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We show that superrotations can be described using the geometric conformal completion method of
Penrose. In particular, superrotation charges and fluxes can be described and calculated using the linkage
method of Geroch and Winicour. Whether superrotation charges are calculated using the coordinate based
Bondi formalism or the geometric Penrose formalism, the fact that the superrotation blows up at a point
makes the superrotation charge formally ill-defined. Nonetheless, we show that it can be made well-defined
through a regularization procedure devised by Flanagan and Nichols.
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I. INTRODUCTION

The Bondi-Sachs metric is a way to describe spacetimes
that are asymptotically flat at null infinity. The asymptotic
symmetries of this metric at null infinity form a group
known as the BMS group generated by the vector field ξa.
To each vector ξa and each cross section of the boundary at
null infinity is associated a charge Q.
Here, we focus on an expansion of the Bondi-Metzner-

Sachs (BMS) group suggested by Banks [1], Barnich and
Troessart [2,3] and Hawking et al. [4]. This expansion
consists of supertranslations and superrotations, which are
functions at the conformal 2-sphere at infinity. The super-
translations are well-behaved; however, for superrotations
these functions introduce some difficulties because of their
singularities. For a review of superrotations, see [5,6].
An alternative way to describe asymptotically flat space-

times is the conformal completion technique of Penrose [7],
an elegant geometric technique in which one introduces an
unphysical metric that has a boundary at null infinity and that
is conformally related to the physical metric. All equations
are formulated in the unphysical spacetime, and in particular
all quantities to be evaluated “in the limit as one goes to null
infinity” are simply evaluated on the boundary.
A number of recent works have revisited the charges

defined by BMS symmetries. Nevertheless there are

divergences in the calculation of such charges. Compère
et al. [8] propose modified boundary conditions to regu-
larize such divergences. Additionally, in the work of [9],
phase space renormalization is used for the same purpose.
As described by Fiorucci, these divergences may also be

discussed in the view of leaky phase spaces [10].
Furthermore, Rignon-Bret and Speziale [11,12] describe
this problem in the framework of algebraic topology as
field-dependent 2-cocycles.
In this paper we propose an alternative way to regularize

such divergences, revisiting the approach of linkages
described by Geroch and Winicour. In particular, as shown
by Geroch and Winicour [13], the charges and fluxes of the
BMS group can be evaluated as an integral on the
boundary, provided that one adds a simple condition on
the divergence of the BMS symmetry vector.
One natural question then iswhether themethodofGeroch

and Winicour can also be applied to superrotations. We will
show that it can. In Sec. II A we review the usual Bondi
coordinate description of asymptotically flat spacetimes, the
BMS group and its generalization to superrotations. In
Sec. III we cover the Penrose method and its application
by Geroch andWinicour, and we show that this method also
works for superrotations. In Sec. IVA we cover the regu-
larization procedure that renders superrotation charges finite
and well-defined. Conclusions are given in Sec. V.

II. BONDI-SACHS METRIC

A. Asymptotically flat metrics

Here, we describe the formalism of the metric introduced
by Bondi and developed by Sachs [14–18], which is a
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useful way to express asymptotically flat metrics. Here we
will focus on d ¼ 4. The Bondi method uses a radial
coordinate r, two angular coordinates ðθ1; θ2Þ, and a null
coordinate u which can be conceptualized as something
like t − r. Null infinity is the limit as r → ∞ at finite
ðu; θ1; θ2Þ. So in a neighborhood of null infinity one
expands all components of the metric in powers of r−1.
For ease of comparison with the Penrose method, we will
introduce the coordinate Ω≡ r−1 and expand in powers of
Ω. So in coordinates ðu;Ω; θ1; θ2Þ, the line element takes
the form,

ds2 ¼ Ω−2½−UΩ2e2βdu2 þ 2e2βdudΩ

þ γABðdθA − UAduÞðdθB − UBduÞ�; ð1Þ

where capital Roman letters refer to the angular indices 1, 2.
Because null infinity (hereafter denoted by Iþ) has the
topology S2 ×R, it is evident that the angular indices θA

refer to the 2-sphere S2, andR is associated with the value of
u. We write the usual round metric on S2 as hAB, which
raises and lowers the capital Roman indices and which is
associated with the covariant derivative DA.
Now, we expand the metric functions [19]. Asymptotic

