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Black hole ringdowns in extensions of general relativity (GR) generically exhibit two distinct signatures:
i) theory-dependent shifts in the standard black-hole quasinormal modes, and ii) additional modes arising
from extra fundamental fields—such as scalar, vector, or tensor degrees of freedom—that can also contribute
to the gravitational-wave signal. As recently argued, in general both effects are present simultaneously,
and accurately modeling them is essential for robust tests of GR in the ringdown regime. In this work,
we investigate the impact of extra field-induced modes, which are often neglected in standard ringdown
analyses, on the interpretation of gravitational-wave signals. To provide some concrete examples, we focus
on dynamical Chern-Simons and Einstein-scalar-Gauss-Bonnet theories, well-motivated extensions of GR,
characterized, respectively, by a parity-odd and a parity-even coupling between a dynamical scalar field and
quadratic curvature invariants. We show that including extra field-induced modes improves the bounds on
these theories compared to standard spectroscopy and also allows for equally constraining complementary
tests not based on quasinormal mode shifts. Our analysis highlights the relevance of incorporating extra
field-induced modes in ringdown templates and assesses their potential to either bias or enhance constraints

on GR deviations.
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I. INTRODUCTION

The black hole (BH) spectroscopy program [1-4] is a
central component of strong-field tests of general relativity
(GR) [5-8], offering a unique avenue for probing the
nature of compact objects formed in the aftermath of
binary coalescences [9] (see [10] for a recent review).
This approach focuses on analyzing the ringdown phase of
gravitational-wave (GW) signals, where the newly formed
remnant emits radiation that, in a certain time frame, can
be characterized by a superposition of quasinormal modes
(QNMs) [11-14].

Within the framework of linear perturbation theory,
the GW signal h(r) at intermediate times after merger is
modeled as a sum of damped sinusoids corresponding to
the remnant’s QNMs [15], which reflects the BH relax-
ation toward a stationary configuration. If the remnant is a
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BH, GR predicts that its full QNM spectrum is completely
determined by only two parameters: the remnant’s mass M
and dimensionless spin y. This distinctive property enables
stringent null tests of GR [5,16-23] and serves as a robust
tool for probing the fundamental nature of the remnant
[24-26]. Very recently, the LIGO-Virgo-KAGRA (LVK)
Collaboration performed the first robust spectroscopy test
using the exceptional GW250114 event [27,28], con-
straining the first overtone frequency with an accuracy
of approximately 30%, and finding some evidence for
other modes in the ringdown of this event.

Almost any theory beyond GR predicts extra degrees
of freedom coupled to gravity [6,29]. These extra
fields (whether scalars [30-33], vectors [34-36], tensors
[37-39], etc., depending on the theory) may modify the
stationary BH solutions, leading to deviations from the
Kerr metric, and/or modify the dynamics of the theory.
As recently put forward [40], in either case two generic
predictions are: i) a deformation of the standard Kerr
QNDMs, and ii) the existence of extra field-induced modes
in the gravitational signal that can be excited during the
ringdown [39-45].

In this work we build on the recent analysis of [40]
by applying their framework to two specific examples:
dynamical Chern-Simons theory [32] and Einstein-scalar-
Gauss-Bonnet theory [31]. Both theories extend GR by
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introducing a (parity-odd and parity-even, respectively)
scalar field, coupled to quadratic curvature invariants.
Indeed, these theories are among the best studied high-
curvature deviations from GR and serve as complementary
representative examples for quadratic curvature corrections
that might be relevant during the merger of compact
objects. Furthermore, the BH QNM spectrum and the
excitation of the extra scalar modes in GW signals in these
theories have been studied in some detail [41,46-60],
making them two perfect test beds to quantify the impact
of extra modes in the ringdown waveform, which is
our main goal in this paper. Henceforth we will use
G =c =1 units.

II. FRAMEWORK

As recently proposed in [40], a general model for
the ringdown waveform in theories beyond GR can be
written as'

h(t) = ZAt’mn COos (Z”fiir;;f + ¢fmn)e_t/7§:x
mn

+ ZAAfmn Cos (2”ffmnt + &fmn)e_t/ffmn s (1)

mn

where Az,ns Orimns femn> a0d 74,,,, respectively, denote the
amplitude, phase, frequency, and damping time of the
(Z,m,n) mode, with (£,m,n) denoting the angular,
azimuthal, and overtone number, respectively. The funda-
mental mode is denoted by n = 0, with n > 0 tones having
shorter damping time. We shall use the hat to denote
quantities related to the extra (scalar, vector, tensor, etc)
field-induced modes, whereas f¥*' and 7" are the
frequency and damping time of the ith gravitational mode,
where the index i = (£mn) is a shorthand notation.

