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There is strong evidence supporting center vortices as underpinning confinement and dynamical chiral
symmetry breaking—the two key features of nonperturbative QCD. In our recent paper [1] we find that
dynamical mass generation vanishes upon vortex removal in full QCD with a near-physical quark mass. In
this work we extend those results and consider the influence of center vortex removal on the overlap
Landau-gauge quark propagator at multiple valence quark masses on the same dynamical QCD ensemble,
keeping fixed the near-physical sea quark mass. After carefully applying a smoothing process we also find
that dynamical mass generation is reproduced on the corresponding vortex-only fields. This vortex-only
dynamical mass shows qualitative agreement with the untouched Monte Carlo gauge field results. The
results reported herein lend further credence to the important relationship between dynamical fermions and
center vortices and the mediation of nonperturbative phenomena in QCD.

DOI: 10.1103/pvfs-91ks

I. INTRODUCTION

There is a strong and increasing body of evidence
supporting center vortices as the mechanism underpinning
confinement and dynamical chiral symmetry breaking, the
two key features of low-energy, nonperturbative QCD [2–
38]. Whilst the results of these studies demonstrate a clear
role for center vortices in the mediation of these phenom-
ena, it is also clear there is more to be understood.
This is apparent in recent studies of the static quark

potential and the gluon propagator in dynamical QCD.
Whilst vortex removal in pure-SU(3) gauge results in a loss
of string tension, and thus confinement, only about two-
thirds of the original string tension is recovered on the
corresponding vortex-only background [16,25,31]. The
loss of string tension upon vortex removal is a clear sign
of the important role of center vortices in confinement and
is further supported by its partial recovery on a vortex-only
background. However, the “missing” third of the string
tension remains unaccounted for, suggesting there is more
to be understood. This quantitative discrepancy is broadly
illustrative of the findings of pure-gauge center-vortex
studies, some of which are discussed in further detail below.

In light of these results, a recent study [37] explored the
impact of dynamical fermions on the relationship between
center vortices and the string tension. Here, the center
vortex structure of configurations generated with 2þ 1

dynamical flavors of fermion [39] were examined. Once
again, in agreement with pure-gauge results, the string
tension vanishes upon vortex removal. However, it was
found that the original string tension is fully recovered on a
vortex-only background. The quantitative discrepancy
present in the pure-gauge sector is resolved in the presence
of dynamical fermions.
A similar pattern is observed in studies of the gluon

propagator. Although the infrared enhancement of the
gluon propagator is suppressed upon vortex removal in
pure gauge, a residual strength still persists [27,35,38]. This
is consistent with positivity violation observed in the
correlator at large distances, and demonstrates an imperfect
separation between perturbative and nonperturbative phys-
ics upon vortex modification. In the presence of dynamical
fermions, however, the vortex-removed correlator is con-
sistent with positivity, and the residual infrared strength in
the propagator is significantly diminished [38]. As such,
vortex modification in the presence of dynamical fermions
provides an effective separation between the perturbative
and nonperturbative aspects of QCD.
These results demonstrate an intimate link between

dynamical fermions and center vortices. Although the
nature of this relationship is at this stage unclear,
the resolution of the quantitative discrepancies present in
the pure-gauge sector provide further strong evidence
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supporting center vortices as the origin of confinement in
QCD. The existence of such a link provides strong
motivation to consider the effect of dynamical fermions
on the role of center vortices in dynamical chiral symmetry
breaking.
It is well-established that center vortices are responsible

for dynamical chiral symmetry breaking in SU(2) gauge
theory [8,15,22–24,29,30]. Meanwhile, hadron spectra
computed with Wilson fermions on pure-SU(3) gauge
vortex-removed ensembles display an absence of dynami-
cal chiral symmetry breaking [28]. A similar study which
instead employed overlap fermions was not only able to
demonstrate the restoration of chiral symmetry upon
vortex-removal but reproduced the salient features of the
spectrum on a vortex-only background [34]. There are,
however, discrepancies in the masses obtained on the
vortex-only background which are lower than those
obtained from the original, untouched ensemble, although
this may simply be an artifact of the cooling applied to the
vortex-only gauge fields.
Less readily explainable discrepancies are manifest in

the pure-SU(3) gauge Landau-gauge overlap quark propa-
gator [32]. Although dynamical mass generation in the
quark propagator mass function is fully reproduced on a
vortex-only ensemble, a clear signal of dynamical chiral
symmetry breaking, a quantitative discrepancy arises in the
persistence of dynamical mass generation upon vortex-
removal. This once again suggests the presence of pure-
gauge sector artifacts in the identified center vortex fields.
By contrast our recent paper [1] found that dynamical

mass generation vanishes upon vortex removal in full QCD
with a near-physical quark mass. We extend those results
herein by investigating the behavior of the Landau-gauge
overlap quark propagator upon vortex modification in
dynamical QCD at multiple valence quark masses (keeping
the sea quark sector fixed). In addition to the vortex-
removed quark propagator, we also study the vortex-only
propagator in order to perform a comparison with the
untouched fields. As has been noted elsewhere [40],
smoothing of the vortex-only fields is required to achieve
locality for the overlap fermion action.
The paper is structured as follows. Section II introduces

center vortices and describes the methods of their identi-
fication and removal. Section III outlines the Landau-gauge
overlap quark propagator, with discussions on overlap
fermions (Sec. III A), the extraction of the mass and
renormalization functions (Sec. III B), and Landau gauge
fixing (Sec. III C). Section IVoutlines the parameters of the
vortex-removed calculation of the Landau-gauge overlap
quark propagator and presents results. Section V does
likewise for initial vortex-only calculations of the Landau-
gauge quark propagator, each employing a different
method of smoothing the rough vortex-only gauge field
configurations. Section VI continues this comparison of
smoothing approaches by considering the instantonlike

profiles of the respective gauge fields obtained via each
method. In Sec. VII, a single smoothing approach is chosen
and the Landau-gauge overlap quark propagator is com-
puted with improved statistics. Conclusions are discussed
in Sec. VIII.

