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We investigate the structural modifications of heavy quarkonia in the presence of strong magnetic fields
using a constituent quark model. By incorporating the effects of spin mixing and quark Landau levels, we
employ a nonrelativistic Hamiltonian that captures the essential features of quark dynamics in a magnetic
field. The two-body Schrödinger equation is solved using the cylindrical Gaussian expansion method,
which respects the cylindrical symmetry induced by a magnetic field. We extract the corresponding light-
front wave function (LFWF) densities and analyze their transverse and longitudinal structures, revealing
characteristic features such as transverse momentum broadening. While the longitudinal structure is only
slightly modified within the nonrelativistic Hamiltonian, we discuss some corrections that can significantly
affect its longitudinal structure. Furthermore, we discuss the structure modifications of excited states and
find notable changes in the LFWF densities, and state reshuffling near avoided crossings. These results
demonstrate the sensitivity of hadron structure to external magnetic fields and help bridge our under-
standing to relativistic approaches.
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I. INTRODUCTION

The behavior of quarkonia under extreme conditions—
including strong magnetic fields, finite temperatures, and
densities—provides crucial insights into the nonperturba-
tive structure of Quantum Chromodynamics (QCD) vac-
uum. This field has attracted growing interest since the
original proposal of J=ψ suppression as a quark–gluon
plasma signature [1,2]. The relevance has been further
amplified by relativistic heavy-ion collisions, where non-
central collisions generate transient but intense magnetic
fields reaching jeBj ∼ 0.3 GeV2 at the LHC [3–5], capable
of significantly modifying hadronic properties.
Recent theoretical advances have enabled comprehensive

studies of these phenomena through multiple approaches.
Lattice QCD simulations now provide first-principles cal-
culations of hadron properties in magnetic fields [6–19] ([20]
for a review), while model-based frameworks offer comple-
mentary perspectives. This vibrant research area is evidenced
by numerous recent reviews covering various aspects of
quarkonia in extreme environments [21–31].

The study of heavy hadrons containing charm or bottom
quarks under magnetic fields has been approached through
several theoretical frameworks. Constituent quark models
[32–38] and QCD sum rules [39–42] have provided valuable
insights, complemented by holographic QCD approaches
[43–47] and the complex-potential picture in thermal
medium [48–52]. Lattice QCD simulations have further
advanced our understanding by investigating the heavy
quark–antiquark potential in magnetic backgrounds
[53–55]. Beyond heavy-quark systems, significant attention
has been devoted to understanding magnetic field effects on
hadrons composed of light (up, down, or strange) quarks.
For light mesons, studies (e.g., [56–67]) have revealed
characteristic modifications, while light baryons have been
examined through several approaches [63,68–77].
The constituent quark model remains a powerful frame-

work for understanding static hadron properties, as detailed
in a recent review [29]. Magnetic fields influence hadrons
through three main mechanisms: (i) spin mixing via the
−μi · B interaction, (ii) quark kinetic energy modifications
induced by the B × r term, and (iii) anisotropic deforma-
tion of interquark potentials [78–81], where lattice QCD
simulations provide crucial constraints [53–55]. Previous
investigations of quarkonia [35,36] have systematically
examined these effects, particularly spin mixing and
energy shifts, employing potential models. These studies
utilize the cylindrical Gaussian expansion method
(CGEM) to solve the two-body Schrödinger equation,
an adaptation of the conventional Gaussian expansion
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method (GEM) [82,83] specifically designed for systems
with cylindrical symmetry under magnetic fields.
Building upon previous studies [35,36], we aim to study

light-front wave functions (LFWFs) of heavy quarkonia from
nonrelativistic quark model solutions under strong magnetic
fields and analyze their structural modifications. Unlike the
direct light-front Hamiltonian diagonalization method pro-
posed in Ref. [38], our approach establishes a connection
between magnetically modified LFWFs and the rest-frame
wave functions, which offers clearer physical interpretation in
coordinate space. From these LFWFs, one can directly access
partonic observables such as parton distribution functions
(PDFs), relevant for high-energy processes [84–86]. Con-
nections between rest-frame wave functions and LFWFs,
particularly in the absence of a magnetic field, have been
extensively utilized in previous studies (e.g., [87–94]),
providing a solid foundation for the current work.
The present study has several key findings: (i) These

LFWFs exhibit common features also seen in relativistic
models, such as transverse momentum broadening. This
behavior can be clearly understood from the squeezed wave
function in transverse coordinate space [35,36]. (ii) The
ground-state PDFs, characterizing the longitudinal momen-
tum fraction distributions, exhibit only minor modifications
at leading order. Substantial modifications emerge at next-
to-leading order through corrections. In contrast, the PDF
for excited states is strongly modified due to nodal structure
deformation. While experimental verification remains chal-
lenging, our predictions provide useful input for lattice
QCD simulations [20], especially with recent developments
in Large Momentum Effective Theory (LaMET) [95],
which enables direct access to partonic structure.
This paper is organized as follows. Sec. II introduces the

two-body Hamiltonian, the CGEM framework, and the
construction of LFWFs. Numerical results and their detailed
analysis are presented in Sec. III. The conclusions and future
outlook are provided in Sec. IV. Additional details concern-
ing relativistic corrections and the explicit forms of matrix
elements are given in Appendices A and B, respectively.

II. FORMALISM

In this section, we construct the effective Hamiltonian
and introduce the CGEM to solve the Scrödinger with the
cylindrical symmetry constraint. The LFWF is then intro-
duced and some related quantities are discussed.

