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We investigate the late-time asymptotic solutions and attractor structure of the spin density in minimal
causal spin hydrodynamics in Gubser flow. After deriving the differential equation governing the spin
density, we obtain its late-time asymptotic solutions and identify both attractors and repellers in the
corresponding numerical solutions. We then map these solutions back to flat Minkowski space and find
parameter regions where the spin density exhibits a power-law decay. We further show that, when the
characteristic length scale of the system is much larger than the proper time, several components of the spin
density can decay as slowly as conventional thermodynamic variables in relativistic hydrodynamics. In this
regime, the spin density behaves as a hydrodynamic mode governed by the late-time scaling laws of the flow.
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I. INTRODUCTION

In noncentral relativistic heavy-ion collisions, the collid-
ing nuclei carry a large initial orbital angular momentum.
Part of this angular momentum can be transferred to the
spin degrees of freedom of produced hadrons, leading to
spin polarization of hyperons and spin alignment of vector
mesons through spin-orbit coupling [1,2]. The RHIC-
STAR Collaboration has measured the global polarization,
i.e., the polarization along the direction of the initial orbital
angular momentum, as a function of collision energy, for Λ
and Λ̄, and other hyperons [3–7]. At high and intermediate
collision energies, the observed global polarization is
primarily driven by thermal vorticity and can be described
by a variety of phenomenological models [8–15]. The
global polarization in low-energy collisions [6,7,16], in
particular near and below the production threshold of the Λ
hyperon, has also been investigated [12,17–23], but a
definitive understanding has not yet been reached.
On the other hand, the local polarization of hyperons,

namely the polarization along the beam direction and the

out-of-plane direction as a function of azimuthal angle or
transverse momentum, has not been successfully described
for a long time by the same models that reproduce the
global polarization. To address this discrepancy, a hydro-
dynamic effect referred to as shear-induced polarization
[24–38] has been identified as playing an important role in
the local polarization. In addition, polarization induced by
gradients of the baryon chemical potential (often discussed
in terms of the spin Hall effect [28,37,39,40] and anoma-
lous spin Hall effect [41,42]) may become relevant at low
collision energies. Partonic-interaction corrections have
also been investigated systematically in recent studies,
e.g., see Refs. [41,43,44] and the references therein.
Nevertheless, achieving a quantitative description of
local polarization at low energies remains challenging
[29,36,37,45]. Recently, the CMS measurement of local
polarization in pþ Pb collisions [46] has also been
reported to be incompatible with standard modeling
assumptions [45,47,48]. For further details, we refer to
recent reviews [49–52] and the references therein.
To get a better understanding of spin polarization in

relativistic heavy-ion collisions, it is essential to investigate
the dynamical evolution of spin degrees of freedom in the
medium produced in the collisions. One approach is
quantum kinetic theory [28,41,43,44,53–67], which pro-
vides a microscopic effective description of the evolution of
quasiparticles with spin. Another approach is to formulate
macroscopic evolution equations for spin, namely rela-
tivistic spin hydrodynamics [68–72]. This motivates
extending conventional relativistic hydrodynamics by
incorporating spin as an additional hydrodynamic degree
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of freedom. Such formulations have been developed using
quantum statistical field theory [73–77], quantum kinetic
theory [78–93], analyses based on the entropy principle
[71,72,94–101], and the effective field-theory approach
[68,102]. Very recently, using spin hydrodynamics, an
extended Bargmann-Michel-Telegdi equation that incorpo-
rates rotation and dissipative effects has been derived [100].
For further discussion of spin hydrodynamics, we refer to
recent reviews [70,103,104] and the references therein.
Although the basic framework of relativistic spin hydro-

dynamics has been established, several open issues remain.
One issue concerns causality and stability. It has been
found that first-order spin hydrodynamics in a gradient
expansion, formulated in the canonical form, is generically
acausal and unstable [105–108]. Moreover, even after a
minimal extension to second order, spin hydrodynamics
can still exhibit unstable modes in a linear-mode analysis,
even when the asymptotic causality conditions are satisfied
[105].1 To address this issue, Ref. [117] applied the
thermodynamic stability method [118] and derived causal-
ity and stability conditions. A second issue concerns the
choice of pseudogauge. In addition to the canonical form
[71,98], the Belinfante form [72] and other pseudogauge
choices [70,81,85,119] can also be used in constructing
spin hydrodynamics. Although there has been recent
progress in this direction [95,120–122], the problem
remains unsettled and should be addressed systematically
in future work. A third issue is that several recent studies
[90,123,124] have reported that the thermodynamic rela-
tions commonly employed in spin hydrodynamics at finite
spin density and spin chemical potential differ from those
obtained in microscopic approaches. By contrast, other
works have found consistency between spin-hydrodynamic
thermodynamics and microscopic results by carefully
accounting for rotational effects [125] or by introducing
an appropriate pseudogauge transformation [126].
In addition, there is another long-standing issue in spin

hydrodynamics, especially in the canonical formulation. In
canonical spin hydrodynamics, the spin density is not a
conserved quantity [71], in contrast to the conserved charge
(number) density. It is commonly expected that the spin
density relaxes more rapidly than other macroscopic hydro-
dynamic fields, which would make its effects difficult to
observe on the freeze-out hypersurface. This expectation is
supported, for example, by analytic solutions of canonical
spin hydrodynamics in Bjorken flow [127] and Gubser
flow [128]. Very recently, a work by some of us [129]
has shown the existence of late-proper-time attractors
[130–144] in minimal causal relativistic spin hydrodynam-
ics within Bjorken flow. In particular, nontrivial attractor

solutions were found, accompanied by a parametrically
slow decay of the spin density. This suggests that the spin
density can persist to late proper times and may still
influence observables on the freeze-out hypersurface. On
the other hand, Bjorken flow assumes boost invariance and
neglects the transverse expansion of the system. A more
realistic framework with radial expansion is therefore
desirable. In this respect, Gubser flow [145,146], which
incorporates transverse expansion while preserving boost
invariance along the longitudinal direction, provides a
natural extension.
This motivates the present work. Here we investigate the

possible existence of attractor behavior for the spin density
in canonical spin hydrodynamics under Gubser flow. We
analyze the late-time asymptotic solutions for the spin
density and identify the corresponding attractor and repeller
branches for different parameter choices. Finally, we
determine the conditions under which the spin density
exhibits a power-law behavior at late times.
This paper is organized as follows. In Sec. II, we briefly

review the minimal causal spin hydrodynamics in Gubser
flow and derive the differential equation governing the spin
density. In Sec. III, we derive the asymptotic late-time
solutions for the spin density for different parameter
choices. In Sec. IV, we present numerical results for the
attractor and repeller branches. In Sec. V, we discuss the
late-time power-law decay of the spin density. Finally, we
summarize in Sec. VI.
We adopt the metric gμν ¼ diagfþ;−;−;−g in a flat

