 1/N, expansion,
the resulting disconnected diagram is O(N?), as it contains
two fermion loops, contributing N, each. All other poss-
ible diagrams, on the other hand, are subleading under
N .—power-counting. We will, therefore, compute here
the leading N, contribution to the hadronic matrix elem-
ent, represented by the connected diagram (M,|J,,,, x
J4,4,/M1) in which the quarks in O, connect to external
quark lines with t-channel-like contractions. We will dem-
onstrate how including this correction modifies the bounds
on the Wilson coefficients, in some cases by considerable
factors.

The rest of this paper is organized as follows: in Sec. 11
we consider the case of the Kt — 7#7¢T¢" decay as an
example and present the low-energy effective operators
basis responsible for this process; in Sec. III we compute
the decay widths and run the Wilson coefficients down at

Ng

the hadronic scale y; in Sec. IV we introduce the VIA and
compute the leading contribution to the hadronic matrix
element in 1/N,; in Sec. V we compute the O(1/N,)
correction to the hadronic matrix element; in Sec. VI we
derive improved bounds to the Wilson coefficients at the
hadronic scale u at the subleading order in 1/N; finally, in
Sec. VII we present our conclusions. In Appendix A we
summarize the anomalous dimensions at one-loop relevant
for the process at hand; in Appendix B we show the
numerical values of the RGE evolution matrices; in
Appendix C we list the Fierz identities used in the paper;
in Appendix D we give the sum of connected and dis-
connected diagrams in the VIA. Finally, in Appendix E, we
introduce an optimal definition of the B-parameters to be
computed on the lattice in order to perform a numerical
computation of the hadronic matrix elements.

II. DIMENSION-9 OPERATORS FOR AL=2
TRANSITIONS

The process K™ — 77" ¢" is the paradigmatic AL = 2
meson decay. It can occur if an operator that violates lepton
number by 2 units exists, such as for example in type-I
seesaw models where a heavy Majorana ‘“right-handed”
neutrino is added to the Standard Model spectrum.

A. K* > 7= ¢*¢* in type-I seesaw models

Within this particular model, that we illustrate as an
example, it was shown in Refs. [22,50] that this decay may
occur through two tree-level diagrams (see Fig. 1):

(1) s-channel, Fig. 1 (left): in this case, the process goes

as Kt — Wt - £t¢tW~ — 77, Assuming that the
AL = 2 operator arises through the exchange of Ng
heavy Majorana neutrinos of mass M, , we have

r
L’;D(P,P/) = MV,TWU(P)J’”Y"PRUC(P/)- (1)
q v

Eventually, the amplitude for the s-channel diagram
is (after integrating out the W’s)

Ay =263 kS alViaV ™ D _[UiUp iV PPl j (P2 P') = S20Lo s (P P)], (2)

J=1

where the decay constants f, f, come by neglecting soft gluons interchange between initial and final mesons and
applying the PCAC to the hadronic matrix elements (0ly,ys|K(q)) and (Oly,ys|z(q — p —p')).

(2) t-channel, Fig. 1 (right): in this case, the W’s are produced from two different kaon quark lines and, therefore,
the hadronic matrix element is more complicated as, strictly speaking, it is a four-point function:
(m(2)|a(y)y;d(y)a(x)yy s(x)|K(0)). In Fourier transform
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FIG. 1. Tree-level diagrams responsible for the K™ — z~#*£* transition in the type-I seesaw model. Left: s-channel amplitude.
Right: t-channel amplitude.
Ny
AI = ZG%[VMCJVMS]* Z [Ulle’j]*[Lyu.j(p’ p/) - 611’L;w.j (p,a p)]
j=1
® / dhxdtyei P PP () [ (y )4 d () ()7 s () K 0)). (3)

Ifg> <M Y for any j, we can integrate out the heavy
right-handed neutrinos and get a local lepton current

LY (p,p') ~ —mi o(p)ry' Proc(p) + -+ (4)
Yi
After integrating out both W’s and the heavy right-
handed neutrinos, the two quark currents give a local
four-fermion AQ = 2 hadronic current-current op-
erator O, = J, X J;, (with J, = g;'q; a fermion
bilinear), such that the hadronic amplitude is

M(z.x) = (n(2)|Ou " |K(0))
= (z(2)a(x)rpd(x)a(x)ry;s(x)|K(0)).  (5)

This matrix element is a three-point function and it
must be computed nonperturbatively, for example on
the lattice.

As we have seen, if we are able to start from a definite
fundamental theory, we have some hints on the spinor
structure of the effective operators to be computed. In the
case of the type-I seesaw, we have an s-channel-induced
product of two two-point functions (whose nonperturba-
tive estimate may be obtained using the PCAC), or a
t-channel-induced three-point function (for which we have
no estimate, in principle). However, these two amplitudes

M1 Oh MZ

are a quite general result independently of the original
fundamental theory. Assume that we have a four-fermion
local operator in the form O, = J;, x J, responsible for a
AL = 2 transition in combination with a leptonic current,
Opr—> = O, x Jzp. When computing the hadronic con-
tribution to the process, we must sandwich the local
four-quark operator between hadronic states to get a
(nonperturbative) hadronic matrix element. Once con-
tracting over the external states the hadronic local operator
O, in general two contributions arise from the 7 -product
of the quark fields: one connected “eightlike” diagram
(Fig. 2, right), or two disconnected loops (Fig. 2, left). It is
easy to relate the two diagrams with the two different
amplitudes in the type-I seesaw model: the disconnected
diagram arises integrating out heavy fields in the
s-channel, whereas the connected diagram arises from
the t-channel. From a bottom-up approach such as the one
used in SMEFT [1-5], however, we will not be able to
determine the specific structure of the diagrams in the
fundamental theory, as we have in principle no idea of
what the fundamental theory is.

B. K* > z~¢*¢" in the OPE
If we have no fundamental theory to derive the low-
energy operators relevant for the process K — z=£7¢7",

we can still write a complete basis of operators that may be
responsible for the transition, and then use the experimental

M, M,

FIG. 2. Disconnected (left) and connected (right) diagrams of the hadronic matrix element for the decay MT — M5t with
effective operator O = O, x J,. Left diagram is O(N?) and right diagram is O(N,), as they contain two and one fermion loops,

respectively.
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data to constrain the corresponding Wilson coefficients.
This is the approach followed in Refs. [49,51-54].

The effective Lagrangian for a particular process that
violates AL by two units is

AL=2 __
L eff A5
EW

Y _CiM)OM=2(A), (6)

i

where C;(A) is the tree-level Wilson coefficients of the
bare operator O*E=2 and i runs over the operator basis. We
have normalized the Wilson coefficients with a common
factor 1/Afy. in order to obtain” adimensional coefficients.
If we know the fundamental theory, the Wilson coefficients
can be computed directly by matching the theory where
heavy d.o.f.’s have been integrated out with the funda-
mental theory at some high-energy scale A (as it is done in
the case of the AS = 2 transitions in the SM, see Ref. [55]
and references therein). The coefficients C; can be then
constrained by experiments that look for a given process. If
we do not know the fundamental theory, we can write down
all possible operators that mediate the process at hand
compatible with the symmetries of the SM.

For the process K™ — z=¢{¢5, it was found that the
most general effective Lagrangian contains 7 operators in

the case £ = ¢», each of them with a O, x J,, structure
OfY%? = 8(aPxdiPys) @ j%,.
O5XX = 8(uo* Pydiic,, Pys) ® j%,,
OXY7 = §(ay" Pydiiy,Pys) ® j%,,
OYY% = 8(uy* Pxdic,Pys) ® jZ,,.
OV = 8(uc, Pyduy" Pys) ® j%, .
OXYZ = 8(iy* PxditPys) ® ]ffw
O = §(aPxdiy Pys) ® )

where in these expressions Py are the chirality projectors,
Ppr = 1/2(1 F ys). The lepton bilinears j for two generic
leptons ¢ and ¢, are

jglfz = EIPZZE’
j?lfz,ﬂ = ?1}’,4132/5’
j?lfz,/w = ?layyplfg' (8)

Notice that the tensor lepton current j?lfw vanishes

when 7| = £,. This means that, when ¢ # ¢, (differently
from the example that we were studying above,
K™ - a=¢%¢7"), new operators should be added to our

>The normalization scale is, of course, arbitrary. We find it
convenient to use the scale of the electroweak symmetry break-
ing, Agw = 246 GeV, to compare directly with the case of the
type-I seesaw model, in which the heavy mediators are W bosons.

basis. Eventually, for | # ¢,, we should include four new
operators

OfY% = 8(uy* Pxdiy* Pys) @ j¢ NI

OX?2 — 8(aPxdiic" P7s) @ j%. 4. -

O7X7 = §(uc" P,ditPys) ® Jf £y

OFXX = 8(uc**Pyduct,Pys) ® j¥ ;. .- ©)

The primed operators OZ*% and O{*X are not included,
since QX% = —O¥X% and OfF*X = —OF*X. Notice that
only particular combinations of chiral projectors are allowed
for these additional operators.