flatness ensures the order of Ω at which the expansions of
ðU; β;UA; γABÞ start,

β ¼ β0Ωþ β1Ω2 þ β2Ω3 þOðΩ4Þ; ð2Þ

U ¼ 1 − 2mΩ − 2MΩ2 þOðΩ3Þ; ð3Þ

γAB ¼ hAB þ CABΩþDABΩ2 þ EABΩ3 þOðΩ4Þ; ð4Þ

UA ¼ UAΩ3 þΩ3

�
−
2

3
NA þ 1

16
DAðCBCCBCÞ

þ 1

2
CABDCCBC

�
þOðΩ4Þ: ð5Þ

We note the presence of important radiative data in the
expansion; the Bondi mass aspect mðu; θAÞ, the angular
momentum aspect NAðu; θAÞ, and the tensor CABðu; θAÞ.
Here, CAB is symmetric and its derivative is the Bondi news
tensor is NAB ¼ ∂uCAB. We also must impose the gauge
conditions,

g̃ΩΩ ¼ g̃ΩA ¼ 0;

∂Ω det γAB ¼ 0; ð6Þ

to get the tracelessness of CAB, as well as Einstein’s
equations, to eventually write the components of the metric
gab in terms of ðu;Ω; θAÞ from our expansion earlier [20]:

g̃uu ¼ Ω−2½−Ω2 þ 2MΩ3 þ 2MΩ4 þ CABCABΩ4=16�;
g̃uΩ ¼ Ω−2½1 − CABCABΩ2=16�;
g̃ΩΩ ¼ g̃ΩA ¼ 0;

g̃AB ¼ Ω−2½hAB þΩCAB þ Ω2DAB þ Ω3EAB þ Ω4FAB�;

g̃uA ¼ Ω−2
�
−Ω2UA −Ω3

�
CABUB −

2

3
NA þ 1

16
DAðCBCCBCÞ

�
þOðΩ2Þ

�
: ð7Þ

Here,

UA ≡ −DBCAB=2: ð8Þ

B. BMS symmetry group

The group of asymptotic symmetries of an asymptoti-
cally flat metric is called the BMS group. This was
described by Bondi et al. [15] and expanded upon by
Sachs [18]. This is often referred to in the literature as
bmsd. In this section, we will introduce this group and
describe its extension to the superrotations.
Let ξa be the vector field that generates bms3. That is,

one imposes that Lξ of the Bondi metric is zero to the
appropriate order in Ω. The result is that on null infinity ξa

takes the form,

ξu ¼ αðθAÞ þ 1

2
uDAYAðθBÞ; ð9Þ

ξA ¼ YAðθBÞ; ð10Þ

where YA is a conformal Killing vector (CKV) of the two-
sphere. There are six smooth conformal Killing vectors of
the two-sphere, which correspond to the Lorentz group.
The special cases where α is a linear combination of l ¼ 0
and l ¼ 1 spherical harmonics are called translations and
correspond to the usual four-parameter translation group.
However, because α can be any function of the angles, the
usual ten-parameter Poincaré group is enlarged to the
infinite-dimensional BMS group with the extra symmetries
called supertranslations.
Then, ξa can be extended into the interior of the manifold

to produce approximate Killing vectors inside the manifold
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by ensuring that the falloff conditions,

Lξg̃ur ¼ Oðr−2Þ; Lξg̃uz ¼ Oð1Þ; Lξg̃zz ¼ OðrÞ;
Lξg̃uu ¼ Oðr−1Þ; ð11Þ

are met. We thus obtain obtain [18–20],

ξa ¼ f∂u þ
�
YA −ΩDAf þ 1

2
Ω2CABDBf þOðΩ3Þ

�
∂A

−
�
Ω
2
DAYA −

Ω2

2
D2f −

Ω3

2
ΩUADAf

þ 1

4
Ω3DAðDBfCABÞ þOðΩ4Þ

�
∂Ω; ð12Þ

where

fðu; θAÞ≡ αðθAÞ þ 1

2
uDBYBðθAÞ: ð13Þ

The proposal of Banks and of Barnich and Troessart is
essentially to further enlarge the BMS group by allowing
conformal Killing vectors of the two-sphere that are not
smooth at the north pole. In analogy with the supertransla-
tions that enlarged the Poincaré group to form the BMS
group, these extra symmetries are called superrotations.
To see how this works, note the following: (1) Two-

