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We present a self-consistent dynamical holographic quantum chromodynamics (QCD) model to
investigate the mass spectra and melting behavior of heavy and exotic mesons at finite temperature
and finite density. Our approach is based on the Einstein-Maxwell-dilaton (EMD) framework and
incorporates an elsewhere already introduced, albeit by hand, phenomenological nonquadratic dilaton
profile. This allows one to capture the nonlinear Regge trajectories of heavy-flavor mesons and model
certain exotic states. We show how to construct such models by actually solving the coupled Einstein,
Maxwell, and dilaton field equations, ensuring mathematical self-consistency to replace any ad hoc input.
At finite temperature, we analyze the confinement-deconfinement transition via a Hawking-Page phase
transition. We compute the spectral functions, revealing the sequential melting of quarkonia as the
temperature is increased. Extending to finite density, we explore the impact of baryon chemical potential on
meson stability, showing significant modifications in spectral peaks and effective potentials that indicate a
more rapid melting of mesonic states as the chemical potential increases in the deconfined phase. The dual
of the small/large black hole transition now indicates toward a first order phase transition line ending at a
second order critical point. Interestingly, the spectral functions smoothly cross this phase transition line.
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I. INTRODUCTION

Anti—de Sitter/quantum chromodynamics (AdS/QCD)
can implement nonperturbative aspects of the confinement
mechanism in QCD, which states that quarks are confined
inside hadrons. Weakly coupled gravity in an AdSs bulk is
dual to nonperturbative QCD, quantitatively describing
strong interactions and several hadronic features [1-8].
AdS/QCD stands on AdS/CFT, where the large-N . limit in
the SU(N.) Yang-Mills theory with four supersymmetry
charges in 4-dimensional spacetime corresponds to
type-IIB superstring theory, with the near-horizon limit
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describing the AdSs x S° effective metric of a stack
of N, nonextremal Dirichlet 3-branes [9—13]. A consistent
strongly coupled theory describing QCD can be accom-
modated on the AdSs boundary at low energies, and the
extra dimension across the AdS bulk is the QCD energy
scale and high [low] energy regards the UV [IR] limit. In
the IR limit, the so-called bottom-up AdS/QCD duality can
properly describe important QCD features through appro-
priate warped factors in the metrics that equip AdS and
dilaton backgrounds. In the UV regime of QCD, computa-
tional perturbative methods in the weak-coupling regime
quantitatively fit experimental data. Nevertheless, the IR
regime is strongly coupled, making chiral symmetry break-
ing and confinement emerge. As a result, any outcome
achieved in a weakly coupled theory is more easily
manageable and can be put in correspondence to solutions
in the dual theory in nonperturbative regimes, where in
general calculations are too intricate to solve even in
Euclidean lattice QCD, thinking here about either the finite
density case with its sign problem or dynamical questions
like decays or transport properties that require a way
to analytically continue the numerical lattice data to
Minkowski space.

Published by the American Physical Society


https://orcid.org/0000-0003-0969-9359
https://orcid.org/0000-0003-1326-6011
https://orcid.org/0000-0003-3978-532X
https://orcid.org/0000-0003-4889-8502
https://ror.org/028kg9j04
https://ror.org/05f950310
https://ror.org/011gmn932
https://ror.org/028kg9j04
https://crossmark.crossref.org/dialog/?doi=10.1103/pn9x-ycnh&domain=pdf&date_stamp=2025-06-27
https://doi.org/10.1103/pn9x-ycnh
https://doi.org/10.1103/pn9x-ycnh
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

BRUNO TONIATO et al.

PHYS. REV. D 111, 126021 (2025)

As QCD does not enjoy an exact conformal symmetry, it
is still possible to borrow CFT to settle it as a bottom-up
approach, constructing the dual theory when constraints are
imposed to fit phenomenological results [14-29]. The soft-
wall AdS/QCD model is modeled by adding a dilaton
coupled to Einstein—Hilbert gravity, therefore, introducing
a smooth cutoff in AdS, making both confinement and
Regge trajectories [30-32] possible. The AdS metric is
deformed due to the action of both the chiral and the gluon
condensations. Within this framework, linear confinement
and chiral symmetry breaking can be explained. AdS/QCD
corroborates universal features of hadrons, from the
spectrum of light-flavor mesons to heavy-flavor quarkonia
[33—44]. One of the main issues in hadron spectroscopy is
to find some universal solvable model describing mesons
and baryons as a function of quark masses. Taking into
account the masses of the quarks makes nonlinear Regge
trajectories be addressed by suitable deformations of the
dilaton. This procedure is appropriate to describe exotic
mesons in AdS/QCD [45-47].

One can employ bottom-up AdS/QCD in the context of
Einstein-Maxwell-dilaton gravity to better scrutinize exotic
mesons. As proposed in [48,49], this model was studied to
construct AdS black holes presenting first-order phase
transitions ending at a critical point at finite temperature
and finite chemical potential. These solutions comply with
baryon susceptibilities and match QCD lattice data at
vanishing chemical potential. The paper [50] showed that
this model could match lattice QCD data for the equation of
state of the quark-gluon plasma (QGP) near the crossover
transition with baryon chemical potential up to 400 MeV.
Other approaches in [51-64] use the Einstein-Maxwell-
dilaton gravity as a dual to describe phenomena in QCD.
Reference [65] used such a setup to study a first-order
phase transition from a small to a large black hole phase,
respectively, associated with “almost confinement” and
deconfinement phases, thereby allowing a mechanism to
discuss nearly confined physics at finite temperature using
the small black hole phase. Here, we analytically and self-
consistently solve the gravity equations of motion in terms
of the warp factor and apply the solutions to describe exotic
mesons, discussing and addressing our results as well as
comparing them to the recent literature, thereby making a
major improvement on the soft-wall holographic QCD
models and their phenomenological relevance.

Quadratic dilatons are usually reported in AdS/QCD to
model the mesons mass spectra of light-flavor mesonic
states as linear functions of the radial quantum number
[45,66,67]. When heavy quarks are considered as constitu-
ents for mesons, the Regge trajectories linearity breaks
apart, even though the heavy mesons spectra are precisely
described [68,69]. Heavy quarks can compose the so-called
heavy-quark exotica, comprising tetraquarks, pentaquarks,
hadrocharmonia, hybrids mesons, and hadronic molecules

[70-72]. Among the diversity of detected particles, exotic
mesons remain a partially detached conundrum in QCD,
and efforts to interpret and model their fundamental
properties are still needed. Exotic mesonic states do not
obey the standard gg structure, where g denotes a quark
[71,73]. Generally, mesons with quantum numbers not
allowed by the standard gg paradigm are denominated
exotic mesons [73].

The gg composition relies on the fact that no mesons
with either isospin or strangeness greater than one exist.
The set of mesons already detected and reported in the
Particle Data Group (PDG) [74] are implemented by bound
qq states clustered into SU(N,) multiplets, with corre-
sponding parity P = (—1)t*! and charge conjugation
C = (=1)E*5, for S denoting, as usual, the meson spin,
L standing for the (orbital) angular momentum, and J
denoting the total angular momentum. Exotic mesons do
not inhabit the ¢gg quark model, since several resonances,
as the ones corresponding to J”¢ = 0~~, and also the ones
with JPC =07-,1"",2"= such that P=(-1)’ and
C = (=1)’*1, cannot be depicted in the standard constitu-
ent quark model [71]. Nevertheless, some mesons can still
comprise gg meson states but bounded to one or more
valence gluons and are named hybrid exotic meson
states [75]. They support the nonperturbative description
of confined meson states in QCD, since valence gluons
amalgamating into mesons is allowed. Hybrid mesons gg-
pairs bond by color gluonic flux tubes, allowing other
quantum numbers that are for prohibited in the ¢gg model,
as the case of exotic meson states r;, with I6(JFC) =
1=(1="), and bottomonium-type states Z;, with 19(JFC¢) =
17 (177). Reference [76] approached the z; hybrid exotic
meson using the gauge/gravity duality, demonstrating that
they deconfine at lower temperatures when compared to
other gq light-flavor ordinary mesons. Exotic mesons
include also charged resonances in the charmonium-type
Z. family with 19(JP€) = 17(1*7), which has additional
valence quarks, as the Z.(4430) state, in opposition to the
neutral charmonium c¢ state. The quarkonium-type meson
state Z.(3900)" was one of the earlier-discovered exotic
mesons and consists of a céud state [77]. A tetraquark state
can be constituted by a hadronic molecule, with four
valence quarks merging into either two heavy quarkonia
or one heavy quarkonium bounded to a light-flavor
mesonic state. The X(3872) exotic state can be considered
a hadronic molecule [74]. In addition, color singlets can
encompass gqg g and QgQ g tetraquarks, where Q denotes
hereon either a charm or a bottom heavy-flavor quark [71].
Besides, multiquark color singlet states of type ¢qgg
encompass tetraquarks and also hadronic molecules [78].
Tetraquark states composed by a c¢ part are distinct from
standard charmonia due to multiplets that can include
charged resonances, as the c¢ud, and also nonvanishing
strangeness, as the ccds, or even both, as the ccus
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state [79]. Similar analogs can be proposed for bottomo-
nium-type states. Tetraquarks have been thoroughly studied
[80], being the four-charm-tetraquark and the cdus state
recently detected in LHCb Collaboration [81,82]. The
quark-gluon plasma (QGP) originates from heavy-ion
collisions as a prolific source of hot (deconfined) quarks,
which can then reconfine into hadrons, as the QGP freezes
out. Measurements of exotic states in heavy-ion collisions
can provide relevant new tests of production and transport
models involving exotic states. Mainly regarding heavy
quark exotic states, enhancement and suppression effects
set in and are brought into play in the QGP.

