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Energy correlators in semi-inclusive electron-positron annihilation
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We investigate energy correlators in semi-inclusive electron-positron annihilation as precision probes of
parton hadronization dynamics. Using soft-collinear effective theory, we analyze the correlation patterns
between the examined hadron and the rest of QCD radiations in both large-angle and small-angle limits,
which establishes a direct correspondence with transverse-momentum-dependent fragmentation functions
and fragmentation energy correlators. The two complementary regimes encode the transition from
perturbative parton branching to nonperturbative confinement, enabling a unified description of
hadron formation across all kinematic regimes. Using renormalization group evolution, we obtain joint

N3LL/NNLL quantitative predictions for energy correlations both in the sudakov and jet fragmentation
region. Our results demonstrate that semi-inclusive energy correlators provide direct, theoretically
controlled access to QCD dynamics underlying hadronization, opening new avenues for precision studies
at future lepton colliders as well as through reanalyses of archival LEP data.
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I. INTRODUCTION

In high-energy collisions, quarks and gluons produced at
short distances cannot be directly observed due to color
confinement. Instead, they undergo a nonperturbative
transition process known as hadronization, in which col-
ored partons transform into color-neutral hadrons. This
transition, governed by the long-distance dynamics of
QCD, bridges the calculable partonic cross sections and
the experimentally accessible hadronic final states. Among
various processes, the single-inclusive hadron production
in electron-positron annihilation (SIA), £+ ¢ — h+ X,
offers the cleanest probe of parton-to-hadron transition. The
nonperturbative aspects of this transition are encoded in
fragmentation functions, which describe the probability for
a parton to produce a specific hadron carrying a given
fraction of its momentum, and enter the cross section
through a convolution with perturbatively calculable coef-
ficient functions [1-7], which are known up to next-to-
next-to-next-to-leading order (N°LO) in QCD [8-10],
including threshold resummation effects [11].

In addition to the conventional SIA cross section, the
energy correlators (ECs) have emerged as a complementary
probe of hadronization, mapping partonic correlations in
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the microscopic energy flux onto the observed macroscopic
correlations among hadrons, and introducing new non-
perturbative correlation functions [12-16].

The energy-energy correlators were first introduced in
Refs. [17-20] as tests of strong-interaction dynamics in the
early development of QCD. They can be expressed as
correlation functions of energy-flow operators,

(E()E(Ry)) = / & e (017 (x)E () E() T (0)[0). (1)

where J denotes the source current, e.g., the electromag-
netic current J# = yy*y. ECs have since been generalized
to diverse collision systems, enabling the study of trans-
verse-momentum-dependent dynamics via back-to-back
jets [21-37] and jet substructure via the collinear limit
[38-56]. They have been further applied to probe quarko-
nium production [57], the nucleon spin structures [58,59],
and small-x dynamics [60-64]. Moreover, the rigorous
operator definition of the energy correctors offers a clear
path toward a first-principle understanding of underlying
nonperturbative dynamics. For instance, universality in
nonperturbative corrections has been investigated both
theoretically and through global fits [65-74], and recent
measurements across e e~ and hadronic collisions [75-78]
have opened new opportunities to test these predictions.
See Ref. [79] for a comprehensive review.

Motivated by the need to access hadronization dynamics,
we introduce the semi-inclusive energy correlator as a
variant of the inclusive energy-energy correlator (EEC)
in Eq. (1),
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(E@), = / d*xe's (0] (x)€(R)aja,J(0)[0).  (2)

where / denotes an identified hadron created by aZ, and 71 is
the generic radial unit vector where energy weight is
applied. We study its dependence on the relative polar
angle y between 71 and 71;, both in the small- and wide-angle
limits, where effective field theory is applied to reveal the
corresponding factorization structures, and obtain precision
predictions via renormalization group (RG) evolution.

I1. ECS IN SINGLE INCLUSIVE
HADRON PRODUCTION

In this paper, we consider polar angle y distribution for
single inclusive hadron production in electron-positron
annihilation,

£(pe) + ' (pe) = v"(q) = n(Pr) + X(Px),  (3)

where the identified hadron is taken as a pion. We work in
the overall center-of-mass frame, in which the virtual
photon is at rest ¢ =< (7 +n) = 0(1,0,0,0). We will
parametrize the events by angular variable y, defined to be
the polar angle between the detected particles (jets) with
respect to pion velocity.

We are interested in energy-weighted angular y correlations,

de™ 2042
=y
aér, 0
In this case, the conventional hadronic tensor [1] is replaced

by a correlator in which the energy-flow operator is inserted
between the electromagnetic currents,

1 .
Hv _ 4, ,iq
Wie(g,P,) = ype gX /d 7l

x (014 (2/2)€ (1) P X) (P X|j* (=2/2)[0),
(5)

where the cumulant EC operator quantifies the energy
deposited in the detector for radiation within a radial angle
bounded above by y,

) = Y Pek—pK).  (6)

heX 7

Ly Wi (4)

The spin-averaged lepton current L* for the decay of a
virtual photon is given by

Q2
L = phpt + pyph — S (7)

Using SO(3) global rotation symmetry, we integrate over
all polar directions, this leaves behind a single kinematic
invariant

X = o

(8)

which is related to the deep-inelastic scattering Bjorken xp
by inversion x = 1/xp, x is interpreted as the center-of-
mass energy of the detected pion relative to its maximum
value Q/2. The energy-weighted cross section receives
combined contribution from longitudinal and transverse
polarization modes,

do™(x, Q. x) = dof (x, Q.) + dof(x, Q. x). (9)

We will also investigate Bjorken x weighted ECs, defined
as follows:

E
GEC(N.Q.x) =) / xN=1do(x, Q,Ph)E—hG)(;(— Tien)
I b3
:/xN_ldaEC(x,Q,;(). (10)

III. BACK-TO-BACK LIMIT AND THE TMD
FRAGMENTATION FUNCTIONS

In this section, we are concerned with ECs in the back-
to-back limit y — 7z, see Fig. 1. The angular y correlation is
closely related to the conventional g; spectrum, the latter
measures the transverse momentum of the detected hadrons
in the photon-pion frame, or the photon transverse momen-
tum in hadron-pion frame. The explicit relation is

. qr

siny 02 (11)
This kinematic region is understood as the crossed counter-
part of current-fragmentation region (CFR) in semi-inclusive
deep-inelastic scattering (SIDIS), and the appropriate theo-
retical framework for describing it is transverse momentum
dependent (TMD) factorization. To derive the factorization
formulas, itis useful to identify a hadron inside the leading jet
in the first place. To this end, we consider differential cross

FIG. 1. ECs back-to-back limit.
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section with two identified hadrons,

B3P,

1 (47[(16)2
daf+f/—>h/\+hE+X:27Q27 cil;,[B

X Lyy(Py, Pp)WH(q, Py, Pg).  (12)

The hadronic tensor with two resolved hadrons is

d*P
Wﬂy(quAvPB):H ~—(27)*6" (Py+Pp+Px—q)

X (27[)32EX
< {OL#1Pa.PaX) (PaPaXIF(0). (13)

Kinematic constraints in the back-to-back require that all
final-state radiation in X be collimated, with momenta
collinear to either of the observed hadrons, and the hadronic
amplitude is factorized through [80]

(hahp; X sp; X|J#]0) =~ C(szﬂ)<Xs|T[Y;Yn“0>
x (hp; Xpltal0)7" (has Xalx,|0),
(14)

where we absorb vacuum expectation values of zero-bin
‘Wilson lines into the normalization of the collinear fields, this
is equivalent to the zero-bin subtracted soft-collinear effec-
tive theory (SCET) Lagrangian [70,80]. The hard amplitude
C(Q?, u) is insensitive to the infrared (IR) dynamics of soft
and collinear degrees of freedom, and thus can be computed
atpartonic level. Itis advantageous to consider y* — ¢g, with
no soft radiation present,

