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We present a self-consistent dynamical holographic quantum chromodynamics (QCD) model to
investigate the mass spectra and melting behavior of heavy and exotic mesons at finite temperature
and finite density. Our approach is based on the Einstein-Maxwell-dilaton (EMD) framework and
incorporates an elsewhere already introduced, albeit by hand, phenomenological nonquadratic dilaton
profile. This allows one to capture the nonlinear Regge trajectories of heavy-flavor mesons and model
certain exotic states. We show how to construct such models by actually solving the coupled Einstein,
Maxwell, and dilaton field equations, ensuring mathematical self-consistency to replace any ad hoc input.
At finite temperature, we analyze the confinement-deconfinement transition via a Hawking-Page phase
transition. We compute the spectral functions, revealing the sequential melting of quarkonia as the
temperature is increased. Extending to finite density, we explore the impact of baryon chemical potential on
meson stability, showing significant modifications in spectral peaks and effective potentials that indicate a
more rapid melting of mesonic states as the chemical potential increases in the deconfined phase. The dual
of the small/large black hole transition now indicates toward a first order phase transition line ending at a
second order critical point. Interestingly, the spectral functions smoothly cross this phase transition line.
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I. INTRODUCTION

Anti–de Sitter/quantum chromodynamics (AdS/QCD)
can implement nonperturbative aspects of the confinement
mechanism in QCD, which states that quarks are confined
inside hadrons. Weakly coupled gravity in an AdS5 bulk is
dual to nonperturbative QCD, quantitatively describing
strong interactions and several hadronic features [1–8].
AdS/QCD stands on AdS/CFT, where the large-Nc limit in
the SUðNcÞ Yang-Mills theory with four supersymmetry
charges in 4-dimensional spacetime corresponds to
type-IIB superstring theory, with the near-horizon limit

describing the AdS5 × S5 effective metric of a stack
of Nc nonextremal Dirichlet 3-branes [9–13]. A consistent
strongly coupled theory describing QCD can be accom-
modated on the AdS5 boundary at low energies, and the
extra dimension across the AdS bulk is the QCD energy
scale and high [low] energy regards the UV [IR] limit. In
the IR limit, the so-called bottom-up AdS/QCD duality can
properly describe important QCD features through appro-
priate warped factors in the metrics that equip AdS and
dilaton backgrounds. In the UV regime of QCD, computa-
tional perturbative methods in the weak-coupling regime
quantitatively fit experimental data. Nevertheless, the IR
regime is strongly coupled, making chiral symmetry break-
ing and confinement emerge. As a result, any outcome
achieved in a weakly coupled theory is more easily
manageable and can be put in correspondence to solutions
in the dual theory in nonperturbative regimes, where in
general calculations are too intricate to solve even in
Euclidean lattice QCD, thinking here about either the finite
density case with its sign problem or dynamical questions
like decays or transport properties that require a way
to analytically continue the numerical lattice data to
Minkowski space.
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As QCD does not enjoy an exact conformal symmetry, it
is still possible to borrow CFT to settle it as a bottom-up
approach, constructing the dual theory when constraints are
imposed to fit phenomenological results [14–29]. The soft-
wall AdS/QCD model is modeled by adding a dilaton
coupled to Einstein–Hilbert gravity, therefore, introducing
a smooth cutoff in AdS, making both confinement and
Regge trajectories [30–32] possible. The AdS metric is
deformed due to the action of both the chiral and the gluon
condensations. Within this framework, linear confinement
and chiral symmetry breaking can be explained. AdS/QCD
corroborates universal features of hadrons, from the
spectrum of light-flavor mesons to heavy-flavor quarkonia
[33–44]. One of the main issues in hadron spectroscopy is
to find some universal solvable model describing mesons
and baryons as a function of quark masses. Taking into
account the masses of the quarks makes nonlinear Regge
trajectories be addressed by suitable deformations of the
dilaton. This procedure is appropriate to describe exotic
mesons in AdS/QCD [45–47].
One can employ bottom-up AdS/QCD in the context of

