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The substructure of the A(1232) resonance is studied in the py* — A(1232) transition via helicity
amplitudes within a quark-model framework that treats baryons as three-quark systems and includes both
quark-core and meson-cloud contributions. In the calculation of the transition amplitudes, the proton wave
function is Lorentz boosted from the proton rest frame to the A(1232) resonance rest frame. The
comparison of the calculated amplitudes A, /,, A3/, and §;,, with experimental data indicates a non-
negligible L = 2 admixture in the A(1232), about 80% of the A(1232) wave function in the S wave and
20% in the D wave. In particular, the S;/, amplitude is found to be dominated by the L = 2 quark-core
component rather than the L = 0 part. The results challenge the traditional understanding that the A(1232)

baryon is dominantly an L = O state.
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I. INTRODUCTION

The investigation of baryon mass spectra and internal
structure within three-quark models has been active for
several decades [l]. Resonances such as N(1440),
N(1520), and N(1535) remain of special interest because
of persistent tensions between theoretical predictions and
experiment [2—13]. These discrepancies point to limitations
of simple quark models and motivate the inclusion of
additional dynamical components; for example, meson-
baryon configurations and multiquark admixtures [14,15].

One promising approach to resolving these discrepancies
involves considering pentaquark and meson-cloud contri-
butions in baryonic models. Recent studies suggest that
these nonconventional components are critical for under-
standing the resonance spectrum more comprehensively
[16]. In particular, investigations into the helicity transition
amplitudes have provided new insights into the structure
of resonances like N(1440), N(1520), and N(1535),
revealing potential admixtures of higher orbital momentum
and exotic quark configurations.
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Meson-cloud contributions have been shown to signifi-
cantly affect both the transition form factors and helicity
amplitudes of several nucleon excitations. For example,
in [17], the kaon cloud was found to enhance the estimates
of radiative decays of strange baryons like X(1385) and
E(1530). This study emphasizes that, while the pion cloud
dominates processes like the y*N — A(1232) transition,
the kaon cloud plays an essential role in strange baryons.
These contributions extend to the Dalitz decays, demon-
strating the profound impact of mesonic degrees of freedom
on the form factors of baryon resonances.

Further insight into the role of meson cloud in the y*N —
A(1232) transition is provided by [18], which presents a
global parametrization of the neutron electric form factor
and the quadrupole form factors, G and G,. The study
highlights the dominance of the pion cloud in these tran-
sitions, particularly at low Q% and emphasizes that the
quadrupole form factors exhibit large radii due to the
extended structure of the pion cloud. These results suggest
that meson-cloud effects, especially from the pion, are
essential for accurately describing the A(1232) resonance.

A recent comprehensive review [19] summarizes the
status of electromagnetic N — N* and N — A transitions
and notes that both valence-quark structure (including
possible D-state components in the A wave function)
and meson-cloud contributions play roles in reproducing
quadrupole form factors. The review further indicates that
pion-cloud effects are typically important at low Q2 while
valence D-wave components are often a smaller contribu-
tion to the E2/C2 observables.
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While the A(1232) is often described as an S-wave
predominant three-quark (g3) state, experimental data
reveal nonzero longitudinal helicity transition amplitudes
(81/2) for the y*N — A(1232) process. This observation
implies that the A(1232) may not be a pure S-wave state
and could involve significant higher orbital (D-wave state)
components, as well as contributions from meson-cloud
effects and possible multiquark admixtures [20,21].

The study of D-wave state admixtures in the wave
functions of nucleons and A(1232) has provided valuable
insight. It has been demonstrated that, while D-wave state
components have minimal effects on the elastic form
factors of the proton and the magnetic form factor of the
neutron, they significantly influence the electric form factor
of the neutron [22]. Moreover, in the A(1232) — N tran-
sition, the D-wave state admixtures strongly affect the
electric form factor, particularly in the ratio Rgy;, which is
highly sensitive to these components. These observations
suggest that D-wave state admixtures are essential for
understanding the full structure of the A(1232) resonance.

