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We show that superrotations can be described using the geometric conformal completion method of
Penrose. In particular, superrotation charges and fluxes can be described and calculated using the linkage
method of Geroch and Winicour. Whether superrotation charges are calculated using the coordinate based
Bondi formalism or the geometric Penrose formalism, the fact that the superrotation blows up at a point
makes the superrotation charge formally ill-defined. Nonetheless, we show that it can be made well-defined
through a regularization procedure devised by Flanagan and Nichols.
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I. INTRODUCTION

The Bondi-Sachs metric is a way to describe spacetimes
that are asymptotically flat at null infinity. The asymptotic
symmetries of this metric at null infinity form a group
known as the BMS group generated by the vector field &“.
To each vector £“ and each cross section of the boundary at
null infinity is associated a charge Q.

Here, we focus on an expansion of the Bondi-Metzner-
Sachs (BMS) group suggested by Banks [1], Barnich and
Troessart [2,3] and Hawking er al. [4]. This expansion
consists of supertranslations and superrotations, which are
functions at the conformal 2-sphere at infinity. The super-
translations are well-behaved; however, for superrotations
these functions introduce some difficulties because of their
singularities. For a review of superrotations, see [5,6].

An alternative way to describe asymptotically flat space-
times is the conformal completion technique of Penrose [7],
an elegant geometric technique in which one introduces an
unphysical metric that has a boundary at null infinity and that
is conformally related to the physical metric. All equations
are formulated in the unphysical spacetime, and in particular
all quantities to be evaluated “in the limit as one goes to null
infinity”” are simply evaluated on the boundary.

A number of recent works have revisited the charges
defined by BMS symmetries. Nevertheless there are
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divergences in the calculation of such charges. Compere
et al. [8] propose modified boundary conditions to regu-
larize such divergences. Additionally, in the work of [9],
phase space renormalization is used for the same purpose.

As described by Fiorucci, these divergences may also be
discussed in the view of leaky phase spaces [10].
Furthermore, Rignon-Bret and Speziale [11,12] describe
this problem in the framework of algebraic topology as
field-dependent 2-cocycles.

In this paper we propose an alternative way to regularize
such divergences, revisiting the approach of linkages
described by Geroch and Winicour. In particular, as shown
by Geroch and Winicour [13], the charges and fluxes of the
BMS group can be evaluated as an integral on the
boundary, provided that one adds a simple condition on
the divergence of the BMS symmetry vector.

One natural question then is whether the method of Geroch
and Winicour can also be applied to superrotations. We will
show that it can. In Sec. Il A we review the usual Bondi
coordinate description of asymptotically flat spacetimes, the
BMS group and its generalization to superrotations. In
Sec. III we cover the Penrose method and its application
by Geroch and Winicour, and we show that this method also
works for superrotations. In Sec. IVA we cover the regu-
larization procedure that renders superrotation charges finite
and well-defined. Conclusions are given in Sec. V.

II. BONDI-SACHS METRIC
A. Asymptotically flat metrics

Here, we describe the formalism of the metric introduced
by Bondi and developed by Sachs [14-18], which is a
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useful way to express asymptotically flat metrics. Here we
will focus on d =4. The Bondi method uses a radial
coordinate r, two angular coordinates (6',6?), and a null
coordinate u which can be conceptualized as something
like ¢ — r. Null infinity is the limit as r — oo at finite
(u,0',6%). So in a neighborhood of null infinity one
expands all components of the metric in powers of r~!.
For ease of comparison with the Penrose method, we will
introduce the coordinate Q = r~! and expand in powers of
Q. So in coordinates (u,Q, 8", 6?%), the line element takes
the form,

ds* = Q2 [-UQ?e? du® + 2e* dudQ
+ yap(d0* — UAdu)(dOB — UBdu)), (1)

where capital Roman letters refer to the angular indices 1, 2.
Because null infinity (hereafter denoted by Z*) has the
topology S?> x R, it is evident that the angular indices 6*
refer to the 2-sphere S2, and R is associated with the value of
u. We write the usual round metric on S? as &4z, wWhich
raises and lowers the capital Roman indices and which is
associated with the covariant derivative D.