We now briefly review the operator counting in our
basis. For the K — #£Z decay, there are 36 independent
dimension-9 operators when the final-state leptons are
identical, and 70 independent operators when the leptons
are different. This counting follows from the chiral structure
of the operators and from symmetry relations among
leptonic bilinears. For identical leptons, only the operator
structures in Eq. (7) need to be considered. If no symmetry
relations or vanishing operators are taken into account, each
operator structure would contribute 23 = 8 independent
operators, corresponding to the choices X,Y,Z =L, R.
However, for operators involving vector currents with
identical leptons, the relation £y, P gt = —Cy,Pr ¢
reduces the number of independent operators by a factor
of two, whereas for operators containing two tensor
bilinears the vanishing of mixed-chirality structures also
reduces the number of independent operators by a factor of
two. As a consequence, the operator structures O and O;
each contribute eight operators, while the remaining five
structures contribute only four operators each, leading to a
total of 36. For the case of different leptons, taking | = e
and 7, =u as a representative example, the relations
ePzu‘=pPze‘, ey, Pr pu =—fiy,Pr ge‘, and ec,, P7u" =

16, Pze¢ have been taken into account in the definition of
the basis. Each of the operator structures in Eq. (7)
contributes eight independent operators, with the exception
of O,, which contributes only four, leading to a total of 52
operators. In addition, further contributions arise from the
operator structures in Eq. (9), which contribute 18 additional
independent operators. Specifically, O contributes 2° = 8
operators, O; and (0} contribute four each (since the two
tensor currents must have the same chirality), and Og
contributes only two operators, corresponding to the purely
left-handed (LLL) and purely right-handed (RRR) cases.
Consequently, the total number of independent operators for
different leptons is 70.

Once we have introduced the full basis that may be
responsible for the transition K™ — n‘fff; , it is easy to
see that the operator that we have found in the case of the
type-I seesaw is, in fact, O5*% for two identical final
leptons, whereas for processes with leptons from two
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M7 My M7 My M7 My
d; (a) d; d; (b) d; d; (c) d;
FIG. 3. Effective d = 9 operator description of the short-range mechanisms (SRM) of the meson decay M7 — M, #7¢5. The tree-

level diagram can be obtained, e.g., by integrating out gauge bosons and heavy fermions in Fig. 1. On the other hand, diagrams
(a)—(c) give some representative one-loop perturbative QCD corrections to the amplitude arising by the interchange of a hard gluon.

different generations there will also be a contribution
from OF*.

III. FROM THE EFFECTIVE LAGRANGIAN
L.; TO BOUNDS ON C;

The effective Lagrangian in Eq. (6) must be computed
within definite initial and final states, in order to use the
experimental data to constrain the Wilson coefficients.

M(K* = w6 {¢5) = (w1 1125

[K™) =

However, this must be done at some hadronic scale pu
much lower than the scale A where the fundamental theory
is replaced by the effective one.

A. Hadronic decay widths

The tree-level amplitudes for the process K™ — z=£7£
mediated by the effective Lagrangian in Eq. (6) are
given by

S A A (). (10)

EW »n XYZ

where ANY4(A) = (a= ¢ €5 |OX4(A)|KT) = (a7 |OXY4(A)|K) ® Jy,z,. The amplitude AX'# depends on the scale A
since the hadronic matrix elements are dressed by O(A) gluons. The partial decay widths for the meson decays are then

given by [29]

1

(KT -ty =
KT = 2000 = G AL,

st r
/ ds / dt
5™ I

2
: (11)

XYZ AXYZ
D2 s A

where A, are spin-averaged amplitudes and the kinematical variables s = (pe, + pfz)2 and 1= (p,, + pMz)z, have

integration limits given by

5™ = (mg, + mfz)zv

1
T = m%/ll +m§] _Z [(s —i—m%,,] - m%,,z) (s —|—m%,1,fI

with  A(x,y,z) = x> + > + 2> = 2(xy + xz + yz). The
quark flavor indices (i, j, k, [) are fixed by the quark
content of the mesons: M| = (ii;d;), M3 = (ud;).

The hadronic matrix element (z~|OXY#(A)|K") should
be in principle computed nonperturbatively at the same
scale A where the matching between the fundamental
theory and the effective theory takes place. However, it
is not possible to perform a nonperturbative QCD compu-
tation at that scale. What is instead done, is to compute the
matrix elements nonperturbatively at some low-energy
scale u < A where dynamical d.o.f’s are mesons and
baryons (i.e., at a scale where quarks are confined and

st = (my, — my,)?. (12)

- mﬁ%)? 212 (s,mél,mgz)gl/z (s,m%,[l,m%h)}, (13)

only long-distance soft-gluons should be taken into
account).

B. One-loop QCD running of the Wilson coefficients

The main goal of the RGE running of the Wilson
coefficients is to connect the high-energy scale A, at which
the matching between the fundamental theory and the
effective one is supposed to be performed, with some low-
energy scale y where experimental data are measured. The
high-energy scale is typically A = O(100) GeV in LEFT,
i.e., a scale large enough for perturbative QCD to be
reliable. On the other hand, the low-energy scale y should

075004-5
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be low enough for nonperturbative computations of the
hadronic matrix element (M,|O*=2(u)|M,) to be carried
out. Depending on the particular nonperturbative approach
used, this scale ranges3 from 1 to 2 GeV. The RGE running
of the Wilson coefficients gives

Lo =5 ZC YORL=2 (1), (14)

where the RG evolution, in a given regularization and
renormalization scheme, is given by the solution of the
following equation:

T = @) G0, (15)
where y;; is an element of the anomalous dimension matrix,
7. The anomalous dimensions of the operators in Egs. (7)
and (9) have been computed in dimensional regularization
in the MS renormalization scheme in Ref. [49]. At leading
order in a,, the anomalous dimension matrix takes the form

vij(ay) with y;; = =2(b;; —2Cg6;;),  (16)

aS
e Vij»
where Cr = (N2 —1)/(2N,) and b;; are determined from
the one-loop QCD corrections. The perturbative results of
Ref. [49] are summarized in Appendix A. In order to give a
feeling of the one-loop computations to be performed,
some representative one-loop QCD diagrams contributing
to the renormalization of the effective operators in the basis
defined above are shown in Fig. 3 (additional diagrams
obtained via left-right or up-down reflections have also
been taken into account).

The solution to the RGE in Eq. (15) can be expressed in
terms of an evolution matrix U/(u, A) connecting a high-
energy scale A to a lower scale u

Ci(ﬂ) = Uij(/"aA)Cj(A)- (17)
At leading logarithmic accuracy, this evolution matrix is

given by
~ ~ A Paiag/ (20)7 4
U(u,A):VKaS( )) diag 0:|V_1’ (18)
()

where V diagonalizes the matrix 7

The higher the low-energy scale, the more we can trust the
perturbative running of the Wilson coefficient. In lattice compu-
tation, typically 4 = 2 GeV. For other NP method, sometimes
u =1 GeV is also chosen. Quite in general, though, to reach
lower scales one-loop corrections are not enough and higher-
order perturbative computations are needed [56].

A

Pasg = V'7V. (19)

The RGE-improved amplitudes for the process K+ —
nly ey are

1

52> G A (), (20)

EW n XYZ

MKt = ¢{¢5)=

and the corresponding partial decay widths are, thus

[(KT - a¢{¢7)

1 st tt
~ | @
64(27)3my ALy 1 r

_ 2
D0 v AT )

where the spin-averaged amplitudes AX"# () are the matrix
elements of the renormalized operators at the low-energy
scale u

x dt . (21)

AN () = (7710, (w) K ) ® TEZ. (22)
Once the hadronic matrix element of the renormalized
operators is computed at the scale y in the same regulari-
zation and renormalization scheme as the RGE-evolved
Wilson coefficients, the effective Lagrangian can be shown

to be scale-independent,

eff A5 Z C

EW n

AS ZC

EW n

75 |0,(A)|KT)
(w7510, (u) KT, (23)

where the renormalized operator is

A

On(ﬂ) = Unm(th)Om(A)’ (24)

being U the same matrix that gives the RGE evolution of
the Wilson coefficients.

For completeness, we recall that the QCD coupling
constant at leading log evolves with the scale as

a;(A)

—g—ﬂa( )In

a;(u) = (25)

(Ap)

with fy = (33 —2N,)/3 and N, the number of active
quark flavors at the scale y (either 3 or 4, depending on the
mass of the decaying particle). As a starting point we took
a,(M;) =0.1180(9) at the Z-boson mass [11]. The
numerical values of the evolution matrix U/ (4, A) in the
MS for u = 2 GeV and A = M, are given in Appendix B.
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FIG. 4. Disconnected diagrams with one gluon emission between initial quark lines (top left) or one (top right), two (bottom left) or
three (bottom right) gluons emission between initial and final quark lines for the decay M| — M5;#7¢", with effective operator
O = O, x J4p. The top left diagram is O(N2), as it contains three loops and two couplings, g2 « 1/N,. On the other hand, the other
three diagrams are (1), as they contains one, two and three loops and ¢2, g%, g% couplings, respectively.