Further, the inclusion of D-wave state components in the
A(1232) wave function has been shown necessary for
describing the electric quadrupole and magnetic octupole
form factors of the A resonance. These contributions are
key to explaining the y*N — A quadrupole transition and
provide a robust framework for analyzing lattice QCD
results [23]. At high Q? values, the valence quark con-
tributions dominate, while at low Q2 pion cloud effects
become more relevant.

The present study focuses on the substructure of the
A(1232) resonance in the py* — A(1232) process,
using helicity amplitudes as a key probe. We apply a quark
model framework that incorporates both the quark-core
and meson-cloud contributions, considering baryons as
composite three-quark systems.

The structure of this paper is as follows. In Sec. II, we
present the wave functions of the proton, which is Lorentz-
boosted from the proton rest frame to the A(1232)
resonance rest frame, and A(1232) used in this study.
We also introduce the helicity amplitudes A ,, A3/, and
Sy, for the py* — A(1232) transition, accompanied by the
corresponding quark-core and meson-cloud contributions
illustrated in Figs. 1 and 2, respectively. The results of the
helicity amplitudes, incorporating contributions from both
diagrams in Sec. II, are presented in Sec. III. Finally,
conclusions are summarized in Sec. IV.

II. HELICITY AMPLITUDES OF THE
py* — A(1232) PROCESS

The algebraic structure of the proton and A(1232) bary-
ons is governed by the product of standard spin, flavor,
and color symmetries: SU/(2) ® SU(2) ® SU.(3). We
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FIG. 1. Photon-quark interaction diagram of the py* —
A(1232) transition, where the photon directly interacts with
the quark core of the proton, leading to the production of a
A(1232) resonance through the photoproduction process.

*

FIG. 2. Photon—-meson-cloud interaction diagram of the py* —
A(1232) transition, depicted as a meson-in-flight diagram, where
the photon interacts with the virtual mesons which couple with
the quarks inside the proton, leading to the photoproduction of
the A(1232) resonance.

propose that the spatial wave function of the A(1232)
consists of a fully symmetric component in the L = O state,
along with two additional components in the L = 2 state,
that is, the symmetric (Spin S = %) and mixed symmetric
S = %). Within the three-quark model, the full proton and
A(1232) wave functions, in the baryon rest frame, are
written as

Tp(klﬂlskZH% kspu3;P=0,5)
1 .
=60 <Zki> ﬁl//f;_o ('t + 2w
Ya(pi's)'sp2'sy s ps'sss P =0,57)

=53 (Zm) [B'I/i,oﬂ(s + C’/’i,z ® 1
1 -
+D5 (Whs ® 7 + v, ®47) |$5we, (1)

where ¢ is the color wave function, and y* and ¢“ are
spin and flavor wave functions, respectively, of symmetry
type a. k;u; and p’s} are the momenta and spins of quarks
in proton and A(1232), respectively. The spatial wave
functions y§ ; describe the X baryon with orbital angular
momentum L and symmetry @, where @ = S (symmetric), 4
(lambda type), or p (rho type). The A(1232) wave function
is normalized with
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B2+ C*+D*=1. (2)

The spatial wave functions for the proton and A(1232)
baryons are represented in a harmonic oscillator basis in
Jacobi coordinates, as detailed in Refs. [16,24]. We have

s s
Yoo = an¥xo0-
N=024
s N
Yao =~ by¥Noo
N=024....
s s
Yanr = cn¥hom
N=246....
AMp Alp
V=Y dyWy 3)
N=246....

with the normalization conditions

Z (an)* = Z (by)* =1,

N=0.24,... N=0.24,...

(c N)2 =
N=246.... N=246....

(dy)* = 1. (4)

Here, W4, represents the harmonic oscillator basis in
Jacobi coordinates, with N as the principal quantum
number, L as the angular momentum, and M as the angular
momentum projection. The symmetry type of the baryon is
denoted by a. The spatial wave function of the proton, y/f,’o,
is derived by fitting its electric form factor to experimental
data (see Ref. [20] and Appendix for more details). In this
work, we fit the A(1232) spatial wave function compo-
nents, w3 5. w3, and w4, to experimental data on its
helicity amplitudes, A;/,, A3/, and S/, together. The
results are presented in Sec. III.

