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We extend our previous work on the energy loss of a heavy fermion in a QED plasma to the quark-gluon
plasma, using the same Bhatnagar-Gross-Krook collisional kernel. The calculation is carried out with a
theoretical method where the hard-thermal-loop resummed gluon propagator is used for arbitrary momentum
transfer in the scattering processes. Encoding the collision effect in a self-consistent manner, the resummed
gluon propagator regulates the infrared divergence in the scattering amplitudewithout introducing an artificial
cutoff for the transferred momenta and makes the analysis on the hard and soft processes in a unified
framework. To place our computation on a more solid foundation, we also explicitly demonstrate the gauge
independence of the interaction rate as well as the elimination of unphysical gluon polarizations by the ghost
field under the use of the resummed gluon propagator. In addition, with our complete QCD calculation by
including both quark-quark and quark-gluon scatterings, we provide a quantitatively reliable result on the
collisional energy loss of a heavy quarkwhere the new contribution from quark-gluon scatterings accounts for
a larger portion of the total energy loss. In general, collisions between the thermal partons result in an increased
energy losswhich becomesmore pronouncedwith increasing gauge coupling. Considering a typical coupling
constant in QCD, αs ¼ 0.3, the energy loss increases ∼8% at large incident velocities as compared to the
collisionless limit. Such a collision-induced correction is still moderate, although it is slightly suppressed as
compared to our previous estimate based on aQEDcalculation using couplings consistentwith those expected
to be generated in the quark-gluon plasma.
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I. INTRODUCTION

Heavy quarks can serve as ideal probes of the quark-
gluon plasma (QGP), a primordial state of matter existed in
the early Universe. Produced predominantly through hard
processes at a very early stage in ultrarelativistic heavy-ion
collisions, charm and bottom quarks propagate through the
entire evolution of the QGP, interacting with its constituents
and losing energy. The mechanism of the energy loss is
deeply connected to the fundamental properties of the QGP.
Therefore, the study of heavy-quark energy loss has drawn
a lot of attention during the past decades [1–12].
For massive quarks, small-angle gluon radiation is sup-

pressed due to the dead-cone effect [13–16]. Therefore,
besides the radiated energy loss from inelastic gluon
radiation [17–25], collisional energy loss induced by elastic
scatterings also plays an important role to interpret the
observed jet suppression at both the Relativistic Heavy Ion

Collider and LHC [26–28]. The collisional energy loss of a
heavy fermion in high-temperature plasmas has been
extensively studied in previous literature, where a com-
monly used technique is to introduce a cutoff scale q� for
the transferred momenta to separate the hard and soft
scatterings [29]. The hard contribution to the energy loss is
obtained by a diagrammatic calculation with bare propa-
gators, while infrared divergence in the soft scatterings
can be regulated by using the hard-thermal-loop (HTL)
resummed propagator. However, the resulting energy loss
would manifestly depend on this artificial separation scale
q�. It was found that such a q� dependence could be exactly
canceled between the hard and soft contributions in the
small-coupling limit where gT ≪ q� ≪ T was satisfied [5].
On the other hand, even at currently achievable collision
energies in heavy-ion experiments, considering a moderate
coupling constant is necessary. In Refs. [6,7], a numerical
evaluation showed that there was a residual dependence on
the cutoff at any finite gauge coupling. Given the typical
values of the QCD coupling constant αs ¼ 0.3, the q�
dependence of the collisional energy loss is actually non-
negligible.
There is an alternative way to compute the collisional

energy loss without introducing the above-mentioned cut-
off scale. In this case, energy loss is also computed based
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on the tree-level Feynman diagrams but using a HTL
resummed gluon propagator in the t-channel scatterings
for arbitrary momentum transfers. It was proposed in
Ref. [5] and first applied in Ref. [30] to study the finite-
size effect on the collisional energy loss. We also adopted
this method to compute the energy loss of a heavy muon in
a collisional QED plasma [31]. In all the mentioned
works, explicit calculations have been carried out only
for quark-quark scattering. We will include the contribu-
tion from quark-gluon scatterings in the current work,
which is important to get a quantitatively reliable result on
the collisional energy loss of a heavy quark. In addition,
the validity of this theoretical method, especially using a
resummed propagator instead of a bare propagator, still
needs to be addressed, because the prescription with a
resummed propagator cannot be trivially derived from the
Feynman rules of thermal field theory. To do so, we will
demonstrate the gauge independence of the full QCD
calculation as well as the elimination of unphysical gluon
polarizations by ghost field under the use of the resummed
propagator.
It is helpful to mention that incorporating finite-size

effects and dynamical scattering centers into the study on
elastic and radiative energy loss was considered in
Refs. [30,32], where the calculations also rely on the
use of the HTL resummed propagator. Similarly, with the
effective dynamical quasiparticle model, elastic and
inelastic reactions between the heavy quark and medium
partons have been evaluated by using a model-based
“dressed” propagator instead of the bare one [33]. On
the other hand, as shown in Refs. [34,35], depending on
the theoretical method adopted in the calculation, the
transition between vacuum and HTL propagators could
introduce significant uncertainties in predicting the jet
quenching observables. In this work, in order to show the
discrepancy among the different theoretical methods, a
systematic comparison of the corresponding energy loss
will be presented.
Another focus in this work is the collision-induced

corrections to the heavy-quark energy loss. Given a
number-conserving Bhatnagar-Gross-Krook (BGK) colli-
sional kernel, these corrections can be taken into account
in a self-consistent manner by using a collisionally
modified resummed gluon propagator. Consequently,
the above theoretical method can be straightforwardly
generalized to study the energy loss in a collisional
plasma. In this approach, collisions between medium
partons affect all the scattering processes regardless of
the magnitude of the transferred momenta, although the
collision effect becomes less accentuated for hard proc-
esses. Based on plasma-physics techniques as used in
Ref. [3], previous works [36–39] investigated the same
problem by considering only soft contributions. However,
this is not sufficient at moderate gauge couplings, as the
soft contributions are not dominated anymore. In fact,

collision effect also becomes irrelevant in the small-
coupling limit due to the extremely small collision rate.
With our complete QCD calculation, the collision-induced
corrections to the energy loss can be analyzed in a
systematical way.
The structure of our paper is as follows. In Sec. II, we

present a full QCD calculation of the interaction rate for
scatterings between the heavy quark and medium partons,
from which the collisional energy loss can be evaluated. To
assess the dependence of our results on the calculational
scheme, we also provide numerical comparisons of the
energy loss obtained by different theoretical methods. In
Sec. III, to further justify the theoretical method used in this
work, we explicitly show the gauge independence of the
interaction rate under the use of the HTL resummed gluon
propagator. In addition, an expected behavior that the
elimination of unphysical gluon polarizations by ghost
contribution is also verified under the HTL approximation.
In Sec. IV, using the collisionally modified gluon propa-
gator, we numerically evaluate the heavy-quark energy loss
in a collisional QGP which is described by the BGK
collisional kernel. With phenomenological values for the
collision rate, we present our quantitative results on the
energy loss of a charm or bottom quark with emphasis on
the enhancement caused by the collision effect. Our
complete QCD calculation amends the previous estimate
on the collision-induced corrections based on a QED
calculation. Finally, conclusions and outlook are presented
in Sec. V.