A. Quark model in a magnetic field

In this study, we investigate quarkonia in the non-
relativistic quark model. In the presence of an external
magnetic field, the two-body Hamiltonian composed of a
quark and an antiquark can be expressed as [32,33]

Hqq̄ ¼
X
i¼q;q̄

�
mi þ

ðpi − qiAÞ2
2mi

− μi · B

�
þ Vqq̄ðrÞ: ð1Þ

Here,mi and pi denote the mass and momentum of quark or
antiquark labeled by i ¼ q; q̄, respectively. The magnetic
field is contained in the Hamiltonian through the vector
potential A, which alters the kinetic-energy term of the
single particle. We adopt the symmetric gauge, AðriÞ ¼
1
2
B × ri, and include the coupling to the quark magnetic

moment μi.
For the effective quark–antiquark potential Vqq̄, we

adopt the following form [96]

Vqq̄ ¼ Cþ σr −
A
r
þ αðSq · Sq̄Þe−Λr2 ; ð2Þ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ r2⊥

p
, C is a constant shift, and the

magnitudes of the confining, color Coulomb, and spin–
spin potentials are characterized by the parameters, σ, A,
and α, respectively. We smear the spin–spin interaction as a
Gaussian function with a parameter Λ [97], for simplicity.
The term hSq · Sq̄i yields the values of 1=4 and −3=4 for the
vector (spin–triplet) and pseudoscalar (spin–singlet) mes-
ons, respectively.
In a magnetic field, the kinetic momentum pi is not

conserved, while one can introduce the so-called pseudo-
momentum [98]. The two-body pseudomomentum is
defined as [99–101]

K ¼
X
i¼q;q̄

�
pi þ

1

2
qiB × ri

�
; ð3Þ

which is a conserved quantity. By using the pseudomo-
mentum, the total wave function can be factorized as

ΦðR; rÞ ¼ exp ½iP · R�ψðrÞ ð4Þ

¼ exp

�
i

�
K −

q
2
B × r

�
· R

�
ψðrÞ; ð5Þ

where R and r are the center-of-mass and relative coor-
dinate, respectively. P is the center-of-mass momentum.
Here, we focus on the magnetic field B along the

z direction and meson with K ¼ 0. We also focus on heavy
quarkonia with neutral charge, q1 ¼ −q2 ¼ q. In this case,
the two-body Hamiltonian is reduced to the Hamiltonian
for the relative motion [33–36,62]

H ¼ −
∇2

2μ
þ q2B2

8μ
r2⊥ −

X
i¼q;q̄

μi · Bþ VðrÞ; ð6Þ

where μ ¼ mq=2 is the reduced quark mass. The above
Hamiltonian maintains the rotational symmetry on the
transverse x-y plane and the reflection symmetry along the
z-axis. The second term proportional to B2r2⊥ leads to
the so-called quark Landau levels.
We discuss the contribution of the effects induced by

μi · B [32,33], where μi ¼ gqiSi=2mi is the quark magnetic
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moment with the Lande g-factor, g ¼ 2. Thus, we obtain

−ðμ1 þ μ2Þ · B ¼ −
gq
4

�
σ1
m1

−
σ2
m2

�
· B; ð7Þ

where we used Si ¼ σi=2. Then, the eigenstates with the
different spin quantum numbers mix with each other:

h10j − ðμ1 þ μ2Þ · Bj00i ¼ −
gqB
4μ

; ð8Þ

h00j − ðμ1 þ μ2Þ · Bj10i ¼ −
gqB
4μ

; ð9Þ

where the spin eigenstates are labeled by jSSzi with S ¼ 0,
1 and Sz ¼ 0;�1. Thus, only the longitudinal component
j10i of S ¼ 1 can mix with the S ¼ 0 state whereas the
transverse components j1� 1i do not mix with other
components. Taking into account the off-diagonal inter-
action, we should solve a coupled-channel Schrödinger
equation. We note that in the case of quarkonia, all the
diagonal matrix elements, such as h00j − ðμ1 þ μ2Þ · Bj00i,
are vanishing: there is no hadronic Zeeman shift.

B. Cylindrical gaussian expansion method

To diagonalize the Hamiltonian (6), we use a cylindrical
Gaussian expansion method [35,36], which is a generali-
zation of the Gaussian expansion method [82,83]. In this
method, we expand the wave function in terms of a set of
Gaussian basis functions, ϕCG

n , with a different Gaussian
range parameter as

ψ ¼
Xnmax

n¼1

cnϕCG
n ; ð10Þ

where cn represents the expansion coefficient. The Gaussian
basis function in position space is given by [35,36]

ϕCG
n ðz; r⊥Þ ¼ Nne−βnr

2⊥e−γnz
2

; ð11Þ

and the basis function in the momentum space, obtained
through the Fourier transformation

ϕCG
n ðpz; p⊥Þ ¼

1

ð2πÞ3=2
Z

∞

0

dr⊥r⊥
Z

∞

−∞
dz

Z
2π

0

dϕ

× e−ipzze−ir⊥·p⊥ϕCG
n ðz; r⊥Þ; ð12Þ

is given by

ϕCG
n ðpz; p⊥Þ ¼ Ñne−p

2⊥=4βne−p
2
z=4γn : ð13Þ

The normalization factors of the basis function, Nn and Ñn,
are determined by hϕCG

n jϕCG
n i ¼ 1.

In the GEM, two sets of parameters must be determined:
the expansion coefficients cn and the Gaussian range

parameters ðβn; γnÞ. The coefficients cn are obtained by
solving the generalized eigenvalue problem,

Hqq̄c ¼ Mqq̄Sc; ð14Þ

where the Hamiltonian matrix elements are given by
Hqq̄;nm ¼ hϕCG

n jĤjϕCG
m i, and the elements of the overlap

matrix are Snm ¼ hϕCG
n jϕCG

m i. The Gaussian range param-
eters βn and γn are determined by adopting a geometric
progression [82,83]

βn ¼
1

r2⊥n
; r⊥n ¼ r⊥1bn−1; b ¼

�
r⊥max

r⊥1

� 1
nmax−1

;