Minkowski spacetime with coordinates ðt; x; y; zÞ and the
corresponding projector is defined as Δμν ¼ gμν − uμuν
with uμ being the fluid velocity. For an arbitrary tensor Aμν,
we introduce the following convention for simplicity
AðμνÞ ¼ 1

2
ðAμν þ AνμÞ, A½μν� ¼ 1

2
ðAμν − AνμÞ, and A<μν> ¼

1
2
ðΔμαΔνβ þΔναΔμβÞAαβ − 1

3
ΔμνðAρσΔρσÞ. Throughout this

work, we use standard notation for macroscopic quantities
defined in flat Minkowski spacetime R3;1. For quantities
defined in the dS3 × R spacetime after the Weyl trans-
formation, we add a hat. For example, uμ and ûμ denote the
fluid velocity in R3;1 and in dS3 ×R, respectively.

II. RELATIVISTIC SPIN HYDRODYNAMICSWITH
GUBSER EXPANSION

We first briefly review the main equations of relativistic
spin hydrodynamics in Sec. II A. We then review the
standard Gubser-flow setup in Sec. II B and revisit spin
hydrodynamics in dS3 ×R in Sec. II C.

A. Brief review on relativistic spin hydrodynamics in
canonical form

We first review relativistic spin hydrodynamics in
relativistic heavy-ion collisions. The main conservation
laws are those of the energy-momentum tensor Θμν and the
total angular-momentum tensor Jλμν,

1This behavior is markedly different from conventional rela-
tivistic hydrodynamics without spin, see, e.g., the discussion in
Refs. [109–111]. Also see Refs. [112–116] for recent discussions
of improved causality and stability criteria in linear-mode
analyses for relativistic many-body theories.

LI, REN, WANG, and PU PHYS. REV. D 114, 074029 (2026)

074029-2



∇μΘμν ¼ 0;

∇λJλμν ¼ 0: ð1Þ

For simplicity, throughout this paper, we neglect the
conservation equations for the conserved currents. In this
work, we follow [71,72] and adopt the relativistic spin
hydrodynamics in canonical pseudogauge, in which the
constitutive relations for Θμν and Jλμν take the form

Θμν ¼ euμuν− ðpþΠÞΔμνþ2hðμuνÞ þπμνþ2q½μuν� þϕμν;

Jλμν ¼ xμΘλν−xνΘλμþΣλμν; ð2Þ

where e and p are the energy density and thermodynamic
pressure, respectively, uμ is the fluid four-velocity, and Σλμν

is the rank-3 spin current tensor. Here, Π, πμν, and hμ

denote the bulk viscous pressure, shear viscous tensor, and
heat flux, respectively. The vector qμ and the antisymmetric
tensor ϕμν ¼ −ϕνμ encode spin-related contributions.
These quantities can be extracted from Θμν as

hμ ¼ uνΘðμνÞ; πμν ¼ Θ<μν>;

qμ ¼ uνΘ½μν�; ϕμν ¼ ΔμαΔνβΘ½αβ�: ð3Þ

For simplicity, we set the hμ, Π, and πμν to vanish in this
work. Substituting Eq. (2) into Eq. (1) yields

∇λΣλμν ¼ −2Θ½μν� ¼ −4q½μuν� − 2ϕμν: ð4Þ

This evolution equation shows that the antisymmetric part
of the energy-momentum tensor determines how spin
evolves. In this work, we adopt the canonical pseudogauge
for spin hydrodynamics [71,72]. For Dirac fermions, the
corresponding canonical rank-3 spin-tensor operator is

Σ̂λμν ¼ i
8
ψ̄fγλ; ½γμ; γν�gψ ; ð5Þ

which is antisymmetric in its last two indices,
Σ̂λμν ¼ −Σ̂λνμ. At the macroscopic level, we parametrize
Σλμν following the tensor structure of the canonical spin
operator, rather than explicitly evaluating its microscopic
expectation value. In this work, we further decompose the
spin current tensor Σλμν in analogy with the particle current,

Σλμν ¼ uλSμν þ Σλμν
ð1Þ : ð6Þ

Here we have introduced the spin-density tensor Sμν ¼
−Sνμ and the residual contribution Σλμν

ð1Þ , which is orthogo-

nal to uμ. Note that, in this work, Σλμν carries six
independent degrees of freedom. One may alternatively
consider a totally antisymmetric rank-3 spin tensor; see,
e.g., [98,100]. In analogy with the charge chemical poten-
tial, which is conjugate to the particle density, one can

introduce a spin chemical potential ωμν ¼ −ωνμ conjugate
to the spin density Sμν. The thermodynamic relations of
spin hydrodynamics then read [71,72]

eþ p ¼ Tsþ ωμνSμν;

de ¼ Tdsþ ωμνdSμν;

dp ¼ sdT þ Sμνdωμν; ð7Þ

where T and s denote the temperature and entropy density,
respectively. Recently, some works [90,123,124] have
reported that the thermodynamic relations derived from
microscopic theory do not coincide with Eq. (7). On the
other hand, other studies [125,126] have found agreement
between kinetic-theory results and Eq. (7). The appropriate
form of the thermodynamic relations in spin hydrodynam-
ics therefore remains an open question. For simplicity, we
adopt the conventional thermodynamic relations in
this work.
Next, we introduce the power counting used in this work.