II. CENTER VORTICES

On the lattice, center vortices are revealed by projecting
each gauge link to an element of the center ZðNÞ of SUðNÞ
where

ZðNÞ≡ fg∈SUðNÞjgh ¼ hg ∀ h∈SUðNÞg
¼ fei2πn=N1jn∈ZNg ð1Þ

is the set of elements in SUðNÞ which commute with every
other element of the group.
To obtain the center-projected links, the gauge field is

first fixed to maximal center gauge (MCG) by choosing the
gauge transform UμðxÞ → UG

μ ðxÞ which maximizes the
functional [16]

X
x;μ

jTrUG
μ ðxÞj2 ð2Þ

as outlined in Refs. [37,41,42]. Each link is then projected
to the nearest element of Z(3), such that

UG
μ ðxÞ → PZð3ÞfUG

μ ðxÞg≡ ZμðxÞ ¼ ei
2π
3
nμðxÞ1; ð3Þ

where

nμðxÞ ¼

8>><
>>:

0; if arg TrUG
μ ðxÞ∈

�
− π

3
;þ π

3

�
;

þ1; if arg TrUG
μ ðxÞ∈

�þ π
3
;þπ

�
;

−1; if arg TrUG
μ ðxÞ∈

�
−π;− π

3

�
:

ð4Þ

The projected links ZμðxÞ define a center-vortex configu-
ration in MCG. The elementary plaquette PμνðxÞ is given
by the product of links U around a unit square,

PμνðxÞ ¼ UμðxÞUνðxþ μ̂ÞU†
μðxþ ν̂ÞU†

νðxÞ: ð5Þ

Center vortices are identified by the vortex flux through
each vortex-projected plaquette, where

PμνðxÞ ¼ ZμðxÞZνðxþ μ̂ÞZ†
μðxþ ν̂ÞZ†

νðxÞ
¼ ei

2π
3
pμνðxÞ1; ð6Þ

corresponds to a vortex flux value pμνðxÞ∈ f−1; 0; 1g. A
plaquette with vortex flux pμνðxÞ ¼ �1 is identified as
pierced by a vortex with center charge �1. A vortex-
removed link UVR

μ ðxÞ is simply the product of the MCG-
fixed link and the inverse of its center-projected link,
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given by

UVR
μ ðxÞ ¼ Z†

μðxÞUG
μ ðxÞ; ð7Þ

and defines a vortex-removed configuration in MCG.
Throughout this work we refer to the original SU(3)

gauge fields as untouched and the gauge fields generated by
vortex removal as vortex-removed.

III. LANDAU-GAUGE OVERLAP QUARK
PROPAGATOR

A. Overlap fermions

Within the overlap formalism [43–48], the massless
overlap Dirac operator is given by

Do ¼
1

2a
ð1þ γ5ϵðHÞÞ; ð8Þ

where ϵðHÞ is the matrix sign function applied to the
overlap kernel H. Typically, the kernel is chosen to be the
Hermitian Wilson Dirac operator, but other choices are
valid and in particular the use of a kernel which incorpo-
rates smearing can have numerical advantages [49–55]. In
this work we employ two different kernels.
For the calculation of the quark propagator on a vortex-

removed background, we employ the fat-link irrelevant
clover (FLIC) fermion action [49,56–58] H ¼ γ5Dflic
where

Dflic ¼ ∇mfi þ
a
2

�
Δfl

mfi −
1

2
σ · Ffl

mfi

�
þmw; ð9Þ

consistent with the untouched calculation of Ref. [59]. The
Wilson hopping parameter κ is related to mw by

κ ≡ 1

8 − 2amw
: ð10Þ

The subscript “mfi” in the FLIC kernel denotes the use of
gauge links which have been mean field improved [60] by
taking

UμðxÞ →
UμðxÞ
u0

; ð11Þ

where

u0 ¼
�
1

3
ℜTr½PμνðxÞ�

�1
4 ð12Þ

is the mean link. Furthermore, the Wilson and clover terms
of the FLIC kernel are constructed from fat links, denoted
by the superscript “fl,” which have undergone four sweeps
of stout-link smearing [61] at ρ ¼ 0.1. For these terms,
mean field improvement is applied to the fat links. The

utility of the FLIC kernel is the significant improvement of
the condition number following the projection of the low-
lying eigenmodes.
On the other hand, as the vortex-only background has

already undergone smoothing (necessary to satisfy the
smoothness condition of the overlap operator) any addi-
tional smoothing provided by the kernel is redundant,
offering little-to-no benefit. Furthermore, the mean link
of these smoothed gauge fields u0 ≈ 1.00, and as such mean
field improvement is also made redundant. Without these,
the FLIC action reduces to the clover fermion action [62],

Dclover ¼ ∇þ a
2

�
Δ −

1

2
σ · F

�
þmw; ð13Þ

on which it is based. We therefore chooseH ¼ γ5Dclover for
the vortex-only calculations of the quark propagator.