IV. HADRONIC MATRIX ELEMENTS
AT LARGE N,

In order to explain clearly how we may estimate the
hadronic matrix element under study at the next-to-leading
order in large N., we must first introduce with the same
degree of clarity how the leading contribution is computed.
This will be done by shortly reviewing some basic rules of
N, power-counting and, then, introducing the vacuum
insertion approximation.

A. Planar diagrams with soft gluon
emissions at large N,

It is well known that a quark loop (of flavor ¢;)
contributes at O(N.) to a QCD amplitude (since quarks
belong to the fundamental representation of the gauge
group), whereas gluon loops (being in the adjoint repre-
sentation) count as O(N?). However, the coupling constant
g, and the number of colors satisfy the 't Hooft scaling in
that g2N, = A, with A the *t Hooft coupling [57]. This means
that dressing the diagrams in Fig. 2 with internal loops
introduces an N .-dependence that counts both the number
and type of particles in a loop and the number of QCD
vertices. In order to understand better this point, in Fig. 4 we
show diagrams in which gluons are emitted between initial
quark lines or one initial and one final quark line. Gluon
lines are represented as two parallel quark lines with
opposite fermion number, as it is standard in the large
N, expansion. The number of QCD vertices is also
depicted. In Fig. 4 (top left), we see a gluon emitted
(and absorbed) by two initial quark lines. Since a gluon
is represented by two (anti)parallel quark lines, we see that

the initial loop splits into two loops and the final loop is
untouched. As a result of the gluon emission, three loops are
present, that therefore count as O(N2). However, two QCD
couplings are also present, and thus g2 o 1/N, at fixed ’t
Hooft coupling 4. Eventually, emission of a gluon between
initial quark lines give a diagram that is O(N?2), the same as
the original disconnected tree-level diagram. The same
would happen if the gluon is emitted between two final
quarks lines. On the other hand, we show in Fig. 4 (top
right) the emission of a gluon between one initial and one
final quark line. In this case, only one closed loop is present,
as the two disconnected ones become color-connected.
Therefore, the power-counting gives N, (one closed loop)
times 1/N, (due to two couplings g2), such that this diagram
is O(1). It can be seen that, at large N, the second diagram
is O(1/N?) with respect to the first one (and to the tree-level
one). The same result is obtained for Fig. 4 (bottom left) and
Fig. 4 (bottom right), where the emission of two and three
gluons between initial and final quark lines is shown. Also
in these two cases, the number of color loops is the same as
the number of g7 insertions and, thus, all of these diagrams
are O(1).

Consider now the tree-level diagram in Fig. 2 (right). In
this case, we have a single loop and no QCD couplings.
Therefore, at large N, this diagram counts as O(N,). In
Fig. 5 we show gluon emissions between initial (or final)
quark lines (left) or between one initial and one final quark
line (right) in the case of the connected diagram. It is easy to
see that both diagrams are O(N,.), as they have two loops
and two QCD couplings, g?  1/N,. Therefore, we can
classify the different diagrams as follows:
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s

s

FIG. 5.

Connected diagrams with one gluon emission between initial quark lines (left) or between initial and final quark lines (right)

for the decay M| — M5+ ¢", with effective operator O = O), x J,,. Both diagrams are O(N..), as they contain two loops and two

couplings, ¢> « 1/N..

(1) Leading: Disconnected diagrams (tree-level and
with gluons between either initial or final quarks),
O(N2);

(i) Subleading: Connected diagrams (tree-level and
dressed), O(N.);

(iii) Subsubleading: Disconnected diagrams with gluons
between initial and final quarks, O(1).

B. The vacuum insertion approximation

Since carrying out the nonperturbative computation is
usually a hard task, if we consider only the leading
contribution at large N., we may get a first estimate of
the hadronic matrix element. At leading order in N, for the
Kt — »n=¢+¢" process we have

(m(2)[u(x)ld(x)a(x)T"s(x)|K(0))
=) (a(z)|a(x)Ld(x)|n) (n]a(x)["s(x)|K(0)) +O(1/N.),

n

(26)

where I, I” are some of the y-matrices in the operator basis
of Eq. (7). As the leading contribution at large N, is
represented by disconnected diagrams, we have inserted a
complete set of intermediate states |n) and summed over
them. The set of intermediate states takes into account that,
nonperturbatively, any possible state compatible with the
quantum numbers of J,|K") and J}|z~) should be pro-
duced in principle. Of all the possible states that can be
produced, the lightest is of course |0). On the other hand, if
we produce a meson state |M) (M|, we should recall that at
large N. any source of a meson field counts as 1//N.
[58,59]. This means that producing and annihilating an
intermediate meson state |n), different from the vacuum,
corresponds to a subleading contribution at large N ..

As a consequence, at large N, the leading contribution to
the hadronic matrix element comes from the disconnected
diagram in which we only consider the vacuum as a
possible intermediate state. The so-called vacuum insertion
approximation (VIA) states, then, that

(z(2)|a(x)Td(x)a(x)T"s(x)|K(0))
= (z(2)[a(x)l'd(x)|0)(0]a(x)I"s(x)|K(0)) + O(1/N.).
(27)

The two resulting two-point correlation functions,
(m~|u(x)T'd(x)|0) and (O]a(x)"s(x)|K(0)), can be esti-
mated nonperturbatively using soft-pion theorems, as is
reminded in Ref. [49]

(0131759:I1M) = i&pifms
01g17,7592IM) = ip,fu. (28)

with &y, = m3,/(m, + m,) the pseudoscalar density of the
meson M (with m;, m, the masses of the corresponding
constituent quarks), f,, the meson decay constant and p,
the meson momentum. On the other hand, being the
vacuum a singlet under the Lorentz group, the matrix
element of the tensor current vanishes

(0|g,6" Pxqy|M) =0 (29)

due to Lorentz invariance (see also Ref. [24]).

In our computations, we have used fr: = 155.7+
0.7 MeV and f,: =130.2+0.8 MeV (from the most
recent lattice results, see Ref. [60]) and the PDG values
of the quarks running masses in the MS scheme at y =
2 GeV (see Ref. [61]), mMS(2 GeV) = 2.161)5¢ MeV,
mMS(2 GeV) = 4.67701 MeV  and  mM5(2 GeV) =
93.478¢ MeV. For the operator O), = OF*? in the type-I
seesaw model, this is how we obtained the expression in
Eq. (2). Notice that applying soft-pion theorems to the two-
point correlation functions above gives a nonperturbative
computation of each disconnected loop, which is encoded in
a nonperturbative parameter to be measured experimentally,
as in the case of f, and fk. In this approximation, the only
scale dependence of the hadronic matrix elements comes
through the quark running masses (as, due to the PCAC, the
decay constants do not run). For the general case at hand, we
may derive an estimate for the amplitudes AXYZ valid at
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leading order in 1/N,

ANT? = £2f v, ém ém, ® [a(pe, )PP 0(pe,)] + O(1/N,), (30)
ALY? = 221, fan,(Par - Py) ® la(pe,) PP u(pe,)] + O(1/N,), (31)
AS? AP = 210, b, Py ® (e, )1, PP 0(ps,)] + O(1/N,), (32)
ASTE = £2f 1, g, P, P, ® [(pe)oPZ0(pe,)] + O(1/N,), (33)

where + and — correspond to cases X =Y and X # 7,
respectively, and the label d reminds us that the amplitudes
only take into account the contribution of the disconnected
diagram. Due to Eq. (29), the amplitudes A, ,, A4y, A7, and
Ag, vanish in this approximation for any choice of the
chiralities X, Y, Z, both for identical or different final
leptons.

C. Bounds on C,(u) at leading order in 1/N,

Once we have an estimate of the hadronic matrix
elements at leading order in 1/N,., we may use Eq. (11)
to find tree-level bounds on the Wilson -coefficients

XYz . The bounds on the tree-level Wilson coef-
1(q192)(4394)

ficients are shown in Sec. VI, in the second column of
Tables I and II (for ; = ¢, = e and y, respectively) and 111

TABLE I. Bounds on Wilson coefficients at u = 2 GeV from
the process KT — n~eTe™: at tree level, including RGE, and
with the effect of connected diagrams. The labels X, Y stand for
the chiralities of the two quark bilinears, whereas Z refers to the
chirality of the lepton one, respectively. When the two quark-
related labels are identical (XX), the bound applies to both
LL, RR operators. When they differ (XY), the bound applies to
LR, RL. On the other hand, the chirality of the lepton bilinear is
irrelevant but for C¥X*, for which the bound applies only for the
combinations LLL, RRR.

(for £, = e and ¢, = u). Notice that no tree-level bound
can be put on the Wilson coefficients C,, C,4, C; and Cg, as
the corresponding amplitudes, A,;, Ay A74 and Agy,
vanish at the leading order in 1/N_, since meson decay
modes mediated by tensor currents are suppressed [24,29].

Dressing the relevant operators with hard gluons and
including the corresponding one-loop QCD corrections in
our amplitudes, we can use the RG evolution matrices
U(u, A), computed from Eq. (18), to derive RGE-improved
limits on the Wilson coefficients.