Einstein-Maxwell-dilaton gravity to better scrutinize exotic
mesons. As proposed in [48,49], this model was studied to
construct AdS black holes presenting first-order phase
transitions ending at a critical point at finite temperature
and finite chemical potential. These solutions comply with
baryon susceptibilities and match QCD lattice data at
vanishing chemical potential. The paper [50] showed that
this model could match lattice QCD data for the equation of
state of the quark-gluon plasma (QGP) near the crossover
transition with baryon chemical potential up to 400 MeV.
Other approaches in [51–64] use the Einstein-Maxwell-
dilaton gravity as a dual to describe phenomena in QCD.
Reference [65] used such a setup to study a first-order
phase transition from a small to a large black hole phase,
respectively, associated with “almost confinement” and
deconfinement phases, thereby allowing a mechanism to
discuss nearly confined physics at finite temperature using
the small black hole phase. Here, we analytically and self-
consistently solve the gravity equations of motion in terms
of the warp factor and apply the solutions to describe exotic
mesons, discussing and addressing our results as well as
comparing them to the recent literature, thereby making a
major improvement on the soft-wall holographic QCD
models and their phenomenological relevance.
Quadratic dilatons are usually reported in AdS/QCD to

model the mesons mass spectra of light-flavor mesonic
states as linear functions of the radial quantum number
[45,66,67]. When heavy quarks are considered as constitu-
ents for mesons, the Regge trajectories linearity breaks
apart, even though the heavy mesons spectra are precisely
described [68,69]. Heavy quarks can compose the so-called
heavy-quark exotica, comprising tetraquarks, pentaquarks,
hadrocharmonia, hybrids mesons, and hadronic molecules

[70–72]. Among the diversity of detected particles, exotic
mesons remain a partially detached conundrum in QCD,
and efforts to interpret and model their fundamental
properties are still needed. Exotic mesonic states do not
obey the standard qq̄ structure, where q denotes a quark
[71,73]. Generally, mesons with quantum numbers not
allowed by the standard qq̄ paradigm are denominated
exotic mesons [73].
The qq̄ composition relies on the fact that no mesons

with either isospin or strangeness greater than one exist.
The set of mesons already detected and reported in the
Particle Data Group (PDG) [74] are implemented by bound
qq̄ states clustered into SUðNfÞ multiplets, with corre-
sponding parity P ¼ ð−1ÞLþ1 and charge conjugation
C ¼ ð−1ÞLþS, for S denoting, as usual, the meson spin,
L standing for the (orbital) angular momentum, and J
denoting the total angular momentum. Exotic mesons do
not inhabit the qq̄ quark model, since several resonances,
as the ones corresponding to JPC ¼ 0−−, and also the ones
with JPC ¼ 0þ−; 1−þ; 2þ− such that P ¼ ð−1ÞJ and
C ¼ ð−1ÞJþ1, cannot be depicted in the standard constitu-
ent quark model [71]. Nevertheless, some mesons can still
comprise qq̄ meson states but bounded to one or more
valence gluons and are named hybrid exotic meson
states [75]. They support the nonperturbative description
of confined meson states in QCD, since valence gluons
amalgamating into mesons is allowed. Hybrid mesons q̄q-
pairs bond by color gluonic flux tubes, allowing other
quantum numbers that are for prohibited in the qq̄ model,
as the case of exotic meson states π1, with IGðJPCÞ ¼
1−ð1−þÞ, and bottomonium-type states Zb, with IGðJPCÞ ¼
1þð1þ−Þ. Reference [76] approached the π1 hybrid exotic
meson using the gauge/gravity duality, demonstrating that
they deconfine at lower temperatures when compared to
other q̄q light-flavor ordinary mesons. Exotic mesons
include also charged resonances in the charmonium-type
Zc family with IGðJPCÞ ¼ 1þð1þ−Þ, which has additional
valence quarks, as the Zcð4430Þ state, in opposition to the
neutral charmonium cc̄ state. The quarkonium-type meson
state Zcð3900Þþ was one of the earlier-discovered exotic
mesons and consists of a cc̄ud̄ state [77]. A tetraquark state
can be constituted by a hadronic molecule, with four
valence quarks merging into either two heavy quarkonia
or one heavy quarkonium bounded to a light-flavor
mesonic state. The Xð3872Þ exotic state can be considered
a hadronic molecule [74]. In addition, color singlets can
encompass qqq̄q̄ and QqQ̄q̄ tetraquarks, where Q denotes
hereon either a charm or a bottom heavy-flavor quark [71].
Besides, multiquark color singlet states of type qqq̄ q̄
encompass tetraquarks and also hadronic molecules [78].
Tetraquark states composed by a cc̄ part are distinct from
standard charmonia due to multiplets that can include
charged resonances, as the cc̄ud̄, and also nonvanishing
strangeness, as the cc̄ds̄, or even both, as the cc̄us̄
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state [79]. Similar analogs can be proposed for bottomo-
nium-type states. Tetraquarks have been thoroughly studied
[80], being the four-charm-tetraquark and the c̄dus̄ state
recently detected in LHCb Collaboration [81,82]. The
quark-gluon plasma (QGP) originates from heavy-ion
collisions as a prolific source of hot (deconfined) quarks,
which can then reconfine into hadrons, as the QGP freezes
out. Measurements of exotic states in heavy-ion collisions
can provide relevant new tests of production and transport
models involving exotic states. Mainly regarding heavy
quark exotic states, enhancement and suppression effects
set in and are brought into play in the QGP.
Exotic mesons also encode hadroquarkonium states,