ð15Þ

γn ¼
1

z2n
; zn ¼ z1cn−1; c ¼

�
zmax

z1

� 1
nmax−1

; ð16Þ

which reduces them to only four parameters (β1, βnmax
) and

(γ1, γnmax
) to be optimized. We note that the basis functions

are non-orthogonal Snm ≠ δnm and the states are normal-
ized as

hψ jψi ¼
X
n;m

c�nSnmcm ¼ 1: ð17Þ

Since the spin singlet j00i and longitudinal component
j10i of the spin triplet mix with each other in the magnetic
field, the wave function should take into account the
coupled channel. The basis function is given as a linear
combination of spin-0 and spin-1 components [35,36]

Ψðr⊥; zÞ ¼
XN
n¼1

cS¼0
n ΦS¼0

n þ
X2N

n¼Nþ1

cS¼1
n ΦS¼1

n ; ð18Þ

where

ΦS¼0
n ðr⊥; zÞ ¼ NP

ne−β
P
n r2⊥e−γ

P
n z2 ; ð19Þ

ΦS¼1
n ðr⊥; zÞ ¼ NV

n e−β
V
n r2⊥e−γ

V
n z2 : ð20Þ

In this case, we have four range parameters

ðβPn ; γPn Þ; ðβVn ; γVn Þ: ð21Þ

Because of the geometric progression applied, in total we
have eight parameters to optimize.

C. Light-front wave functions

After diagonalizing the Hamiltonian (6), the resulting
wave functions are transformed into LFWFs [87–94].
These LFWFs are expressed in terms of internal variables
that are invariant under Lorentz boosts in the longitudinal
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direction, defined as

xi ¼
pþ
i

Pþ ; k⊥i ¼ p⊥i − xiP⊥; ð22Þ

where Pμ ¼ ðPþ; P−;P⊥Þ is the meson’s total four-
momentum and pμ

i denotes the four-momentum of the
ith constituent quark. Here, we denote on the quark’s
longitudinal momentum fraction x≡ xq and transverse
momentum k⊥ ≡ k⊥q.
To obtain the LFWFs, we first perform a change of

variables from the momentum-space coordinates ðkz; k⊥Þ to
ðx; k⊥Þ. The longitudinal momentum component kz can be
expressed as

kz ¼
�
x −

1

2

�
M0 þ

m2
q̄ −m2

q

2M0

; ð23Þ

where the invariant meson mass M0 is given by

M2
0 ¼

k2⊥ þm2
q

x
þ k2⊥ þm2

q̄

1 − x
: ð24Þ

The radial part of the LFWF is defined as

Φðx; k⊥Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3

q ffiffiffiffiffiffiffi
∂kz
∂x

r
ψðkÞ; ð25Þ

where ψðkÞ is the wave function obtained from the
Hamiltonian diagonalization. The Jacobian factor associ-
ated with the variable transformation is

∂kz
∂x

¼ M0

4xð1 − xÞ
�
1 −

ðm2
q −m2

q̄Þ2
M4

0

�
: ð26Þ

The spin and orbital angular momentum partRJJz
λqλq̄

of the
meson LFWF is obtained [102–104] through the interac-
tion-independent Melosh transformation [105], which
relates the instant-form spin states to the light-front helicity
basis. Here, J and Jz denote the total spin and its projection
along the quantization axis, respectively, while λq and λq̄
are the light-front helicities of the quark and antiquark. This
procedure assumes that the meson is described in terms of a
non-interacting quark–antiquark basis, in line with the
Bakamjian–Thomas construction [106–109]. This pro-
cedure connects the spin-orbital structure of the ordinary
rest-frame wave function, which carries definite quantum
numbers JPC, to its light-front representation in a consistent
way. The effect of the external magnetic field is first
included in the rest-frame wave function, by diagonalizing
the Hamiltonian (6). We assume that these modifications
are then carried over to the LFWFs via the Melosh
transformation. Since our goal is to understand how the
LFWFs are modified in the nonrelativistic quark model,
this approach captures the dominant effects of the magnetic
field such as spin-mixing and quark Landau levels.

For the spin-orbital angular momentum part, it is
convenient to work with the covariant form as [110,111]

RJJz
λqλq̄

¼ 1ffiffiffi
2

p
M̃0

ūλqðpqÞΓMvλq̄ðpq̄Þ; ð27Þ

where M̃0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

0 − ðmq −mq̄Þ2
q

, and uðpqÞ and vðpq̄Þ are
the light-front Dirac spinors for the quark and antiquark,
respectively, with the effect of the Melosh tranformation
implicitly included through the spinor structure [112]. The
vertex function ΓM depends on the meson type, with

ΓP ¼ γ5; ΓV ¼ −=ϵðJzÞ þ
ϵ · ðpq − pq̄Þ

M0 þmq þmq̄
; ð28Þ

where ΓP and ΓV correspond to pseudoscalar and vector
mesons, respectively. The polarization vectors ϵμðJzÞ ¼
ðϵþ; ϵ−; ϵ⊥Þ are defined by

ϵμð�1Þ ¼
�
0;
2ϵ⊥ð�Þ · P⊥

Pþ ; ϵ⊥ð�Þ
�
; ð29Þ

ϵμð0Þ ¼
�
Pþ

M0

;
−M2

0 þ P2⊥
M0Pþ ;

P⊥
M0

�
; ð30Þ

with the transverse polarization vectors ϵ⊥ð�1Þ ¼ ð1;�iÞ=ffiffiffi
2

p
. Lastly, the spin-orbit wave function RJJz

λqλq̄
satisfies the

normalization condition

X
λq;λq̄

RJJz†
λqλq̄

RJ0J0z
λqλq̄

¼ δJJ0δJzJ0z : ð31Þ

The LFWF of heavy quarkonia in momentum space can be
expressed as

ΨJJz
λqλq̄

ðx; k⊥Þ ¼ Φðx; k⊥ÞRJJz
λqλq̄

ðx; k⊥Þ; ð32Þ

where Φðx; k⊥Þ represents the radial component of the
wave function, and RJJz

λqλq̄
ðx; k⊥Þ accounts for the spin and

orbital angular momentum structure. The LFWF density is
defined by summing over the quark and antiquark helic-
ities, [38]