We will focus on small deviations to GR, which are
motivated by considering Einstein’s theory as the lowest
term in an effective-field-theory expansion, and also by
the stringent observational constraints already placed by
GW observations [5,10,27,28]. We can therefore write the
QNMs as’

T%rav —

f%rav _ f%{err(l + 5fi)v T%(err(l +5T,~), (2)

fi= ff'iem:o(l +8f)), 7= Tf(emzo(l +6t;).  (3)

Kerr,s=0

; and

In the above expression, fX°T and 7K (resp., f

7Kem5=0) are the standard gravitational (resp., scalar) QNM

'For simplicity, we assume circular polarization.

For concreteness, we shall assume that the extra modes are
scalar degrees of freedom, but our formalism is general and
applies straightforwardly to any other cases.

frequency and damping time of a Kerr BH in GR, and
depend only on the remnant mass M and spin y. The
quantities 6X’s collectively denote small, theory-dependent
deviations from the leading-order quantity X. These cor-
rections depend generically on (M, y), but also on any
fundamental coupling constant of a given GR extension.
Their explicit expression must be compute on a case-by-
case basis, either perturbatively in the spin [41,46-55] or
fully numerically [56-61]. An alternative approach is to
parametrize the QNM deviations, either assuming that 6X’s
are constant (independent of the BH parameters and theory
couplings) [5,21,22] or, more realistically, by considering
a small-spin expansion of each deviation [62-64],
which inevitably inflates the number of free parameters
in the model.

However, when it comes to the extra field-induced
modes, an important simplification occurs [40]: since the
amplitudes Ai of these extra modes are proportional to
(powers of) the coupling constants and hence vanish in the
GR limit [41,43,44,47], to leading order in the corrections

one can neglect o f ; and 67;, so that the GR deviations are
generically parametrized only by the amplitude of the fest-
field modes, independently of the theory (see, e.g., [65,60]
for tabulated values of test-field QNMs in Kerr). Since
these corrections are generic and involve only amplitudes
and phases rather than frequencies, we dub a test based on
extra field-induced modes as BH ringdown amplitude-
scopy, to distinguish it from the usual BH ringdown
spectroscopy, which involves measuring shifts in the
QNM frequencies.

Overall, to leading order in the GR deviations, the most
general ringdown waveform can be written as,

hr) = Y Ascos 2afKer(1+ 6 7)t + p)e T

~Kerr,s=0

+ ZA,- cos 2z f L =01 + e/ (4)
i

Ordinary ringdown tests of gravity are based on the first
line of the above waveform, whereas the extra field-induced
modes enter in the second line, remarkably in a model-
agnostic fashion, since the only beyond-GR parameters are
the amplitudes A,- and phases 431 [40]. Very recently, this
approach has been formalized in [45], showing that Eq. (4),
derived in [40], is the most general ringdown waveform in
the context of small GR deviations.

III. EXAMPLES: CHERN-SIMONS
AND GAUSS-BONNET GRAVITY THEORIES

Our case studies will involve dynamical Chern-Simons
(henceforth, CS) and Einstein-scalar-Gauss-Bonnet (hence-
forth, GB) gravity theories. CS theory is defined by the
action (following the conventions in Ref. [67])
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Fits for the corrections to the QNM frequency and damping time as a function of the spin y for CS gravity [68] (continuous

lines) and GB gravity [60] (dashed lines). For each theory, we show the deviations of the (220) (blue) and (330) (purple) modes. Dotted

and continuous curves refer to axial and polar modes, respectively.

1
SCS = /d4x —g —§/d4x —gg’wvﬂ&vlﬂ

—|—aCS/d4x‘/—g19*RR. (5)

where 8 is a (pseudo)scalar field, *RR = %Raﬁyéeﬂae‘pRZ; is
an odd-parity quadratic-curvature invariant, and acs = ¢g
is the coupling constant.

GB gravity is instead defined as (following the con-
ventions in Refs. [60,68,69])

1
SGB :/d4x —g —E/d“x\/—gg"’“vﬂﬁvyﬂ

+ agp / d*x\/=GI(R* — 4R, R™ + Ry, sR%1%).
(6)

In this case 9 is an ordinary scalar field (the dilaton, when the
theory is framed as a low-energy truncation of string theory),
which couples to the (even-parity) Gauss-Bonnet topological
invariant. Since also in this theory the coupling has the
dimensions of a length squared, we define agg = féB.