Now, we expand the metric functions [19]. Asymptotic
flatness ensures the order of € at which the expansions of
(U7 ﬁv Z/{Av YAB) start,
|

B = PoQ + f1Q% + Q% + O(QY), (2)
U=1-2mQ -2MQ?> + 0(93), (3)
YAB = hAB + CABQ + l)AB£22 + EABQ3 + 0(94)’ (4)

2 1
Ut = UAQ3 + @° [—3NA + EDA(CBCCBC)

1
+3 CABDCCBC] + O(QY). (5)

We note the presence of important radiative data in the
expansion; the Bondi mass aspect m(u,#"), the angular
momentum aspect N4 (u, ), and the tensor Cyp(u, 64).
Here, C,p is symmetric and its derivative is the Bondi news
tensor is Nyp = 9,C4p. We also must impose the gauge
conditions,

Joo = Joa =0,
dodety,p =0, (6)
to get the tracelessness of C,p, as well as Einstein’s

equations, to eventually write the components of the metric
Jap n terms of (u, Q,6*) from our expansion earlier [20]:

Guuw = Q2[-Q2 + 2MQ? + 2MQ* + C3CAPQ4/16],

Juo = Q721 — C,C*BQ% /16,

9oa = Goa = 0,

Gap = Q7% [hap + QCap + Q?Dap + QP Eyp + Q*F sp),

Jua = Q72 {—QZUA - (CABUB - gNA + %DA(CBCCBC)> + 0(92)]. (7)

Here. £ = al0%) + S uD, YA (0"), 9
Uy =-DBC,p/2. 8

= DCn/ Q o, o

B. BMS symmetry group

The group of asymptotic symmetries of an asymptoti-
cally flat metric is called the BMS group. This was
described by Bondi et al. [15] and expanded upon by
Sachs [18]. This is often referred to in the literature as
bmsg,. In this section, we will introduce this group and
describe its extension to the superrotations.

Let &“ be the vector field that generates bmg;. That is,
one imposes that £; of the Bondi metric is zero to the
appropriate order in Q. The result is that on null infinity &*
takes the form,

where Y is a conformal Killing vector (CKV) of the two-
sphere. There are six smooth conformal Killing vectors of
the two-sphere, which correspond to the Lorentz group.
The special cases where a is a linear combination of £ = 0
and Z = 1 spherical harmonics are called translations and
correspond to the usual four-parameter translation group.
However, because a can be any function of the angles, the
usual ten-parameter Poincaré group is enlarged to the
infinite-dimensional BMS group with the extra symmetries
called supertranslations.

Then, £ can be extended into the interior of the manifold
to produce approximate Killing vectors inside the manifold
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by ensuring that the falloff conditions,

‘Cégur = O(r_z)’ ‘C’é’guz = O(l)’
Efguu = O(r_l)’ (11)

are met. We thus obtain obtain [18-20],

& = 10, + [YA — QDA+ JOPCVDf O(Qﬂ 2

—Emy—%bv—%gmmf
+ iQ3DA (DpfCA8) + 0(94)] dg, (12)
where
Flu,00) = a(0%) —i—%uDBYB(QA). (13)

The proposal of Banks and of Barnich and Troessart is
essentially to further enlarge the BMS group by allowing
conformal Killing vectors of the two-sphere that are not
smooth at the north pole. In analogy with the supertransla-
tions that enlarged the Poincaré group to form the BMS
group, these extra symmetries are called superrotations.

To see how this works, note the following: (1) Two-
dimensional spaces are locally conformally flat; (2) A
conformal Killing vector is a conformal invariant. Thus, if
one could get rid of the “locally” in locally conformally
flat, a two-dimensional space would have as many CKVs as
a two-dimensional flat space. Now specialize to the case of
the two-sphere without the north pole and use the usual
(0, ¢) coordinates so that the line element takes the form,

Define x = cot(6/2)cos¢ and y = cot(6/2)sin¢. Then
we obtain

d6? + sin® 0d* = (dx® + dy?). (15)