II. COLLISIONAL ENERGY LOSS OF A HEAVY
QUARK IN THE QUARK-GLUON PLASMA

When a heavy quark with mass M and four-momentum
P ¼ ðE;pÞ traverses through the QGP at a temperature T, it
may lose energy by interacting with the constituent
particles in the hot medium. The rate of energy loss per
distance traveled is given by

−
dE
dx

¼ 1

v

Z
∞

M
dE0ðE − E0Þ dΓ

dE0 ; ð1Þ

where the velocity of the incident heavy quark is given by
v ¼ p=E. The interaction rate ΓðEÞ can be expressed in
terms of the squared matrix element for the corresponding
scattering processes, weighted by the thermal distribution
functions of the medium partons. Explicitly, we have

ΓðEÞ ¼ 1

2E

Z
d3p0

ð2πÞ32E0

Z
d3k

ð2πÞ32k nB=FðkÞ

×
Z

d3k0

ð2πÞ32k0 ½1� nB=Fðk0Þ�

× ð2πÞ4δ4ðPþ K − P0 − K0Þ
�
1

6

X
jMj2

�
: ð2Þ
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In the above equation, the sum runs over colors and spins of
the incoming and outgoing partons. The four-momentum of
the thermal light quark or gluon that scatters off the incident
heavy quark is denoted by K ¼ ðk;kÞ, and the primed
variables correspond to the energies or momenta of the
outgoing heavy-quark and medium partons. For quark-
quark scattering, the Pauli-blocking factor 1 − nFðk0Þ is
included in evaluating the interaction rate where the Fermi-
Dirac distribution nFðkÞ ¼ ðek=T þ 1Þ−1, and for quark-
gluon scattering, one needs to use the Bose-enhanced factor
1þ nBðk0Þ with the Bose-Einstein distribution nBðkÞ ¼
ðek=T − 1Þ−1. According to Eq. (1), the energy loss −dE=dx
can be computed by inserting ðE − E0Þ=v≡ ω=v into the
integrals in Eq. (2).
When scattering processes between the heavy quark

and thermal partons involve hard momentum transfer ∼T,
we can consider only the tree-level Feynman diagrams as
shown in Fig. 1. On the other hand, for t-channel diagrams
as given by Figs. 1(a) and 1(b), self-energy insertion into
the bare gluon propagator becomes essential for soft
momentum transfer ∼gT, which plays an important role
to regulate the infrared divergence.1 In order to deal with
the hard and soft processes in a unified framework,
following the same method as used in our previous work
[31], we will adopt an effective gluon propagator, i.e., the
HTL resummed propagator, to compute the matrix element
for the t-channel contributions for arbitrary momentum
transfer. The HTL resummed gluon propagator DμνðQÞ
reads

−iDμνðQÞ ¼ AðQÞgμν þ BðQÞMμMν; ð3Þ

where the four-momentum of the exchanged gluon is
denoted by Q ¼ K0 − K ¼ ðω;qÞ and Mμ ¼ ð1; 0; 0; 0Þ
is the four-velocity of the thermal rest frame. The scalar
coefficients A and B are given by

AðQÞ ¼ −
1

Q2 − ΠTðω̂Þ
and

BðQÞ ¼ 1 − ω̂2

Q2 − ΠTðω̂Þ
þ 1

q2 − ΠLðω̂Þ
; ð4Þ

with the dimensionless variable ω̂≡ ω=q. The transverse
and longitudinal HTL gluon self-energies take the follow-
ing forms:

ΠTðω̂Þ ¼
m2

D

2
ω̂2

�
1 −

ω̂2 − 1

2ω̂
ln

�
ω̂þ 1þ iϵ
ω̂ − 1þ iϵ

��
;

ΠLðω̂Þ ¼ m2
D

�
−1þ ω̂

2
ln

�
ω̂þ 1þ iϵ
ω̂ − 1þ iϵ

��
; ð5Þ

and the QCD Debye screening mass is

m2
D ¼ g2T2

3

�
Nc þ

Nf

2

�
; ð6Þ

where Nc ¼ 3 and Nf denotes the number of flavors for the
thermal quarks. We choose Nf ¼ 2 throughout this work.
We should mention that, in general linear gauges,

DμνðQÞ also has terms proportional to QμMν þQνMμ

and QμQν which are omitted in Eq. (3). The explicit forms
of these terms depend on the specific gauges. However, as
we will show in Sec. III A, the gauge-dependent terms in
the resummed gluon propagator have no contributions to
the gauge-independent ΓðEÞ. Therefore, in the following
calculations, we keep only the gauge-independent terms
proportional to gμν and MμMν as given in Eq. (3).
The squared matrix element jMj2 obtained by using

DμνðQÞ in Eq. (3) takes a very complicated form. It can be
simplified by assumingMQ ≫ T, p ≫ T, and E ≪ M2

Q=T;
the corresponding results for quark-quark2 and quark-gluon
scattering (only t-channel contribution) are given by

FIG. 1. The tree-level Feynman diagrams for the elastic scatterings Qq → Qq and Qg → Qg. (a) and (b): t-channel Coulomb
scatterings. (c): s-channel Compton scattering. (d): u-channel Compton scattering.

1We assume the mass of the incident heavy quark is very large
MQ ≫ T and the self-energy correction to the bare quark
propagator appearing in Figs. 1(c) and 1(d) is negligible, as
the heavy quark is not thermalized.

2There is an extra factor of 2 introduced in Eq. (7) to account
for the contribution from scattering between the heavy quark and
an antiquark.
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1

6

X
jMj2Qq ¼

64

3
Nfg4fjΔLðQÞj2E2ðk · k0 þ kk0Þ þ 2ReðΔLðQÞΔTðQÞ�Þ

× E½kðp · k0 − ðp · q̂Þðk0 · q̂ÞÞ þ k0ðp · k − ðp · q̂Þðk · q̂ÞÞ�
þ jΔTðQÞj2½2ðp · k − ðp · q̂Þðk · q̂ÞÞðp · k0 − ðp · q̂Þðk0 · q̂ÞÞ
þ ðkk0 − k · k0Þðp2 − ðp · q̂Þðp · q̂ÞÞ�g ð7Þ

and

1

6

X
jMj2Qg ¼ 128g4fjΔLðQÞj2E2½k · k0 − ðk − k0Þ2=4� þ ReðΔLðQÞΔTðQÞ�Þ

× E½kðp · k0 − ðp · q̂Þðk0 · q̂ÞÞ þ k0ðp · k − ðp · q̂Þðk · q̂ÞÞ�
þ jΔTðQÞj2½ðp · k − ðp · q̂Þðk · q̂ÞÞðp · k0 − ðp · q̂Þðk0 · q̂ÞÞ
þ ðkk0 − k · k0Þðp2 − ðp · q̂Þðp · q̂ÞÞ�g; ð8Þ

respectively. In the above equations, we define q̂ ¼ q=q. In fact, Eq. (7) can be easily obtained from the corresponding QED
result multiplied by a trivial color factor, while Eq. (8) is new and, in general, there is no simple proportionality between the
above two equations. In Ref. [30], based on the quark-quark scattering, a full QCD result for the collisional energy loss was
obtained by assuming a simple proportionality between the two squared matrix elements. We point out that this is valid only
for soft momentum exchange where one can approximate k ≈ k0. Under this assumption, the following simple relation can
be obtained:

X
jMj2Qq ≈

Nf

3

X
jMj2Qg for k ≈ k0: ð9Þ

For an isotropic medium as considered in this work, the energy loss does not depend on the incident direction of the
heavy quark which indicates the following identity:

−
dE
dx

¼
Z

dΩv

4π

�
−
dE
dx

�
: ð10Þ

Consequently, after averaging over all the directions of v, the collisional energy loss of the heavy quark can be expressed as