ρðx; k⊥Þ ¼
1

2ð2πÞ3
X
λq;λq̄

jΨJJz
λqλq̄

ðx; k⊥Þj2: ð33Þ

The wave function normalization condition is given by

Z
dx d2k⊥ρðx; k⊥Þ ¼ 1: ð34Þ

We can also project the LFWF density to its longitudinal
and transverse components, defined as
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Z
dxfðxÞ ¼

Z
dk⊥fðk⊥Þ ¼ 1: ð35Þ

It is worth noting that, in the vacuum, the longitudinal
distribution fðxÞ corresponds to the PDFs and the ρðx; k⊥Þ
corresponds to the transverse momentum dependent dis-
tribution (TMD) [113,114].
As we will see later, the LFWFs become deformed under

strong magnetic fields, and it is useful to introduce the
anisotropy parameter defined by

ϵLF ¼
hk2⊥i
2hk2zi

− 1; ð36Þ

where hk2⊥i ¼ hk2x þ k2yi. The factor of 2 in the denominator
ensures a consistent comparison between the two-
dimensional transverse and one-dimensional longitudinal
momentum components. The longitudinal momentum oper-
ator kz is defined in Eq. (23), and the expectation values hk2⊥i
and hk2zi are determined by the Gaussian range parameters γ
and β of the wave function. For a spherical Gaussian basis,
the relation hk2⊥i ¼ 2hk2zi holds exactly, resulting in ϵLF ¼ 0
and reflecting spherical symmetry. However, this relation no
longer holds when using a cylindrical Gaussian basis,
indicating anisotropic deformation of the LFWFs.

D. Numerical setup

For the parameters of the constituent quark model, in this
work, we adopt those used in Ref. [36], where some
parameters were determined from lattice QCD simulations
of charmonia [115,116], as listed in Table I. These param-
eters well reproduce the experimental masses [117] of heavy
quarkonia in vacuum, as shown in Table II.
We note that the model parameters may depend on the

magnetic field. For example, we can expect anisotropies
in the confinement and Coulomb potentials (see
Refs. [78–80,80,81] for early works). Such effects can be

implemented in the potential model [34]. However, since in
the current work our aim is to examine the effects of the
magnetic field on the LFWFs, we focus on the parameters
without such modification.

III. RESULTS AND DISCUSSION

In this section, we investigate how the structures of
charmonia and bottomonia are modified in the presence
of strong magnetic fields. For each quarkonium, we first
present the magnetic-field-induced mass shifts, recalculated
using a denser set of data points than in previous studies [36].
In this work, we specifically focus on examining the
corresponding LFWF densities. We also discuss how the
transverse and longitudinal momentum distributions change
and quantify the deformation using momentum expectation
values and an anisotropy parameter. Finally, we discuss a
possible relativistic correction, which plays an important role
in modifying the longitudinal structure of the LFWFs, found
using the light-front Hamiltonian approach [38].

A. Charmonia

The mass spectra of charmonia under strong magnetic
fields are shown in Fig. 1. These results were previously
discussed in Ref. [36]. Here, we recalculate the magnetic
field dependence of the mass spectra using a denser set of
data points. One crucial aspect is the optimization procedure
for the range parameters, ½β1; βnmax

� and ½γ1; γnmax
�. Since the

wave function becomes deformed into a cigar-like shape
under strong magnetic fields, the optimal range parameters
vary with eB. With improved optimization by Optim.jl [118]
for each data point, we confirm the magnetic field depend-
ence of the mass spectra reported in Ref. [36]. Although the
nonrelativistic approximation works well when the magnetic
field is smaller than the quark mass, we plot the mass spectra
up to eB ¼ 10 GeV2 for theoretical exploration, where the
difference from the relativistic approach can be useful to
discuss the relativistic effect.
The masses of the transverse vector charmonia (J=ψT

and ψð2SÞT) are displayed in the left panel of Fig. 1,
showing that they are mainly affected by the quark Landau
levels. As a result, their mass shifts increase approximately
linearly with the magnetic field. The mass shift for the
excited state is larger than for the ground state, because the
elongation of the spatial wave function in the z direction
leads to a larger expectation value of hr2⊥i.
In contrast, the mass shifts of the pseudoscalar states

(ηcð1SÞ and ηcð2SÞ) and longitudinal vector states (J=ψL
and ψð2SÞL) are shown in the right panel of Fig. 1. In this
case, the pseudoscalar-vector mixing occurs due to the
−μi · B term, so that we label the resulting states as 1st, 2nd,
3rd, and 4th. The 1st and 2nd states decrease and increase,
respectively, as a result of level repulsion with increasing
magnetic field. Around eB ¼ 1–3 GeV2, we find avoided
crossings such as 2nd–3rd and 3rd–4th. We also note that

TABLE I. Parameters of constituent quark model [36].

mQ α [GeV]
ffiffiffi
σ

p
[GeV] Λ [GeV2] A C [GeV]

ðcc̄Þ 1.784 0.4778 0.402 1.020 0.713 −0.5693
ðbb̄Þ 4.808 0.1322 0.402 1.020 0.531 0

TABLE II. Comparison between the predicted masses [36] and
corresponding experimental data [117]. All the units are in GeV.

Meson Our Expt. Meson Our Expt.