We consider a gradient expansion in spin hydrodynamics
and follow Ref. [72] by taking ωμν ∼Oð∂Þ and Sμν ∼Oð1Þ.
It was shown in Refs. [106,107] that first-order spin
hydrodynamics generally violates causality and stability.
We therefore employ the minimal causal theory proposed in
Ref. [105]. Here, “minimal” means that we retain only the
essential terms in the second-order gradient expansion
required to ensure causality. In this setup, the constitutive
equations for qμ and ϕμν read

τqΔμνuα∇αqν þ qμ ¼ λðT−1Δμα∇αT þ uα∇αuμ − 4ωμνuνÞ;
τϕΔμαΔνβuρ∇ρϕαβ þ ϕμν ¼ 2γsΔμαΔνβð∇½αuβ� þ 2ωαβÞ;

ð8Þ

where λ and γs are two positive-definite transport coef-
ficients, and τq; τϕ > 0 are the relaxation times for qμ and
ϕμν, respectively. When these transport coefficients satisfy
the relations given in Ref. [117], the theory is causal and
linearly stable. For second-order spin hydrodynamics with
additional dissipative terms, we refer to Refs. [99,108].
Later, we will apply a Weyl transformation to Eq. (8) and
show that the constitutive equation for ϕμν breaks con-
formal symmetry. To restore conformal covariance, we
introduce an additional term and write

τϕΔ
μ
αΔν

βu
ρ∇ρϕ

αβ þ λθϕ
μν∇αuα þ ϕμν

¼ 2γsΔμαΔνβð∇½αuβ� þ 2ωαβÞ; ð9Þ

where λθ is a transport coefficient that controls the strength
of the coupling between ϕμν and the expansion rate ∇ · u.
Such second-order coupling terms are generally allowed.
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B. Coordinates for Gubser flow

In this subsection, we briefly review the conventional
Gubser-flow setup introduced in Refs. [145,146]. The
Gubser flow is constructed to be invariant under the
symmetry group SOð3Þ × SOð1; 1Þ × Z2. Here, the
SOð1; 1Þ factor corresponds to boost invariance, while
the Z2 factor corresponds to reflection symmetry across
the collision plane. The SOð3Þ factor, in turn, encodes a
specific combination of transverse translations and rota-
tions in the transverse plane. Because the fluid four-
velocity is tightly constrained by these symmetries, it is
nontrivial to construct a velocity profile that realizes them
directly in Minkowski spacetime R3;1. Exploiting con-
formal invariance, the dynamics are invariant under a Weyl
rescaling of the metric, gμν → Λ−2gμν, where Λ may vary
across spacetime. This allows one to realize the Gubser
symmetry on a conformally related manifold and then map
the solution back to R3;1. To make this concrete, we start
from the Minkowski metric on R3;1,

ds2 ¼ dt2 − dx2 − dy2 − dz2

¼ dτ2 − dr2 − r2dφ2 − τ2dη2; ð10Þ

where τ is the proper time, η is the spacetime rapidity, r is
the transverse radius, and φ is the azimuthal angle. These
coordinates are defined as

τ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
; η ¼ 1

2
ln

�
tþ z
t − z

�
;

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

q
; φ ¼ arctan

�
y
x

�
: ð11Þ

We then perform a Weyl rescaling to map the fluid
dynamics from R3;1 to the conformally related spacetime
dS3 ×R. The rescaled line element dŝ2 can be brought into
the Gubser coordinates ðρ; θ;φ; ηÞ as

dŝ2 ¼ 1

τ2
ðdτ2 − dr2 − r2dφ2Þ − dη2

¼ dρ2 − cosh2ρðdθ2 þ sin2θdφ2Þ − dη2: ð12Þ

The coordinate transformation is defined by

sinh ρ ¼ −
L2 − τ2 þ r2

2Lτ
;

tan θ ¼ 2Lr
L2 þ τ2 − r2

: ð13Þ

Here L is a parameter with dimensions of length that sets
the characteristic transverse size of the system. To satisfy
the Gubser symmetry, the velocity of the fluid in the
coordinate ðρ; θ;φ; ηÞ is found to be

ûμ ¼ ð1; 0; 0; 0Þ: ð14Þ

According to the Weyl rescaling in Eq. (12), the metric
gμν in Minkowski spacetime and the metric ĝμν in dS3 × R
are related by

ĝμν ¼
1

τ2
gμν; ĝμν ¼ τ2gμν: ð15Þ

The Christoffel symbols transform as

Γλ
μν ¼ Γ̂λ

μν þ τ−1ðδλνb∇μτ þ δλμb∇ντ − ĝμνĝλαb∇ατÞ: ð16Þ

The general relation between a physical tensor Aμ1μ2���μm
ν1ν2���νn ðxÞ

in R3;1 and its counterpart Âμ1μ2���μm
ν1ν2���νn ðxÞ in dS3 ×R is

Âμ1μ2���μm
ν1ν2���νn ðxÞ ¼ τΔAAμ1μ2���μm

ν1ν2���νn ðxÞ; ð17Þ

where ΔA ¼ ½A� þm − n, and [A] denotes the mass dimen-
sion of A.

C. Spin hydrodynamics in dS3 ×R spacetime

In this subsection, we briefly review the spin hydro-
dynamic with Gubser flow following our previous studies
[128]. Using this rule in Eq. (17), it is straightforward to
derive that

Θ̂μν ¼ τ6Θμν; ð18Þ

and the energy-momentum conservation equation (1) in
dS3 ×R spacetime

0¼∇μΘμν ¼ τ−6ðb∇μΘ̂μν − 2τ−1Θ̂½μν�b∇μτÞ− τ−7Θ̂μ
μĝναb∇ατ:

ð19Þ

Since we set the bulk pressure to vanish, we have Θ̂μ
μ ¼ 0.

The above equation therefore reduces to

b∇μΘ̂μν − 2τ−1Θ̂½μν�b∇μτ ¼ 0: ð20Þ

Similarly, the conservation equation for the total angular-
momentum tensor in Eq. (4) becomes

b∇λðûλŜμνÞ þ 2ϕ̂μν − τ−1b∇στðĝμσûαŜαν
þ ĝνσûαŜ

μα þ ûμŜνσ − ûνŜμσÞ ¼ 0: ð21Þ

Here, we drop Σλμν
ð1Þ and q

μ to simplify the subsequent steps

in searching for analytic solutions. The Σλμν
ð1Þ denotes the

higher-order correction to the rank-3 spin tensor Σλμν

introduced in Eq. (6), while qμ, defined in Eq. (2),
represents a spin-related contribution to the energy
flux arising from the antisymmetric part of the

LI, REN, WANG, and PU PHYS. REV. D 114, 074029 (2026)

074029-4



energy-momentum tensor. In the present work, we neglect
this contribution by setting both qμ and its corresponding
transport coefficient λ to zero in Eq. (8).
The constitutive equation for ϕμν in Eq. (8) now becomes

0 ¼ τϕΔ̂μαΔ̂νβûσ b∇σϕ̂αβ − 4τ−1τϕûσϕ̂
μνb∇στ

− τ4γsΔ̂μαΔ̂νβ

�b∇αûβ − b∇βûα þ 4ω̂αβ

�
þ τϕ̂μν

þ λθϕ̂
μν

�b∇αûα þ 3τ−1ûσ b∇στ

�
; ð22Þ

where we have used that

∇μuν ¼ τb∇μûν − ûμb∇ντþ ĝμνûαb∇ατ;