Exotic mesons also encode hadroquarkonium states,
which are composed of a heavy-quark core QQ inside a
light-flavor ¢g vector meson cluster. Each quark composite
forms a color singlet, glued together through weak color
van der Waals forces. From the phenomenological point of
view, the standard charmonium decay, mainly consisting of
the J/y, w(2S), and .. resonances, makes the charmonium
core dissociate from the light-flavor meson cluster, causing
strong measurable effects [83]. A relevant example consists
of the Z.(4430) meson decay to y(2S), in comparison to
the w(1S) = J/y state, which can be realized as a yield
of a ¢¢ core in Z.(4430). The family Y (4008), Y (4230),
Y (4260), Y(4360), and Y(4660) represent heavy-quark
exotica constituted by standard charmonia bond to light-
flavor mesons.

Having sketched the experimental, phenomenological,
and theoretical relevance of exotic mesons, let us now give
an overview of how this paper is built: In Sec. II, we
construct the self-consistent dynamical holographic QCD
model based on the Einstein-Maxwell-dilaton (EMD)
framework. The formulation begins with the introduction
of the EMD action in a five-dimensional AdS spacetime,
incorporating a form factor function that leads to a breaking
of the conformal symmetry and capturing of confinement
effects. The model originates from solving the coupled
Einstein, Maxwell, and dilaton field equations, ensuring
consistency in the holographic dual description of QCD.
Section III shows the calculation of the heavy and exotic
meson mass spectra at zero temperature and chemical
potential. We numerically solve the Schrodinger-like equa-
tion for the vector mesons, obtaining the mass spectra for
some heavy and exotic mesons. Comparisons with exper-
imental data and theoretical predictions are provided,
highlighting the role of nonlinear Regge trajectories in
capturing the heavy meson behavior. Section IV extends the
analysis to finite temperature by introducing, again self-
consistently, a black hole background, describing the
Hawking-Page phase transition as a holographic analog
of confinement-deconfinement. We derive the blackening
function, determine the temperature dependence of the
background geometry, and compute the finite temperature
equation of motion for the perturbation. In Sec. V we

outline the numerical scheme, using the retarded Green’s
function, for computing the spectral functions; a funda-
mental quantity that provides insight into meson dissoci-
ation in a thermal medium. In Sec. VI we extract the
finite temperature spectral functions. As the temperature
increases, the spectral peaks broaden and eventually dis-
appear, signaling the dissolution of mesonic states, consis-
tent with deconfinement taking place also at the level of
particle states. Additionally, we investigate the temperature
dependence of the effective potential of the Schrodinger-like
equation. As the temperature increases, this potential
becomes deformed and shallower, further supporting the
conclusion that mesonic states become less stable and
ultimately melt in a hot QCD environment. Section VII
extends the analysis of mesonic melting to a finite baryon
density environment by introducing a nonzero chemical
potential in the holographic QCD model. The spectral
functions reveal that as the chemical potential increases,
the spectral peaks shift, broaden, and disappear more rapidly,
indicating a faster melting. We also discuss the phase
diagram and investigate how the meson melting feels
the first order phase transition line between confinement-
deconfinement at finite density. The concluding remarks are
presented in Sec. VIIL

II. EINSTEIN-MAXWELL-DILATON ACTION

The prescription followed in this work is to take the
EMD action and construct a self-consistent holographic
model to describe heavy and exotic vector mesons. In a
five-dimensional spacetime, the EMD action is written as

! f(¢)
4

Semp = — &x\/—g|R —
EMD 1671G5/ x 9[

FMN FM N

1
A V(¢>} (2.1)

where Fyy = 0y/Ay — OyAy is the field strength, f(¢) is a
gauge kinetic function that couples the dilaton and the
gauge field Ay, V(¢) is the dilaton field potential, and Gs
is Newton’s gravitational constant in five dimensions.
Varying the action (2.1), one finds the following equations
of motion:

Ryn — %gMNR = Tun, (2.2)
Vulf(@)F"N] = 0, (23)

oV F?9
Om[v/=g0" p] — \/Zé[ﬁ + T%] =0, (24)

where F? = F ),y FMN . Equation (2.2) is the Einstein’s field
equations, whereas Eq. (2.3) represent Maxwell equations,

126021-3



BRUNO TONIATO et al.

PHYS. REV. D 111, 126021 (2025)

and Eq. (2.4) is the Klein-Gordon equation for the dilaton
field. The energy-momentum tensor takes the form

Tyn = % |:aM¢aN¢ - %QMN(a(ﬁ)z - gMNV(¢):|
-I—@ |:FMPFNP _igMNFZ]- (2.5)

To have a self-consistent holographic model, Egs. (2.2)—
(2.4), which are coupled, must be solved simultaneously.
This can be done using the potential reconstruction method
[84-88]. To do so, we take the following Ansdtze for the
metric, gauge, and dilaton fields,

L2e2A0Q) dz2 )
-2 (—g(z)dﬂ + iz + dx,-dxl> :

9(2)

IS
“

)
|

(2.6)

where L is the AdS radius, A(z) is the warp factor and ¢(z)
is the blackening function. It is assumed that the nonzero
component of the gauge field A, and the dilaton field ¢
depend only on the holographic coordinate z € [0, z,]. Here
2, is the horizon radius defined by ¢(z;,) = 0. The strongly
coupled gauge theory lives at the asymptotic boundary
of spacetime, which is defined by the z — O limit. If the
Ansdtze (2.6) is plugged into Egs. (2.2)—(2.4), one gets the
following expressions

dJ 3\ L2V e 24 of
0 — Vi /I SA/ _ _ e 2 R
b+e (9 * z 922 op ' 2gL* op
(2.7)
’ 1
O_A§’+A§<7+A’—Z>, (2.8)

2,24
0 :g//+g/<3A/_z> —A?Z eLz f’ (29)
q’ 3q 6) 1 (34 4)
0=A"+"7+A|ZF— ) ——[Z—-
6g (29 z) z\29 =z
12024
+34"+V 3;22 , (2.10)
2 2
0:A//_Ar<Ar_E> +%, (2.11)

Given the five equations and four unknown functions, we
choose Eq. (2.7) to act as a constraint. As demonstrated
in [65], treating A(z) and f(z) as arbitrary functions allows

us to determine all unknown functions in closed form. In
particular, by applying the following boundary conditions

limg(z)=1, limg(z)=0, limA,(z)=0,

70 -7, =7

(2.12)

we obtain, in terms of A(z) and f(z), the following
solutions

Z3A(x) [x e~AL)
_ Jo e e dy (2.13)
o dxxde3AW) [x dy

g(z) =1

yeAD) *

()

¢/(Z>:\/6(A/2_A//_27A,)’

1 z  xe AW
A(z) = - 1 / dx ’
_3A(x) [x e—AD)
\/f(f dxxde—3A0) [xdy yf(y) Zh f(x)
(2.15)
3gz2e™A 3¢ 6
V = —_— A" A/ 3A/ - - =
(2) 2 + + -
1[3¢ 4 g")
e A ] 2.16
z {29 z} 6y (2.16)

The expressions (2.13)—~(2.16) can be put back into
Egs. (2.2)—(2.4) to verify that the equations are satisfied
and the system is mathematically self-consistent. In [65],
the integration constant C can be fixed in terms of the
chemical potential p. If p is set to zero, we have the
following analytical solutions to Egs. (2.13)—(2.16):

¢ dxxde=340)

9(z) =1 o e A0 (2.17)
¢ (2) = \/6 (A’2 - ZTA/) (2.18)
Az) =0, (2.19)
02 (a2
gy e

Without loss of generality, we take the AdS radius to be
L =1 for the rest of this work.

Note that the above solution corresponds to a black hole
having a horizon at z = z;,. Another solution to the EMD
field equations also exists, which corresponds to thermal-
AdS (without a horizon). This solution, which does not
involve a black hole, can be obtained by taking the limit
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7), = oo, resulting in g(z) = 1. As we will discuss later on,
the black hole and thermal-AdS phases exchange domi-
nance in the free energy phase diagram and undergo a
Hawking/Page type first-order phase transition as the
temperature is varied. In particular, the thermal-AdS/black
hole phases are favored at low/high temperatures respec-
tively. In the dual field theory language, the thermal-AdS
phase corresponds to a confined phase, whereas the black
hole phase corresponds to the deconfined phase. In the
following, we will fix our holographic model parameters at
zero (or finite) temperature by working in the thermal-AdS
(or the black hole) background.

To fully solve the EMD equations, the functions f(z) and
A(z), which are initially arbitrary, must be specified. In the
next section, we base our choice for f(z) on a preexisting
holographic QCD model from the literature [45,89] that
features a deformed dilaton field designed to model heavy
and exotic mesons. On the other hand, according to [65],
A(z) is chosen to be a simple function that, in this EMD
prescription, can show a clear confinement-deconfinement
phase in the boundary theory. In doing so, we hope to
extract certain quantities (mass spectra and spectral
functions) for several QCD heavy and exotic states.
This will include the spectral functions at nonzero
temperatures and density, from which behavior we can
gather further insight into the melting of the states and,
subsequently, of the QCD deconfinement phase transition
in the quark-gluon plasma.

III. HEAVY AND EXOTIC MASS SPECTRA

In this section, the mass spectroscopy of exotic mesons
with heavy flavor will be scrutinized at zero temperature
and zero chemical potential.

A. Choice for A(z) and f(z)

The function f(z) will first be determined by analyzing
the mass spectra of heavy and exotic vector mesons at zero
temperature and chemical potential. As was already shown
in other works [65,90], a particularly good choice for this
function is

flz) = e~AR)+B(E)] (3.1)
where B(z) is chosen to match the mesonic mass spectra.
In the context of the original soft-wall model [91], B(z) is
defined to be the dilaton field ®(z): B(z) = ®(z) = (az)?,
where a is a constant that defines the slope of the
Regge trajectory.’

