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We extend the results of Lappi et al. [Eur. Phys. J. C 84, 84 (2024)] to show that it is possible to obtain
expressions for the longitudinal, singlet, and gluon structure functions FL, FS, and G in deep inelastic
scattering directly in terms of the measured functions F2 and dF2= lnðQ2Þ modulo nonsinglet corrections
expected to be small at very small x. The latter can be treated at low x using existing quark distributions. Our
results are presented consistently to Oðα2sÞ, correcting and extending the mixed-order results of Lappi et al..
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I. INTRODUCTION

In a recent paper Lappi et al. [1] showed that it is
possible to determine the gluon and singlet structure
functions G ¼ xgðx;Q2Þ and FSðx;Q2Þ ¼ xΣðx;Q2Þ
directly from the physical distributions F2ðx;Q2Þ and
FLðx;Q2Þ measured in deep inelastic lepton-proton scat-
tering, and further derived evolution equations in Q2 for F2

and FL which involved only those physical quantities. They
demonstrated their method using an approximation in
which they neglected the nonsinglet contributions Δi to
the structure functions and retained only the first nonzero
terms in the relevant QCD coefficient functions. Their
results involve multiple convolutions and do not generalize
simply in the form given.
Boroun and Ha [2] used the results in [1] to determine FL

from the parametrization of the measured F2 as a function
of x and Q2 given by Block, Durand, and Ha (BDH) [3],
with results which agreed reasonably well with existing
measurements. However, the approximations used in [1]

left open the question of how those results might be
modified in a systematic expansion in powers of αs which
includes the complete QCD coefficient functions and
nonsinglet effects, and how to develop such an expansion.
Blümlein, Ravindran, and van Neervin had earlier devel-

oped an expansion which can be used to determine the
singlet component of FLðx;Q2Þ directly in terms of
F2ðx;Q2Þ and dF2ðx;Q2Þ=d lnQ2 (see Eqs. 36, 40–45 in
[4]) but did not carry their analysis to the point at which it
could be used to predict FL from measured values of F2 and
its derivative. Their method could clearly also be applied
separately to the singlet structure function FSðx;Q2Þ.
Kaptari, Kotikov, Chernikova, and Zhang [5,6] later

derived the equation for FL by a different method, and
obtained results for that quantity correctly to order α2s using
the complete coefficient functions and the parametrization
for F2 in [3]. Their analysis using Mellin transforms (see
Sec. III in [6]) unfortunately involved approximations to
the results in [3] that, while probably sufficiently accurate,
are difficult to assess.
Our objective here is to develop the method of Lappi

et al. [1] systematically in a form in which one can use the
complete coefficient functions calculated to any order in the
strong coupling αsðQ2Þ. We will do this by using Laplace
transforms to factor the convolutions which appear in the
structure equations relating these functions. We then solve
directly for the Laplace transforms of G and FS in terms of
the transforms of F2, FL, Δ and the coefficient functions in
the structure equations. The application of inverse Laplace
transforms then gives the desired results without approxi-
mation as convolutions of known functions with F2 and
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dF2=d lnQ2. As noted, Lappi et al. included only the first
nonzero term in each of the coefficient functions; our
analysis includes all terms to next-to-leading order in QCD.
Our results can be implemented as in [2] using the very

accurate fit to the HERA data on F2ðx;Q2Þ for x ≤ 0.1 and
0.15 ≤ Q2 ≤ 3000 GeV2 as a function of both variables
given by BDH [3]. The expression for F2ðx;Q2Þ used in
that fit satisfies the analyticity requirements established by
suri [7], connects smoothly to the cross section for real γp
scattering, and respects the Froissart bound on the energy
dependence of cross sections at high energies. The results
can be used to make predictions for experiments planned in
regions with much smaller x and larger Q2 than have been
explored so far.

II. DERIVATION OF G AND FS = xΣ FROM
MEASURED RESULTS FOR F2 AND FL

We can write the equations satisfied by the structure
functions F2ðx;Q2Þ=x and FLðx;Q2Þ=x in terms of the
gluon distribution gðx;Q2Þ and the singlet and nonsinglet
quarks distributions as

Σðx;Q2Þ ¼
X
i

ðqi;uðx;Q2Þ þ qi;dðx;Q2ÞÞ; ð1Þ

Δðx;Q2Þ ¼
X
i

ðqi;uðx;Q2Þ − qi;dðx;Q2ÞÞ; ð2Þ

where the sums run over nf generations of quarks and
antiquarks.
In the presence of QCD corrections, F2 and FL may be

written as [8–10]

F2ðx;Q2Þ=x ¼ ē2þðCF2;Σ ⊗ Σþ CF2;g ⊗ 2nfgÞ
þ ē2−CF2;Δ ⊗ Δ; ð3Þ

FLðx;Q2Þ=x ¼ ē2þðCL;Σ ⊗ Σþ CL;g ⊗ 2nfgÞ
þ ē2−CFL;Δ ⊗ Δ; ð4Þ

where the Cs, calculated taking the quarks as effectively
massless at high energies and small x, are x- and
Q2-dependent QCD coefficient functions, ē2þ and ē2− are
the average quark charges in the singlet (þ) and nonsinglet
(−) sectors,

ē2þ ¼
X
i

ðe2i;u þ e2i;dÞ=2nf; ē2− ¼
X
i

ðe2i;u − e2i;dÞ=2nf;

ð5Þ

and f ⊗ g denotes the Mellin convolution (see Sec. 1.14
(iv) in [11])

f ⊗ g ¼
Z

1

x

dz
z
fðzÞg

�
x
z

�
: ð6Þ

We do not yet distinguish the orders of αs in the Cs which
are sums of terms of increasing order.
While it can be argued that it is a reasonable approxi-

mation to neglect the nonsinglet contributions Δ to the
structure functions at very small x and large Q2 where
the quark distribution are dominated by sea quarks as was
done by Lappi et al., we will not do so as we may also wish
to compare with results at moderate values of the variables.
We find in fact that the nonsinglet contributions cancel to
first order in the strong coupling αs in our final expression
for FL in terms of the measured structure function F2 and
its derivative dF2=d lnQ2.
To proceed, we will first convert from the Mellin to