ðcc̄Þ ηcð1SÞ 2.984 2.984 J=ψ 3.097 3.097
ηcð2SÞ 3.669 3.638 ψð2SÞ 3.707 3.686

ðbb̄Þ ηbð1SÞ 9.398 9.398 ϒð1SÞ 9.460 9.460
ηbð2SÞ 9.999 9.999 ϒð2SÞ 10.013 10.023
ηbð3SÞ 10.330 � � � ϒð3SÞ 10.339 10.355
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in the strong magnetic field region, the level structure
becomes simpler.
While the wave function density in coordinate space was

discussed in Ref. [36], here we focus on the LFWF density
(33). The LFWF densities for transverse charmonia at
various eB values are shown in Fig. 2. Since the LFWF is
plotted in momentum space, the transverse momentum
distribution becomes more extended with increasing eB,
corresponding to the narrowing of the wave function in
transverse coordinate space. This transverse momentum
broadening originates from the magnetic-field-induced
potential proportional to B2r2⊥ in Eq. (6). Importantly,

the nodal structure in the excited states at eB ¼ 0 is
deformed toward the longitudinal direction. As a result,
the density for excited states transforms into three well-
separated oblate peaks.
The LFWF densities for the pseudoscalar and longi-

tudinal vector charmonia are shown in Fig. 3, where we
present several results for the 1st and 2nd states. The
modifications of densities are similar to those in the
transverse case, except that a more drastic change appears
at certain values of eB. For example, the density of the 2nd
state evolves from a single peak into three separated peaks.
Such a shape transition indicates that the energy of the

FIG. 1. Magnetic-field dependence of the mass spectra: (left panel) J=ψT and ψð2SÞT states; (right panel) ηcð1S; 2SÞ, J=ψL, and
ψð2SÞL states. The Landau level primarily affects the masses of the transverse vector charmonia. Level repulsion and avoided crossings
appear in the right panel due to state mixing. Note that we plot a dense set of data points so that the curves appear continuous.

FIG. 2. LFWF densities of the transverse vector charmonia at several different magnetic field strengths: (top panels) J=ψ states and
(bottom panels) ψð2SÞ states. The densities become more elongated in the transverse direction as the magnetic field increases.
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radially excited state becomes lower than that of the
nodeless state, as expected from the mass spectra in Fig. 1.
Since the densities are defined in momentum space, an

informative quantity is the expectation value of the momen-
tum squared hk2i, which is similar to the root-mean-square
radius hr2i in coordinate space. In particular, under a
magnetic field, it is useful to separate hk2i into transverse
and longitudinal components. The magnetic-field depend-
ence of h1

2
k2⊥i and hk2zi is shown in Fig. 4. Although LFWFs

are expressed in terms of the light-front variable x, we can
still evaluate hk2zi via Eq. (23). At zero magnetic field,
h1
2
k2⊥i ¼ hk2zi, consistent with the spherical symmetry of the

wave function. Under finite magnetic fields, h1
2
k2⊥i increases

linearly for both J=ψT and ψð2SÞT , while hk2zi shows only a
slight increase. Interestingly, in the weak-field region,
nontrivial behavior emerges due to shape transitions. In
particular, for ψð2SÞT, hk2zi temporarily exceeds h1

2
k2⊥i. The

anisotropy parameter ϵLF, plotted in the right panel of Fig. 4,
quantifies the deformation of LFWFs. It clearly shows that
the wave functions become more elongated in the transverse
direction as the magnetic field increases. This parameter
provides a useful measure of rotational symmetry breaking
induced by the magnetic field and can serve as a point of
comparison with other models. The pseudoscalar and
longitudinal vector charmonia exhibit similar trends in their
momentum expectation values and anisotropy. However,

FIG. 3. LFWF densities of pseudoscalar and longitudinal vector charmonia at several different magnetic field strengths: (top panels)
2nd state and (bottom panels) 1st state. The shape of the 2nd state at certain magnetic fields changes significantly due to state mixing and
avoided crossing.

FIG. 4. Magnetic-field dependence of hk2i and the anisotropy parameter ϵLF for J=ψT and ψð2SÞT states. Transverse momentum
broadening is one of the dominant effects of the magnetic field. The rapid increase in the longitudinal momentum of ψð2SÞT at low
magnetic field arises from the redistribution of the LFWF density.

STRUCTURE OF HEAVY QUARKONIA IN A STRONG MAGNETIC … PHYS. REV. D 112, 094013 (2025)

094013-7



due to level mixing and state reshuffling, especially in the
region of avoided crossings, oscillatory behavior appears in
hk2zi and ϵLF. These features reflect the sensitivity of the
excited states to the underlying structural reorganization in
the presence of the magnetic field.
Figure 5 is a close-up view of the weak-field region of

Fig. 4. One of the interesting features is the shape transition

behavior. The magnetic-field dependence of the transverse
momentum expectation value, h1

2
k2⊥i, for transverse char-

monia exhibits three different regimes for excited states:
(i) a regime where h1

2
k2⊥i increases due to the elongation of

LFWFs (equivalently, the squeezing of spatial wave func-
tion) by the Landau level potential, (ii) a regime where the
transverse nodes of wave functions gradually disappears,
and (iii) a regime where the LFWF is again elongated.
Notably, in the regime (ii), the shape transition leads to a
pronounced decrease in h1

2
k2⊥i, and this effect is more

significant for the excited states than for the ground state.
This behavior reflects the stronger sensitivity of excited
states to the confinement dynamics modified by the
magnetic field. We note that this transition behavior can
be seen more clearly in bottomonia.
It is also of great importance to examine the projections of

the LFWF density onto longitudinal and transverse distribu-
tions (35), where the fðxÞ has important meaning in vacuum
as a PDF. Due to the nonrelativistic nature of the quarkonia,
the predicted vacuum PDF fðxÞ from the nonrelativistic
quark model [94] is comparable with those other models
including the light-front Hamiltonian approach [119].
Figure 6 illustrates the fðxÞ and fðk⊥Þ distributions for

selected charmonium LFWFs at various magnetic field
strengths. We find that the fðxÞ distribution is nearly
unchanged for the J=ψT ground state and the 1st state.
This behavior is expected, as the magnetic-field-dependent
potential in the nonrelativistic model does not explicitly
involve z or kz at leading order, whereas the r2⊥ term does, as

FIG. 5. Close-up view of the weak-field region in Fig. 4, where
h1
2
k2⊥i for J=ψT and ψð2SÞT are plotted, and the typical LFWFs of

ψð2SÞT in three different regimes: (i) momentum increase due to
elongation of LFWFs with transverse nodes, (ii) momentum
decrease due to the node disappearance, and (iii) momentum
increase due to elongation of LFWFs with no transverse node.