−
�
dE
dx

�
Qq

¼ 8α2s Nf

3πv2

Z
∞

0

dknFðkÞ
�Z

2k=ð1þvÞ

0

dqq2
Z

vq

−vq
dωωþ

Z
2k=ð1−vÞ

2k=ð1þvÞ
dqq2

Z
vq

q−2k
dωω

�

× ½jΔLðQÞj2f1ðk; q;ωÞ þ ð1 − ω̂2Þðv2 − ω̂2ÞjΔTðQÞj2f2ðk; q;ωÞ� ð11Þ
and

−
�
dE
dx

�
Qg

¼ 8α2s
πv2

Z
∞

0

dknBðkÞ
�Z

2k=ð1þvÞ

0

dqq2
Z

vq

−vq
dωωþ

Z
2k=ð1−vÞ

2k=ð1þvÞ
dqq2

Z
vq

q−2k
dωω

�

×

�
jΔLðQÞj2

�
f1ðk; q;ωÞ −

1

2

�
þ ð1 − ω̂2Þðv2 − ω̂2ÞjΔTðQÞj2

�
f2ðk; q;ωÞ þ

1

2

��
; ð12Þ

where

ΔTðQÞ ¼ 1

Q2 − ΠTðω̂Þ
; ΔLðQÞ ¼ 1

q2 − ΠLðω̂Þ
; ð13Þ

and

f1ðk; q;ωÞ ¼ 2k
ωþ k
q2

þ ω̂2 − 1

2
; f2ðk; q;ωÞ ¼ k

ωþ k
q2

þ ω̂2 þ 1

4
: ð14Þ
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Notice that the cross terms ∼ReðΔLðQÞΔTðQÞ�Þ in Eqs. (7) and (8) do not contribute to the energy loss after performing the
average as given in Eq. (10).
To get the above results, we have changed the integral variables as follows3:

1

2ð2πÞ2
Z

d3k
k

Z
d3k0

k0
→

Z
∞

0

dk

�Z
2k=ð1þvÞ

0

qdq
Z

vq

−vq
dωþ

Z
2k=ð1−vÞ

2k=ð1þvÞ
qdq

Z
vq

q−2k
dω

�
ð15Þ

and used an approximated energy conservation δðω − v · qÞ
which is consistent with those assumptions for simplifying
the squared matrix element. For quark-gluon scattering,
contributions from ghost field have been included to cancel
the unphysical gluon polarizations. We should also mention
that our results do not apply to the special case v → 1,
where one instead assumes E ≫ M2

Q=T. The collisional
energy loss in the ultrarelativistic limit has been studied in
Ref. [8].
At this point, it is worthwhile to mention a different

method to study the collisional energy loss which has been
widely used in previous works. As first proposed in
Ref. [29], by introducing a momentum cutoff q�, contri-
butions from hard and soft scatterings are computed

separately with a theta function θðq − q�Þ and θðq� − qÞ,
respectively. Clearly, the appearance of the theta functions
imposes a constraint on the possible values of the trans-
ferred momenta. The main purpose of such a treatment is to
eliminate the infrared divergence caused by using the bare
gluon propagator. On the other hand, there is no need to
consider a cutoff q� in Eqs. (11) and (12), since the
divergence is regulated by the resummed gluon propagator.
Despite these differences, we can show that our results
agree with those obtained in previous works in the hard and
soft limit. To make a comparison, we formally define the
hard and soft contributions by modifying the integral
intervals in Eqs. (11) and (12). For hard momentum
transfer, the integrals read

1

2ð2πÞ2
Z

d3k
k

Z
d3k0

k0
θðq − q�Þ →

Z
∞

1þv
2
q�
dk

Z
2k
1þv

q�
qdq

Z
vq

−vq
dωþ

Z
∞

1þv
2
q�
dk

Z
2k
1−v

2k
1þv

qdq
Z

vq

q−2k
dω

þ
Z 1þv

2
q�

1−v
2
q�

dk
Z 2k

1−v

q�
qdq

Z
vq

q−2k
dω: ð16Þ

For soft momentum transfer, we should adopt the following integrals:

1

2ð2πÞ2
Z

d3k
k

Z
d3k0

k0
θðq� − qÞ →

Z
∞

1þv
2
q�
dk

Z
q�

0

qdq
Z

vq

−vq
dωþ

Z 1þv
2
q�

0

dk
Z

2k
1þv

0

qdq
Z

vq

−vq
dω

þ
Z 1þv

2
q�

0

dk
Z

2k
1−v

2k
1þv

qdq
Z

vq

q−2k
dωþ

Z 1þv
2
q�

1−v
2
q�

dk
Z

q�

2k
1þv

qdq
Z

vq

q−2k
dω: ð17Þ

By definition, the sum of Eqs. (16) and (17) leads to
Eq. (15); therefore, the total energy loss has no dependence
on the cutoff q� in our approach.
To reproduce the energy loss induced by hard scatterings

as obtained in Ref. [7] [denoted as the Romatschke-
Strickland (RS) result], we need only to replace ΔTðQÞ →
1=Q2 and ΔLðQÞ → 1=q2 in Eqs. (11) and (12) and adopt
the integrals in Eq. (16). This is actually trivial, because
these replacements correspond to the use of a bare gluon
propagator which is just the strategy used in Ref. [7]. On
the other hand, to reproduce the RS result for soft

processes, we assume q� ≪ T ∼ k, and the integrals in
Eq. (17) are simplified into

1

2ð2πÞ2
Z

d3k
k

Z
d3k0

k0
θðq� − qÞ

→
Z

∞

0

dk
Z

q�

0

qdq
Z

vq

−vq
dω: ð18Þ

Taking into account the condition ω; q ≪ k for soft pro-
cesses, we have f1ðk; q;ωÞ ≈ 2f2ðk; q;ωÞ ≈ 2ðk2 þ kωÞ=
q2 ≫ 1. Here, terms ∼k2=q2 do not contribute because of
the integration over ω. Therefore, with the nonvanishing
leading-order terms ∼kω=q2, the integral over k can be
performed analytically, and we arrive at

3The integral over p0 can be carried out by using the delta
function in Eq. (2).
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−
�
dE
dx

�
soft

Qq
¼ Nf

6
g2T2

g2

6πv2

Z
q�

0

dq
Z

vq

−vq
dωω2

�
jΔLðQÞj2 þ 1 − ω̂2

2
ðv2 − ω̂2ÞjΔTðQÞj2

�
ð19Þ

and

−
�
dE
dx

�
soft

Qg
¼ g2T2

g2

6πv2

Z
q�

0

dq
Z

vq

−vq
dωω2

�
jΔLðQÞj2 þ 1 − ω̂2

2
ðv2 − ω̂2ÞjΔTðQÞj2

�
; ð20Þ

which show that there is a simple proportionality existing
between Eqs. (19) and (20):

−
�
dE
dx

�
soft

Qq
¼ −

Nf

6

�
dE
dx

�
soft

Qg
: ð21Þ

Adding up the contributions from quark-quark and quark-
gluon scatterings, it is clear to see that, due to the just right
proportional coefficient Nf=6 in the above equation, the
heavy-quark energy loss from soft processes is proportional
to the squared Debye mass m2

D ¼ g2T2ð1þ Nf=6Þ. This is
a highly nontrivial conclusion based on our approach to
computing the collisional energy loss. Obviously, Eq. (9) is
very essential to guarantee this conclusion. Given the
proportional coefficient Nf=3 in Eq. (9), another necessary
condition for reaching the conclusion is that the ratio
between the two integrals over k involving nBðkÞ, corre-
sponding to quark-gluon scattering, and nFðkÞ, correspond-
ing to quark-quark scattering, should be exactly equal to 2.
It actually holds because these two integrals are just given
by

R
knBðkÞdk and

R
knFðkÞdk in our calculation.

Collisional energy loss induced by soft scatterings as
given by Eqs. (19) and (20) is in agreement with the RS
result, which was obtained by computing the chromo-
electric field induced by a classical charge moving at a
fixed velocity. Therefore, the above discussions have
shown that our method with the HTL resummed gluon
propagator leads to the same energy loss as the RS result.