Laplace representations of the convolutions. This is
effected in Eqs. (3) and (4) by the change of variables x ¼
e−v; z ¼ e−w with

f⊗ g¼
Z

v

0

dwf̂ðwÞĝðv−wÞ; where ĥðyÞ≡hðe−yÞ: ð7Þ

It will further be useful to change to a form of those
expressions which involves the directly measurable func-
tions F2 and FL, and the (derived) gluon and singlet quark
distributions G ¼ xg and FS ¼ xΣ ¼Pi xðqi þ q̄iÞ rather
than F2=x and FL=x. Since those expressions are of the
form

HðvÞ
e−v

¼
X
k

Z
v

0

dwCkðwÞ
Fðv − wÞ
e−ðv−wÞ

; ð8Þ

simple multiplication by e−v and redefinition of the
coefficient function with C0

kðwÞ ¼ e−wCkðwÞ gives the
desired result, with HðvÞ ¼Pk C

0
k ⊗ F.

With these redefinitions and with x ¼ e−v, Eqs. (3) and
(4) take the form

F2ðx;Q2Þ ¼ ē2þðCF2;FS
⊗ FS þ CF2;G ⊗ 2nfGÞ

þ ē2−CF2;Δ0 ⊗ Δ0; ð9Þ

FLðx;Q2Þ ¼ ē2þðCL;FS
⊗ FS þ CL;G ⊗ 2nfGÞ

þ ē2−CFL;Δ0 ⊗ Δ0; ð10Þ

where

CF2;FS
ðwÞ ¼ e−wCF2;Σðe−wÞ; CF2;GðwÞ ¼ e−wCF2;gðe−wÞ;

ð11Þ

CL;FS
ðwÞ ¼ e−wCL;Σðe−wÞ; CL;GðwÞ ¼ e−wCL;gðe−wÞ;

ð12Þ

CF2;Δ0 ðwÞ ¼ e−wCF2;Δðe−wÞ; CFL;Δ0 ðwÞ ¼ e−wCFL;Δðe−wÞ;
ð13Þ
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Δ0 ¼ e−wΔðe−w;Q2Þ: ð14Þ

For notational simplicity, we do not indicate the Q2

dependence of the coefficient functions which appears
only through their dependence on αsðQ2Þ.
Taking the Laplace transforms of the equations factors

the results through the relation (see Sec. I.114(iii) in [11])

L½f ⊗ g; s� ¼ L½f; s�L½g; s� ð15Þ

where

L½h; s�≡ h̃ðsÞ ¼
Z

∞

0

dye−syhðyÞ: ð16Þ

As indicated, we will use a tilde over a function symbol in
the following to indicate the Laplace transform of that
function.
The factored equations can be written compactly in

matrix form as

F0 ¼ ē2þCV ð17Þ

where

F0 ¼
 
F̃0
2

F̃0
L

!
¼
 

F̃2 − ē2−C̃F2;Δ0Δ̃0

F̃L − ē2−C̃FL;Δ0Δ̃0

!
;

C ¼
 
C̃F2;FS

C̃F2;G

C̃L;FS
C̃L;G

!
; V ¼

�
F̃S

2nfG̃

�
: ð18Þ

The components of F0 and V and the coefficient functions
in C are functions of both the Laplace variable s and of Q2.
Inverting C,

V ¼ C−1F0 ¼ 1

ē2þ

1

detC

�
C̃L;G −C̃F2;G

−C̃L;FS
C̃F2;FS

��
F̃0
2

F̃0
L

�
;

ð19Þ

or

F̃Sðs;Q2Þ ¼ 1

ē2þ

1

detC
½C̃L;GðsÞF̃0

2ðs;Q2Þ

− C̃F2;GðsÞF̃0
Lðs;Q2Þ�; ð20Þ

G̃ðs;Q2ÞÞ ¼ 1

2nfē2þ

1

detC
½C̃F2;FS

ðsÞF̃0
Lðs;Q2Þ

− C̃L;FS
ðsÞF̃0

2ðs;Q2ÞÞ�: ð21Þ

These results are general and hold for coefficient
functions C̃a;b given to any order in αs. The inverse

Laplace transforms of these expressions give FS and G
through the general inverse relation (see Sec. 1.14(iii) in
[11])

hðtÞ ¼ L−1½h̃; t� ¼ 1

2πi

Z
i∞þc

−i∞þc
dsesth̃ðsÞ; ð22Þ

with c chosen so that the integration contour lies to the right
of the singularities of h̃ðsÞ ¼ LðhÞðsÞ in the s plane.
We note that Lappi et al. did not use the factorization of

the convolutions afforded by either the Laplace or Mellin
transforms of the expressions in Eqs. (3) and (4). As a result
their initial solutions, e.g., for dFL=d lnQ2, contain up to
three convolutions. These cannot be reduced in general, but
could be treated using partial integrations in the special case
of low-order polynomial coefficient functions accorded by
their approximations.
Note that in the usual approach to the QCD corrections,

we would be working with Eqs. (9) and (10) which express
the physical (measurable) quantities F2 and FL in terms of
the derived quantities FS, G, and Δ. The latter are obtained
only indirectly in fits to the data with the QCD corrections to
a given order affecting those fits and the relation to F2 and
FL. Here we are expressing FS andG directly in terms of the
measured F2 and FL which can be taken as exact within the
accuracy of the measured cross sections. The nonsinglet
correction Δ can be taken as negligible relative to FS at
sufficiently small x and largeQ2 where the singlet sea-quark
distributions are expected to dominate. Alternatively, to
enable a comparison of our results with results at larger x
where Δ becomes important, we can estimate that function
using quark distributions derived in other fits.