Because the helicity amplitudes are defined in the
resonance rest frame while the three-quark proton wave
function is specified in the proton rest frame (canonical
coordinates), the proton state must be Lorentz boosted
when evaluating transition amplitudes. The boost maps
quark four-momenta k| + k5 + k5 = (M, 0) in the proton
rest frame to p/ + p5+ p5 = (E.—k) in the moving
proton frame, where My =, Ex, E=) ,E,, and k
is the photon three-momentum. In the canonical basis the
boosted proton wave function becomes [25]

N | —

3 3
M= Y o [ Tl (twissw =051~

N W

3 3 .
Aspp = Z\/T_K / Hdpidpé‘PA ({pZ-S§}; P'=0.5 =

N[ =

3 3
Sijp= Z\/T_K/ Hdpidpﬁ‘l‘z <{pZ~SZ~}; P'=0.5 =

)
)
)

lPP(plslaPZSQ, p3S3;P = _k>

X DI]IH [R(kl)]Dzzﬂz [R(kZ)]DLM [R(k3)}
x W, (Kypp, Kopt, kyps; P =0), (5)
where D; , [R] represent the Wigner rotations acting on the

ith quark, accounting for the spin rotation induced by the
Lorentz boost. D , [R] are explicitly given by [26-29]

D, [R(k;)] = cos% —i(f; - o) sin%, (6)

where w; and 7; are the rotation angle and direction,
respectively, defined by

w; |k% xPY| k¢ x P¢
tan — = ———=——7~, n;, == G (7)
2 1+ky-P k& x PC|
in terms of the Gibbs vectors,
k¢ = k;
! Eki + m ’
P
PO = : (8)
E+ M,
with
3
P=> p.
i—1
Ek,' - \/ m2 + klz’
3
E=3 \/m +p}.
i—1
3
My =Y \/m*+Kk}. 9)

We compute the helicity amplitudes A /», A3/, and S/, in
the resonance rest frame using the quark-core wave
functions above. The amplitudes are defined by

1
(VZyv ZAT;? +Tye)¥, <{Pisi};P =-k,§, = —2>’
1
(\/ Z,\ ZAT;? + T/th)le ({Pisi}§P =-k,S, = §>,

(VZVETy + T, (P = k5. =3). (10
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Here, the symbol } indicates a shorthand for summing
over all spin, flavor, and color indices of the three-quark

states. The real photon momentum is represented as
K M3 —M

IR £, where M, and M, refer to the rest masses
of the A(1232) resonance and the proton, respectively. T’;3

represents the transition corresponding to the interaction
between the photon and quark i in the electromagnetic
process yq; = ¢, as illustrated by the quark line diagram
in Fig. 1. T}, denotes the transition where the photon
interacts with the meson cloud, which subsequently cou-
ples to quark i, as depicted in the quark line diagram in
Fig. 2. The superscript 4 refers to the helicity, where A = 0
represents the longitudinal helicity amplitude, and A = +1
corresponds to the transverse helicity amplitude.

The parameters Z, and Z, in Eq. (10) represent the wave
function renormalization constants for the proton and the
A, respectively. These constants ensure that the physical
electric form factors satisfy the charge normalization
condition. This condition is defined as the sum of the
quark-core contribution (Fig. 1) and the meson-cloud
contribution (Fig. 2), expressed as follows:

GE(0) = Z,Gc(0) + Gy (0) = 1
GE(0) = Z5Gpe(0) + Gyp(0) = 1, (11)

with the core contributions as
Ghel0) = Gie(0) = 1. (12)

Our calculation yields Z, = 0.95 and Z, = 1, correspond-
ing to G4,(0) = 0.05 and G4,-(0) = 0. The vanishing of
G4;(0) arises because the transition matrix of the meson-
in-flight operator between two fully symmetric isospin
I = 3/2 states is zero. For more details, we refer the reader
to our previous works about the study of N(1440),
N(1520), and N(1535) [20,21].