(qql7*|0) = C(Q*. u)(al7a|0)r*(qlr,[0).  (15)
|

dogipningix N dmag db,
~ LWZHf(QZ,ﬂ)/W
f

dzudzzdcos6dg, 2 Q*

2
dra;

1 + cos?0
= 0* N, ;os ZHf(QZ"“)/
f

b,
X r?Th};/f <ZB,—, En,ﬂ,l/> N
ZB

where H;(Q?, u) is square of crossings of the SIDIS hard
matching coefficient [90-92], z; are momentum fractions,
and E, (E;) are the energies of fragmented partons. g, is
the transverse momentum of the virtual photon in hadron-
hadron frame, or is a parametrization of the net transverse

In this case, the leading-power collinear expansion is exact
(=instead of =), as each collinear trajectory contains just one
particle—taking the collinear limit simply does nothing. By
construction, the IR divergences of the partonic amplitude
(¢q|J*|0) is reproduced by the UV divergences of the hard
scattering operators in SCET [81-84]. Although a thorough
treatment would also require Glauber operators to reproduce
the iz terms in the low-energy part of the amplitude y* — ¢g,
the Cheshire nature of the Glauber exchange ensures that the
hard matching coefficients remain unchanged without
including the Glauber interactions [85]. Indeed, the right-
hand side of Eq. (15) is

(93] Ok 0) = (97| O O)yree (1 + 32 (er)). (16)

where the helicity basisis O%y = 77 v*yif, A = +. Theresult
is proportional to tree-level 't Hooft-Veltman [86] (tHV)
bases because pure virtual-loop corrections in SCET are
scaleless and vanish identically. As a result, the IR poles of a
helicity amplitude is reproduced by UV renormalization
counterterm diagrams provided by 6Z; = Z; — 1 [87].

Once the hard and soft-collinear degrees of freedom are
disentangled, the next step is to enumerate all allowed hard
events, and within each hard label, zoom in to the soft-
collinear subprocesses and count over particles in a proper
way: the classes of momenta entering into the soft-collinear
phase space differ only by their typical size of energy or
rapidity, as a result, the phase space should be integrated
over with a rapidity cutoff v, here we employ exponential
cutoff scheme [88]. Additionally, a zero-bin subtraction is
performed to remove double counting between collinear
and soft sectors, yielding genuine TMD fragmentation
functions [89]. Consequently, we have factorization
formulas [1],

e P (b, p V)T F 77" F iy 47"]

dl;l —ib, -G by
(27 e raLS(by,u, U)th/j‘c (ZA,Z JE, oy, v
(17)
[
momentum of the detected dijets G, = = ;4 5 13} /z; as

aresult of soft recoil [1]. € is the angle between the back-to-
back jets and the lepton beam, which we choose to integrate
over. Consequently,
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db 1o by
Di| z4, D{| zz, 18
/ a2 Dl <ZA P ﬂ) (ZB & ﬂ) (18)
where the physical TMDs are obtained by dressing the genuine collinear functions with the cloud of soft gluons,

b
D‘l] (z

b,
’_l"fnu) fh/q(zv E v ) S<bJ_7:u’y)' (19)

do—f+f’—>hA+_/ZB+X ~ 4ﬂ0!2 ZH
dzsdzpdg | 30

As aresult, the rapidity divergences In(4E?/1?) cancels between collinear and soft sectors, leaving behind physical rapidity
logarithms In(&/ ylz,) with y;, = by/br, by = 2e77E. & are the Collins-Soper (CS) scales [1,93,94]. These rapidity scales are
subject to the constraint £&’¢" = Q*. For dihadron production, a canonical choice is & = £" = Q2. In this work, we are
concerned with energy correlations between a single identified hadron and the jet in the opposite direction. By summing
over nonordered tuples » | (AB) = > 5 1/2> "4, we recover a factorization formula given by the convolution of TMDs with

EEC TMD jet function,

do¢ dra? 1
C+ —>h+X e
= ~ N.= E H
dzdg, 307 2 - (0

where we perform twist-2 matchings of the TMD fragmentation function,
b,
D <z,
Z
and use fragmentation function (FF) sum rules to obtain the EEC TMD jet function [23]
Lo b,
Jq(bJ_’f’ﬂ)EZ 0 dZZC,q Za?vé’/’{ . (22)

The factor z in the front of Eq. (20) arises due to E,/E, = 1/xE;,/(Q/2), and x = z in the back-to-back limit. Furthermore,
the factorization formula for energy-weighted back-to-back jets reads,

dzl —ib, - n bJ— i
21/’{)/(2”)26 quljl_](bJJé ,ﬂ)D?<Z,?,§ ’ﬂ)’ (20)

) Zdh/t ® Czq =+ O(bTAQCD) (21)

d"?ﬁ%—»){ / H Lz, dogpninyex Z / 2dg — L ohtX Aol
g, G5 cis dzqdzpdq, dzdg.
dbj_ _ib v n n
3Q2 zz 2 Ha(br, & ) (b, & p). (23)

The above analysis is consistent with Ref. [23] and aw)  T(ag) [ / 1

reproduces the fixed-order result of Ref. [95] in dijet limit. Kr(uo. ) = = / da B(ay) /a da Bla)’

Nonperturbative corrections to back-to-back EEC is re- !

cently analyzed in Refs. [33,74]. A, (g 1) = — /“f das r(ay) ' (25)
The p-evolution of the hard matrix and the TMDs is ay(uo) Bla)

linear in Iny to all-loop orders, as can be proved by RG

consistency, their perturbative expansions can be found, e.g., in

Ref. [90]. The rapidity evolution of the TMDs is governed
by the CS equation,

d ¢
lnDcl](Z, bJ_/Z"}:,,u) :_}/gusp(as(:u))ln_z_yz' (24)
dins g K(by.p) =

d
d]n\/glnD({(Z’ bl/Z7§’”)v (26)

The u-evolution is solved by two conventional Sudakov
integrals,

where K (b, u) is referred to as the CS kernel. Again, by
RG consistency, the p-evolution of K(b |, u) is controlled
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e*e” » h+X Q=M; t=tan(x/2)

14
[ NLL

12 NNLL

wf — N3LL ]

=3)/dInt

do P (N

I NPC23_Plsum _nlo

| | |
2.0 2.5 3.0 3.5 4.0
Int

FIG. 2. Semi-inclusive ECs without b, prescription [109] in
the back-to-back limit, with LHAPDF6 [110] PDF dataset
NPC23-PIsum-nlo [111,112].

by the cusp anomalous dimension,

d
ding K(bL) = 2yéusp (a5 (1) (27)
From above we can solve the RG equation to give
K(bJ_, /f‘) = _2Agusp (/"» /"b) + y;]?(/"h)’ (28)

the solution has a evolution factor Adysp(u, ) controlled
by the cusp anomalous dimension y&p, as given by
Eq. (25), it also leaves a residual boundary term y%(u;)
known as QCD rapidity anomalous dimension. While the
cusp anomalous dimension y¢yp is a purely perturbative
object which originates from the UV renormalization of the
cusped Wilson loops [96,97], the rapidity anomalous
dimension y%(uy), on the other hand, has both perturbative
part as by — 0 and genuine nonperturbative part as
by — . The perturbative accuracy for the CS kernel

has reached to up to N*LL [24,98,99], and there has been
|

h/q

Ejsiny )_ 2 [dr . .m

FEC1uv
[Dh/g ]” <Z7ln = ZP;{ 0

The FECs provide a joint description of fragmenta-
tion dynamics into the examined hadron and of its
energy correlation pattern with the surrounding QCD
jets. In addition, they encode the spin flow in the
formation of the observed hadron, analogous to the
conventional FFs [113]. In this work, we focus on

¢ HOW o0, ) FH4(1)& (1) | X) (s X|F (0. 00) 0).

ECs collinear limit.

