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Lepton number violating meson decays, such asM−
1 → Mþ

2 l
−
1 l

−
2 , provide constraints on d ¼ 9ΔL ¼ 2

operators. Renormalization group equation (RGE)-improved bounds on the Wilson coefficients of
these operators have been presented in the literature, taking into account perturbative quantum
chromodynamics (QCD) one-loop corrections and the corresponding operator mixing. Here, we present
for the first time the contribution of connected diagrams to the hadronic matrix elements hM2jOhjM1i.
These diagrams, usually overlooked under the assumption that hM2jOhjM1i ∼ hM2jJq3q4 j0i×
h0jJq1q2 jM1i ≫ hM2jJq3q2 × Jq1q4 jM1i, can give indeed a significant contribution to the matrix element.
Including these connected diagrams is but the first step toward a full nonperturbative computation of the
long-range QCD effects in these operators, that should be performed using lattice field theory techniques.
However, connected diagrams represent the leading order in the 1=Nc expansion of the QCD
nonperturbative effects and thus our work can be understood as a realistic, first approximation to a
complete calculation of the long-range part of the matrix elements.

DOI: 10.1103/pwtl-6xkv

I. INTRODUCTION

In the standard model lepton number is conserved at the
perturbative level. However, in Standard Model effective
field theory (SMEFT) [1–5] lepton number violation
(LNV) appears in the form of nonrenormalizable operators
[6,7]. The most stringent test of lepton number violation is
neutrinoless double beta decay (0νββ), for reviews see for
example [8–10].
However, 0νββ is sensitive only to LNV in the first

generation of leptons. To test LNV for higher generation
leptons one has to resort to exotic processes, such as
τ� → l∓M1M2, and M−

1 → Mþ
2 l

−
1 l

−
2 where l stands for

l ¼ e, μ in case of tau decays and, in principle, any SM
generation in meson decays (when kinematically allowed).
Experimental constraints for all of these processes can be
found in the Particle Data Book [11], where the results from

flavor factories [12–17] and flavored experiments at the
LHC [18–21] are summarized.
Comparing the experimental data with the theoretical

predictions in the lepton number violating sector of the
SMEFTallows to put constraints on the Wilson coefficients
of individual effective operators, for earlier work consid-
ering constraints from neutrino masses and/or LNV meson
decays see [22–40], while results for LNV muon con-
version can be found, for example, in [41–44].1 However,
the matching between the experimental data and the
theoretical prediction is affected by a number of uncer-
tainties related to the perturbative order at which the
theoretical computation of the Wilson coefficients has been
performed and on the specific regularization and renorm-
alization schemes adopted. The running of the Wilson
coefficients between the scale at which the theoretical
(perturbative) computation of short-range effects is sound
and the (lower) scale at which the experimental measure-
ments are made must be taken into account, introducing
scheme dependence. Moreover, quite generally it is found
that loop computations introduce mixing of the operators,
responsible for a given transition at tree-level, with other
operators originally not present, thus enlarging the operator
basis to be taken into account. This was shown to be
also the case for M−

1 → Mþ
2 l

−
1 l

−
2 and τ− → lþM−

1M
−
2
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1We note in passing that also searches at LHC can put bounds
on LNV models [45–48].

PHYSICAL REVIEW D 113, 075004 (2026)

2470-0010=2026=113(7)=075004(24) 075004-1 Published by the American Physical Society

https://orcid.org/0000-0003-3409-6816
https://orcid.org/0000-0001-7897-5834
https://ror.org/017xch102
https://ror.org/02gfc7t72
https://ror.org/043nxc105
https://ror.org/043nxc105
https://ror.org/00h9jrb69
https://ror.org/00pn44t17
https://crossmark.crossref.org/dialog/?doi=10.1103/pwtl-6xkv&domain=pdf&date_stamp=2026-04-03
https://doi.org/10.1103/pwtl-6xkv
https://doi.org/10.1103/pwtl-6xkv
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


decays [49], where QCD one-loop corrections where
computed and renormalization group (RG) running was
properly accounted for. The inclusion of these effects was
shown to have a significant impact on the bounds on the
relevant Wilson coefficients.
In this paper, our aim is to go one step beyond the work

done in [49], and introduce a first estimate of the effect of
long-range physics. This can be done by computing the
relevant hadronic matrix element at leading order in the
1=Nc expansion.
The hadronic matrix element hM2jOhjM1i is usually

computed under the assumption that the s-channel-
like contribution dominates, i.e., that hM2jOhjM1i≃
hM2jJq3q4 × Jq1q2 jM1i, with Jqq a quark current and where
the initial and final mesons sources are M1 ¼ q̄1Γq2 and
M2 ¼ q̄3Γ0q4, with Γ;Γ0 some γ-matrix dependent on the
mesons quantum numbers. In order to get an estimate of the
hadronic matrix element, the vacuum insertion approxima-
tion (VIA) is usually adopted: hM2jJq3q4 × Jq1q2 jM1i∼
hM2jJq3q4 j0ih0jJq1q2 jM1i. This approximation corresponds
to neglecting all soft gluon exchanges between the initial
and final mesons and, at the same time, to neglecting
the production of intermediate hadronic states (such as,
for example, other heavier mesons with the appropriate
quantum numbers). In the language of the 1=Nc expansion,
the resulting disconnected diagram is OðN2

cÞ, as it contains
two fermion loops, contributing Nc each. All other poss-
ible diagrams, on the other hand, are subleading under
Nc–power-counting. We will, therefore, compute here
the leading Nc contribution to the hadronic matrix elem-
ent, represented by the connected diagram hM2jJq3q2 ×
Jq1q4 jM1i in which the quarks in Oh connect to external
quark lines with t-channel-like contractions. We will dem-
onstrate how including this correction modifies the bounds
on the Wilson coefficients, in some cases by considerable
factors.
The rest of this paper is organized as follows: in Sec. II

we consider the case of the Kþ → π−lþlþ decay as an
example and present the low-energy effective operators
basis responsible for this process; in Sec. III we compute
the decay widths and run the Wilson coefficients down at

the hadronic scale μ; in Sec. IV we introduce the VIA and
compute the leading contribution to the hadronic matrix
element in 1=Nc; in Sec. V we compute the Oð1=NcÞ
correction to the hadronic matrix element; in Sec. VI we
derive improved bounds to the Wilson coefficients at the
hadronic scale μ at the subleading order in 1=Nc; finally, in
Sec. VII we present our conclusions. In Appendix A we
summarize the anomalous dimensions at one-loop relevant
for the process at hand; in Appendix B we show the
numerical values of the RGE evolution matrices; in
Appendix C we list the Fierz identities used in the paper;
in Appendix D we give the sum of connected and dis-
connected diagrams in the VIA. Finally, in Appendix E, we
introduce an optimal definition of the B-parameters to be
computed on the lattice in order to perform a numerical
computation of the hadronic matrix elements.

II. DIMENSION-9 OPERATORS FOR ΔL= 2
TRANSITIONS

The process Kþ → π−lþlþ is the paradigmatic ΔL ¼ 2
meson decay. It can occur if an operator that violates lepton
number by 2 units exists, such as for example in type-I
seesaw models where a heavy Majorana “right-handed”
neutrino is added to the Standard Model spectrum.

A. K + → π −l+l+ in type-I seesaw models

Within this particular model, that we illustrate as an
example, it was shown in Refs. [22,50] that this decay may
occur through two tree-level diagrams (see Fig. 1):
(1) s-channel, Fig. 1 (left): in this case, the process goes

asKþ → Wþ → lþlþW− → π−. Assuming that the
ΔL ¼ 2 operator arises through the exchange of NR
heavy Majorana neutrinos of mass Mνj , we have

Lμν
j ðp; p0Þ ¼ Mνj

1

q2 −M2
νj

v̄ðpÞγμγνPRvcðp0Þ: ð1Þ

Eventually, the amplitude for the s-channel diagram
is (after integrating out the W’s)

As ¼ 2G2
FfKfπ½VudVus�⋆

XNR

j¼1

½UljUl0j�⋆pμ
Kp

ν
π½Lμν;jðp; p0Þ − δll0Lμν;jðp0; pÞ�; ð2Þ

where the decay constants fK , fπ come by neglecting soft gluons interchange between initial and final mesons and
applying the PCAC to the hadronic matrix elements h0jγμγ5jKðqÞi and h0jγμγ5jπðq − p − p0Þi.

(2) t-channel, Fig. 1 (right): in this case, the W’s are produced from two different kaon quark lines and, therefore,
the hadronic matrix element is more complicated as, strictly speaking, it is a four-point function:
hπðzÞjūðyÞγμLdðyÞūðxÞγνLsðxÞjKð0Þi. In Fourier transform
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At ¼ 2G2
F½VudVus�⋆

XNR

j¼1

½UljUl0j�⋆½Lμν;jðp; p0Þ − δll0Lμν;jðp0; pÞ�

⊗
Z

d4xd4yeiðpd−puÞyeiðps̄−pūÞxhπðzÞjūðyÞγμLdðyÞūðxÞγνLsðxÞjKð0Þi: ð3Þ

If q2 ≪ Mνj for any j, we can integrate out the heavy
right-handed neutrinos and get a local lepton current

Lμν
j ðp; p0Þ ∼ −

1

mνj

v̄ðpÞγμγνPRvcðp0Þ þ � � � ð4Þ

After integrating out both W’s and the heavy right-
handed neutrinos, the two quark currents give a local
four-fermion ΔQ ¼ 2 hadronic current-current op-
erator Oh ¼ Jh × Jh (with Jh ¼ q̄iΓqj a fermion
bilinear), such that the hadronic amplitude is

Mðz; xÞ ¼ hπðzÞjOΔQ¼2;LL
μν jKð0Þi

¼ hπðzÞjūðxÞγLμdðxÞūðxÞγLν sðxÞjKð0Þi: ð5Þ

This matrix element is a three-point function and it
must be computed nonperturbatively, for example on
the lattice.

As we have seen, if we are able to start from a definite
fundamental theory, we have some hints on the spinor
structure of the effective operators to be computed. In the
case of the type-I seesaw, we have an s-channel–induced
product of two two-point functions (whose nonperturba-
tive estimate may be obtained using the PCAC), or a
t-channel-induced three-point function (for which we have
no estimate, in principle). However, these two amplitudes

are a quite general result independently of the original
fundamental theory. Assume that we have a four-fermion
local operator in the form Oh ¼ Jh × Jh responsible for a
ΔL ¼ 2 transition in combination with a leptonic current,
OΔL¼2 ¼ Oh × Jll. When computing the hadronic con-
tribution to the process, we must sandwich the local
four-quark operator between hadronic states to get a
(nonperturbative) hadronic matrix element. Once con-
tracting over the external states the hadronic local operator
Oh, in general two contributions arise from the T -product
of the quark fields: one connected “eightlike” diagram
(Fig. 2, right), or two disconnected loops (Fig. 2, left). It is
easy to relate the two diagrams with the two different
amplitudes in the type-I seesaw model: the disconnected
diagram arises integrating out heavy fields in the
s-channel, whereas the connected diagram arises from
the t-channel. From a bottom-up approach such as the one
used in SMEFT [1–5], however, we will not be able to
determine the specific structure of the diagrams in the
fundamental theory, as we have in principle no idea of
what the fundamental theory is.

B. K + → π −l+l+ in the OPE

If we have no fundamental theory to derive the low-
energy operators relevant for the process Kþ → π−lþlþ,
we can still write a complete basis of operators that may be
responsible for the transition, and then use the experimental

FIG. 1. Tree-level diagrams responsible for the Kþ → π−lþlþ transition in the type-I seesaw model. Left: s-channel amplitude.
Right: t-channel amplitude.