While spherically symmetric BH solutions to CS gravity
are equivalent to the GR Schwarzschild solution, in both
theories spinning BHs are different from Kerr and are
endowed with a nontrivial scalar field. Furthermore, the
field equations couple perturbations of the background
scalar field to those of the metric [41-43,45,59,60],
resulting in different effective potentials and coupling
terms, even in the nonrotating case.

The QNMs of spinning BHs in these theories have been
originally compute in a small-spin expansion [41,46-55]
and, more recently, fully numerically [56-60]. Here we will

make use of the fitting formulas for the gravitational modes
provided in Table V of Ref. [60] for GB gravity, and
Table V of Ref. [68] for CS theory. These fits provide

57:1‘ - _ CT, ()() (7)

8fi = CFily). )
where {T; is the deviation of the imaginary part of the
ith QNM, namely the inverse of the damping time 7,. In
Appendix A, we review a derivation of Eq. (7) and provide
the fitting coefficients. The dependence on the coupling
constant and remnant mass can be factored out into a

2
(43 .
—%%, so that the functions F;

and 7'; (for any given ith mode) depend only on the remnant
spin, and are of course different for the two theories. In
Fig. 1, we plot F; and T; for the most relevant QNMs in
these two theories. Note that beyond-GR effects break the
isospectrality [70] of the gravitational modes that can be
classified as polar and axial in the nonspinning case
[48,71,72]. As a result, each (£mn) mode is further split
into an axial (A) and polar (P) mode. As a check, we can
observe that, in the zero-spin limit for CS gravity, the
deviations of the polar frequencies and damping times
approach zero [41].

Finally, in both theories, the extra modes will be those
of a test scalar field in Kerr, which are tabulated as a
function of the mass and spin [65,66]. To the leading order,
also the amplitudes of these modes scale with the coupling
constant [41-43,45,59,60]

dimensionless coupling { =

Afmn = yfmng' (8)

Putative higher-order corrections are consistently neglected
within our framework. For a given theory, the normalized
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amplitudes y,,,, and the phases qAﬁfmn depend on the
properties of the progenitor binary. Here we will just
consider them as free parameters of the model. Since we
will only consider (220) scalar modes, we will simplify the
notation by defining y = y55).

Note that the perturbative approach imposes A, <
Aguns but v can be larger than unit as long as ¢ < 1. For
example, for typical values adopted below (Zgg/cs~
35 km, M ~60My, and Ay, = 1), we get {~0.02, and
even for y = 10 the extramode amplitude ratio is small,
Ap/Azo = 0.2.

IV. BH RINGDOWN AMPLITUDESCOPY

In this section, we present our results for the two case-
study theories presented above. The ringdown signal
consists of two GW polarizations, with each component
decomposed onto a basis of spin-weighted spheroidal
harmonics that depend on the inclination angle ¢ of the
remnant’s spin axis [23].

We focus on nonprecessing binaries and include one or
two fundamental gravitational QNMs, namely (220) and/or
(330), plus possibly the fundamental mode of the extra
(scalar) field. Nevertheless, our methodology is general and
can be extended to include additional higher-order modes,
overtones, spin precession, and other field-induced modes
[40]. We exemplify our test on mock data by performing a
Bayesian parameter estimation using the PyCBC Inference
code infrastructure [73].

A. Ringdown amplitudescopy with O4-like
mock data and ¥ =m =2 modes only

Here, we consider a scenario where a ringdown signal in
the modified gravity theories reported above is detected
by current-generation interferometers with a represen-
tative ringdown optimal signal-to-noise ratio (SNR) of
SNR = 20. We assume detection by the LVK network
operating at O4 sensitivity provided in Ref. [74], but the
specific choice of the sensitivity curve has a mild impact
on the analysis. We consider a GW250114-like system
[27], with final mass M = 60M and final spin y = 0.67.
As areference, the choice of SNR (computed starting at the
peak of the ringdown signal) and parameters corresponds
to a luminosity distance d; ~ 236 Mpc in O4.