III. EXPANSION TO Oðα2
s Þ

To make use of the results above, we need to introduce
the QCD expansions of the coefficient functions

Ca;bðzÞ ¼
X
k

�
αs
2π

�
k
CðkÞ
a;bðzÞ ð23Þ

and their Laplace transforms, and then expand the coef-
ficient matrix C−1 in Eq. (19) to a specific order. The
resulting expression gives the derived quantities F̃S and G̃
in terms of the measured functions F2 and FL with QCD
corrections to that order assuming that the nonsinglet
contributions are handled appropriately.
We will assume that the quarks can be treated as

effectively massless with identical distributions when Q2

is large and x is very small [12,13]. Then [8–10,14,15],
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CF2;FS
ðzÞ ¼ δð1 − zÞ þ CF

αs
2π

z

�
2
ln ð1 − zÞ
ð1 − zÞþ

−
3

2

1

ð1 − zÞþ
− ð1þ zÞ ln ð1 − zÞ− 1þ z2

1 − z
ln zþ 3þ 2z −

�
9

2
þ π2

3

�
δð1 − zÞ

�

þ
�
αs
2π

�
2

Cð2Þ
F2;FS

ðzÞ þ � � � ; ð24Þ

CF2;GðzÞ ¼
1

2

αs
2π

z

�
ðz2 þ ð1 − zÞ2Þ ln

�
1 − z
z

�
− 8z2 þ 8z − 1

�
þ
�
αs
2π

�
2

Cð2Þ
F2;G

ðzÞ þ � � � ; ð25Þ

CL;FS
ðzÞ ¼ 2CF

αs
2π

z2 þ
�
αs
2π

�
2

Cð2Þ
L;FS

ðzÞ þ � � � ; ð26Þ

CL;GðzÞ ¼ 4TR
αs
2π

z2ð1 − zÞ þ
�
αs
2π

�
2

Cð2Þ
L;GðzÞ þ � � � ; ð27Þ

CF2;Δ0 ðzÞ ¼ δð1 − zÞ þ CF
αs
2π

z

�
2
ln ð1 − zÞ
ð1 − zÞþ

−
3

2

1

ð1 − zÞþ
− ð1þ zÞ ln ð1 − zÞ− 1þ z2

1 − z
ln zþ 3þ 2z −

�
9

2
þ π2

3

�
δð1 − zÞ

�

þ
�
αs
2π

�
2

Cð2Þ
F2;Δ0 ðzÞ þ � � � ; ð28Þ

CFL;Δ0 ðzÞ ¼ 2CF
αs
2π

z2 þ
�
αs
2π

�
2

Cð2Þ
FL;Δ0 ðzÞ þ � � � ; ð29Þ

where z ¼ e−w, CF ¼ ðN2
c − 1Þ=2Nc ¼ 4=3 and TR ¼ 1=2. The dependence of the coefficient functions on Q2 through αs

is not indicated. The terms of order α2s [14,16] and α3s [17,18] are also known.
The Laplace transforms of the coefficient functions are most simply calculated by changing from w to z ¼ e−w as the

integration variable, with

LðfÞðsÞ ¼
Z

1

0

dz zs−1fðzÞ: ð30Þ

The distribution or generalized function 1=ð1 − zÞþ in Eqs. (24) and (25) is defined as [19,20]

Z
1

x
dz

1

ð1 − zÞþ
fðzÞ≡

Z
1

x
dz

fðzÞ − fð1Þ
1 − z

þ fð0Þ lnð1 − xÞ: ð31Þ

Some results useful in the calculation of the transforms are given in the Appendix.
The Laplace transforms of the coefficient functions are

C̃F2;FS
ðsÞ ¼ 1−

4

3

αs
2π

�
9

2
þ π2

3

�
þ 8

3

αs
2π

�
ðψð1Þ− ψðsþ 1ÞÞ2 þ ψ 0ð1Þ− ψ 0ðsþ 1Þ− ðψð1Þ− ψðsþ 1ÞÞ

�
3

2
þ 1

sþ 1
þ 1

sþ 2

�

þ 1

ðsþ 1Þ2 þ
1

ðsþ 1Þðsþ 2Þ þ
1

ðsþ 2Þ2 þ
3

sþ 1
þ 2

sþ 3

�
þOðα2sÞ; ð32Þ

C̃F2;GðsÞ ¼
1

2

αs
2π

�
1

sþ 1
ðψð1Þ − ψðsþ 1ÞÞ − 2

sþ 2
ðψð1Þ − ψðsþ 2ÞÞ þ 2

sþ 3
ðψð1Þ − ψðsþ 3ÞÞ

þ 1

ðsþ 1Þ2 −
2

ðsþ 2Þ2 þ
2

ðsþ 3Þ2 −
1

sþ 1
þ 8

sþ 2
−

8

sþ 3

�
þOðα2sÞ

¼ 1

2

αs
2π

��
1

sþ 1
−

2

sþ 2
þ 2

sþ 3

�
ðψð1Þ − ψðsþ 1ÞÞ þ 4

sþ 2
−

5

sþ 3

�
þOðα2sÞ; ð33Þ

C̃L;FS
ðsÞ ¼ 8

3

αs
2π

1

sþ 2
þOðα2sÞ; ð34Þ
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C̃L;GðsÞ ¼
αs
2π

2

ðsþ 2Þðsþ 3Þ þOðα2sÞ ð35Þ

C̃F2;Δ0 ðsÞ ¼ 1 −
4

3

αs
2π

�
9

2
þ π2

3

�
þ 8

3

αs
2π

�
ðψð1Þ − ψðsþ 1ÞÞ2 þ ψ 0ð1Þ − ψ 0ðsþ 1Þ − ðψð1Þ − ψðsþ 1ÞÞ

×
�
3

2
þ 1

sþ 1
þ 1

sþ 2

�
þ 1

ðsþ 1Þ2 þ
1

ðsþ 1Þðsþ 2Þ þ
1

ðsþ 2Þ2 þ
3

sþ 1
þ 2

sþ 3

�
þOðα2sÞ; ð36Þ

C̃FL;Δ0 ðsÞ ¼ 8

3

αs
2π

1

sþ 2
þOðα2sÞ: ð37Þ

The determinant in Eq. (19) can be expanded in powers of αs as

detC ¼ αs
2π

C̃ð1Þ
L;G þ

�
αs
2π

�
2

ðC̃ð1Þ
L;GC̃

ð1Þ
F2;FS

− C̃ð1Þ
L;FS

C̃ð1Þ
F2;G

þ C̃ð2Þ
L;GÞ þOðα3sÞ: ð38Þ

Its inverse can be expanded accordingly with the leading term of order α−1s and the first correction of order α0s,