FIG. 2. Disconnected (left) and connected (right) diagrams of the hadronic matrix element for the decay Mþ
1 → M−

2 l
þlþ, with

effective operator O ¼ Oh × Jll. Left diagram is OðN2
cÞ and right diagram is OðNcÞ, as they contain two and one fermion loops,

respectively.
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data to constrain the corresponding Wilson coefficients.
This is the approach followed in Refs. [49,51–54].
The effective Lagrangian for a particular process that

violates ΔL by two units is

LΔL¼2
eff ¼ 1

Λ5
EW

X
i

CiðΛÞOΔL¼2
i ðΛÞ; ð6Þ

where CiðΛÞ is the tree-level Wilson coefficients of the
bare operatorOΔL¼2

i and i runs over the operator basis. We
have normalized the Wilson coefficients with a common
factor 1=Λ5

EW, in order to obtain
2 adimensional coefficients.

If we know the fundamental theory, the Wilson coefficients
can be computed directly by matching the theory where
heavy d.o.f.’s have been integrated out with the funda-
mental theory at some high-energy scale Λ (as it is done in
the case of the ΔS ¼ 2 transitions in the SM, see Ref. [55]
and references therein). The coefficients Ci can be then
constrained by experiments that look for a given process. If
we do not know the fundamental theory, we can write down
all possible operators that mediate the process at hand
compatible with the symmetries of the SM.
For the process Kþ → π−lþ

1 l
þ
2 , it was found that the

most general effective Lagrangian contains 7 operators in
the case l1 ¼ l2, each of them with a Oh × Jll structure

OXYZ
1 ¼ 8ðūPXdūPYsÞ ⊗ jZll;

OXXX
2 ¼ 8ðūσμνPXdūσμνPXsÞ ⊗ jXll;

OXYZ
3 ¼ 8ðūγμPXdūγμPYsÞ ⊗ jZll;

OXYZ
4 ¼ 8ðūγμPXdūσνμPYsÞ ⊗ jZll;ν;

O0XYZ
4 ¼ 8ðūσνμPXdūγμPYsÞ ⊗ jZll;ν;

OXYZ
5 ¼ 8ðūγμPXdūPYsÞ ⊗ jZll;μ;

O0XYZ
5 ¼ 8ðūPXdūγμPYsÞ ⊗ jZll;μ; ð7Þ

where in these expressions PX are the chirality projectors,
PL;R ¼ 1=2ð1 ∓ γ5Þ. The lepton bilinears j for two generic
leptons l1 and l2 are

jZl1l2 ¼ l1PZlc
2;

jZl1l2;μ
¼ l1γμPZlc

2;

jZl1l2;μν ¼ l1σμνPZlc
2: ð8Þ

Notice that the tensor lepton current jZl1l2μν
vanishes

when l1 ¼ l2. This means that, when l1 ≠ l2 (differently
from the example that we were studying above,
Kþ → π−lþlþ), new operators should be added to our

basis. Eventually, for l1 ≠ l2, we should include four new
operators

OXYZ
6 ¼ 8ðūγμPXdūγνPYsÞ ⊗ jZl1l2;μν

;

OXZZ
7 ¼ 8ðūPXdūσμνPZsÞ ⊗ jZl1l2;μν;

O0ZXZ
7 ¼ 8ðūσμνPZdūPXsÞ ⊗ jZl1l2;μν;

OXXX
8 ¼ 8ðūσμαPXdūσναPXsÞ ⊗ jXl1l2;μν

: ð9Þ

The primed operators O0XYZ
6 and O0XXX

8 are not included,
since O0XYZ

6 ¼ −OYXZ
6 and O0XXX

8 ¼ −OXXX
8 . Notice that

only particular combinations of chiral projectors are allowed
for these additional operators.
We now briefly review the operator counting in our

basis. For the K → πll decay, there are 36 independent
dimension-9 operators when the final-state leptons are
identical, and 70 independent operators when the leptons
are different. This counting follows from the chiral structure
of the operators and from symmetry relations among
leptonic bilinears. For identical leptons, only the operator
structures in Eq. (7) need to be considered. If no symmetry
relations or vanishing operators are taken into account, each
operator structure would contribute 23 ¼ 8 independent
operators, corresponding to the choices X; Y; Z ¼ L, R.
However, for operators involving vector currents with
identical leptons, the relation lγμPL;Rlc ¼ −lγμPR;Llc

reduces the number of independent operators by a factor
of two, whereas for operators containing two tensor
bilinears the vanishing of mixed-chirality structures also
reduces the number of independent operators by a factor of
two. As a consequence, the operator structures O1 and O3

each contribute eight operators, while the remaining five
structures contribute only four operators each, leading to a
total of 36. For the case of different leptons, taking l1 ¼ e
and l2 ¼ μ as a representative example, the relations
ēPZμ

c¼ μ̄PZec, ēγμPR;Lμ
c¼−μ̄γμPL;Rec, and ēσμνPZμ

c ¼
−μ̄σμνPZec have been taken into account in the definition of
the basis. Each of the operator structures in Eq. (7)
contributes eight independent operators, with the exception
of O2, which contributes only four, leading to a total of 52
operators. In addition, further contributions arise from the
operator structures in Eq. (9), which contribute 18 additional
independent operators. Specifically, O6 contributes 23 ¼ 8
operators, O7 and O0

7 contribute four each (since the two
tensor currents must have the same chirality), and O8

contributes only two operators, corresponding to the purely
left-handed (LLL) and purely right-handed (RRR) cases.
Consequently, the total number of independent operators for
different leptons is 70.
Once we have introduced the full basis that may be

responsible for the transition Kþ → π−lþ
1 l

þ
2 , it is easy to

see that the operator that we have found in the case of the
type-I seesaw is, in fact, OXXZ

3 for two identical final
leptons, whereas for processes with leptons from two

2The normalization scale is, of course, arbitrary. We find it
convenient to use the scale of the electroweak symmetry break-
ing, ΛEW ¼ 246 GeV, to compare directly with the case of the
type-I seesaw model, in which the heavy mediators areW bosons.
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different generations there will also be a contribution
from OXXZ

6 .

III. FROM THE EFFECTIVE LAGRANGIAN
Leff TO BOUNDS ON Ci

The effective Lagrangian in Eq. (6) must be computed
within definite initial and final states, in order to use the
experimental data to constrain the Wilson coefficients.

However, this must be done at some hadronic scale μ
much lower than the scale Λ where the fundamental theory
is replaced by the effective one.

A. Hadronic decay widths

The tree-level amplitudes for the process Kþ → π−lþlþ
mediated by the effective Lagrangian in Eq. (6) are
given by

MðKþ → π−lþ
1 l

þ
2 Þ ¼ hπ−lþ

1 l
þ
2 jLΔL¼2

eff jKþi ¼ 1

Λ5
EW

X
n

X
XYZ

CXYZ
n ðΛÞAXYZ

n ðΛÞ; ð10Þ

where AXYZ
n ðΛÞ ¼ hπ−lþ

1 l
þ
2 jOXYZ

n ðΛÞjKþi ¼ hπ−jOXYZ
n ðΛÞjKþi ⊗ Jl1l2 . The amplitude AXYZ

n depends on the scale Λ
since the hadronic matrix elements are dressed by OðΛÞ gluons. The partial decay widths for the meson decays are then
given by [29]

ΓðKþ → π−lþ
1 l

þ
2 Þ ¼

1

64ð2πÞ3m3
KΛ10

EW

Z
sþ

s−
ds
Z

tþ

t−
dt

����Xn

X
XYZ

CXYZ
n ĀXYZ

n

����2; ð11Þ

where Ān are spin-averaged amplitudes and the kinematical variables s≡ ðpl1 þ pl2Þ2 and t≡ ðpl2 þ pM2
Þ2, have

integration limits given by

s− ¼ ðml1 þml2Þ2; sþ ¼ ðmM1
−mM2

Þ2; ð12Þ

t� ¼ m2
M1

þm2
l1
−

1

2s

h�
sþm2

M1
−m2

M2

��
sþm2

Ml1
−m2

Ml2

�
∓ λ1=2

�
s;m2

l1
; m2

l2

�
λ1=2
�
s;m2

M1
; m2

M2

�i
; ð13Þ

with λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2ðxyþ xzþ yzÞ. The
quark flavor indices (i, j, k, l) are fixed by the quark
content of the mesons: M−

1 ¼ ðūidjÞ, Mþ
2 ¼ ðukd̄lÞ.

The hadronic matrix element hπ−jOXYZ
n ðΛÞjKþi should

be in principle computed nonperturbatively at the same
scale Λ where the matching between the fundamental
theory and the effective theory takes place. However, it
is not possible to perform a nonperturbative QCD compu-
tation at that scale. What is instead done, is to compute the
matrix elements nonperturbatively at some low-energy
scale μ ≪ Λ where dynamical d.o.f.’s are mesons and
baryons (i.e., at a scale where quarks are confined and

only long-distance soft-gluons should be taken into
account).

B. One-loop QCD running of the Wilson coefficients

The main goal of the RGE running of the Wilson
coefficients is to connect the high-energy scale Λ, at which
the matching between the fundamental theory and the
effective one is supposed to be performed, with some low-
energy scale μ where experimental data are measured. The
high-energy scale is typically Λ ¼ Oð100Þ GeV in LEFT,
i.e., a scale large enough for perturbative QCD to be
reliable. On the other hand, the low-energy scale μ should

FIG. 3. Effective d ¼ 9 operator description of the short-range mechanisms (SRM) of the meson decay M−
1 → Mþ

2 l
−
1 l

−
2 . The tree-

level diagram can be obtained, e.g., by integrating out gauge bosons and heavy fermions in Fig. 1. On the other hand, diagrams
(a)–(c) give some representative one-loop perturbative QCD corrections to the amplitude arising by the interchange of a hard gluon.
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be low enough for nonperturbative computations of the
hadronic matrix element hM2jOΔL¼2

i ðμÞjM1i to be carried
out. Depending on the particular nonperturbative approach
used, this scale ranges3 from 1 to 2 GeV. The RGE running
of the Wilson coefficients gives

LΔL¼2
eff ¼ 1

Λ5
EW

X
i

CiðμÞOΔL¼2
i ðμÞ; ð14Þ

where the RG evolution, in a given regularization and
renormalization scheme, is given by the solution of the
following equation:

dCiðμÞ
d lnðμ=ΛÞ ¼ γijðαsÞCjðμÞ; ð15Þ

where γij is an element of the anomalous dimension matrix,
γ̂. The anomalous dimensions of the operators in Eqs. (7)
and (9) have been computed in dimensional regularization
in the MS renormalization scheme in Ref. [49]. At leading
order in αs, the anomalous dimension matrix takes the form

γijðαsÞ ¼
αs
4π

γij; with γij ¼ −2ðbij − 2CFδijÞ; ð16Þ

where CF ¼ ðN2
c − 1Þ=ð2NcÞ and bij are determined from

the one-loop QCD corrections. The perturbative results of
Ref. [49] are summarized in Appendix A. In order to give a
feeling of the one-loop computations to be performed,
some representative one-loop QCD diagrams contributing
to the renormalization of the effective operators in the basis
defined above are shown in Fig. 3 (additional diagrams
obtained via left-right or up-down reflections have also
been taken into account).
The solution to the RGE in Eq. (15) can be expressed in

terms of an evolution matrix Ûðμ;ΛÞ connecting a high-
energy scale Λ to a lower scale μ