We should emphasize that the agreement holds only in the
hard and soft limit. To the best our knowledge, the exact
match in the soft limit is first demonstrated for the full QCD
case in the current work.
Numerical results for the collisional energy loss from

hard and soft processes are obtained based on different
theoretical methods which can be found in Fig. 2. In this
figure, contributions from s and u channels4 have been
included in hard scatterings between the heavy quark and
gluons. These contributions can be easily obtained by using
the bare quark propagator, and the result reads

−
�
dE
dx

�
sþu

Qg
¼ 4πα2sT2

3

�
1

v
−
1 − v2

2v2
ln
1þ v
1 − v

�
: ð22Þ

For comparison, we also present the corresponding results
from Ref. [5] [denoted as the Braaten-Thoma (BT) result]
in Fig. 2. In fact, the BT result can be obtained based on the
RS result by further taking into account the weak-coupling
limit g ≪ 1, which guarantees gT ≪ q� ≪ T at high
temperatures. For hard contribution, since q� ≪ T, one
can set q� → 0 in Eq. (16) as long as this approximation
does not lead to a divergence. For soft contribution, q� ≫
gT ∼mD allows us to expand the RS result as given by
Eqs. (19) and (20) and drop higher-order terms in the
expansion. As a result, the remaining integrals in the RS

FIG. 2. Hard and soft contributions to the collisional energy loss as a function of q�=T. Results obtained from three different
theoretical methods are presented for comparison.

4Their interference with t-channel scattering becomes negli-
gible in our approximation k; k0 ≪ MQ.
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result can be carried out analytically, which leads to the BT
result. A key finding in the BT result is that the cutoff
dependence is completely canceled between the hard and
soft contribution. On the contrary, when adding up the hard
and soft contributions, the total energy loss based on the RS
result still depends on the cutoff. One possible way to get
rid of this ambiguity is to fix the cutoff by using the so-
called minimal sensitivity; i.e., the energy loss is given by
the minimum of −dE=dx when varying q�.
As compared to the various results on −dE=dx in QED

obtained from the above-mentioned theoretical methods
[31], qualitatively similar behaviors are found in our
complete QCD calculation. For hard scatterings, discrep-
ancy at small q�=T originates from the different (bare or
resummed) gluon propagators used in these different
methods. A good agreement between our result and the
RS result is found at large q�=T, where the self-energy
correction can be neglected. However, an unphysical
energy loss appears in the BT result, because the
assumption q� ≪ T does not hold anymore. For soft
scatterings, our result agrees with the RS result very well
provided that the momentum transfer is not large, i.e.,
q� ≪ T. As the cutoff becomes too small so that gT ≪ q�
cannot be satisfied, the BT result again gives a negative
energy loss. All of these features are demonstrated in Fig. 2.
According to the above discussions, in order to guarantee

the validity of using a bare propagator, the cutoff cannot
be too small for hard contributions. Therefore, disagree-
ment among different results starts to show up when
q�=T ∼ g. Furthermore, the cutoff cannot be too large
for soft contributions, and discrepancy would emerge at
q�=T ∼ 1, where the transferred momentum is no longer
soft. After taking into account the further assumptions
made in the BT result, we can expect that, for both hard
and soft contributions, the different results become con-
sistent in certain region of q� where the lower and upper
bounds are determined by q�=T ≫ g and q�=T ≪ 1,
respectively. As we can see in Fig. 2, in a region roughly
given by 0.01 < q�=T < 1, numerical results obtained from

different methods already show a reasonably good agree-
ment. However, as the coupling constant increases, this
region will shrink as a result of the increased lower bound.
For large enough couplings, the lower bound can exceed
the upper bound, and such a region eventually disappears.
In addition, given the same parameter setup for the

coupling constant and incident velocity5 as used in
Ref. [31], the cutoff region in which a consistent result
can be obtained becomes narrower in QCD. This is mainly
attributed to a reduced upper bound, since no notable
change is observed in the lower bound. We also point out
that, for quark-quark scattering, this region is almost the
same as that found in QED energy loss. Therefore, a
quantitative difference in the upper bound must exist
between the quark-quark and quark-gluon scatterings.
This conclusion is also confirmed by our numerical results.
Adding up the hard and soft contributions, the total

energy losses of a heavy quark evaluated with different
theoretical methods are shown in Fig. 3. By comparing the
corresponding QED results from Ref. [31], we can see that,
although various results can converge at sufficiently small
gauge coupling, such a convergence becomes much slower
in QCD when decreasing the coupling constant. For
example, given e2=ð4πÞ ¼ 0.1, the three different methods
already give a very close result for the QED energy loss;
however, a notable discrepancy is still presented in the
QCD results according to Fig. 3. For a relatively large
coupling constant, the BT result differs from the other two
significantly, which also leads to a negative energy loss at
small incident velocities. This behavior appears because of
a term ∼ lnð1=gÞ in the soft contribution. Our numerical
evaluations suggest that, for a realistic value of the coupling
constant in QCD, quantitative results of the collisional
energy loss have a non-negligible dependence on the
theoretical methods that one chooses.

FIG. 3. Collisional energy loss of a heavy quark as a function of v at different coupling constants. Results obtained from three
theoretical methods are presented for comparison.

5Our numerical results suggest that the boundary of the cutoff
region is not sensitive to the specific values of the incident
velocity.

ENERGY LOSS OF A HEAVY QUARK IN A COLLISIONAL … PHYS. REV. D 113, 094010 (2026)

094010-7



III. COMMENTS ON THE USE OF A RESUMMED
GLUON PROPAGATOR

Among the different theoretical methods to compute the
collisional energy loss, the one with the use of a HTL
resummed gluon propagator for arbitrary momentum trans-
fer has a great advantage. In this method, the infrared
divergence can be regulated without introducing an artifi-
cial cutoff, which will otherwise cause an unwanted q�
dependence in the collisional energy loss for any finite
coupling constant. Furthermore, self-energy resummation
can be smoothly included in the sense that a sharp transition
from the hard to soft scatterings is absent. This feature is
also important for studying the energy loss in a collisional
plasma, where the collisions between medium partons play
a role in the calculation of −dE=dx through their mod-
ifications on the gluon self-energy. Although this method
has already been adopted in some early works, the
prescription with a resummed propagator cannot be trivi-
ally derived from the Feynman rules of thermal field theory.
Therefore, some basic properties such as the gauge invari-
ance cannot be automatically guaranteed. To extend our
previous discussions on the gauge independence of the
squared matrix element for quark-quark scattering, in this
section, we will consider the related issues for quark-gluon
scattering and further justify the use of such a prescription.

A. On the gauge independence
of the squared matrix element

In this subsection, we will discuss the gauge independ-
ence of the squared matrix element jMj2 for the quark-
gluon scattering processes. Although the gauge independ-
ence can be directly verified through a rather cumbersome
calculation, we actually want to show the mechanism,
especially for the case of using the resummed gluon
propagator, how the gauge-dependent terms are canceled
by each other, leaving jMj2 gauge independent.
In general linear gauges, including covariant gauge,

Coulomb gauge, and temporal axial gauge, the gluon
propagator DρσðQÞ can be written as

−iDρσðQÞ ¼ Agρσ þ BMρMσ þ GðMρQσ þQρMσÞ
þ G0QρQσ: ð23Þ

The first two terms are gauge independent which can be
found in Eq. (3). However, the specific forms of the last
two terms associated with the coefficients G and G0 depend
on the gauge we choose. We will show that these two
coefficients do not show up in the final result of the squared
matrix element for quark-gluon scattering; in other words,
jMj2 is gauge independent regardless of which kind of
propagator one uses for the exchanged gluon, the bare
gluon propagator or the HTL resummed one, although the
gauge independence of the former is already well known.