For each of the two theories under consideration, we
consider the following waveform models,” all based
on Eq. (4):

(1) specPA: Ordinary BH spectroscopy with the polar and

axial modes. According to the analysis of [69], we

*Note that, for sources at low redshift—including those detected
to date and the loudest events expected in the future—the
luminosity distance is degenerate with the overall ringdown
amplitude. As a result, it can be omitted without loss of generality.

include the fundamental polar (220P) and axial
(220A) modes, using the QNMs provided in
Refs. [60,68] as functions of (M, y). This is possibly
the easiest way to analyze modified gravity theories
in the ringdown, since it involves only £ =m =2
modes with no ordinary, highly damped overtones.
The parameters that describe this model are

0= {M X s G A20.ps Ao > $220.p+ P220.4» l}’
)

A220,/\

Axop”
(significantly) smaller than unity, since the ampli-
tude of the polar mode is expected to be (signifi-
cantly) higher than the axial one in a merger, given
that the latter are at least suppressed by some factor
of the relevant source velocity in a post-Newtonian
sense [75], as it happens for magnetic corrections
relative to electric ones (see, e.g., [76,77] in the
inspiral regime). However, lacking dedicated esti-
mates for this ratio coming from actual simulations,
we will keep it as a generic parameter.

(i) AmplPA: BH ringdown amplitudescopy for quad-
ratic gravity theories. This is the generalization of
the specPA model presented above, but with the
addition of the extra scalar mode. In this case, the
waveform parameters are those in Eq. (9) plus
two more,

where A%, , = This ratio is expected to be

0c {% 43950}- (10)

Since the modes used in this test have all the same
spheroidal-harmonic decomposition, £ = m = 2, the incli-
nation z is degenerate with the total amplitude, so the above
waveform models have effectively one parameter less.

For the results of this section, we assume nearly
symmetric binaries, so that the amplitude of putative
odd higher modes can be neglected [19]. Furthermore,
we neglect the possible effect of £ =m =4 modes.
Although some evidence of the latter was identified in
GW250114, they were poorly measured [28]. Also, due to
the lack of QNM computations and challenges in their
modeling [10,23], we neglect the addition of overtones,
although a robust detection of n = 1 was recently obtained
for GW250114 [28].

In this first part, we perform an inference test by injecting
a signal with AmplPA and recovering it with the same
model. We consider the network configurations discussed
above and inject a coupling length £¢g/gGg = 35 km which,
for M = 60M, corresponds to { = 0.024. Although this
value exceeds current upper bounds [78], it represents a
typical scale that can be constrained through BH spectros-
copy in representative LVK events [69]. We also inject
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FIG. 2. Distributions of £ (left panels) and £ (right panels) for 3+ Ama — ) 25, Top and down panels represent the cases of y = yyy;,
and y = 0, respectively. We assume SNR = 20 with the O4 LVK network The prior on Zgg/cs is uniform in the range [0,60] km.

A%y 4 =025, and do not sample over the y parameter,
fixing its value to the injected ones, y = i, € {0,1,5,10}.
We chose to fix y for two reasons. The first is because,
ideally, for a given theory, one could have an estimate of
that value in terms of the progenitor parameters from
simulations, which are finally available for certain theories.
The second is more technical: indeed, y is degenerate with
final mass and «a, and its measurement might be difficult.
Nonetheless, in Appendix B we relax this assumption and
include y in the sampling parameters, obtaining similar
results as those presented here.

The resulting posteriors for £g and £p are shown in the
top panels of Fig. 2. As y increases, the constraints on the
coupling constant become tighter. The cases with y = 0 and
y = 1 give nearly identical results, reflecting the fact that
the scalar amplitude is too small to be relevant in that
regime. Even though our analysis is based on mock data,
we can compare the y = 0 case with the results of Ref. [69]
for GW150914. In that work, the reported upper bounds on
Zcs/cp are 53.6 km and 46.5 km, while our analysis yields
45.6 km and 43.8 km for the two theories. The overall
agreement is satisfactory, while the remaining differences
can be ascribed to the use of mock data with a rotal
postmerger SNR = 20 in this work, as opposed to real data
with ringdown SNR = 8 in Ref. [69].

Next, we assess the impact of neglecting a scalar mode in
the inference. To this end, we inject signals with AmplPA
for different values of y, and recover them with SpecPA. In
this setup, the true signal includes an additional scalar
mode, while the recovery template accounts only for the
polar and axial gravitational modes. To quantify the
mismatch, we compute the Bayes factors

Z ec
B(y) = S5ect, (11)

ZAmplPA

where the numerator denotes the evidence of a recovery
with y = 0, whereas the denominator denotes the evidence
of a recovery with the true injected value. The posterior
distributions for £/ in both cases are shown in Fig. 2,
while the corresponding Bayes factors are listed in Table I.
As expected, the Bayes factors increase monotonically
with y. According to Jeffreys’ scale [79], a log;, Bayes

TABLE I. log,, Bayes factors defined in Eq. (11) for CS (first

row) and GB (second row) theories for 72+ Ama — ()25,

Theory  logigB(y =1) loggB(r=5) logyB(y = 10)
CS -0.04 -0.52 -1.77

GB —0.03 -0.28 -1.70
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factor greater than —1 (—2) indicates strong (decisive)
evidence in favor of the true model. In our case, we find
strong evidence in both theories for y = 10, while fory <5
the extra scalar mode has negligible statistical evidence.