14 x% +y?
It is helpful to introduce the complex coordinate 7 = x + iy
because the conformal Killing vectors of a two-dimensional
flat space are those whose z component is an analytic
function of z. In terms of the original two-sphere coor-
dinates we have z = cot(0/2)e®. Putting our expressions
in terms of z the two-sphere metric can be written as

0 25
(1+4z2) ’ (1 6)
_2 0
(1422)?
and the CKV equations are
0.Y* =0:Y*=0. (17)

Thus, the generators of the solutions can be simply written
in terms of the basis,

{lm EZmazjm EZ”@Z}, (18)

for m,n € Z. Here, the smooth, finite solutions are pre-
cisely the Lorentz group, and they are represented by the
basis {I_y, Iy, 11,11, 1y, [; }. This was noted by Sachs [18].

When we expand the scope of solutions under consid-
eration to any solution of the CKV equations, we obtain the
superrotations. Since any meromorphic function can be
expanded in a Laurent series, this is equivalent to consid-
ering general values of m € Z. In other words, the super-
rotations are the full, infinite-dimensional algebra of
conformal transformations of S2.

2 02 o ain2 2
ds® = do” + sin” 0d¢p”. (14) For a purely rotational ¢ with a(6*) = 0,
|
1 A Q uQ? 5 A ug’ A c
fz—uDAY 0M+ —DAY —_D DAY +—U DADCY
2 2 4 8
M93 u® MQZ
—|—TDA((DBDCYC)CAB)} 0q + Y40, + [—TDADBYB —I—TCABDBDCYC 0y. (19)

Our motivation for considering these solutions was
previously proposed by Banks [1] and Barnich and
Troessart [2,3]. Though these solutions are not globally
well-defined, they have an important relationship to the Witt
algebra and its extension, the Virasoro algebra, namely [21]

bmsg, = (witt x witt) @ (witt x witt).  (20)

What is the relevance of these superrotations? Strominger
and Zhibodoev [22] provided a physical interpretation of

|
superrotations; spacetimes before and after a string decay
differ by a finite superrotation.

Campiglia and Laddha [23,24] proposed defining super-
rotations as Diff(S?) instead. The advantage of this
approach is that first, it can easily be extended to d
dimensions as Diff(S?~2). Moreover, they argued that
the Ward identities associated with the generators of this
group are equivalent to the subleading soft graviton
theorem showed by Cachazo and Strominger [25].
However, these symmetries do not arise as infinitesimal
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symmetries of the Bondi-Sachs metric unless the boundary
conditions are also changed [23,24,26,27]. In our article,
will consider the group proposed by Barnich and Troessart,
the group bmg, with basis {I,,,1,,} for me€ Z.

III. THE PENROSE CONFORMAL METHOD

A different approach to asymptotic flatness from the
Bondi method is the Penrose conformal method. Though
these two approaches at first look very different, they turn
out to be equivalent. In the Penrose approach the physical
spacetime is denoted (M,,,,,), and it is said to be
asymptotically flat provided that there is an unphysical
spacetime (M, g,,;,) with boundary 7 such that the following
conditions are satisfied:

(1) On M,

(a) M is diffeomorphic to the interior M — I of M,
(b) there is a smooth function  on M such that
Gap = 2§, everywhere on M;
(2) At the boundary 1,
(@) =0,
(b) the normal vector V,Q # 0, and
(c) V,QViQ =0.
Condition 1(a) means that we can compactify the manifold
M into one defined at a boundary, M. This, along with
condition 1(b) means that the conformal factor Q rescales
the physical metric §,;, into the unphysical metric g,,.

Condition 2(a) means that Q vanishes at the boundary. In
fact, paired with the previous conditions, it means that
Q = 0 exactly at the boundary. Along with 2(b), this fixes
the scaling of Q as Qi /r. Along with 2(b) and 2(c), this
means that the boundary is a null surface, since its only
normal vectors are null vectors. As a consequence of
asymptotic flatness, the boundary must have the topology
$? x R. We identify the boundary / with null infinity, in
particular, future null infinity Z*. In this paper, we shall set
Q = 1/r and use Q instead of r for the radial coordinate.

The reason for this backwards-looking notation (tilde for
physical quantities and no tilde for unphysical quantities) is
that to the extent possible one wants to perform all
calculation in the unphysical spacetime and obtain “limits
at null infinity” by simply evaluating quantities at Z+.