which are composed of a heavy-quark core QQ̄ inside a
light-flavor qq̄ vector meson cluster. Each quark composite
forms a color singlet, glued together through weak color
van der Waals forces. From the phenomenological point of
view, the standard charmonium decay, mainly consisting of
the J=ψ , ψð2SÞ, and χc resonances, makes the charmonium
core dissociate from the light-flavor meson cluster, causing
strong measurable effects [83]. A relevant example consists
of the Zcð4430Þ meson decay to ψð2SÞ, in comparison to
the ψð1SÞ ¼ J=ψ state, which can be realized as a yield
of a cc̄ core in Zcð4430Þ. The family Yð4008Þ, Yð4230Þ,
Yð4260Þ, Yð4360Þ, and Yð4660Þ represent heavy-quark
exotica constituted by standard charmonia bond to light-
flavor mesons.
Having sketched the experimental, phenomenological,

and theoretical relevance of exotic mesons, let us now give
an overview of how this paper is built: In Sec. II, we
construct the self-consistent dynamical holographic QCD
model based on the Einstein-Maxwell-dilaton (EMD)
framework. The formulation begins with the introduction
of the EMD action in a five-dimensional AdS spacetime,
incorporating a form factor function that leads to a breaking
of the conformal symmetry and capturing of confinement
effects. The model originates from solving the coupled
Einstein, Maxwell, and dilaton field equations, ensuring
consistency in the holographic dual description of QCD.
Section III shows the calculation of the heavy and exotic
meson mass spectra at zero temperature and chemical
potential. We numerically solve the Schrödinger-like equa-
tion for the vector mesons, obtaining the mass spectra for
some heavy and exotic mesons. Comparisons with exper-
imental data and theoretical predictions are provided,
highlighting the role of nonlinear Regge trajectories in
capturing the heavy meson behavior. Section IVextends the
analysis to finite temperature by introducing, again self-
consistently, a black hole background, describing the
Hawking-Page phase transition as a holographic analog
of confinement-deconfinement. We derive the blackening
function, determine the temperature dependence of the
background geometry, and compute the finite temperature
equation of motion for the perturbation. In Sec. V we