The quark-core contribution to the electromagnetic
transition is calculated in the impulse approximation, where
the photon interacts with only one quark, as illustrated in
Fig. 1. For instance, when the photon interacts with the
third quark, we have

T = sty (p)r"us(p)ei(k)(qialdiap)- (13)

Here, Q5 represents the electric charge of the third quark,
u,(p) is the Dirac spinor with spin s and momentum p, the
polarization vector of the photon (eﬁ) is defined as € =
(0,—%,—\/%,0) and €) = (5005) where @ is a
photon energy. The transition amplitude for the longi-
tudinal helicity component, S ,, is evaluated following the
formalism described in Refs. [30-32]. In this work, we
adopt a current quark mass for the up (x) and down (d)

quarks, setting m = 5 MeV.

For the meson-cloud contribution to the py* — A(1232)
transition, we consider only the leading-order process, as
illustrated by the meson-in-flight quark line diagram in
Fig. 2. Higher-order corrections are assumed to be sup-
pressed and negligible. Within the framework of the chiral
quark model, the dynamics of the interaction are governed
by the effective Lagrangians [33],

1 .
L — = 50
qqr oF ay”il//}’ﬂy Ty,

Lz = —ee3ymi0"miA,, (14)

where £, describes the interaction between quarks and

qqn
pions, with F = 88 MeV being the pion decay constant, 7’
the Pauli matrices acting in the isospin space, and z; the
pion fields. £,,, describes the interaction between photon
and pion fields, where A, is the photon field, and €3 is the
Levi-Civita symbol that enforces the symmetry properties
of the pion-photon interaction.

III. RESULTS

We fit experimental data of the helicity amplitudes, A, /,,
Asz), and Sy, of the py* — A(1232) transition illustrated
in Figs. 1 and 2, where the length parameter of the
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FIG. 3. Transverse helicity amplitude A/, for the py* —
A(1232) transition compared to experimental data. The blue
and green curves represent quark-core (QC) contributions, with
the blue (symmetric L = 0), green solid (symmetric L = 2), and
green dashed (mixed-symmetric L = 2). The black curve shows
the pion cloud contribution. The red dashed curve combines the
contributions of the L =0 and L = 2 quark-core components,
while the red solid curve presents the total result, including both
quark-core and pion cloud contributions. The experimental data
are taken from [32,34,35].
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FIG. 4. Transverse helicity amplitude Az, of the py* —
A(1232) transition compared to experimental data. The notations
for the curves are the same as those described in Fig. 3.

harmonic oscillator basis is chosen to be 400 MeV. In the
calculation, the wave function of the A(1232) resonance
takes both the L = 0 and L = 2 orbital angular momenta,
while the wave function of the proton is extracted from its
electric form factor with L = (0. For the meson-cloud
diagram shown in Fig. 2, the empirical pion charge form
factor

1
F N 15
ﬂ'ﬂ}/(q ) 1 _ q2/A2 ( )
is applied for the pion-photon interaction, with

A = 0.732 GeV, where ¢ is the momentum of the virtual
photon. Figures 3—5 present the helicity amplitudes of the
py* — A(1232) transition, contributed by the quark-core
diagram and meson-in-flight diagram, compared to the
experimental data (shown as colored dots).

The longitudinal amplitude §;,, in Fig. 5 shows a
clear signature that the contribution of the L = 0 quark
core to the S/, amplitude vanishes, and the amplitude is
dominated by the L =2 quark-core contribution. The
meson-cloud contribution is significant in low-Q? regions.
|
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FIG. 5. Longitudinal helicity amplitude S;,, of the py* —

A(1232) transition compared to experimental data. The notations
for the curves are the same as those described in Fig. 3.