If the physical spacetime had a Killing vector, it would
satisfy L:g,, = 0. However, BMS symmetries are sup-
posed to be close enough to flat spacetime Killing vectors
in the limit as null infinity is approached. So for a BMS
generator, the definition is a vector field £ such that
Qz.c,:gu,, is smooth and vanishes on Z*. It then follows
that there is a smooth scalar K and tensor X,, such that
&V ,Q = QK and

V(agb) = Kgap + QX (21)

To get a feel for the equivalence of the two approaches
to asymptotic flatness, it is instructive to verify that the

components of X, are indeed smooth for a metric of the
Bondi form and a £ satisfying the Bondi description of a
BMS generator. We use the usual (6, ¢) coordinates for the
two-sphere and introduce the notation ® = &7 = Y? and
® = £ = Y?. Then the terms in X, that go like Q! are
zero, except for the terms,

1
X{.}g = Q_l 5 (_DA YA + 209@),
1
X0¢ = Q_IX(]:,Q = 5 (0¢® + sin2909<l>),

Xpp = Q7' = (=D, Ysin*@ + 2 sin 0 cos O + 2sin*00, ).

N =

(22)

Here D Y4 = 0,0 + O cotf + d,®. However, the equa-
tions for a two-sphere conformal Killing vector are

09@:—

0,0,
sin2 ?

9, = 0,0 — cot 0O. (23)

After imposing our CKV relations we see that the terms in
X ., that threaten to be singular all have coefficients of zero
and thus that X, exists and is well-defined. This is, of
course, expected as &% must be a generator of BMS
symmetry.

IV. CHARGES, FLUXES, AND LINKAGES
A. Charges

If &% were a Killing vector of the physical spacetime, then
the amount of its charge contained within a two-surface S
would be given by the Komar formula [28],

Q:/Séubmn@mfn' (24)

The linkage strategy of Geroch and Winicour [13] is to use
the Komar formula for BMS symmetries, but now to
express everything in terms of the unphysical metric and
to have the surface S be a cross section of Z*. Similar
strategies were later used by Wald and Zoupas [29] and by
Crnkovic and Witten [30]. The charge is

0- / Capmn V" (Q7267), (25)

where S is a cross section of Z, parametrized by the value
of u.

One difficulty in evaluating the integral for Q is the
presence of the inverse powers of €, which diverge at the
boundary. This difficulty is addressed by Geroch and
Winicour as follows. They first define Q to be the integral
over a sphere S, in the bulk rather than at infinity.
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This integral is finite since S, is not at infinity. They then
note that the difference between Q and Q) is the integral
over a three-dimensional surface connecting S to S, of
d(€apmn V™ (Q72E")). They then show that despite the
presence of the Q72 in this expression the quantity
d(€gpmn V™ (Q72EM)) is finite at Z+.

This strategy could also be used for superrotations
provided that one can show also in the superrotation case
that d(€p,, V" (Q72E")) is finite. Since the superrotations
themselves are infinite at the North Pole (and at the South
Pole for vector fields using terms proportional to negative
powers of z) we must exclude a neighborhood of the North
Pole (and the South Pole) and then demonstrate that there
are no terms proportional to negative powers of Q. This
demonstration is given in the Appendix.

Another issue addressed by Geroch and Winicour is that
of gauge; for an asymptotically flat spacetime the con-
formal factor used in its completion is not unique. Thus any

|

proposed formula for the charge should be invariant under
change of conformal factor. Furthermore, the condition of
Eq. (21) does not uniquely determine how &4 extends into
the bulk. Thus, any proposed formula for the charge should
place some restrictions on how & extends into the bulk in
order that it be unique.

The result of Geroch and Winicour is that both these
gauge issues can be addressed by simply imposing the
condition X =0 where X = ¢*’X_, is the trace of the
tensor X,,. This condition makes the charge formula
independent of any remaining gauge.