Finally, from the bottom panels of Fig. 2 we observe that
neglecting the scalar mode in the recovery biases the
inferred coupling length: Zcg is underestimated, while
Cgp 18 overestimated, with respect to the injected value
of 35 km. The opposite shifts in the distributions when y;y;
is large can be understood as follows. The (220) scalar
mode has higher frequency than the (220) axial and polar
modes in both GB or CS theories [40]. From Fig. 1, we see
that for y = 0.67 the GB deviation is positive, whereas the
CS is negative. Hence, in the former case one would need
a larger coupling to recover the scalar mode with a
y = 0 model, while in the latter case one would need
Ccs & acg < 0, which is clearly forbidden. Hence, the
smallest allowed value, £cg = 0, is favored in order to
make the (negative) CS deviation of the (220) axial mode as
small as possible. Both trends are consistent with the
posteriors shown in the bottom panels of Fig. 2.

We also have performed the analyses of Fig. 2 by
sampling with a uniform prior on y, and we report the
results in Appendix B for the case of CS, showing that
sampling on y has a small impact on the results.

These results demonstrate that, even at moderate SNRs
accessible to the LVK network in its current configuration,
neglecting scalar modes can introduce modeling errors
that bias the inferred coupling constant. Such biases may in
turn mimic spurious deviations from GR or conceal
genuine ones [80].

B. Ringdown amplitudescopy with higher modes
and future ringdown tests

Here we perform a forecast analysis assuming an event
with ringdown SNR = 80 measured by a third-generation
interferometer such as the Einstein Telescope (ET)
[81-84]. We optimistically consider a light remnant with
M = 20M s, which provides stronger constraints on dimen-
sionful couplings as those arising in quadratic gravity [62].
As a reference, this corresponds to a luminosity distance
d; =437 Mpc in ET. We again consider the final spin
x = 0.67 as a representative value. We assume ET in a
triangle configuration with arm length of 15 km, with the
power spectral density (PSD) provided in Ref. [83]. Also in
this case, the impact of the different PSDs has a mild impact
on the analysis, and the impact of the BH spectroscopy
results due to the choice of the detector configuration is
discussed in Ref. [83].

Instead of considering axial and polar £ = m = 2 modes
as done in the previous section, we perform a more standard
ringdown analysis with the (2, 2, 0), (3, 3, 0) modes,
possibly supplemented by the extra scalar mode. We
consider polar modes only, since the amplitude of axial
modes is unknown and source dependent; therefore, at least

for certain systems, the fundamental polar £ =m = 3 is
expected to be the second most constrained gravitational
mode in the ringdown signal [85].

Our ringdown model is again based on Eq. (4) with the
following parameters:

0= {MJ{, a, AZZO’AR,330»¢2ZO’¢33077’ 432207 l}’ (12)

where we denote the amplitude ratio Ag 339 = %. Note that

in this case the inclination : is relevant, as it affects the
effective relative amplitude of the modes in the signal. In
these injections, we consider the representative value 1 ~ g,
which respects the selection effects in observing mostly
nearly face-on signals [86].

The above model with the parameters in (12) includes
the case of ordinary BH spectroscopy (when y = 0) and the
case in which only a single ordinary mode dominates the
inference (Ag 330 — 0). In particular, this last condition can
be confidently achieved when the progenitors have nearly
equal masses, thus suppressing the higher modes [19].
Interestingly, even in the latter case a ringdown test is still
possible if y # 0, since the presence of an extra mode
breaks the degeneracy between (5125, 0720) and (M, y),
without the need of including either higher-multipole
modes or overtones [40].