CiðμÞ ¼ Uijðμ;ΛÞCjðΛÞ: ð17Þ

At leading logarithmic accuracy, this evolution matrix is
given by

Ûðμ;ΛÞ ¼ V̂

��
αsðΛÞ
αsðμÞ

�
γ̂diag=ð2β0Þ�

V̂−1; ð18Þ

where V̂ diagonalizes the matrix γ̂

γ̂diag ¼ V̂−1γ̂ V̂ : ð19Þ

The RGE-improved amplitudes for the process Kþ →
π−lþ

1 l
þ
2 are

MðKþ→π−lþ
1 l

þ
2 Þ¼

1

Λ5
EW

X
n

X
XYZ

CXYZ
n ðμÞAXYZ

n ðμÞ; ð20Þ

and the corresponding partial decay widths are, thus

ΓðKþ → π−lþ
1 l

þ
2 Þ

¼ 1

64ð2πÞ3m3
KΛ10

EW

Z
sþ

s−
ds
Z

tþ

t−

× dt

����Xn

X
XYZ

CXYZ
n ðμÞĀXYZ

n ðμÞ
����2; ð21Þ

where the spin-averaged amplitudes ĀXYZ
n ðμÞ are the matrix

elements of the renormalized operators at the low-energy
scale μ

ĀXYZ
n ðμÞ ¼ hπ−jÔnðμÞjKþi ⊗ JXYZl1l2

: ð22Þ

Once the hadronic matrix element of the renormalized
operators is computed at the scale μ in the same regulari-
zation and renormalization scheme as the RGE-evolved
Wilson coefficients, the effective Lagrangian can be shown
to be scale-independent,

Leff ¼
1

Λ5
EW

X
n

CnðΛÞhπ−lþ
1 l

þ
2 jOnðΛÞjKþi

¼ 1

Λ5
EW

X
n

CnðμÞhπ−lþ
1 l

þ
2 jÔnðμÞjKþi; ð23Þ

where the renormalized operator is

ÔnðμÞ ¼ Unmðμ;ΛÞOmðΛÞ; ð24Þ

being Û the same matrix that gives the RGE evolution of
the Wilson coefficients.
For completeness, we recall that the QCD coupling

constant at leading log evolves with the scale as

αsðμÞ ¼
αsðΛÞ

1 − β0
2π αsðΛÞ lnðΛ=μÞ

; ð25Þ

with β0 ¼ ð33 − 2NfÞ=3 and Nf the number of active
quark flavors at the scale μ (either 3 or 4, depending on the
mass of the decaying particle). As a starting point we took
αsðMZÞ ¼ 0.1180ð9Þ at the Z-boson mass [11]. The
numerical values of the evolution matrix Ûðμ;ΛÞ in the
MS for μ ¼ 2 GeV and Λ ¼ MZ are given in Appendix B.

3The higher the low-energy scale, the more we can trust the
perturbative running of the Wilson coefficient. In lattice compu-
tation, typically μ ¼ 2 GeV. For other NP method, sometimes
μ ¼ 1 GeV is also chosen. Quite in general, though, to reach
lower scales one-loop corrections are not enough and higher-
order perturbative computations are needed [56].
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IV. HADRONIC MATRIX ELEMENTS
AT LARGE Nc

In order to explain clearly how we may estimate the
hadronic matrix element under study at the next-to-leading
order in large Nc, we must first introduce with the same
degree of clarity how the leading contribution is computed.
This will be done by shortly reviewing some basic rules of
Nc power-counting and, then, introducing the vacuum
insertion approximation.

A. Planar diagrams with soft gluon
emissions at large Nc

It is well known that a quark loop (of flavor qi)
contributes at OðNcÞ to a QCD amplitude (since quarks
belong to the fundamental representation of the gauge
group), whereas gluon loops (being in the adjoint repre-
sentation) count as OðN2

cÞ. However, the coupling constant
gs and the number of colors satisfy the ’t Hooft scaling in
that g2sNc ¼ λ, with λ the ’t Hooft coupling [57]. This means
that dressing the diagrams in Fig. 2 with internal loops
introduces an Nc-dependence that counts both the number
and type of particles in a loop and the number of QCD
vertices. In order to understand better this point, in Fig. 4 we
show diagrams in which gluons are emitted between initial
quark lines or one initial and one final quark line. Gluon
lines are represented as two parallel quark lines with
opposite fermion number, as it is standard in the large
Nc expansion. The number of QCD vertices is also
depicted. In Fig. 4 (top left), we see a gluon emitted
(and absorbed) by two initial quark lines. Since a gluon
is represented by two (anti)parallel quark lines, we see that

the initial loop splits into two loops and the final loop is
untouched. As a result of the gluon emission, three loops are
present, that therefore count as OðN3

cÞ. However, two QCD
couplings are also present, and thus g2s ∝ 1=Nc at fixed ’t
Hooft coupling λ. Eventually, emission of a gluon between
initial quark lines give a diagram that isOðN2

cÞ, the same as
the original disconnected tree-level diagram. The same
would happen if the gluon is emitted between two final
quarks lines. On the other hand, we show in Fig. 4 (top
right) the emission of a gluon between one initial and one
final quark line. In this case, only one closed loop is present,
as the two disconnected ones become color-connected.
Therefore, the power-counting gives Nc (one closed loop)
times 1=Nc (due to two couplings g2s), such that this diagram
isOð1Þ. It can be seen that, at large Nc, the second diagram
isOð1=N2

cÞwith respect to the first one (and to the tree-level
one). The same result is obtained for Fig. 4 (bottom left) and
Fig. 4 (bottom right), where the emission of two and three
gluons between initial and final quark lines is shown. Also
in these two cases, the number of color loops is the same as
the number of g2s insertions and, thus, all of these diagrams
are Oð1Þ.
Consider now the tree-level diagram in Fig. 2 (right). In

this case, we have a single loop and no QCD couplings.
Therefore, at large Nc this diagram counts as OðNcÞ. In
Fig. 5 we show gluon emissions between initial (or final)
quark lines (left) or between one initial and one final quark
line (right) in the case of the connected diagram. It is easy to
see that both diagrams are OðNcÞ, as they have two loops
and two QCD couplings, g2s ∝ 1=Nc. Therefore, we can
classify the different diagrams as follows:

FIG. 4. Disconnected diagrams with one gluon emission between initial quark lines (top left) or one (top right), two (bottom left) or
three (bottom right) gluons emission between initial and final quark lines for the decay Mþ

1 → M−
2 l

þlþ, with effective operator
O ¼ Oh × Jll. The top left diagram is OðN2

cÞ, as it contains three loops and two couplings, g2s ∝ 1=Nc. On the other hand, the other
three diagrams are Oð1Þ, as they contains one, two and three loops and g2s ; g4s ; g6s couplings, respectively.
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(i) Leading: Disconnected diagrams (tree-level and
with gluons between either initial or final quarks),
OðN2

cÞ;
(ii) Subleading: Connected diagrams (tree-level and

dressed), OðNcÞ;
(iii) Subsubleading: Disconnected diagrams with gluons

between initial and final quarks, Oð1Þ.

B. The vacuum insertion approximation

Since carrying out the nonperturbative computation is
usually a hard task, if we consider only the leading
contribution at large Nc, we may get a first estimate of
the hadronic matrix element. At leading order in Nc, for the
Kþ → π−lþlþ process we have

hπðzÞjūðxÞΓdðxÞūðxÞΓ0sðxÞjKð0Þi
¼
X
n

hπðzÞjūðxÞΓdðxÞjnihnjūðxÞΓ0sðxÞjKð0ÞiþOð1=NcÞ;

ð26Þ

where Γ;Γ0 are some of the γ-matrices in the operator basis
of Eq. (7). As the leading contribution at large Nc is
represented by disconnected diagrams, we have inserted a
complete set of intermediate states jni and summed over
them. The set of intermediate states takes into account that,
nonperturbatively, any possible state compatible with the
quantum numbers of JhjKþi and J0hjπ−i should be pro-
duced in principle. Of all the possible states that can be
produced, the lightest is of course j0i. On the other hand, if
we produce a meson state jMihMj, we should recall that at
large Nc any source of a meson field counts as 1=

ffiffiffiffiffiffi
Nc

p
[58,59]. This means that producing and annihilating an
intermediate meson state jni, different from the vacuum,
corresponds to a subleading contribution at large Nc.
As a consequence, at large Nc the leading contribution to

the hadronic matrix element comes from the disconnected
diagram in which we only consider the vacuum as a
possible intermediate state. The so-called vacuum insertion
approximation (VIA) states, then, that

hπðzÞjūðxÞΓdðxÞūðxÞΓ0sðxÞjKð0Þi
¼ hπðzÞjūðxÞΓdðxÞj0ih0jūðxÞΓ0sðxÞjKð0Þi þOð1=NcÞ:

ð27Þ

The two resulting two-point correlation functions,
hπ−jūðxÞΓdðxÞj0i and h0jūðxÞΓ0sðxÞjKð0Þi, can be esti-
mated nonperturbatively using soft-pion theorems, as is
reminded in Ref. [49]

h0jq̄1γ5q2jMi ¼ iξMfM;

h0jq̄1γμγ5q2jMi ¼ ipμfM; ð28Þ

with ξM ¼ m2
M=ðm1 þm2Þ the pseudoscalar density of the

meson M (with m1, m2 the masses of the corresponding
constituent quarks), fM the meson decay constant and pμ

the meson momentum. On the other hand, being the
vacuum a singlet under the Lorentz group, the matrix
element of the tensor current vanishes

h0jq̄1σμνPXq2jMi ¼ 0 ð29Þ

due to Lorentz invariance (see also Ref. [24]).
In our computations, we have used fK� ¼ 155.7�

0.7 MeV and fπ� ¼ 130.2� 0.8 MeV (from the most
recent lattice results, see Ref. [60]) and the PDG values
of the quarks running masses in the MS scheme at μ ¼
2 GeV (see Ref. [61]), mMS

u ð2 GeVÞ ¼ 2.16þ0.49
−0.26 MeV,

mMS
d ð2 GeVÞ ¼ 4.67þ0.48

−0.17 MeV and mMS
s ð2 GeVÞ ¼

93.4þ8.6
−3.4 MeV. For the operator Oh ¼ OXXZ

3 in the type-I
seesaw model, this is how we obtained the expression in
Eq. (2). Notice that applying soft-pion theorems to the two-
point correlation functions above gives a nonperturbative
computation of each disconnected loop, which is encoded in
a nonperturbative parameter to be measured experimentally,
as in the case of fπ and fK . In this approximation, the only
scale dependence of the hadronic matrix elements comes
through the quark running masses (as, due to the PCAC, the
decay constants do not run). For the general case at hand, we
may derive an estimate for the amplitudes AXYZ

i valid at

FIG. 5. Connected diagrams with one gluon emission between initial quark lines (left) or between initial and final quark lines (right)
for the decay Mþ

1 → M−
2 l

þlþ, with effective operator O ¼ Oh × Jll. Both diagrams are OðNcÞ, as they contain two loops and two
couplings, g2s ∝ 1=Nc.
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leading order in 1=Nc

AXYZ
1d ¼ �2fM1

fM2
ξM1

ξM2
⊗ ½ūðpl1

ÞPZvðpl2Þ� þOð1=NcÞ; ð30Þ

AXYZ
3d ¼ �2fM1

fM2
ðpM · p0

MÞ ⊗ ½ūðpl1ÞPZvðpl2Þ� þOð1=NcÞ; ð31Þ

AXYZ
5d ;A0XYZ

5d ¼ �2fM1
fM2

ξM1
pμ
M ⊗ ½ūðpl1ÞγμPZvðpl2Þ� þOð1=NcÞ; ð32Þ

AXYZ
6d ¼ �2fM1

fM2
pμ
M1
pν
M2

⊗ ½ūðpl1ÞσμνPZvðpl2Þ� þOð1=NcÞ; ð33Þ

where þ and − correspond to cases X ¼ Y and X ≠ Y,
respectively, and the label d reminds us that the amplitudes
only take into account the contribution of the disconnected
diagram. Due to Eq. (29), the amplitudesA2d;A4d;A7d and
A8d vanish in this approximation for any choice of the
chiralities X, Y, Z, both for identical or different final
leptons.