Instead of using the original dilaton field profile, we
follow here the approach presented in [45,89], which

'Note that the dilaton field ®(z) used in the soft-wall model
should not be confused with the dilaton field ¢(z) used in our
holographic model in Eq. (2.1).

introduces a nonquadratic dilaton field profile. Linear
Regge trajectories effectively describe the hadronic mass
spectrum in the light sector, where constituent quark
masses are small. However, the linearity breaks down
for hadrons containing a s-quark or heavier quarks. As
argued in [45,89], Bethe—Salpeter type analyzes indicate
that heavy hadrons follow the scaling of trajectories as n*/3,
where 7 is the excitation number, see [92].

This behavior suggests that the Regge trajectory depends
on the mass of the constituent quarks, with linearity
observed for light-flavored mesons and nonlinearity for
heavier ones. Consequently, the dilaton field is also
expected to vary with quark masses.

Following [45], we introduce the averaged constituent
quark mass, m. The input quark masses are taken to be
effectively dressed by the QCD nonperturbative binding
energy and are borrowed from [93]: m, = 0.336 GeV,
my = 0.340 GeV, m,; =0.486 GeV, m, = 1.550 GeV,
and m;, = 4.730 GeV.

Next, we introduce a modified dilaton profile of the
form

®(z) = (xkz)*7°, (3.2)
where the exponent a encodes the effects of the
constituent quark mass. For a =0, one recovers the
original quadratic dilaton and the corresponding linear
Regge trajectory. In [45] both a and x vary with the
average quark masses

-2
—_— _C(an
Ay bae ’

a(m) =a (33)

k(i) =k = a, — be ", (3.4)
with parameters a, = 0.054, b, = 0.8484, ¢, = 0.4233,
a, = 15.2085, b, = 14.8082, and ¢, = 0.0524 [45]. Larger
values of a and « correspond to heavier states. Thus, if we
know (or model) a meson with some combination of
constituent quarks, we can find the o and x parameters
that suit the problem at hand best.

In addition to the nonquadratic behavior introduced in
[45,89] presents small-z corrections to @(z). Consequently,
we adopt the dilaton profile proposed in [89] and identify
their @(z) dilaton field with our B(z) function, which is

incorporated into the arbitrary function f(z) as

f(z) _ e—[A(z)+B(z)] _ e—[A(z)+(Kz)2—a+Mz+tanh (ﬁz—ffﬂ_ (3.5)

in which Mz and tanh (

to ®(z), see also [94].

The other term, A(z), can be chosen as a simple quadratic
function, whose consequences were studied in [65]. In this
model, such A(z) can show the confined-deconfined phases

1 _ x _ i
Mz \/f) are the small-z corrections
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in the boundary theory, mimicking QCD. Therefore here
we adopt the following A(z):

€,
Az) = g%
where C = 1.16 GeV? is fixed to yields the Hawking—Page
geometric transition at around 7 ~ 270 MeV at zero
chemical potential [65], based on the lattice estimate
of [95]. This is the large N extrapolation of the critical
temperature for pure gluodynamics, appropriate for our
current holographic model to which the flavors (quarks) are
only added in a probe approximation, similar to the
quenched lattice QCD setup in which the quarks are also
irrelevant for the deconfinement transition.

(3.6)

B. Equation of motion for the vector mesons

Given that all parameters and functions are fixed, we can
first compute the mesonic mass spectra at zero temperature.
A five-dimensional gauge field describes the vector mesons
in the dual field theory. From the EMD action (2.1), we
can write

_ 1 s [(#) MN
S = 1671G5/dx‘/ g 4 FynF"".

(3.7)

Varying the action (3.7) we find the following equations
of motion

ou(v=9f () F"N) = 0.

In the zero temperature limit, g(z) — 1 and the space-
time interval becomes

(3.8)

[202A0)
2 _
ds- = 2

(=df* + dz? + dx;dx'). (3.9)

By plugging (3.9) into (3.8) and choosing the radial
gauge A, = 0, supplemented with the transversal Landau
(Lorenz) gauge d,A* = 0, Eq. (3.8) turns into

ze™A@)  (LeAG f(z)
0 0,A* LA* =0, 3.10
Lf(z) ( z ) ' 210

which can be led into a Schrodinger-like form by first
implementing a Fourier transform

At (z,x") = 'k ek Ak(z, k) (3.11)
Za - (2”)4 Z7 ’ .
and performing the following change of variables
At = ety (3.12)
1 [LeA®
Hzilog{eif(z)]. (3.13)
Z

This turns Eq. (3.10) into

—02y(2) + U(2)y(z) = mpy(z). (3.14)
for
) = (o oa (ML) |
+ 02 Bm(%)} (3.15)

where we identify the eigenmasses with the relation
k* = m%2 = —w? + p?. For a massive perturbation in the
bulk theory, the AdS/CFT dictionary dictates that a mass
term of the form M2L? = (A — S)(A + S —4), where S is
the spin and the angular momentum taken to be zero, must
be added to the potential U(z). Importantly, A is the scale
dimension that determines the scaling behavior of the bulk
field at the boundary [10]. From the quantum boundary
theory perspective, A is the scaling dimension of the
operator that creates hadrons. We can see right away that
for isovector mesons, such as the charmonium (c¢¢) and
bottomonium (bb), M?L> =0 as A =3 and S = 1.

A notable application of this nonquadratic dilaton model
is the exploration of hadronic states that deviate from
the conventional gg framework. As noted above, in holo-
graphic QCD, the distinction between different types of
hadrons is captured by the scaling dimension A of the
operator responsible for their creation. Consequently, the
model provides a pathway to study exotic hadrons—those
that do not conform to the standard gg structure—by
identifying the appropriate scaling dimension A and
estimating the parameter m. Depending on the quark
and/or meson content of the bound state, it is clear there
can be a degeneracy in terms of A. Even so, the estimation
of the corresponding 77 can be achieved through a weighted
averaging procedure, as detailed in [45]

N
_ - quark - quark meson ,,,meson
Myl = Z (Pi mi 4 P mg )
i=1

N
Z <P(i]uark + P?eson) =1.

i=1

(3.16)

The exotic state is then modeled as a collection of N
constituent quarks and/or mesons. Each constituent is
assigned a weight P; associated with its mass m;. These
masses are then utilized to determine the constants « and «.
We have per case also included the corresponding weight
factors and scale dimension A that we borrowed from [45].
In this work, we consider the exotic states Z.. and ;. Z,. is
modeled as a tetraquark which in turn is constructed
as a “hadronic molecule,” two mesons bounded by a
residual colorless QCD interaction, formed by a J/y
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TABLE 1. Mass spectrum and Regge trajectories of the J/y
charmonium for k = 1.8 GeV, M = 1.7 GeV, VT = 0.53 GeV,
and a = 0.54.

TABLE IIIl. Mass spectrum and Regge trajectories of the Z,
tetraquark, for k = 1.75 GeV, M = 1.44 GeV, v/T = 0.30 GeV,
and a = 0.539.

Charmonium J/y, 19(JF€) = 0% (177)

Tetraquark Z,., I6(JF€) = 1+(117)

Relative Relative
n State Meyp (MeV) my, MeV)  error 6M n State Mexp (MeV) my, MeV)  error 6M
| J /)y 3096.900 4+ 0.006 3140.1 1.39% 1 Z.(3900)  3887.2+2.3 3890.1 0.07%
2 w(2S) 3686.097 £ 0.011 3656.9 0.79% 2 Z.(4200) 4196f§§ 4189.5 0.15%
3 w(4040) 4039.6 4.3 4055.8 0.40% 3 Z.(4430) 447gfllg 4444.6 0.74%

Experimental linear fit: M? =3.364(1.914+n), R?* = 0.999508.
Experimental nonlinear fit: M? =10.947(-0.282 +n)"3%, R? =1.
Theoretical linear fit: M? = 3.295(2.015 + n), R*> = 0.999942.
Theoretical nonlinear fit: M? = 7.001(0.685 + n)%%3, R? = 1.

TABLE II. Mass spectrum and Regge trajectories of the YT

bottomonium for k = 9.9 GeV, M = 2.74 GeV, VT = 1.92 GeV,
and o = 0.863.

Experimental linear fit: M? = 2.471(5.112 +n), R> = 1.
Experimental nonlinear fit: M? = 3.554(4.234 + n)0874 R? = 1.
Theoretical linear fit: M?> = 2.311(5.564 + n), R*> = 0.999992.
Theoretical nonlinear fit: M? = 6.836(2.665 + n)%%12, R = 1.

TABLE IV. Mass spectrum and Regge trajectories of the 7,
hybrid  meson, for k=0.468 GeV, M =0.20 GeV,

VT =0.12 GeV, and a = 0.034.

Bottomonium Y, 7¢(JP€) = 0+ (177)

Relative
n State Meyp, (MeV) my, (MeV)  error 6M
1 T(1S) 9460.4 £0.09 £ 0.04 9506.5 0.49%
2 T(2S) 10023.4 £ 0.5 9892.9 1.30%
3 T(3S) 10355.1 £0.5 10227.2 1.24%

Experimental linear fit: M2 = 8.864(9.175 + n), R?> = 0.9999.
Experimental nonlinear fit: M? =91.165(-0.113 +n)"153, R? =1.
Theoretical linear fit: M> = 7.111(11.727 + n), R*> = 0.999997.
Theoretical nonlinear fit: M? = 49.120(3.559 + n)%42, R? = 1.