FIG. 6. Longitudinal fðxÞ and transverse fðk⊥Þ distributions of selected charmonia at several magnetic field strengths. The fðxÞ is
barely modified for the ground states while it is modified for the excited state due to the shape transition. The transition due to avoided
crossing changes the distribution significantly. The fðk⊥Þ is generally broaden in the increasing magnetic field.
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shown in Eq. (6). In contrast, for the ψð2SÞT state, the three
peaks in the fðxÞ distribution become more pronounced,
while the valleys corresponding to the nodal structure
deepen. The 2nd state also exhibits a transition from a
single peak to three peaks due to the avoided crossing. These
strong modifications of the excited-state fðxÞ distributions
reflect the robustness of their nodal structure.
On the other hand, the fðk⊥Þ distribution broadens

significantly, as previously mentioned. The distribution
extends from k⊥ ¼ 2 GeV up to k⊥ ¼ 4 GeV, indicating
the typical scale of charmonium LFWFs. Moreover, the
two-peak structure observed in ψð2SÞT at low magnetic
fields reduces to a single peak at strong fields, marking a
clear change in the transverse structure.
Here, we comment on the light-front Hamiltonian

approach [38]. The modification of fðxÞ distribution is
particularly important, because the magnetic-field-depen-
dent potential term in the light-front Hamiltonian is written
as the form r2⊥i=xi. This form explicitly depends on x,
which is clearly different from the potential with r2⊥ in the
nonrelativistic Hamiltonian (6). To explore this further, we
will examine the effect of a relativistic correction to the
fðxÞ distribution in Sec. III C. In addition, in the light-front
Hamiltonian approach, the J=ψ density evolves from a
single-peak to a two-peak structure resembling a P-wave
state. In contrast, the present model shows no such mixing
with χc states, since we work in relative coordinates and
omit center-of-mass couplings to the magnetic field.
Identifying the critical magnetic field corresponding to
the avoided crossing is essential, for instance, in determin-
ing how large the effect of the center-of-mass couplings is,
in contrast to the present work.

B. Bottomonia

Following our detailed investigation of charmonium
states, we now turn to the bottomonium sector. The bottom

quark has a heavier mass and a smaller electric charge than
the case of the charm quark. These features render botto-
monia more nonrelativistic and less sensitive to external
magnetic fields compared to charmonia. Nonetheless, they
provide an important benchmark to test the universality of
magnetic-field effects across heavy quarkonia.
The magnetic field dependence of the bottomonium

mass spectra is shown in Fig. 7, where we recalculated
with a denser set of data points compared with previous
works [36]. The transverse vector states [ϒð1S; 2S; 3SÞT]
are displayed in the left panel, and the pseudoscalar
[ηbð1S; 2S; 3SÞ] and longitudinal vector [ϒð1S; 2S; 3SÞL]
states, affected by mixing, are shown in the right panel. In
the right panel, we compute the six lowest eigenstates
below the BB̄ threshold and label them as the 1st–6th states.
This allows us to track the avoided crossings and evolution
of the eigenstates in the presence of mixing induced by the
−μi · B interaction.
As expected, the transverse states (ϒT) show linear mass

increases with increasing eB, dominated by the quark
Landau level effect. The mass shift becomes slightly more
pronounced for higher excited states due to their larger
transverse size of wave functions. Compared to charmo-
nium, however, the absolute values of shifts are smaller due
to the suppression from the larger b-quark mass and smaller
charge (jebj ¼ e=3).
The right panel of Fig. 7 shows the longitudinal sector. In

the weak field, we find level repulsions between the ηbðnSÞ
andϒðnSÞL states. The avoided crossings, such as 2nd–3rd
and 3rd–4th, occur at slightly higher field strengths com-
pared to charmonium due to the weaker mixing. These
crossings are visible across the wide range of magnetic field
strengths.
The LFWF densities for the transverse vector bottomo-

nium states are plotted in Fig. 8 for ϒð1S; 2S; 3SÞT across
several magnetic field strengths. As in the charmonium

FIG. 7. Magnetic-field dependence of the mass spectra: (left panel)ϒð1S; 2S; 3SÞT states; (right panel) ηbð1S; 2S; 3SÞ,ϒð1S; 2S; 3SÞL
states. The Landau level primarily affects the masses of the transverse vector bottomonia. Level repulsion and avoided crossings appear
in the right panel due to mixing between pseudoscalar and longitudinal vector states. Although the curves appear to overlap near the
crossings, they remain distinct.
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case, the densities are shown in momentum space and
display transverse broadening due to the magnetic-field-
dependent confining potential, which scales as B2r2⊥
and is weighted by q2b=mb, thus making the effect less
pronounced. The nodal structures of the excited states
change into multiple oblate peaks with increasing mag-
netic field.
The corresponding LFWF densities for the mixed pseu-

doscalar and longitudinal vector bottomonia (first and
second states) are shown in Fig. 9, where we display only
the lowest two states for examples. Their evolution with
increasing magnetic field already reveals key features of the
magnetic-induced mixing. In particular, the second state
develops a three-peak structure at eB ¼ 10 GeV2, indicating
that the energy of the radial excitation falls below that of the
nodeless wave function. This reflects a characteristic reshuf-
fling of state composition: as the magnetic field increases,
the eigenstates continuously exchange their internal struc-
ture, such as nodal patterns and dominant components. For
instance, the third state can be tracked from the mass
spectrum evolution as transitioning from a primarily 2S-like