outline the numerical scheme, using the retarded Green’s
function, for computing the spectral functions; a funda-
mental quantity that provides insight into meson dissoci-
ation in a thermal medium. In Sec. VI we extract the
finite temperature spectral functions. As the temperature
increases, the spectral peaks broaden and eventually dis-
appear, signaling the dissolution of mesonic states, consis-
tent with deconfinement taking place also at the level of
particle states. Additionally, we investigate the temperature
dependence of the effective potential of the Schrödinger-like
equation. As the temperature increases, this potential
becomes deformed and shallower, further supporting the
conclusion that mesonic states become less stable and
ultimately melt in a hot QCD environment. Section VII
extends the analysis of mesonic melting to a finite baryon
density environment by introducing a nonzero chemical
potential in the holographic QCD model. The spectral
functions reveal that as the chemical potential increases,
the spectral peaks shift, broaden, and disappear more rapidly,
indicating a faster melting. We also discuss the phase
diagram and investigate how the meson melting feels
the first order phase transition line between confinement-
deconfinement at finite density. The concluding remarks are
presented in Sec. VIII.

II. EINSTEIN-MAXWELL-DILATON ACTION

The prescription followed in this work is to take the
EMD action and construct a self-consistent holographic
model to describe heavy and exotic vector mesons. In a
five-dimensional spacetime, the EMD action is written as

SEMD ¼ −
1

16πG5

Z
d5x

ffiffiffiffiffiffi
−g

p �
R −

fðϕÞ
4

FMNFMN

−
1

2
∂Mϕ∂

Mϕ − VðϕÞ
�
; ð2:1Þ

where FMN ¼ ∂MAN − ∂NAM is the field strength, fðϕÞ is a
gauge kinetic function that couples the dilaton and the
gauge field AM, VðϕÞ is the dilaton field potential, and G5

is Newton’s gravitational constant in five dimensions.
Varying the action (2.1), one finds the following equations
of motion:

RMN −
1

2
gMNR ¼ TMN; ð2:2Þ

∇M½fðϕÞFMN � ¼ 0; ð2:3Þ

∂M½
ffiffiffiffiffiffi
−g

p
∂
Mϕ� − ffiffiffiffiffiffi

−g
p �

∂V
∂ϕ

þ F2

4

∂f
∂ϕ

�
¼ 0; ð2:4Þ

where F2 ¼ FMNFMN . Equation (2.2) is the Einstein’s field
equations, whereas Eq. (2.3) represent Maxwell equations,
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and Eq. (2.4) is the Klein-Gordon equation for the dilaton
field. The energy-momentum tensor takes the form

TMN ¼ 1

2

�
∂Mϕ∂Nϕ −

1

2
gMNð∂ϕÞ2 − gMNVðϕÞ

�

þ fðϕÞ
2

�
FMPFN

P −
1

4
gMNF2

�
: ð2:5Þ

To have a self-consistent holographic model, Eqs. (2.2)–
(2.4), which are coupled, must be solved simultaneously.
This can be done using the potential reconstruction method
[84–88]. To do so, we take the following Ansätze for the
metric, gauge, and dilaton fields,

ds2 ¼ L2e2AðzÞ

z2

�
−gðzÞdt2 þ dz2

gðzÞ þ dxidxi
�
;

AM ¼ ðAt ¼ AtðzÞ; Ai ¼ 0; Az ¼ 0Þ;
ϕ ¼ ϕðzÞ; ð2:6Þ

where L is the AdS radius, AðzÞ is the warp factor and gðzÞ
is the blackening function. It is assumed that the nonzero
component of the gauge field At and the dilaton field ϕ
depend only on the holographic coordinate z∈ ½0; zh�. Here
zh is the horizon radius defined by gðzhÞ ¼ 0. The strongly
coupled gauge theory lives at the asymptotic boundary
of spacetime, which is defined by the z → 0 limit. If the
Ansätze (2.6) is plugged into Eqs. (2.2)–(2.4), one gets the
following expressions

0 ¼ ϕ00 þ ϕ0
�
g0

g
þ 3A0 −

3

z

�
−
L2e2A

gz2
∂V
∂ϕ

þ A02
t
z2e−2A

2gL2

∂f
∂ϕ

;