B. Quark propagator

The massive overlap Dirac operator [63] is defined as

DoðμÞ ¼ ð1 − μÞDo þ μ; ð14Þ

where 0 ≤ μ ≤ 1 is the overlap fermion mass parameter
related to the bare quark mass by

mq ¼ 2mwμ: ð15Þ

The calculation of the external overlap fermion propagator
requires the subtraction of a contact term. After solving the
linear system for a given fermion source ψ ,

DoðμÞχ ¼ ψ ; ð16Þ

each solution vector is modified as

χc ≡ 1

2mwð1 − μÞ ðχ − ψÞ; ð17Þ

in order to construct the external overlap quark propagator
[46,64],

SðpÞ≡ 1

2mwð1 − μÞ ðD
−1
o ðμÞ − 1Þ: ð18Þ

Defining the bare mass m0 via

m0 ¼ 2mwμ; ð19Þ

through the above subtraction of the contact term, it is
possible to show that

S−1ðpÞ ¼ S−1ðpÞjm0¼0 þm0; ð20Þ

and that exact chiral symmetry is obeyed
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fγ5; SðpÞjm0¼0g ¼ 0; ð21Þ

just as in the continuum [47].
The general form of the (color-traced) lattice overlap

quark propagator in momentum space can be written as

SðpÞ ¼ ZðpÞ
i=qþMðpÞ ; ð22Þ

where ZðpÞ is the renormalisation function, MðpÞ is the
mass function, and qμ is the kinematical lattice momentum
defined by

S−1treeðpÞ ¼ i=qþmw; ð23Þ

where the subscript “tree” denotes use of link variables
UμðxÞ ¼ 1 ∀ x; μ. This is the only tree-level correction
required for the overlap quark propagator. The simple form
of Eq. (22) is afforded by the absence of additive renorm-
alization in the overlap formalism. Isolation of MðpÞ and
ZðpÞ is straight forward. Rewriting Eq. (22) as

SctrðpÞ ¼
−i=qZðpÞ þMðpÞZðpÞ

q2 þM2ðpÞ ≡ −iCðpÞ þ BðpÞ; ð24Þ

where we have defined

BðpÞ≡ 1

nsnc
Tr½SðpÞ� ¼ MðpÞZðpÞ

q2 þM2ðpÞ ; ð25Þ

CμðpÞ≡ i
nsnc

Tr½γμSðpÞ� ¼
qμZðpÞ

q2 þM2ðpÞ ; ð26Þ

and ns and nc are the extents of spin and color indices.
Defining

AðpÞ ¼ q · C
q2

¼ ZðpÞ
q2 þM2ðpÞ ; ð27Þ

the mass and renormalization functions are isolated by

MðpÞ ¼ BðpÞ
AðpÞ ; ð28Þ

ZðpÞ ¼ C2ðpÞ þ B2ðpÞ
AðpÞ : ð29Þ

C. Landau gauge fixing

The quark propagator is gauge dependent and hence
requires a choice of gauge fixing condition. In this work we
use the Landau gauge condition, which in the continuum is
defined by

∂μAμðxÞ ¼ 0: ð30Þ

On the lattice, this condition is satisfied by finding the
gauge transformation which maximizes the Oða2Þ-
improved functional [65],

F Imp ¼
4

3
F 1 −

1

12u0
F 2; ð31Þ

where

F 1 ¼
X
x;μ

1

2
Tr½UμðxÞ þ U†

μðxÞ�; ð32Þ

F 2 ¼
X
x;μ

1

2
Tr½UμðxÞUμðxþ μ̂Þ þU†

μðxþ μ̂ÞU†
μðxÞ�: ð33Þ

We use the Fourier accelerated conjugate gradient method
[66] to optimize Eq. (31).

IV. VORTEX-REMOVED QUARK PROPAGATOR

A. Simulation parameters

We compute the Landau-gauge overlap quark propagator
on a vortex-removed 323 × 64 PACS-CS 2þ 1 flavor
ensemble [39] at the lightest available pion mass mπ ¼
156 MeV with lattice spacing a ¼ 0.0933 fm correspond-
ing to Sömmer parameter r0 ¼ 0.49 fm. The large volume
of the lattice provides significant averaging over each
configuration such that statistically accurate results are
obtained on 30 gauge field configurations. The FLIC
overlap fermion action was employed at six quark masses
mq ¼ 6, 9, 19, 28, 56, 84 MeV where the lightest mass was
tuned to match the pion mass of the ensemble. The Wilson
mass parameter was set to amw ¼ −1.1, corresponding to a
hopping parameter of κ ¼ 0.17241 in the kernel. The
matrix sign function was calculated using the Zolotarev
rational polynomial approximation [67]. The evaluation of
the inner conjugate gradient was accelerated by projecting
out the 80 lowest-lying eigenmodes and calculating the
sign function explicitly. Finally, a cylinder [68] cut is
applied to the propagator data. ZðpÞ is renormalized in the
MOM scheme [69] to be 1 at largest momentum considered
p ¼ 6.8 GeV. With the exception of vortex-modification,
the gauge field ensemble and quark propagator calculations
parameters are identical to the untouched propagator
of Ref. [59].