C. Bounds on CnðμÞ at leading order in 1=Nc

Once we have an estimate of the hadronic matrix
elements at leading order in 1=Nc, we may use Eq. (11)
to find tree-level bounds on the Wilson coefficients
CXYZ
nðq1q2Þðq3q4Þ. The bounds on the tree-level Wilson coef-

ficients are shown in Sec. VI, in the second column of
Tables I and II (for l1 ¼ l2 ¼ e and μ, respectively) and III

(for l1 ¼ e and l2 ¼ μ). Notice that no tree-level bound
can be put on the Wilson coefficients C2, C4, C7 and C8, as
the corresponding amplitudes, A2d, A4d, A7d, and A8d,
vanish at the leading order in 1=Nc, since meson decay
modes mediated by tensor currents are suppressed [24,29].
Dressing the relevant operators with hard gluons and

including the corresponding one-loop QCD corrections in
our amplitudes, we can use the RG evolution matrices
Ûðμ;ΛÞ, computed from Eq. (18), to derive RGE-improved
limits on the Wilson coefficients.
If, using Eq. (11), we were able to put an experimental

bound on the tree-level Wilson coefficient Cn ≲ Cexp
n then,

due to radiative corrections, we must compute the RGE-
evolved Wilson coefficient CnðμÞ and apply the constraint
as follows:

Cn → CnðμÞ ¼
X
m

Ûnmðμ;ΛÞCmðΛÞ≲ Cexp
n ; ð34Þ

where the indices n,m run over the operators that are mixed
by the evolution matrix Ûðμ;ΛÞ. In the absence of a

TABLE I. Bounds on Wilson coefficients at μ ¼ 2 GeV from
the process Kþ → π−eþeþ: at tree level, including RGE, and
with the effect of connected diagrams. The labels X, Y stand for
the chiralities of the two quark bilinears, whereas Z refers to the
chirality of the lepton one, respectively. When the two quark-
related labels are identical (XX), the bound applies to both
LL; RR operators. When they differ (XY), the bound applies to
LR; RL. On the other hand, the chirality of the lepton bilinear is
irrelevant but for CXXX

2 , for which the bound applies only for the
combinations LLL; RRR.

Coefficient Tree RGE-Imp [49] RGE + connected diag.

CXXZ
1 2.5 × 102 1.5 × 102 1.2 × 102

CXYZ
1 2.5 × 102 1.1 × 102 1.1 × 102

CXXX
2

Not applicable 2.8 × 104 4.5 × 102

CXXZ
3 1.9 × 104 2.3 × 104 2.0 × 104

CXYZ
3 1.9 × 104 2.1 × 104 8.5 × 102

CXXZ
4

Not applicable 3.0 × 104 9.2 × 103

C0XXZ
4

Not applicable 3.3 × 104 1.1 × 104

CXYZ
4

Not applicable 1.3 × 105 1.3 × 104

C0XYZ
4

Not applicable 1.2 × 105 1.1 × 104

CXXZ
5 2.3 × 103 1.5 × 103 1.7 × 103

C0XXZ
5 2.1 × 103 1.4 × 103 1.5 × 103

CXYZ
5 2.3 × 103 1.8 × 103 1.9 × 103

C0XYZ
5 2.1 × 103 1.6 × 103 1.7 × 103

TABLE II. Bounds on Wilson coefficients at μ ¼ 2 GeV from
the process Kþ → π−μþμþ: at tree level, including RGE, and
with the effect of connected diagrams. Notice that in this case the
bound apply to all lepton bilinear chiralities.

Coefficient Tree RGE-Imp [49] RGE + connected diag.

CXXZ
1 3.7 × 102 2.2 × 102 1.8 × 102

CXYZ
1 3.7 × 102 1.6 × 102 1.6 × 102

CXXZ
2

Not applicable 4.2 × 104 6.7 × 102

CXXZ
3 3.1 × 104 3.8 × 104 3.2 × 104

CXYZ
3 3.1 × 104 3.4 × 104 1.3 × 103

CXXZ
4

Not applicable 5.6 × 104 1.8 × 104

C0XXZ
4

Not applicable 6.3 × 104 2: × 104

CXYZ
4

Not applicable 2.5 × 105 2.3 × 104

C0XYZ
4

Not applicable 2.3 × 105 2.1 × 104

CXXZ
5 4.3 × 103 2.8 × 103 3.1 × 103

C0XXZ
5 3.8 × 103 2.5 × 103 2.7 × 103

CXYZ
5 4.3 × 103 3.3 × 103 3.6 × 103

C0XYZ
5 3.8 × 103 3.0 × 103 3.2 × 103
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nonperturbative computation of the hadronic matrix ele-
ments, we may again make use of the VIA at the leading
order in 1=Nc to get an estimate of the experimental bounds
on the RGE-evolved Wilson coefficient. This is done using
Eq. (21). We give the RGE-improved bounds for the
Wilson coefficients in Sec. VI, in the third column of
Tables I, II (for identical final leptons), and III (for different
final leptons).
The main impact of the RGE-running of the Wilson

coefficients from the high-energy scale Λ to the low-energy

scale μ is that we are able to put constraints on the Wilson
coefficients C2; C4; C0

4; C6; C7; C0
7, something impossible

using the tree-level expressions. This is because, through
the evolution matrix Û, the matrix element of the renor-
malized operator ÔðμÞ is

½AXYZ
n ðμÞ�d ¼

X
m

Unmðμ;ΛÞ½AXYZ
m ðΛÞ�d; ð35Þ

where the right-hand side can be computed in the VIA
using Eqs. (30)–(31).
Notice that the VIA constitutes a robust recipe to

obtain an estimate of the hadronic matrix elements, as
it represents the leading order in their 1=Nc expansion. In
the absence of a full nonperturbative computation, this is
indeed the only way to get a reasonable quantitative
estimate. In chiral perturbation theory, as used for example
in Ref. [37], the effective Lagrangian is written in terms of
a set of operators. In this approach the nonperturbative
information is encoded in the low-energy constants
(LECs), to be either computed by lattice gauge theory
or to be taken from experimental data. In the absence of
such additional information from lattice or experiment,
any values for the relevant LECs are allowed. Thus, in
order to derive quantitative limits on Wilson coefficients,
chiral perturbation theory relies on outside information.4

V. CONNECTED DIAGRAMS CONTRIBUTION TO
K + → π − l + l + ΔL= 2 TRANSITIONS

After computing the perturbative one-loop renormaliza-
tion of the operators in the basis shown in Eq. (7) (Sec. III)
and giving a nonperturbative estimate of the hadronic
matrix elements of those operators applying the VIA at
the leading order in 1=Nc, we may now compute the long-
range subleading contribution at large Nc to the hadronic
matrix elements. Recall that the amplitude corresponding to
inserting a quark four-fermion operator Oh between the
initial and final meson states jKþi and jπ−i can be obtained
by the following T -product:

ð36Þ

TABLE III. Bounds on Wilson coefficients from the process
Kþ → π−eþμþ at μ ¼ 2 GeV: at tree level, including RGE, and
with the effect of connected diagrams. Notice that for different
final leptons, the bounds on the Wilson coefficients
C1; C3; C4; C0

4; C5, and C0
5 do not depend on the chirality of

the lepton bilinear, whereas for C2; C6; C7; C0
7, and C8 they do.

Coefficient Tree RGE-Imp [49] RGE + connected diag.

CXXZ
1 2.0 × 102 1.2 × 102 9.1 × 101

CXYZ
1 2.0 × 102 8.3 × 101 8.3 × 101

CXXX
2 Not applicable 2.2 × 104 3.6 × 102

CXXZ
3 1.5 × 104 1.9 × 104 1.6 × 104

CXYZ
3 1.5 × 104 1.7 × 104 6.7 × 102

CXXZ
4

Not applicable 2.6 × 104 7.9 × 103

C0XXZ
4 Not applicable 2.9 × 104 8.9 × 103

CXYZ
4 Not applicable 1.2 × 105 1.1 × 104

C0XYZ
4 Not applicable 1.0 × 105 9.4 × 103

CXXZ
5 2.0 × 103 1.3 × 103 1.4 × 103

C0XXZ
5 1.8 × 103 1.2 × 103 1.3 × 103

CXYZ
5 2.0 × 103 1.5 × 103 1.7 × 103

C0XYZ
5 1.8 × 103 1.4 × 103 1.5 × 103

CXXX
6 3.2 × 104 3.5 × 104 3.0 × 104

CXXY
6 3.2 × 104 2.8 × 104 3.4 × 104

CXYX
6 3.2 × 104 3.4 × 104 3.4 × 104

CXYY
6 3.2 × 104 3.4 × 104 3.4 × 104

CXXX
7 Not applicable Not applicable Not applicable

CXYY
7 Not applicable 5.4 × 105 7.3 × 104

C0XXX
7 Not applicable Not applicable Not applicable

C0XYX
7 Not applicable 5.4 × 105 7.3 × 104

CXXX
8 Not applicable Not applicable Not applicable

4We note in passing that in Ref. [37] only limits on a particular subset of three operators are discussed. The authors take the
corresponding LECs from lattice QCD.
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The first amplitude corresponds to the disconnected dia-
gram, and it can be directly approximated inserting a
complete set of intermediate states jnihnj and then applying
the VIA (see Sec. IV). On the other hand, the second
amplitude corresponds to the connected diagram and the
VIA cannot be applied directly. The relative sign between
the two comes from the different number of closed
fermion loops.
In order to get a VIA-consistent estimate of the hadronic

matrix element up to subleading order in 1=Nc, we must
relate the connected diagram (unaccounted for up to now) to
the disconnected diagram, whose computation in the VIA
gives the Nc → ∞ limit and was studied in the previous
section. This is usually done by means of Fierz-rearranging
the fields in the local effective operator, so as to relate one
kind of contractions with the external states (that give rise to
the connected diagram) to the other one (that give rise to the
disconnected diagram). By doing this, operators belonging
to the basis in Eq. (7) may mix among themselves. Quite
generally, 1=Nc factors arise due to the corresponding
rearrangement of color indices. This is a straightforward
consequence of the fact that the connected diagram is
OðNcÞ in the large Nc expansion, whereas the disconnected
diagram is OðN2

cÞ. The understanding of the VIA in the
language of the 1=Nc expansion was first described in the
case ofΔS ¼ 2 andΔS ¼ 1 kaon processes in Refs. [62,63]
and for charmed mesons decays in Ref. [64].
The Fierz-rearranging rules of spinor indices in

Minkowski space-time for the four-fermion operators rel-
evant for the Kþ → π−lþlþ transition at hand are given in
Appendix C. Notice that the anticommutation of fermion
fields in the T -product is already considered. After

performing spin-indices rearrangement, a color-indices
rearrangement must be applied, too, using the relation