ðdetCÞ−1 ¼ 2π

αs
ðC̃ð1Þ

L;GÞ−1
�
1 −

αs
2π

C̃ð1Þ
F2;FS

þ αs
2π

ðC̃ð1Þ
L;FS

C̃ð1Þ
F2;G

− C̃ð2Þ
L;GÞ=C̃ð1Þ

L;G þOðα2sÞ
�
: ð39Þ

Thus, if we suppose that the original Eqs. (9) and (10) are correct to OðαsÞ and retain this accuracy in subsequent
calculations, we find that

G̃ðs;Q2Þ ¼ 2π

αs

1

2nfē2þ
ðC̃ð1Þ

L;GÞ−1
��

1þ αs
2π

ðC̃ð1Þ
L;FS

C̃ð1Þ
F2;G

Þ=C̃ð1Þ
L;G

�
F̃0
L −

αs
2π

C̃ð1Þ
L;FS

F̃0
2

�
: ð40Þ

In contrast, in illustrating their approach, Lappi et al. [1] retained only the leading nonzero term in each of the coefficient
functions in Eqs. (24) to (27) and inverted Eqs. (3) and (4) to obtain an expression in which the OðαsÞ contribution to the
coefficient of F0

L is missing. That construction led to the derivative expressions for Σ and g in their Eqs. (22)–(25). Our
expression instead follows from the usual convention of working to a fixed order in αs in the calculation of the QCD
corrections in the final results given in Eqs. (9) and (10) or Eq. (17).
More generally, taking the forms of Eqs. (24)–(27) into account, we can write the expression for G̃ðs;Q2Þ in Eq. (21) as

G̃ðs;Q2Þ ¼ 1

C̃F2;FS
C̃L;G − C̃L;FS

C̃F2;G

1

2nfē2þ
ðC̃F2;FS

F̃0
L − C̃L;FS

F̃0
2Þ ð41Þ

¼ 1

C̃L;G − C̃L;FS
C̃F2;G=C̃F2;FS

1

2nfē2þ

�
F̃0
L −

C̃L;FS

C̃F2;FS

F̃0
2

�
ð42Þ

¼ 2π

αs

1

2nfē2þ

1

C̃ð1Þ
L;G

�
1þ αs

2π

1

C̃ð1Þ
L;G

ðC̃ð2Þ
L;G − C̃ð1Þ

L;FS
C̃ð1Þ
F2;G

Þ þOðα2sÞ
�
F̃0
L þ 2π

αs

1

2nfē2þ

1

C̃ð1Þ
L;G

×

�
αs
2π

C̃ð1Þ
L;FS

þOðα2sÞ
�
F̃0
2: ð43Þ

The inverse Laplace transform of this expression using the coefficient functions above givesG as a function of v ¼ ln ð1=xÞ.
We can solve similarly for F̃Sðs;Q2Þ,

F̃Sðs;Q2Þ ¼ 1

C̃F2;FS
C̃L;G − C̃L;FS

C̃F2;G

1

e2þ
ðC̃L;GF̃2 − C̃F2;GF̃

0
LÞ ð44Þ

¼ 1

C̃F2;FS
− C̃L;FS

C̃F2;G=C̃L;G

1

e2þ

�
F̃0
2 −

C̃F2;G

C̃L;G
F̃0
L

�
ð45Þ
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¼
�
1 −

αs
2π

�
C̃ð1Þ
F2;FS

−
1

C̃ð1Þ
L;G

C̃ð1Þ
L;FS

C̃ð1Þ
F2;G

�
−
�
αs
2π

�
2
�
C̃ð2Þ
F2;FS

−
1

C̃ð1Þ
L;G

ðC̃ð1Þ
L;FS

C̃ð2Þ
F2;G

þ C̃ð2Þ
L;FS

C̃ð1Þ
F2;G

Þ þ 1

ðC̃ð1Þ
L;GÞ2

C̃ð1Þ
L;FS

C̃ð1Þ
F2;G

C̃ð2Þ
L:G

−
�
C̃ð1Þ
F2;FS

−
1

C̃ð1Þ
L;G

C̃ð1Þ
L;FS

C̃ð1Þ
F2;G

�
2
�
þOðα3sÞ

�
×

1

e2þ

�
F̃0
2 −
��

C̃ð1Þ
F2;G

þ αs
2π

C̃ð2Þ
F2;G

�
=
�
C̃ð1Þ
L;G þ αs

2π
C̃ð2Þ
L;G

��
F̃0
L

�
ð46Þ

where the coefficients of F̃0
L can be expanded further to

obtain a result valid to Oðα22Þ.
The results in Eqs. (43) and (46) give the expansions of

of the Laplace transforms of G and FS ¼ xΣ in terms of the
transforms of the observable quantities F2 and FL and the
nonsinglet correction Δ when the QCD corrections in
Eqs. (20) and (21) are known to Oðα2sÞ. The inverse
Laplace transforms of these expressions give Gðe−v; Q2Þ
and FSðe−v; Q2Þ with x ¼ e−v.
The structure of the corrections warrants some discussion.