Similar as the discussion on the quark-quark scattering in
Ref. [31], terms proportional to Qρ in Eq. (23) lead to a
vanishing contribution to iMb because of the following
identity6:

ūs
0 ðP0Þ=QusðPÞ ¼ ūs

0 ðP0Þð=P−=P0ÞusðPÞ ¼ 0; ð24Þ
which can be easily obtained based on the Dirac equations.
Therefore, we can consider a simplified form of the gluon
propagator

−iDρσðQÞ ¼ Agρσ þ BMρMσ þ GMρQσ: ð25Þ
Notice that the gauge-dependent term ∼MρQσ leads to the
following Lorentz structure in iMb when contracting with
the three-gluon vertex Vμνσ

3g :

QσV
μνσ
3g ≡Qσ½gμσðK −QÞν þ gνσðK0 þQÞμ

þ gμνð−K − K0Þσ� ¼ K0μK0ν − KμKν: ð26Þ

For the initial- and final-state gluons, when we consider only
the physical polarizations by replacing the polarization sums
with dμνðKÞ, the gauge-dependent part in the contraction
ðiMμν

b Þdμμ0 ðKÞdνν0 ðK0Þ and its complex conjugate vanishes
because of the transversality Kμdμμ0 ðKÞ ¼ K0νdνν0 ðK0Þ ¼ 0.
This can be easily checked according to the definition

dμνðKÞ ¼ −gμν þ
KμNν þ KνNμ

K · N
− N2

KμKν

ðK · NÞ2 ; ð27Þ

with Nμ being an arbitrary four-vector. Thus, we have
verified that the gauge-dependent terms in the gluon propa-
gator do not contribute to the squared matrix element jMj2;
therefore, it has no gauge dependence. Clearly, the above
discussion works for both bare and resummed gluon
propagators.
However, it turns to be less straightforward to show the

gauge independence if the gluon polarization sums are
replaced by −gμνðKÞ. In this case, it is necessary to
introduce the ghost field which, as we know in the use
of a bare propagator, cancels unphysical gluon polariza-
tions and ensures a gauge-independent jMj2. Given the
fact that the resummed gluon propagator takes a much more
complicated form as compared to the bare propagator, it is
also worthwhile verifying an exact cancellation among
those gauge-dependent contributions when the HTL
resummed gluon propagator is used.7

6According to Fig. 1, we use iMs with s ¼ b, c, d to denote
the matrix element for the t-, s-, and u-channel contribution in
quark-gluon scattering, respectively. In addition, iMs ≡
iMμν

s ϵμðKÞϵ�νðK0Þ and iM≡ iðMb þMc þMdÞ.
7With the resummed gluon propagator, it remains to be seen

whether or not the unphysical gluon polarizations are eliminated
by the ghost field. We will discuss this issue in the next
subsection.
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We start by considering the interference terms8 between
iMcd ≡ iMc þ iMd and iMb. For the gauge-dependent
part proportional to G or G�, with the following contractions:

ðiMcdÞμνKμ ¼ −g2fabctcūs0 ðP0ÞγνusðPÞ;
ðiMcdÞμνK0

ν ¼ −g2fabctcūs0 ðP0ÞγμusðPÞ; ð28Þ
we can get the same expression as given in Eq. (24) thanks to
the contraction in Eq. (26). Therefore, the gauge-dependent
part in the interference terms vanishes.
To proceed, we need only to consider the gauge-

dependent terms in jMbj2. According to the matrix element

ðiMbÞμν ¼ g2fabctcūs
0 ðP0ÞγρusðPÞ½ðAgρσ þ BMρMσÞVμνσ

3g

þ GMρðK0μK0ν − KμKνÞ�; ð29Þ

it can be shown that terms which are proportional toAG� or
A�G in jMbj2 also vanish due to the presence of the zero-
valued ūs

0 ðP0Þ=QusðPÞ. Notice that this expression arises as
a consequence of the following contraction:

ðK0
μK0

ν − KμKνÞVμνσ
3g ¼ K · K0ðK0σ − KσÞ: ð30Þ

In fact, there are only two kinds of nonvanishing gauge-
dependent contributions in jMbj2. We denote them
by jMbj2g1 and jMbj2g2 . The former refers to a gauge-
dependent term ∼GG�, which reads

jMbj2g1 ¼ −2g4CFN2
cTr½γ0ð=P0 þmÞγ0ð=PþmÞ�

× ðK · K0Þ2GG�: ð31Þ
It is familiar to us, as it already appears when the bare gluon
propagator is used. With a bare gluon propagator, it is well
known that such a gauge-dependent term is canceled by the
corresponding contribution in jMghostj2. We emphasize
that this cancellation is independent on the specific form of
G. Therefore, when using the resummed gluon propagator,
the same cancellation occurs, although the coefficient G
takes a more complicated form.
The other nonvanishing gauge-dependent contribution

∼BG� or ∼B�G is new, because it shows up only when the
resummed gluon propagator is used. This contribution is
given by

jMbj2g2 ¼ g4CFN2
cTr½γ0ð=P0 þmÞγ0ð=PþmÞ�

× ðK · K0Þðk0 − kÞðBG� þ B�GÞ: ð32Þ

After introducing the gluon-ghost interaction and using
the HTL resummed propagator for the exchanged gluon,

we can easily show that jMbj2g2 is exactly canceled by the
term proportional to ðBG� þ B�GÞ in jMghostj2 which
comes out negative.9

Notice that the above discussions on the gauge inde-
pendence do not rely on the specific forms of the scalar
coefficientsA, B, G, and G0 as appear in Eq. (23). Given this
fact, when using the resummed propagator, the really new
gauge-dependent structure that arises in jMj2 is given by
Eq. (32), because the term ∼MρMσ in Eq. (23) vanishes if
we consider a bare propagator.
Based on the above discussions, we conclude that jMj2

is a gauge-independent quantity even if the resummed
gluon propagator is used in the computation. Dropping the
gauge-dependent terms in the resummed gluon propagator
as we did in Eq. (3) is, thus, verified to be valid. In addition,
the gauge independence of jMj2 holds regardless of the
way how one computes the squared matrix element; i.e.,
one can either consider only the physical polarizations by
using dμνðKÞ to replace the polarization sums or introduce
the ghost field when the simpler −gμνðKÞ is used.

B. The gluon polarization sums under the use
of the resummed gluon propagator

For the two different ways to compute the squared matrix
element, we have shown the results are gauge independent.
For convenience, we use jMj2½d� and jMj2½g� to denote the
squared matrix element obtained with dμνðKÞ and −gμνðKÞ
for gluon polarization sums, respectively. We know that,
when using bare gluon propagator, the following identity
holds:

jMj2½d� ¼ jMj2½g� þ jMghostj2: ð33Þ

This identity implies that the ghost contribution can
eliminate unphysical gluon polarizations, since the right-
hand side of the above equation coincides with jMj2½d�,
which is obtained by using only the physical polarizations.
Here, another issue we should further address is about the
validity of the above equation when using the resummed
propagator. In this subsection, we will show that Eq. (33)
is no longer true, in general, when the HTL resummed
propagator is used. However, by self-consistently taking
into account the HTL approximation, it still holds in an
approximated way which makes our previous calculation of
the squared matrix element meaningful.
We start by considering jMj2½d� which, according to

Eq. (27), can be formally written as

jMj2½d� ≡ jMj2½g� þ ΔjMj2½d�; ð34Þ
and the last term is given by8In this section, we consider a very general case without

making any further assumption such as k; k0 ≪ MQ like we used
in the last section to compute jMj2. Therefore, we should also
consider the interference terms.

