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The vacuum mutual information (MI) of subregion algebras provides a universal window into the data of
general conformal field theories (CFTs). Exploiting the geometric nature of the modular flow associated to
ball-shaped regions and the operator product expansion of twist operators implementing the replica
symmetry in an n-fold version of a CFT, it is possible to construct a hierarchy of increasingly refined
approximations to the full MI. In this letter, we use the two-point functions of primaries of arbitrary spin in
the replicated theory to constrain the twist operators, and find their contribution to the MI of arbitrarily
boosted balls in any d-dimensional CFT. When the two-point functions involve the primary with the lowest
scaling dimension, our result provides the most precise approximation for the long-distance behavior of the
MI, superseding all previous expansions. Building upon this result and certain universal properties of the
short- and long-distance regimes, we put forward a new high-precision analytic approximation to the MI for
arbitrary separations. The accuracy of our approach is validated against exact d =2 and lattice d = 3
results. We further apply it to characterize the MI of a d = 4 Maxwell field, a case for which no prior results

are available.

DOI: 10.1103/pwmb-pl64

The vacuum mutual information (MI) of operator alge-
bras associated to spacetime regions is expected to fully
characterize any given QFT. On the one hand, the MI
provides a universal geometric regulator for entanglement
entropy, capturing all the associated universal coefficients
[1-8]. Complementarily, it has been argued that a long-
distance expansion of the MI should allow for the system-
atic extraction of the full underlying QFT data [9-22].

The second approach relies on two key facts: (i) the
geometric nature of the modular flow associated with ball
regions in any conformal field theory (CFT) [23,24]; and
(i1) the possibility of expressing the MI in terms of a
correlator of two twist operators, which implement the Z,,

“Contact author: cesar.agon@upct.es

“Contact author: pablobueno@ub.edu
*Contact author: a.d.piskin@tudelft.nl
SContact author: guidovandervelde @icc.ub.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2026/ 114(4)/L041704(7)

L041704-1

orbifolding of the n copies of the theory CFT®" [25-28].
These features allow for increasingly sophisticated and
complete approximations to the MIL These arise from
imposing certain consistency conditions that connect the
expectation value of the twist operators probed by local
operators in different copies of the CFT to the expectation
value of modularly-evolved operators in the original theory
[18,20,22].

Using this approach, we present the contribution to the
MI of arbitrarily boosted balls arising from the two-copy
sector associated to a primary operator of arbitrary spin in a
general d-dimensional CFT. Our formula supersedes and
generalizes all previous approximations to the MI long-
distance expansion. Not only does it capture the contribu-
tion of the lowest dimensional primary in the replicated
CFT [16,18], it also includes the contribution from all the
two-copy primaries and their descendants. Hence, this
entails a resummation of an infinite subset of the conformal
blocks that provide the MI expansion [12,13,15]. Unlike
the results of [22], which hold only for scalar CFTs and
parallel spheres, our formula applies for completely general
CFTs—primaries of arbitrary spin representation—and
boosted spheres. Additionally, we use this formula to
put forward a new analytic high-precision approximation

Published by the American Physical Society
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to the MI of any CFT valid for arbitrary separations. We
show that this accurately reproduces the exact MI curve for
a d =2 free fermion and lattice results for a d = 3 free
scalar, and we use it to predict the result for a d =4
Maxwell field—see Fig. 1.

Mutual information and modular flows: The M1 between
two disjoint spacetime regions A, B, can be defined in terms
of the von Neumann entropies of the corresponding
reduced density matrices, [(A,B) =S4+ Sg— Saus-
Here, S, = —Tr[pslogp,], where p, = Tr;|Q)(Q|, and
from now on we will consider the vacuum |Q) as our
global state. While all the individual entropies appearing in
the above formula suffer from UV divergences, they always
cancel one another in I(A, B), which is a well-defined
quantity in the continuum [31,32].