Equations (43) and (46) express the functions F̃S and G̃ in
terms of the Laplace transforms of the measurable quantities
F2 and FL in a series in αs. The right-hand sides of those
equations at a given order n involve not only coefficient
functions of order n but also products and ratios of coefficient
functions of lower order with the combined orders summing
to n, the result of expanding the formulas in Eqs. (43) and

(46). For example, C̃ð2Þ
L;G and C̃ð1Þ

L;FS
C̃ð1Þ
F2;G

with total orders,
two appear together as coefficients of αs=2π in the first line of
the expression forG, Eq. (43). A number of similar and more
complicated structures appear in Eq. (46).
When the Eqs. (43) and (46) are inverted to obtain F2

and FL, the combined structures disappear through Oðα2sÞ,
the order of our expansion. The result is the original series

for F2 and FL with only the coefficients Cð2Þ
i:j appearing at

Oðα2sÞ. The first extra terms appear only at Oðα3sÞ, beyond
the assumed accuracy of the original calculation. The result
generalizes at higher orders.

IV. DETERMINATION OF FL FROM
F2 AND dF2=dQ2

Lappi et al. [1] showed that it is possible to determine
FLðx;Q2Þ directly from the structure function F2ðx;Q2Þ
and its derivative dF2ðx;Q2Þ=dQ2. However, the results in
[1] were obtained using only the first nonzero term in each
of the QCD coefficient functions, a serious restriction. In
this section, we will sketch the use of coefficient functions
taken to a given order in αs as above to relate FL to F2 to
that order. When combined with the parametrization of all
the existing HERA data on F2 as a function of both x and
Q2 given in [3], this allows the prediction of the behavior of
FL as a function of x and Q2 prior to any extensive
measurements of that quantity.

We begin with Eq. (21) rewritten in the form

F̃Lðs;Q2Þ ¼ 1

C̃F2;FS
ðsÞ ½C̃L;FS

ðsÞF̃0
2ðs;Q2Þ

þ 2nfē2þ detCG̃ðs;Q2ÞÞ�: ð47Þ

It was shown some time ago that Gðx;Q2Þ can be
determined to leading order directly from the evolution
equation for F2ðx;Q2Þ either through an approach based on
differential equations [21] or, more directly, using our
Laplace transform method [22]. We will follow the latter
approach here. The result, used in Eq. (47), will give an
equation for FL in terms of F2 and dF=dQ2, both well
determined in the HERA data.
The complete evolution equation for F2ðx;Q2Þ can be

constructed to Oðα2sÞ using the quark evolution equations
given in [9], Sec. V, and the results for the coefficient
functions in [8,9]. The results are complicated and involve
two nonsinglet contributions as well as the dominant
singlet contribution at that order. We will not give the
equations here but will simply illustrate our method using
the leading-order evolution equation [23–25]

dF2ðx;Q2Þ
d lnQ2

¼ αs
2π

½ē2þðFS ⊗ Pð1Þ
qq þ 2nfG ⊗ Pð1Þ

qg Þ

þ ē2−P
ð1Þ
qq;Δ ⊗ Δ� ð48Þ

¼ αs
2π

½F2 ⊗ Pð1Þ
qq þ 2nfē2þG ⊗ Pð1Þ

qg � ð49Þ

where the Pij are the Altarelli-Parisi splitting functions [24]
given for CF ¼ 4=3 and TR ¼ 1=2 by

Pð1Þ
qq ¼ 4

3

�
3

2
δð1 − zÞ þ 1þ z2

ð1 − zÞþ

�
; ð50Þ

Pð1Þ
qg ¼ 1

2
½z2 þ ð1 − zÞ2�; ð51Þ

with Laplace transforms

P̃ð1Þ
qq ðsÞ ¼ 4

3

�
2ðψð1Þ − ψðsþ 1ÞÞ þ 3

2
−

1

sþ 1
−

1

sþ 2

�
;

ð52Þ
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P̃ð1Þ
qg ðsÞ ¼ 1

2

�
1

sþ 1
−

2

sþ 2
þ 2

sþ 3

�
: ð53Þ

We have noted in Eq. (49) that the singlet and nonsinglet
splitting functions in Eq. (48) are equal in leading order;
they differ and a second nonsinglet term enters at Oðα2sÞ.
After taking the Laplace transform of Eq. (49), this

becomes

dF̃2ðs;Q2Þ
d lnQ2

¼ αs
2π

½F̃2ðs;Q2ÞP̃ð1Þ
qq ðsÞ

þ 2nfē2þG̃ðs;Q2ÞP̃ð1Þ
qg ðsÞ�: ð54Þ

Solving for G̃ðs;Q2Þ, we find that [22]

G̃ðs;Q2Þ ¼ 1

2nfē2þP̃
ð1Þ
qg ðsÞ

�
2π

αs

dF̃2ðs;Q2Þ
d lnQ2

− P̃ð1Þ
qq ðsÞF̃2ðs;Q2Þ

�
: ð55Þ

Using this result in Eq. (47) and expanding to OðαsÞ, we
find that

F̃0
Lðs;Q2Þ¼ 1

P̃ð1Þ
qg

�
C̃ð1Þ
L;Gþ

αs
2π

ð−C̃ð1Þ
F2;G

C̃ð1Þ
L;FS

þ C̃ð2Þ
L;GÞ

�
dF̃2

dlnQ2

þ αs
2π

�
C̃ð1Þ
L;FS

F̃0
2− C̃ð1Þ

L;G
P̃ð1Þ
qq

P̃ð1Þ
qg

F̃2

�
þ���; ð56Þ

where F̃0
2 and F̃0

L, defined in Eq. (18), contain nonsinglet
contributions. We note, however, that the nonsinglet terms
in Eq. (56) cancel between the two sides of the equation at

OðαsÞ because C̃ð1Þ
FL;Δ0 ¼ C̃ð1Þ

L;FS
. Thus, to first order,

F̃Lðs;Q2Þ¼ 1

P̃ð1Þ
qg

�
C̃ð1Þ
L;Gþ

αs
2π

ð−C̃ð1Þ
F2;G

C̃ð1Þ
L;FS

þ C̃ð2Þ
L;GÞ

�
dF̃2

dlnQ2

þ αs
2π

�
C̃ð1Þ
L;FS

F̃2− C̃ð1Þ
L;G

P̃ð1Þ
qq

P̃ð1Þ
qg

F̃2

�
: ð57Þ

The equality of coefficient functions fails at higher order,
and nonsinglet terms persist.
We emphasize that Eqs. (55) and (57) involve only

measurable physical quantitiesmodulo the presumably small
nonsinglet corrections at Oðα2sÞ and higher, with the effects
of the quark-gluon microstructure appearing only through
the QCD coefficient functions. No derived quark or gluon
distributions appear as would be the case in standard
expressions for the structure functions. Thus a comprehen-
sive fit to F2ðx;Q2Þ as a function of both variables as in [3]
leads to physical predictions for FLðx;Q2Þ, illustrating the
program discussed by Lappi et al..