FIG. 3.

tremendous progress towards lattice calculation for the
nonperturbative part as well [100-106]. Equations (24),
(26), and (28) are referred to as Collins-Soper equations
[1,93,94], they are equivalent to the modern language of
SCET rapidity renormalization groups (RRGs) [107,108].
Figure 2 shows the RG-improved prediction for the
Mellin space ECs according to the definition of
Eq. (10).

IV. COLLINEAR LIMIT AND THE
FRAGMENTATION ENERGY CORRELATORS

In this section, we are concerned with collinear limit
x — 0 where correlation between the examined hadron and
the surrounding radiations is measured, see Fig. 3. This
kinematic region is understood as the crossed counterpart
of target-fragmentation region (TFR) in SIDIS, and the
appropriate theoretical framework for describing it is
through fragmentation energy correlators (FECs) [13],
whose operator definitions are given below in a gauge
invariant manner,

y E, si dr= .7 A _
[DyECy <z,ln M) =z [ S el 0|W (o ) (m)EC)I: X) (: XIF,W (0, 00) ),
Y2 T

(29)

[
chiral-even spin projectors of helicity sums and asym-
metries.

To leading power in the collinear limit, the EC structure
function in Eq. (9) is dominated by twist-2 operators with
energy flow operators inserted [12,114], the matching
condition reads,
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o™ (x,0.7) _ o
dx ~230?

i=1

h/i

1 472 ali
SN, {Z 0Dy ™ (1) ® CNS(Q.p) + (Z Q%)
i=1

1
< [Pl e ® 6300 + D ) @ 26500} (30)

where the nonsinglet and singlet combinations of the FECs
are defined as

DS (2,1 § D} (z. ) + Dy (z.x),
FEC,NS
Dy (zx) = DIZ?,C(Z,)() + D (2.2)
1
_ _* pFEC
N, Dh/q( 2. )- (31)

The associated energy flow operator & (r) acts only on the
collinear sector, thus, if £(y) were set to the identity, i.e. , in
the absence of detectors in the jet fragmentation region
(JFR), FECs reduce to standard FFs and the resulting
factorization formula coincides with that of SIA, up to a
factor of 1/2 factor accounting for final-state double
counting. From this perspective, the Wilson coefficients
are identical to the STA coefficient functions [8—10], and the
UV renormalization of FECs matches that of the conven-
tional FFs, for instance,

E
DIFE (Infasinz )

D];]/Egc <1I1 E,siny ”)

DFECO (11’1 E,siny ﬂ)
h/q uo N
_ JFF.
DFECO (1) Ensing ®
ng \'\MT oM

(32)

where the FECs are and must be parametrized by hadronic
logarithm In E), sin y/u, E,, being the energy of the exam-
ined hadron £, in electron-positron annilation E;, = xQ/2.
The multiplicative renormalization factor ZEF is the stan-
dard FF UV renormalization factor for the singlets,
the associated Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) [115-117] evolution kernel reads

N p P
Ps(x,a5) = < “ qg). (33)
Pyy Py

Alternatively, one could consider the Bjorken-x weighted

ECs in Mellin space, defined in Eq. (10). To this end, we
first introduce the Mellin moment of FECs,

E sin E_ sin
(om0 (o)

(34)

|
where the reparametrization is defined by

E, si E) si
733 (B ) = i (s F

,u), (35)

with E, = E;/z as z denotes the momentum fraction of the
observed hadron. In electron-positron anilation, the energy
of the active parton is E, = £Q/2, where ¥ = x/z. The
FECs, when parametrized in terms of a partonic logarithm
rather than hadronic variables, obey a modified DGLAP
evolution equation,

d.@gE.C E si
/i L siny
dIn 22 <N,ln ,y)

-
= / dz &' ‘@EEJC( In® e w)P,-i(é,u).

(36)

In Fig. 4, we present the numerical solution to the modified
DGLAP RG equation at NNLL accuracy. The NNLL FECs
incorporate both the NNLO DGLAP splitting functions
[118-120] and the NNLO twist-2 matching coefficients.
The latter will be derived in the next section, while in this
section we solve the RG equation within perturbation
theory, which consists of the standard DGLAP evolution
and a nonlinear residual term,

L
s <N, ALY ﬂ>
u

= R0 + ST (V-

Ea siny
s Ho
Ho

x DY (o 1), (37)

E,=p=M, t=tan(x/2)

E,=p=M;, t=tan(x/2)

dD, "€ (N=3,In(E, Sin (x)/p)/dint

dD,, "¢ (N=3,In(E,

(@) (b)
FIG. 4. Mellin moments of FEC singlets renormalized at
fragmented parton energy y = E, = my. Panel (a) shows the

shape of the renormalized quark fragmentation energy correlator,
while panel (b) shows the corresponding gluon correlator.
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where ij (o, p) is the standard DGLAP evolution,

D (po, u) = exp U”dlnﬂzP(N,ﬂ)]
= exp [—2Ap() (1. Ho)]- (38)

The nonlinear modification term is given by

X [
RY uo) = > [ d1n gD Guo P (N, 1D )

o
X Dyt ><N,1n “S‘”,ﬂo), (39)
Ho

where the boundary value of FECs at renormalization scale
Uo are reorganized into a power expansion in Iné

EC
h (N’Q’)() 23Q2

xQ/2s1n;(
(e,

The NNLL prediction at a center-of-mass energy corre-
sponding to the Z boson threshold is shown in Fig. 5, where
we vary the initial boundary and factorization scales around
(Mo pr) ~ (Q/2siny, Q). Unlike the back-to-back jets,
where Sudakov suppression arises due to the recoil of soft
gluons, soft radiation is suppressed by the energy weight in
the jet fragmentation region. As a result, the distribution at
small angles is not suppressed.

V. MATCHING WITH COLLINEAR
FACTORIZATION

The factorization formulas in Egs. (20), (30), and (42) do
not require a strict scale hierarchy between g; ~ Q/2siny

e*e” » h+X Q=Mz, t=tan(x/2)
W7

3.5

3.0

3)/dInt

25

do "5 (N

2.0

L5 [

NPC23_PIsum _nlo
L

-3.0 -25 -2.0 -1.5 -1.0

FIG.5. NNLL prediction for semi-inclusive energy correlations
in the collinear limit.

)30 0.0) + 24F5 (Wotn

fEa sin y
o (v,
kit Ho
E, siny
_@g§f<N1 ‘ ,M)
Ho

o
+Zlnmc§x e (N,ln ”:m)( , ﬂo), (40)
0

and the modified splitting functions are defined as
1
P (N, u) = / dxx™ = n™ xP(x, p). (41)
0

In summary, the Mellin space factorization formula is

14’")‘eN / di s~ 1{ Q@’Z’ZC ’NS(N,lnL/ ism’( )%Nsx 0.u) + (ZQ2>

xQ/2sm)(
U

w)rseon] ) @)

[

and Agcp. Nevertheless, in the perturbative regime
O > qr > Agcp, consistency between the TMD/JFR
factorization and the standard collinear factorization
implies that the TMDs and FECS admit matching onto
conventional FFs. The perturbative twist-2 part of the TMD
fragmentation function are obtained in [121,122]. On the
other hand, analogous to the observation in Refs. [12,123],
the FECs allow an operator product expansion onto energy-
weighted collinear FFs as follows:

E, siny
@E?f( ,/4>
U
d E_si
=—d;(z,p) + fgd(cf 1)C; <§1n ”j:nxvas(u)>
m(_AQCD). (43)
qr

The matching coefficients C;; is insensitive to the hadronic
state &, thus can be computed from partonic FECs, and
renormalized according to Eq. (32). After UV renormal-
ization, the FECs are reparametrized by the partonic
+1Inz, and
matched onto energy densities 1/&d; (5 U). The renormal-

ization group equation governing the coefficient function
follows directly from Egs. (36) and (43),

logarithm through replacement ln - ln

014025-7
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dc;; E,siny\  [1d¢ z  EE,sinf _ Pu(é) z  E,siny
e R A L e L ) (44)