state at low eB, becoming 1S-like near the avoided crossing,
and eventually acquiring 3S-like features at higher eB. Such
mixing leads to nontrivial deformation patterns in the
LFWFs and illustrates how magnetic fields reorganize the
internal structure of heavy quarkonia.
To quantify the deformation in momentum space, we

compute h1
2
k2⊥i and hk2zi in Fig. 10 for ϒð1S; 2S; 3SÞT. We

find that the transverse momentum for all three states first
increases, then decreases in the weak-field region, and
again increases around eB ¼ 3 GeV2 as previously dis-
cussed for charmonia in Fig. 5. On the other hand, the
longitudinal momentum rises rapidly at first, but its
increase becomes more gradual as eB continues to grow.
Interestingly, the anisotropy parameter ϵLF shows a neg-
ative value up to eB ¼ 10 GeV2 for the excited states,
indicating that the longitudinal momentum always takes a
larger value. This is due to the robustness of their nodal
structure. Compared to the charmonium system, it is clear
that the deformation is less extreme due to weaker magnetic
responses. This provides further evidence of the robustness
of the bottomonium system.

FIG. 8. LFWFs of the transverse vector bottomonia in several different magnetic fields: (top panels)ϒð3SÞT , (middle panels) ϒð2SÞT ,
and (bottom panels) ϒð1SÞT states.
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Lastly, the longitudinal fðxÞ and transverse fðk⊥Þ dis-
tributions for bottomonia at various magnetic field strengths
are shown in Fig. 11. For the ground state ϒð1SÞT , the fðxÞ
distribution remains largely unaffected by the magnetic field.
For excited states such as ϒð2SÞT , the fðxÞ distribution
becomes narrower in x, consistent with the increase of hk2zi,
and the valleys become deepen and the peaks of the
shoulders enhanced. The 2nd state in the longitudinal sector
also display evolving multipeak structures due to nodal
features and mixing-induced reshaping. The fðk⊥Þ distri-
bution extends up to around 3 GeV and stays the same, but
the width of the peak is broadened. The two-peak structure
for ϒð2SÞT is reduced to a one-peak structure due to the
disappearance of the transverse nodes.

C. Relativistic correction

So far, we have demonstrated the deformation of the
LFWFs under magnetic field using the nonrelativistic
Hamiltonian model as input. One of the dominant effects
observed is transverse momentum broadening. However,
within this setup, the longitudinal distribution remains
largely unmodified for the ground states, as seen in Figs. 6
and 11.
The recent result based on the light-front Hamiltonian

approach [38] has shown that the PDFs can also be
significantly altered. However, in the nonrelativistic
Hamiltonian (6), since the magnetic-field-dependent poten-
tial (i.e., the Landau level term) is proportional to r2⊥, this
term leads to the transverse momentum broadening but

FIG. 9. LFWFs of pseudoscalar and longitudinal vector bottomonia in several different magnetic field strengths: (top panels) the 2nd
state and (bottom panels) the 1st state.

FIG. 10. Magnetic field dependence of hk2i and the anisotropy parameter ϵLF for ϒð1SÞT;ϒð2SÞT, and ϒð3SÞT states.
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does not directly contribute to the longitudinal momentum
distribution. In this sense, while our numerical results are
reasonable, it might be important to discuss possible
scenarios of the PDF modifications within our model.
In this work, we phenomenologically introduce a

kz-dependent Landau level term as a relativistic correction
(i.e., a higher-order term in the 1=m expansion):

V�
L ¼ q2B2

8μ
r2⊥

�
1� k2z

2μ2

�
: ð37Þ

This term is not exactly derived from the two-body
Hamiltonian, but a possible origin from a one-body
Hamiltonian is explained in Appendix A. Although the sign
of this correction is suggested to be negative in Appendix A,
we treat the sign as a free parameter to explore its impact on
the PDFs. We then diagonalize the Hamiltonian with the
correction term (37) and focus on only the J=ψT as a simple
example where the pseudoscalar-vector meson mixing is
absent. We note that the correction may be valid only for
values of

ffiffiffiffiffiffi
qB

p
smaller than the quark mass because of theffiffiffiffiffiffi

qB
p

=m expansion.
The impact of the additional k2z term (37) on the mass

spectrum is illustrated in Fig. 12. While this term slightly
increases or decreases the mass of the J=ψT depending
on the sign, the linear trajectory remains unaffected. The
corresponding LFWFs, shown in Fig. 13, with a positive
(negative) correction are now more squeezed (elongated) in
the longitudinal direction. One important implication is that
the PDFs become slightly narrower or broader, as illustrated
in Fig. 14. For comparison, in the light-front Hamiltonian
approach [38], the PDFs for charmonium states correspond-
ing to ηc → 1st and J=ψT

1 at eB ¼ 1 GeV2 are slightly
broader and narrower, respectively (see Fig. 9 of Ref. [38]).
These behaviors may reflect complex relativistic dynamics
but might be roughly interpreted as the k2z correction (37).
Furthermore, Fig. 15 shows the magnetic-field dependence
of h1

2
k2⊥i and hk2zi. Notably, the inclusion of the k2z correction

FIG. 11. Longitudinal fðxÞ and transverse fðk⊥Þ distributions of selected bottomonia at several magnetic field strengths.

FIG. 12. Magnetic-field dependence of the mass spectrum for
J=ψT with and without the k2z correction in the Landau level term
(37). The correction with a positive (negative) sign slightly
increases (decreases) the mass.

1In Ref. [38], these states are labeled by a special quantum
number mPC ¼ −1 and þ1.
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with a plus sign reverses the behavior of hk2zi, changing from
an increasing to a decreasing trend with growing magnetic
field strength. This reversal is directly reflected in the
modification of the PDFs.