ð2:7Þ

0 ¼ A00
t þ A0

t

�
f0

f
þ A0 −

1

z

�
; ð2:8Þ

0 ¼ g00 þ g0
�
3A0 −

3

z

�
− A02

t
z2e−2Af

L2
; ð2:9Þ

0 ¼ A00 þ g00

6g
þ A0

�
3g0

2g
−
6

z

�
−
1

z

�
3g0

2g
−
4

z

�

þ 3A0 þ V
L2e2A

3gz2
; ð2:10Þ

0 ¼ A00 − A0
�
A0 −

2

z

�
þ ϕ02

6
: ð2:11Þ

Given the five equations and four unknown functions, we
choose Eq. (2.7) to act as a constraint. As demonstrated
in [65], treating AðzÞ and fðzÞ as arbitrary functions allows

us to determine all unknown functions in closed form. In
particular, by applying the following boundary conditions

lim
z→0

gðzÞ¼1; lim
z→zh

gðzÞ¼0; lim
z→zh

AtðzÞ¼0; ð2:12Þ

we obtain, in terms of AðzÞ and fðzÞ, the following
solutions

gðzÞ ¼ 1 −

R
z
0 dxx

3e−3AðxÞ
R
x
C dy

ye−AðyÞ
fðyÞR zh

0 dxx3e−3AðxÞ
R
x
C dy

ye−AðyÞ
fðyÞ

; ð2:13Þ

ϕ0ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6

�
A02 − A00 −

2A0

z

�s
; ð2:14Þ

AtðzÞ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR

z
0 dxx

3e−3AðxÞ
R
x
C dy

ye−AðyÞ
fðyÞ

q Z
z

zh

dx
xe−AðxÞ

fðxÞ ;

ð2:15Þ

VðzÞ ¼ −
3gz2e−2A

L2

�
A00 þ A0

�
3A0 þ 3g0

g
−
6

z

�

−
1

z

�
3g0

2g
−
4

z

�
þ g00

6g

�
: ð2:16Þ

The expressions (2.13)–(2.16) can be put back into
Eqs. (2.2)–(2.4) to verify that the equations are satisfied
and the system is mathematically self-consistent. In [65],
the integration constant C can be fixed in terms of the
chemical potential μ. If μ is set to zero, we have the
following analytical solutions to Eqs. (2.13)–(2.16):

gðzÞ ¼ 1 −
R
z
0 dxx

3e−3AðxÞR zh
0 dxx3e−3AðxÞ

; ð2:17Þ

ϕ0ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6

�
A02 − A00 −

2A0

z

�s
; ð2:18Þ

AtðzÞ ¼ 0; ð2:19Þ

VðzÞ ¼ −
3gz2e−2A

L2

�
A00 þ A0

�
3A0 þ 3g0

g
−
6

z

�

−
1

z

�
3g0

2g
−
4

z

�
þ g00

6g

�
: ð2:20Þ

Without loss of generality, we take the AdS radius to be
L ¼ 1 for the rest of this work.
Note that the above solution corresponds to a black hole

having a horizon at z ¼ zh. Another solution to the EMD
field equations also exists, which corresponds to thermal-
AdS (without a horizon). This solution, which does not
involve a black hole, can be obtained by taking the limit
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zh → ∞, resulting in gðzÞ ¼ 1. As we will discuss later on,
the black hole and thermal-AdS phases exchange domi-
nance in the free energy phase diagram and undergo a
Hawking/Page type first-order phase transition as the
temperature is varied. In particular, the thermal-AdS/black
hole phases are favored at low/high temperatures respec-
tively. In the dual field theory language, the thermal-AdS
phase corresponds to a confined phase, whereas the black
hole phase corresponds to the deconfined phase. In the
following, we will fix our holographic model parameters at
zero (or finite) temperature by working in the thermal-AdS
(or the black hole) background.
To fully solve the EMD equations, the functions fðzÞ and

AðzÞ, which are initially arbitrary, must be specified. In the
next section, we base our choice for fðzÞ on a preexisting
holographic QCD model from the literature [45,89] that
features a deformed dilaton field designed to model heavy
and exotic mesons. On the other hand, according to [65],
AðzÞ is chosen to be a simple function that, in this EMD
prescription, can show a clear confinement-deconfinement
phase in the boundary theory. In doing so, we hope to
extract certain quantities (mass spectra and spectral
functions) for several QCD heavy and exotic states.
This will include the spectral functions at nonzero
temperatures and density, from which behavior we can
gather further insight into the melting of the states and,
subsequently, of the QCD deconfinement phase transition
in the quark-gluon plasma.