dimensional spaces are locally conformally flat; (2) A
conformal Killing vector is a conformal invariant. Thus, if
one could get rid of the “locally” in locally conformally
flat, a two-dimensional space would have as many CKVs as
a two-dimensional flat space. Now specialize to the case of
the two-sphere without the north pole and use the usual
ðθ;ϕÞ coordinates so that the line element takes the form,

ds2 ¼ dθ2 þ sin2 θdϕ2: ð14Þ

Define x≡ cotðθ=2Þ cosϕ and y≡ cotðθ=2Þ sinϕ. Then
we obtain

dθ2 þ sin2 θdϕ2 ¼ 4

1þ x2 þ y2
ðdx2 þ dy2Þ: ð15Þ

It is helpful to introduce the complex coordinate z ¼ xþ iy
because the conformal Killing vectors of a two-dimensional
flat space are those whose z component is an analytic
function of z. In terms of the original two-sphere coor-
dinates we have z ¼ cotðθ=2Þeiϕ. Putting our expressions
in terms of z the two-sphere metric can be written as

0
B@ 0 2

ð1þzz̄Þ2
2

ð1þzz̄Þ2 0

1
CA; ð16Þ

and the CKV equations are

∂zYz̄ ¼ ∂z̄Yz ¼ 0: ð17Þ
Thus, the generators of the solutions can be simply written
in terms of the basis,

flm ≡ zm∂z; l̄m ≡ z̄n∂z̄g; ð18Þ
for m; n∈Z. Here, the smooth, finite solutions are pre-
cisely the Lorentz group, and they are represented by the
basis fl−1; l0; l1; l̄−1; l̄0; l̄1g. This was noted by Sachs [18].
When we expand the scope of solutions under consid-

eration to any solution of the CKVequations, we obtain the
superrotations. Since any meromorphic function can be
expanded in a Laurent series, this is equivalent to consid-
ering general values of m∈Z. In other words, the super-
rotations are the full, infinite-dimensional algebra of
conformal transformations of S2.
For a purely rotational ξ with αðθAÞ≡ 0,

ξ ¼ 1

2
uDAYA

∂u þ
�
Ω
2
DAYA −

uΩ2

4
D2DAYA þ uΩ3

8
UADADCYC

þ uΩ3

8
DAððDBDCYCÞCABÞ

�
∂Ω þ YA

∂A þ
�
−
uΩ
2

DADBYB þ uΩ2

4
CABDBDCYC

�
∂A: ð19Þ

Our motivation for considering these solutions was
previously proposed by Banks [1] and Barnich and
Troessart [2,3]. Though these solutions are not globally
well-defined, they have an important relationship to theWitt
algebra and its extension, the Virasoro algebra, namely [21]

bms4 ¼ ðwitt × wittÞ ⊕ ðwitt ×wittÞ: ð20Þ

What is the relevance of these superrotations? Strominger
and Zhibodoev [22] provided a physical interpretation of

superrotations; spacetimes before and after a string decay
differ by a finite superrotation.
Campiglia and Laddha [23,24] proposed defining super-

rotations as DiffðS2Þ instead. The advantage of this
approach is that first, it can easily be extended to d
dimensions as DiffðSd−2Þ. Moreover, they argued that
the Ward identities associated with the generators of this
group are equivalent to the subleading soft graviton
theorem showed by Cachazo and Strominger [25].
However, these symmetries do not arise as infinitesimal
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symmetries of the Bondi-Sachs metric unless the boundary
conditions are also changed [23,24,26,27]. In our article,
will consider the group proposed by Barnich and Troessart,
the group bms4 with basis flm; l̄mg for m∈Z.

III. THE PENROSE CONFORMAL METHOD

A different approach to asymptotic flatness from the
Bondi method is the Penrose conformal method. Though
these two approaches at first look very different, they turn
out to be equivalent. In the Penrose approach the physical
spacetime is denoted ðM̃ab; g̃abÞ, and it is said to be
asymptotically flat provided that there is an unphysical
spacetime ðM; gabÞwith boundary I such that the following
conditions are satisfied:
(1) On M,

(a) M̃ is diffeomorphic to the interior M − I of M,
(b) there is a smooth function Ω on M such that

gab ¼ Ω2g̃ab everywhere on M;
(2) At the boundary I,

(a) Ω ¼ 0,
(b) the normal vector ∇aΩ ≠ 0, and
(c) ∇aΩ∇aΩ ¼ 0.