9The gauge-dependent term ∼AG� or ∼A�G in jMghostj2 also
vanishes due to the identity Eq. (24).
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ΔjMj2½d� ¼ ðiMÞμνðiMÞ�μ0ν0
�
−gμμ0

K0
νNν0

K0 · N
− gνν0

Kμ0Nμ

K · N
þ Kμ0K0

νNμNν0

ðK · NÞðK0 · NÞ
�

þ ðiMÞμνðiMÞ�μ0ν0K0
ν0

�
−gμμ0 þ Kμ0

Nμ

K · N

��
Nν

K0 · N
−

N2K0
ν

ðK0 · NÞ2
�

þ ðiMÞμνðiMÞ�μ0ν0Kμ

�
−gνν0 þ K0

ν
Nν0

K0 · N

��
Nμ0

K · N
−

N2Kμ0

ðK · NÞ2
�

þ ðiMÞμνðiMÞ�μ0ν0KμK0
ν0

�
Nμ0

K · N
−

N2Kμ0

ðK · NÞ2
��

Nν

K0 · N
−

N2K0
ν

ðK0 · NÞ2
�
: ð35Þ

The key point is to see whether or notΔjMj2½d� ¼ jMghostj2. However, a direct numerical check shows that, in general, these

two quantities differ from each other. We instead seek to find out some approximate equality under certain conditions.
We first look at the following contraction when using the resummed gluon propagator:

iMμνKμ ¼ g2fabctcūs
0 ðP0ÞγρusðPÞ½−AK0

ρK0ν − Bk0MρK0ν − ð1þAQ2Þδνρ þ BMρðωQν −Q2MνÞ − GðK0 ·QÞMρK0ν�:
ð36Þ

Unlike the use of a bare propagator, this expression is no longer proportional to K0ν due to several medium-induced
contributions. Notice that, if we use the bare propagator, B ¼ 0 and A ¼ −1=Q2, only terms ∼K0ν survive. On the other
hand, under the HTL approximation, those terms ∼K0ν dominate over the other terms in the above equation, and an
approximated result reads

iMμνKμ ≈ −g2fabctcūs0 ðP0ÞγρusðPÞ½AK0
ρK0ν þ Bk0MρK0ν þ GðK0 ·QÞMρK0ν�: ð37Þ

In order to show the validity of the above approximation, recall that10 the momenta K and K0 are at the order of ∼T, while
the HTL gluon self-energy is ∼g2T2. As the exchanged momentum Q decreases from the hard scale ∼T to the soft scale
∼gT, those terms in the square bracket in Eq. (37) will increase fromOð1Þ toOð1=g2Þ. On the other hand, the magnitude of
the dropped terms increases fromOðg2Þ toOð1Þ. As a result, we can keep only terms ∼K0ν in Eq. (36) in the weak-coupling
limit, which is also consistent with the assumptions used in deriving the HTL resummed gluon propagator.
Similarly, we can get the following contractions under the same approximation:

iM�μ0ν0K0
ν0 ≈ −g2fabdtdūsðPÞγρ0us0 ðP0Þ½A�Kρ0Kμ0 þ B�kMρ0Kμ0 þ G�ðK ·QÞMρ0Kμ0 �;

iM�μ0ν0Kμ0 ≈ −g2fabdtdūsðPÞγρ0us0 ðP0Þ½A�K0
ρ0K

0ν0 þ B�k0Mρ0K0ν0 þ G�ðK0 ·QÞMρ0K0ν0 �;
iMμνK0

ν ≈ −g2fabctcūs0 ðP0ÞγρusðPÞ½AKρKμ þ BkMρKμ þ GðK ·QÞMρKμ�: ð38Þ

By repeatedly using the above contractions, many terms in Eq. (35) vanish due to the on-shell condition K2 ¼ K02 ¼ 0.
Therefore, it can be simplified into

ΔjMj2½d� ¼ ðiMÞμνðiMÞ�μ0ν0
�
−gμμ0

K0
νNν0

K0 · N
− gνν0

Kμ0Nμ

K · N
þ Kμ0K0

νNμNν0

ðK · NÞðK0 · NÞ
�

þ ðiMÞμνðiMÞ�μ0ν0
�
−gνν0

KμNμ0

K · N
− gμμ0

K0
ν0Nν

K0 · N
þ KμK0

ν0Nμ0Nν

ðK · NÞðK0 · NÞ
�
: ð39Þ

Furthermore, it is straightforward to show that, in each line of the above equation, contributions from the last two terms in
the big brackets are canceled by each other, and the nonvanishing contribution from the second line is just the complex
conjugate of the first line. Consequently, the final expression of ΔjMj2½d� reads

ΔjMj2½d� ≈ −g4CFN2
cTr½γρ0 ð=P0 þmÞγρð=PþmÞ�½AKρ þ BkMρ þ GðK ·QÞMρ�

× ½A�K0
ρ0 þ B�k0Mρ0 þ G�ðK0 ·QÞMρ0 � þ ðK ↔ −K0Þ; ð40Þ

10If the energy of the incident quark is very large, K0 could be higher order than ∼T due to the extremely large momentum transfer.
Then, one can simply use the bare gluon propagator, and Eq. (33) holds.
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which is exactly the same as jMghostj2. Therefore, con-
tributions from unphysically polarized gluons are canceled
by the ghost field as expected. At this point, we can
conclude that, in the HTL approximation, Eq. (33) holds
when the resummed gluon propagator is used in computing
jMj2 for the QCD Compton scattering.
Finally, we point out that, when using the resummed

gluon propagator and abandoning the approximations
given in Eqs. (37) and (38), there is an ambiguity in the
determination of jMj2½d�, because the result depends on the
four-vector Nμ as introduced in Eq. (27). In addition,
the difference between ΔjMj2½d� and jMghostj2 is found to

be ∼CFN2
c, which also depends on the specific form

of Nμ, while Eq. (33) can be always satisfied by contri-
butions ∼CF.

IV. THE COLLISIONAL ENERGY LOSS
OF A HEAVY QUARK IN THE QGP

WITH A BGK COLLISIONAL KERNEL

The dissipation of energy can occur in a collisionless
plasma due to Landau damping, which leads to an
imaginary part in the gluon self-energy in Eq. (5).
However, this process does not produce entropy. As
another important source for dissipation, collisions between
the constituent partons of the hot QGP are responsible for
driving the system to the equilibrium state of maximum
entropy. With these collisions, collisional damping of the
quasiparticle modes emerges in addition to a modification
on the Landau damping. Accordingly, collective behaviors
exhibit some new features in a collisional plasma [40–42].
It is also important to study the collision effect on the
relevant physical quantities, such as the energy loss of a
heavy quark. We also note that collisions become negli-
gible in the small-coupling limit where the kinetic energy of
the partons is much larger than the potential energy of two
neighboring partons. On the other hand, at moderate
coupling constants, collision effect may play an important
role on the collisional energy loss of a heavy quark. Given
our method to compute the energy loss, a natural way to
incorporate the collision effect is to consider the corre-
sponding modifications on the resummed gluon propagator.
To do so, we need to derive the gluon self-energy by taking
into account the collisions between medium partons, which
can be done by using the kinetic theory with a specified
collisional kernel.
The theoretical method to compute the collisional energy

loss as adopted in this work turns out to be more suitable for
being used in a collisional plasma. Unlike the other two
methods [5,7], where the collision effect never appears in
hard scatterings due to the use of a bare propagator, the
influence of collisions between thermal partons will enter
into all scattering processes in our approach, regardless of
the magnitudes of the transferred momenta. Although, for
hard processes, self-energy insertion into the bare gluon

propagator is not expected to induce a significant modi-
fication on the energy loss, treating both the hard and soft
scatterings in a unified framework will enable us to
self-consistently include the effect of collisions, which is
also free of any artificial cutoff.
As an extension of our previous work [31] to full QCD,

we employ the same BGK collisional kernel as given by

Cðk; XÞ ¼ −ν
�
fðk; XÞ −

R
k fðk; XÞR
k nB=FðkÞ

nB=FðkÞ
�
: ð41Þ

In the above equation,
R
k ≡

R
d3k=ð2πÞ3 and fðk; XÞ ¼

fðkÞ þ δfðk; XÞ. The fluctuation δfðk; XÞ presents a
slight deviation of the distribution function from its
homogeneous values fðkÞ. In addition, ν denotes the
collision rate, which is very crucial for quantitative inves-
tigations on the collision effects. However, determining the
collision rate appearing in the BGK collisional kernel turns
to be very challenging, because Eq. (41) serves as only a
phenomenological model for equilibration which cannot be
derived from first principles. On the other hand, calculation
of the collision rate in a perturbative framework finds ν ≈
5.2α2sT logð0.25α−1s Þ [43]. However, this result leads to a
negative collision rate for realistic values of the coupling
constant, αs ≈ 0.2–0.4, that relevant for heavy-ion colli-
sions. To overcome this problem, following Refs. [41,44],
we insert a constant c into the logarithm; as a result, the
dimensionless collision rate reads