Hybrid meson 7, I6(J7C) = 0=(117)

Relative
n State Meyp (MeV) mg, MeV)  error 6M
1 71 (1400) 1354 £25 1354.7 0.05%
2 x,(1600) 166011° 1618.1 2.52%
3 7(2015) 2014 +20+16 1849.9 8.15%

Experimental linear fit: M> = 1.111(0.593 + n), R*> = 0.99913.
Experimental nonlinear fit: M? = 1.214(0.484 + )093 R? = 1.
Theoretical linear fit: M? = 0.793(1.308 + n), R? = 0.999997.
Theoretical nonlinear fit: M? = 0.816(1.268 + n)*%%7, R? = 1.

and a p: My, = 0.283my,, +0.717m,. Whereas =, is
modeled as a “hybrid meson,” a state consisting of valence
quarks and a constituent gluon: ripypiq = 0.497m, +
0.497m, + 0.006mg, where mg is the constituent gluon
mass (taken to be mg = 0.7 GeV [96]). Both of these
exotic states are massive perturbations with A = 5 for the
hybrid meson and A = 6 for the tetraquark.

Below, we provide some Tables I-IV with the heavy
mesons’ masses, including charmonium and bottomonium,
as well the considered exotic states. The masses are
numerically obtained by solving the eigenvalue problem
given by Eq. (3.14) for the shown parameters.

From the shown Tables I-IV, we can conclude that a
nonlinear Regge trajectory as parametrized in [45],

M = a(n + b)", (3.17)

v(m)=v=a,+ be ", (3.18)

tends to better fit the experimental masses. Our computed
masses, in general, agree well with the experimental data as
well. We stress here again that our predictions for these
masses, and associated nonlinear Regge behavior, are a
consequence of the modeling in Sec. III A.

In the Figs. 1-4 we can better visualize the difference
between a linear and a nonlinear Regge trajectory. We note
that as the particle mass decreases, like the considered
hybrid meson, the linear and nonlinear trajectories become
nearly identical.

We conclude then that the resulting equation of motion
(3.14) therefore provides a mathematically self-consistent
way of formulating the approximation of the mass spectra
for heavy mesons and certain exotic states. This can be seen
as the numerical results obtained for the overall masses are
in good agreement with the experimental values and those
reported in [45].

The effective potential U(z), shown in (3.15), for the
considered states is presented below, Figs. 5 and 6, to
showcase the dynamics of these hadronic structures within
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o Experimental masses

16 Theoretical masses

—— Theoretical linear fit (M2 = 3.295{2.015 + n})

6L Theoretical nonlinear fit (M? = 7.001 {0.685 + n}*%>*)
0.0 0.5 1.0 1.5 2.0 2.5 3.0
n
FIG. 1. Linear and nonlinear fits for the charmonium.
110
o Experimental masses
o

105 Theoretical masses

100
=
5]
QO 9%
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90
8 —— Theoretical linear fit (M2 = 7.111 {11.727 + n})
----- Theoretical nonlinear fit (M2 = 49.12 {3.559 + n)*1%?)
80
0.0 0.5 1.0 1.5 2.0 2.5 3.0
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FIG. 2. Linear and nonlinear fits for the bottomonium.

o Experimental masses
20 Theoretical masses o
18
“—
%
<
= 16
14
—— Theoretical linear fit (M2 = 2.311 {5.564 + n})
S N . Theoretical nonlinear fit (M2 = 6.836 {2.665 + n)*%'%)
12 : : : :
0.0 0.5 1.0 1.5 2.0 2.5 3.0
n
FIG. 3. Linear and nonlinear fits for the tetraquark.

the holographic framework. Derived from the Schrédinger-
like equation, this potential provides insights into the
behavior, stability, and mass spectra of tetraquark states
under the chosen model parameters. In the next sections we
see that this potential is deformed by increasing the
temperature 7 and chemical potential pu.

o Experimental masses

Theoretical masses

; /

—— Theoretical linear fit (M2 = 0.793 {1.308 + n})

2 (GeV?)

----- Theoretical nonlinear fit (M? = 0.816 {1.268 + n}*%7)

0.0 0.5 1.0 1.5 2.0 25 3.0
n

FIG. 4. Linear and nonlinear fits for the hybrid meson.

500
0
N% -500 ' —— Charmonium Potential (T = 0)
% ----- Bottomonium Potential (T = 0)
-1000
-1500
0.00 0.05 0.10 0.15 0.20 0.25 0.30
z(GeV™)
FIG. 5. Charmonium and bottomonium potentials at 7 = 0.
30
25
20
&
% —— Tetraquark Potential (T = 0)
15
gf Hybrid Meson Potential (T = 0)
10
5
00 2 4 6 8 10

z(GeV'Y)

FIG. 6. Tetraquark and hybrid meson potentials at 7 = 0.

Below we also plot the associated wave functions,
Figs. 7 and 8, for the hybrid meson and bottomonium
states, found after solving Eq. (3.14) numerically.

We can see right away that as the values of the model
parameters increase (low values for the hybrid meson and
high values for bottomonium), the wave functions tend to
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FIG. 7. Hybrid meson wave functions.
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FIG. 8. Bottomonium wave functions.

go to zero faster and get more distorted near the origin.
In the numerical solution to the eigenvalue problem (3.14),
we employed Dirichlet boundary conditions, where we set
the wave function to vanish at z = 0 and z = oo.

IV. METRIC AND EQUATION OF MOTION
AT FINITE TEMPERATURE

To analyze a system at finite temperature (where we set
u =0 in this section), the blackening function g(z) must
first be determined for the chosen profile A(z) = —%Zz.
From Eq. (2.17), it is evident that f(z) does not contribute

to g(z). By evaluating the integral, we obtain

5 (8- 3C22) — 8

9(z) =1+—5 (4.1)
e (3Cz —8) +8
The black hole temperature is calculated as
3cz?
/ 9,302 —h
T — _g (Zh> gLre 8 (42)
47

- sez? :
167[8 + ¢ (3¢} - 8)]

0.8

0.7

0.6

T (GeV)
j=3

0.4

0.3

.2
0 0 2 4 6 8 10

25 (GeVh

FIG. 9. The Hawking temperature 7 as a function of horizon
radius z,.

We present below, Fig. 9, the Hawking temperature 7 as
a function of the black hole horizon z;, for the model
parameter C = 1.16 GeV?. Here, the thermal AdS phase
exists at all temperatures. However, there is a minimum
temperature below which a black hole solution does not
exist. Above this minimum temperature, two black hole
solutions exist: a large black hole and a small one. The large
black hole (small z;,) has a temperature that decreases as the
inverse horizon radius z;, increases. It is thermodynamically
stable due to its positive specific heat. In contrast, the small
black hole (large z;,) has a temperature that rises with the
inverse horizon radius. It is thermodynamically unstable
because of its negative specific heat.

The corresponding free-energy diagram is shown in
Fig. 10. Here, the free energy difference AF between
the black hole and thermal-AdS phases is plotted. We see
that depending upon the temperature the large black hole
and thermal AdS phases exchange dominance as the
temperature varies. In particular, the large black hole phase
has the lowest free energy at large temperatures, whereas
thermal-AdS has the lowest free energy at low temper-
atures. Accordingly, there is a first-order Hawking-Page
phase transition between these two phases. For u =0,

0.000010
Small-BH
5%107°
_0.000000
=)
=
<
-5%107°
Large-BH
—0.000010;
0.24 0.25 0.26 0.27 0.28 0.29 0.30
T (GeV)

FIG. 10. Free energy difference for u = 0.
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this phase transition appears at T. = 0.264 GeV. The
thermal AdS phase corresponds to the confined phase on
the boundary theory, while the black hole phase corre-
sponds to the deconfined phase. In later sections, we will
see how adding a nonzero chemical potential will affect this
transition temperature. Note that the small black hole phase
always exhibits higher free energy than the large black hole
and thermal-AdS phases. Accordingly, it corresponds to the
global maxima of the solutions and is thermodynamically
disfavored at all temperatures. Consequently, in the sub-
sequent sections, the large black hole phase will be
employed to discuss the finite temperature behavior of
various observables.

To determine the perturbation equation of motion in the
presence of a black hole background geometry, a generic
g(z), we put back the factors of g(z) in the equation of
motion (3.10) to find

zeg(z) <L€A(Z)f(z)9<z)

I - aZA”> +0A"=0. (43)

We proceed in the particle’s rest frame, where the four-
momentum is given by ¢* = (w,0,0,0). Employing the
radial gauge A, = 0, we consider plane wave solutions of
the form
AF(z,xY) = €9 Al (z, ) = e7 ™' AF(z, ). (4.4)
By applying a Fourier transform, as showed in (3.11), and
doing the change of variable A* = e Hy# to (4.3) we
transform the finite temperature equation of motion into
=07 y*(2) + V(2y*(z) = 0’y (2), (4.5)
where the tortoise coordinate d, = —g(z)d, was applied

to (4.3) in order to redefine it into a Schrodinger-like form.
The associated effective potential is given by

)

3 [11og(21D) .

Z

(4.6)

where H is the same function as defined in Eq. (3.12). With
the equation of motion formulated at finite temperature, we
are equipped to calculate the spectral functions of heavy
and exotic mesons, enabling the analysis of their melting
behavior. Considering that (4.5) is generic in ¢(z), this is
also the equation employed to study the states in a finite
density plasma (¢ > 0) as the chemical potential only alters
the black hole metric.

One important comment to be made is with regards to the
supplementary Landau gauge choice to derive the equation
of motion for the perturbation (4.5). As discussed in [97],

if a nonzero spatial momentum is introduced, the system’s
isotropy is broken and the chosen gauge can become
inadequate for a given metric. For that matters, if we did
take g, we would have found two distinct equations of
motion, both for a transverse and longitudinal field propa-
gation relative to the momentum, that would yield distinct
predictions for the spectral functions. However, as g is
taken to be 0, the effective potentials for these equations
coincide (we chose ¢ = 0 beforehand in this work) and we
are indeed left with Eq. (4.5).