In the low-Q? region (see Figs. 3-5), the meson cloud
accounts for roughly 30% of the amplitudes. For the
transverse helicity amplitudes A;/, and A3/, the quark-
core L =0 and L =2 components contribute approxi-
mately 60% and 10%, respectively, while the longitudinal
amplitude S;,, gets about 70% of its strength from the
quark-core L =2 component. For Q> 1 GeV?, the
quark-core L =0 term becomes dominant in A,/ and
Ajz). The fit of our model to the experimental helicity
amplitudes (Figs. 3-5) yields

B =0.892, C =0.300, D = 0.336,

corresponding to a A(1232) composition of approximately
80% in the L = 0 state, 9% in the L = 2 symmetric state,
and 11% in the L = 2 mixed-symmetric state.

The expansion coefficients appearing in Eq. (3) are listed
below (entries are ordered according to the indicated N
values):

{ag. as. g, ..., a1} = {0.930,—0.007,0.254, 0.235,0.116, —0.004},

{bo. by, by, ... b1p} = {0.994,-0.022,0.049, 0.029, —0.045, —0.065},

{Cy. CavCor oo crnt = {0.615,0.172,0.526,0.316,0.388,0.252},

{dy.dy. dq. ....d,} = {0.922,0.037,0.145,0.247,0.200, 0.156}. (16)
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In the present analysis, the key methodological elements
are as follows: (i) The relative weights of the symmetric and
mixed-symmetry L = 2 components are determined by a
simultaneous fitto A; ,», A3/, and S /,; (ii) the proton wave
function is Lorentz boosted to the resonance rest frame and
the associated Wigner-rotation factors are included in the
transition matrix elements [see Eq. (5)]; and (iii) the meson-
cloud contribution is evaluated within the chiral quark
model using an empirical pion charge form factor, with the
meson-in-flight diagram included explicitly.

IV. SUMMARY AND DISCUSSION

We have investigated the substructure of the A(1232)
resonance in the py* — A(1232) process using helicity
amplitudes. The analysis uses a three-quark model that
includes both quark-core and meson-cloud contributions;
the proton and A(1232) wave functions are constructed
according to the spin, flavor, and color symmetries
SU(2) ® SU,(2) ® SU.(3). The proton wave function
is Lorentz boosted from the proton rest frame to the
resonance rest frame in the calculation of the transition
amplitudes. Spatial wave functions are expanded in
harmonic-oscillator bases in Jacobi coordinates; the
A(1232) includes both L =0 and L =2 components
while the proton is taken in an L =0 configuration.
These spatial components are fitted to the experimental
helicity amplitudes A /,, A3 5, and S /. The amplitudes are
computed by including both the direct photon-quark
interaction and the meson-cloud contributions, where the
latter are evaluated in the chiral quark model using the
empirical pion charge form factor.

The study confirms that the meson cloud plays a crucial
role at low Q2 while at higher momentum transfers the
L =0 and L =2 quark-core component significantly
determines the amplitude shapes. The agreement between
the theoretical results and experimental data, as demon-
strated in Figs. 3-5, reveals the importance of including
both quark-core and meson-cloud contributions to fully
describe the helicity amplitudes.

It is found from the fitting that about 80% of the A(1232)
wave function resides in the L = 0 (S-wave) configuration,
with the remaining 20% L = 2 admixtures. Particularly for
the longitudinal helicity amplitude S, ,, the L =0 com-
ponent of the A(1232) resonance is shown to have no
contribution, with only the L =2 component playing a
role. These results challenge the traditional understanding
that the A(1232) baryon is dominantly an L = 0 state.

Earlier quark-model studies have examined the influence
of D-wave admixtures on the A(1232) quadrupole strength
(see, e.g., Refs. [22,23]). Those works report D-wave
probabilities at the level of a few percent and indicate that
meson-cloud or other nonvalence mechanisms are impor-
tant for reproducing the observed E2 and C2 amplitudes.