δAB ⊗ δCD ¼ −
1

2Nc
δAD ⊗ δCB þ 1

2

X
a

taAD ⊗ taCB; ð37Þ

with a ¼ 1;…; N2
c − 1 color indices in the adjoint repre-

sentation and A;B; C;D ¼ 1;…; Nc color indices in the
fundamental representation, respectively. Eventually, after
rearranging spinor and color indices, we can give an
estimate of the nonperturbative amplitudes in terms of
the Oð1=NcÞ mixing matrix B̂

½A⃗XYZ�VIA ¼ B̂

�
1

Nc

�
½A⃗XYZ�d ð38Þ

being the disconnected amplitudes A⃗XYZ
d given in

Eqs. (30)–(31), for the two cases of identical chiralities
in the hadronic currents (XXZ), or different chiralities
(XYZ, with X ≠ Y).
The computation of the sum of connected and discon-

nected diagrams in the VIA is given in Appendix D. Using,
then, the relations in Eqs. (28) and (29), it is possible to
reduce the nonperturbative amplitude hM2jOXYZ

i jM1i to
simple expressions that depend on the meson decay
constants and on the pseudoscalar densities, only (such
as those in Eqs. (13)–(16) of Ref. [49]), albeit including
Oð1=NcÞ corrections induced by the connected diagrams.
As we have seen above, the connected diagrams may
induce mixing between different operators belonging to the
basis in Eqs. (7) and (9). In the case of identical chiralities
for the two hadronic currents, we have

0
BBBBBBBBBBBBB@

AXXZ
1

AXXZ
2

AXXZ
3

AXXZ
4

A0XXZ
4

AXXZ
5

A0XXZ
5

1
CCCCCCCCCCCCCA

VIA

¼

0
BBBBBBBBBBBBBBBBB@

1 − 1
4Nc

0 0 0 0 0 0�
− 3

Nc

�
⋆

0 0 0 0 0 0

0 0 1þ 1
2Nc

0 0 0 0

0 0 0 0 0 0 − 3i
4Nc

0 0 0 0 0 − 3i
4Nc

0

0 0 0 0 0 1 − 1
4Nc

0 0 0 0 0 − 1
4Nc

1

1
CCCCCCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

AXXZ
1

AXXZ
2

AXXZ
3

AXXZ
4

A0XXZ
4

AXXZ
5

A0XXZ
5

1
CCCCCCCCCCCCCA

d

; ð39Þ

where the ⋆ near the matrix element B21, that gives the relation betweenAXXZ
2 in the VIAwith AXXZ

1d , indicates that it only
differs from zero for Z ¼ X. In the case of operators with different chiralities, we have
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0
BBBBBBBBBBBBB@

AXYZ
1

AXYZ
2

AXYZ
3

AXYZ
4

A0XYZ
4

AXYZ
5

A0XYZ
5

1
CCCCCCCCCCCCCA

VIA

¼

0
BBBBBBBBBBBBB@

1 0 − 1
4Nc

0 0 0 0

0 0 0 0 0 0 0

− 1
Nc

0 1 0 0 0 0

0 0 0 0 0 3i
4Nc

0

0 0 0 0 0 0 3i
4Nc

0 0 0 0 0 1 − 1
4Nc

0

0 0 0 0 0 0 1 − 1
4Nc

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

AXYZ
1

AXYZ
2

AXYZ
3

AXYZ
4

A0XYZ
4

AXYZ
5

A0XYZ
5

1
CCCCCCCCCCCCCA

d

: ð40Þ

The amplitudes of the operators OXYZ
6 ;OXYZ

7 ;O0XYZ
7 , and

AXYZ
8 mostly do not mix under Fierzing. We have

½AXXX
6 �VIA ¼

�
1þ 1

2Nc

�
AXXX

6d ;

½AXXZ
6 �VIA ¼

�
1 −

1

2Nc

�
AXXZ

6d ;

½AXYX
6 �VIA ¼ AXYX

6d ; ð41Þ

and

½AXXX
7 �VIA ¼ 0;

½A0XXX
7 �VIA ¼ 0;

½AXXX
8 �VIA ¼ 0: ð42Þ

The only exception is the case of operators with XYY
chiralities, for which0
BB@

AXYY
6

AXYY
7

A0XYY
7

1
CCA

VIA

¼

0
BB@

1 0 0

− i
Nc

0 0

i
Nc

0 0

1
CCA
0
BB@

AXYY
6

AXYY
7

A0XYY
7

1
CCA

d

ð43Þ

The main result in Eqs. (39)–(43) is that we may improve
the bounds on the Wilson coefficients C2ðμÞ; C4ðμÞ; C7ðμÞ
and C8ðμÞ using the Oð1=NcÞ-improved VIA, due to the
mixing of the corresponding operators with those for which
the amplitudes AXYZ

d are nonvanishing.

VI. IMPROVED BOUNDS ON THE
WILSON COEFFICIENTS

In this section, we eventually present our Oð1=NcÞ
improved bounds on the Wilson coefficients corresponding
to the operator basis defined in Eqs. (7)–(9), by taking into
account the contributions from the connected diagrams in
the hadronic matrix elements in the vacuum insertion
approximation. In order to derive the bounds, we consider
the effect of one operator at a time. The bounds are obtained
from the most recent experimental limits [12,13,16]

BrðKþ → π−eþeþÞ ≤ 5.3 × 10−11;

BrðKþ → π−μþμþÞ ≤ 4.2 × 10−11;

BrðKþ → π−eþμþÞ ≤ 4.2 × 10−11; ð44Þ

and are shown in Tables I and II, for identical final state
leptons (eþeþ and μþμþ, respectively) and (III) for differ-
ent final state leptons. In each Table, the first column lists
the considered Wilson coefficient, numbered as their
corresponding operator, with an explicit reference to the
chiralities of the two quark currents (in the case of different
final leptons, Table III, when needed also the chirality of
the lepton current is given); the second column presents the
tree-level bounds obtained from the expression for the
decay width, Eq. (11); the third column includes the effect
of (perturbative) operator mixing under RGE evolution, as
developed in Ref. [49] and reviewed in Secs. III and IV;
and, finally, the fourth column shows the bounds incor-
porating both RGE evolution effects and the (nonpertur-
bative) contribution of connected diagrams to the hadronic
matrix elements, presented in Sec. V.
We will use Table I to explain in detail our results. First

of all notice that, at tree-level, only some Wilson coef-
ficients can be bounded. This is because some of the
hadronic matrix elements vanish, when approximated by
their disconnected diagram contribution neglecting soft
gluon interchange between the initial and final meson (i.e.,
in the VIA at leading order in 1=Nc). This is indeed the case
of the operatorsO2,O4, andO0

4 (for identical final leptons),
together with O7;O0

7, and O8 (for different final leptons).
The tree-level bounds at the high-energy scale Λ (that in
this work is taken to be MZ) are rather loose: O1 has a
Wilson coefficient C1ðMZÞ ≤ 2.5 × 102; O5 has a Wilson
coefficient C5ðMZÞ ≤ 2.3 × 103; O0

5 has a Wilson coeffi-
cient C0

5ðMZÞ ≤ 2.1 × 103; and, eventually, O3 has a
Wilson coefficient C3ðMZÞ ≤ 1.9 × 104. In all cases, the
chiralities of the two quark currents are irrelevant: the same
bounds are obtained for LL, RR, LR or RL (irrespectively
of the chirality of the lepton current). Notice that the
operator O3 (the one we would get in a theory whose new
physics only involves left-handed vector currents, as in the
SM) has the loosest bound.
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After running the Wilson coefficients down to the scale
where the hadronic matrix elements should be computed (for
which we choose μ ¼ 2 GeV), we can see that the effect of
perturbative mixing induced by one-loop RGE is extremely
significant: due to mixing, we can indeed constrain operators
whose tree-level Wilson coefficients were unbounded. This
is the case of O2, for which we get C2ð2GeVÞ≤ 2.8×104;
O4, for which we get5 C4ð2GeVÞ≤ 3.0×104 (1.3 × 105);
and O0

4, for which we get C0
4ð2 GeVÞ ≤ 3.3 × 104

(1.2 × 105). The other operators are also significantly
modified. RGE-improved bounds on O1, O3, O5 and
O0

5 are: C1ð2GeVÞ≤ 1.5×102 (1.1 × 102); C5ð2GeVÞ≤
1.5×103 (1.8×103); and C0

5ð2 GeVÞ ≤ 1.4 × 103

(1.6 × 103) for identical (different) quark bilinear chiralities.
We can see that the difference ranges from 50% to 300% (in
the case of CXYZ

1 ). The only operator for which the RGE
fromMZ down to μ ¼ 2 GeV loosen the tree-level bound is
O3, for which we get C3ð2 GeVÞ ≤ 2.3 × 104 (2.1 × 104),
depending of the chiralities of the quark currents (XX or XY,
with X ≠ Y, respectively).
Eventually, in the last column we show the impact on the

Wilson coefficients of the contribution of the connected
diagrams. These diagrams, although subleading in 1=Nc,
must be added to the disconnected ones in order to
reconstruct consistently the full hadronic amplitude in a
controlled approximation (the VIA, i.e., neglecting soft-
gluon emissions and the creation of mesonic intermediate
states between initial and final mesons). The impact of the
connected diagrams is of two kinds: for the operators O1,
O2, O3, O4, and O0

4, we get a significant improvement on
the bounds on the corresponding Wilson coefficients (but
for CXYZ

1 and CXXZ
3 , for which the improvement is rather

small); or, forO5 andO0
5, we find that the bounds are a little

looser than after the perturbative running (but still tighter
than the tree-level ones). These behaviors can be easily
traced back to the mixing induced by the inclusion of
connected diagrams: for the first set of operators, we can see
that operators with loose bounds (such as O2) get mixed
with operators with a tighter bound (in the case of O2, with
O1). As a consequence, tighter constraints apply and we get
that CXXX

2 ð2 GeVÞ indeed go from 2.8 × 104 to 4.5 × 102

(i.e., a reduction of a factor 62), or CXYZ
3 ð2 GeVÞ go from

2.1 × 104 to 8.5 × 102 (i.e., a reduction of a factor 25).
On the other hand,O5 andO0

5 mix between themselves with
a negative contribution of the connected diagram to
the disconnected one, thus making the bound looser
by Oð1=NcÞ.
When we move to Table II, we can see that for two

muons in the final state the situation is not much different:
also in this case the biggest improvements with respect

to the one-loop RG-evolved bounds can be found for CXXZ
2 ,

that goes from 4.2 × 104 down to 6.7 × 102, and for CXYZ
3 ,

that goes from 3.4 × 104 down to 1.3 × 103 (in both cases,
the improvement is identical to that found for ee in the
final state).
If we eventually focus on Table III, where our results for

two different lepton in the final state are shown, we see that
for the operators O1 −O5 there are no big differences with
respect to the case of two identical leptons. On the other
hand, for the new set of operators that are only present in
this case, O6, O7, and O8, we find no improvement for the
bounds on the Wilson coefficients C6, while at the same we
get a significant change in the bounds for CXYY

7 ; C0XYX
7 , for

which we go from 5.4 × 105 for the one-loop RG-evolved
coefficients down to 7.3 × 104 for the full VIA result (a
reduction of a factor 7). Notice that, as it was the case for
both the tree-level and the RGE-improved results, we are
not able to constrain the Wilson coefficient of the oper-
ator O8.