If, using Eq. (11), we were able to put an experimental
bound on the tree-level Wilson coefficient C,, < C;,* then,
due to radiative corrections, we must compute the RGE-
evolved Wilson coefficient C,, (1) and apply the constraint
as follows:

Co = Colp) =D U, A)Cu(A) S CIP. (34)

where the indices n, m run over the operators that are mixed
by the evolution matrix U(u,A). In the absence of a

TABLE II. Bounds on Wilson coefficients at g = 2 GeV from
the process K™ — z~utu™: at tree level, including RGE, and
with the effect of connected diagrams. Notice that in this case the
bound apply to all lepton bilinear chiralities.

Coefficient Tree RGE-Imp [49] RGE + connected diag. Coefficient Tree RGE-Imp [49] RGE + connected diag.
CcYxz 2.5 x 10? 1.5 x 10? 1.2 x 102 cixz 3.7 x 10? 2.2 x 107 1.8 x 10?
cyvz 2.5 102 1.1 x 102 1.1 x 102 e 3.7 x 10 1.6 x 10 1.6 x 107
CXXX Not applicable 2.8 x 104 45 %102 cxxz Not applicable 4.2 x 10* 6.7 x 10?
Ccxxz 1.9 x 10* 2.3 x 10* 2.0 x 10* (o 3.1 x10* 3.8 x 10* 3.2 x 10
Xz 1.9x10*  2.1x10* 8.5 x 102 (e 3.1 % 10 3.4 % 10* 1.3 x10°
Ccixz Not applicable 3.0 x 10* 9.2 x 103 cxz Not applicable 5.6 x 10* 1.8 x 10*
XXz Not applicable 3.3 x 10* 1.1 x 10* Cixxz Not applicable 6.3 x 10* 2. x 10*
cxvz Not applicable 1.3 x 10° 13 x 10% cxrz Not applicable 2.5 x 10° 2.3 x 10*
cxrz Not applicable 1.2 x 10° 1.1 x 10* cyrs Not applicable 2.3 x 10° 2.1 x 10*
cxxz 23 %10 1.5% 10 1.7 x 10 Ccxxz 43 x10° 2.8x10° 3.1x10°
XXz 2.1 x 10° 1.4 x 10° 1.5 x 10° cgx” 38x10°  25x10° 2.7 x 10°
cxvz 23 x 103 1.8 x 103 1.9 x 103 cyrz 4.3 x 10° 3.3 x 10° 3.6 x 10°
cxvz 2.1x10° 1.6 x 10° 1.7 x 10 cire 3.8 x 103 3.0 x 103 32x10°
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TABLE III. Bounds on Wilson coefficients from the process
Kt - z7etut at u =2 GeV: at tree level, including RGE, and
with the effect of connected diagrams. Notice that for different
final leptons, the bounds on the Wilson coefficients
C,.C3,Cy4,C}, Cs, and C5 do not depend on the chirality of
the lepton bilinear, whereas for C,, Cg, C;, C, and Cy they do.

Coefficient Tree RGE-Imp [49] RGE + connected diag.
oz 2.0 x 102 1.2 x 102 9.1 x 10!
C)I(YZ 2.0 x 10? 8.3 x 10! 8.3 x 10!
Ccxxx Not applicable 2.2 % 10* 3.6 x 10?
C§XZ 1.5 x 10* 1.9 x 10* 1.6 x 10*
Xz 15 % 10* 1.7 % 10* 6.7 x 102
cxxz Not applicable 2.6 x 10* 7.9 x 10°
CIxxz Not applicable 2.9 x 10* 8.9 x 10°
civz Not applicable 1.2 x 10° 1.1 x 10*
cxvz Not applicable 1.0 x 10° 9.4 x 10°
cx¥xz 2.0 x 10° 1.3 x 10° 1.4 x10°
cxxz 1.8 x 10° 12 % 10° 1.3 % 10°
Cg{yz 2.0 x 10° 1.5 x 10° 1.7 x 103
cxvz 1.8 x 10° 1.4 x10° 1.5 x 10°
Cxxx 3.2 x 10 3.5 x 10* 3.0 x 10*
cxxr 3.2 % 10* 2.8 x 10* 3.4 % 10*
Céyx 3.2 x 10* 3.4 x10* 3.4 x 10*
Céyy 3.2 x 10* 3.4 x10* 3.4 % 10*
C¥XX Not applicable  Not applicable Not applicable
cxvY Not applicable 5.4 x 10 7.3 x 10*
CIXxx Not applicable  Not applicable Not applicable
CIxXYX Not applicable 5.4 x 10 7.3 x 10*
Cc¥xx Not applicable  Not applicable Not applicable

nonperturbative computation of the hadronic matrix ele-
ments, we may again make use of the VIA at the leading
orderin 1/N, to get an estimate of the experimental bounds
on the RGE-evolved Wilson coefficient. This is done using
Eq. (21). We give the RGE-improved bounds for the
Wilson coefficients in Sec. VI, in the third column of
Tables I, II (for identical final leptons), and III (for different
final leptons).

The main impact of the RGE-running of the Wilson
coefficients from the high-energy scale A to the low-energy

(7= ()| O ()| KF(0)) =

scale u is that we are able to put constraints on the Wilson
coefficients Cs, Cy, C}, Cg, C7, C}, something impossible
using the tree-level expressions. This is because, through
the evolution matrix U , the matrix element of the renor-

malized operator O(u) is
AXZG0)]g = Y U ALARZ (A (35)

where the right-hand side can be computed in the VIA
using Egs. (30)—(31).

Notice that the VIA constitutes a robust recipe to
obtain an estimate of the hadronic matrix elements, as
it represents the leading order in their 1/N. expansion. In
the absence of a full nonperturbative computation, this is
indeed the only way to get a reasonable quantitative
estimate. In chiral perturbation theory, as used for example
in Ref. [37], the effective Lagrangian is written in terms of
a set of operators. In this approach the nonperturbative
information is encoded in the low-energy constants
(LECs), to be either computed by lattice gauge theory
or to be taken from experimental data. In the absence of
such additional information from lattice or experiment,
any values for the relevant LECs are allowed. Thus, in
order to derive quantitative limits on Wilson coefficients,
chiral perturbation theory relies on outside information.”

V. CONNECTED DIAGRAMS CONTRIBUTION TO
K* — n~1*1* AL=2 TRANSITIONS

After computing the perturbative one-loop renormaliza-
tion of the operators in the basis shown in Eq. (7) (Sec. III)
and giving a nonperturbative estimate of the hadronic
matrix elements of those operators applying the VIA at
the leading order in 1/N,, we may now compute the long-
range subleading contribution at large N, to the hadronic
matrix elements. Recall that the amplitude corresponding to
inserting a quark four-fermion operator O, between the
initial and final meson states |K™) and |z~) can be obtained
by the following 7 -product:

T [{0] (dvsu), (al'xd), (alys), (575u), [0)]

| {

{
= {0ldD5u(z) B (@) By 5() ORI

[

\
l

~ (Old(:)s0(:) )P xlo) a(2)Ty 4(2) 5(0)15u(0)[0)

*We note in passing that in Ref. [37] only limits on a particular subset of three operators are discussed. The authors take the

corresponding LECs from lattice QCD.
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The first amplitude corresponds to the disconnected dia-
gram, and it can be directly approximated inserting a
complete set of intermediate states |n)(n| and then applying
the VIA (see Sec. IV). On the other hand, the second
amplitude corresponds to the connected diagram and the
VIA cannot be applied directly. The relative sign between
the two comes from the different number of closed
fermion loops.

In order to get a VIA-consistent estimate of the hadronic
matrix element up to subleading order in 1/N,, we must
relate the connected diagram (unaccounted for up to now) to
the disconnected diagram, whose computation in the VIA
gives the N, — oo limit and was studied in the previous
section. This is usually done by means of Fierz-rearranging
the fields in the local effective operator, so as to relate one
kind of contractions with the external states (that give rise to
the connected diagram) to the other one (that give rise to the
disconnected diagram). By doing this, operators belonging
to the basis in Eq. (7) may mix among themselves. Quite
generally, 1/N_ factors arise due to the corresponding
rearrangement of color indices. This is a straightforward
consequence of the fact that the connected diagram is
O(N.) in the large N expansion, whereas the disconnected
diagram is O(N2?). The understanding of the VIA in the
language of the 1/N. expansion was first described in the
case of AS = 2 and AS = 1 kaon processes in Refs. [62,63]
and for charmed mesons decays in Ref. [64].