V. PROCEDURE TO COMPUTE THE
SPECTRAL FUNCTIONS

In this section we outline the numerical procedure to
compute the spectral functions. This is done through
some approximations, e.g., via a tortoise coordinate and
a Padé-like approximant of B(z), to calculate the retarded
Green’s function.

A. Tortoise coordinate approximation

In this work, we adopt the procedure outlined in [98] to
compute the spectral functions. Typically, in a nondynam-
ical soft-wall model, where Einstein’s equations are not
necessarily satisfied, 1/¢(z) can be explicitly integrated,
allowing for a closed-form expression for r,. For instance,

in the case of a simple blackening function g(z) = 1 — ;—:,
h

the expression for r, is given by

r(z) = %" [Iog (%) — arctan (é)] . (5.0

However, the complexity of our expression for g(z)
prevents us from obtaining a closed-form expression for r,.
To proceed with the computations, we perform a series
expansion of 1/g(z) up to a specified order and then
integrate the resulting expression. Expanding up to the
second order, as an example, this approach yields an
approximate expression for r, as

2
3Cz 7

r<>N3Czﬁ+8e_8 -8
AT R6407 8

— 4822, (Cz3 + 10) + 323 (Cz3 [3Cz;, + 80] + 432)]

— 3842} log (1 - i) .
Zh

z[2%(80 — 3C%z})

(5.2)

A comparison between the numerical approximation
(integrating 1/¢(z) numerically) and the series expansion
is plotted in Fig. 11 for the tortoise coordinate r,. We can
see that even at a low order, the series expansion of the
tortoise coordinate agrees quite well with the numerical
result.
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15 —— Numerical Integration
----- Series Expansion, 1st order
“““““ Series Expansion, 2nd order

-~ Series Expansion, 3rd order

——— Series Expansion, 4th order

0.0 0.2 0.4 0.6 0.8 1.0
z (GeV'l)

FIG. 11. Tortoise coordinate r, approximations.

B. Padé-like approximant to B(z)

Another important approximation adopted throughout
this section to enhance the stability of the numerical
scheme and to improve the Frobenius analysis is the
Padé-like approximation applied to the hyperbolic tangent
term in the definition of f(z), contained in the B(z)
function, in Eq. (3.5). This will avoid problems with the
essential singularity at z =0 of tanh(1/z). The Padé
approximation is a method for approximating a function
using a rational function, expressed as the ratio of two
polynomials [99]. This technique often provides superior
convergence and accuracy compared to standard polyno-
mial approximations, particularly for functions with sin-
gularities or complex behavior. A Padé approximant is
characterized by the degrees of its numerator and denom-
inator polynomials, denoted as [n,m]|= P,(x)/Q,.(x),
where n and m specify the respective polynomial degrees.
The Padé approximant of order [n, m] is unique and shares

|

8x(a+3) —2a(a+6)

its Taylor expansion with the function it approximates up to
order m + n.

Given that tanhx = :Z—:, the Padé approximant for e*
can be computed and substituted into the formula for tanh x
to find a good rational approximation to tanh x (what we
call Padé-like approximant). To achieve a more accurate
approximation, we focus on deriving a Padé-like approx-
imant for tanhx centered at a generic point x = a. This
process begins with the observation that the Taylor series
expansion of e* around x = a is given by

=1
;kxa

Knowing this expansion allows us to simply extend the
Padé approximant for e*, computed at x = 0 [100]. We find
then that the Padé approximant [n, m| for e* centered at
X = a is given by

ax~n (ntm=j)! n j
IR o ¥) el

(5.3)

er = = . (54
(] Qm(x) ntm—j)t [ T i
,OM< . )(a—x)f
J
As an example, we set [n,m] = [2,2] to get
e“[l—f—;(x—a) 5x - )}
. (5.5

AT @)+ (a -

We then apply Eq. (5.5)totanhx = e +1, yielding the [2, 2]
Padé-like” approximant for tanh x, centered at x = a, as:

—8x2—24

tanh =1
) + e“(a—2x)[a—

2(3+x)]+ 12(1

. 5.6
+ e —x) +4x* —dax + a* + 6a (56)

It is found that @ = 3 gives a good interpolation between the behavior of B(z) near zero and for higher values of z. We

1

also set x — (5= — =) in (5.6) by looking at (3.5). Given so, we can write the [2, 2] Padé-like approximant for B(z) as

Mz T

B(z) ~ B(Z)[z,z]

(k2 Mzt M2Z2[30 (e — 13) + 4k*(e* = 1)

— 24Tk 4 8vTMz(3VT + k — ke?)

M?Z2[3T(e* + 13) + 4k (e +

In Fig. 12 we show this Padé-like approximant, using the
[6, 6] Padé approximant to the exponential (centered at
a = 3), to our desired function tanh (__T) We can

*Note that the Padé-approximant of a ratio is not the ratio of the
Padé approximants. However, for our eventual needs, this Padé-
like approximant serves perfectly well, see later in the text.

1) +24VTk]

+4r (e’ = 1) (57)
—8VTMz(3VT + k+ke) +40(+1)"

|
clearly see that our constructed rational function does an

excellent job at approximating tanh (M% - %)
Figure 13 illustrates the Padé-like approximants for B(z)
of the bottomonium and hybrid meson states parameters.
In addition to B(z);,, the Padé-like approximant

B(z)j56) Was also computed following the exact same
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—— [6,6] Padé-like approximant

z(GeV™h

FIG. 12. Padé-like approximant to tanh (MLZ—
meson parameters.

\/LF) for hybrid

procedure as previously described in this work and sub-
sequently plotted. It is evident that increasing the degrees of
the polynomials P,(x) and Q,,(x) significantly improves
the quality of the approximations. The approximant
B(z)j¢ accurately captures the behavior of B(z) across

both lower and higher values of z. Consequently, B(z)}s ¢

will be employed in the computations presented in the
subsequent calculations. For reference, B(z)}s ) is given by

—— Bottomonium B(z)

..... Hybrid Meson B(z)
Bottomonium B(z)p, 5

----- Hybrid Meson B(z)p, 2

——~ Bottomonium B(z) ¢

—— Hybrid Meson B(z)s,g

FIG. 13.

Padé-like approximants B(z)}, and B(2) -

C. Power expansion near the horizon

It is important to note that g(z;) = 0, which implies
that the equations of motion simplify to a free-particle
form near the horizon. Consequently, the solutions close
to the horizon can be expressed as ingoing and outgoing
plane waves traveling into and out of the black hole
interior as

y ~ Ce™@r 4 Deir, (5.11)

sinh (%) K(z) — cosh (%) J(2) o . .
= (k2)* "+ Mz + , where C and D are constants. Building on this, the solutions
sinh (%) J(z) — cosh @)IC( ) to the equations of motion near the horizon can be
(5.8) expanded in a power series as
where W = e a5 4+ af(z, — 2) + a5 (2, — 2)* + ...,
(5.12)
2k 2 2k 2 4
70 =(Z- 243 | (252 +3) o
\/_ Mz VI Mz where we set aZ = 1. By substituting this expansion into
2k 2 2 the equations of motion, we can determine the coefficients
+ 240 T—E+ 3) +7920, (5.9) af and a;. These coefficients depend on @ and model
parameters such as C, v/T', among others. For the purposes
) 2%w 2 4 of subsequent computations, the solutions . are truncated
K(z) = \/— Mz - t3 + 840 Ni Mz +3 at the second-order term, (z, —z)?. Using the tortoise
coordinate approximation shown in (5.2) applied to (4.5),
+ 75600 <2k_2+ 3) + 665280. (5.10)  the computed coefficients a7 and a; for the expansion
vI M (5.12) are given by
|
3022 (kzp) [Mzh(Mzh + 1) - sech(\/L— - MLZ/) 2} - (a=2)z;MK*

a7 = 9z,C2e" (kz,) ™

, (5.13)

2M [64150 + e - (9a)C2 + 8iw[3Cz3 — ])}
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- 3C52
;= (M2} (kz4) 2 | =32i00 (7" = 1) (k2 {M>Z} — 4M 2, — 1}

—2(a = 2)K*F2ZIBM + (a — 2)%k4z} — d(a - 2)2{th}“+2]

3c2
+ 12iwCz2 [—4(th)"[(a —2)K22} + (kzy){Mz), + 1}] + e ({kz, Y2 [M?Z} + 3]

_ 2M(0( 2) a+2 a+3 (a _ 2)2K4Z;1

3cz2
+973C%e ([a — 2Pk zh — 2a{a — 2} (kz,) "2 — 2[M —

+ (kz;,)%{2Mz;,(1 — iwz),) = 2iwz, + M
ez scz
[9z202e 5+ 12iwCe " — 321&)(6 -1

scz2

22 4+31)] + sech(

4kzy) 2 e = 3a +2))]

](a 2) a+2 Z-‘r?

VT Mth)4

)}—2(;@,,) sech(\/_ Mlz)z

[Mzh<121wCzh{e S [(kz,){Mz), + 4} — (a = 2)K*z3] — 2(th)"‘} 32m)< 3682 - 1)

scz )
x {(a—2)k*z3(kz,)?[Mz; + 2]} + 923C%e [(th)“{Mzh +3 —iwz,} — (a— Z)KZZ%D

1

+ 2{kz; }* tanh <— - —> (9ziC2eT +2lioCze

T M

zcz

B 64”{63082 -1})] [(9%(726 * - 32infe T 1+ 12ia)czﬁeﬁ>

2 022 2 —1
{ 32 T}'—64160( 5 _ 1) +24iwCzie ThH .

whereas the coefficients a), are quite similar to their
counterparts shown above and are not actually employed
in the found formula (5.28) to compute the numerical
spectral functions.