V. AN APPLICATION: FL TO OðαsÞ
A. Theoretical input

In the following, we determine FLðx;Q2Þ correct to
OðαsÞ directly from the structure function F2ðx;Q2Þ and its
derivative dF2ðx;Q2Þ=dQ2. We then compare our result for
FLðx;Q2Þ with the one presented in [2] and with the
existing data on FL.
F̃Lðs;Q2Þ is given correct to order αs in Eq. (56), where

we again note the cancellation and resultant absence of
nonsinglet contributions at this order. Ignoring the con-

tribution from C̃ð2Þ
L;G and using the expressions for the

coefficient functions in Eqs. (32)–(35) we find that

F̃Lðs;Q2Þ ¼ h1ðsÞ
dF̃2ðs;Q2Þ
d lnQ2

þ h2ðsÞF̃2ðs;Q2Þ; ð58Þ

where the functions h1ðsÞ and h2ðsÞ are given by

h1ðsÞ ¼ 4

�
1þ s

4þ 3sþ s2
þ 2

3

αsðQ2Þ
2π

�
−2 − sþ s2

ð2þ sÞð4þ 3sþ s2Þ þ
ψðsþ 1Þ − ψð1Þ

2þ s

��
;

h2ðsÞ ¼
16

3

αsðQ2Þ
2π

�
1 − sþ 2ð1þ sÞ½ψðsþ 1Þ − ψð1Þ�

4þ 3sþ s2

�
: ð59Þ

Here ψðsÞ ¼ Γ0ðsÞ=ΓðsÞ is the digamma function, ψð1Þ ¼ −γ where γ is Euler’s constant 0.57721� � �.
FL is given by the inverse Laplace transform of the expression in Eq. (57),

FLðx;Q2Þ¼FLðe−w;Q2Þ≡ F̂Lðw;Q2Þ¼L−1½F̃L;w�: ð60Þ

Since the inverse transform of a product can be written as a convolution,
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L−1½f̃ g̃;w� ¼ ðf ⊗ gÞðwÞ ¼
Z

w

0

dvfðw − vÞgðvÞ; ð61Þ

we obtainFL as a convolution of the measured functions F2

and dF2=d lnQ2 with the inverse transforms of the coef-
ficient functions,

F̂Lðw;Q2Þ ¼
Z

w

0

dv

�
J1ðw − v;Q2Þ dF2ðe−v; Q2Þ

d lnQ2

þ J2ðw − v;Q2ÞF2ðe−v; Q2Þ
�
; ð62Þ

with Jiðv;Q2Þ ¼ L−1½hi; v�.
Alternatively, writing the convolution in Mellin form,

FLðx;Q2Þ ¼
Z

1

x

dz
z

�
J1

�
x
z

�
dF2ðz;Q2Þ
d lnQ2

þ J2

�
x
z

�
F2ðz;Q2Þ

�
; ð63Þ

The calculation of J1 and J2 is straightforward. The
digamma functions in h1 and h2 have infinite strings of

simple poles with residue −1 at negative integer vales of s,
s ¼ −1;−2;…., with [[11] 5.7.6]

ψðsþ 1Þ − ψð1Þ ¼ −
1

sþ 1
þ
X∞
k¼1

sþ 1

kðkþ sþ 1Þ : ð64Þ

There are also simple poles in h1 and h2 at the zeros of the
denominator ðs2 þ 3sþ 4Þ at s� ¼ 1

2
ð−3� i

ffiffiffi
7

p Þ, and a
second-order pole in h1 at s ¼ −2 from the ratio
ψðsþ 1Þ=ðsþ 2Þ. There are no other singularities in
the left-half s plane. The integrand for the inverse
Laplace transform in Eq. (22) involves a further factor
evs so decreases exponentially for ℜs → −∞ for
v ¼ ln ð1=xÞ > 0. We can therefore close the integration
contours in the inverse transforms in the left-half s plane
and evaluate the integrals simply as sums of the residues at
the poles.
With the resulting kernels defined as JiðυÞ≡

L−1½hiðsÞ; υ�, we find that

J1ðυÞ ¼ 4e−
3
2
υ

�
cos

� ffiffiffi
7

p

2
υ

�
−

ffiffiffi
7

p

7
sin

� ffiffiffi
7

p

2
υ

��
þ 8

3

αsðQ2Þ
2π

�
2e−2υ − e−

3
2
υ

�
cos

� ffiffiffi
7

p

2
υ

�
þ

ffiffiffi
7

p
sin

� ffiffiffi
7

p

2
υ

��
þ f1ðυÞ

�
;