III. HEAVY AND EXOTIC MASS SPECTRA

In this section, the mass spectroscopy of exotic mesons
with heavy flavor will be scrutinized at zero temperature
and zero chemical potential.

A. Choice for AðzÞ and f ðzÞ
The function fðzÞ will first be determined by analyzing

the mass spectra of heavy and exotic vector mesons at zero
temperature and chemical potential. As was already shown
in other works [65,90], a particularly good choice for this
function is

fðzÞ ¼ e−½AðzÞþBðzÞ�; ð3:1Þ

where BðzÞ is chosen to match the mesonic mass spectra.
In the context of the original soft-wall model [91], BðzÞ is
defined to be the dilaton field ΦðzÞ: BðzÞ≡ΦðzÞ ¼ ðazÞ2,
where a is a constant that defines the slope of the
Regge trajectory.1

Instead of using the original dilaton field profile, we
follow here the approach presented in [45,89], which

introduces a nonquadratic dilaton field profile. Linear
Regge trajectories effectively describe the hadronic mass
spectrum in the light sector, where constituent quark
masses are small. However, the linearity breaks down
for hadrons containing a s-quark or heavier quarks. As
argued in [45,89], Bethe–Salpeter type analyzes indicate
that heavy hadrons follow the scaling of trajectories as n2=3,
where n is the excitation number, see [92].
This behavior suggests that the Regge trajectory depends

on the mass of the constituent quarks, with linearity
observed for light-flavored mesons and nonlinearity for
heavier ones. Consequently, the dilaton field is also
expected to vary with quark masses.
Following [45], we introduce the averaged constituent

quark mass, m̄. The input quark masses are taken to be
effectively dressed by the QCD nonperturbative binding
energy and are borrowed from [93]: mu ¼ 0.336 GeV,
md ¼ 0.340 GeV, ms ¼ 0.486 GeV, mc ¼ 1.550 GeV,
and mb ¼ 4.730 GeV.
Next, we introduce a modified dilaton profile of the

form

ΦðzÞ ¼ ðκzÞ2−α; ð3:2Þ

where the exponent α encodes the effects of the
constituent quark mass. For α ¼ 0, one recovers the
original quadratic dilaton and the corresponding linear
Regge trajectory. In [45] both α and κ vary with the
average quark masses

αðm̄Þ≡ α ¼ aα − bαe−cαm̄
2

; ð3:3Þ

κðm̄Þ≡ κ ¼ aκ − bκe−cκm̄
2

; ð3:4Þ

with parameters aα ¼ 0.054, bα ¼ 0.8484, cα ¼ 0.4233,
aκ ¼ 15.2085, bκ ¼ 14.8082, and cκ ¼ 0.0524 [45]. Larger
values of α and κ correspond to heavier states. Thus, if we
know (or model) a meson with some combination of
constituent quarks, we can find the α and κ parameters
that suit the problem at hand best.
In addition to the nonquadratic behavior introduced in

[45,89] presents small-z corrections toΦðzÞ. Consequently,
we adopt the dilaton profile proposed in [89] and identify
their ΦðzÞ dilaton field with our BðzÞ function, which is
incorporated into the arbitrary function fðzÞ as

fðzÞ ¼ e−½AðzÞþBðzÞ� ¼ e−½AðzÞþðκzÞ2−αþMzþtanh ð 1
Mz−

κffiffi
Γ

p Þ�: ð3:5Þ

in whichMz and tanh ð 1
Mz −

κffiffi
Γ

p Þ are the small-z corrections

to ΦðzÞ, see also [94].
The other term, AðzÞ, can be chosen as a simple quadratic

function, whose consequences were studied in [65]. In this
model, such AðzÞ can show the confined-deconfined phases