ν̃≡ ν=mD ≈ 1.27α3=2s lnðcþ 0.25=αsÞ: ð42Þ

In the numerical evaluations, the value of c varies from 1
to 2 to account for the uncertainties of the above para-
metrization. As we can see, the parameter c can be
neglected in the small-coupling limit αs → 0, where the
result in Ref. [43] is expected to work. For a typical value
of the coupling constant αs ¼ 0.3, the collision rate
ν=mD ≈ 0.13–0.22, which is also consistent with the values
commonly used. Nevertheless, we have to admit that such a
parametrization in Eq. (42) cannot be strictly justified at
present. In order to get meaningful results of the collision
rate even for moderate coupling constants, one could revisit
the calculation in Ref. [43] by improving upon the
techniques used where necessary. This is certainly a non-
trivial work and beyond the scope of this paper.
Given the collisional kernel in Eq. (41), we can solve the

linearized kinetic equation for the fluctuation δfðk; XÞ
which determines the induced current JμindðQÞ. Then the
gluon self-energy ΠμνðQÞ can be derived by functional
differentiation of JμindðQÞ with respect to the gauge field.
More details about this derivation can be found in
Refs. [40–42]. We point out only that, when considering
the thermal equilibrium distributions, i.e., fðkÞ ¼
2NfnFðkÞ þ 6nBðkÞ, the resulting gluon self-energy retains
the same Lorentz structure as its counterpart in the
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collisionless limit. Therefore, it becomes quite straightfor-
ward to get the resummed gluon propagator via the Dyson-
Schwinger equation. When compared to Eq. (3), the
modification due to the collisions on the resummed gluon
propagator amounts to only the following changes on the
transverse and longitudinal self-energies:

ΠTðω̂; ν̂Þ ¼
m2

D

4
ω̂

�
2zþ ðz2 − 1Þ ln z − 1

zþ 1

�
;

ΠLðω̂; ν̂Þ ¼ −
m2

D

2

1

Wðω̂; ν̂Þ
�
2þ z ln

z − 1

zþ 1

�
; ð43Þ

where

Wðω̂; ν̂Þ ¼ 1 −
iν̂
2

Z
1

−1
dx

1

ω̂ − xþ iν̂
¼ 1þ iν̂

2
ln
z − 1

zþ 1
;

ð44Þ

with z≡ ω̂þ iν̂ and ν̂ ¼ ν=q. It is obvious that our
previous discussions on the gauge independence as well
as the gluon polarization sums still hold in the presence
of the BGK collisional kernel. As a result, one can directly
use Eqs. (11) and (12) to evaluate the energy loss and
investigate the influence of collisions between medium
partons on −dE=dx.
The numerical results of the heavy-quark energy loss at

different coupling constants are presented in Fig. 4, where
the results have been scaled by a factor of ð4παsTÞ−2 so that
there is no explicit T dependence in the dimensionless
energy loss. In general, the energy loss strongly depends on
the incident velocity v, and a dramatic increase of −dE=dx
is found at very large velocities. When comparing with the
results in Ref. [31], where only the contribution from
quark-quark scattering is considered, a much larger portion
of the total energy loss actually comes from the quark-
gluon scattering. Beside a nonvanishing s- and u-channel
contribution in QCD, the t-channel quark-gluon scattering
also significantly contributes to the collisional energy loss.

According to Eq. (22), the former leads to a constant shift
of the dimensionless energy loss at any given incident
velocity v, while the result of t-channel scattering has an
extra dependence on the coupling constant. Therefore, the
ratio of −dE=dx from quark-quark scattering to that from
quark-gluon scattering exhibits a complicated dependence
on both αs and v. We have checked that, in the weak-
coupling limit, the value we obtained for this ratio is ∼0.38,
agrees with BT result, and exhibits a very weak v
dependence. For typical values of the coupling constant
near the critical temperature αs ¼ 0.3, this ratio gets a
notable increase with v. However, even at very large
incident velocity, the contribution from quark-gluon scat-
tering is still dominant which is about twice the contribu-
tion from quark-quark scattering. This finding indicates the
necessity of taking into account the quark-gluon scattering
in a rigorous way as we did in this work.
Another focus in this work is the collision-induced

correction to the heavy-quark energy loss. A clearer way
to illustrate this correction is to look at the ratio of −dE=dx
with and without the collisions. We use Rel to denote this
ratio, which can be expressed as

Rel ≡
�
dE
dx

�
ν≠0

��
dE
dx

�
ν¼0

: ð45Þ

Notice that, in Ref. [31], such an energy loss ratio in
QCD was estimated based on a QED calculation of the
collisional energy loss. This estimation strongly relies on
an assumption of an equal energy loss ratio for quark-quark
and quark-gluon scatterings. With our complete QCD
calculation, more reliable results can be provided, which
are presented in Fig. 5. In our numerical evaluations, we
choose c ¼ 1.5 to determine the collision rate. To account
for the uncertainties of the parametrization in Eq. (42), we
also vary the value of c from 1 to 2, which corresponds to a
band in the plots. As we can see, the energy loss ratio is
sensitive to the values of the coupling constant. Taking
αs ¼ 1=ð4πÞ, the collision rate in Eq. (42) is given by

FIG. 4. The heavy-quark energy loss as a function of the incident velocity at different coupling constants. Besides the total energy loss,
contributions from quark-quark and quark-gluon scatterings are also presented separately.

MINGDA CAI and YUN GUO PHYS. REV. D 113, 094010 (2026)

094010-12



ν̃ ≈ 0.044, determined at c ¼ 1.5. For such a small ν,
collisions between the medium partons do not play a
notable role on the heavy-quark energy loss, because the
collision-induced correction to −dE=dx does not exceed
∼4%, which also agrees very well with the estimation
in Ref. [31]. However, for a coupling constant αs ¼ 0.3,
corresponding to ν̃ ≈ 0.177, the corrections can reach ∼8%,
compared to ∼11% as found in Ref. [31]. Despite a slight
decrease in magnitude, our new result also indicates a
moderate collision effect which enhances the collisional
energy loss, especially at large incident velocities. For
quantitative accuracy, taking into account the collision
effect is still important when evaluating the heavy-quark
energy loss near the critical temperature.
The above discussions suggest that the energy loss ratio

obtained from the complete QCD calculation is reduced as
compared to the corresponding estimations in Ref. [31],
although the differences are not significant even at a
moderate coupling constant. On the one hand, the
assumption of an equal energy loss ratio for quark-quark
and quark-gluon scatterings used in Ref. [31] is, thus,
justified to some extent. On the other hand, it also implies
that the collision effect is less accentuated after including
the quark-gluon scattering. This conclusion requires that
the energy loss ratio for quark-gluon scattering must be
smaller than that for quark-quark scattering. In fact, we
have numerically checked that, when considering only the
t-channel contributions, the collision-induced correction is
even larger for quark-gluon scattering. Therefore, the
reduced collision effect is entirely attributed to the con-
tributions from the s and u channels, as they are unaffected
by the collisions between the medium partons.
The results presented in Fig. 5 qualitatively agree with

those obtained in previous works [36,38]. However, given a
similar collision rate, our energy loss ratio is significantly
lower than the previously found. The overestimated colli-
sion effect in the previous works stems from the neglect of
the hard contributions which, as compared to the soft ones,
are less affected by the collisions between medium partons.