The first term in Eq. (44) originates from RG flow with respect to the UV cutoff from above, while the second term arises
from RG flow toward the IR, the solution up to NNLO reads

E, sin
c,.j(z,m . ") = 6,;6(1 = 2) + a, () (CY (2) + Ly (p)

ij

0 0 0 0
|:p§k) ®py(z) Py ®PY(2)
% 2 * 2

(2) - PO(2)) + a2(w) (CE?’@ +1

1
P9 ® PO - Lo (p®e) - PE?(z))]

2

+L[pY) ® € (2) ) ® P (2) = oCl)) (2) + b)) (2) = PV (2) + 2(p) - PY) ® Pé‘}’@})

+O0(a3 (),

where a,(u) = a;(u)/(4z) and L, = 21n % The modi-
fied splitting functions are given by

p(2) =1/2P" (), PO(2) =mzPV(z).  (46)

The results above serve as boundary conditions for the
NNLL resummation for the semi-inclusive energy corre-
lations. They also directly yield the collinear limit of
inclusive EEC, as the latter is given by

E, Ep ( E, )2  —
— = — ] = —. 47
{;B:} oo 2\gz) 225, WD
As a result, the collinear limit of inclusive EEC is obtained

by taking the Mellin moment N =3 in Eq. (42) and
summing over all species of the identified hadron

o(Q.x) = 2h o S (N =3.0.7),

Q. p) o> T, <1n@+-,u> 06} (- Q.p)

i=q,9

+0 <m) . (48)

qr

0) _ 4na? 2
Cir = 308 N.Qj. Note that the
FEC nonsinglets do not contribute to inclusive EEC in
the collinear limit. Furthermore, the convolution is

defined by

_ W (0
where of* =37, Op-

7i(m 22 ) 0 6. 0
:/ldfcfczji(lnkQ/iﬂ,ﬂ>%?(fﬁQ,H)- (49)
0

Owing to the sum rule of collinear FFs, the collinear EEC
jet function is given by the sum of third Mellin moment of

tj

FEC twist-2 matching coefficients, reproducing the result
of Refs. [47,95],

Esi Esi
7 (B ) - 3 (=3B ) (s
p ; H

Our analysis is consistent with dihadron framework
[14-16] where the contact term of the diharon fragmenta-
tion function contributes to the ECs Eq. (6) by

1 I-x x'dx’ (1 dz x x'
> 04" E / / — D /<—,—> %z,
2 0 ~ 0 X : 2 hh 7'z ( Q)

+x' Z

_l tot 1% l_ x
_200 L z (Z 1>di(z’/’l)cgi(QOhu>7 (51)

where x’ denotes the momentum fraction of an another
hadron [45,124-127], and for convenience we slightly
adjust the normalization of the SIA coefficient functions
in Eq. (30) so that the convention matches those used in
Refs. [8,14]. To the EEC observable, the first term
di(z,u)/z in Eq. (51) gives an IR finite contribution while
the second term matches the first term of the collinear
expansion in Eq. (43), and yields an IR-divergent contri-
bution,

1
_Egtootz S AN =3.0)EN =3.0.0).  (52)
h i

which exactly cancels with the contact term contribution in
the EEC, thereby ensuring the IR safety of the EEC
observable. It is worth emphasizing that the factor of
1/2 plays a crucial role in guaranteeing this cancellation,
which has the same origin as in Eq. (2.18) of Ref. [8] for the
inclusive cross section. After isolating the contact term,
the remaining contributions from the dihadron fragmenta-
tion functions arise entirely from the hard-collinear
region [123].

014025-8
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As a concluding remark in this section, we point out that
the holomorphic part of bare partonic FECs are obtained
from crossings of nucleon energy correlators (NECs)
[12,114]. The crossing relations have an overall minus
sign compared to those for the TMDs due to the energy
weight [120]. For the quark FECs/NECs, the crossing
relation is

in
c _ I+ip 1-2¢ pNEC [ _€
Dy (x.Ep.y)=(=1)Trx! = FU7 <_7’_E”’X)’ 53)

where i = 1 if i is a fermion, and O if boson. The minus
sign originates from crossing a fermion from initial state
to final state. For the gluon FECs/NECs, the crossing
relation is

. eiﬂ
DIEC(x, Ep.7) = (=1)iral P (—7"’51””)' Y

The exact meaning of the inversion x — 1/x is illustrated
in Fig. 6. In the first step, a representative path from x —
1/x is drawn in the base space: it first approaches the
neighborhood of threshold branch point x =1 —x =0,

encloses it counterclockwise via the map I = [0, 1]@S!
where @(x) = ¢*" and then proceeds to destination 1/x
without enclosing any further branch points. In the sec-
ond step, the path is lifted to its covering space, taking the
spacelike NECs F7EC(x, ...) as the initial value of the lift,
which is unambiguously given since it is defined in
the Euclidean region. Owing to the unique lifting property,
the time-like FECs is obtained by directly computing
the monodromy of individual functions. The complete
analytic expressions for the coefficient functions are
provided in the Supplemental Material [128], along with

FIG. 6. The inversion relation between Bjorken variable xz and
Feynman variable zp = 1/xp.

numerical routines implemented in PolyLogsTools
[129]. The crossing relation between dynamics of TFR
and JFR even persists beyond the paradigm of amplitudes,
in Refs. [120,130,131], a reciprocity relation was proposed
between spacelike and timelike anomalous dimensions of
twist-2 operators. However, a rigorous proof in QCD is still
lacking and remains an open problem for future
investigations.

VI. SUMMARY AND OUTLOOK

In this work, we investigate energy correlations for
single-inclusive hadron production in electron—positron
annihilation via photon decay. Within SCET, we demon-
strate factorization into universal nonperturbative correla-
tion functions in both small- and wide-angle limits. We
compute the twist-2 matching of FECs at NNLO and
achieve joint NPLL/NNLL renormalization-group—
improved predictions in the Sudakov and jet fragmentation
regions; results consistent with previous findings
[23,47,95]. These high-precision predictions enable a
precise extraction of TMD fragmentation functions in
the Sudakov region and improve theoretical control over
hadronization dynamics in the jet fragmentation region.

Looking ahead, several further improvements are worth
pursuing. First, the Z-boson channel presents a unique
opportunity to study hadronization dynamics jointly with
parton-spin transport, as its chirality-violating couplings
generate spin asymmetries in the final-state hadrons. This
distinctive sensitivity provides solid theoretical motivation
for future high-energy e e~ colliders such as CEPC [132],
FCC-ee [133]. Second, the Mellin-space factorization fails
at Mellin moment N = 2, requiring an all-order resumma-
tion of the associated logarithms to access the small-x
regime. Third, extending the current framework to
chiral-odd operators, thereby enabling probes of quark
transversity [134], represents an interesting direction for
ongoing work.
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APPENDIX: SMALL-x LOGARITHMS

In this appendix, we collect the small-x logarithms of the
twist-2 matching coefficients for the fragmentation energy
correlators. The complete analytic expressions of the
coefficient functions are provided in the Supplemental
Material [128],

014025-9



YU JIAO ZHU

PHYS. REV. D 113, 014025 (2026)

2000 () =0, 22C\) (z) ~8CyInz,
2C5 (2) ~0, 203 (z) ~8C, Inz, (A1)
32 16 296 16
202 (2) ~ 5 CrNyInt s 4 CpNyInz + Ny (— Tt ?@) : (A2)
80 212 736 1204
ZZC_(gzq)(Z) = _?CACF1n3 = TCACF 1I12 Z+ <_?C%: -+ CACF <T - 32§2>> an
4424 160
CoCp| =t — 2, —120¢5 ), A3
+Ca F( 77 3 9 §3> (A3)
32 16 296 16
ZZCE]?(Z) ﬁ?CANfIHZZ—F?CANfan+CANf<_7+?§2>a (A4)
80 220 8 16 92 536
209 (z) ~ -5 Gindz (—Tci —3CalNy + ?CFNf> In?z + <—3CANf +c2 (T - 32@)) Inz
562 16 1124 32 1616 176

[1] J. Collins, Foundations of Perturbative QCD, Cambridge
Monographs on Particle Physics, Nuclear Physics and
Cosmology Vol. 32 (Cambridge University Press, Cam-
bridge, England, 2023).