Condition 1(a) means that we can compactify the manifold
M̃ into one defined at a boundary, M. This, along with
condition 1(b) means that the conformal factor Ω rescales
the physical metric g̃ab into the unphysical metric gab.
Condition 2(a) means thatΩ vanishes at the boundary. In

fact, paired with the previous conditions, it means that
Ω ¼ 0 exactly at the boundary. Along with 2(b), this fixes
the scaling of Ω as Ω1̃=r. Along with 2(b) and 2(c), this
means that the boundary is a null surface, since its only
normal vectors are null vectors. As a consequence of
asymptotic flatness, the boundary must have the topology
S2 ×R. We identify the boundary I with null infinity, in
particular, future null infinity Iþ. In this paper, we shall set
Ω≡ 1=r and use Ω instead of r for the radial coordinate.
The reason for this backwards-looking notation (tilde for

physical quantities and no tilde for unphysical quantities) is
that to the extent possible one wants to perform all
calculation in the unphysical spacetime and obtain “limits
at null infinity” by simply evaluating quantities at Iþ.
If the physical spacetime had a Killing vector, it would

satisfy Lξg̃ab ¼ 0. However, BMS symmetries are sup-
posed to be close enough to flat spacetime Killing vectors
in the limit as null infinity is approached. So for a BMS
generator, the definition is a vector field ξa such that
Ω2Lξg̃ab is smooth and vanishes on Iþ. It then follows
that there is a smooth scalar K and tensor Xab such that
ξa∇aΩ ¼ ΩK and

∇ðaξbÞ ¼ Kgab þ ΩXab: ð21Þ

To get a feel for the equivalence of the two approaches
to asymptotic flatness, it is instructive to verify that the

components of Xab are indeed smooth for a metric of the
Bondi form and a ξa satisfying the Bondi description of a
BMS generator. We use the usual ðθ;ϕÞ coordinates for the
two-sphere and introduce the notation Θ≡ ξθ ¼ Yθ and
Φ≡ ξϕ ¼ Yϕ. Then the terms in Xab that go like Ω−1 are
zero, except for the terms,

Xθθ ¼ Ω−1 1

2
ð−DAYA þ 2∂θΘÞ;

Xθϕ ¼ Ω−1Xϕθ ¼
1

2
ð∂ϕΘþ sin2θ∂θΦÞ;

Xϕϕ ¼ Ω−1 1

2
ð−DAYAsin2θþ 2 sinθ cosθΘþ 2sin2θ∂ϕΦÞ:

ð22Þ

Here DAYA ¼ ∂θΘþ Θ cot θ þ ∂ϕΦ. However, the equa-
tions for a two-sphere conformal Killing vector are

∂θΦ ¼ −
1

sin2 θ
∂ϕΘ;

∂ϕΦ ¼ ∂θΘ − cot θΘ: ð23Þ

After imposing our CKV relations we see that the terms in
Xab that threaten to be singular all have coefficients of zero
and thus that Xab exists and is well-defined. This is, of
course, expected as ξa must be a generator of BMS
symmetry.

IV. CHARGES, FLUXES, AND LINKAGES

A. Charges

If ξa were a Killing vector of the physical spacetime, then
the amount of its charge contained within a two-surface S
would be given by the Komar formula [28],

Q ¼
Z
S
ϵ̃abmn∇̃mξn: ð24Þ

The linkage strategy of Geroch and Winicour [13] is to use
the Komar formula for BMS symmetries, but now to
express everything in terms of the unphysical metric and
to have the surface S be a cross section of Iþ. Similar
strategies were later used by Wald and Zoupas [29] and by
Crnkovic and Witten [30]. The charge is