B. Results

The vortex-removed mass function is compared with the
untouched mass function of Ref. [59] in Fig. 1, for each
mass considered. As we reported in Ref. [1], upon vortex
removal dynamical mass generation vanishes at the lightest
quark mass. At a valence quark mass of mq ¼ 19 MeV we

VIRGILI, KAMLEH, and LEINWEBER PHYS. REV. D 111, 094518 (2025)

094518-4



first see the appearance of a slight remnant of dynamical
mass generation that then gradually increases with increas-
ing quark mass, consistent with our understanding that the
bare quark mass parameter governs the level of explicit
chiral symmetry breaking. This is reflected by the small
remnant of dynamical mass generation becoming more
prominent with increasing quark mass. This also offers a
framework to interpret the renormalization function results
presented in Fig. 2.
We compare the current dynamical results with those

from Ref. [32] which were obtained in the pure-gauge
sector in Figs. 3 and 4. For this purpose, we select the
lightest available quark mass from Ref. [32],
mq ¼ 12 MeV, and compare it to the nearest (and sec-
ond-lightest) quark mass considered in this work,
mq ¼ 9 MeV. Whilst dynamical mass generation is sup-
pressed upon vortex removal in the pure-gauge sector, a
significant remnant with a peak above 100 MeV persists as
seen in Fig. 4(a). In the dynamical case, however, the
removal of center vortices suppresses dynamical mass
generation to the fullest extent possible in the presence
of some small explicit chiral symmetry breaking associated

with the finite bare quark mass. This resolves an important
discrepancy that we observe in the pure-gauge sector,
though further study is required to fully understand the
differences in vortex structure between the two sectors that
might be responsible for this observation.
Turning our attention to the renormalisation function

results shown in Fig. 2, we see the respective untouched
and vortex-removed renormalization functions are near
identical for p > 1 GeV. The similarity in this region is
consistent with previous pure-gauge overlap results as
highlighted in Fig. 4. We observe that the process of
vortex removal has little effect on the perturbative
interactions that act to move the renormalization function
away from the tree-level value of 1. The nonperturbative
changes associated with vortex removal play a relatively
small role in governing the renormalisation function
for p > 1 GeV.
We see however, that whilst the untouched and vortex-

removed renormalization functions in the pure-gauge
sector are also in agreement for p < 1 GeV, this is not
so in the dynamical case where the renormalization
function is suppressed upon vortex removal. The novelty

FIG. 1. Untouched (blue) and vortex-removed (red) mass functions MðpÞ for all quark masses considered.
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of this result, and the decreasing severity of the suppres-
sion with increasing quark mass as seen in Fig. 2 can be
understood when considered in light of the mass function
results. Since dynamical mass generation vanishes at the
lightest masses,

MðpÞ ≈ 0 ∀ p; ð34Þ

and

q → 0 as p → 0: ð35Þ

However, the propagator calculated on the lattice in
Eq. (22) is finite as p → 0 and therefore,

ZðpÞ → 0 as p → 0 ð36Þ

is required.
In the pure-gauge sector, the imperfect removal of

dynamical mass generation leaves Mð0Þ well above zero
and therefore removes the restriction of ZðpÞ → 0 as
p → 0. Analogously, the reduced suppression at larger

quark masses seen in the dynamical results can be seen as a
consequence of both the bare quark mass and the greater
prominence of remnant dynamical mass generation in the
mass function associated with the greater degree of explicit
chiral symmetry breaking.

V. VORTEX-ONLY QUARK PROPAGATOR

Given the remarkable results of the vortex-removed
quark propagator, it is naturally of interest to consider
the Landau-gauge overlap quark propagator on a
vortex-only background. However, the guaranteed
locality of the overlap operator is predicated on a
smoothness condition which is violated by Z(3) center-
vortex gauge fields. It is therefore necessary to smooth
them. The smoothing of Z(3) gauge fields is a non-
trivial process but viable approaches were found in
Ref. [40]. In this section we compute the quark
propagator on four respective vortex-only ensembles,
each smoothed by one of these approaches, in addition
to three-loop Oða4Þ-improved cooling [70] which was
used in the pure-gauge studies of Refs. [31,32]. This
will serve not only as an initial investigation into the

FIG. 2. Untouched (blue) and vortex-removed (red) renormalization functions ZðpÞ for all masses considered.
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vortex-only quark propagator in dynamical QCD, but
may provide further insight to any benefits or draw-
backs which may exist in each of the smoothing
approaches.

A. Simulation parameters

We obtain a Z(3) vortex-only gauge field ensemble from
the same 323 × 64 PACS-CS 2þ 1-flavor ensemble [39]
used in Ref. [59] and the previous section (mπ ¼ 156 MeV,
a ¼ 0.0933 fm, r0 ¼ 0.49 fm). This vortex-only ensemble
is smoothed by each of the respective algorithms developed
in Ref. [40], and with Oða4Þ-improved cooling, such that
we obtain four distinct smoothed vortex-only ensembles.
We denote the algorithms as follows:
CL Oða4Þ-improved cooling,
AS random-gauge-transformed, APE-style annealed

smoothing with smearing parameter α ¼ 0.7,

CP as for AS except centrifuge preconditioning is
applied prior to the random gauge transformation and
smearing parameter α ¼ 0.02,
VP as for CP but with vortex-preservation step applied.
These are outlined in Table I. See Ref. [40] for details.
In contrast to the untouched and vortex-removed calcu-

lations of Ref. [59] and Sec. IV, respectively, which used
H ¼ γ5Dflic, here we choose H ¼ γ5Dclover. As the gauge
field ensembles have already been smoothed, the additional
smoothing in the kernel provided by Dflic offers no benefit.
For the same reason we also elect to not used mean field
improvement as was done so in the untouched and vortex-
removed cases, as the mean link of the smoothed vortex-
only ensembles u0 ≃ 1. For optimal computational effi-
ciency, we choose to project out the 150 lowest-lying
eigenmodes and set the Wilson mass parameter to the