[2] J.C. Collins and G.F. Sterman, Nucl. Phys. B185, 172
(1981).

[3] G.T. Bodwin, Phys. Rev. D 31, 2616 (1985); 34, 3932(E)
(1986).

[4] J. C. Collins, D. E. Soper, and G. F. Sterman, Nucl. Phys.
B261, 104 (1985).

[5] J. C. Collins, D. E. Soper, and G. F. Sterman, Nucl. Phys.
B308, 833 (1988).

[6] J. C. Collins, D. E. Soper, and G. F. Sterman, Adv. Ser. Dir.
High Energy Phys. 5, 1 (1989).

[7]1 G.C. Nayak, J.-W. Qiu, and G. F. Sterman, Phys. Rev. D
72, 114012 (2005).

[8] P.J. Rijken and W. L. van Neerven, Nucl. Phys. B487, 233
(1997).

[9] A. Mitov and S.-O. Moch, Nucl. Phys. B751, 18 (2006).

[10] C.-Q. He, H. Xing, T.-Z. Yang, and H. X. Zhu, Phys. Rev.
Lett. 135, 101901 (2025).

[11] Z. Xu and H. X. Zhu, J. High Energy Phys. 06 (2025) 176.

[12] X. Liu and H.X. Zhu, Phys. Rev. Lett. 130, 091901
(2023).

[13] X. Liu and H. X. Zhu, arXiv:2403.08874.

[14] K. Lee and I. Stewart, arXiv:2507.11495.

[15] C.-H. Chang, H. Chen, X. Liu, D. Simmons-Duffin, F.
Yuan, and H. X. Zhu, arXiv:2507.15923.

[16] Z.-B. Kang, A. Metz, D. Pitonyak, and C. Zhang,
arXiv:2507.17444.

[17] C.L. Basham, L.S. Brown, S.D
Phys. Rev. D 17, 2298 (1978).

[18] C.L. Basham, L.S. Brown, S.D
Phys. Rev. Lett. 41, 1585 (1978).

[19] C.L. Basham, L.S. Brown, S.D
Phys. Rev. D 19, 2018 (1979).

[20] C.L. Basham, L.S. Brown, S.D

. Ellis, and S.T. Love,
. Ellis, and S.T. Love,
. Ellis, and S.T. Love,

. Ellis, and S.T. Love,

Phys. Lett. 85B, 297 (1979).

[21] J.C. Collins and D.E. Soper, Phys. Rev. Lett. 48, 655
(1982).

[22] D. de Florian and M. Grazzini, Nucl. Phys. B704, 387
(2005).

[23] I. Moult and H. X. Zhu, J. High Energy Phys. 08 (2018)
160.

[24] C. Duhr, B. Mistlberger, and G. Vita, Phys. Rev. Lett. 129,
162001 (2022).

[25] U. G. Aglietti and G. Ferrera, Phys. Rev. D 110, 114004
(2024).

[26] G.P. Korchemsky, J. High Energy Phys. 01 (2020)
008.

[27] H. Chen, X. Zhou, and H. X. Zhu, J. High Energy Phys. 10
(2023) 132.

[28] 1. Moult, G. Vita, and K. Yan, J. High Energy Phys. 07
(2020) 005.

[29] A. Kardos, S. Kluth, G. Somogyi, Z. Tulipant, and A.
Verbytskyi, Eur. Phys. J. C 78, 498 (2018).

014025-10


https://doi.org/10.1016/0550-3213(81)90370-9
https://doi.org/10.1016/0550-3213(81)90370-9
https://doi.org/10.1103/PhysRevD.31.2616
https://doi.org/10.1103/PhysRevD.34.3932
https://doi.org/10.1103/PhysRevD.34.3932
https://doi.org/10.1016/0550-3213(85)90565-6
https://doi.org/10.1016/0550-3213(85)90565-6
https://doi.org/10.1016/0550-3213(88)90130-7
https://doi.org/10.1016/0550-3213(88)90130-7
https://doi.org/10.1142/ASDHEP
https://doi.org/10.1142/ASDHEP
https://doi.org/10.1103/PhysRevD.72.114012
https://doi.org/10.1103/PhysRevD.72.114012
https://doi.org/10.1016/S0550-3213(96)00669-4
https://doi.org/10.1016/S0550-3213(96)00669-4
https://doi.org/10.1016/j.nuclphysb.2006.05.018
https://doi.org/10.1103/vtz2-6bnm
https://doi.org/10.1103/vtz2-6bnm
https://doi.org/10.1007/JHEP06(2025)176
https://doi.org/10.1103/PhysRevLett.130.091901
https://doi.org/10.1103/PhysRevLett.130.091901
https://arXiv.org/abs/2403.08874
https://arXiv.org/abs/2507.11495
https://arXiv.org/abs/2507.15923
https://arXiv.org/abs/2507.17444
https://doi.org/10.1103/PhysRevD.17.2298
https://doi.org/10.1103/PhysRevLett.41.1585
https://doi.org/10.1103/PhysRevD.19.2018
https://doi.org/10.1016/0370-2693(79)90601-4
https://doi.org/10.1103/PhysRevLett.48.655
https://doi.org/10.1103/PhysRevLett.48.655
https://doi.org/10.1016/j.nuclphysb.2004.10.051
https://doi.org/10.1016/j.nuclphysb.2004.10.051
https://doi.org/10.1007/JHEP08(2018)160
https://doi.org/10.1007/JHEP08(2018)160
https://doi.org/10.1103/PhysRevLett.129.162001
https://doi.org/10.1103/PhysRevLett.129.162001
https://doi.org/10.1103/PhysRevD.110.114004
https://doi.org/10.1103/PhysRevD.110.114004
https://doi.org/10.1007/JHEP01(2020)008
https://doi.org/10.1007/JHEP01(2020)008
https://doi.org/10.1007/JHEP10(2023)132
https://doi.org/10.1007/JHEP10(2023)132
https://doi.org/10.1007/JHEP07(2020)005
https://doi.org/10.1007/JHEP07(2020)005
https://doi.org/10.1140/epjc/s10052-018-5963-1

ENERGY CORRELATORS IN SEMI-INCLUSIVE ...

PHYS. REV. D 113, 014025 (2026)

[30] Z. Tulipant, A. Kardos, and G. Somogyi, Eur. Phys. J. C
77, 749 (2017).

[31] R. von Kuk, J. K. L. Michel, and Z. Sun, J. High Energy
Phys. 07 (2024) 129.

[32] U.G. Aglietti and G. Ferrera, Eur. Phys. J. C 85, 272
(2025).

[33] Z.-B. Kang, J. Penttala, and C. Zhang, arXiv:2410.21435.

[34] H.T. Li, L. Vitev, and Y.J. Zhu, J. High Energy Phys. 11
(2020) 051.

[35] A. Gao, H. T. Li, I. Moult, and H. X. Zhu, Phys. Rev. Lett.
123, 062001 (2019).

[36] H.T. Li, Y. Makris, and L. Vitev, Phys. Rev. D 103, 094005
(2021).

[37] A. Gao, H. T. Li, I. Moult, and H. X. Zhu, J. High Energy
Phys. 09 (2024) 072.

[38] K. Lee, I. Moult, and X. Zhang, J. High Energy Phys. 05
(2025) 129.

[39] K. Lee, I. Moult, and X. Zhang, arXiv:2410.01902.

[40] X. Liu, W. Vogelsang, F. Yuan, and H. X. Zhu, Phys. Rev.
Lett. 134, 151901 (2025).