Note that the usual coordinate treatment of superrota-
tions gives an expansion for & that gives some information
on how £ is to be extended into the bulk. This expansion
turns out to have as a consequence that the Geroch-
Winicour gauge condition X = 0 is satisfied. Explicitly,
the expansion implies that the value of X at Z+ is

X =1/2(=2a(cot00 + 9,® — 9y©) + 2¢(csc?00,0 + dy®P) — ucsc?0(cot 0950 + 9, D + 9593 0)
— ucotd(—csc?00 + cot09y0 + 9o, @ + 930) — u(2 cotfesc? 90 — 2¢sc?00,0 + cot0oF0 + 950,P + 0;0)).  (26)

Imposing the CKV relations, we get that X = 0. (So
therefore this condition is equivalent to the falloff condition
of & which is also expressed in Geroch and Winicour [13]
and Flanagan and Nichols [20].)

Finally, we consider the fact that since superrotations are
singular at the North Pole (or the South Pole or both) the
integrand for the charge is singular, and thus the integral for
the charge is an improper integral. An improper integral can
nonetheless be well-defined provided that the answer does
not depend on the particular limiting procedure used
include the whole region of integration. However, this is
not the case for superrotations; as we will see finiteness

|

depends on a delicate cancellation between positive and
negative terms. Nonetheless, if one particular limiting
procedure produces a finite result, then this way of taking
the limit can be used as a regularization procedure to make
a formally ill-defined quantity well-defined.

Such a regularization procedure was devised by Flanagan
and Nichols [20] though they stated it as a demonstration of
finiteness, rather than a regularization procedure. We now
recapitulate the argument of [20] though stated more care-
fully as a regularization procedure.

The integral is

1 1 1
0= e / d*Q {MMDAYA -3 (DoY) (CpeCBE) +§uUBDB(DA Y4)
2 1 sy _ L~ Bpc A (A B, 1 B\ ((CD
+3 gNA_l_6DA(CBCC )_ECA D*Cpc | Y* + C7pULY +1—6”(DBY N(CP0,Cep)|- (27)

We now exclude the region 6 < € and 8 > 7 — ¢ and only
take the limit as ¢ — 0 at the end. Furthermore we expand
the superrotation vector field in powers of z and Z and we
expand all smooth quantities in scalar, vector, and tensor
spherical harmonics.

Now, let us consider the singularities in the integral. Every
term in the integral that does not depend on Y should be
nonsingular, where Y4 = 7"0., the Y terms are of the form:

|

(1) DoY* = (=1 +n—cos@)z"";

(2) Dg(D,Y*), in which case we have D,(D,Y4)=
1(3—=8n-+4n*—4(—=1+n)cosf+cos(20))z" 2 or
D-(D,Y*) == —2(sin(0/2))*2";

3) YA =0or 7%

) YBY4 =0 or 22;

(5) YA(DpY?) =0 or
exp(Lign).

(=1 + n + cos @) cot"(0/2)x
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When we have Y4 = 7"0; instead, then we just get the
conjugate of these terms. The other terms in the integral are
not dependent on Y4 and must be nonsingular. The only
possible terms that could lead to divergences are going to have
the terms cot”(/2)e™®. We can expand all nonsingular
terms in terms of spherical harmonics Y = ¢ P ,(cos ).
Therefore, we must integrate something like

Z /dzﬁe’m‘/’Pm (cos B)f(0)e? (cot(6/2))".  (28)

m,n=—0oo

Doing the ¢ integral gets us zero unless m + n = 0, so then
we are doing the integral

27 Z / df sin OP”(cos 0) cot(9/2)1".  (29)

n=—oo

Note that P%(cos @) = f ‘; | (cos 0)(sin 0) ", where f is some
polynomial. Therefore, we obtain

47ZZ / d6 sin 07 (cos 6) (sin 0)" cot(6/2)"

_47z2/d9sm9ff cosd)(cosO + 1)", (30)

which is nonsingular. Therefore the singularities in Y are not
a problem.