It is evident that the ingoing and outgoing solutions form
a basis for any wave function that may be considered.
Consequently, renormalizable and nonrenormalizable sol-
utions can be expressed as linear combinations of the
ingoing and outgoing solutions

vy =G+ Doy, (5.15)

v =Cy_+Dyy,. (5.16)

D. Frobenius analysis near the boundary

In the limit z — 0, the leading term in the power series
solution is assumed to take the form z#, following the
prescription for a Frobenius expansion near z = 0. The
asymptotic analysis of Eq. (4.5) yields the following
indicial equation

(5.17)

(5.14)

|

which has solutions g = —% and p :%. To solve the
differential equation for the perturbation by evolving from
the boundary to the horizon, it is also necessary to
determine the derivative of y; at the boundary, ensuring
a consistent numerical setup. Obtaining the first derivative
at the holographic boundary requires a detailed examina-
tion of the asymptotic structure of w; via Frobenius
analysis. Since the indicial equation produces two solutions
differing by an integer, the larger root f = corresponds to

aregular series expansion, whereas the smaller root } = —%
leads to a logarithmic series. These two solutions can be

expressed as

+00
7) =77 Z agz~,

w2(z) = Kin(2)y

)+ 2" 1/22bkz

The explicit forms of a, and b; can be determined by
substituting the series solutions into Eq. (4.5) and matching
terms order by order. For normalization, we choose
ag = by = 1. The coefficients of these expansions depend
on w and the parameters of the model, such as C and M.

(5.18)
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In this work, the presented expansion (5.18) for v (z) and
w>(z) was truncated at k = 2. Given so, for the considered
equation of motion (4.5), taking the full nonapproximate
B(z), the computed coefficients are given by

1
— (M2 — 4o
a =75 (M* - 4w?), (5.19)
1 153C?
ay = e (32](‘4 + 3&2536 — M?*w? + 4a)2> ,
8+ e [3Cz} - §]
(5.20)
b, =0, (5.21)
1 36C?
bzzﬁ (128K4+ 32 < —3[M2—4a)2]2>,
8+ e [3Cz2 - 8]
(5.22)
[ 2
K =< (M* - 4w°). (5.23)

8

in which the coefficient b; can be chosen freely, as showed
in [90], and here is taken to be null.

Generally, the coefficients depend on the momentum g2,
but we did set ¢ = 0 beforehand. These solutions, starting
near the boundary, also form a basis for constructing wave
functions, which can be written as

vy = Awwr + By, (5.24)

w_ = Ay, + By, (5.25)

E. Computation of the retarded Green’s function

Both the near-boundary and near-horizon expansions
provide a basis in which wave functions can be expressed
as linear combinations. From the relations between y .., v,
and yr,, it follows that the coefficients satisfy

AJr B+ CZ ID2 -1
(4 5)=(c o)

Our primary interest lies in the computation of the
spectral functions. Within this approach, this requires
determining the retarded Green’s function and sub-
sequently extracting its imaginary part [90,98].

The retarded Green’s function is computed by numeri-
cally integrating the equations of motion over a regular
lattice extending from a point near the boundary, 7 = ¢,to a
point close to the horizon, z = z;, — €. The initial conditions
are derived from the solution near the boundary at z = 0,
specifically y(¢), obtained through Frobenius analysis,

(5.26)

along with its derivative 0,y (e). Similarly, the second
solution near the boundary, y,(¢), along with its derivative
0.y (€), is used to compute the other independent solution
for the equations of motion using the same numerical
scheme.

As a result, two numerical solutions for y are obtained.
These functions are then evaluated near the horizon, z;, — ¢,
where the following relationship is constructed

< Ya (Zh - €) )
azl//a (Zh - €)
_(zp—e€ p —€ C
:<W<h ) vz ))( a>’ (5.27)
oy_(z,—€) Oyy(z,—€) /) \D,
where a = 1,2 correspond to the numerical results
obtained from solving the equations of motion, and y
represent the asymptotic solutions near the horizon as given
by the power expansions in Egs. (5.18) and (5.23). All
quantities are evaluated at z;, — €. The coefficients C, and
D, are computed by inverting the above square matrix.
Combining this with the coefficient relations in
Eq. (5.27), we arrive at

B.__D

A~ D
0y (z—e)wr(zn —€) —w_(z4 — €)0wr (2 — €)
— w_

oy _(z— ez, —€) (zn —€)0y1(zp—€)
(5.28)

This provides a stable numerical method for calculating
the ratio %, which is sufficient to compute the retarded
Green’s function and, consequently, the spectral function.
As demonstrated in [90,101,102], the spectral function is

. B . .
directly related to 7= via the expression

B_
p(o.q =0) = =23G"(w.q = 0) x 3=

(5.29)

where p(w, ¢ = 0) represents the spectral function calcu-
lated numerically using the described prescription (with
g = 0 set initially), and I denotes the imaginary part.

The numerical integration of the equation of motion over
the interval z € [¢, z, — €], necessary to compute y;(z;, — €)
and 0,y;(z, —€) as they appear in the Green’s function
formula (5.28), is carried out using Mathematica’s
NDSolve with the StiffnessSwitching numerical
scheme. This method is specifically chosen to address the
stiff nature of the problem, as explicit methods like the
standard fourth-order Runge-Kutta or Euler methods
proved inadequate for producing reliable results.

The remaining components in Eq. (5.28), specifically
wi(z,—€) and 0w, (z, —€), are obtained analytically
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based on the results of the Frobenius analysis and the
associated power series expansions.

The small positive parameter ¢ functions as both the
lattice spacing and the boundary cutoff. For the computa-
tions performed, a value of € = 0.001 was used. The value
of z,, corresponding to a specific temperature 7, is
determined by solving the transcendental equation (4.2)
for z;, using Newton’s method.

VI. MELTING OF HEAVY AND EXOTIC STATES

In this section we apply the numerical scheme developed
in Sec. V to the model parameters. The resulting spectral
functions are analyzed to determine the mesonic melting.

A. Spectral functions at =0

The spectral function characterizes the distribution of
states that can be excited by a quarkonium state as it
dissolves in a hot and dense QCD medium. It contains vital
information about the dissociation of quarkonium states
and the formation of the quark-gluon plasma (QGP).
Specifically, the spectral peaks represent the existence of
bound states of heavy quarks and antiquarks, such as charm
and bottom quarks, within the QGP. The appearance,
disappearance, or modification of these peaks offers valu-
able insights into the properties of the QGP. As demon-
strated earlier, by taking the small e limit, holographically
significant information about the spectral function can be
obtained as it was done in [103,104].

Experimental measurements and theoretical investiga-
tions of quarkonium production and suppression in heavy-
ion collisions provide valuable tools for exploring the
properties of the quark-gluon plasma (QGP) and under-
standing the behavior of strong interactions under extreme
conditions. In this study, we focus on examining the
melting of quarkonium states by analyzing the variations
in the spectral peaks as a function of temperature. In
particular, equipped with the numerical procedure
described in the above section, we compute the spectral
functions for charmonium, bottomonium, tetraquark, and

—— T=270MeV
20
,,,,, T =300 MeV
“““““ T =350 MeV

15 == T=400 MeV

——~ T=500MeV

w? (GeV?)

FIG. 14. Charmonium spectral function.
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FIG. 15. Bottomonium spectral function.
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15
“““““ T =350 MeV
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o( w)/w2
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FIG. 16. Tetraquark spectral function.

hybrid states. The numerical results are presented in
Figs. 14-17 for a range of temperatures.

We can clearly see the melting process through the
spectral functions. As the temperature increases, the peaks
tend to disappear and the function broadens out. This
indicates the melting of the mesonic states into a hot
medium. We can do a very rough estimate of the melting

2.5

—— T'=270 MeV

2.0

- T=325MeV

1.5 ——— T=400 MeV

o( w)/w2

0.0
8 10 12 14 16

FIG. 17. Hybrid meson spectral function.
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temperature for the charmonium, bottomonium, and tetra-
quark states to be around 7 ~ 400-450 MeV as their
spectral function peaks disappear at these temperatures.
However, we can clearly see that the hybrid meson melts
at a lower temperature than the rest as the peaks
disappear more quickly as we increase the temperature.
For this state, we estimate this temperature to be
around T ~ 325-400 MeV.

B. Temperature dependence of the effective
potential V(z) at p=0

Another way to verify the melting process is to plot
the effective potential for the Schrodinger-like equation
for various temperatures and see how it changes as the
temperature is increased. So in Figs. 18-21 we present the
holographic potential, defined in Eq. (4.6), for some values
of T, for the considered states.

From the Figs. 18-21 we can conclude that, for temper-
atures close to the minimum reachable value in this model
(T ~T,), the potential tends to display a single global
minimum (except for the tetraquark), representing holo-
graphic confinement and the stability of mesonic states.
As the temperature increases, the shape of the potential

12

—— T'=270 MeV
----- T =300 MeV
T =330 MeV

- T=360MeV

10

——— T=390 MeV
—— T=420MeV

FIG. 18. Charmonium effective potential V(z).
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FIG. 19. Bottomonium effective potential V(z).
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FIG. 21. Hybrid meson effective potential V(z).

changes significantly, with the global minimum disappear-
ing and the well becoming shallower, reflecting the weak-
ening of confinement and thermal dissociation of mesons.
This evolution of the potential highlights the holographic
encoding of thermal melting, where the interplay between
the dilaton structure and rising temperature governs the
confinement and dissociation processes of mesonic states.