Q ¼
Z
S
ϵabmn∇mðΩ−2ξnÞ; ð25Þ

where S is a cross section of Iþ, parametrized by the value
of u.
One difficulty in evaluating the integral for Q is the

presence of the inverse powers of Ω, which diverge at the
boundary. This difficulty is addressed by Geroch and
Winicour as follows. They first define Q0 to be the integral
over a sphere S0 in the bulk rather than at infinity.
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This integral is finite since S0 is not at infinity. They then
note that the difference between Q and Q0 is the integral
over a three-dimensional surface connecting S to S0 of
dðϵabmn∇mðΩ−2ξnÞÞ. They then show that despite the
presence of the Ω−2 in this expression the quantity
dðϵabmn∇mðΩ−2ξnÞÞ is finite at Iþ.
This strategy could also be used for superrotations

provided that one can show also in the superrotation case
that dðϵabmn∇mðΩ−2ξnÞÞ is finite. Since the superrotations
themselves are infinite at the North Pole (and at the South
Pole for vector fields using terms proportional to negative
powers of z) we must exclude a neighborhood of the North
Pole (and the South Pole) and then demonstrate that there
are no terms proportional to negative powers of Ω. This
demonstration is given in the Appendix.
Another issue addressed by Geroch and Winicour is that

of gauge; for an asymptotically flat spacetime the con-
formal factor used in its completion is not unique. Thus any

proposed formula for the charge should be invariant under
change of conformal factor. Furthermore, the condition of
Eq. (21) does not uniquely determine how ξa extends into
the bulk. Thus, any proposed formula for the charge should
place some restrictions on how ξ extends into the bulk in
order that it be unique.
The result of Geroch and Winicour is that both these

gauge issues can be addressed by simply imposing the
condition X ¼ 0 where X ≡ gabXab is the trace of the
tensor Xab. This condition makes the charge formula
independent of any remaining gauge.
Note that the usual coordinate treatment of superrota-

tions gives an expansion for ξa that gives some information
on how ξa is to be extended into the bulk. This expansion
turns out to have as a consequence that the Geroch-
Winicour gauge condition X ¼ 0 is satisfied. Explicitly,
the expansion implies that the value of X at Iþ is

X ¼ 1=2ð−2aðcotθΘþ ∂ϕΦ− ∂θΘÞ þ 2cðcsc2θ∂ϕΘþ ∂θΦÞ− ucsc2θðcotθ∂2ϕΘþ ∂
3
ϕΦþ ∂θ∂

2
ϕΘÞ

− u cotθð−csc2θΘþ cotθ∂θΘþ ∂θ∂ϕΦþ ∂
2
θΘÞ− uð2 cotθcsc2θΘ− 2csc2θ∂θΘþ cotθ∂2θΘþ ∂

2
θ∂ϕΦþ ∂

3
θΘÞÞ: ð26Þ

Imposing the CKV relations, we get that X ¼ 0. (So
therefore this condition is equivalent to the falloff condition
of ξ which is also expressed in Geroch and Winicour [13]
and Flanagan and Nichols [20].)
Finally, we consider the fact that since superrotations are

singular at the North Pole (or the South Pole or both) the
integrand for the charge is singular, and thus the integral for
the charge is an improper integral. An improper integral can
nonetheless be well-defined provided that the answer does
not depend on the particular limiting procedure used
include the whole region of integration. However, this is
not the case for superrotations; as we will see finiteness

depends on a delicate cancellation between positive and
negative terms. Nonetheless, if one particular limiting
procedure produces a finite result, then this way of taking
the limit can be used as a regularization procedure to make
a formally ill-defined quantity well-defined.
Such a regularization procedure was devised by Flanagan

and Nichols [20] though they stated it as a demonstration of
finiteness, rather than a regularization procedure. We now
recapitulate the argument of [20] though stated more care-
fully as a regularization procedure.
The integral is

Q ¼ 1

8πG

Z
d2Ω

�
MuDAYA −

1

8
ðDAYAÞðCBCCBCÞ þ 1

2
uUBDBðDAYAÞ

þ 3

�
2

3
NA −

1

16
DAðCBCCBCÞ − 1

2
CA

BDCCBC

�
YA þ CA

BUAYB þ 1

16
uðDBYBÞðCCD

∂uCCDÞ
�
: ð27Þ

We now exclude the region θ < ϵ and θ > π − ϵ and only
take the limit as ϵ → 0 at the end. Furthermore we expand
the superrotation vector field in powers of z and z̄ and we
expand all smooth quantities in scalar, vector, and tensor
spherical harmonics.
Now, let us consider the singularities in the integral. Every

term in the integral that does not depend on YA should be
nonsingular, where YA ¼ zn∂z, the YA terms are of the form:

(1) DAYA ¼ ð−1þ n − cos θÞzn−1;
(2) DBðDAYAÞ, in which case we have DzðDAYAÞ¼

1
4
ð3−8nþ4n2−4ð−1þnÞcosθþ cosð2θÞÞzn−2 or
Dz̄ðDAYAÞ ¼¼ −2ðsinðθ=2ÞÞ4zn;

(3) YA ¼ 0 or zn;
(4) YBYA ¼ 0 or z2n;
(5) YAðDBYBÞ ¼ 0 or ð−1þ nþ cos θÞ cotnðθ=2Þ×

expð�iϕnÞ.
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When we have YA ¼ z̄n∂z̄ instead, then we just get the
conjugate of these terms. The other terms in the integral are
not dependent on YA and must be nonsingular. The only
possible terms that could lead todivergences aregoing to have
the terms cotjnjðθ=2Þeinϕ. We can expand all nonsingular
terms in terms of spherical harmonics Ym

l ¼ eimϕPlðcos θÞ.
Therefore, we must integrate something like

X∞
m;n¼−∞

Z
d2ΩeimϕPm

l ðcos θÞfðθÞeinϕðcotðθ=2ÞÞjnj: ð28Þ

Doing the ϕ integral gets us zero unless mþ n ¼ 0, so then
we are doing the integral

2π
X∞
n¼−∞

Z
dθ sin θPn

lðcos θÞ cotðθ=2Þjnj: ð29Þ

Note that Pn
lðcos θÞ ¼ fjnjl ðcos θÞðsin θÞjnj, where f is some

polynomial. Therefore, we obtain

4π
X∞
n¼0

Z
dθ sin θfnlðcos θÞðsin θÞn cotðθ=2Þn

¼ 4π
X∞
n¼0

Z
dθ sin θfnlðcos θÞðcos θ þ 1Þn; ð30Þ

which is nonsingular. Therefore the singularities inYA are not
a problem.

B. Asymptotic fluxes

We will now address the question of whether the
asymptotic integral of Eq. (25) possesses an asymptotic
flux, that is, whether or not there exists a scalar function F
such that QS1 −QS2 ¼

R
S0 F, where S0 is the region

between surfaces S1 and S2. Geroch and Winicour [13]
address this question to show that there indeed exists a
nonzero flux. With the gauge condition X ¼ 0, this can be
written as

F¼−∇a∇bXabþ3∇aXaþð3=4Þ∇2Xþð1=24ÞRX: ð31Þ

We note, as Geroch andWinicour do, this is locally defined,
gauge invariant, and independent of cross sectional choice.
Though Geroch and Winicour obtained this formula for the
case of BMS vector fields ξ, the formula generalizes to the
case where ξ is a superrotation.
Wald and Zoupas [29] express the differential flux, that

is, the integrand of the expression
R
S0 F, in terms of the

simple expression,

ðFξÞabc ¼ Θðϕ;LξϕÞabc; ð32Þ

where Θ is the symplectic potential of the tensor fields of
the theory, which are collectively denoted ϕ. For general
relativity with asymptotic flatness, Wald and Zoupas give
an expression of this quantity in terms of the Bondi news
tensor Nab and the perturbation gab − gab;flat relative to flat
spacetime in unphysical space. This quantity is

Θcde ¼ −
1

32π
Ω−1Nabτ

abð3Þϵ̄cde; ð33Þ

where the tensor ð3Þϵ̄abc is the pullback of the tensor ð3Þϵ̄abc
to Iþ, and the latter is defined through the relation

ϵabcd ¼ 4ð3Þϵ½abcnd�: ð34Þ

The difficult part of the Wald and Zoupas computation is
finding the appropriate symplectic potential Θ for asymp-
totically flat general relativity. Once one has the symplectic
potential, the flux for the vector field ξ is simply a matter of
using ξ in Eq. (32). This expression works as well when ξ is
a superrotation as it does in the original case where ξ is a
BMS symmetry.