A standard technique for evaluating the MI for a given
CFT entails evaluating the expectation value of two
properly normalized twist operators defined in CFT®"
[25-27]. The precise formula reads

I(A.B) :}li—r}}n—l

Here =\ = ()1 +£(") and £ implements the
global cyclic symmetry transformation to operators local-
ized in region X, namely =" : O, — O, while acting
trivially on operators outside X [25,27]. The index i labels
the copies, subject to the cyclic identification n + 1 = 1.
In order to characterize ig"), we may consider its
correlation function with an arbitrary set of operators.
Here we will be interested in contributions arising from
operators supported on two distinct copies, | <[ # k < n.
As a consequence, it will suffice to invoke the following
result, which holds in the n — 1 limit [18,20,22,33]

(£ OL(x1) 08 (x2)) "=

{ (Ou(x1)Of [, izye]) - (1> k)

. 2
(Ofx2, ity) O (1)) (1 < k) )
This remarkable formula requires some explanation. On the
one hand, O),(x) is a local operator, with a possible spin
index a, defined in the /th copy of the CFT at the spacetime
point x. Also, we defined O% [x, s] = p; " O,(x)p’, which is
the operator resulting from the modular-flow evolution
associated to p,, and we introduced the notation
7y =n(k—1)/n. The correlators in the right-hand side
are analytic and well-defined in the region Im(s) € (0, 1),
which is the case for s = i|zr;|. Hence, Eq. (2) connects a
correlation function in the replicated theory with a corre-
lation function of modularly transformed operators in the
seed CFT.
For spherical entangling surfaces, the transformation that
implements the modular flow corresponds to a conformal

transformation [23,24],

(Ra +&°) —e™™(Ry = &)
(Ry 69+ €7 (Ry = &)

xi&t [é:v S] = RA

3)

where R, is the radius of the sphere A and é* = r 4 t are
null coordinates with respect to its center. In that case, the
relevant correlator takes the form

A ax2,A [S] A y
()0 fr2.5]) =| Z52 2 Ry (A (x2.))
X Ga/l (-xl » X2 A [S]), (4)

where we introduced the notation x, 4[s] = x4[x,, s]. Also,
R}E(AA (x5, 5)) is the local Lorentz transformation associ-
ated to the conformal transformation (3) based at x, in the
representation R of O and [0x, 4[s]/0x,| is its associated
scaling factor. Finally, G,; denotes the two-point function
of O, namely, G(t/i(x7y) = <Oa(x)0ﬂ(y)> = Ha/i(x _y)
|x—y|™4, where H,4(x) captures the tensor structure of
the correlator and A is the scaling dimension of O.

Our goal is to evaluate the contribution to the MI arising
from the part of the twist operator which is responsible for
making (2) hold. Analogous formulas for higher-point
correlators can be derived following [22], which would
allow one to capture multiple-copy contributions to the MI.

An arbitrary operator in the replica theory can be written
as a linear combination of products of operators associated
to the individual copies. The most general operator that can
contribute to the left hand side of (2) can be written as a
double integral with support in the causal completion of the
entangling region that is generated from the product of two
primaries in two different replicas [ # k, namely,

5= / ,, GhanlEr-£2)0u(E)0)(&). (5)

I#k

where we denoted ([, = [, [p, d9¢1d€,. Plugging the
Ansatz (5) into (2) leads to

(£ 0L (x1) 04(x,))

=l / / g6 8615l 2). ()

which can be inverted to find the kernel function
Gl op(£1,&2). We define the inverse correlator as

A 446G (5, €) Gy (6. 7) = By (x = 1),

/ dd)(G(z/}(é,’)()GZ,lﬁy(){v 6) = 6{1y5d(§ - 5)’ (7)

Dj
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and similarly for B. In (7), {x, y} € D; while {{,{} €D,.
We claim that such correlators exist in any CFT [22]. Once
we solve for the kernel, we plug the Ansatz (5) into (1) and
obtain a formula for the MI in terms of a discrete sum over
modular parameters. Such a sum can be transformed into an
integral, via

i nds
j -, lim 8
T =S+ 2 n->1 /oo cosh?zs (8)

This provides the appropriate analytic continuation, as
discussed in [16,18,22]. The result reads

_ [ mds d o | xals]|A| o&g[=s] |
la= /_oo dcosh’zs L ¥ 127y, e
x 8y = &g[=s])6" (& = xals])
< tr[R(Aa (', s) - Ap(&', —s))]. )

where J represents the action by the Tomita operator and
2hls) = xaly.s +4]. The above formula can be further
simplified by carrying out the remaining integrals using
the delta functions. The final result is thus given in terms of
a single integral over the modular parameter s, as shown in
Eq. (10) below. This represents the two-copy contribution
to the MI associated to a primary operator in an arbitrary
representation of the conformal group.