In Fig. 3, we show the posterior distributions of the
coupling constant Zgg (left panels) and Zcg (right panels)
for different choices of AR’3304 and yj,, injecting
Zg/cs = 12 km, while the full corner plots are reported
in Appendix B. Compared to the previous analysis, we can
consider a smaller coupling, as the remnant mass is smaller
in this case, corresponding to ¢~ 0.027. In each panel,
we show the results of two analyses: 1) recovery with
a model where y =y, (continuous histograms), and
2) recovery with a model where y = 0 (dashed histograms),
i.e., analog to SpecPA of the previous section but using
the (220) and (330) polar modes rather than the (220) axial
and polar modes.

The first row of Fig. 3 corresponds to a standard ring-
down analysis (yi,; = 0). As expected, when the secondary
mode is weakly excited (small Ag33), the posterior is
almost flat and tends to coincide with the uniform prior
fGs€[0,16) km and £ €[0,20] km, respectively.’
However, we find some interesting behaviors for both the
theories. For GB, we find that the distribution in Zgg shifts
near the upper bound of the prior for low Aj3qx values.

*Notice that the values of AR 330 reach values lower than 0.04,
corresponding to mass ratio very close to unity. Even if these
values cannot be considered as a confident detection of the 330
mode, we report it anyway, as we can analyze the impact of
adding a third mode with different excitations.

We did not consider to higher values of g due to stability
issue of the simulations related to the frequency shifts reported in
Ref. [60].
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Distributions of Zgp (left panels) and g (right panels) for Ag 330 = 22—23 = [0.005,0.351,0.4] (in blue, red, and green,

respectively). Each row refers to a different value of injected y (from top to bottom: y;,; = 0, 1, 5, 10). The continuous and dashed
distributions correspond to a recovery with y =y, and y =0, respectively. In the GB case, the priors are uniform across
Zc €10, 16] km and M € [15,40]M g while in the CS case they are uniform across s € [0,20] km and M € [17,40]M .

We suspect that this behavior is given by a secondary peak
in the final mass distribution (see Appendix B), which might
be due to a poor convergence of the analysis when the 330
mode has a low amplitude. Indeed, since the beyond-GR
effects depend on the combination { = a?/M?*, a bias in the
mass correlates with a bias in the coupling. However, this

bias is not an actual problem, given the low value of the
injected Ag330 and the fact that the recovery is correct
for more realistic values of Ag339. For CS instead, an
upper bound at Z-g= 18 km is present, because the
posterior distribution of A 339 peaks at values higher than
the injection, leading to a non-negligible effect of the
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coupling. When the secondary-mode amplitude is large
(Ag 330 = 0.4), the injected value of the coupling is well
recovered in GB theory, whereas this is not the case for
CS theory, since the CS corrections to the (330) polar mode
are smaller (see Fig. 1). As a reference, for nonprecessing
binaries, Ag33) <0.5 for all the mass-ratio and spin
configurations [19].

The second row of Fig. 3 shows that the situation with
Yinj = 1 is very similar to the y;,; = 0 case, again because
the extra scalar mode is not sufficiently excited to impact
the posterior of the coupling. Nevertheless, we see that the
unbiased distribution corresponding to y =y, and the
biased one corresponding to y = O start differing from each
other, because in the latter case the recovery is done with
the wrong model.

The role of the scalar mode becomes more prominent for
Yinj 2 5. In this case, we see various effects: i) the difference
between the biased and unbiased distributions is more
evident; ii) only the unbiased model can correctly recover
the injected value, and, for GB theory, the posterior of the
biased model peaks at the wrong value, as expected;
iii) when the extra scalar mode becomes important, the
posteriors are informative also in the CS case. These trends
are more evident in the last row of Fig. 3 (yj,; = 10). In this
case, only the unbiased model recovers the correct value
and, remarkably, this happens also when Ay, 33, is small. As
previously mentioned, the (330) mode is not needed in this
case to constrain the theory, since the extra scalar mode can
be instead used, together with the fundamental gravitational
¢ = m =2 mode, for a standard spectroscopy test [40].
When the scalar mode dominates (namely, when either
Ap 330 1s small or y is large), the constraints on CS and GB
theories are similar, since this mode is minimally coupled
and hence model independent.

Indeed, we expect that, for any y # 0, there exists a
critical threshold of A 339 below which the extra scalar
mode inevitably dominates over the £ = m = 3 mode.
Overall, as clear from Fig. 3, when y Z 5 the bounds on the
coupling are significantly better than when neglecting the
extra mode, in agreement with the findings of [40].

This shows that focusing only on QNM frequency shifts,
while ignoring the scalar-mode amplitudes, significantly
weakens the ability to constrain the extra degrees of
freedom predicted by generic beyond-GR theories [45].