[41] Y. L. Dokshitzer, G. Marchesini, and B. R. Webber, J. High
Energy Phys. 07 (1999) 012.

[42] K. Lee, A. Pathak, I. W. Stewart, and Z. Sun, Phys. Rev.
Lett. 133, 231902 (2024).

[43] H. Chen, P.F. Monni, Z. Xu, and H. X. Zhu, Phys. Rev.
Lett. 133, 231901 (2024).

[44] K. Konishi, A. Ukawa, and G. Veneziano, Phys. Lett. 80B,
259 (1979).

[45] K. Konishi, A. Ukawa, and G. Veneziano, Nucl. Phys.
B157, 45 (1979).

[46] K. Konishi, A. Ukawa, and G. Veneziano, Phys. Lett. 78B,
243 (1978).

[47] L.J. Dixon, I. Moult, and H. X. Zhu, Phys. Rev. D 100,
014009 (2019).

[48] H. Chen, M.-X. Luo, I. Moult, T.-Z. Yang, X. Zhang, and
H. X. Zhu, J. High Energy Phys. 08 (2020) 028.

[49] H. Chen, J. High Energy Phys. 01 (2024) 035.

[50] E. Craft, K. Lee, B. Mecaj, and 1. Moult,
arXiv:2210.09311.

[51] H. Chen, I. Moult, and H. X. Zhu, J. High Energy Phys. 08
(2022) 233.

[52] H. Chen, 1. Moult, and H. X. Zhu, Phys. Rev. Lett. 126,
112003 (2021).

[53] H. Chen, H. Ruan, and H. X. Zhu, J. High Energy Phys. 12
(2025) 168.

[54] W. Chen, J. Gao, Y. Li, Z. Xu, X. Zhang, and H. X. Zhu,
J. High Energy Phys. 05 (2024) 043.

[55] M. Jaarsma, Y. Li, I. Moult, W.J. Waalewijn, and H. X.
Zhu, J. High Energy Phys. 12 (2023) 087.

[56] A. Budhraja, H. Chen, and W. J. Waalewijn, Phys. Lett. B
861, 139239 (2025).

[57] A.-P. Chen, X. Liu, and Y.-Q. Ma, Phys. Rev. Lett. 133, 19
(2024).

[58] Z.-B. Kang, K. Lee, D.Y. Shao, and F. Zhao, J. High
Energy Phys. 03 (2024) 153.

[59] Z.-B. Kang, K. Lee, D.Y. Shao, and F. Zhao, in 30th
International Workshop on Deep-Inelastic Scattering and
Related Subjects (2023), arXiv:2307.06935.

[60] H. Méntysaari, Y. Tawabutr, and X.-B. Tong, Phys. Rev. D
112, 114027 (2025).

[61] H.-Y. Liu, X. Liu, J.-C. Pan, F. Yuan, and H. X. Zhu, Phys.
Rev. Lett. 130, 181901 (2023).

[62] S. Bhattacharya, Z.-B. Kang, D. Padilla, and J. Penttala,
arXiv:2504.10475.

[63] Z.-B. Kang, R. Kao, M. Li, and J. Penttala, Phys. Rev. D
112, 076006 (2025).

[64] Z.-B. Kang, J. Penttala, F. Zhao, and Y. Zhou, Phys. Rev. D
109, 094012 (2024).

[65] A. V. Belitsky, G. P. Korchemsky, and G. F. Sterman, Phys.
Lett. B 515, 297 (2001).

[66] G.P. Korchemsky and G.F. Sterman, Nucl. Phys. B437,
415 (1995).

[67] G.P. Korchemsky, G. Oderda, and G.F. Sterman, AIP
Conf. Proc. 407, 988 (1997).

[68] G.P. Korchemsky and G. F. Sterman, Nucl. Phys. BS5S,
335 (1999).

[69] S.T. Schindler, I. W. Stewart, and Z. Sun, J. High Energy
Phys. 10 (2023) 187; 10 (2024) 175(E).

[70] C. Lee and G.F. Sterman, Phys. Rev. D 75, 014022
(2007).

[71] C. Lee and G. E. Sterman, eConf C 0601121, A001 (2006).

[72] R. Abbate, M. Fickinger, A. H. Hoang, V. Mateu, and I. W.
Stewart, Phys. Rev. D 83, 074021 (2011).

[73] E. Herrmann, Z.-B. Kang, J. Penttala, and C. Zhang,
arXiv:2507.17704.

[74] A.B. Cuerpo, I. Scimemi, and A. Vladimirov, J. High
Energy Phys. 11 (2025) 013.

[75] S. Acharya et al. (ALICE Collaboration), arXiv:
2409.12687.

[76] The STAR Collaboration, Phys. Rev. Lett. 135, 111901
(2025).

[77] H. Bossi, A. Baty, Y. Chen, Y.-C. J. Chen, G.-M. Innocenti,
M. Maggi, C. McGinn, and Y.-J. Lee, Proc. Sci.
LHCP2024 (2025) 228 [arXiv:2501.01968].

[78] H. Bossi, Y.-C. Chen, Y. Chen, J. Zhang, G. M. Innocenti,
A. Badea, A. Baty, M. Maggi, C. McGinn, and Y.-J. Lee,
arXiv:2505.11828.

[79] 1. Moult and H. X. Zhu, arXiv:2506.09119.

[80] I. Feige and M. D. Schwartz, Phys. Rev. D 90, 105020
(2014).

[81] C. W. Bauer, S. Fleming, and M. E. Luke, Phys. Rev. D 63,
014006 (2000).

[82] C. W. Bauer, S. Fleming, D. Pirjol, and I. W. Stewart, Phys.
Rev. D 63, 114020 (2001).

[83] C. W. Bauer and I. W. Stewart, Phys. Lett. B 516, 134
(2001).

[84] C. W. Bauer, D. Pirjol, and I. W. Stewart, Phys. Rev. D 65,
054022 (2002).

[85] I. Z. Rothstein and I. W. Stewart, J. High Energy Phys. 08
(2016) 025.

[86] G. 't Hooft and M. J. G. Veltman, Nucl. Phys. B44, 189
(1972).

[87] I. Moult, I.W. Stewart, F.J. Tackmann, and W.]J.
Waalewijn, Phys. Rev. D 93, 094003 (2016).

[88] Y. Li, D. Neill, and H. X. Zhu, Nucl. Phys. B960, 115193
(2020).

[89] A. V. Manohar and I. W. Stewart, Phys. Rev. D 76, 074002
(2007).

[90] T. Becher, M. Neubert, and B. D. Pecjak, J. High Energy
Phys. 01 (2007) 076.