Relatively boosted spheres: The most general version of
I, is obtained by considering two disjoint spheres with a
general relative boost. Without loss of generality, we
consider a geometric configuration in which the spheres
of radii R4, Ry are concentric and satisfy R, > Rpexp |f),
where ff represents the relative boost which we apply to the
smaller one. This guarantees that the smaller sphere is
completely contained within the larger one. Notice that the
entangling region associated to the larger sphere is the
complement of a ball of radius R,. This means, in
particular, that its associated modular flow is x4 [y, —s].
The flow associated to the boosted sphere can be obtained
from the unboosted one via the following composition,
xp,[&. 5] = Apoxp[A_y(&), s], where Ay is the boost with
rapidity /# and By is the associated boosted sphere of radius
Rp. Carrying out the remaining integrals in (9) leads to

A (s)

I [ zds
IA = - B
4 - cosh?zs | oy |,_, oy

R, O =) - ARG D (10)
|det(T] '

d=5 | g (=s)|*

%

x=x"

Here y* is determined by the solution to the equation
f(x*) =0 subject to the condition that y* € D,, where
fr) =x4lx. s] = xg, [x. —s]. The solutions to this equation
come in four branches, but the condition y* € D, singles

out the following two,

s (x5 — 1) coshzzs — (1 + x5 )V/cosh® s — z*

R, 2 sinh s

’

(11)

where we define x = Rz/R, and their boosted analogs,

namely xﬂi =e*’x. We also introduce the notation
(z7,z") = (z,7) for the conformal ratios, which in this

concentric configuration read z* = 4xj /(1 + x)*. Each
term in (10) can be computed explicitly—see Supplemental
Material [34], which includes additional references to
[35-37]. A crucial ingredient of (10) is the character of
the representation evaluated for a particular Lorentz trans-
formation. This corresponds to a pure boost, §, which
depends on the modular parameter s, the original boost f
and the geometric configuration x. Indeed, we may write

Ar(AB)) = u[R(Ap, (. =s) - AF (. 5))]. - (12)
where / satisfies
Bo1—+/(1—wz)(1—wz
coshé = VA WZ_)< w2) . (13)
2 w22
All this leads to the main result of our paper,
I ZAZA 1 i WZA (] + m)d—m
A7 e Vi-w  VI-wz
(L Ty
VI—wz

(VT =wz+ 1 -wz)42’

where the integral over w is a reparametrization of the
modular integral via w - —-—.

Explicit formulas for the character of the transformation
xr(A(B)) were worked out recently in the context of MI in
[18] following [38]. We give a short summary in
Supplemental Material [34], along with a few relevant
examples.

In the limit where the regions are very far away,
cosh ,B/2zﬁiZ This can be approximated in terms of

normal vectors characterizing the geometry by
coshf3/2 = coshfp = 2(ny - [)(ng - 1) — ny - ng, where ny
and np give the orientation of the spheres and [ is the
normal vector that connects the past causal tips of the
regions—see Supplemental Material [34].

Another limit that is worth mentioning is the one of
parallel spheres. In that case cosh /2 = 0. Therefore,
A(f) = 1and yx (1) = dim R. This limit provides a simple
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extension of the result presented in [22] to the case of
arbitrary primary operators, namely

1 2A 1 /1 — (d-2A)
—dlmR/ dw(zw) (1 + wa) (15)

44411 —w(l —wz)

[ST

Large separations and conformal block expansions:
When the regions are very far from each other, the
Rényi twist operators become effectively local, and the
MI is dominated by correlations between arbitrary pairs of
points, one in each region. The leading contribution comes
from two copies of the primary with the lowest conformal
dimension, OO [18]. Subleading contributions arising from
descendants such as 000, from multiple copies, as well as
from other primaries become relevant as the regions
approach.