VII. FINITE DENSITY PLASMA

Having explored the system at zero chemical potential
and analyzed its thermal behavior, we are now set to
investigate the dynamics of a finite density plasma. To
incorporate finite density effects, we introduce the chemical
potential u by solving Eq. (2.9) under a specific boundary
condition. The chemical potential serves as a critical
parameter that modifies the holographic setup and allows
the study of systems where baryonic or charge density
plays a significant role.

A. Computation of A,(z) at finite u

Equation (2.9) governs the behavior of the temporal
component of the gauge field, A,(z), which is directly
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related to the chemical potential in holography. By solving
this equation with appropriate boundary conditions, we
establish the profile of A,(z) across the bulk spacetime. The
boundary conditions are as follows:

(1) A,(z) must vanish at the black hole horizon (z = z;,),
ensuring a regular solution at this point.

(2) At the asymptotic boundary (z — 0), the value of
A,(z) is proportional to the chemical potential u,
linking the bulk dynamics to the boundary field
theory.

The solution for A,(z) allows us to introduce finite
density effects into the EMD holographic system, modi-
fying the equations of motion and the resulting physical
quantities. Specifically, the presence of a nonzero chemical
potential impacts the blackening function g(z). The change
in the metric, in turn, influences the thermodynamic
properties and phase structure of the system, giving us
also different spectral functions found in the last section.
After computing the gauge field A,(z), we can calculate the
metric g(z) by solving Eq. (2.10).

AR =Y+ ——

where ), are integration constants and I'(u,v) =
Jet~te~'dr is the incomplete gamma function. As a
consistency check, we consider the general solution (7.3)
in the limit « — 0 and apply the boundary conditions
outlined earlier in this section, yielding

AR =Vt V1 5 = M) = p

We readily see that, in this limit, our general solution to
A,(z) reproduces what was found in [90], where a quadratic
dilaton profile was implied.

1 —Q 2
2 Q(KZ)ZEZZ—2)F(— 5 , _(KZ)Z—a>:| ,
a —

Unfortunately, a general analytic solution of g(z) could
not be determined unless we restricted ourselves to low
values of a and excluded the low-z corrections to the
function f(z) presented in Eq. (3.4). This limitation arises
due to the intricate coupling between the equations
of motion, which becomes analytically intractable for
higher values of a or when the full complexity of f(z),
including its low-z corrections, is incorporated. Using this
new definition, we find the equation of motion for A,(z),
from Eq. (2.9)

f(z) = e &+ (7.1)
1 f
0 :A;’+A;(—++A’> =0
z f
= [(a—2)(xz)*>* — 1]A} + zAY. (7.2)

The general solution to Eq. (7.2) has been determined
and is expressed as

(7.3)

To apply the given boundary conditions to Eq. (7.3), with
a # 0, we found it was better to introduce a small positive
number 6 (to impose the asymptotic boundary condition,
where 7 — ) and after the computations take the limit
0 — 0. This procedure gives us the following constants of
integration:

Y=

K*z? Pz _ K
e e,:zzi _e 1 (7.4) u
V2= 1 — D)™ (7.5)
D(=z2=(kz)*™)
|
(1) Pa(a = 2) (62, 0)7 76
2 ()P 2 (kAT (= 25 = (k24) ™) = k3 (k2 )T (= 25, = (k67
Substituting these constants into (7.3) and taking the limit § — 0 gives the full solution to A,(z)

F(_ ﬁ , _(KZ)Z—(I) _ F(_ﬁ , _(KZh)Z—a)
Aiz) = plim 2 2 2 2 (7.7)

(=2 ~>) =T (= 5~z )

r(-25) ()

=H+p (7.8)
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This full form of A,(z) is quite intricate and we need to
approximate the incomplete gamma function in some
way to introduce A,(z) in Eq. (2.10) to solve for g(z).
To do so, we use the following series expansion (for small u
and v):

_l)n,un+u

I'(u,v) :F(u)—io:(n‘

w09
n=0 """

In Fig. 22 we plot A,(z) for different orders of approxi-
mation to I'(u, v). We can see then that higher orders in
['(u,v) produce better approximations to A,(z). If we
choose lower values for the model parameters, like the
hybrid meson one, the first order is considered sufficient
to continue the calculations. From now on we use the
following A,(z):

(£)*[(a = 4)(k2)* - 272?]

M = e - 27

(7.10)

3(4 + ¢z?)

0= —
g 4z

g — 4P

The boundary conditions of Eq. (7.11) are so that g(z)
must vanish at the horizon, g(z;,) = 0, and become unity at
the holographic boundary, g(0) = 1. To compute Eq. (7.11)
with such boundary conditions, the Taylor series expansion
of exp [%TZZ — (xz)*™%] can be implemented to first order, to
eliminate such exponential from the differential equation.
After doing all these approximations, the problem remains
barely analytically tractable. We could then find a solution
to g(z) that depend on the generic set of parameters y, a, «,
|

9a 3a a 2
, 221—73—6—}—76.—6-5—7(c)ak6zia—41—* (4 _ % , 3cz )

2_(KZ)2—a Z2—2a [KZZZ + (KZ)Q]ZZ%[(I_“((X - 4)2

9(z) = 0‘/‘233% 2.2 ‘ 2 -
[2k*zj, — (kzj)*(a — 4)]

| bt 4096k>~ (kzz), )

3c2?
— e

Figure 23 shows the radial profile of g(z) for some values
of chemical potential . We define gy(z) as the metric
calculated earlier at zero chemical potential, shown in
Eq. (4.1). We refer to g(z) as the now calculated metric
shown in Eq. (7.12).

From Fig. 23 we can clearly see that the calculated
metric at nonzero chemical potential reproduces the metric
calculated at u = 0 as their curves overlap. We notice the
deformation of the curves as we increase p. We use this

32K — (k) a - @-8)(a—6)

0.5

0.4

0.3

S
<
0.2
— M(u, v)
..... 1st order '(u, v)
0.1
“““““ 2nd order '(u, v)
-~ 3rd order [(u, v)
0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0

z (GeVl)

FIG. 22. A,(z) approximation to 3rd order in I'(u,v) with
parameters 7, =3 GeV~™!, u=0.5GeV, k= 0.8 GeV, and
a=0.5.

B. Analytic formula for g(z)

Using Eq. (7.10) to A,(z), the equation of motion for the
metric, Eq. (2.10), becomes

[(kzp)* (@ — 4) = 2k227 2 (7.11)

¢, and z;,. Even so, we should say that for larger values of
these parameters, especially « (that correlates with bigger
a), the derived quantities may be inflicted with larger
errors. We then focus, for the rest of this section, on
computing the finite density corrections to the hybrid
meson (x = 0.468 GeV and a = 0.034) spectral functions.
The calculated g(z) contains hundreds of terms. Just for
reference, we show a few of those terms

210-%3¢-3 3100 1\ (3 _a 3c2
k2 2078

2 (2K 2j, — (kz),)*(a = 4))?

(7.12)

|
computed metric (7.12) in the next sections to analyze its
thermodynamical proprieties and calculate how the p
affects the mesonic melting process.

C. Thermodynamical analysis

With the expression of ¢(z) at hand we can analyze
the thermodynamical structure of the gravity solution at
finite density. Our findings are quite similar to those
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FIG. 23. The radial profile of g(z) for various p using the hybrid

meson parameters. Here z;, = 2 is used.
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FIG. 24. Temperature as a function of z,, for various y using the
hybrid meson parameters.
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FIG. 25. The thermal profile of the free energy difference

AF(T) for various values of u. Here hybrid meson parameters
are used.

of [65]. The results are shown in Figs. 24 and 25. Here, T,
is defined as the temperature corresponding to the choice
go(2). Figure 24 shows that, again, that temperature agrees
with the case of g(z) if 4 = 0 is taken into account.

The thermodynamic structure at finite chemical potential
becomes drastically different from its uncharged counter-
part. For small but finite u, there now exist three black hole
branches—Ilarge, small, and intermediate—instead of two.
For large and small black hole branches, the temperature
decreases with z,. These two branches exhibit positive
specific heat and are thermodynamically stable. Whereas,
for the intermediate branch, the temperature increases with
z;,- This branch exhibits negative specific heat and, accord-
ingly, it is thermodynamically unstable. As y increases, the
size of the intermediate branch shrinks and the large and
small black hole branches come close to each other. At a
certain critical value of the chemical potential ¢ = .., the
intermediate branch completely disappears and the small
and large black hole branches merge to form a single black
hole branch. For p > p., only one black hole branch
remains which becomes extremal at some horizon radius.

The corresponding free energy behavior is shown in
Fig. 25. Here, the black hole free energy is normalized
again with respect to the thermal-AdS. For u < u,, the free
energy exhibits a swallow-tail like structure, indicating a
first-order phase transition. In particular, the free energy
of large/small black hole phases is minimal for high/low
temperatures. This suggests a first-order phase transition
between the large and small black hole phases as the
temperature is varied. The corresponding transition temper-
ature turns out to be decreasing with u. The intermediate
phase, forming the base of the swallow-tail, always has
higher free energy than the large and small black hole
phases and is thermodynamically disfavored at all temper-
atures. At 4 = u., the large and small black hole phases
merge together and the first-order phase transition between
them ceases to exist. The y,., therefore, defines a second-
order critical point at which the first-order phase transition
line between the small/large black hole phases stops. This,
at least qualitatively, reflects what one expects for genuine
(lattice) QCD at finite density/temperature [105,106]. This
being said, more recent lattice computations with 2 + 1 + 1
dynamical quarks with realistic masses, [107,108], were
not able to locate a critical end point. On the other hand,
arecent alternative class of holographic models,” combined
with aforementioned lattice data, [107], did gave statistical
evidence of an end point, see [109].

The above situation is analogous to the famous van der
Waal’s type phase transition observed in ordinary liquid-
gas thermodynamic systems. For u > u., only one black
hole phase exists which remains thermodynamically
favored at all temperatures, i.e., its free energy is always
negative. The overall thermodynamic phase structure at
finite ¢ is shown in Fig. 26.