∇σϕαβ ¼ τ−2b∇σϕ̂αβ − τ−3
�
ϕ̂σβ

b∇ατþ ϕ̂ασ
b∇βτþ 4ϕ̂αβ

b∇στ

�

þ τ−3
�
ĝσαĝλμϕ̂λβ þ ĝσβĝλμϕ̂αλ

�b∇μτ: ð23Þ

From the above equation, we find that conformal symmetry
is preserved for the constitutive equation of ϕμν when

λθ ¼
4

3
τϕ: ð24Þ

For simplicity, we restrict ourselves to this choice in the
remainder of this work. In this case, Eq. (22) reduces to

0 ¼ τϕ
τ
Δ̂μαΔ̂νβûσ b∇σϕ̂αβ þ

4

3

τϕ
τ
ϕ̂μνb∇αûα þ ϕ̂μν

− τ3γsΔ̂μαΔ̂νβ

�b∇αûβ − b∇βûα þ 4ω̂αβ

�
: ð25Þ

To close the system, we consider the equations of state
for conformal fluid [105,129],

ê ¼ c2s p̂; ð26Þ

Ŝμν ¼ χ̂ω̂μν þ χ̂0ûλðω̂λμûν − ω̂λνûμÞ; ð27Þ

where cs is the speed of sound and χ; χ0 are two spin
susceptibilities satisfying χ0 > χ > 0.
Next, we insert the dS3 ×R metric ĝμν ¼

diagf1;−cosh2 ρ;−cosh2 ρsin2θ;−1g to derive the differ-
ential equations of spin hydrodynamics in dS3 ×R.
Equation (20) splits into four distinct component equations,
as shown below,

0 ¼ b∂ρêþ 2 tanh ρðêþ p̂Þ; ð28Þ

and

0 ¼ 1

cosh2 ρ
b∂θp̂þ b∂μϕ̂μθ − 2τ−1ϕ̂μθb∇μτ;

0 ¼ 1

cosh2 ρsin2 θ
b∂φp̂þ b∂μϕ̂μφ þ 1

tan θ
ϕ̂θφ − 2τ−1ϕ̂μφb∇μτ;

0 ¼ b∂ηp̂þ b∂μϕ̂μη þ 1

tan θ
ϕ̂θη − 2τ−1ϕ̂μηb∇μτ; ð29Þ

where we have used ûμϕ̂
μν ¼ 0 from ϕρν ¼ ϕνρ ¼ 0 and

inserted the ûμ in Eq. (14). Equation (21) can be expressed
as six independent equations for the components of Sμν,

0 ¼ b∂ρŜφη þ 3 tanh ρŜφη þ 2ϕ̂φη: ð30Þ

and

0 ¼ b∂ρŜρθ þ 3 tanh ρŜρθ;

0 ¼ b∂ρŜρφ þ 3 tanh ρŜρφ − τ−1Ŝφθb∇θτ;

0 ¼ b∂ρŜρη þ 2 tanh ρŜρη − τ−1Ŝηθb∇θτ;

0 ¼ b∂ρŜθφ þ 4 tanh ρŜθφ þ 2ϕ̂θφ þ τ−1
1

cosh2 ρ
Ŝρφb∇θτ;

0 ¼ b∂ρŜθη þ 3 tanh ρŜθη þ 2ϕ̂θη þ τ−1
1

cosh2ρ
Ŝρηb∇θτ:

ð31Þ

We find that the components Ŝρφ, Ŝρη, Ŝφθ, and Ŝηθ are
mutually coupled and Eq. (29) are not automatically
satisfied. Equivalently, the standard Gubser-flow velocity
profile in dS3 × R spacetime in Eq. (14) no longer remains
a solution of the dynamical equations during time evolution
unless we set Ŝρφ, Ŝρη, Ŝφθ, and Ŝηθ to zero [128]. Retaining
any of the five components would either break the under-
lying symmetries or render the energy-momentum con-
servation equations in Eq. (29) inconsistent with the Gubser
velocity profile, as demonstrated above. Interestingly, we
find that the evolution equation for Ŝρθ decouples from that
for ϕ̂ρθ. As a result, the solution for Ŝρθ contains no
additional information about the relaxation time or dis-
sipative effects. We therefore set the initial condition
Ŝρθðρ0Þ ¼ 0 and do not consider this component in the
following. Thus, the restriction to a single nonvanishing
component Ŝρη is physically motivated by the symmetry
and self-consistency of the Gubser-flow setup. Therefore,
following our previous treatment in Ref. [128], we retain
only a finite Ŝφη and set all other components of Ŝμν to zero.
With this simplification, the full set of differential

equations reduces to three differential equations:
Eqs. (28), (30), and the constitutive equation for ϕ̂φη from
Eq. (25),
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0 ¼ b∂ρϕ̂φη þ
�
11

3
tanh ρþ τ

τϕ

�
ϕ̂φη −

4τ4γs
χ̂τϕ

Ŝφη: ð32Þ

Equation (28) gives exactly the same analytic solution for ê
as in the standard Gubser flow. We combine Eqs. (30) and
(32) and derive the equation for Ŝφη,

0¼ d2

dρ2
Ŝþ

�
20

3
tanh ρþ τ̂−1ϕ

�
d
dρ

Ŝ

þð3þ 8tanh2 ρþ 3τ̂−1ϕ tanh ρþ 8γ̂sτ̂
−1
ϕ χ̂−1ÞŜ; ð33Þ

where

τ̂ϕ ¼ τϕ
τ
; γ̂s ¼ τ3γs ð34Þ

are the Weyl-rescaled relaxation time associated with ϕμν

and the Weyl-rescaled transport coefficient γs, respectively.
After the Weyl transformation, we assume that τ̂ϕ and γ̂s
depend on ρ only. From now on, we denote Ŝφη by Ŝ. It is
then clear that Ŝ is a function of ρ only, consistent with our
Gubser-flow assumption.