Interestingly, for ball regions, considering the two-point
functions at coincident points in the replica manifold—
corresponding to the x, — x; limit of the general constraint
(2)—completely fixes the form of the twist operator to be
the OPE block: OO + descendants. This full tower can be

integral representation ig")z
(E)O(E), where the leading primary is

resumed under the

fD g(f

smeared over the causal completion of the sphere
D(x},x3). In turn, g(&) is a local kernel that represents
the fusion of O(x}) and O(x;) in the channel of the
shadow operator [39,40]. Consequently, the resulting MI is
the conformal block associated to the leading primary,
I o G5,(2,Z), with ¢ the corresponding spin
representation.

On the other hand, as explained above, the expectation
value of the two copy-sector at arbitrary insertion points
X; # x, leads to a bilocal kernel Ansatz for the twist
operator—see Eq. (5). Following the analysis of [22],
the correlator of this twist gives rise to a sum of conformal
blocks, /4% o 37, G (2
to a different conformal primary in replica space—with
conformal dimension A; and spin #,—made out of the
product of two seed CFT operators, OO being the one with
lowest conformal dimension—namely, A; = 2A. This is
explained in more detail in Supplemental Material [34],
where we explicitly verify the agreement between the long-
distance expansion of our general formula and the corre-
sponding conformal blocks sum in the case of the scalar
representation. In Fig. 1 we compare the local and bilocal
Ansdtze with the known exact result [30] for a two-
dimensional free chiral scalar. As expected on general
grounds, the latter provides a better approximation at long
distances.

A high-precision Ansatz for arbitrary separations: An
obvious limitation of (14) is that it lacks information about
the multiple-copy sector. Hence, although it should
approximate extremely well the exact MI at long distances

,Z). Each block is associated

for general theories, it will also deviate very significantly
from the expected result at short distances. In fact, for
parallel, concentric balls of radii R and R + 6, Eq. (15)
behaves, in d > 2, as

Iy VA @ d-1

dimR ~ 24H3T(¢)
- (A 2) 2\[1/:2?(:; 1)) (?)H 4. (16)

when 6 < R. This is a volume law divergence that severely
differs from the short-distance mutual information of an
ordinary local CFT

27T (R 42 R\ 44
I=k;,———|— a4l = e 17
dr[ﬂ <5> +cq 4<5> + (17)

7]

where k, is the universal coefficient appearing in the EE of
a strip region [1,4,41]. Moreover, note that while (16)
includes all integer powers of the expansion parameter, the
exact result exclusively includes either odd or even powers
of (R/6).

In order to find a precise approximation to the exact MI
of spherical regions in an arbitrary CFT, we propose a
twofold modification of (15). First, we change the number
of spacetime dimensions from d to d — 1. Crucially, the first
few leading terms in the MI long-distance expansion—see
Supplemental Material [34]—do not depend on d, but only
on A. Hence, this apparently drastic modification does not
spoil the approximation to the exact result at long distances.
Second, we add the contribution of an additional operator
of dimension A*, with ¢ degrees of freedom, namely,

[A“satZEIA(d—1)+5'1A*(d_1)‘ (18)

In order to exactly match the area term, we fix ¢ in terms of
the strip coefficient [42],

2d+3 =2

k -
d Rr[d 2]

-1, (d>2). (19)

This works because, crucially again, the leading term in the
short-distance expansion of I, does not depend on A
explicitly. On the other hand, different strategies can be
considered in order to optimize A*: (i) we can fix it by
requiring that the spurious (R/8)%"3 term vanishes, which
entails setting A* = (1 +1)(%!) -2, as long as A* > A
(so we do not spoil the long-distance behavior); (ii) we can
also fix it by choosing it to be equal to the second lowest
primary conformal dimension of the theory. In Fig. 1 we try
these approaches in the case of a d = 2 free fermion, a
d = 3 free scalar—finding an excellent agreement with the
available exact and numerical lattice results, respectively—
and a d =4 Maxwell field, for which our Ansatz is