The observed strong suppression of the L = 0 contri-
bution in S/, highlights the sensitivity of longitudinal
transitions to orbital deformations and suggests a fruitful
avenue for further model refinement. The presence of a
significant L =2 component in the A(1232) resonance
structure opens up intriguing possibilities for future studies,
particularly in refining models that go beyond the simple
quark-core picture.
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APPENDIX: SPATIAL WAVE FUNCTION

The spatial wave functions in Eq. (3) are expanded in a
harmonic-oscillator basis. In general, the three-quark
baryon basis can be obtained as the solution of three
equal-mass quarks (m) in a harmonic-oscillator potential.
For convenience, the problem is solved in Jacobi coor-
dinates to remove the center-of-mass motion, so the spatial
wave function in position space is written as

lI"K/,L,M(}“ p) = Z Z A(”p’ Ly, 1)
ny,l,.n;.0 my.m,
X l//n,l,l,l,ml (l)l//n,,,l/,,m/, (p)

2 C<lﬂv m;; l/,, mp;L’ M)7

(A1)

where the single-particle solution of a three-dimensional
harmonic oscillator is

2a’n! 22 A
T remp @
E R

Ynlm (I‘) = (A2)

The coefficients A(n,,l,,n;.l;) can be determined in the
language of the permutation group. The quantum numbers

appearing above are related by
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N=2n;+n,) +1,+1,

L=01®]Il, (A3)
and the Jacobi coordinates are defined as

1 r +r, —2r

NG ,
p= L\/;z (A4)

We have the orthonormality relations
/dl'(ll/n,z,m(r))*ll/n,z,m(r) = G011 O s

/ d/ldp(‘PN, L. M/( 7.0))*‘1%,L,M(/1’P) = ONNOLLOM M- (AS)

The basis states ¥ ; ,,(4,p) for the symmetric L = 0, symmetric L = 2, and mixed-symmetry L =2 spatial wave

functions are listed in Tables I, II, and III, respectively.

TABLE I. Symmetric L = 0.

Wi00(dp) = ¥0.0.0(A)¥o000(P)

5004 p) = \/L- W1.00(A)Wo000(P) + wooo(Dwio0(p)]

lPio.o(}“p) = \4/;_ [, 0. oMwo00(P) +vo00A)wao0(p)] + @V/l.o,o (Dwi00(p)

¥eoo(hp) = 75 W2.00MW100(0) +¥100(Aw200(p)] + ﬁ- [W3.00(MW000(0) +¥o00(AY300(0)]

‘I’goqo(l,p) - % [W4.00(D)wo.00(P) +wo00(Mwaoolp)] + \/W w300 (ADw100(0) + Wi00(Aws0(p)]

+ \/_lllz 00(Mw200(p)
Wlooo(4:p) = 3 [‘//5 00(D¥0.00(P) + Wo00(Awsoolp)] + LG_ Wa00(M¥100(p) +W100AWao0(p)]
+525 W300(Ww200(P) +W200(AY300(0)]

TABLE II. Symmetric L = 2.

ngi,z‘M(/l’P) = T[Won(/l)‘//ooo(P) + 000 M)Wo2.u(p)]

Viom(p) = L[V/l 2 (Dwo00(P) +wooo(Mwi2m(p)] + [V/OZM(/DI//I 00(P) Twi100A)woam(p)]

Yoom(p) = \/——[szM(i)Wooo(P) +vo00A)w22m(p)] + [ll/le(i)lllloo( )+ vi00Wwi2m(p)]
+ 1 o2 Dw200(p) + ¥200(A)Wo2m(p)]

Viom(dp) = \/_ w30 (Dwo.00() + woo0(Awsom(p)] + [ mAw100(0) +wi00A)w22m(p)]
+ f O [y 2w (Dw200(0) +wao0Wwi2m(p)] + [ Yoo, M( Ww300(P) +w300(AWo2u(P)]

Vioam(4.p) = \/146? Wa2m(DWo00(0) +woooA)warm(p)] + £ W32m(DW100(P) +¥100A)ws2m(p)]
+°76 \ﬁ Lo (Dw200(P) +v200(Awaom(p)] + L Wi2m(Dw300(p) +w300(AW12m(P)]
+ \/‘ S woom(Mwaoo(p) +waoo(Mworm(p)]

TfZZ,M (4p) = \/_ 2 w5 om (ADwo.00(P) + Wo00(Awsom(p)] + 552 [W4 2 (Dw100(P) + 100D wazm(p)]
+5 \/_ Qw320 (Ww200(p) + w200(Aws,, M(P)] ['//2 2 (Dw300(p) +v300(Dw22m ()]
+ ‘42_ Wi2m(Dwaoo(p) +waoo(ADyi2m(p)] + £ Woom(Dwsoo(p) +wsoo(AWoru(p)]
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TABLE III. Mixed-symmetry L = 2.