VII. CONCLUSIONS

In this paper we have considered lepton number violat-
ing meson decays. Building on previous work [49], which
included QCD one-loop corrections as well as renormal-
ization group (RG) running in the matching of the d ¼ 9
LNVoperators describing these decays, we have calculated,
for the first time in the literature, Oð1=NcÞ corrections to
the hadronic matrix element.
Previous works on LNV meson decays have all esti-

mated the hadronic matrix element by considering the
disconnected diagram in the so-called vacuum insertion
approximation, only. We first have discussed in detail, how
this procedure describes the leading term of the hadronic
matrix element in the limit Nc → ∞. Connected diagrams,
previously neglected, should be also included to have a
consistent VIA estimate, though. These diagrams, after
Fierz rearrangement of spinor and color indices, give
Oð1=NcÞ corrections to the previous estimates and induce
mixing between different operators, which has to be
rediagonalized in order to extract limits on Wilson
coefficients.
Naive power counting in ð1=NcÞ would lead to the

expectation that the inclusion of the connected Oð1=NcÞ
diagrams, that we have considered in this work, would
change limits on the Wilson coefficients by a factor roughly
given as ð1þ 1=Nc), i.e., a naive 30% effect. Our main
numerical results, shown in Tables I–III, however, show
that this is not always the case. In some particular cases
bounds on Wilson coefficients change by nearly two orders
of magnitude. This can be traced back to the fact that the
naive expectation neglects that after the inclusion of
connected diagrams one needs to rediagonalize the operator
basis. The effect is similar to that found when the tree-level

5For the operators O4 and O0
4, chirality matters: we get

different bounds depending on whether we have identical (LL
or RR) or different (LR or RL) chiralities for the quark currents.
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bounds are improved by taking into account RG running.
Operator mixing can lead, in some cases, to bounds on
Wilson coefficients, which were completely absent at tree-
level. That long-range contributions to the hadronic matrix
elements can have such an important effect on the Wilson
coefficients has, to the best of our knowledge, not been
discussed in the literature before for ΔL ¼ 2 operators.
We should, however, also add a disclaimer here. While

our calculation gives improved bounds for some Wilson
coefficients, these bounds still do not provide competitive
limits. This fact is easy to understand. Any of the d ¼ 9

ΔL ¼ 2 operators we consider can be generated from
integrating out some beyond-the-SM particles in the UV.
We can convert the bounds on the Wilson coefficients into a
bound on the (geometric) mean mass of those BSM states.
With even the best limits in our tables giving numbers much
larger than one, the constraint on the mean mass will be
below the mass of the W-boson. (Charged) BSM particles
with such low masses should have already been found by
LEP. Thus, in order for the lepton number violating meson
and tau decays to become competitive the experimental
limits need to be improved by at least four order of
magnitudes.
Improving the experimental limits by such large factors

seems a difficult task, but not impossible. The HIKE
experiment at CERN [65] was supposed to produce roughly
8 × 1013 Kþ mesons in the four years of running in its
phase-I. And, according to the experimental collaboration,
this would have allowed to probe exotic LNV decay modes
of the kaon down to branching ratios of order 10−13. The
beam dump of the DUNE experiment [66], on the other
hand, is estimated to produce Kþ’s in excess of 5 × 1021 in
10 years of running [67,68]. One could expect, therefore,
that installing a HIKE like detector in the decay tunnel of
DUNE’s beam dump could probe rare kaon decays several
orders of magnitude better than HIKE. Of course, no such
proposal exists to the best of our knowledge.
We close this paper by reiterating that the inclusion of the

connectedOð1=NcÞ diagrams is just the beginning of a full,
nonperturbative computation of the long-range QCD
effects in the matching of the LNV operators. A complete
realistic calculation can only be performed using lattice
field theory techniques. However, connected diagrams
represent the leading order in the 1=Nc expansion of the
QCD nonperturbative effects and thus we are fairly con-
fident that our work presents a valid first step toward a
complete calculation of the long-range part of the matrix
elements.
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APPENDIX A: ANOMALOUS DIMENSION
MATRICES

We present in this appendix the anomalous dimensions
for the operators in Eqs. (7) and (9), computed in dimen-
sional regularization in the MS scheme at one-loop.
For identical or different final leptons we have6:

γ̂XXZð12Þ ¼ −2

 
6CF − 3 N−2

4N

− 12ð2þNÞ
N −3 − 2CF

!
;

γ̂XYZð13Þ ¼ −2
�
6CF 0

−6 − 3
N

�
;

γ̂XXZð3Þ ¼ −2
�
−3þ 3

N

�
;

γ̂XXZð404505Þ ¼ −2

0
BBBBB@

−CF − 3
2

− 3i
N − 3i

2

− 3
2

−CF − 3i
2

− 3i
N

i
N − i

2
3CF − 3

2

− i
2

i
N − 3

2
3CF

1
CCCCCA;

γ̂XYZð4050Þ ¼ −2

 
− 3

2
− CF

3iðNþ2Þ
2N

iðN−2Þ
2N − 3

2
þ 3CF

!
; ðA1Þ

On the other hand, for different final leptons, we also
have

6Notice that these matrices are not identical to those in
Ref. [49], since in this work we are using a slightly different
convention for the operator basis.
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γ̂XXXð6Þ ¼−2
�
−1þ 1

N

�
;

γ̂XXYð6Þ ¼−2
�
1þ 1

N

�
;

γ̂XYXð670Þ ¼−2
�
− 1

N − i
2

0 2CF

�
;

γ̂XXXð7078Þ ¼−2

0
BBB@
2CF − 1

N− 2 − 1
N

ið8þNÞ
8N

− 1
N 2CF − 1

N− 2 − ið8þNÞ
8N

0 0 −2CF

1
CCCA: ðA2Þ

APPENDIX B: μ-EVOLUTION MATRICES

For completeness, in this appendix we list the evolution
matrices Ûðμ;ΛÞ, relevant for calculating the values in the
third column (RGE-Imp) in Tables I–III. These matrices
were calculated in Ref. [49] from the anomalous dimension
matrix in Appendix A, for μ ¼ 2 GeV and Λ ¼ mZ.
For identical or different final leptons we have7

ÛXXZ
ð12Þ ¼

�
1.68 0.01

−2.12 0.55

�
;

ÛXYZ
ð13Þ ¼

�
2.31 0:

−0.94 0.90

�
;

ÛXXZ
ð3Þ ðijilÞ ¼ 0.81;

ÛXXZ
ð404505Þ ¼

0
BBBB@

0.88 −0.14 −0.09i −0.17i
−0.14 0.88 −0.17i −0.09i
0.05i −0.07i 1.54 −0.24
−0.07i 0.05i −0.24 1.54

1
CCCCA;

ÛXYZ
ð4050Þ ¼

�
0.74 0.26i

0.02i 1.30

�
: ðB1Þ

On the other hand, for different final leptons we also
have

ÛXXX
ð6Þ ¼ 0.93;

ÛXXY
ð6Þ ¼ 1.15;

ÛXYX
ð670Þ ¼

�
0.97 −0.06i
0 1.32

�
;

ÛXXX
ð7078Þ ¼

0
BB@

1.04 −0.04 0.04i

−0.04 1.04 −0.04i
0 0 0.76

1
CCA: ðB2Þ

APPENDIX C: FIERZ IDENTITIES

We write in this appendix the Fierz identities used in
Sec. V. They have been obtained in Minkowski space-time.
The chiral projectors are defined as follow

PL;R ¼ 1

2
ð1 ∓ γ5Þ ðC1Þ

and the tensor Dirac matrix is

σμν ¼
i
2
½γμ; γν�: ðC2Þ

No specific convention is needed for γ5. We list below the
relevant Fierz identities needed to rearrange spinor indices
of the four-fermion operators in Eqs. (7) and (9).
(1) OXYZ

1 ¼ 8ðūAPXdBÞ⊗ ðūCPYsDÞ⊗ jZ ⊗ ðδABδCDÞ�
āAαP

αβ
X bBβ

�
⊗
�
c̄Cγ P

γδ
X d

D
δ

�
¼−

1

2

�
āAαPαδ

X dDδ
�
⊗
�
c̄Cγ P

γβ
X bBβ

�
−
1

8

�
āAα ½σμνPX�αδdDδ

�
⊗
�
c̄Cγ ½σμνPX�γβbBβ

�
; ðC3Þ

�
āAαP

αβ
X bBβ

�
⊗
�
c̄Cγ P

γδ
Y d

D
δ

�
¼ −

1

2

�
āAα ½γμPY �αδdDδ

�
⊗
�
c̄Cγ ½γμPX�γβbBβ

�
; ðC4Þ

where PX ¼ PL;R and PY ¼ PR;L. In order to be
extremely clear, we have explicitly written color
indices (A, B, C, D) and spinor indices ðα; β; γ; δÞ of
the four-fermion operator. It can be seen that,
whereas spinor indices of the Dirac matrices on
the right-hand side are correctly contracted over the
spinor indices of the corresponding fermion fields,
color indices do not match. In Sec. V, the rearrange-
ment of color indices will be performed explicitly so
to relate the connected diagrams with the discon-
nected ones.

7Notice that these matrices are not identical to those in
Ref. [49], since in this work we are using a slightly different
convention for the operator basis and we compute them at
μ ¼ 2 GeV.
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(2) OXXX
2 ¼ 8ðūAσμνPXdBÞ ⊗ ðūCσμνPXsDÞ ⊗ jX ⊗ ðδABδCDÞ

�
āAα ½σμνPX�αβbBβ

�
⊗
�
c̄Cγ ½σμνPX�γδdDδ

�
¼−6

�
āAαPαδ

X dDδ
�
⊗
�
c̄Cγ P

γβ
X bBβ

�
þ1

2

�
āAα ½σμνPX�αδdDδ

�
⊗
�
c̄Cγ ½σμνPX�γβbBβ

�
;

ðC5Þ

where PX ¼ PL;R.
(3) OXYZ

3 ¼ 8ðūAγμPXdBÞ ⊗ ðūCγμPYsDÞ ⊗ jZ ⊗ ðδABδCDÞ�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½γμPX�γδdDδ

�
¼
�
āAα ½γμPX�αδdDδ

�
⊗
�
c̄Cγ ½γμPX�γβbBβ

�
; ðC6Þ

�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½γμPY �γδdDδ

�
¼ −2

�
āAαPαδ

Y dDδ
�
⊗
�
c̄Cγ P

γβ
X bBβ

�
; ðC7Þ

where PX ¼ PL;R and PY ¼ PR;L.
(4) OXYZ

4 ¼ 8ðūγμPXdÞ ⊗ ðūσνμPYsÞ ⊗ jZν ⊗ ðδABδCDÞ
�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½σμνPX�γδdDδ

�
¼ 1

2

�
āAα ½γμPX�αδdDδ

�
⊗
�
c̄Cγ ½σμνPX�γβbBβ

�
−
3i
2

�
āAα ½γνPX�αδdDδ

�
⊗
�
c̄Cγ P

γβ
X bBβ

�
; ðC8Þ

�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½σμνPY �γδdDδ

�
¼ 1

2

�
āAα ½σμνPY �αδdDδ

�
⊗
�
c̄Cγ ½γμPX�γβbBβ

�
þ 3i

2

�
āAαPαδ

Y dDδ
�
⊗
�
c̄Cγ ½γνPX�γβbBβ

�
; ðC9Þ

where PX ¼ PL;R and PY ¼ PR;L.
(5) O0XYZ

4 ¼ 8ðūσνμPXdÞ ⊗ ðūγμPYsÞ ⊗ jZν ⊗ ðδABδCDÞ
These Fierz identities can be derived from those for OXYZ