The Fierz-rearranging rules of spinor indices in
Minkowski space-time for the four-fermion operators rel-
evant for the K™ — 7z~ ¢" transition at hand are given in
Appendix C. Notice that the anticommutation of fermion
fields in the 7 -product is already considered. After

(=)

0

A)leZ
A%(XZ
A%(XZ
Ai(XZ
AZ(XZ
Ag(XZ

IXXZ
As

© © © © °© zZw
© ©o o o o ©

0
0
0
0

VIA

where the * near the matrix element B,;, that gives the relation between AX*# in the VIA with A

2N,

0
1+ 5

performing spin-indices rearrangement, a color-indices
rearrangement must be applied, too, using the relation

1
2N,

1
0ag ® 6cp = — Oap ® Ocp + Eza:tfm ® ttg,  (37)

with @ = 1,..., N2 — 1 color indices in the adjoint repre-
sentation and A,B,C,D =1, ..., N, color indices in the
fundamental representation, respectively. Eventually, after
rearranging spinor and color indices, we can give an
estimate of the nonperturbative amplitudes in terms of
the O(1/N,) mixing matrix B

=xvz,  of 1
A =5

)i, (3%)

c

being the disconnected amplitudes .ZZ(YZ given in
Egs. (30)—(31), for the two cases of identical chiralities
in the hadronic currents (XXZ), or different chiralities
(XYZ, with X # 7).

The computation of the sum of connected and discon-
nected diagrams in the VIA is given in Appendix D. Using,
then, the relations in Egs. (28) and (29), it is possible to
reduce the nonperturbative amplitude (M,|OXY4|M,) to
simple expressions that depend on the meson decay
constants and on the pseudoscalar densities, only (such
as those in Eqs. (13)—(16) of Ref. [49]), albeit including
O(1/N,) corrections induced by the connected diagrams.
As we have seen above, the connected diagrams may
induce mixing between different operators belonging to the
basis in Egs. (7) and (9). In the case of identical chiralities
for the two hadronic currents, we have

O 0 O O XXZ
00 0 0 A
A%(XZ
00 0 0 AXXZ
00 0 -2 || A, (39)
. XXZ
00 -2 o ||
XXZ
00 1 -4 ||
¢ A/XXZ
1 5
00 - 1 d
£XZ indicates that it only

differs from zero for Z = X. In the case of operators with different chiralities, we have
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Ai(YZ 1 0 - 411\%
AXYZ 0 O 0
-+ 0 1
AXYZ N
AXYZ _ 0O 0 O
AXYz 0O 0 O
AXYZ 0 0 o
AXYZ 0o 0 o

VIA

The amplitudes of the operators OX¥2 OXY2 OXYZ and
AXYZ mostly do not mix under Fierzing. We have

1
[Aéxx]vm = <1 + 2N.) Ang

1
[AgXZ]VIA = (1 - ZN‘)Aé?Z’

['A%(YX]VIA = Aé(f X, (41)
and
[-A%(XX]VIA =0,
[-AI7XXX]VIA =0,
[Aé(xx]VIA =0. (42)

The only exception is the case of operators with XYY
chiralities, for which

AXYY 1 | 0 0 AXYY

A%(YY = - 00 A;(YY (43)
IXYY i IXYY

A% VIA N, 0 0 A J

The main result in Egs. (39)—(43) is that we may improve
the bounds on the Wilson coefficients C,(u), C4(p), C7 ()
and Cg(p) using the O(1/N,.)-improved VIA, due to the
mixing of the corresponding operators with those for which
the amplitudes .A%"# are nonvanishing.

VI. IMPROVED BOUNDS ON THE
WILSON COEFFICIENTS

In this section, we eventually present our O(1/N,)
improved bounds on the Wilson coefficients corresponding
to the operator basis defined in Egs. (7)—(9), by taking into
account the contributions from the connected diagrams in
the hadronic matrix elements in the vacuum insertion
approximation. In order to derive the bounds, we consider
the effect of one operator at a time. The bounds are obtained
from the most recent experimental limits [12,13,16]

o O O O O o O

0o 0 0 vz
0 0 0 AXYZ
0 0 0 AYYZ
0 a0 || a7 (40)
N
01—z 0 AY?
0o 01— /\A7),
|
Br(Kt — n7etet) <53 x 1071,
Br(Kt —» aptut) <42 x 1071,
Br(K* — netu™) <42 x 107!, (44)

and are shown in Tables I and II, for identical final state
leptons (ete™ and utut, respectively) and (IIT) for differ-
ent final state leptons. In each Table, the first column lists
the considered Wilson coefficient, numbered as their
corresponding operator, with an explicit reference to the
chiralities of the two quark currents (in the case of different
final leptons, Table III, when needed also the chirality of
the lepton current is given); the second column presents the
tree-level bounds obtained from the expression for the
decay width, Eq. (11); the third column includes the effect
of (perturbative) operator mixing under RGE evolution, as
developed in Ref. [49] and reviewed in Secs. III and IV;
and, finally, the fourth column shows the bounds incor-
porating both RGE evolution effects and the (nonpertur-
bative) contribution of connected diagrams to the hadronic
matrix elements, presented in Sec. V.

We will use Table I to explain in detail our results. First
of all notice that, at tree-level, only some Wilson coef-
ficients can be bounded. This is because some of the
hadronic matrix elements vanish, when approximated by
their disconnected diagram contribution neglecting soft
gluon interchange between the initial and final meson (i.e.,
in the VIA at leading order in 1 /N ). This is indeed the case
of the operators O,, O,, and O, (for identical final leptons),
together with O;, O, and Oy (for different final leptons).
The tree-level bounds at the high-energy scale A (that in
this work is taken to be M) are rather loose: O; has a
Wilson coefficient C; (M) < 2.5 x 10?; Os has a Wilson
coefficient Cs5(M) < 2.3 x 10%; O has a Wilson coeffi-
cient C5(Mz) <2.1x10% and, eventually, O; has a
Wilson coefficient C3(M,) < 1.9 x 10*. In all cases, the
chiralities of the two quark currents are irrelevant: the same
bounds are obtained for LL, RR, LR or RL (irrespectively
of the chirality of the lepton current). Notice that the
operator O3 (the one we would get in a theory whose new
physics only involves left-handed vector currents, as in the
SM) has the loosest bound.
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After running the Wilson coefficients down to the scale
where the hadronic matrix elements should be computed (for
which we choose 4 = 2 GeV), we can see that the effect of
perturbative mixing induced by one-loop RGE is extremely
significant: due to mixing, we can indeed constrain operators
whose tree-level Wilson coefficients were unbounded. This
is the case of O,, for which we get C,(2 GeV) <2.8 x 10%;
O,, for which we get® C;(2GeV) <3.0x 10* (1.3 x 10%);
and ), for which we get C,(2 GeV) <3.3x 10*
(1.2 x 10°). The other operators are also significantly
modified. RGE-improved bounds on O, Oz, Os and
O} are: C(2GeV)<1.5x10* (1.1 x 10%); C5(2GeV) <
1.5x10° (1.8x10%; and C4(2 GeV) < 1.4 x 10°
(1.6 x 10%) for identical (different) quark bilinear chiralities.
We can see that the difference ranges from 50% to 300% (in
the case of CY¥%). The only operator for which the RGE
from M, down to u = 2 GeV loosen the tree-level bound is
O, for which we get C5(2 GeV) < 2.3 x 10* (2.1 x 10%),
depending of the chiralities of the quark currents (XX or XY,
with X # Y, respectively).

Eventually, in the last column we show the impact on the
Wilson coefficients of the contribution of the connected
diagrams. These diagrams, although subleading in 1/N,
must be added to the disconnected ones in order to
reconstruct consistently the full hadronic amplitude in a
controlled approximation (the VIA, i.e., neglecting soft-
gluon emissions and the creation of mesonic intermediate
states between initial and final mesons). The impact of the
connected diagrams is of two kinds: for the operators O,
0,, 03, Oy, and O}, we get a significant improvement on
the bounds on the corresponding Wilson coefficients (but
for CY¥# and C5*#, for which the improvement is rather
small); or, for Os and O%, we find that the bounds are a little
looser than after the perturbative running (but still tighter
than the tree-level ones). These behaviors can be easily
traced back to the mixing induced by the inclusion of
connected diagrams: for the first set of operators, we can see
that operators with loose bounds (such as O,) get mixed
with operators with a tighter bound (in the case of O,, with
O)). As a consequence, tighter constraints apply and we get
that C¥¥*(2 GeV) indeed go from 2.8 x 10* to 4.5 x 10?
(i.e., a reduction of a factor 62), or C¥¥4(2 GeV) go from
2.1 x 10* to 8.5 x 10% (i.e., a reduction of a factor 25).
On the other hand, O5 and O mix between themselves with
a negative contribution of the connected diagram to
the disconnected one, thus making the bound looser
by O(1/N,).

When we move to Table II, we can see that for two
muons in the final state the situation is not much different:
also in this case the biggest improvements with respect

>For the operators O, and (), chirality matters: we get
different bounds depending on whether we have identical (LL
or RR) or different (LR or RL) chiralities for the quark currents.

to the one-loop RG-evolved bounds can be found for C5X%,

that goes from 4.2 x 10* down to 6.7 x 10%, and for C¥¥?,
that goes from 3.4 x 10* down to 1.3 x 10° (in both cases,
the improvement is identical to that found for ee in the
final state).