Notice that the theoretical formula adopted in Refs. [36,38]
is applicable only to computing soft scatterings; therefore,
the resulting −dE=dx depends on a cutoff which regulates
ultraviolet divergence by setting a maximum for transferred
momenta. On the contrary, as an important advantage of the
theoretical method in this work, our results are free of any
artificial cutoff.
The increased energy loss in a collisional plasma

indicates a rise of the scattering probability between
incident heavy-quark and medium partons. However, it
is not obvious to see the underlying mechanism for such an
increase, because a nonzero collision rate ν gives rise to a
highly nontrivial modification on the transverse and longi-
tudinal gluon propagators. An intuitive way to understand
the above results is to look at the soft contributions in the
energy loss. According to the discussion under Eq. (18),
the integration of distribution function over k is not affec-
ted by the collisions between medium partons, and the
collision effect appears only in the remaining integrals over
ω and q as given by Eqs. (19) and (20). Considering a
collisionless QGP in the weak-coupling limit, integrating
over ω and q just leads to the dimensionless energy loss
∼sðvÞ logðq�=mDÞ, where sðvÞ is a function of the heavy-
quark velocity [5]. Naively, we can expect that, to get an
enhancement in the energy loss, the screening mass in the
logarithm would be effectively decreased by a nonzero
collision rate ν. In addition, the decrease of screening mass
also depends on the incident velocity v, since the energy
loss ratio shows a rapid change when varying v. To fully
understand the complicated dependence of −dE=dx on the
collision rate and incident velocity, one should exactly
carry out the integrals over ω and q in a collisional QGP;
however, this turns out to be very difficult even in the weak-
coupling limit.
In Fig. 6, we plot the dimensionless energy loss as

well as the energy loss ratio as a function of the heavy-
quark momentum p. We consider a realistic value of the
coupling constant αs ¼ 0.3 and chooseMc ¼ 1.3 GeV and
Mb ¼ 4.7 GeV for the charm and bottom quark mass,

FIG. 5. The energy loss ratio as a function of the heavy-quark velocity at different coupling constants or collision rates. The bands
correspond to varying the parameter c in Eq. (42) from 1 to 2.
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respectively. The qualitative behaviors of the p dependence
are found to be similar as our previous results in Ref. [31].
Notice that the energy loss increases monotonically with
the incident velocity; for a given p ¼ vMQ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
, the

bottom quark with a smaller velocity loses less energy than
the charm quark. This is observed in our results where the
complete QCD calculation leads to a dramatic enhancement
of energy loss as compared to Ref. [31], although the ratio
between the bottom quark energy loss and the charm quark
energy loss does not change significantly. In addition, the
collision-induced corrections are more pronounced in the
large momentum region for the bottom quark energy loss,
while in the small momentum region, the collision effect
plays a more important role on the charm quark energy loss.
The maximum of the energy loss ratio is found to be
consistent with the result presented in Fig. 5.
Finally, we point out that including the strange quarks

does not change the above conclusions with Nf ¼ 2.
Numerically, we find that the energy loss ratio is almost
unaffected. Although contributions to the energy loss due
to quark-quark scattering increase with one more thermally
active flavor, quark-gluon scattering is still dominant in the
heavy-quark energy loss. We also need to emphasize that,
in our evaluations, the values of the collision rate are
provided based on a phenomenological parametrization. A
quantitatively accurate determination of the collision rate
must be carried out in the future, which is crucial to have a
conclusive assessment on the heavy-quark energy loss in a
collisional QCD plasma.

V. CONCLUSIONS AND OUTLOOK

In this work, we presented a complete QCD calculation
on the heavy-quark energy loss in a collisional QGP. By
employing the HTL resummed gluon propagator, we
obtained the interaction rate for the elastic scatterings
between the incident heavy-quark and the medium partons.
The collision effect was encoded in the resummed

propagator via the collisionally modified gluon self-energy
which was obtained by solving the linearized kinetic
equation in the presence of the BGK collisional kernel.
We first justified the theoretical method to compute the

collisional energy loss. It was essentially about the validity
of using the resummed gluon propagator for arbitrary
momentum transfer which treated the hard and soft
processes in a unified framework. On the one hand, we
demonstrated by a direct comparison that our result
coincided with the RS result in the limit of either hard
or soft momentum transfers. When integrating over all the
possible transferred momenta, different methods led to an
identical energy loss in the small-coupling limit; however,
for finite coupling constants, notable discrepancy appeared.
This discrepancy became more relevant in QCD due to a
moderate coupling constant. On the other hand, by includ-
ing the quark-gluon scattering, we explicitly showed the
gauge independence of the squared matrix element for full
QCD and demonstrated the elimination of unphysical gluon
polarizations by the ghost contribution under the HTL
approximation. These conclusions further established a
solid foundation for using the resummed gluon propagator
to compute the interaction rate.
Based on the above theoretical method, we studied the

collisional energy loss of a heavy quark traversing through
the QGP with a focus on how the collisions between the
medium partons could affect the results. As an extension of
our previous work on the QED energy loss, the complete
QCD calculation showed that a very large portion of the
collisional energy loss actually came from the quark-gluon
scattering and, therefore, could provide a quantitatively
reliable result for the heavy-quark energy loss although the
uncertainty originated from the parametrization of the
collision rate in BGK collisional kernel needs to be further
studied. As for the influence of the collision effect, the
heavy-quark energy loss was increased in a collisional
QGP, and such an increase became non-negligible for
large incident velocities and moderate coupling constants.

FIG. 6. Left: comparisons of the momentum dependence of the energy loss with and without collisions for charm and bottom quarks at
αs ¼ 0.3. Right: the energy loss ratio as a function of the momentum for charm and bottom quarks at αs ¼ 0.3. The bands correspond to
varying the parameter c in Eq. (42) from 1 to 2.
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As compared to the estimate in Ref. [31], the collision
effect as observed in this work was less accentuated. The
maximum of the collision-induced correction to energy loss
was reduced from ∼11% to ∼8% at the gauge coupling
αs ¼ 0.3, which indicated that the quark-gluon scattering
was less affected by the collisions when comparing with the
quark-quark scattering. In addition, the collision effect also
exhibited a flavor dependence as discovered before. At
large momenta, the corrections increased with increasing
heavy-quark mass, while at small momenta, an opposite
trend was observed.
Finally, the theoretical method of computing the colli-

sional energy loss as used in this work can be adopted in
many other studies where physical processes involving soft
momentum exchanges are relevant. More importantly,
instead of considering the collision effect on the physical
quantities in consideration, other medium effects can be
also taken into account in a similar manner, namely, by
using an effective propagator that resums an infinite series of
the self-energy contribution modified by various medium
effects. Another related work is to study the jet quenching
parameter by introducing a background fieldwhichdescribes
a nontrivial temperature dependence of the order parameter

for the deconfining phase transition [45–47]. A nonvanishing
background field corresponds to the partial deconfinement of
the QGP, which gives rise to modifications on the perturba-
tive HTL resummed gluon propagator [48]. Therefore, the
regulation of the infrared divergence as well as the inclusion
of the background field effect can be simultaneously realized
with the theoretical method we used. This study is expected
to give us some insight into the jet broadening in a “semi-
QGP” existing just above the critical temperature [49].
We will report the corresponding results in a forthcoming
paper [50].
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