FIG. 3. Comparison of mass functions from Ref. [32] in pure-
gauge formq ¼ 12 MeV (a), and this study formq ¼ 9 MeV (b).
While 12 MeV is the lightest available mass from Ref. [32],
9 MeV is the closest mass in the current study. Note that the axes
of (b) have been adjusted to match (a).

FIG. 4. Comparison of renormalisation functions from Ref. [32]
in pure-gauge for mq ¼ 12 MeV (a), and this study for mq ¼
9 MeV (b). While 12 MeV is the lightest available mass from
Ref. [32], 9 MeV is the closest mass in the current study. Note that
the axes of (b) have been adjusted to match (a).
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canonical value amw ¼ −1.0, corresponding to a hopping
parameter of κ ¼ 0.16667 in the kernel and quark masses
mq ¼ 5, 8, 17, 25, 51, 76 MeV.
The matrix sign function is calculated using the

Zolotarev rational polynomial approximation, and a cylin-
der cut is applied to the propagator data.

B. Results

The vortex-only results are significantly noisier than the
untouched results of Ref. [59] despite having the same
number of gauge field configurations in the respective
ensembles. Consequently, at the lightest masses any poten-
tial differences between the quark propagators derived from
each smoothing algorithm are lost in the statistical noise.
For this reason, and the sake of brevity, we choose to
present only the results and analysis for mq ¼ 25 MeV.
The mass and renormalization functions are plotted in

Figs. 5 and 6, respectively. At this mass there are subtle
differences between the quark propagators obtained with
each smoothing algorithm. In the mass function, these
differences occur around the peak and in the p ¼
2–5 GeV region, whilst in the renormalization function

they occur in the infrared region. In an attempt to tease out
these differences we consider the correlated differences of
the mass and renormalization functions of each ensemble.
We choose the CP ensemble as a consistent baseline since
this algorithm most closely approaches the ideal of the
Wilson flow.
The correlated differences for the mass and renormali-

zation functions are presented in Figs. 7 and 8, respectively.
The CL renormalization function is consistent with CP
outside a slight deviation in the p ¼ 1–2 GeV region where
it sits high. Both AS and VP also sit high relative to CP in
this region. However, whereas CL shows a downward trend
back towards CP for p < 1 GeV, AS and VP appear to
continue to diverge on an upward trend away from CP as
p → 0. The correlated differences in the mass function
reaffirm the subtlety of the differences between the respec-
tive ensembles. The most prominent feature is in the p ¼
4–5 GeV region where both AS and VP sit low relative to

FIG. 5. Mass function MðpÞ for bare quark mass
mq ¼ 25 MeV. The labels for each simulation are defined in
Table I.

FIG. 6. Renormalization functions ZðpÞ for bare quark mass
mq ¼ 25 MeV. The labels for each simulation are defined in
Table I.

FIG. 7. The correlated differences between the respective mass
function MðpÞ from each smoothing algorithm and the CP-
smoothed mass function MCPðpÞ.

TABLE I. Summary of smoothing recipes. Steps are applied
from left to right starting with the Z(3) center-vortex configu-
ration in MCG. C indicates centrifuge preconditioning with
rotation angle ω. R indicates the application of a random gauge
transformation. N indicates the number of sweeps of cooling
(CL) or AUS at smearing parameter α. V indicates if a vortex-
preservation step was included in the AUS smearing.

Algorithm C ω R N α V

CL × � � � × 10 � � � ×
AS × � � � ✓ 20 0.7 ×
CP ✓ 0.02 ✓ 1190 0.02 ×
VP ✓ 0.02 ✓ 1190 0.02 ✓
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CP. Outside the neighborhood of this region, AS is
otherwise consistent with CP. VP, on the other hand, also
sits above CP in the p ¼ 1–2 GeV region. Similarly, CL
sits high in the p ¼ 2.5–3.5 GeV region. This analysis was
performed for all masses but did not provide any further
insight. The most notable aspect of these results, however,
applies to all ensembles considered. The peak in the mass
function at small p is much higher than expected. In this
sense, the results of the respective ensembles are broadly
similar.