014025-11


https://doi.org/10.1140/epjc/s10052-017-5320-9
https://doi.org/10.1140/epjc/s10052-017-5320-9
https://doi.org/10.1007/JHEP07(2024)129
https://doi.org/10.1007/JHEP07(2024)129
https://doi.org/10.1140/epjc/s10052-025-13954-z
https://doi.org/10.1140/epjc/s10052-025-13954-z
https://arXiv.org/abs/2410.21435
https://doi.org/10.1007/JHEP11(2020)051
https://doi.org/10.1007/JHEP11(2020)051
https://doi.org/10.1103/PhysRevLett.123.062001
https://doi.org/10.1103/PhysRevLett.123.062001
https://doi.org/10.1103/PhysRevD.103.094005
https://doi.org/10.1103/PhysRevD.103.094005
https://doi.org/10.1007/JHEP09(2024)072
https://doi.org/10.1007/JHEP09(2024)072
https://doi.org/10.1007/JHEP05(2025)129
https://doi.org/10.1007/JHEP05(2025)129
https://arXiv.org/abs/2410.01902
https://doi.org/10.1103/PhysRevLett.134.151901
https://doi.org/10.1103/PhysRevLett.134.151901
https://doi.org/10.1088/1126-6708/1999/07/012
https://doi.org/10.1088/1126-6708/1999/07/012
https://doi.org/10.1103/PhysRevLett.133.231902
https://doi.org/10.1103/PhysRevLett.133.231902
https://doi.org/10.1103/PhysRevLett.133.231901
https://doi.org/10.1103/PhysRevLett.133.231901
https://doi.org/10.1016/0370-2693(79)90212-0
https://doi.org/10.1016/0370-2693(79)90212-0
https://doi.org/10.1016/0550-3213(79)90053-1
https://doi.org/10.1016/0550-3213(79)90053-1
https://doi.org/10.1016/0370-2693(78)90015-1
https://doi.org/10.1016/0370-2693(78)90015-1
https://doi.org/10.1103/PhysRevD.100.014009
https://doi.org/10.1103/PhysRevD.100.014009
https://doi.org/10.1007/JHEP08(2020)028
https://doi.org/10.1007/JHEP01(2024)035
https://arXiv.org/abs/2210.09311
https://doi.org/10.1007/JHEP08(2022)233
https://doi.org/10.1007/JHEP08(2022)233
https://doi.org/10.1103/PhysRevLett.126.112003
https://doi.org/10.1103/PhysRevLett.126.112003
https://doi.org/10.1007/JHEP12(2025)168
https://doi.org/10.1007/JHEP12(2025)168
https://doi.org/10.1007/JHEP05(2024)043
https://doi.org/10.1007/JHEP12(2023)087
https://doi.org/10.1016/j.physletb.2024.139239
https://doi.org/10.1016/j.physletb.2024.139239
https://doi.org/10.1103/PhysRevLett.133.191901
https://doi.org/10.1103/PhysRevLett.133.191901
https://doi.org/10.1007/JHEP03(2024)153
https://doi.org/10.1007/JHEP03(2024)153
https://arXiv.org/abs/2307.06935
https://doi.org/10.1103/rmzx-tgm2
https://doi.org/10.1103/rmzx-tgm2
https://doi.org/10.1103/PhysRevLett.130.181901
https://doi.org/10.1103/PhysRevLett.130.181901
https://arXiv.org/abs/2504.10475
https://doi.org/10.1103/vllq-fhr7
https://doi.org/10.1103/vllq-fhr7
https://doi.org/10.1103/PhysRevD.109.094012
https://doi.org/10.1103/PhysRevD.109.094012
https://doi.org/10.1016/S0370-2693(01)00899-1
https://doi.org/10.1016/S0370-2693(01)00899-1
https://doi.org/10.1016/0550-3213(94)00006-Z
https://doi.org/10.1016/0550-3213(94)00006-Z
https://doi.org/10.1063/1.53732
https://doi.org/10.1063/1.53732
https://doi.org/10.1016/S0550-3213(99)00308-9
https://doi.org/10.1016/S0550-3213(99)00308-9
https://doi.org/10.1007/JHEP10(2023)187
https://doi.org/10.1007/JHEP10(2023)187
https://doi.org/10.1007/JHEP10(2024)175
https://doi.org/10.1103/PhysRevD.75.014022
https://doi.org/10.1103/PhysRevD.75.014022
https://doi.org/10.1103/PhysRevD.83.074021
https://arXiv.org/abs/2507.17704
https://doi.org/10.1007/JHEP11(2025)013
https://doi.org/10.1007/JHEP11(2025)013
https://arXiv.org/abs/2409.12687
https://arXiv.org/abs/2409.12687
https://doi.org/10.1103/wv2t-dkgn
https://doi.org/10.1103/wv2t-dkgn
https://doi.org/10.22323/1.478.0228
https://doi.org/10.22323/1.478.0228
https://arXiv.org/abs/2501.01968
https://arXiv.org/abs/2505.11828
https://arXiv.org/abs/2506.09119
https://doi.org/10.1103/PhysRevD.90.105020
https://doi.org/10.1103/PhysRevD.90.105020
https://doi.org/10.1103/PhysRevD.63.014006
https://doi.org/10.1103/PhysRevD.63.014006
https://doi.org/10.1103/PhysRevD.63.114020
https://doi.org/10.1103/PhysRevD.63.114020
https://doi.org/10.1016/S0370-2693(01)00902-9
https://doi.org/10.1016/S0370-2693(01)00902-9
https://doi.org/10.1103/PhysRevD.65.054022
https://doi.org/10.1103/PhysRevD.65.054022
https://doi.org/10.1007/JHEP08(2016)025
https://doi.org/10.1007/JHEP08(2016)025
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1103/PhysRevD.93.094003
https://doi.org/10.1016/j.nuclphysb.2020.115193
https://doi.org/10.1016/j.nuclphysb.2020.115193
https://doi.org/10.1103/PhysRevD.76.074002
https://doi.org/10.1103/PhysRevD.76.074002
https://doi.org/10.1088/1126-6708/2007/01/076
https://doi.org/10.1088/1126-6708/2007/01/076

YU JIAO ZHU

PHYS. REV. D 113, 014025 (2026)

[91] P. A. Baikov, K.G. Chetyrkin, A.V. Smirnov, V.A.
Smirnov, and M. Steinhauser, Phys. Rev. Lett. 102,
212002 (2009).

[92] T. Gehrmann, E. W. N. Glover, T. Huber, N. Ikizlerli, and
C. Studerus, J. High Energy Phys. 11 (2010) 102.

[93] J.C. Collins and D.E. Soper, Nucl. Phys. B193, 381
(1981); B213, 545(E) (1983).

[94] J.C. Collins and D. E. Soper, Annu. Rev. Nucl. Part. Sci.
37, 383 (1987).

[95] L.J. Dixon, M.-X. Luo, V. Shtabovenko, T.-Z. Yang, and
H. X. Zhu, Phys. Rev. Lett. 120, 102001 (2018).

[96] R. A. Brandt, F. Neri, and M.-a. Sato, Phys. Rev. D 24, 8§79
(1981).

[97] R. A. Brandt, A. Gocksch, M. A. Sato, and F. Neri, Phys.
Rev. D 26, 3611 (1982).

[98] Y. Li and H.X. Zhu, Phys. Rev. Lett. 118, 022004
(2017).

[99] 1. Moult, H. X. Zhu, and Y. J. Zhu, J. High Energy Phys. 08
(2022) 280.

[100] M.-H. Chu er al. (Lattice Parton (LPC) Collaboration),
Phys. Rev. D 106, 034509 (2022).

[101] P. Shanahan, M. Wagman, and Y. Zhao, Phys. Rev. D 102,
014511 (2020).

[102] P. Shanahan, M. Wagman, and Y. Zhao, Phys. Rev. D 104,
114502 (2021).

[103] A. Avkhadiev, P.E. Shanahan, M.L. Wagman, and Y.
Zhao, Phys. Rev. Lett. 132, 231901 (2024).

[104] M. Schlemmer, A. Vladimirov, C. Zimmermann, M.
Engelhardt, and A. Schifer, J. High Energy Phys. 08
(2021) 004.

[105] Y. Li et al., Phys. Rev. Lett. 128, 062002 (2022).

[106] Q.-A. Zhang et al. (Lattice Parton Collaboration), Phys.
Rev. Lett. 125, 192001 (2020).

[107] J.-y. Chiu, A. Jain, D. Neill, and I. Z. Rothstein, Phys. Rev.
Lett. 108, 151601 (2012).

[108] J.-Y. Chiu, A. Jain, D. Neill, and I. Z. Rothstein, J. High
Energy Phys. 05 (2012) 084.

[109] J. Collins and T. Rogers, Phys. Rev. D 91, 074020
(2015).

[110] A. Buckley, J. Ferrando, S. Lloyd, K. Nordstrom, B. Page,
M. Riifenacht, M. Schonherr, and G. Watt, Eur. Phys. J. C
75, 132 (2015).

[111] J. Gao, C. Liu, X. Shen, H. Xing, and Y. Zhao, Phys. Rev.
Lett. 132, 261903 (2024).