4 by changing the quark flavors, ðā; bÞ ↔ ðc̄; dÞ.
(6) OXYZ

5 ¼ 8ðūγμPXdÞ ⊗ ðūPYsÞ ⊗ jZμ ⊗ ðδABδCDÞ
�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ P

γδ
X d

D
δ

�
¼ −

1

2

�
āAα ½γμPX�αδdDδ

�
⊗
�
c̄Cγ P

γβ
X bBβ

�
þ i
2

�
āAα ½γνPX�αδdDδ

�
⊗
�
c̄Cγ ½σνμPX�γβbBβ

�
; ðC10Þ

�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ P

γδ
Y d

D
δ

�
¼ −

1

2

�
āAαPαδ

Y dDδ
�
⊗
�
c̄Cγ ½γμPX�γβbBβ

�
þ i
2

�
āAα ½σμνPY �αδdDδ

�
⊗
�
c̄Cγ ½γνPX�γβbBβ

�
: ðC11Þ

(7) O0XYZ
5 ¼ 8ðūPXdÞ ⊗ ðūγμPYsÞ ⊗ jZμ ⊗ ðδABδCDÞ
These Fierz identities can be derived from those for OXYZ

5 by changing the quark flavors, ðā; bÞ ↔ ðc̄; dÞ.
(8) OXYZ

6 ¼ 8ðūγμPXdÞ ⊗ ðūγνPYsÞ ⊗ jZμν ⊗ ðδABδCDÞ
For this operator we have several choices, depending on the chirality of the lepton current

�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½γνPX�γδdDδ

�
⊗ jμνX ¼ −

�
āAα ½γμPX�αδdDδ

�
⊗
�
c̄Cγ ½γνPX�γβbBβ

�
⊗ jμνX ; ðC12Þ

�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½γνPX�γδdDδ

�
⊗ jμνY ¼

�
āAα ½γμPX�αδdDδ

�
⊗
�
c̄Cγ ½γνPX�γβbBβ

�
⊗ jμνY ; ðC13Þ

�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½γνPY �γδdDδ

�
⊗ jμνX ¼ −

i
2

�
āAαPαδ

Y dDδ
�
⊗
�
c̄Cγ ½σμνPX�γβbBβ

�
⊗ jμνX ; ðC14Þ
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�
āAα ½γμPX�αβbBβ

�
⊗
�
c̄Cγ ½γνPY �γδdDδ

�
⊗ jμνY ¼ i

2

�
āAα ½σμνPY �αδdDδ

�
⊗
�
c̄Cγ P

γβ
X bBβ

�
⊗ jμνY : ðC15Þ

(9) OXZZ
7 ¼ 8ðūPXdÞ ⊗ ðūσμνPZsÞ ⊗ jZμν ⊗ ðδABδCDÞ
For this operator we have several choices, depending on the chirality of the lepton current

�
āAαP

αβ
X bBβ

�
⊗
�
c̄Cγ ½σμνPX�γδdDδ

�
⊗ jXμν ¼ −

1

2

�
āAα ½σμνPX�αδdDδ

�
⊗
�
c̄Cγ P

γβ
X bBβ

�
⊗ jXμν

−
1

2

�
āAαPαδ

X dDδ
�
⊗
�
c̄Cγ ½σμνPX�γβbBβ

�
⊗ jXμν

þ i
2

�
āAα ½σμρPX�αδdDδ

�
⊗
�
c̄Cγ ½σρνPX�γβbBβ

�
⊗ jXμν; ðC16Þ

�
āAαP

αβ
X bBβ

�
⊗
�
c̄Cγ ½σμνPZ�γδdDδ

�
⊗ jZμν ¼ 2i

�
āAα ½γμPZ�αδdDδ

�
⊗
�
c̄Cγ ½γνPX�γβbBβ

�
⊗ jZμν: ðC17Þ

(10) O0XZZ
7 ¼ 8ðūσμνPXdÞ ⊗ ðūPZsÞ ⊗ jZμν ⊗ ðδABδCDÞ
These Fierz identities can be derived from those for OXZZ

7 by changing the quark flavors, ðā; bÞ ↔ ðc̄; dÞ.
(11) OXXX

8 ¼ 8ðūσμρPXdÞ ⊗ ðūσνρPXsÞ ⊗ jXμν ⊗ ðδABδCDÞ
In this last case only the four-quark operator with chiral structure XXX is nonvanishing

�
āAα ½σμρPX�αβbBβ

�
⊗
�
c̄Cγ ½σνρPX�γδdDδ

�
⊗ jXμν ¼

1

8

�
āAα ½σμρPX�αδdDδ

�
⊗
�
c̄Cγ ½σνρPX�γβbBβ

�
⊗ jXμν

þ i
�
āAα ½σμνPX�αδdDδ

�
⊗
�
c̄Cγ P

γβ
X bBβ

�
⊗ jXμν

− i
�
āAαPαδ

X dDδ
�
⊗
�
c̄Cγ ½σμνPX�γβbBβ

�
⊗ jXμν: ðC18Þ

APPENDIX D: SUM OF CONNECTED AND DISCONNECTED DIAGRAMS IN THE VIA

We compute here the sum of connected and disconnected diagrams in the VIA, using reorganization of spinor indices
(according to the Fierz rules given in Appendix C) and reorganization of color indices following Eq. (37).
We have
(1) OXYZ

1

8hπ−jūPXdūPXsjKþi ⊗ jZll ¼ 8


�
1 −

1

4Nc

�
hπ−jūPXdj0ih0jūPXsjKþi

−
1

16Nc
hπ−jūσμνPXdj0ih0jūσμνPXsjKþi

�
⊗ jZll þ � � � ;

8hπ−jūPXdūPYsjKþi ⊗ jZll ¼ 8



hπ−jūPXdj0ih0jūPYsjKþi

−
1

4Nc
hπ−jūγμPXdj0ih0jūγμPYsjKþi

�
⊗ jZll þ � � � ; ðD1Þ

where the dots stand for the octet-octet contribution coming from the ta ⊗ ta term in the color-rearrangement rule of
Eq. (37). This contribution (that is subleading in 1=Nc) vanishes in the VIA, since the vacuum is a color singlet. As
we can see, the operator PL;R ⊗ PL;R mixes with σμνPL;R ⊗ σμνL;R under Fierzing. Since in the VIA the matrix
element of the tensor current vanishes, the operator PL;R ⊗ PR;L only mixes with the OXYZ

3 operator.
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(2) OXXX
2

8hπ−jūσμνPXdūσμνPXsjKþi ⊗ jXll ¼ 8


�
1þ 1

4Nc

�
hπ−jūσμνPXdj0ih0jūσμνPXsjKþi

−
3

Nc
hπ−jūPXdj0ih0jūPXsjKþi

�
⊗ jXll þ � � � : ðD2Þ

Notice that, once projected onto the vacuum, the leading contribution proportional to the operator σμνPX ⊗ σμνPX

vanishes in the VIA due to Eq. (29). Therefore, the dominant contribution to the matrix element of O2 is the 1=Nc
term proportional to PX ⊗ PX that comes from the connected diagram.

(3) OXYZ
3

8hπ−jūγμPXdūγμPXsjKþi ⊗ jZll ¼ 8


�
1þ 1

2Nc

�
hπ−jūγμPXdj0ih0jūγμPXsjKþi

�
⊗ jZll þ � � � ;

8hπ−jūγμPXdūγμPYsjKþi ⊗ jZll ¼ 8



hπ−jūγμPXdj0ih0jūγμPYsjKþi

−
1

Nc
hπ−jūPXdj0ih0jūPYsjKþi

�
⊗ jZll þ � � � : ðD3Þ

Notice that, as is well-known, four-fermion quark operators with a spinor structure as γμPL;R ⊗ γμPL;R are self-
Fierzing, and no mixing with other operators arise. The connected diagram just contributes a 1=Nc correction to the
disconnected one. On the other hand, for X ≠ Y we get that γμPL;R ⊗ γμPR;L mixes with OXYZ

1 .
(4) OXYZ

4

In this case, we have two options, for identical chiral projectors within the two quark currents, OXXZ
4 , or different,

OXYZ
4

8hπ−jūγμPXdūσνμPXsjKþi ⊗ jZll;ν ¼ 8



hπ−jūγμPXdj0ih0jūσνμPXsjKþi

þ 1

4Nc
hπ−jūσνμPXdj0ih0jūγμPXsjKþi

−
3i
4Nc

hπ−jūPXdj0ih0jūγνPXsjKþi
�

⊗ jZll;ν þ � � � ;

8hπ−jūγμPXdūσνμPYsjKþi ⊗ jZll;ν ¼ 8


�
1þ 1

4Nc

�
hπ−jūγμPXdj0ih0jūσνμPYsjKþi

þ 3i
4Nc

hπ−jūγνPXdj0ih0jūPYsjKþi
�

⊗ jZll;ν þ � � � : ðD4Þ

Also in this case, as it was forO2, the dominant contribution in the VIA comes from the connected diagram, since the
leading disconnected one vanishes due to Eq. (29).
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(5) O0XYZ
4

We have

8hπ−jūσνμPXdūγμPXsjKþi ⊗ jZll;ν ¼ 8



hπ−jūσνμPXdj0ih0jūγμPXsjKþi

þ 1

4Nc
hπ−jūγμPXdj0ih0jūσνμPXsjKþi

−
3i
4Nc

hπ−jūγνPXdj0ih0jūPXsjKþi
�

⊗ jZll;ν þ � � � ;

8hπ−jūσνμPXdūγμPYsjKþi ⊗ jZll;ν ¼ 8


�
1þ 1

4Nc

�
hπ−jūσνμPXdj0ih0jūγμPYsjKþi

þ 3i
4Nc

hπ−jūPXdj0ih0jūγνPYsjKþi
�

⊗ jZll;ν þ � � � : ðD5Þ

(6) OXYZ
5

Also in this case, we have two options

8hπ−jūγμPXdūPXsjKþi ⊗ jZll;μ ¼ 8



hπ−jūγμPXdj0ih0jūPXsjKþi

−
1

4Nc
hπ−jūPXdj0ih0jūγμPXsjKþi

þ i
4Nc

hπ−jūσαμPXdj0ih0jūγαPXsjKþi
�

⊗ jZll;μ þ � � � ;

8hπ−jūγμPXdūPYsjKþi ⊗ jZll;μ ¼ 8


�
1 −

1

4Nc

�
hπ−jūγμPXdj0ih0jūPYsjKþi

−
i

4Nc
hπ−jūγαPXdj0ih0jūσαμPYsjKþi

�
⊗ jZll;μ þ � � � ; ðD6Þ

We see that mixing arises with the tensor operator σPL;R. However, as the corresponding matrix element between a
meson and the vacuum vanishes in the VIA, the only mixing that is induced by the Fierz-rearrangement is that
between O5 and O0

5.
(7) O0XYZ

5

8hπ−jūPXdūγμPXsjKþi ⊗ jZll;μ ¼ 8



hπ−jūPXdj0ih0jūγμPXsjKþi

−
1

4Nc
hπ−jūγμPXdj0ih0jūPXsjKþi

þ i
4Nc

hπ−jūγαPXdj0ih0jūσαμPXsjKþi
�

⊗ jZll;μ þ � � � ;

8hπ−jūPXdūγμPYsjKþi ⊗ jZll;μ ¼ 8


�
1 −

1

4Nc

�
hπ−jūPXdj0ih0jūγμPYsjKþi

þ i
4Nc

hπ−jūσμαPXdj0ih0jūγαPYsjKþi
�

⊗ jZll;μ þ � � � ; ðD7Þ

We have the same results as for OXYZ
5 .
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(8) OXYZ
6