VI. PROFILE FITTING

To gain further insight into the different smoothed
configurations, it is interesting to explore the nature of
the topological objects present. Our aim is to understand
the origin and nature of the dynamical mass generation
observed on the vortex-only configurations in the previous
section and examine the extent to which instanton-related
physics is dynamically generating mass. The conventional
wisdom is that instantonlike objects in the QCD ground-
state fields generate approximate zero modes, and this
density of zero modes gives rise to a chiral condensate
signaling the breaking of chiral symmetry and generat-
ing mass.
In addition, a detailed examination of the gauge field

structure may allow us to quantify differences in the gauge
fields produced by the various smoothing algorithms under
consideration.
Here we adopt an approach similar to that taken in

Ref. [71] where a connection to instanton physics was
established in QCD. One commences by searching the
lattice for sites which are local maxima of the action in
their surrounding hypercube. These are then taken as the
approximate center of an (anti-)instantonlike object, around
which we fit the classical instanton action density,

SðxÞ ¼ ξS
6

π2
ρ4S

ððx − xSÞ2 þ ρ2SÞ4
; ð37Þ

where ξS, ρS and xS are fit parameters. The parameter xS
describes the position of the center of the action-density
profile within the four-dimensional hypercube such that it is
not restricted to a lattice site. The parameter ξS is introduced
as the topological objects observed within the lattice
configurations are expected to have a higher action than
the classical instanton with ξS ¼ 1. We wish to characterize
the breadth of the object, ρS, using the shape of the action
density around the local maximum, rather than the height.
With the breadth of the topological object determined by

the action density profile, we can then compare this result
with the topological charge density at the origin of the
object. For a classical instanton of charge Q ¼ �1 the
established relation is

qð0Þ ¼ Q
6

π2
1

ρ4S
: ð38Þ

This classical relation is plotted in the following figures as
black curves for Q ¼ �1.
To determine the value of qð0Þ from the topological

charge density of our configurations, two approaches are
considered. Both approaches commence by fitting a rela-
tion analogous to Eq. (37) for the topological charge
density,

qðxÞ ¼ ξq
6

π2
ρ4q

ððx − xqÞ2 þ ρ2qÞ4
; ð39Þ

to the topological charge density calculated on the lattice.
The idea is to provide a functional form that can interpolate
the topological charge density to arbitrary values of x.
There are two values of x for qðxÞ that are of interest. The

first value of interest is qðxSÞ which estimates the value of
the topological charge density at the center of the action-
density profile. However, one might wish to allow the peaks
in the action and topological-charge densities to differ
slightly and instead report the peak value of the topological
charge density, qðxqÞ, found within a small hypercube
surrounding the local maximum of the action density. Both
of these methods are used in Figs. 9 and 10 to plot q
versus ρS.
In searching for maxima, we consider each point of the

lattice at the center of a 54 hypercube and report it as a local
maximum if the value exceeds all others within the
hypercube. While it would be sufficient to consider a 34

hypercube, we find the use of the larger hypercube to be
beneficial in finding maxima in the action density that have
a local maxima in the absolute value of the topological
charge density within the same hypercube.
For the CP algorithm, approximately 3% of the action

density peaks do not have a corresponding topological

FIG. 8. The correlated differences between the respective
renormalization function ZðpÞ from each smoothing algorithm
and the CP-smoothed renormalization function ZCPðpÞ.
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charge extrema within the hypercube and these maxima are
discarded from further analysis. This fraction was realized
for both the original untouched gauge fields and the vortex-
only fields. The VP algorithm preserves the roughness of
the vortex-only configurations, such that 6% of the actions
peaks do not have a corresponding extrema in the topo-
logical charge density within the 54 hypercube. The cooling
algorithm sits between these two with 4%–5% of action
peaks not associated with a topological charge density
extrema.
In comparing ρS and ρq, we find ρq ≲ ρS in most cases,

and attribute the smaller value of ρq to the need for the
topological charge to change sign. For tightly packed
objects of alternating sign, this can be a significant effect.
Thus we refer to Eq. (38) as a preferred way to examine the
extent to which the topological objects observed in the
lattice gauge fields resemble instantons as depicted by the
relation between the action density size, ρS, and the
topological charge density at the center of the object. In
the following we consider both qðxSÞ and qðxqÞ, where xS
and xq denote the positions of the action and topological-
charge density centers respectively.

Figure 9 illustrates the relationship between the topo-
logical object size as determined from the action-density
profile, ρS, versus the topological charge observed at the
center of the object determined by the action density, qðxSÞ,
and topological charge density, qðxqÞ. Instantonlike objects
will follow the classical relationship indicated by the solid
black curves in the plots.
The points in the left-hand column of Fig. 9 from the

smoothed untouched ensembles follow the classical curves
reasonably well, indicating some relevance for the instan-
ton view of dynamical mass generation. Here the CP
algorithm produces results that sit very close to the classical
curves. Motivated by the need to smooth vortex-only
configurations, the CP algorithm uses annealed APE
smearing at a very small smearing fraction to approximate
a gradient-flow algorithm. However the results are not too
different from the cooling (CL) and more conventional
APE smearing algorithms (AS).
Turning our attention to the right-hand column of Fig. 9,

we see the structure of the smoothed vortex-only configu-
rations is very different. The scatter of points well away
from the classical relation curves of Eq. (38) indicates the