Finally, we also compute the Bayes factors between the
biased model and the unbiased model in this case. While
the posteriors of the unbiased model shown in Fig. 3 are
clearly more accurate for both the GB and the CS cases,
we observe that this does not always result in a more
discriminating Bayes factor. In the CS case, the Bayes
factors grow (in absolute value) monotonically either as y
increases or Ap 33 decreases, as expected. However, in the
GB case, the likelihood of the biased distribution is as high
as that of the unbiased one, resulting in log;o B~ 0 even
when y = 10 and Ag 339 = 0.005. This suggests that it

would be hard to exclude statistically the biased model, at
least based on the Bayes factor estimators. In this case, the
maximum likelihood parameters are biased with respect to
the injected values, but they still perform a good fit on the
model, thus returning an unfaithful Bayes factor, as also
observed in other situations [87]. This feature for GB
theory might be due to the fact that the posterior of Zgg is
constrained near the prior upper bound, which is close to
the injected value. As a future extension, it might be
interesting to understand if the small values of log;(B)
persist when adding further modes in addition to 330P.
For instance, it would be interesting to merge the anal-
yses performed in Secs. IVA and IV B, thus including
220P+220A+330P plus, possibly, a scalar mode. More
in general, an accurate forecast should be performed,
to understand which are the modes that impact the most
in the analysis and which ones can mask the scalar
contribution.

V. CONCLUSIONS

Our analysis highlights the relevance of BH ringdown
amplitudescopy, namely including extra field-induced
modes in ringdown templates. The presence of these modes
is unavoidable in beyond-GR theories but has been
neglected in the majority of current searches.

We have considered two case studies of gravity theories
with quadratic curvature corrections (CS and GB theories),
finding that a sufficiently excited scalar mode would affect
the constraints on the coupling constant of the theory. On
the one hand, if properly included in the ringdown analysis,
an extra mode makes the upper bounds on GR deviations
more stringent. However, if not included in the analysis,
the absence of an extra mode can introduce significant
biases in the measurements due to mismodeling of beyond-
GR effects [80].

In this work, since we have injected a ringdown wave-
form, we are neglecting the issue of the amplitude stability
[88], as the true signal does not contain nonlinearities
and transient effects. However, when performing real data
analysis, the amplitude stability is reached only at late
times. In this last case, there can be two ways of performing
the amplitudescopy analysis: either starting at a fixed time
sufficiently far after the merger (see, for instance, in [69]),
or improving currently beyond-GR IMR waveform models
(e.g., [89]). We leave these improvements for future works.

Further, as a proof of principle, here we focused on extra
scalar modes and nonprecessing binaries, but considering
other fields (e.g., vectors, tensors), precessing binaries, or
modes other than £ = m = 2, 3 are straightforward exten-
sions [40]. It would also be interesting to consider the effect
of extra massive degrees of freedom. Even if the latter do
not propagate at relatively low frequencies, they can
nevertheless excite the gravitational response and leave
an imprint in the ringdown (see [39,44] for some recent
examples).
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Finally, the most important follow-up work is to quantify
the excitation amplitudes of extra modes in the ringdown
for a given theory, which can be achieved using recent
numerical-relativity simulations beyond GR (e.g., [90-98])
or point-particle models [43,99].

Inference simulations have been carried out with PyCBC
Inference [73]. The manuscript content has been derived
using publicly available software: MATPLOTLIB, CORNER,
JSON, NUMPY [100-103]. Codes are available upon request.
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APPENDIX A: FREQUENCY SHIFT
COMPUTATIONS

In this Appendix, we provide the computation of the
frequency shifts described in Refs. [60,68]. We write the
beyond-GR correction to the complex frequency in geo-
metric units as

wi(x) = wio(x) + Lo (x), (A1)

where ;o is the GR QNM complex frequency, and w; ; is
the first-order correction, which we decompose into real
and imaginary parts,

w9 =NR(w;o) +id(w;p), @1 =N(w;;)+iI(@;,).