III. ASYMPTOTIC SOLUTIONS AT LATE TIME

In the previous section, we derived the main differential
equation for Ŝ, given in Eq. (33). We now study the
asymptotic behavior of Ŝ at late times, i.e., in the limit
ρ → þ∞. Since Eq. (33) contains several factors of tanh ρ,
which approach unity as ρ → ∞, it is convenient to
introduce the variable

w ¼ 1

1 − tanh ρ
; ð35Þ

so that w → ∞ as ρ → ∞. Let us discuss the physical
meaning of w. For this purpose, we recall Eq. (13), which
yields

τ

L
¼ −

1

ðsinh ρ − cos θ cosh ρÞ : ð36Þ

In the formal limit cos θ → 1, one finds

τ

L
→

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2w − 1

p
: ð37Þ

According to the transformation rule in Eq. (13), the limit
cos θ → 1 or θ → 0 in dS3 ×R corresponds to r → 0 in
Minkowski spacetime. The small θ region in the large w
limit constrains the transverse coordinates in Minkowski
spacetime rather than the longitudinal spacetime rapidity
ηs. Since the Gubser solution is boost invariant, the
hydrodynamic fields are independent of ηs. On the other

hand, hydrodynamic descriptions are generally most
applicable around midrapidity, where the boost-invariant
approximation is expected to be most reliable. We
therefore restrict our discussion to the midrapidity region
of the fireball.
Next, we introduce an auxiliary function f defined by

fðwÞ ¼ ð2w − 1Þ
Ŝ

dŜ
dw

: ð38Þ

Once fðwÞ is determined, Ŝ can be reconstructed from fðwÞ
via

ln

�
ŜðwÞ
Ŝðw0Þ

�
¼

Z
w

w0

fðw0Þ
2w0 − 1

dw0: ð39Þ

To study the dynamical evolution of fðwÞ, we follow
Refs. [129,143] and parametrize the transport coefficients
as

τ̂−1ϕ ¼ αwΔ1 ;

8γ̂sτ̂
−1
ϕ χ̂−1 ¼ βwΔ2 ; ð40Þ

where α, β, and Δ1;2 are constants. Since the transport
coefficients γ̂s and τ̂−1ϕ , as well as the spin susceptibility
χ̂, are positive definite as required by the entropy prin-
ciple [see, e.g., the discussion below Eqs. (8) and (27)
and the references therein], the constants α and β must
also be positive definite. On the other hand, according to
Eqs. (34), (37), and (40), one finds τϕ ∼ τ1−2Δ1 . Returning
to the constitutive equation for ϕμν in Eq. (9), the
relaxation-time term τϕΔ

μ
αΔν

βu
ρ∇ρϕ

αβ ∼ τϕ
d
dτ ϕ

μν should,
in general, be of higher order than ϕμν in the hydro-
dynamic gradient expansion, i.e., jτϕ d

dτ ϕ
μνj=jϕμνj ≪ 1.

This implies

Δ1 > 0: ð41Þ

By contrast, there is no strict constraint on Δ2. In
principle, Δ1 and Δ2 are determined by the micro-
scopic dynamics governing the transport coefficients τ̂ϕ
and γ̂s, respectively. Since no specific microscopic
model is assumed here, we treat Δ1 and Δ2 as
phenomenological parameters characterizing the pos-
sible τ dependence of these transport coefficients after
the Weyl transformation. Varying these exponents
allows us to distinguish universal features of the late-
time dynamics from those that depend on the micro-
scopic scaling of the transport coefficients. After
substituting into Eq. (33), we obtain
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0¼w2
df
dw

þ w2

ð2w−1Þf
2þ w

ð2w−1Þ
�
20

3
ðw−1ÞþαwΔ1þ1

�
f

þ w
ð2w−1Þð11w−16þ8w−1

þ3αwΔ1þ1−3αwΔ1 þβwΔ2þ1Þ: ð42Þ

Next, we implement the slow-roll expansion method
[147,148] to derive the asymptotic solutions. For conven-
ience, we redefine fðwÞ in terms of a new function vðwÞ as

vðwÞ ¼ 1

2w − 1
fðwÞ þ 1

2
AðwÞ; ð43Þ

where

AðwÞ ¼ 26 − 20w−1 þ 3αwΔ1

3ð2w − 1Þ : ð44Þ

With this change of variables, Eq. (42) reduces to the
Riccati-type equation

dvðwÞ
dw

þ vðwÞ2 ¼ IðwÞ; ð45Þ

where the source term reads

IðwÞ ¼ 1

ð2w− 1Þ2
�
−
8

9
−
2

9
w−2þ 4

9
w−1þ

�
1

3
þΔ1

�
αwΔ1

−
�
1

2
Δ1þ

1

3

�
αwΔ1−1þ 1

4
α2w2Δ1 − βwΔ2

�
: ð46Þ

We now note that Eq. (45) contains no term linear in vðwÞ.
Next, we introduce an auxiliary bookkeeping parameter ϵ
to organize the slow-roll expansion. We emphasize that ϵ is
merely a bookkeeping parameter, which will be set to 1 at
the end. We then expand vðwÞ in a power series in ϵ,

vðwÞ ¼ v0ðwÞ þ ϵv1ðwÞ þ ϵ2v2ðwÞ þOðϵ3Þ: ð47Þ

In the slow-roll expansion, each derivative is counted
as an additional power of ϵ. Accordingly, Eq. (45) is
rewritten as

ϵ
dvðwÞ
dw

þ vðwÞ2 ¼ IðwÞ: ð48Þ

Substituting Eq. (47) into the above equation, we obtain

½v20 − IðwÞ� þ ϵ

�
dv0
dw

þ 2v0v1

�
þ ϵ2

�
dv1
dw

þ v21 þ 2v0v2

�

þOðϵ3Þ ¼ 0: ð49Þ

Since ϵ is arbitrary, the above equation can be satisfied
order by order only if the coefficients of each power ϵn

vanish. This yields

v20 − IðwÞ ¼ 0;

dv0
dw

þ 2v0v1 ¼ 0;

dv1
dw

þ v21 þ 2v0v2 ¼ 0: ð50Þ

These equations can be solved sequentially. The resulting
slow-roll expansion for v is

vðwÞ ¼ �
ffiffiffiffi
I

p
−
ϵ

4

d ln I
dw

∓ ϵ2

32I
5
2

�
−4I

d2I
dw2

þ 5

�
dI
dw

�
2
�
þOðϵ3Þ: ð51Þ

Since we are interested in the large w behavior, we further
simplify IðwÞ in the w → ∞ limit. In general, we may
expand IðwÞ in Eq. (46) as