In the dual boundary theory, the small and large black
hole phases correspond to the specious-confined and

3Also Einstein-Maxwell-dilaton based, without dynamical
flavors.
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FIG. 26. T, as a function of u: For small values of y, a first-
order phase transition occurs between the large and small black
hole phases. This first-order phase transition line terminates at a
second-order critical point.

deconfined phases [65], respectively. In particular, the
small black hole phase does not represent true confinement
(which would typically be dual to a horizonless geometry at
zero temperature) because its Polyakov loop expectation
value, while extremely small, is still nonzero. It does,
however, exhibit linear confinement at large distances and
low temperatures. Due to this distinction, this phase is
referred to as the specious-confined phase rather than
simply the confined phase. On the gravity side, the
presence of a small black hole in the specious-confined
phase introduces a well-defined notion of temperature.
Given this, it will be interesting to examine the thermal
behavior of the melting process in both specious-confined
and deconfined phases.

D. Effective potential and spectral functions
at finite u

As we now have a formula for g(z) that explicitly
depends on p, we can consider how a finite density
configuration affects the melting process. For the hybrid
meson parameters, we plug the newfound metric into the
fluctuation’s equation of motion (4.5) to find how u
changes the effective potential (Fig. 27) for a given fixed
temperature, 7 = 270 MeV in this case.

We observe that the increase in u has a similar effect as
the increase in temperature, evidenced by comparing
Fig. 27 with Figs. 18-21. Given so, the effective potential
indicates that the introduction of a chemical potential
speeds up the melting process.

If we apply the numerical procedure outlined in Sec. V
to compute the spectral functions® for this finite density
system, we are able to compute and plot the spectral

“In this case, the Padé-like approximant becomes unnecessary
as the function f(z) does not contain the hyperbolic tangent term.

— u=0.2GeV

- 4 =0.6GeV

- u=08GeV

T, (GeV’l)

FIG. 27. Effective potential V(z), (4.6), at T = 270 MeV as a
function of r, for various values of u. Hybrid meson parameters
(seen in Table IV) are used here.
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FIG. 28. Spectral functions at 7 = 270 MeV for various values
of u computed for hybrid meson parameters (seen in Table IV).

functions, for a fixed T = 270 MeV temperature, and see
how the peaks change as y becomes larger (Fig. 28).

Figure 28, the computed spectral functions for hybrid
mesons, shows that, as y increases, the peaks not only
broaden out but also the distance between the consecutive
peaks increases. This indicates, as the effective potential
demonstrated, the melting process occurring more rapidly.
This implies that the medium at higher baryon density also
melts the resonances—much the same way a hot medium
does at zero density. Even at a fixed temperature, raising u
can cause these once-sharp excitations to lose their strength
and ultimately dissolve into the continuum. The fact that
one still sees fairly well-defined peaks for small to
moderate y means that the mesonic states are not immedi-
ately destroyed at low density, but eventually, at sufficiently
large u, they do disappear, signaling the loss of a well-
defined bound state in a dense medium.

It is also interesting to investigate the spectral function in
the spacious-confined phase, corresponding to a small
black hole phase on the dual gravity side. For this purpose,
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FIG. 29. Spectral function in the small black hole geometry.
Here 4 = 0.1 GeV and T = 0.1 GeV are used.

we choose the parameters 4 = 0.1 GeV and 7' = 0.1 GeV,
well within the small black hole geometry (large z;,), and
apply the already developed numerical procedure. The
result is shown in Fig. 29.

We can clearly see that the spectral function exhibits a
large number of very sharp and localized peaks in the
specious-confined phase. This is what one should expect
since this mimicking of confined QCD should generate
sharp and well-defined states, compatible with one
expects from genuine QCD at low scales. The same
behavior is observed at small temperatures in the spe-
cious-confined phase for other values of u as well. In the
limit of zero temperature and chemical potential, the
spectral function is a collection of delta functions cen-
tered at the particle’s masses.

The above specious-confined phase result is in contrast
with what is seen in the deconfined phase. In Fig. 28, where
we have a considerably smaller z;,, the peaks are more
spurious and broader, compared to what is seen on Fig. 29.
This signals the melting of the states in the finite density
plasma.

We conclude then, from the spectral functions compu-
tations, that the small black hole phase represents well
defined, nonmelted, states and the large black hole phase
represents, at least for high enough temperatures and
chemical potentials, nonwell-defined, melted, states.

One important thing to be noticed is that despite the
large/small black hole geometry transition being regarded
as a first order phase transition, we see that this does not
correspond to substantial variations to the spectral func-
tions near the transition point. We observe a gradual and
smooth transition from the confined states to the melted
states. In other words, to be able to see the clear differences
in geometries—at least from the perspective of the spectral
functions—that reproduce the different QCD matter
phases, we have to go “deep” into the large/small geom-
etries so that we examine a “very small” (low temperature)
and “very large” (high temperature) black hole.

6

—

W

5 10 15 20 25
w? (GeV?)

0

FIG. 30. Spectral functions around the critical temperature for
u = 0.1 GeV, large and small black hole phase.

To illustrate this, in Fig. 30, we plot the spectral functions
near the transition temperature for y = 0.18 GeV, that
corresponds to 7, = 0.25 GeV, in both large (T = 1.017 )
and small (7" = 0.99T ) black hole configurations.
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FIG. 31. Phase structure near the critical end point.
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FIG. 32.

Spectral functions around the critical end point.
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One other point of interest is the critical end point (the
blue point at the end of the phase structure curve, shown in
Fig. 26) that defines where, in parameter space, the two
black hole phases merge to form a single stable black hole
that exist for all temperatures.

We then also investigate how the spectral functions
change near this critical point (p.,T.)~ (0.22 GeV,
0.24 GeV). In Fig. 31 we show, in the u x T, plane, the
chosen points of interest, near the critical end point, and, in
Fig. 32, the corresponding spectral functions at these points.

Again, we observe a smooth change in the spectral
functions near the point where the distinct black hole
geometries merge together so the comments made earlier
for Fig. 30 still persist.

VIII. CONCLUSION

In this work, we have developed a self-consistent
dynamical holographic QCD model within the Einstein-
Maxwell-dilaton (EMD) framework to investigate the
properties of heavy and exotic mesons at finite temperature
and baryon density. By solving the coupled EMD equations
analytically, we constructed a mathematically consistent
holographic dual of QCD that mimics essential features
of real QCD such as confinement, deconfinement, and
mesonic melting. This approach successfully incorporated
a nonquadratic dilaton profile to describe nonlinear Regge
trajectories that better match the mass spectrum predictions
for heavy mesons and models exotic states. The numeri-
cally obtained spectra demonstrated good agreement with
experimental data, reinforcing the validity of the holo-
graphic framework.

At finite temperature, the confinement-deconfinement
transition was analyzed through a Hawking-Page phase
transition, revealing the sequential melting of mesons as the
temperature increased. This was further confirmed by the
computation of spectral functions, where the broadening
and eventual disappearance of spectral peaks indicated
the dissolution of mesonic states. The deformation of the
Schrodinger-like effective potential with temperature rein-
forced the conclusion that bound mesonic states to desta-
bilize in a hot QCD medium.

Significantly, in the final section, we extended the
analysis to a finite density plasma by introducing a nonzero
chemical potential p. Here, we observed that increasing the
baryon chemical potential had a profound effect on meson
stability. The spectral functions revealed a faster broad-
ening and disappearance of peaks compared to the finite-
temperature case, indicating an accelerated melting process
in a dense medium. This suggests that the presence of a
baryonic background leads to more rapid dissociation of
mesonic states, a phenomenon that is particularly relevant
for heavy-ion collision experiments and the study of the
quark-gluon plasma (QGP) in neutron star mergers.

A critical aspect of the finite-density analysis was the
distinction between small and large black hole phases in the

dual gravitational theory and their impact on mesonic
states. The small black hole phase, at sufficiently low
temperatures, shows that the spectral function exhibits the
presence of bound states, characterized by well-defined
sharp peaks. This phase is associated with a confinedlike
regime where mesonic states persist. The large black hole
phase, at sufficiently high temperatures, corresponds to the
full deconfinement of quark matter. In this regime, the
spectral function loses all well-defined peaks, signaling
the complete dissolution of mesons into the QGP. The
transition between these two black hole solutions provides
a geometric analog of the quarkyonic transition, where
matter shifts from a phase dominated by hadronic degrees
of freedom to a deconfined quark state. The spectral
function evolution clearly illustrates this transition, at least
their behavior is quite distinctive when “deep enough” in
either one of the phases, making the spectral functions a
valuable tool for studying QCD at finite temperatures and
density. For completeness we note that the spectral func-
tions do not immediately undergo any sudden change when
crossing the transition.

A natural next step using this framework is to compute
real-time transport coefficients in the hydrodynamic limit.
It would be interesting to see how the transport coefficients
of heavy mesons are affected by this EMD model that
incorporates a nonquadratic Regge trajectory.

An appropriate perspective includes using gauge/gravity
duality, in the context developed heretofore in this work,
to also describe pentaquarks [110]. Near-threshold photo-
production of charmonium and charmonium-like states
was used in the direct production of the hidden-charm
P.(4312)", P.(4380)", P.(4440)", and P.(4457)", char-
monium-pentaquarks observed by LHCb [111,112]. In
addition, the recent discovery of the P,(4338)°, whose
composition consists of udscc quarks [113], represents the
first confirmed pentaquark containing a strange quark, and
it needs to be better understood. Our developments may
shed some new light on these pentaquarks and other exotic
charmoniumlike states composing tetraquarks and hadronic
molecules, and their nature.
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