(A2)
We define the spin-dependent functions of Eq. (7) as

~ N(w;(x)) S(w;1(x))

T R S
so that
M@;1) = F;(r) N (@), %(wi,l) =T:(0)3(@;p). (A4)

It follows that the corrected real and imaginary parts can be
written as

N(w;) = R(w;0)[1 + {F;(x)], (AS)

S(w;) = S(wio)[1 +CT(x)]- (A6)
The physical frequency and damping time are defined by

) i = ) A7
/i 27 ’ S(w;) (A7)
with the GR values
E)t (a),- 0) 1
. g 2 s i _ — A8
fio o Ti0 S‘(a)i,o) ( )
Therefore,
fi= fioll +{F;(x)], (A9)
! (A10)
T, =Ti0— -
O1+¢Ti(y)
Defining the relative deviations
fi Ti
ofi = -1, or,i=—-—1, All
fi,o Ti0 ( )
we obtain the exact relations
ofi = CFi(x), (A12)
{Ti(x)
oty = —— L0 Al3
N G Py (AL3)
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(i)

TABLE II.  Complex coefficients ;" for the (220) and (330) modes and axial/polar parities in CS theory.

220 330
j Axial Polar Axial Polar
0 —0.246041 — 0.125482ii 0 —0.912752 - 0.164615i 0
1 —0.35908 — 0.184144i —0.0307839 4 0.017411i —1.09512 — 0.0911042i —0.0901535 — 0.000837525i
2 —0.595672 4 0.0876598i 0.013835 — 0.214353i —1.23272 + 0.116646i —0.0763526 — 0.149877i
3 1.41373 4 0.258192i 0.398761 — 0.447376 2.37515 + 0.763688i 0.452064 — 0.248466i
4 —11.2668 + 0.703524i —6.66087 + 0.448166i —16.7427 - 0.927771i —6.70664 — 0.508568i
5 42.008 — 1.28144i 24.7362 — 1.091i 52.5812 + 1.12866i 25.7745 + 1.18438i
6 —82.8112 + 1.05377i —55.9612 + 2.5070i —97.6497 + 0.865323i —60.5245 — 1.60982i
7 83.7508 — 0.833429i 63.124 — 1.10815i 97.2953 — 1.91376i —60.5245 — 1.60982i
8 —34.8784 —28.7982 —40.6093 —32.9995
TABLE III. Same as Table II, but for GB theory.

220 330

J Axial Polar Axial Polar
0 0.055241 + 0.00686713i —0.215202 — 0.0734094 0.109706 + 0.0061152i —0.872789 — 0.113506i
1 0.985294 + 0.0636233i —2.51816 — 0.411031i 0.685561 + 0.231546i —1.20198 — 0.339974i
2 —18.4902 + 0.325569i 48.4695 + 9.59898i —11.6733 — 4.20702i 2.82484 +9.09087i
3 157.802 — 4.46276i —431.428 — 82.4765i 108.698 + 37.6761i —35.6024 — 75.7708i
4 —682.224 + 19.8274i 1935.01 + 378.832i —510.61 — 178.723i 165.435 + 341.913i
5 1660.08 — 55.4163i —4831.15 —965.058i 1334.38 + 467.415i —434.981 — 857.681i
6 —2307.78 + 87.744i 6808.99 + 1386.33i —1970.88 — 687.899i 638.737 + 1219.16i
7 1711.32 — 73.0696i —5065.1 — 1050.91i 1536.55 + 532.083i —488.58 — 915.499i
8 —526.516 + 25.0324i 1544.32 + 325.905i —493.701 — 167.701i 150.043 - 280.837i
which are the terms of Eq. (7). The first-order

complex correction w; ;(y) is expressed as a polynomial
in spin,

8
wi1(z) = Zwﬁ‘l))ﬂ’ wﬁ_z) _ a;:) + ib;:)’
=0

where the complex coefficients wy) are obtained from the
fits in Table V of Ref. [60] for GB, and Table V of Ref. [68]

for CS. The Tables II and III below report the full complex
coefficients ' for the dominant (2, 2, 0) and (3, 3, 0)

modes in CS and GB, separately for the axial and polar
parities.

APPENDIX B: ADDITIONAL RESULTS

In this subsection, we report additional results of the
analyses performed. In Fig. 4, we report the analog of the
top-left panel of Fig. 2 (i.e., the CS case), but including y in
the sampling parameters. In Table IV instead, we report the
analog of Table I for the CS case, where y is sampled.
Further, in Figs. 5-8 we report the full corner plots related
to Fig. 3, for the cases of y;,; = 0 and y;,; = 10.

— Yinj =0
— Yinj = 1
— Yinj =D
0 yim =10

p(les)

0 5 10 15 20 25 30 35 40 45 50 55
leg (km)

FIG. 4. Same as top left panel of Fig. 2, but sampling on y.

TABLE IV. Same as first row of Table I, but for the analysis
where y is sampled.

log;o B(y = 1)
0.06

Theory
CS

log B(y = 5)
—-0.42

log,o B(y = 10)
1.75
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