If we eventually focus on Table III, where our results for
two different lepton in the final state are shown, we see that
for the operators O, — Os there are no big differences with
respect to the case of two identical leptons. On the other
hand, for the new set of operators that are only present in
this case, Og, 07, and Og, we find no improvement for the
bounds on the Wilson coefficients Cy, while at the same we
get a significant change in the bounds for C5¥Y, C2XYX, for
which we go from 5.4 x 103 for the one-loop RG-evolved
coefficients down to 7.3 x 10* for the full VIA result (a
reduction of a factor 7). Notice that, as it was the case for
both the tree-level and the RGE-improved results, we are
not able to constrain the Wilson coefficient of the oper-
ator Og.

VII. CONCLUSIONS

In this paper we have considered lepton number violat-
ing meson decays. Building on previous work [49], which
included QCD one-loop corrections as well as renormal-
ization group (RG) running in the matching of the d =9
LNV operators describing these decays, we have calculated,
for the first time in the literature, O(1/N,.) corrections to
the hadronic matrix element.

Previous works on LNV meson decays have all esti-
mated the hadronic matrix element by considering the
disconnected diagram in the so-called vacuum insertion
approximation, only. We first have discussed in detail, how
this procedure describes the leading term of the hadronic
matrix element in the limit N, — oo. Connected diagrams,
previously neglected, should be also included to have a
consistent VIA estimate, though. These diagrams, after
Fierz rearrangement of spinor and color indices, give
O(1/N,) corrections to the previous estimates and induce
mixing between different operators, which has to be
rediagonalized in order to extract limits on Wilson
coefficients.

Naive power counting in (1/N.) would lead to the
expectation that the inclusion of the connected O(1/N.)
diagrams, that we have considered in this work, would
change limits on the Wilson coefficients by a factor roughly
given as (1 + 1/N,), i.e., a naive 30% effect. Our main
numerical results, shown in Tables I-III, however, show
that this is not always the case. In some particular cases
bounds on Wilson coefficients change by nearly two orders
of magnitude. This can be traced back to the fact that the
naive expectation neglects that after the inclusion of
connected diagrams one needs to rediagonalize the operator
basis. The effect is similar to that found when the tree-level
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bounds are improved by taking into account RG running.
Operator mixing can lead, in some cases, to bounds on
Wilson coefficients, which were completely absent at tree-
level. That long-range contributions to the hadronic matrix
elements can have such an important effect on the Wilson
coefficients has, to the best of our knowledge, not been
discussed in the literature before for AL = 2 operators.

We should, however, also add a disclaimer here. While
our calculation gives improved bounds for some Wilson
coefficients, these bounds still do not provide competitive
limits. This fact is easy to understand. Any of the d =9
AL =2 operators we consider can be generated from
integrating out some beyond-the-SM particles in the UV.
We can convert the bounds on the Wilson coefficients into a
bound on the (geometric) mean mass of those BSM states.
With even the best limits in our tables giving numbers much
larger than one, the constraint on the mean mass will be
below the mass of the W-boson. (Charged) BSM particles
with such low masses should have already been found by
LEP. Thus, in order for the lepton number violating meson
and tau decays to become competitive the experimental
limits need to be improved by at least four order of
magnitudes.

Improving the experimental limits by such large factors
seems a difficult task, but not impossible. The HIKE
experiment at CERN [65] was supposed to produce roughly
8 x 1013 K* mesons in the four years of running in its
phase-1. And, according to the experimental collaboration,
this would have allowed to probe exotic LNV decay modes
of the kaon down to branching ratios of order 10~!%. The
beam dump of the DUNE experiment [66], on the other
hand, is estimated to produce K*’s in excess of 5 x 10%! in
10 years of running [67,68]. One could expect, therefore,
that installing a HIKE like detector in the decay tunnel of
DUNE’s beam dump could probe rare kaon decays several
orders of magnitude better than HIKE. Of course, no such
proposal exists to the best of our knowledge.

We close this paper by reiterating that the inclusion of the
connected O(1/N.) diagrams is just the beginning of a full,
nonperturbative computation of the long-range QCD
effects in the matching of the LNV operators. A complete
realistic calculation can only be performed using lattice
field theory techniques. However, connected diagrams
represent the leading order in the 1/N, expansion of the
QCD nonperturbative effects and thus we are fairly con-
fident that our work presents a valid first step toward a
complete calculation of the long-range part of the matrix
elements.
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APPENDIX A: ANOMALOUS DIMENSION
MATRICES

We present in this appendix the anomalous dimensions
for the operators in Eqgs. (7) and (9), computed in dimen-
sional regularization in the MS scheme at one-loop.

For identical or different final leptons we have®:

- N-2
TR
12(2 ’
~BEN) 3 _2¢y
. 6Cr 0
y?(lg)z__2< -6 _é>’
N
5 XXZ 20 =3 +i
O N/
3 3i 3i
—Cr =3 v 2
3 3i 3i
LY e N
V(445'5) ﬁ _% 3¢ _% ’
i i 3
-2~ ~3 3Cr
_3_ CF 3i(N+2)
AXYZ 2 2N
7/(4’5’) = _2< i(N=2) 3 )’ (Al)
N _i _'_ 3CF

On the other hand, for different final leptons, we also
have

SNotice that these matrices are not identical to those in
Ref. [49], since in this work we are using a slightly different
convention for the operator basis.
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1 i
sXYX _ A N T2
7(e7) 2< 0 2CF>’
2042 —h
Pams==2 -1 2Cy-L-2 —IEN . (A2)
0 0 -2Cy

APPENDIX B: p-EVOLUTION MATRICES

For completeness, in this appendix we list the evolution

matrices U(u, A), relevant for calculating the values in the
third column (RGE-Imp) in Tables I-IIl. These matrices
were calculated in Ref. [49] from the anomalous dimension
matrix in Appendix A, for y =2 GeV and A = my.

For identical or different final leptons we have’

oz 1.68 001
~2.12 055

o — <231 )
0.94 0.90
= 0.

l]lf 81,
0.88 —0.14 —-0.09i —-0.17i
o -0.14 088 —0.17i —0.09i
(#45'5) 0.05i -0.07i 154 -024 |’
-0.07i 0.05i -024 154
oz < 0.74 0. 26; (B1)
0.02i 1. 30

On the other hand, for different final leptons we also
have

"Notice that these matrices are not identical to those in
Ref. [49], since in this work we are using a slightly different
convention for the operator basis and we compute them at
u =2 GeV.

UXXX 0.93,
Uf(é’)(y =1.15,
— (0.97 —0.061')’
(67) 0 132
1.04 —0.04 0.04i
U5 = —004 1.04  —0.04i (B2)
0 0 0.76

APPENDIX C: FIERZ IDENTITIES

We write in this appendix the Fierz identities used in
Sec. V. They have been obtained in Minkowski space-time.
The chiral projectors are defined as follow

1
Prr= 5(1 F7s) (C1)
and the tensor Dirac matrix is
i
Oy = E [y/u 7L/]' (Cz)

No specific convention is needed for ys. We list below the
relevant Fierz identities needed to rearrange spinor indices
of the four-fermion operators in Egs. (7) and (9).

(1) O =8(a"Pxd®) ® (a“Pys”) ® j* ® (6asdcp)

(axryvp) @ (e5Piar)
1 ~A pad jD ~CprP1B
= ) (a(,PX ds ) ® (CJ, Py bﬂ)

~§ (@lonrd@ ) @ (eflompp). (3

(arpyvp) @ (e5Pyar)
= 5 (atlrupr1a2) ® (eclpnf). ()

where Py = Py p and Py = Pg;. In order to be
extremely clear, we have explicitly written color
indices (A, B, C, D) and spinor indices (a, 3,7, 8) of
the four-fermion operator. It can be seen that,
whereas spinor indices of the Dirac matrices on
the right-hand side are correctly contracted over the
spinor indices of the corresponding fermion fields,
color indices do not match. In Sec. V, the rearrange-
ment of color indices will be performed explicitly so
to relate the connected diagrams with the discon-
nected ones.
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(2) O =8(i'o,, Pxd”) ® (0" Pxs”) ® j* ® (8apdcp)

(alouPxI?e}) ® (5T Pyl ) = -6(atpydl ) @ (eSPYb) - (o, Px1d? ) @ (eSTo" Px)Pbf ).