A type

lI’/zl.z,M(/L/’) = ﬁ [Wo,o,o(/l)Wo,z,M (P) = wo2m(MDwooo(p)]

W‘E‘,ZM()" p) = @ [llfl 2 M(’DW0,0,0(/)) —Wo,. o(4 )llfl 2m(p)] + 105 [ll’o om(4 )Wl,o.o (p) = VILO,O(;L)V/O,Z.M (»)]

Woom(hp) = Q() W22 (DW000(0) = Wo.00AWW220(P)] + 5 w1200 (W 1.00(P) = ¥1.00(DW1.21(0)]
+ 3 Worm(Ww200(0) = wa200(Awoom(p)]

Té,Z.M(’l’p) = £ [W% 2 (Dwo00(p) = Wo.oo( W32 M( N+ [1/12 2 M()“)l//l 0, olp) =y oo(i)lllz 24M(p)}

% [Wl 2M(/1)W200( ) Wz,oo( )V/l 2, M(P)] %_ [llfoz M( )llfs 00(,0) Y3, 00( )Won(P)}

lP/IIO-Z,M (4p) = Q [1//4 2 M(/l)llfo,o.o(ﬂ) —¥o,0, o(4 )U/4 2 ()] + £ ['l/3 2, M(/l)llll 00(P) = W1, 0(/1)ll/3 2m(P)]
+ ﬁ [lllz,zﬁM( )Wz.o,o(P) — Y20, 0( )l//z 2 M(p)] £ [l//l 2, M(/I)l//3 0, O(P) W30, 0( )Wl,z,M(P)]
+ g Wo2m(DW200(P) = w200 A)Wo2m(P)]

Phoonr) = B s 5 (Dyo00(p) = Wooo(AWsam(p)] + m 2 W 100(P) = W100(WWa 2.1 (p)]
+5 F [ll/3 2 (DW200(p) = w2003z M(P)] [llfz 2 (DW300(P) = w300(M)W22m (»)]

+¥5 5 w1 o (DW200(P) = Wa00(Aw1 20 ()] + g Wo2m(Dy200(P) = w200 Wo2m(p)]

p type

¥, m(dp) = Wo.1.m, (1) @ Wo.1m,(P)

Yoo u(dp) = % Wi1m,(4) @ Wo,1m,(P) +Worm, () @ Wi1m, (P)]

Foom®n) = Y2, () @ Worm, (0) + Worm,(2) ® ot ()] + YW1 1.0, (D) @ W1, ()

Veam(p) = @ V3.1, (4) @ Wo,1m,(P) +Wo1m,(4) @ W31m,(P)]
2 W21, (D) @ W11, (0) + W11, (2) @ W1, ()]

T€0~2~M(’1’p) = % [ll/4_1,m} (1) ® Yo,1.m, (p) + Wo,1.m, (4) ® Vi lm, (p)]

+5%° m V3.1 m;( ) ® Wl,l,m,,(ﬂ) TWim, (1) ® Y3.1m,

\/16—1//2 1, (4) ® W21, (P)

T@zi,z.M(’L/’) =
4 Y1630 \/165 [

P

)
()]

P

F [WS 1.my (’1) ® l//(),l,m/J (/7) + WO,],mA (’1) ® WS.l.m/, (/J)]
Waim,(A) @i tm (P) +Wiim(A) @ waim (p)]

P

e W31, (A) @ Watm, () + Waim,(A) @ W31 (p)]

Note that the transformation of harmonic-oscillator basis functions from coordinate space to momentum space leads to an

additional phase factor (—i)V
conjugate to A and p.

. That is, for W%, ,,(4.p), we have (—i)"W% , ,,(p;.p,), where p;, p, are the momenta
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