L041704-4
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— Local —--- Leading 0.1 77 Alexeprim = 1 77 Af = 0.8536
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- 0.05
d = 2 chiral scalar d = 2 free fermion
0.005  0.01 0.05 0.1 0.5 1 106 1073 1
10 - \‘\\ @ Lattice —- Bilocal — Local T
5 N . 100 -
- - Anext prim. — 1 — A:o sublead. — 1.3245 — Local
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FIG. 1. Approximations to the MI of pairs of parallel disjoint balls for various free theories. In all cases, x = D/L, where D is the

distance between the regions’ closest boundaries, and L is the length of both intervals in d = 2, and the disks/spheres radii in d = 3, 4.
Both for the free chiral scalar and fermion in d = 2 (upper row) the exact results are known [28-30] and they are plotted in blue.
Numerical results from the lattice—with conservative error bars corresponding to the size of the dots—are presented for the d = 3 free
scalar. In all plots, the two red curves represent approximations arising from the modular flow of the two-copy sector, both of which
become exact at long distances. While the bilocal Ansatz (dashed) is consistently more accurate than the local one (solid) at intermediate
separations—with the exception of the d = 2 free fermion, for which the latter is identical to the exact result [2,17]—it goes astray at
short distances, due to its volume-law behavior. The black curves represent refinements of the bilocal approximation in which the
number of spacetime dimensions is switched, d — d — 1, and an additional contribution from an operator of dimension A* and ¢ degrees
of freedom is added so that the correct area law is recovered without spoiling the long-distance behavior—see Eqs. (18) and (19). In the

plots, Af, corresponds to a least-squares fit to the exact result, A}
to the choice which removes the spurious subleading term in the

expected to provide the best available approximation to the
unknown exact result. As recently shown in [43], the d = 4
Maxwell MI is double the difference between the d = 4
free scalar and d = 2 chiral scalar results. We can therefore
alternatively approximate the Maxwell MI indirectly by
first applying our method to the d =4 free scalar. We
compare both approaches in Fig. 1—see the black and
dashed blue curves—finding excellent agreement.

In sum, from the knowledge of the lowest scaling
dimension of a given CFT, A, its spin representation,
and its corresponding strip coefficient, k;, we can construct
high-precision approximations to the MI of pairs of
spherical regions at arbitrary separations using (18).

Conclusions. In this Letter we have computed the general
contribution of a given primary to the MI of two balls
resulting from the two-copy sector of a general d-dimen-
sional CFT. Our result is most naturally applied to the
operator with the lowest scaling dimension of the theory,
providing the state-of-the-art long-distance approximation

next prim

*
no sublead

to adding the next-to-leading primary contribution and A
short-distance expansion.

to the MI of any CFT. On the other hand, such formula
leads to a pathological volume-law behavior in the short-
distance regime. Interestingly, exploiting the dimension-
independent form of the leading long-distance term and the
A-independent form of the leading short-distance one, we
have put forward a new Ansatz, which interpolates between
the exact results in both regimes. This approximates very
accurately the available exact free-field results for arbitrary
separations.

The fact that using only partial information—the two-
copy sector—Ileads to a volume law at short distances is
reminiscent of generalized free fields (GFFs), for which the
same phenomenon arises [44]. In fact, for unboosted
spheres our formula (15) provides an excellent approxi-
mation to the MI of a GFF in an arbitrary spin represention
in the full range of cross ratios. As happens in the case of
spin-0 representations [22], this approximation becomes
exact in the large-d limit. This is because both quantities
differ from their scalar-CFT counterparts only by an overall
multiplicative factor given by the number of degrees of

L041704-5
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freedom. This match suggests that our formula may be
capturing the contribution from some kind of coarse
grained sector of the theory. Moreover, the similarity
between our formula and the GFF result perfectly aligns
with and further supports the modifications implemented in
(18). The fact that the GFF MI corresponds to the MI of a
massive scalar in AdS,, | motivates the change d - d — 1,
while the absence of a stress tensor that characterizes a GFF
suggests that some degrees of freedom might be added to
compensate for that.

Additional future directions should also include incor-
porating the effects of operators from multiple copies. Such
developments would move us even closer to a full sys-
tematic characterization of any CFT in terms of vac-
uum MIs.
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