2
(Cs5)
where Py = P; p.
(3) O =8(a'yPxd®) ® (aCy,Pys”) ® j* ® (8asdcp)
(@brPx1bf) ® (el Palrd?) = (bl Px]d? ) @ (cTm Py b)), (C6)
(ag [y,,Px]a/’bg) ® (z»yc [yﬂpy]rﬁdg) - —2(515310(;%53) ® (z»ycpg{fbg), (C7)
where Py = P; g and Py = Pp ;.
(4) 077 =8(ay"Pxd) ® (uc,Pys) ® ji ® (84pbcp)
(afr,Pl0) ® (eClomPa?) =5 (aly,Pelod?) ® (e€lom Pyl ol
321< AP ]a5d0> ® ( Pg{ﬂbg) (C8)
(abruP1#8f) ® (1P, 7a2) = 3 (atloPy)a) @ (17,0}
+ 3; (arpya?) ® (€T Palnf). (C9)

where Py = P; g and Py = Pp ;.
(5) O = 8(uc,Pyd) @ (iiy* Pys) ® ji ® (6apbcp)
These Fierz identities can be derived from those for OfY# by changing the quark flavors, (a,b) < (¢, d).
(6) OF” = 8(ay"Pxd) ® (#Pys) ® ji ® (8apdcp)

(@i pareng) @ (esPpap) = =3 (adinpara?) © (s6Pie))

+§ (aé[an]"ﬁdé’) ® ( ¢yl P ]”’b3> (C10)
(attnrsioef) ® (5 ap) == (atpvay) @ (&5burat?sf)

+§ <Zl§3[0'””PY]"5d5D) ® (zf [nyX]V/’bg). (C11)

(7) OFY% =8(aPyd) @ (uy*Pys) ® ji @ (8apbcp)

These Fierz identities can be derived from those for O¥¥# by changing the quark flavors, (@, b) <> (¢, d).
(8) O5"% = 8(ay"Pxd) ® (iiy"Pys) ® ji, ® (Sapden)

For this operator we have several choices, depending on the chirality of the lepton current

(@lrPx1bf) ® (5T Prld?) ® ji = = (ably,PxId?) ® (el Pxlbf) @ j.  (C12)

(@lrPxlnf) ® (elnPxld?) ® j5 = (alln,Pul®d?) ® (T PxbE) @ . (C13)
(a2l Polog) ® (€T Py a?) ® i = =2 (aPpa?) ® (eCloPi?0f) ® /. (C14)
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— - U l — o - UV
(@i Px)eh) ® (el Priodd) @ jit =5 (ablouPri®d?) @ (eCPYbE) @ fi. (C15)
(9) OF* =8(aPxd) ® (o' Pzs) @ ji, ® (Sapbcp)
For this operator we have several choices, depending on the chirality of the lepton current

(a2ro) ® (cClompulria?) @ jf =~ (atlomPudd?) ® (eCPYDE) @ i
> (atrgar) ® (€l pudng) ®

2 (@0, Pr]d?) ® (eC1otPy0f) ® L (CI6)

(aspyel) © (cslopyod? ) @ 7 = 2i(atlr P odd) @ (ST PxP0f) @ e (C17)

(10) OF** = 8(iic* Pyd) @ (Pzs) ® jli, ® (Sapdcp)

These Fierz identities can be derived from those for O¥%Z by changing the quark flavors, (a,b) < (¢, d).
(11) OFX = 8(ic*” Pyd) @ (itc4Pys) ® ju, ® (84pbcp)

In this last case only the four-quark operator with chiral structure XXX is nonvanishing

1
(atoPulvf) © (eClosPulrd?) @ jf = 5 (abloPy]@d?) @ (eSToPalb]) @ J,
i(atonriedp) ® (c5P8]) @

- i(agpgfdg’) ® (af [oﬂ”PX]Vﬂb§> ® jX. (C18)

APPENDIX D: SUM OF CONNECTED AND DISCONNECTED DIAGRAMS IN THE VIA

We compute here the sum of connected and disconnected diagrams in the VIA, using reorganization of spinor indices

(according to the Fierz rules given in Appendix C) and reorganization of color indices following Eq. (37).
We have

() 0f7

1
8(n~|uPydiiPys|K") ® j%, = 8{ (1 )(ﬂ‘lﬁpxdl())(olﬁf’x»vll(*)

4N,

~ e @ |0, Pxd|0) <0|L't6’”’PXs|K+>} ® 4+,

8(n~|uPxduPys|K") ® j%, = 8{<7z‘|L‘tPXd|0><O|aPYs|K+)

1 ;

- P d0) O Pl ) | © 7 - (1)
c

where the dots stand for the octet-octet contribution coming from the * @ ¢“ term in the color-rearrangement rule of

Eq. (37). This contribution (that is subleading in 1/N_) vanishes in the VIA, since the vacuum is a color singlet. As

we can see, the operator Py p ® Py x mixes with 6,,P; g ® o} p under Fierzing. Since in the VIA the matrix

element of the tensor current vanishes, the operator P; g ® Pg; only mixes with the (’)é(yz operator.
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(2) O%(XX

1
8(zx~|ic" Pydnc,,Pys|K") & Je = 8{ <1 + >( ~|ic" Pxd|0)(Olao,, JPxs|K")

4N,

3
—N—(ﬂ‘|ﬁPXd|0>(O|ﬁPXs|K+>} ® jfy (D2)

c

Notice that, once projected onto the vacuum, the leading contribution proportional to the operator ¢, Px ® o**Px
vanishes in the VIA due to Eq. (29). Therefore, the dominant contribution to the matrix element of (’)2 is the 1/N,

term proportional to Py ® Py that comes from the connected diagram.
(3) Oy

1
8(z~ |uy* Pxdiy, Pxs|K") ® j%, = 8{ (1 + W) (m~|ay* Pxd|0) (O|ﬁyﬂPXs|K+>} ® jé, +

8(n~|uy* Pydiiy,,Pys|K") @ j¢, = 8{<ﬂ_|1"4y”PXd|0) (Oliy, Pys|K*)

1
—N—<7z—|aPXd|0><0|zzPYs|K+>} ® jé,+ . (D3)

c

Notice that, as is well-known, four-fermion quark operators with a spinor structure as y,P;  ® y* Py  are self-
Fierzing, and no mixing with other operators arise. The connected diagram just contributes a 1/N, correction to the
disconnected one. On the other hand, for X # Y we get that y,P; g ® y*Pg; mixes with Of'%.

(4) Oé)t( YZ

In this case, we have two options, for identical chiral projectors within the two quark currents, OffXZ , or different,
Oi(YZ

8<ﬂ‘|ﬁy”PXdﬁ6ZPXs|K+> ® j?m = 8{(7[‘|L‘ty"PXd|O> <O|ﬁ0,’;PXs|K+>

+

a7 0y Pxd|0) (Ol Pys|K)

o aPxd0) <0|unpxs|f<+>} ® oyt

8(x~|ay* Pyduc, Pys|K*) @ jgﬂ,j = { )<ﬂ_|it}/”PXd|O)<0|ﬁal’ijs|K+>

+

3i _ _ .
vl Prd O Ol K | ® oy 4 (D)

Also in this case, as it was for O,, the dominant contribution in the VIA comes from the connected diagram, since the
leading disconnected one vanishes due to Eq. (29).
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(5) OZXYZ
‘We have
8(n~|uch Pydiy"Pxs|K") ® j?m = 8{(ﬂ_|ﬁ0;PXd|0> (Olay"Pxs|K™)
1 _ _
+4NC (7~ |uy* Pxd|0) (O|u0;PXs|K+>
Cn |uand|o><0|qus|K+>} @+ .
8(x~|aoy, Pxduy*Pys|K") ®]5,f”: { > |ﬁal’jPXd|O)<0\ﬁy”Pys|K+)
e |uPXd|o><0|unPys|K+>} @t (D9)
(6) 0¥z

Also in this case, we have two options

8(n~|uy* PxduPyxs|K") ® jgﬂﬂ = 8{(71"|127/”de|0> (0|aPys|KT)

1 _ _
—W<n-|upxd\o> (Ol PysK)

< ~|ac™ Pxd|0) <0|uyaPXs|K+>} ® j?m 4+

Ty
8(x-[ip" PydiiPys|KY) ® 2, = { ) iy Py d]0) (0]aPys|K )

NP0} O Pk ) | © e (D6)

We see that mixing arises with the tensor operator 6P; ;. However, as the corresponding matrix element between a

meson and the vacuum vanishes in the VIA, the only mixing that is induced by the Fierz-rearrangement is that
between Os and O%.

(7) O{SXYZ

8(n~|uPyduy"Pxs|K*) ® jgﬂﬂ = 8{(ﬂ_|12PXd|0>(O|12y”PXs|K+>

— o {larPyd(0) OfaPys|K )

i U 7 <0 .
(TP 0) (0l P K+>} ® it

1
8(n~|aPyduy*Pys|K*) ® jZ,, = 8{ ( ><ﬂ_|ﬁPXd|O> (O|iay* Pys|K™)

4N,

i _ _ .
o PO Ol PyslK ) @ e ()

We have the same results as for QXY
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(8) Oé('YZ

1 _ _ .
) (i P 0) O]ty Py s|K) ® j% 4.