IðwÞ ¼ I1wk1 þ I2wk2 þ…; ð52Þ

where k1 > k2. We note that, given the explicit form of
IðwÞ in Eq. (46), the leading power in the large w
expansion satisfies k1 > −2. Here, I1wk1 and I2wk2 denote
the leading and next-to-leading terms, respectively, in the
large w expansion. The exponents k1;2 depend on the
specific values of Δ1;2. Setting ϵ → 1 and substituting
Eq. (52) into Eq. (51), we obtain

vðwÞ ¼ �
ffiffiffiffiffi
I1

p
w

k1
2 � I2

2
ffiffiffiffiffi
I1

p wk2−
k1
2 −

k1
4
w−1 þ…; ð53Þ

where … denotes terms that are high-order terms in the
large w expansion.
After some algebra, and using Eq. (43), we derive the

corresponding asymptotic solutions for fðwÞ for different
choices of Δ1;2, which are summarized in Table I. Let us
briefly discuss the results summarized in Table I. Recalling
Eq. (38), the late-time behavior of Ŝ can be obtained by
integrating the corresponding branches f�ðwÞ. In particu-
lar, complex (imaginary) asymptotic forms of f�ðwÞ imply
oscillatory behavior of Ŝ. For this reason, we keep the
complex solutions for fðwÞ in Table I.
We can also cross-check the above results by a different

method. As an example, consider the case Δ1 > Δ2 with
Δ1 > 0. In this regime, keeping only the leading contri-
butions to Eq. (42) in the large w limit yields

2w2
df
dw

þ wf2 þ αwΔ1þ1f þ 3αwΔ1þ1 ¼ 0: ð54Þ

Under these assumptions, there are two consistent domi-
nant balances in the large w expansion. First, if the leading
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terms are wf2 þ αwΔ1þ1f, one obtains f− → −αwΔ1 .
Second, if the last two terms αwΔ1þ1f þ 3αwΔ1þ1 domi-
nate, one finds fþ → −3. We further assess the stability of
the two asymptotic solutions f�. Writing f → f� þ δf�
and substituting into Eq. (54), we obtain δf� ∼ e∓

1
2Δ1

αwΔ1
.

Hence δfþ decreases with w, whereas δf− grows with w. In
other words, fþ is stable and f− is unstable. In the next
section, we will show that the stable asymptotic solutions
correspond to possible attractors, whereas the unstable
asymptotic solutions correspond to repulsive behavior (i.e.,
repellers). The analysis can be extended straightforwardly
to other parameter choices.

IV. LATE-TIME ATTRACTOR

We show the large w asymptotic behavior of fðwÞ for
different choices of α, β, Δ1, and Δ2 in Fig. 1. The red solid
and blue dashed curves correspond to the asymptotic
solutions summarized in Table I, while the gray solid
curves represent numerical solutions obtained from differ-
ent initial conditions. We observe that, for a wide range of
initial conditions, the numerical solutions approach the red
curves and move away from the blue dashed ones. We
therefore identify the red solid and blue dashed curves as
the attractors and repellers, respectively.
Figures 1(a) and 1(b) correspond to the two cases with

constant asymptotic solutions, namely Δ1 > Δ2 with
fðwÞ → −3, and Δ1 ¼ Δ2 with fðwÞ → −ð3þ β

αÞ.
Figures 1(c) and 1(d) correspond to cases in which fðwÞ
exhibits a power-law decaying behavior in the large w
limit, namely Δ1 < Δ2 < 2Δ1 with fþ ¼ − β

αw
Δ2−Δ1 , and

Δ1 < Δ2 ¼ 2Δ1 with fþ ¼ 1
2
ð−αþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − 4β

p
ÞwΔ1 . The

numerical solutions are consistent with the asymptotic
analysis in the previous section. In the next section, we
transform fðwÞ back to Ŝ and to the spin density in
conventional ðt; x; y; zÞ coordinates. In particular, the cases
shown in Figs. 1(a) and 1(b) lead to a power-law decay of Ŝ
at late times.

From Fig. 1, we observe that, for each fixed set of
parameters ðα; β;Δ1;Δ2Þ, there exists a unique attractor
and a unique repeller in the large w regime. Moreover, in
the large w limit, the attractor branch takes larger values of
fðwÞ than the repeller branch for the parameter sets shown.
It can be understood from the structure of our evolution
equation for Ŝ in Eq. (33). As shown in the previous
section, after an appropriate change of variables, the
differential equation (33) can be cast into the Riccati-type
form given in Eq. (45).
We can perform an additional transformation of vðwÞ in

Eq. (45) by introducing

vðwÞ ¼ V 0ðwÞ
VðwÞ ; ð55Þ

where the prime denotes differentiation with respect to w,
i.e., V 0ðwÞ ¼ dV=dw. Since Eq. (45) contains no term
linear in vðwÞ, it can be mapped to the second-order linear
equation

V 00ðwÞ − IðwÞVðwÞ ¼ 0: ð56Þ
In the large w limit, the asymptotic solutions of Eq. (56) can
be written formally as

VðwÞ ¼ exp ½�I0ðwÞ�; I0ðwÞ ¼
Z

w

w0

du
ffiffiffiffiffiffiffiffiffiffiffiffi
I0ðuÞ

p
; ð57Þ

where I0ðwÞ is the leading order of IðwÞ as w → ∞. Note
that I 00

0ðwÞ does not contribute at leading order in the large
w expansion. For the real-valued solutions fðwÞ shown in
Fig. 1, I0ðwÞ should be strictly positive. Furthermore,
Eq. (46) implies I0ðwÞ ∼ wδ with δ > 0 since I0ðwÞ ≫ w−2

as w → ∞. The general solution for VðwÞ is then

VðwÞ ¼ c1eI0ðwÞ þ c2e−I0ðwÞ; ð58Þ

where c1;2 are constants determined by the initial con-
ditions. Accordingly, vðwÞ can be written as

TABLE I. Asymptotic solutions for fðwÞ in the large w limit for different choices of Δ1;2. Here, k1;2 and I1;2 are
defined in Eq. (52).

I1 k1 I2 k2 f�ðwÞ
Δ1 > Δ2

1
16
α2 2Δ1 − 2 1

4
ð1
3
þ Δ1Þα Δ1 − 2

�
fþ ¼ −3
f− ¼ −αwΔ1

Δ1 ¼ Δ2
1
16
α2 2Δ1 − 2 1

4
½ð1
3
þ Δ1Þα − β� Δ1 − 2

�
fþ ¼ −ð3þ β

αÞ
f− ¼ −αwΔ1

Δ1 < Δ2 < 2Δ1
1
16
α2 2Δ1 − 2 − β

4
Δ2 − 2

�
fþ ¼ − β

αw
Δ2−Δ1

f− ¼ −αwΔ1

Δ1 < Δ2 ¼ 2Δ1
α2−4β
16

2Δ1 − 2 1
4
ð1
3
þ Δ1Þα Δ1 − 2 f� ¼ 1

2

�
−α�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − 4β

p 	
wΔ1

Δ1 < 2Δ1 < Δ2 − β
4

Δ2 − 2 1
16
α2 2Δ1 − 2 f� ¼ �i

ffiffiffi
β

p
w

Δ2
2 − α

2
wΔ1
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vðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
I0ðwÞ

p c1 − c2e−2I0ðwÞ

c1 þ c2e−2I0ðwÞ
: ð59Þ

If c1 ≠ 0, then e−2I0ðwÞ decays rapidly at large w, and
therefore vðwÞ → ffiffiffiffiffiffiffiffiffiffiffiffi

I0ðwÞ
p

. This implies that, for generic
initial conditions (i.e., c1 ≠ 0), all trajectories approach the
branch vðwÞ → ffiffiffiffiffiffiffiffiffiffiffiffi

I0ðwÞ
p

at late times, identifying it as the
attractor. In contrast, if c1 ¼ 0, one has vðwÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
I0ðwÞ

p
.