ð65Þ

and

J2ðυÞ ¼ −
16

3

αsðQ2Þ
2π

e−
3
2
υ

�
cos

� ffiffiffi
7

p

2
υ

�
− 5

ffiffiffi
7

p

7
sin

� ffiffiffi
7

p

2
υ

��
þ 32

3

αsðQ2Þ
2π

f2ðυÞ; ð66Þ

where f1ðvÞ and f2ðvÞ are associated with the digamma functions,

f1ðυÞ ¼ L−1
�
ψðsþ 1Þ − ψð1Þ

2þ s
; s; υ

�
¼ −e−υ þ ð1 − υÞe−2υ þ e−2υ

X∞
m¼1

e−mυ

m

¼ −e−υ þ ð1 − υÞe−2υ − e−2υ ln ð1 − e−υÞ; ð67Þ

f2ðυÞ ¼ L−1
�ðsþ 1Þðψðsþ 1Þ − ψð1ÞÞ

4þ 3sþ s2
; s; υ

�
¼ sþ þ 1

s� − s−
ðψðsþ þ 1Þ − ψð1ÞÞesþυ þ s− þ 1

s− − sþ
ðψðs− þ 1Þ − ψð1ÞÞes−υ

þ
X∞
k¼1

k
ððkþ 1Þ2 − 3ðkþ 1Þ þ 4

e−ðkþ1Þυ; s� ¼ 1

2
ð−3� i

ffiffiffi
7

p
Þ: ð68Þ

Since

s�þ1

s�−s∓
ðψðs�þ1Þ−ψð1ÞÞ¼0.11819�1.31979i; ð69Þ

the first two terms in Eq. (68) are complex conjugates and f2 is real. With a change of summation variable m ¼ kþ 1
Eq. (68) reduces to
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f2ðυÞ ¼ 2e−
3
2
υ

�
0.11819 cos

ffiffiffi
7

p

2
υ − 1.31979 sin

ffiffiffi
7

p

2
υ

�
þ
X∞
m¼1

m − 1

m2 − 3mþ 4
e−mυ: ð70Þ

The sum in this expression converges well for υ large or x ¼ e−υ small, but poorly for υ small. It is therefore useful for
numerical calculations to subtract (at least) the first two terms in the expansion of the coefficient of e−mυ in powers of 1=m to
obtain a more rapidly convergent series, and add then add the sums of those terms back in analytically. This gives

f2ðvÞ ¼ 2e−
3
2
υ

�
0.11819 cos

ffiffiffi
7

p

2
υ − 1.31979 sin

ffiffiffi
7

p

2
υ

�
− ln ð1 − e−υÞ þ 2Li2ðe−υÞ þ

X∞
m¼1

�
2m − 4

mðm2 − 3mþ 4Þ −
2

m2

�
e−mυ

ð71Þ

where Li2ðzÞ is the dilogarithm function [[11] 25.12.1]. The remaining series converges as 2=m3. The estimated remainder
in the series after M ≫ 10 terms is ≈1=M2 for υ small.
The use of these results for J1ðvÞ and J2ðvÞ in Eq. (62) gives the longitudinal structure function F̂L as a function of

w ¼ lnð1=xÞ and Q2. The more familiar x;Q2 form is given by Eq. (63), explicitly

FLðx;Q2Þ ¼ 4

Z
1

x

dz
z
dF2ðz;Q2Þ
d lnQ2

��
x
z

�
3=2
�
cos

� ffiffiffi
7

p

2
ln
z
x

�
−

ffiffiffi
7

p

7
sin

� ffiffiffi
7

p

2
ln
z
x

��
−
2

3

αsðQ2Þ
2π

�
x
z
þ
�
x
z

�
3=2

×

�
cos

� ffiffiffi
7

p

2
ln
z
x

�
þ

ffiffiffi
7

p
sin

� ffiffiffi
7

p

2
ln
z
x

��
−
�
x
z

�
2
�
3 − ln

z
x
− ln

�
1 −

x
z

����

−
16

3

αsðQ2Þ
2π

Z
1

x

dz
z
F2ðz;Q2Þ

��
x
z

�
3=2

½ð0.52724 cos
� ffiffiffi

7
p

2
ln
z
x

�
þ 3.3893 sin

� ffiffiffi
7

p

2
ln
z
x

��

− 2
X∞
m¼1

�
2ðm − 4Þ

mðm2 − 3mþ 4Þ −
2

m2

��
x
z

�
m
−
�
2Li2

�
x
z

�
− ln

�
1 −

x
z

���
: ð72Þ
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FIG. 1. The longitudinal structure function FLðx;Q2Þ calculated to OðαsÞ from F2ðx;Q2Þ and dF2ðx;Q2Þ=d lnQ2 as given by the
comprehensive fit to the HERA data of Block et al. [3], plotted at fixedQ2 as a function of x (solid curves), compared to the results in [2]
based on the approximations of Lappi et al. [1] at LO (dashed curves), and the H1 data from HERA [26,27].

DIRECT DETERMINATION OF THE STRUCTURE FUNCTIONS … PHYS. REV. D 114, 034029 (2026)

034029-9



B. Numerical results

To illustrate the direct derivation of FL from measured
quantities, we have used the OðαsÞ results in Eq. (72) to
calculate FLðx;Q2Þ from F2ðx;Q2Þ and dF2ðx;Q2Þ=
d lnQ2 as given by the very accurate comprehensive fit
to the HERA data as a simultaneous function of x and Q2

obtained by Block, Durand, and Ha [3]. In Fig. 1 we
compare those results for FLðx;Q2Þ (solid curves) with the
results obtained by Boroun and Ha [2] using the approxi-
mate expressions of Lappi et al. [1] (dashed curves) and
with the H1 data from HERA at Q2 ¼ 5, 15, 25, and
45 GeV2. The differences in the complete and approximate
leading order curves are small but significant. The approx-
imations of Lappi et al., while essential in their approach,
are not necessary when using the factorization of the
corrections in Laplace space, and should not be made.
Kaptari et al. extended the calculation of FL from F2

to include the QCD corrections of Oðα2sÞ using their
somewhat different method, and found that the inclusion
of those higher-order corrections significantly improved
the agreement with the data. It would be of interest to
extend the present calculations to that order using the
relations in Eqs. (43) and (46) and the similarly corrected
evolution equation for F2, thus avoiding the approxima-
tions Kaptari et al. were forced to make in their
approach. We note also that their approach did not
involve a strict expansion of all contributions in powers
of αs so their Oðα2sÞ calculation includes some probably-
small higher order terms as well.