IV. CONCLUSION AND OUTLOOK

In this work, we have investigated the structural mod-
ifications of heavy quarkonia, charmonia and bottomonia,
under strong magnetic fields in the constituent quark
model. By solving the two-body Schrödinger equation
with the cylindrical Gaussian expansion method [35,36],
we obtained precise wave functions that respect the
cylindrical symmetry imposed by the magnetic field.
Here, these wave functions were then transformed into
LFWFs to reveal their momentum-space structure.
Our results show that the presence of a strong magnetic

field leads to a clear transverse momentum broadening of
the LFWFs, driven by the magnetic-field-induced potential
in the nonrelativistic Hamiltonian [35,36]. In contrast, the
longitudinal momentum fraction distribution for the ground
states remains largely unchanged within this framework.
For excited states, however, we find characteristic shape
transitions and nodal restructuring near avoided crossings,

FIG. 13. LFWFs of the J=ψT state at eB ¼ 0 and 1.0 GeV2 with a positive or negative correction (37). The longitudinal momentum
fraction distribution with a positive (negative) correction becomes more squeezed (elongated).

FIG. 14. PDFs of the J=ψT states at various magnetic field
strengths with a positive or negative correction (37) included. Up
to eB ¼ 1 GeV2, the PDFs with the positive (negative) correction
become slightly narrower (broader) as the magnetic field in-
creases.

FIG. 15. Magnetic-field dependence of the momentum expect-
ation values, h1

2
k2⊥i and hk2zi for the J=ψT state with positive and

negative corrections. The correction term (37) significantly
modifies hk2zi with increasing magnetic field.
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which result in significant modifications to the longitudinal
momentum distributions. Notably, these avoided crossings
play a key role in reorganizing the level structure and
internal dynamics of quarkonia under external magnetic
fields. To explore the effect beyond this framework, we
have introduced a phenomenological relativistic correction
to the Landau level term that significantly modifies the
longitudinal structure. Furthermore, we expect that botto-
monia behave more nonrelativistically and are less sensitive
to external magnetic fields compared to charmonia. It is
worth noting that the anisotropy parameter may be useful in
discussing the structural modifications. This can be com-
pared with relativistic approaches to further explore the role
of relativistic effects.
These findings provide a qualitative understanding of

how quarkonia structure is modified by magnetic fields
within a nonrelativistic Hamiltonian framework [35,36]
and help bridge this understanding with results obtained
from the light-front Hamiltonian approach [38]. The
insights gained here can guide future lattice QCD studies
aimed at quantifying magnetic-field effects on hadron
structure. Further extensions of this work could include
anisotropy of the confining or Coulomb potential observed
in lattice QCD simulations [53–55] and explicit time-
dependent magnetic fields [120–125] to better approximate
the conditions of heavy-ion collisions. Additional effects
and phenomena related to quarkonia in strong magnetic
fields also remain to be explored for future studies.
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APPENDIX A: RELATIVISTIC CORRECTIONS

In the main text, we have investigated the impact of a
relativistic correction (37). In this Appendix, we explain the
origin of this term.
From the Dirac equation in magnetic fields, we can

derive the single-particle energy [98,126] [also see, e.g.,
Eq. (83) of Ref. [30] ]:

ϵn ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ 2njqBj þm2

q
; ðA1Þ

where the transverse momentum p⊥ is quantized, and
n ¼ 0; 1; 2;… is the index of Landau levels. Now, we

consider a nonrelativistic expansion of the single-particle
energy as2

ϵn ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

z þ 2njqBj
m2

r
ðA2Þ

¼ mþ p2
z þ 2njqBj

2m
−
ðp2

z þ 2njqBjÞ2
8m3

þ…. ðA3Þ

In the last form, the first and second terms are consistent
with the mass, kinetic energy, and nonrelativistic Landau
levels with the cyclotron frequency jqBj=m, which are
used in the usual nonrelativistic framework. On the other
hand, the third term includes the higher-order corrections
proportional to 1=m3, which includes the cross term
between p2

z and 2njqBj. Thus, the momentum pz and
the Landau level effect can be correlated as a higher-order
relativistic correction. The energy shift from this term is

Δϵn ¼ −
4njqBjp2

z

8m3
¼ −

p2
z

2m2
×
njqBj
m

: ðA4Þ

The factor of −p2
z=2m2 may be regarded as a correction to

the original energy shift of Landau levels.
However, the rigorous derivation of the two-body

potential from such a single-particle energy is technically
difficult. Thus, the study toward such a direction is limited
so far. Under such a situation, to reproduce the narrowing of
PDF [found in Ref. [38] ], we have phenomenologically
introduced the relativistic correction (37). Note that we can
also consider the corrections proportional to p4

z=m3 or
jqBj2=m3, but they are not relevant for our purpose.

APPENDIX B: POTENTIAL MATRIX ELEMENTS

While the potential matrix elements have been shown in
Ref. [36], here we present the analytical expressions for the
matrix elements relevant to the Landau-level potential and
its relativistic correction. Using the cylindrical Gaussian
basis ϕCG

n , the matrix element, relevant for the Landau term,
is given by

hr2⊥i ¼ hϕCG
n jr2⊥jϕCG

m i

¼ NnNmπ
3=2

β2nm
ffiffiffiffiffiffiffi
γnm

p ; ðB1Þ

where βnm ¼ βn þ βm; γnm ¼ γn þ γm, and the normaliza-
tion factor

2This expansion holds in the condition of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ 2njqBj

p
≪

m. If njqBj is large enough, this expansion cannot be used, but it
is valid as long as we focus on the lower Landau levels and weak
magnetic fields.
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Nn ¼
23=4γ1=4n

ffiffiffiffiffi
βn

p
π3=4

: ðB2Þ

The correction term (37), proportional to r2⊥k2z , can be
computed as

hr2⊥k2zi ¼ −
�
ϕCG
n

����r2⊥ ∂
2

∂z2

����ϕCG
m

	

¼ 2γnγm
γnm

�
NnNmπ

3=2

β2nm
ffiffiffiffiffiffiffi
γnm

p
�
; ðB3Þ

where k2z corresponds to −∂2=∂z2 in coordinate space.
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