A small perturbation away from this branch generates
a small but finite c1, after which the trajectory departs
from vðwÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
I0ðwÞ

p
and approaches the attractor

vðwÞ → ffiffiffiffiffiffiffiffiffiffiffiffi
I0ðwÞ

p
. This branch therefore corresponds to

the repeller. This analysis shows that there exists a unique
attractor and a unique repeller in the large w regime.
In Fig. 1, we also observe that, in each panel, some gray

trajectories lie below the blue dashed curve (the repeller) and
keep decreasing toward −∞. We emphasize that this
behavior does not indicate a physical singularity in Ŝ.
Recalling the definition of fðwÞ in Eq. (38), one can see

that fðwÞ necessarily passes through �∞ when Ŝ → 0.
Therefore, trajectories of fðwÞ that run to −∞ simply
correspond to Ŝ crossing zero: once Ŝ changes sign, the
ratio defining fðwÞ becomes positive again, and the solution
for fðwÞ reenters from þ∞ [i.e., fðwÞ effectively flips sign
by passing through �∞] and subsequently approaches the
red solid curve (the attractor). A similar discussion can be
found in our previous study [129] of attractors in spin
hydrodynamics with Bjorken flow.
Based on the discussion above, we can characterize the

basin of attraction. For generic initial conditions, the
system converges to the attractor at late times; the only
exception is the measure-zero set of initial conditions that
lie exactly on the repeller branch.

V. LATE-TIME POWER-LAW DECAY
OF SPIN DENSITY

In the conventional relativistic hydrodynamics, the
typical decay behavior of the charge number density

FIG. 1. Asymptotic behavior of fðwÞ for large w under different parameter choices. (a) Δ1 > Δ2, with the constant attractor
fðwÞ → −3, (b) Δ1 ¼ Δ2, with fþðwÞ → −ð3þ β=αÞ, (c) Δ1 < Δ2 < 2Δ1, with fþðwÞ → −ðβ=αÞwΔ2−Δ1 , and (d) Δ1 < Δ2 ¼ 2Δ1,

with fþðwÞ → 1
2
ðαþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − 4β

p
ÞwΔ1 . The solid red and dashed blue curves denote the attractors and repellers summarized in Table I,

respectively. The solid gray curves show numerical solutions for different initial conditions.
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n is n ∼ τ−1 in a Bjorken flow. Therefore, if the spin
density exhibits a power-law decay, it can remain
comparable at late time. By contrast, if the spin density
exhibits an exponential decay, it can be neglected at late
time in comparison with the charge number density.
Therefore, in this section, we discuss the power-law
decay of Ŝ at late time and the physical picture
behind it.
Equation (38) shows that if fðwÞ ∼ −wm with m ≠ 0,

then Ŝ ∼ e−w
m
decays exponentially in w, which is much

faster than the typical power-law dilution of a number
density. In such cases, any accumulation effect in Ŝ would
be difficult to observe. By contrast, when fðwÞ ∼ const., Ŝ
exhibits a power-law behavior at late times. We find only
two possible late-time power-law behaviors for Ŝ according
to Table I,

ðiÞ Δ1 > Δ2; fþðwÞ → −3; Ŝ ∝ w−3=2;

ðiiÞ Δ1 ¼ Δ2; fþðwÞ → −
�
3þ β

α

�
;

Ŝ ∝ w−ð3αþβÞ=ð2αÞ: ð60Þ

We also summarize it in Fig. 2.
In case (i), using Eq. (17), we obtain

Sφη ¼ τ−5Ŝφη ∝
1

τ2
L3

ðL2 − τ2 þ r2Þ3 : ð61Þ

We note that there are two distinct limits in which one can
extract the asymptotic behavior of Sφη at late proper time τ.
If L ≫ τ, Eq. (61) reduces to

Sφη ∼
1

L3τ2
: ð62Þ

We can further transform back to the ðt; x; y; zÞ coordinates
in flat spacetime and find that the nonvanishing compo-
nents of the spin density behave as

Stx; Sty; Szx; Szy ∼
1

τL2
; ð63Þ

which is consistent with our previous results in
Ref. [128]. In terms of the proper-time scaling, this
power-law decay is comparable to that of the conven-
tional charge number density in Bjorken flow. We can
also illustrate the tensor structure of the spin density
using the spin-density operator. Recalling Eq. (5),
Sμν ∼ uαhΣ̂αμνi, where h� � �i denotes the thermal ensemble
average. For an illustrative estimate, we replace the
ensemble average by a bilinear constructed from a free
Dirac spinor with four-momentum pμ ¼ ðE; 0; 0; pzÞ and
mass m. We denote the components of its rest-frame
spin-polarization vector by ζi ¼ χ†σiχ, where χ†χ ¼ 1.
For example, we obtain

Stx ∼
E
2m

uyζz −
1

2
uzζy: ð64Þ

Transforming the Gubser four-velocity in Eq. (14) back
to Cartesian coordinates ðt; x; y; zÞ in Minkowski space-
time gives, at leading order for L ≫ τ,

uy ≃ −
2τy
L2

; uz ≃ −
z
τ
: ð65Þ

Motivated by the out-of-plane direction of global
hyperon polarization [3], we consider a local spin
state polarized in the transverse x − y plane, with
ζz ¼ 0. Since the azimuthally symmetric Gubser back-
ground does not select a preferred transverse Cartesian
axis, we keep ζx and ζy general. The above estimate
then gives Stx ∼ τ−1. Using the same approach, we
also estimate Sty; Szx; Szy ∼ τ−1. These results are con-
sistent with Eq. (63).
On the other hand, if τ ≫ L, Eq. (61) gives

Sφη ∼
L3

τ8
; ð66Þ

which corresponds to the nonvanishing components

Stx; Sty; Szx; Szy ∼
L4

τ7
: ð67Þ

Although the spin density in this limit still exhibits a
power-law decay, it decreases much more rapidly as a
function of τ than other macroscopic hydrodynamic