FIG. 9. Comparison of qð0Þ from untouched (left) and vortex-only (right) gauge fields which have been equivalently smoothed using
CL (top), AS (middle) and CP (bottom) approaches. Both qðxqÞ (red, square) and qðxSÞ (blue, circle) are presented. The classical
relation is plotted in black.
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topological objects observed on the vortex-modified
ensembles often bear little resemblance to instantonlike
objects. This scatter of points in the right-hand vortex-only
column contrasts the instantonlike distribution illustrated in
the left-hand column of the untouched ensembles. Thus,
while vortex-only configurations generate mass, the close
connection to instanton driven physics is not as clear.
Further smoothing will drive the ensemble properties
towards the classical instanton limit. However, an equitable
amount of smoothing that is sufficient to invert the overlap
fermion matrix reveals important differences between the
field structures of UT and VO ensembles.
The plots also illustrate the presence of a dislocation

threshold at ρS ≃ 1.5. Objects with ρS < 1.5 are eventually
removed in the ongoing smoothing process.
On closer inspection of the right-hand column for vortex-

only results, we see the cooling algorithm, CL, generates a
distribution a little different from the almost identical AS
and CP algorithm results. The more aggressive nature of
cooling has produced a distribution of marginally smaller
objects with relatively small topological charge density at
the centers of the topological objects. The similarity of the
AS and CP distributions, indicates the centrifuge precon-
ditioning and the small step-size of the CP algorithm has
little effect in comparison to the standard APE smearing
step in the AS algorithm. This similarity carries over to the
vortex-preserving VP algorithm illustrated in Fig. 10. Here
one can see that for objects away from the dislocation
threshold at ρS ≃ 1.5, there is generally an excess in the
topological charge density at the center of the topological
objects compared to the classical instanton relationship.
Alternatively, one could argue that the measured size of

the topological objects is larger than the topological charge
density at the origin would suggest for an instanton. In this
case, the pointlike center-vortex origin of the topological
objects would suggest that the objects should be generally
smaller in comparison to the objects resolved from the
untouched configurations. As a result, this argument seems
counter intuitive and the better description of the mod-
ifications away from the classical relationship is that there
is generally an excess in the topological charge density at
the center of the topological objects, provided one is not too
close to the left-hand dislocation threshold of the
distribution.
To summarize, the classical relationship between the size

of an instanton and the topological charge density at its
center is reasonably well reproduced by the objects
resolved from the original untouched ensembles by all
three smoothing algorithms illustrated in Fig. 9. However
the objects resolved after an equivalent smoothing of the
vortex-only ensembles deviate much further from the
classical instanton relation indicating a novel ground-state
field structure. A connection to instantonlike physics
driving the observed dynamical mass generation is less
clear.

VII. VORTEX-ONLY AND UNTOUCHED
COMPARISON

We choose the CP smoothing algorithm to compute the
vortex-only quark propagator with improved statistics.
Given there are no striking differences between the quark
propagators computed in Sec. V which provide a compel-
ling reason to choose one algorithm over another, we
choose to employ the CP algorithm as it most closely
resembles the ideal of the Wilson flow.

A. Simulation parameters

We compute the vortex-only quark propagator on a CP-
smoothed vortex-only background as described in Sec. VA
with two key differences. First, we extend the ensemble
from the original 30 configurations up to a total of 60, and
second, here we choose amw ¼ −1.1, corresponding to
hopping parameter κ ¼ 0.17241 in the kernel. The former
is necessary to reduce the uncertainty in the results to an
acceptable level, whilst the latter ensures quark masses
match those of of the untouched propagator of Ref. [59],
which are mq ¼ 6, 9, 19, 28, 56, 84 MeV.

FIG. 10. Comparison of qð0Þ from a vortex-only gauge field
which has been smoothed using CP (top) and VP (bottom). Both
qðxqÞ (red, square) and qðxSÞ (blue, circle) are presented. The
classical relation is plotted in black.
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B. Results

The CP-smoothed vortex-only mass and renormalization
functions for each quark mass are plotted against the res-
pective untouched counterparts of Ref. [59] in Figs. 11 and
12, respectively.
It is in this direct comparison that the apparent excess

dynamical mass generation in the vortex-only mass func-
tion becomes clear. Even against the unsmoothed
untouched mass function, the vortex-only mass function
sits consistently higher in the region in which dynamical
mass generation occurs. This is in contrast to the pure-
gauge sector where the dynamical mass generation in the
vortex-only mass function matches that of the equivalently
smoothed untouched mass function [32].
Our consideration of very light quark masses on the

2þ 1 flavor light Wilson-clover dynamical-fermion con-
figurations presents significant computational challenges in
the inversion of the overlap-fermion matrix, and this limits
the number of configurations available for analysis. This
manifests in relatively large statistical fluctuations in the
quark propagator at the two smallest momenta considered.
These small momenta exploit the antiperiodic boundary
condition in the time direction and require the spatial

momentum components to be zero. As such, relatively few
samples are available on the lattice to build statistics in
accord with the other Z3 averaged momenta [68]. This is
particularly challenging at the larger timelike momentum
corresponding to the second-smallest momentum illus-
trated in the plots of Figs. 11 and 12.
It is interesting to note how the statistical fluctuation in

the original untouched quark mass functions at the second-
smallest momentum considered is also captured by the
vortex-only mass function. At the two lightest quark
masses, the central values and the uncertainties of the
fluctuations are amplified in accord with the enhancement
generally observed in the vortex-only mass function at
these light quark masses. However, as the uncertainties for
the results at this second-smallest momentum are very
large, we set this momentum aside in the following
discussion and do not consider its results further.
There is a peak in the vortex-only mass function at

lighter masses at the third smallest momentum considered.
This peak becomes less prominent with increasing quark
mass, ultimately reaching a plateau at the heaviest quark
mass. Whilst the height of the peak is mass dependent, the
data point at the smallest momentum is insensitive to the
valence quark mass.