VI. SUMMARY

We have presented a systematic development of the
approach proposed by Lappi et al. [1] for evaluating the
singlet structure function FSðx;Q2Þ and the gluon structure
function Gðx;Q2Þ directly in terms of the measurable
structure functions F2ðx;Q2Þ and FLðx;Q2Þ in deep
inelastic ep scattering. The basic relations between these
quantities are given in Eqs. (9) and (10). These express F2

and FL in terms of convolutions of FS and FL with a set of
QCD corrections. Those equations were factored using
Laplace transforms, eliminating the convolutions which
appear in the original expressions, and could then be solved
directly for the transforms of FS and G, Eqs. (19)–(21).
We assumed that the original equations Eqs. (9) and (10)

were correct to Oðα2sÞ, and expanded the QCD corrections
in the solutions to that order. The results involved products
and ratios of OðαsÞ terms of combined order α2s which are
necessary to ensure that the solutions reproduce the original
equations to Oðα2sÞ when transformed back to that form.
The results for the Laplace transforms of G and FS are
given in Eqs. (43) and (46) in terms of the Laplace
transforms of F2 and FL and of the QCD coefficient

functions CðkÞ
i;j , Eqs. (32)–(37).

An inverse Laplace transform gives G and FS in terms of
convolutions of the measurable structure functions F2 and
FL with the inverse transforms of their coefficients. The
results here avoid the approximations in the coefficients
made by Lappi et al. in their leading-order analysis and
extend those results to Oðα2sÞ, and include the effects of
nonsinglet corrections. Unfortunately, the extant measure-
ments of the longitudinal structure function FL are not
extensive or accurate enough to make this approach
practical even if the nonsinglet terms are neglected.
As observed by Kaptari et al. [5,6] and Lappi et al. [1],

the gluon distribution function G in Eq. (21) can be
expressed in terms of F2 and dF2=d lnQ2 using the
evolution equation for F2ðx;Q2Þ, a result demonstrated
some time ago in [21,22]. The result, given to OðαsÞ in
Eq. (56), gives the Laplace transform of FL directly in
terms of the transforms of F2 and dF2=d lnQ2 and known
QCD coefficients. An inverse Laplace transform then gives
FL as a sum of convolutions of the measurable F2 and
dF2=d lnQ2 with the inverse transforms of the coefficients.
An alternative approach was given in Blümlein et al. [4],
but not carried to the point of application.
This procedure was demonstrated atOðαsÞ in Sec. V. The

inverse Laplace transforms of the coefficient functions were
calculated analytically, and the final convolutions with F2

and dF2=d lnQ2 were calculated numerically using the
very accurate parametrization of F2ðx;Q2Þ as a function of
both variables given by Block, Durand, and Ha [3]. The
results are compared with existing data in Fig. 1. As noted
above, this calculation has been extended to Oðα2sÞ by
Kaptari et al. using a different method that required
approximations in their final numerical calculations and
eschewed an expansion in powers of αs, with results that
improved the agreement with the data on FL. It would
clearly be of interest to extend the present calculation to that
order, avoiding unnecessary approximations and including
the nonsinglet contributions which appear at that order.
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APPENDIX: SOME USEFUL FORMULAS

We collect here some formulas useful in the calculation
of the Laplace transforms required above. In particular,
several nontrivial integrals can be expressed in terms of
derivatives of the beta function Bða; bÞ [ [11], § 5.12],
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Bða; bÞ ¼
Z

1

0

dtta−1ð1 − tÞb−1 ¼ ΓðaÞΓðbÞ
Γðaþ bÞ : ðA1Þ

Thus Z
1

0

dttr ln ð1 − tÞ ¼ d
dq

Z
1

0

dttrð1 − tÞqjq¼0 ¼
d
dq

Bðrþ 1; qþ 1Þjq¼0

¼ 1

rþ 1
ðψð1Þ − ψðrþ 2ÞÞ; ðA2Þ

where ψðrÞ is the digamma function, ψðrÞ ¼ Γ0ðrÞ=ΓðrÞ (see Secs. 5.1 and 5.5 in [11]) and ψð1Þ ¼ −γ where γ is Euler’s
constant 0.57721� � �. ψðrÞ satisfies the recurrence relation

ψðrþ nÞ ¼ 1

rþ n − 1
þ � � � þ 1

r
þ ψðrÞ ðA3Þ

which was used in the simplification of some results above. This integral can also be evaluated by expanding lnð1 − tÞ asP∞
n¼1 t

n=n, integrating term-by-term, and identifying the result with the expansion of ψðzÞ in [11] (see 5.7.6 there) using the
recurrence relation.
A similar calculation givesZ

1

0

dttr
ln t
1 − t

¼
Z

1

0

dt½rtr−1 ln t ln ð1 − tÞ þ tr−1 ln ð1 − tÞ� ¼ d
dq

d
dr

Z
1

0

dt rtr−1ð1 − tÞqjq¼0

¼ d
dq

d
dr

Γðrþ 1ÞΓðqþ 1Þ
Γðrþ qþ 1Þ

				
q¼0

¼ −ψ 0ðrþ 1Þ; ðA4Þ

a result that can also be extracted from [28] 4.251(4).
The same method can be used to evaluate “þ” integrals with similar forms, withZ

1

0

dt
tr

ð1 − tÞþ
¼
Z

1

0

dt
tr − 1

1 − t
¼ r

Z
1

0

dt tr−1 ln ð1 − tÞ ¼ ψð1Þ − ψðrþ 1Þ; ðA5Þ

while Z
1

0

dttr
lnð1 − tÞ
ð1 − tÞþ

¼
Z

1

0

dt
lnð1 − tÞ
1 − t

ðtr − 1Þ ¼ 1

2
r
Z

1

0

dttr−1 ln2ð1 − tÞ

¼ 1

2
r
d2

dq2

Z
1

0

dttr−1ð1 − tÞqjq¼0 ¼
1

2

d2

dq2
Γðrþ 1ÞΓðqþ 1Þ
Γðrþ qþ 1Þ jq¼0

¼ 1

2
½ðψð1Þ − ψðrþ 1ÞÞ2 þ ψ 0ð1Þ − ψ 0ðrþ 1Þ� ðA6Þ

where ψ 0ð1Þ ¼ ζð2Þ ¼ π2=6. See also [28], 4.261(17).
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