8(n~ |ay* Pxduy* Pxs|K*) ® j}y,, =8 <1 TN,

1 _ _ .
) (x| Py 0) Oy Ps|K ™) @+ (DB)

8(n~|uy* Pxduy"Pys|K™) ® j?f,m, = 8(1 ~3N

with Z # X in the last equation. In order to get the second line of each Fierz identity we have used anticommutation
of Lorentz indices in the lepton current jgﬂw.
The last relation is

8(n~|uy" Pxduy’Pys|K*) ® j;ff’ﬂy = 8{<7t_|17ty”PXd|0> (0|ay” Pys|K™)

i

I (n~|ac* Pxd|0) <O|ﬁPys|K+>} ® j?gw +oey
8(z|ay* Pxduy" Pys|K™) ® jts.,, = 8{<ﬂ_|ﬁy”PXd|O> (O|iy* Pys|K)

+

i _ _ .
N <7r_|uPXd|0>(O|u6"”PYs|K+>} ® J}fﬁ,w + - (D9)

©9) 0¥
We have in this case

8(n~|aPydic" Pys|K*) & ¥, ,, = 8{ (1 _4Nc> (n~|uPxd|0)(0lic" Pys|K™)

1
N (n~|uo" Pxd|0){(0|aPys|K™)

c

l _ _ .
N (m~|c" Pyd|0) <0|ua;PXs|K+>} ® gy T

c

8(n~|uPyduc"*P,s|K") ® j?f’,/w = 8{(7r_|itPXd|O> (0|lac*P,s|K™)

i ) _ ,
—N—<ﬂ‘|uy”PXd|O> (0|ay st|1<+>} ® Jlp

c

(10) 077

1
) (™6™ Pyd|0) (0]aPys| K*)

8(x" |t PydiPys|K*) ® %, ,, = 8{ <1 ~ v

c

1
— W <ﬂ:_‘ﬁpxd‘0> <0’17l6”DPXs|K+>

+

v et Pal0) Ol Pk L @ ko

8(n liio" P,diPys|K*) ® ., = 8{<7z‘|ﬁo"”P2d|0) (0]aPys|K*)

i _ _ .
o P O) O Pk} | @ o

c
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(11) OFxx

8(n~|uc*” Pyduc,Pys|K") & ji,ff,w = 8{ (1

i
+2N

APPENDIX E: B-PARAMETERS FOR K* — z~¢¢
TRANSITIONS AT LARGE N,

Without a nonperturbative computation of the hadronic
matrix elements (z~|OX¥4(u)|K™"), the best we can do is
what is shown in the fourth column of Tables I-II1. We will,
however, sketch hereafter the procedure that should be
carried on in order to go one step further and match the
present precision in the computation of Wilson coefficients
of AF =2 Lagrangians (with F a flavor-related quantum
number, such as the strangeness S, [69—71]). For definite-
ness, we consider a would-be lattice computation of the
hadronic matrix elements. Our procedure, however, does
not depend on the nonperturbative method adopted and is
completely general.

1. The standard definition of the B-parameters

In Eq. (21) we introduced the meson decay width at the
scale p, summing over all the spin-averaged amplitudes
AXYZ defined in Eq. (35). The hadronic amplitudes are, on
the other hand, computed nonperturbatively as follows:

<<ﬂ—offyz () |K*>> A2

[Afl(YZ] VIA

= Byz (M) [-Afyz]VIA-

The B-parameter BXY%(u) represents, therefore, the non-
perturbative correction to the VIA that we are using to
estimate the hadronic matrix elements. From a numerical
point of view, it is much better to compute nonperturba-
tively the ratio of the three-point correlation function in the
numerator normalized with the product of two two-point
correlation functions in the denominator, as in the ratio the
statistical fluctuations over the gauge configurations wash
out and we may get a more stable signal. Some systematics
cancel in the ratio, too. For this reason, numerical compu-
tation on the lattice of hadronic matrix elements is usually
given in terms of B-parameters and not of the matrix
elements themselves.

AXY ()

(E1)

2. Going from p to the NP scale

As we have stressed above, the matrix elements of these
operators between initial and final meson states should be

2N

i

1
16N,

) (n~|ac"? Pyd|0)(0|ich Py s|K™)

(™ |aPxd|0) (0]ac* Pys|K*)

c

(x| Pyd0) <0|aPXs|K+>} ®

c

computed nonperturbatively at the scale y. However, quite
in general, these matrix elements are computed at yet
another scale, Ayp. In the case of a lattice QCD compu-
tation, the scale at which the nonperturbative computation
takes place is a~!, where the lattice spacing is fixed by
measuring some external quantity (such as the mass of the
pion on that lattice, for example) with, in general, a~! < pu.
We have, then, to run upward the results using RGE from
a~' up to u. This is done as follows:

ANV ()

= Zyn(u.a " )BY (@) [ AN lyia, (E2)
where the B-parameter in the rhs takes into account the
exchange of soft, long-distance, O(Aqcp) gluons and the
renormalization constant matrix Z is computed in some
convenient regularization and renormalization scheme. If,
for example, the hadronic matrix element is computed on
the lattice, Z must be computed either perturbatively
through lattice perturbation theory [72,73] or nonperturba-
tively in the RI-MOM scheme [74-76]) on the lattice. In
order to remove the scheme dependence introduced by the
mismatch between Wilson coefficient and hadronic matrix
element regularization and renormalization, we should still
(perturbatively) match the nonperturbative matrix element
and the Wilson coefficient. This is done through yet another

matching matrix R, such that

_ 1 atticem NS _
ﬁgffL‘_2 = ATZCi(H)Ri"}mCC MS(M)ij(ﬂ, a 1)
EW 7
B (a ) [A  Jya (E3)
where R1=MS (,)) is the matching matrix that relates the

matrix elements computed in a given lattice regularization
and renormalization scheme (here summarized as “lattice”)
with the Wilson coefficients computed in dimensional
regularization in the MS scheme, at the scale p. After
performing this procedure, the resulting effective
Lagrangian is p-independent up to higher-orders in a;.

In this paper, in the absence of a nonperturbative
computation of the hadronic matrix element, we have
made the following approximation:
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AZY? (u) = [AffYZ]VIA (E4)

that, after the inclusion of the connected diagrams,
represent indeed a consistent nonperturbative computation
up to O(1/N,) in the 1/N, expansion. However, this
approximation implicitly implies that

EXYZ(M) - — k]attice—»M_SZ('u’ a—l)B;XYZ(a_l) =1+

(ES)

This is not always the case. For example, let us think about
the matrix element of the operator OF*X(u). In the VIA,
this matrix element vanishes, as it is proportional to the
two-point correlation function of the tensor current between
the vacuum and one meson state. This means that we have
no (nonperturbative) estimate of the value of this matrix
element, as our only guideline (the VIA) states that this
matrix element is zero. For this reason, we are not able to
constrain the corresponding Wilson coefficient, that is
therefore unbounded.

3. A better definition of the B-parameters

We have introduced in Sect. E 1 the standard definition
of the B-parameters used to compute the nonperturbative
contribution of long-range O(Agcp) soft gluons to the
hadronic matrix element at hand. However, as stressed
above, this definition is unsuitable in the case the VIA
estimate of the matrix element vanishes, since the denom-
inator of the observable to be computed is ill-defined. This
is not the only problem of the standard definition of the B-
parameters, though. Consider, for example, the amplitudes
corresponding to the matrix elements of the operators OF¥#
and O for X # Y. In both cases, the VIA estimate of the
amplitude, that includes O(1/N,) corrections due to the
connected diagrams, mixes between themselves the dis-
connected contributions of the two operators that, in the
VIA, are proportional to the product of two pseudoscalar
densities or two axial currents, respectively. Now, as we
stressed in Sec. IV B, the meson decay constants do not run
(as their renormalization are finite, due to the PCAC),
whereas the pseudoscalar densities do (as they depend on
the quark running masses, computed in a given renormal-
ization scheme at a given renormalization scale). Also in
this case, therefore, the denominator of the B-parameter
is not optimal, as it makes more complicated the

renormalization of the B-parameter. In Ref. [77] it was
proposed to normalize operators whose VIA mixed two-
point correlation functions of axial currents and pseudo-
scalar densities with the corresponding disconnected dia-
grams, only

xvzp o (E IO WK\ | xyz
A (ﬂ) = < [AZ(YZ]d )[An ]d

= By () [AX (E6)

The RGE for the B-parameter defined as above is

PXYZ
ﬂdB"d—(ﬂ) = (ro, = 2rp) By (), (E7)
u
where y is the anomalous dimension of the operator O,
and yp is that of the pseudoscalar density. Since the
disconnected diagram in the VIA renormalize with the
anomalous dimension 2yp (as only the quark masses run
with the scale), the renormalized B-parameter times the
amplitude of the disconnected diagram in the VIA renorm-
alize with the anomalous dimension of the operator, only,
thus reducing the systematic errors.

This definition of the B-parameter, though, does not
resolve the problem of those matrix elements of operators
whose disconnected diagram in the VIA vanish, such as Os.
For this reason, therefore, it is better to normalize the three-
point correlation function with the two-point correlation
function of the axial current that, as we already stressed,
gets only a finite renormalization constant on the lattice

XYZ _ <7Z_|O§YZ(/")|K+> XYZ
An (/’t) - < [A?&(YZ]d )[‘AS ]d

= B (u)[AY7),. (E8)

This proposal was advanced for the first time in Ref. [78] in
order to simplify the matching between the nonperturbative
computation of the hadronic matrix elements of AS = 2
operators on the lattice with the MS perturbative compu-
tation of the corresponding Wilson coefficients. In our case,
however, it is even more suited, as it permits a proper
normalization of matrix elements of operators whose
estimate in the VIA would vanish, while retaining the
useful reduction of statistical and systematic errors in the
ratio of three- to two-point functions.
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