B. Asymptotic fluxes

We will now address the question of whether the
asymptotic integral of Eq. (25) possesses an asymptotic
flux, that is, whether or not there exists a scalar function F
such that Qg — Qg :fs’ F, where § is the region
between surfaces S; and S,. Geroch and Winicour [13]
address this question to show that there indeed exists a
nonzero flux. With the gauge condition X = 0, this can be
written as

F=-VeVbX , +3ViX,+ (3/4)V2X +(1/24)RX. (31)

We note, as Geroch and Winicour do, this is locally defined,
gauge invariant, and independent of cross sectional choice.
Though Geroch and Winicour obtained this formula for the
case of BMS vector fields &, the formula generalizes to the
case where £ is a superrotation.

Wald and Zoupas [29] express the differential flux, that
is, the integrand of the expression f ¢ F, in terms of the
simple expression,

(Fﬁ)ahc = ®<¢7 £§¢)abc7 (32)

where O is the symplectic potential of the tensor fields of
the theory, which are collectively denoted ¢. For general
relativity with asymptotic flatness, Wald and Zoupas give
an expression of this quantity in terms of the Bondi news
tensor N, and the perturbation ¢,;, — g, na relative to flat
spacetime in unphysical space. This quantity is

1 _
_EQ_INabTuh(?’)ecdev (33)

G()cde =
where the tensor (*)&,,,. is the pullback of the tensor )¢,
to Z*, and the latter is defined through the relation

<3)€[abcnd] . (34)

€abea =4
The difficult part of the Wald and Zoupas computation is
finding the appropriate symplectic potential ® for asymp-
totically flat general relativity. Once one has the symplectic
potential, the flux for the vector field & is simply a matter of
using & in Eq. (32). This expression works as well when ¢ is
a superrotation as it does in the original case where ¢ is a
BMS symmetry.

V. CONCLUSIONS

We have shown that the linkage method of Geroch and
Winicour can be extended from the BMS group to the
superrotations. This provides a simple geometrical expres-
sion for the superrotation charge and flux. Though this
expression is formally ill-defined, it can be made well-
defined by applying the regularization procedure of
Flanagan and Nichols.
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APPENDIX A: SHOWING THE LINKAGE
INTEGRAND IS FINITE

We wish to show that the integrand (dQ;), of the
linkage integral does not pose any problems related to the
inverse powers of €. Specifically, we show that the terms
proportional to inverse powers of Q vanish.

We may proceed by calculating (dQ; ), and writing the
result in various powers of €:
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(d01), =) Q"(R,), (A1)

The only problematic terms here are when n = —1, =2.
Here, we use the spherical coordinates (6',60%) = (0, ¢),
with the metric (1,sin” ). First of all, the tracelessness of
C,p allows us to parametrize Cyp in terms of a = Cgg =
—csc?0Cy, and ¢ = Cpy = Cyy.

In this coordinate system, let us define ® = Y? and
® = Y?. The CKVs are

fl = —096 + cot9® + 6¢(I) = 0,

f2 = a¢® + Sin2 eagq) = 0 (AZ)

For (R_,),, we have (R_,), = 0 automatically and

(Roo=j(-afi+ef)=0.  (a3)

1 1
(R2)p = cot@—i—iég fl—E pf2 =0, (A4)
1 3 . 1 =
(R_2)¢:—§0¢f1+ —ismecos@—ism 00y | f»=0.

(AS)
Now, let us consider (R_,),. First,
I 1, 1,3
(Ry), = _Ea““ +§09 —5se 00, +§cot989 - 1| fi

1
+ |:— 0uc - 09(3¢ - 2C0t 90¢:| f2 = O (A6)

2
The component (R_;)q, is automatically zero. Next,

1 2 LB
(R_1)p= 503 +cotd |a—ccscfoy —5cse 00y | f

1 3 1
-+ —aa(/,-l-c —Eag—icoté’ —Eaga f2:0,
and
1 1 1

(R_1)¢ = Ea0¢ +c 09 +ECOt9 +§09C fl

1 1
+ [a(sinzgdg +2sinfcosf) — Ecd(,) + 2()961] fa

=0. (A7)

APPENDIX B: EXAMPLE: Y4 =720,

Here, we work through the example of Y4 = z20,. We
wish to compute X, = (1/2)QL:g,p, to verify that the
Q! component of X,, is zero and that X =0 at the
horizon, as well as compute the charge associated with this
value of Y. First, let us switch coordinates to (6, ¢). For
this value of Y4, from our expressions for general cases,

2 )
D YA = 2 sinBe,

1+ zZ
D*(D,YA) = — Y osinge. (B1)
1+ 2zZ
Also,
9 1 . 1. .