[112] J. Gao, C. Liu, X. Shen, H. Xing, and Y. Zhao, Phys. Rev.
D 110, 114019 (2024).

[113] A. Metz and A. Vossen, Prog. Part. Nucl. Phys. 91, 136
(2016).

[114] H. Cao, H.T. Li, and Z. Mi, Phys. Rev. D 109, 096004
(2024).

[115] V.N. Gribov and L. N. Lipatov, Sov. J. Nucl. Phys. 15, 438
(1972).

[116] L.N. Lipatov, Yad. Fiz. 20, 181 (1974).

[117] G. Altarelli and G. Parisi, Nucl. Phys. B126, 298 (1977).

[118] M. Stratmann and W. Vogelsang, Nucl. Phys. B496, 41
(1997).

[119] A. A. Almasy, S. Moch, and A. Vogt, Nucl. Phys. B854,
133 (2012).

[120] H. Chen, T.-Z. Yang, H. X. Zhu, and Y. J. Zhu, Chin. Phys.
C 45, 043101 (2021).

[121] M.-x. Luo, T.-Z. Yang, H. X. Zhu, and Y.J. Zhu, J. High
Energy Phys. 06 (2021) 115.

[122] M. A. Ebert, B. Mistlberger, and G. Vita, J. High Energy
Phys. 07 (2021) 121.

[123] H. Cao, X. Liu, and H. X. Zhu, Phys. Rev. D 107, 114008
(2023).

[124] 1. Vendramin, Nuovo Cimento A 66, 339 (1981).

[125] D. Pitonyak, C. Cocuzza, A. Metz, A. Prokudin, and N.
Sato, arXiv:2502.15817.

[126] T. C. Rogers, M. Radici, A. Courtoy, and T. Rainaldi, Phys.
Rev. D 111, 056001 (2025).

[127] D. Pitonyak, C. Cocuzza, A. Metz, A. Prokudin, and N.
Sato, Phys. Rev. Lett. 132, 011902 (2024).

[128] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/pnfq-fx3f for the NNLO twist-2
matching for unpolarized and polarized fragmentation
energy correlators; 10.5281/zenodo.18136093.

[129] C. Duhr and F. Dulat, J. High Energy Phys. 08 (2019) 135.

[130] B. Basso and G.P. Korchemsky, Nucl. Phys. B775, 1
(2007).

[131] S. Caron-Huot, M. Kologlu, P. Kravchuk, D. Meltzer, and
D. Simmons-Duffin, J. High Energy Phys. 04 (2023) 014.

[132] M. Dong et al. (CEPC Study Group Collaboration),
arXiv:1811.10545.

[133] A. Abada et al. (FCC Collaboration), Eur. Phys. J. Special
Topics 228, 261 (2019).

[134] Q.-H. Cao, Z. Yu, C.P. Yuan, S. Zhang, and H. X. Zhu,
arXiv:2509.18892.

014025-12


https://doi.org/10.1103/PhysRevLett.102.212002
https://doi.org/10.1103/PhysRevLett.102.212002
https://doi.org/10.1007/JHEP11(2010)102
https://doi.org/10.1016/0550-3213(81)90339-4
https://doi.org/10.1016/0550-3213(81)90339-4
https://doi.org/10.1016/0550-3213(83)90235-3
https://doi.org/10.1146/annurev.ns.37.120187.002123
https://doi.org/10.1146/annurev.ns.37.120187.002123
https://doi.org/10.1103/PhysRevLett.120.102001
https://doi.org/10.1103/PhysRevD.24.879
https://doi.org/10.1103/PhysRevD.24.879
https://doi.org/10.1103/PhysRevD.26.3611
https://doi.org/10.1103/PhysRevD.26.3611
https://doi.org/10.1103/PhysRevLett.118.022004
https://doi.org/10.1103/PhysRevLett.118.022004
https://doi.org/10.1007/JHEP08(2022)280
https://doi.org/10.1007/JHEP08(2022)280
https://doi.org/10.1103/PhysRevD.106.034509
https://doi.org/10.1103/PhysRevD.102.014511
https://doi.org/10.1103/PhysRevD.102.014511
https://doi.org/10.1103/PhysRevD.104.114502
https://doi.org/10.1103/PhysRevD.104.114502
https://doi.org/10.1103/PhysRevLett.132.231901
https://doi.org/10.1007/JHEP08(2021)004
https://doi.org/10.1007/JHEP08(2021)004
https://doi.org/10.1103/PhysRevLett.128.062002
https://doi.org/10.1103/PhysRevLett.125.192001
https://doi.org/10.1103/PhysRevLett.125.192001
https://doi.org/10.1103/PhysRevLett.108.151601
https://doi.org/10.1103/PhysRevLett.108.151601
https://doi.org/10.1007/JHEP05(2012)084
https://doi.org/10.1007/JHEP05(2012)084
https://doi.org/10.1103/PhysRevD.91.074020
https://doi.org/10.1103/PhysRevD.91.074020
https://doi.org/10.1140/epjc/s10052-015-3318-8
https://doi.org/10.1140/epjc/s10052-015-3318-8
https://doi.org/10.1103/PhysRevLett.132.261903
https://doi.org/10.1103/PhysRevLett.132.261903
https://doi.org/10.1103/PhysRevD.110.114019
https://doi.org/10.1103/PhysRevD.110.114019
https://doi.org/10.1016/j.ppnp.2016.08.003
https://doi.org/10.1016/j.ppnp.2016.08.003
https://doi.org/10.1103/PhysRevD.109.096004
https://doi.org/10.1103/PhysRevD.109.096004
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/S0550-3213(97)00182-X
https://doi.org/10.1016/S0550-3213(97)00182-X
https://doi.org/10.1016/j.nuclphysb.2011.08.028
https://doi.org/10.1016/j.nuclphysb.2011.08.028
https://doi.org/10.1088/1674-1137/abde2d
https://doi.org/10.1088/1674-1137/abde2d
https://doi.org/10.1007/JHEP06(2021)115
https://doi.org/10.1007/JHEP06(2021)115
https://doi.org/10.1007/JHEP07(2021)121
https://doi.org/10.1007/JHEP07(2021)121
https://doi.org/10.1103/PhysRevD.107.114008
https://doi.org/10.1103/PhysRevD.107.114008
https://doi.org/10.1007/BF02731692
https://arXiv.org/abs/2502.15817
https://doi.org/10.1103/PhysRevD.111.056001
https://doi.org/10.1103/PhysRevD.111.056001
https://doi.org/10.1103/PhysRevLett.132.011902
http://link.aps.org/supplemental/10.1103/pnfq-fx3f
http://link.aps.org/supplemental/10.1103/pnfq-fx3f
http://link.aps.org/supplemental/10.1103/pnfq-fx3f
http://link.aps.org/supplemental/10.1103/pnfq-fx3f
http://link.aps.org/supplemental/10.1103/pnfq-fx3f
https://doi.org/10.5281/zenodo.18136093
https://doi.org/10.1007/JHEP08(2019)135
https://doi.org/10.1016/j.nuclphysb.2007.03.044
https://doi.org/10.1016/j.nuclphysb.2007.03.044
https://doi.org/10.1007/JHEP04(2023)014
https://arXiv.org/abs/1811.10545
https://doi.org/10.1140/epjst/e2019-900045-4
https://doi.org/10.1140/epjst/e2019-900045-4
https://arXiv.org/abs/2509.18892

	Energy correlators in semi-inclusive electron-positron annihilation
	I. INTRODUCTION
	II. ECS IN SINGLE INCLUSIVE HADRON PRODUCTION
	III. BACK-TO-BACK LIMIT AND THE TMD FRAGMENTATION FUNCTIONS
	IV. COLLINEAR LIMIT AND THE FRAGMENTATION ENERGY CORRELATORS
	V. MATCHING WITH COLLINEAR FACTORIZATION
	VI. SUMMARY AND OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: SMALL-x LOGARITHMS
	References