8hπ−jūγμPXdūγνPXsjKþi ⊗ jXll;μν ¼ 8

�
1þ 1

2Nc

�
hπ−jūγμPXdj0ih0jūγνPXsjKþi ⊗ jXll;μν þ � � � ;

8hπ−jūγμPXdūγνPXsjKþi ⊗ jZll;μν ¼ 8

�
1 −

1

2Nc

�
hπ−jūγμPXdj0ih0jūγνPXsjKþi ⊗ jZll;μν þ � � � ; ðD8Þ

with Z ≠ X in the last equation. In order to get the second line of each Fierz identity we have used anticommutation
of Lorentz indices in the lepton current jZll;μν.
The last relation is

8hπ−jūγμPXdūγνPYsjKþi ⊗ jXll;μν ¼ 8



hπ−jūγμPXdj0ih0jūγνPYsjKþi

−
i

4Nc
hπ−jūσμνPXdj0ih0jūPYsjKþi

�
⊗ jXll;μν þ � � � ;

8hπ−jūγμPXdūγνPYsjKþi ⊗ jYll;μν ¼ 8



hπ−jūγμPXdj0ih0jūγνPYsjKþi

þ i
4Nc

hπ−jūPXdj0ih0jūσμνPYsjKþi
�

⊗ jYll;μν þ � � � : ðD9Þ

(9) OXZZ
7

We have in this case

8hπ−jūPXdūσμνPXsjKþi ⊗ jXll0;μν ¼ 8


�
1 −

1

4Nc

�
hπ−jūPXdj0ih0jūσμνPXsjKþi

−
1

4Nc
hπ−jūσμνPXdj0ih0jūPXsjKþi

−
i

4Nc
hπ−jūσμρPXdj0ih0jūσνρPXsjKþi

�
⊗ jXll0;μν þ � � � ;

8hπ−jūPXdūσμνPZsjKþi ⊗ jZll0;μν ¼ 8



hπ−jūPXdj0ih0jūσμνPZsjKþi

−
i
Nc

hπ−jūγμPXdj0ih0jūγνPZsjKþi
�

⊗ jZll0;μν þ � � � :

(10) O0XZZ
7

8hπ−jūσμνPXdūPXsjKþi ⊗ jXll0;μν ¼ 8


�
1 −

1

4Nc

�
hπ−jūσμνPXdj0ih0jūPXsjKþi

−
1

4Nc
hπ−jūPXdj0ih0jūσμνPXsjKþi

þ i
4Nc

hπ−jūσμρPXdj0ih0jūσνρPXsjKþi
�

⊗ jXll0;μν þ � � � ;

8hπ−jūσμνPZdūPXsjKþi ⊗ jZll0;μν ¼ 8



hπ−jūσμνPZdj0ih0jūPXsjKþi

þ i
Nc

hπ−jūγμPZdj0ih0jūγνPXsjKþi
�

⊗ jZll0;μν þ � � � :
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(11) OXXX
8

8hπ−jūσμρPXdūσνρPXsjKþi ⊗ jXll0;μν ¼ 8


�
1 −

1

16Nc

�
hπ−jūσμρPXdj0ih0jūσνρPXsjKþi

þ i
2Nc

hπ−jūPXdj0ih0jūσμνPXsjKþi

−
i

2Nc
hπ−jūσμνPXdj0ih0jūPXsjKþi

�
⊗ jXll0;μν þ � � � ;

APPENDIX E: B-PARAMETERS FOR K + → π −ll
TRANSITIONS AT LARGE Nc

Without a nonperturbative computation of the hadronic
matrix elements hπ−jOXYZ

n ðμÞjKþi, the best we can do is
what is shown in the fourth column of Tables I–III. We will,
however, sketch hereafter the procedure that should be
carried on in order to go one step further and match the
present precision in the computation of Wilson coefficients
of ΔF ¼ 2 Lagrangians (with F a flavor-related quantum
number, such as the strangeness S, [69–71]). For definite-
ness, we consider a would-be lattice computation of the
hadronic matrix elements. Our procedure, however, does
not depend on the nonperturbative method adopted and is
completely general.

1. The standard definition of the B-parameters

In Eq. (21) we introduced the meson decay width at the
scale μ, summing over all the spin-averaged amplitudes
ĀXYZ

n defined in Eq. (35). The hadronic amplitudes are, on
the other hand, computed nonperturbatively as follows:

AXYZ
n ðμÞ ¼

�hπ−jOXYZ
n ðμÞjKþi

½AXYZ
n �VIA

�
½AXYZ

n �VIA
¼ BXYZ

n ðμÞ½AXYZ
n �VIA: ðE1Þ

The B-parameter BXYZ
n ðμÞ represents, therefore, the non-

perturbative correction to the VIA that we are using to
estimate the hadronic matrix elements. From a numerical
point of view, it is much better to compute nonperturba-
tively the ratio of the three-point correlation function in the
numerator normalized with the product of two two-point
correlation functions in the denominator, as in the ratio the
statistical fluctuations over the gauge configurations wash
out and we may get a more stable signal. Some systematics
cancel in the ratio, too. For this reason, numerical compu-
tation on the lattice of hadronic matrix elements is usually
given in terms of B-parameters and not of the matrix
elements themselves.

2. Going from μ to the NP scale

As we have stressed above, the matrix elements of these
operators between initial and final meson states should be

computed nonperturbatively at the scale μ. However, quite
in general, these matrix elements are computed at yet
another scale, ΛNP. In the case of a lattice QCD compu-
tation, the scale at which the nonperturbative computation
takes place is a−1, where the lattice spacing is fixed by
measuring some external quantity (such as the mass of the
pion on that lattice, for example) with, in general, a−1 < μ.
We have, then, to run upward the results using RGE from
a−1 up to μ. This is done as follows:

AXYZ
n ðμÞ ¼ Znmðμ; a−1ÞBXYZ

m ða−1Þ½AXYZ
m �VIA; ðE2Þ

where the B-parameter in the rhs takes into account the
exchange of soft, long-distance, OðΛQCDÞ gluons and the
renormalization constant matrix Ẑ is computed in some
convenient regularization and renormalization scheme. If,
for example, the hadronic matrix element is computed on
the lattice, Ẑ must be computed either perturbatively
through lattice perturbation theory [72,73] or nonperturba-
tively in the RI-MOM scheme [74–76]) on the lattice. In
order to remove the scheme dependence introduced by the
mismatch between Wilson coefficient and hadronic matrix
element regularization and renormalization, we should still
(perturbatively) match the nonperturbative matrix element
and the Wilson coefficient. This is done through yet another
matching matrix R̂, such that

LΔL¼2
eff ¼ 1

Λ5
EW

X
i

CiðμÞRlattice→MS
ij ðμÞZjkðμ; a−1Þ

BXYZ
k ða−1Þ½AXYZ

k �VIA; ðE3Þ

where R̂lattice→MSðμÞ is the matching matrix that relates the
matrix elements computed in a given lattice regularization
and renormalization scheme (here summarized as “lattice”)
with the Wilson coefficients computed in dimensional
regularization in the MS scheme, at the scale μ. After
performing this procedure, the resulting effective
Lagrangian is μ-independent up to higher-orders in αs.
In this paper, in the absence of a nonperturbative

computation of the hadronic matrix element, we have
made the following approximation:
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AXYZ
n ðμÞ≡ ½AXYZ

n �VIA ðE4Þ

that, after the inclusion of the connected diagrams,
represent indeed a consistent nonperturbative computation
up to Oð1=NcÞ in the 1=Nc expansion. However, this
approximation implicitly implies that

B⃗XYZðμÞ
���
MS

¼ R̂lattice→MSẐðμ; a−1ÞB⃗XYZða−1Þ ¼ Iþ � � � :
ðE5Þ

This is not always the case. For example, let us think about
the matrix element of the operator OXXX

8 ðμÞ. In the VIA,
this matrix element vanishes, as it is proportional to the
two-point correlation function of the tensor current between
the vacuum and one meson state. This means that we have
no (nonperturbative) estimate of the value of this matrix
element, as our only guideline (the VIA) states that this
matrix element is zero. For this reason, we are not able to
constrain the corresponding Wilson coefficient, that is
therefore unbounded.

3. A better definition of the B-parameters

We have introduced in Sect. E 1 the standard definition
of the B-parameters used to compute the nonperturbative
contribution of long-range OðΛQCDÞ soft gluons to the
hadronic matrix element at hand. However, as stressed
above, this definition is unsuitable in the case the VIA
estimate of the matrix element vanishes, since the denom-
inator of the observable to be computed is ill-defined. This
is not the only problem of the standard definition of the B-
parameters, though. Consider, for example, the amplitudes
corresponding to the matrix elements of the operatorsOXYZ

1

andOXYZ
3 for X ≠ Y. In both cases, the VIA estimate of the

amplitude, that includes Oð1=NcÞ corrections due to the
connected diagrams, mixes between themselves the dis-
connected contributions of the two operators that, in the
VIA, are proportional to the product of two pseudoscalar
densities or two axial currents, respectively. Now, as we
stressed in Sec. IV B, the meson decay constants do not run
(as their renormalization are finite, due to the PCAC),
whereas the pseudoscalar densities do (as they depend on
the quark running masses, computed in a given renormal-
ization scheme at a given renormalization scale). Also in
this case, therefore, the denominator of the B-parameter
is not optimal, as it makes more complicated the

renormalization of the B-parameter. In Ref. [77] it was
proposed to normalize operators whose VIA mixed two-
point correlation functions of axial currents and pseudo-
scalar densities with the corresponding disconnected dia-
grams, only

AXYZ
n ðμÞ ¼

�hπ−jOXYZ
n ðμÞjKþi
½AXYZ

n �d

�
½AXYZ

n �d
¼ B̃XYZ

n ðμÞ½AXYZ
n �d: ðE6Þ

The RGE for the B-parameter defined as above is

μ
dB̃XYZ

n ðμÞ
dμ

¼ ðγOn
− 2γPÞB̃XYZ

n ðμÞ; ðE7Þ

where γOn
is the anomalous dimension of the operator On

and γP is that of the pseudoscalar density. Since the
disconnected diagram in the VIA renormalize with the
anomalous dimension 2γP (as only the quark masses run
with the scale), the renormalized B-parameter times the
amplitude of the disconnected diagram in the VIA renorm-
alize with the anomalous dimension of the operator, only,
thus reducing the systematic errors.
This definition of the B-parameter, though, does not

resolve the problem of those matrix elements of operators
whose disconnected diagram in the VIAvanish, such asO8.
For this reason, therefore, it is better to normalize the three-
point correlation function with the two-point correlation
function of the axial current that, as we already stressed,
gets only a finite renormalization constant on the lattice

AXYZ
n ðμÞ ¼

�hπ−jOXYZ
n ðμÞjKþi
½AXYZ

3 �d

�
½AXYZ

3 �d
¼ B̄XYZ

n ðμÞ½AXYZ
3 �d: ðE8Þ

This proposal was advanced for the first time in Ref. [78] in
order to simplify the matching between the nonperturbative
computation of the hadronic matrix elements of ΔS ¼ 2

operators on the lattice with the MS perturbative compu-
tation of the correspondingWilson coefficients. In our case,
however, it is even more suited, as it permits a proper
normalization of matrix elements of operators whose
estimate in the VIA would vanish, while retaining the
useful reduction of statistical and systematic errors in the
ratio of three- to two-point functions.
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