Y :—Ee”ﬁ(l—i—cosﬁ), Y¢:—Eze’¢cot(9/2). (B2)
Therefore, from (19),

¢ 1 ity sin 0

= —¢e"%usin
u 2 )
1 .
Eq = Ee"/’Q(l +uQ) sin@ + O(Q?), (B3)

1 .
&g = —Ze"/’(Z+2cost9+2uQcos€—acos€— iccscd),

1 .
= _Ze’(/'i(Z +2uQ + 2cosf +a —iccotd) csch.
(B4)

Note: There are other terms that show up here that have to do
with the perturbation C,5; however, ultimately they have no
relevance to whether or not X, is well-defined, and they do
not show up in the constant term of X = X,,,¢**. First, let us
focus on X_,. In the Schwarzschild metric, that is, the
perturbed metric with C45 = 0, we have

(34 uQ)sin@ 0 wucos® wusind

1 . 0 0 0 0

X =" MQ?
2 ucosé 0 0 0
usin@ 0 0 0

(85)

Of course, this means that X, is well-defined (no inverse
powers of Q) and that X = X ,,g°* = 0atZ™, since X, = 0
at Zt. When a nonzero C 5 is added, in order to verify that
X, is well-defined as well as compute X = ¢*’X_,, at the
horizon, we will calculate X ,;, up to its constant components
in Q. Then, we get, for the nonzero C,p case, up to constant
terms in €2, the only nonzero terms of X, are
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1 .
Xgo = 3 ecsc?(0/2)(2ic — sin@(a(—1 + cos 0) + sin@dya + id,a) — usin@(—1 + cos 0)d,a),

1 .
Xop = Xpo = Ze’¢cot2((9/2)(c —2iasin @ — sin0opc — idyc — u(—1 + cos 0)9,c),

1 .
Xpp = Ee"/’cosz(G/Z)(—Zic + sin@(a(—1+ cos ) + sin@dya + idya) + usin O(—1 + cos 0)d,a).

Since there are no negative powers of Q in this case either, the
tensor X, is well-defined. Note that in the Schwarzschild
case, we would have gotten zero if we just calculated up to
this, so it was actually unnecessary to give the full expression
for X ,;,, but that was included for the sake of edification of the
reader.

(B6)

components of X,;,. Therefore, a simple computation tells
us that when C,5 are nonzero, X = X,,g*” = 0 as well.

As for the charge Q corresponding to this choice of
YA = 7%0., we must calculate

2

Ay _ — 9 aind
In fact, since we need to just verify that X = X,,g* = 0 De(Da¥?) = (1+zz)2 25in°(0/2). (B7)
on Z*, and since the constant components of ¢* are
exactly ¢g"? = ¢ = ¢% =1 and ¢?? = csc? 0, we really A 222 1.
only need to compute those corresponding constant D (DyY?) = - (1+22)° —5sin® 0e™7.  (BS)
|
Therefore,
1 0 . ; 1, . ; BC s 4 1 Zain2n p2i
Q= e d*Q | Mu(sin 9e'?) —g(sm 0e'?)(CpcCEC). + ulUzsin*(0/2) — 7 uUsin 0e*¢
7
2 ! scy _ L~ Bpc 2,2i
+3 §NZ _EDZ(CBCC >_§CZ D CBC COt(H/Z) e i
. 1 )
+ CA, U4 (cot(8/2)%e%?) + T u(sin 9e’¢)(CCDaMCCD)] : (B9)

Once more, the only terms that could possibly result in divergences are the ones with factors of cot(6/2)?, which are
accompanied by factors of e*?. We can once more express all of our other variables in terms of spherical harmonics

Y ?1  sin@eT®. Once more taking advantage of the fact that ¢ is periodic in 27, we obtain that the only surviving
integral that we need to consider is

A " (sin6d6) (sin’ ) cot? (6/2) = g , (B10)

which is evidently finite.
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