FIG. 11. The CP-smoothed vortex-only (green) and untouched (blue) mass functions MðpÞ for all quark masses considered.
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The relative degree of “excess” dynamical mass gen-
eration in the 0.5 < p < 2.5 increases with decreasing
quark mass. The separation between the respective mass
functions shifts rightward with decreasing mass, separating
at p ∼ 2 GeV at the heaviest mass, but closer to p ∼
2.5 GeV at the lightest. This is of potential interest given
that the quark mass serves as a measure of explicit chiral
symmetry breaking.
Meanwhile, the direct comparison of the respective

vortex-only and untouched renormalization functions
reveals a divergence between the two. The degree of
divergence appears consistent across the different quark
masses in the p ¼ 1.5–5 GeV range. At all but the heaviest
masses, this divergence persists into the infrared with the
vortex-only function sitting consistently above the
untouched. As such, like the untouched, there is an uptick
in the vortex-only function at the lightest masses. However,
the minimum prior to the uptick is shifted rightward relative
to the untouched, and is less prominent making it more
difficult to precisely pinpoint. Like the untouched case, the
uptick vanishes at heavier masses, to the point that the
respective functions are in agreement in the region at the

heaviest mass. For p > 5 GeV the respective functions are
in agreement.

VIII. CONCLUSIONS

Early studies examining the impact of vortex-modified
ensembles on QCD properties were conducted in the pure-
gauge sector, with some consequential discrepancies in
their results. In studies of the quark propagator mass
function, a significant remnant of dynamical mass gener-
ation persists in the pure-gauge sector upon vortex-
removal. This is despite the full reproduction of dynamical
mass generation on a vortex-only background. Recent
studies of the static quark potential and gluon propagator
found that the presence of dynamical fermions resolves
similar quantitative discrepancies related to vortex modi-
fication in the pure-gauge sector. Motivated by these
results, we have now investigated whether dynamical
fermions can play a similar role in the context of the
vortex-modified quark propagator.
To this end, the Landau-gauge overlap quark propagator

was computed on a vortex-removed 2þ 1 dynamical

FIG. 12. The CP-smoothed vortex-only (green) and untouched (blue) renormalization functions ZðpÞ for all quark masses considered.
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fermion flavor gauge field ensemble. Dynamical mass
generation in the mass function vanishes upon vortex
removal at the lightest quark mass, demonstrating an
absence of dynamical chiral symmetry breaking and
resolving the discrepancy present in the pure-gauge sector.
Furthermore the quark mass governs the degree to which
chiral symmetry is explicitly broken. As the quark mass
increases, a remnant of dynamical mass generation emerges
and becomes more prominent but remains small.
Within this framework, the physics governing the quark

propagator renormalization function for large momenta is
largely unaffected in the process of vortex removal. The
vortex-removed renormalization functions remain very
similar to the untouched functions for p > 1 GeV. This
is to be expected as the perturbative physics that moves
ZðpÞ away from the tree-level behavior of ZðpÞ ¼ 1 is still
present after vortex removal.
For p < 1, a novel infrared suppression in the renorm-

alization function is observed upon vortex removal. This is
due to the level of perfection in the removal of dynamical
chiral symmetry breaking and its associated dynamical
mass generation upon vortex removal in full QCD.With the
mass function,MðpÞ ≃ 0, and momentum q → 0 as p → 0,
the denominator of the quark propagator vanishes as
p → 0. As the quark propagator calculated on the lattice
is necessarily finite, this demands that ZðpÞ → 0 as p → 0.
The Landau-gauge overlap quark propagator was also

computed on smoothed vortex-only ensembles obtained
from 2þ 1-flavor dynamical gauge fields. Respective
ensembles were smoothed by each of the recipes developed
in Ref. [40], in addition to Oða4Þ-improved cooling. For
direct comparison with the untouched propagator of
Ref. [59], a more precise calculation was performed using
the CP smoothing recipe with an additional 30 gauge field
configurations for an ensemble total of 60.
The nature of the topological charge fluctuations

observed in these smoothed fields has been examined. In
the untouched sector, the classical relationship between the
size of an instanton and the topological charge density at its
center is reasonably well reproduced by the objects
resolved after smoothing. However the objects resolved
after an equivalent smoothing of the vortex-only ensembles
deviate much further from the classical instanton relation
indicating a novel ground-state field structure.
Dynamical mass generation in the mass function is

qualitatively reproduced on the vortex-only background,
consistent with the pure-gauge sector. Unlike the pure-
gauge sector, where the amount of dynamical mass gen-
eration on the vortex-only background is consistent with

that of an equivalently smoothed untouched background,
excess dynamical mass generation is observed in the
vortex-only mass function—even when compared to the
unsmoothed untouched mass function. The relative degree
of the excess dynamical mass generation appears to have a
quark mass dependence, being larger at lighter masses.
These results appear to be independent of choice of
smoothing algorithm. It is difficult to tease out any subtle
differences which may be present between the various
smoothing algorithms.
The presence of dynamical fermions resolves the quan-

titative discrepancy observed in the pure-gauge vortex-
removed quark propagator. The cause and mechanism of
the excess dynamical mass generation from the vortex-only
background is unknown and is a topic of further research.
Together, these results support an important relationship
between dynamical fermions and center vortices, and
further add to the body of evidence supporting center
vortices as the mechanism underpinning dynamical chiral
symmetry breaking.
The COLA software library [72] was used to calculate the

lattice results reported herein.
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