V. CONCLUSIONS

We have shown that the linkage method of Geroch and
Winicour can be extended from the BMS group to the
superrotations. This provides a simple geometrical expres-
sion for the superrotation charge and flux. Though this
expression is formally ill-defined, it can be made well-
defined by applying the regularization procedure of
Flanagan and Nichols.
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APPENDIX A: SHOWING THE LINKAGE
INTEGRAND IS FINITE

We wish to show that the integrand ðdQLÞa of the
linkage integral does not pose any problems related to the
inverse powers of Ω. Specifically, we show that the terms
proportional to inverse powers of Ω vanish.
We may proceed by calculating ðdQLÞa and writing the

result in various powers of Ω:
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ðdQLÞa ≡
X

ΩnðRnÞa: ðA1Þ

The only problematic terms here are when n ¼ −1;−2.
Here, we use the spherical coordinates ðθ1; θ2Þ ¼ ðθ;ϕÞ,
with the metric ð1; sin2 θÞ. First of all, the tracelessness of
CAB allows us to parametrize CAB in terms of a≡ Cθθ ¼
− csc2 θCϕϕ and c≡ Cθϕ ¼ Cϕθ.
In this coordinate system, let us define Θ≡ Yθ and

Φ≡ Yϕ. The CKVs are

f1 ≡ −∂θΘþ cot θΘþ ∂ϕΦ ¼ 0;

f2 ≡ ∂ϕΘþ sin2 θ∂θΦ ¼ 0: ðA2Þ

For ðR−2Þa, we have ðR−2Þu ¼ 0 automatically and

ðR−2ÞΩ ¼ 1

2
ð−af1 þ cf2Þ ¼ 0; ðA3Þ

ðR−2Þθ ¼
�
cot θ þ 1

2
∂θ

�
f1 −

1

2
∂ϕf2 ¼ 0; ðA4Þ

ðR−2Þϕ ¼ −
1

2
∂ϕf1 þ

�
−
3

2
sinθ cosθ−

1

2
sin2 θ∂θ

�
f2 ¼ 0:

ðA5Þ

Now, let us consider ðR−1Þa. First,

ðR−1Þu ¼
�
−
1

2
∂uaþ 1

2
∂
2
θ −

1

2
csc2θ∂2ϕ þ

3

2
cot θ∂θ − 1

�
f1

þ
�
1

2
∂uc − ∂θ∂ϕ − 2 cot θ∂ϕ

�
f2 ¼ 0: ðA6Þ

The component ðR−1ÞΩ is automatically zero. Next,

ðR−1Þθ ¼
��

1

2
∂θ þ cotθ

�
a− c csc2θ∂ϕ −

1

2
csc2θ∂θc

�
f1

þ
�
−a∂ϕ þ c

�
−
1

2
∂θ −

3

2
cotθ

�
−
1

2
∂θa

�
f2 ¼ 0;

and

ðR−1Þϕ ¼
�
1

2
a∂ϕ þ c

�
∂θ þ

1

2
cotθ

�
þ 1

2
∂θc

�
f1

þ
�
aðsin2θ∂θ þ 2 sinθ cosθÞ− 1

2
c∂ϕ þ

1

2
∂θa

�
f2

¼ 0: ðA7Þ

APPENDIX B: EXAMPLE: YA = z2∂z

Here, we work through the example of YA ¼ z2∂z. We
wish to compute Xab ¼ ð1=2ÞΩLξg̃ab, to verify that the
Ω−1 component of Xab is zero and that X ¼ 0 at the
horizon, as well as compute the charge associated with this
value of YA. First, let us switch coordinates to ðθ;ϕÞ. For
this value of YA, from our expressions for general cases,

DAYA ¼ 2z
1þ zz̄

¼ sin θeiϕ;

D2ðDAYAÞ ¼ −
4z

1þ zz̄
¼ −2 sin θeiϕ: ðB1Þ

Also,

Yθ ¼ −
1

2
eiϕð1þ cosθÞ; Yϕ ¼ −

1

2
ieiϕ cotðθ=2Þ: ðB2Þ

Therefore, from (19),

ξu ¼
1

2
eiϕu sin θ;

ξΩ ¼ 1

2
eiϕΩð1þ uΩÞ sin θ þOðΩ3Þ; ðB3Þ

ξθ ¼ −
1

4
eiϕð2þ 2 cos θ þ 2uΩ cos θ − a cos θ − ic csc θÞ;