FIG. 2. Late-time asymptotic behavior of Ŝ for different choices
of Δ1;2. Here, we take τ=τϕ as an effective Knudsen number,
denoted by Kn.
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variables. Consequently, its contribution is expected to be
strongly suppressed at late proper time. We also refer to
Ref. [128] for a detailed comparison of the characteristic
power-law behaviors of the spin-density tensor, thermal
vorticity, and thermal shear tensor to hyperon polarization
within the modified Cooper-Frye formalism in the canoni-
cal pseudogauge [120,149].
In case (ii), following a similar analysis, we obtain in the

L ≫ τ limit

Sφη ∼
τðβ−2αÞ=α

Lðβþ3αÞ=α ; ð68Þ

which implies that the nonvanishing components of the
spin density scale as

Stx; Sty; Szx; Szy ∼
τðβ−αÞ=α

Lðβþ2αÞ=α : ð69Þ

In the opposite limit τ ≫ L, we find

Sφη ∼
Lðβþ3αÞ=α

τðβþ8αÞ=α ; ð70Þ

which gives the nonvanishing components of the spin
density as

Stx; Sty; Szx; Szy ∼
Lðβþ4αÞ=α

τðβþ7αÞ=α : ð71Þ

Interestingly, Eq. (69) shows that the spin density scales
with proper time as τðβ−αÞ=α. As mentioned around Eq. (40),
the physical constraint only requires that α and β are
positive. We note that when β ¼ α the spin density in
Eq. (69) is proper time independent, whereas for β > α it
can even increase with proper time. Here we emphasize that
Eq. (69) is derived in the L ≫ τ limit. Interpreting L as the
characteristic size of the fireball produced in the collision,
this regime may not be realized in phenomenologically
relevant situations.
To explain the physics in cases (i) and (ii), we return to

Eqs. (30) and (32). Equation (32) follows from Eq. (25).

Using Eq. (40) and τ̂ϕ ∼ α−1w−Δ1 , if jτ̂ϕΔ̂μαΔ̂νβûσ b∇σϕ̂αβj;
j 4
3

τϕ
τ ϕ̂

μνb∇αûαj ≪ jϕ̂μνj, then Eq. (25) reduces to the

algebraic relation ϕ̂μν ≃ −4τ3γsΔ̂μαΔ̂νβω̂αβ. This corre-
sponds to a regime in which the effective relaxation
time τ̂ϕ decreases more rapidly than the characteristic
evolution time of ϕ̂μν, so that the dissipative term
proportional to γs dominates the evolution of ϕ̂μν. This
implies that, when the perturbation is small and driven by
dissipative effects, the effective response time τ̂ϕ is too
short for ϕ̂μν to develop through its own relaxation
dynamics. Instead, ϕ̂μν rapidly approaches an algebraic
form determined by the dissipative source term. We then

insert this relation into the evolution equation for Ŝφη in
Eq. (30). Compared with Eqs. (4), (30) can be interpreted
as a local balance equation implied by total angular-
momentum conservation. The first two terms, b∂ρŜφηþ
3 tanh ρ; Ŝφη, describe the evolution of the spin tensor,
while the source term −2ϕ̂φη represents the local
exchange with orbital angular momentum, i.e., the
spin-orbit transfer that redistributes angular momentum
between spin and orbital sectors while preserving the
total. Next, we compare these two types of variations.
From the scaling of the source term, one finds
−2ϕ̂φη ∼ β

αw
Δ2−Δ1 Ŝφη. If Δ1 > Δ2, i.e., in case (i), the

exchange with orbital angular momentum is parametri-
cally faster than the spin-tensor evolution and dominates
over both b∂ρŜφη and the expansion term 3 tanh ρŜφη∼
Ŝφηðb∇ · ûÞ. At late times, the remaining evolution of the
spin density is then primarily controlled by the expansion
term, 3 tanh ρŜφη, which leads to the power-law decay
in Eq. (61).
If Δ1 ¼ Δ2, i.e., in case (ii), the exchange with orbital

angular momentum remains comparable to the spin-
tensor evolution at late times. Combining the source
term with the expansion term then yields b∂ρŜφη∼
−ð3þ β

αÞŜφη at late times, which gives the power-law
behavior in Eq. (68). We then briefly discuss the non-
trivial behavior shown in Eq. (69). Recalling Eqs. (34)
and (40), we find that, when Δ1 ¼ Δ2, β=α ¼ 8γ̂s=χ̂ ¼
8γsτ=χ where χ is the spin susceptibility in flat
Minkowski space. Since χ is fixed by the equations of
state, we take it to be a constant in the following analysis
for simplicity. This relation implies the late-time scaling
γs ∼ ðβ=αÞðχ=8Þτ−1. Inserting this scaling into Eq. (9)
shows that, for β=α > 1, the orbital angular-momentum
exchange term (encoded in the source ϕμν) decreases
more slowly than the typical late-time scaling τ−1.
Consequently, the source term remains sufficiently large
at late times and can counteract the expansion-driven
dilution of the spin density. As a result, the spin density
can become nearly constant or even increase with τ,
consistent with the nontrivial static or growing behavior
found in Eq. (69). In contrast, if β=α < 1, then γs (and
thus ϕμν) is suppressed, so the source term becomes
subleading and the spin density follows the usual power-
law decay at late times.

VI. CONCLUSION

In this work, we have investigated the late-time asymp-
totic solutions and attractor structure of minimal causal spin
hydrodynamics in Gubser flow. We first derive the gov-
erning differential equation for the spin density Ŝ in
Eq. (33) and introduce the auxiliary function fðwÞ in
Eq. (38). We then obtain the large w asymptotic solutions
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of fðwÞ, summarized in Table I. Next, we present numerical
solutions for fðwÞ for different parameter choices, shown in
Fig. 1. We identify both attractors and repellers in Fig. 1
and analyze their properties. Finally, we map the asymp-
totic solutions back to the spin density in flat Minkowski
space with coordinates ðt; x; y; zÞ, and we delineate the
parameter regions associated with different decay behav-
iors in Fig. 2. In particular, by considering the two late-time
regimes, case (i) Δ1 > Δ2 and case (ii) Δ1 ¼ Δ2, we
identify parameter regions in which the spin density
exhibits a nonvanishing power-law decay rather than an
exponential decay. This result indicates that, for suitable
parameter choices, the spin density can evolve as a hydro-
dynamic mode governed by the asymptotic scaling of the
underlying flow, rather than as a rapidly damped non-
hydrodynamic variable.
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