ξϕ ¼ −
1

4
eiϕið2þ 2uΩþ 2 cos θ þ a − ic cot θÞ csc θ:

ðB4Þ

Note: There are other terms that show up here that have to do
with the perturbation CAB; however, ultimately they have no
relevance to whether or not Xab is well-defined, and they do
not show up in the constant term of X ¼ Xabgab. First, let us
focus on Xab. In the Schwarzschild metric, that is, the
perturbed metric with CAB ¼ 0, we have

X ¼ 1

2
eiϕMΩ2

0
BBBBB@

ð3þ uΩÞ sin θ 0 u cos θ u sin θ

0 0 0 0

u cos θ 0 0 0

u sin θ 0 0 0

1
CCCCCA
:

ðB5Þ

Of course, this means that Xab is well-defined (no inverse
powers ofΩ) and thatX ¼ Xabgab ¼ 0 at Iþ, sinceXab ¼ 0
at Iþ. When a nonzero CAB is added, in order to verify that
Xab is well-defined as well as compute X ¼ gabXab at the
horizon, wewill calculate Xab up to its constant components
inΩ. Then, we get, for the nonzero CAB case, up to constant
terms in Ω, the only nonzero terms of Xab are
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Xθθ ¼
1

8
eiϕcsc2ðθ=2Þð2ic − sin θðað−1þ cos θÞ þ sin θ∂θaþ i∂ϕaÞ − u sin θð−1þ cos θÞ∂uaÞ;

Xθϕ ¼ Xϕθ ¼
1

4
eiϕcot2ðθ=2Þðc − 2ia sin θ − sin θ∂θc − i∂ϕc − uð−1þ cos θÞ∂ucÞ;

Xϕϕ ¼ 1

2
eiϕcos2ðθ=2Þð−2icþ sin θðað−1þ cos θÞ þ sin θ∂θaþ i∂ϕaÞ þ u sin θð−1þ cos θÞ∂uaÞ: ðB6Þ

Since there are no negative powers ofΩ in this case either, the
tensor Xab is well-defined. Note that in the Schwarzschild
case, we would have gotten zero if we just calculated up to
this, so it was actually unnecessary to give the full expression
forXab, but thatwas included for the sake of edificationof the
reader.
In fact, since we need to just verify that X ¼ Xabgab ¼ 0

on Iþ, and since the constant components of gab are
exactly guΩ ¼ gΩu ¼ gθθ ¼ 1 and gϕϕ ¼ csc2 θ, we really
only need to compute those corresponding constant

components of Xab. Therefore, a simple computation tells
us that when CAB are nonzero, X ¼ Xabgab ¼ 0 as well.
As for the charge Q corresponding to this choice of

YA ¼ z2∂z, we must calculate

DzðDAYAÞ ¼ 2

ð1þ zz̄Þ2 ¼ 2 sin4ðθ=2Þ; ðB7Þ

Dz̄ðDAYAÞ ¼ −
2z2

ð1þ zz̄Þ2 ¼ −
1

2
sin2 θe2iϕ: ðB8Þ

Therefore,

Q ¼ 1

8πG

Z
d2Ω

�
Muðsin θeiϕÞ − 1

8
ðsin θeiϕÞðCBCCBCÞ:þ uUzsin4ðθ=2Þ − 1

4
uUz̄sin2θe2iϕ

þ 3

�
2

3
Nz −

1

16
DzðCBCCBCÞ − 1

2
Cz

BDCCBC

�
cotðθ=2Þ2e2iϕ

þ CA
zUAðcotðθ=2Þ2e2iϕÞ þ

1

16
uðsin θeiϕÞðCCD

∂uCCDÞ
�
: ðB9Þ

Once more, the only terms that could possibly result in divergences are the ones with factors of cotðθ=2Þ2, which are
accompanied by factors of e2iϕ. We can once more express all of our other variables in terms of spherical harmonics
Y∓1
l ∝ sin θe∓iϕ. Once more taking advantage of the fact that einϕ is periodic in 2π, we obtain that the only surviving

integral that we need to consider is
Z

π

0

ðsin θdθÞðsin2 θÞ cot2ðθ=2Þ ¼ 8

3
; ðB10Þ

which is evidently finite.
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