1Note that the dilaton field ΦðzÞ used in the soft-wall model
should not be confused with the dilaton field ϕðzÞ used in our
holographic model in Eq. (2.1).
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in the boundary theory, mimicking QCD. Therefore here
we adopt the following AðzÞ:

AðzÞ ¼ −
C
8
z2; ð3:6Þ

where C ¼ 1.16 GeV2 is fixed to yields the Hawking–Page
geometric transition at around T ∼ 270 MeV at zero
chemical potential [65], based on the lattice estimate
of [95]. This is the large N extrapolation of the critical
temperature for pure gluodynamics, appropriate for our
current holographic model to which the flavors (quarks) are
only added in a probe approximation, similar to the
quenched lattice QCD setup in which the quarks are also
irrelevant for the deconfinement transition.

B. Equation of motion for the vector mesons

Given that all parameters and functions are fixed, we can
first compute the mesonic mass spectra at zero temperature.
A five-dimensional gauge field describes the vector mesons
in the dual field theory. From the EMD action (2.1), we
can write

S ¼ −
1

16πG5

Z
d5x

ffiffiffiffiffiffi
−g

p fðϕÞ
4

FMNFMN: ð3:7Þ

Varying the action (3.7) we find the following equations
of motion

∂Mð
ffiffiffiffiffiffi
−g

p
fðϕÞFMNÞ ¼ 0: ð3:8Þ

In the zero temperature limit, gðzÞ → 1 and the space-
time interval becomes

ds2 ¼ L2e2AðzÞ

z2
ð−dt2 þ dz2 þ dxidxiÞ: ð3:9Þ

By plugging (3.9) into (3.8) and choosing the radial
gauge Az ¼ 0, supplemented with the transversal Landau
(Lorenz) gauge ∂νAν ¼ 0, Eq. (3.8) turns into

ze−AðzÞ

LfðzÞ ∂z
�
LeAðzÞfðzÞ

z
∂zAμ

�
þ□Aμ ¼ 0; ð3:10Þ

which can be led into a Schrödinger-like form by first
implementing a Fourier transform

Aμðz; xνÞ ¼
Z

d4k
ð2πÞ4 e

ikαxαAμðz; kÞ; ð3:11Þ

and performing the following change of variables

Aμ ¼ e−Hψμ; ð3:12Þ

H ¼ 1

2
log

�
LeAðzÞfðzÞ

z

�
: ð3:13Þ

This turns Eq. (3.10) into

−∂2zψðzÞ þ UðzÞψðzÞ ¼ m2
nψðzÞ; ð3:14Þ

for

UðzÞ ¼
�
∂z

�
1

2
log

�
LeAðzÞfðzÞ

z

���
2

þ ∂
2
z

�
1

2
log

�
LeAðzÞfðzÞ

z

��
; ð3:15Þ

where we identify the eigenmasses with the relation
k2 ¼ m2

n ¼ −ω2 þ p2. For a massive perturbation in the
bulk theory, the AdS/CFT dictionary dictates that a mass
term of the form M2L2 ¼ ðΔ − SÞðΔþ S − 4Þ, where S is
the spin and the angular momentum taken to be zero, must
be added to the potential UðzÞ. Importantly, Δ is the scale
dimension that determines the scaling behavior of the bulk
field at the boundary [10]. From the quantum boundary
theory perspective, Δ is the scaling dimension of the
operator that creates hadrons. We can see right away that
for isovector mesons, such as the charmonium (cc̄) and
bottomonium (bb̄), M2L2 ¼ 0 as Δ ¼ 3 and S ¼ 1.
A notable application of this nonquadratic dilaton model

is the exploration of hadronic states that deviate from
the conventional qq̄ framework. As noted above, in holo-
graphic QCD, the distinction between different types of
hadrons is captured by the scaling dimension Δ of the
operator responsible for their creation. Consequently, the
model provides a pathway to study exotic hadrons—those
that do not conform to the standard qq̄ structure—by
identifying the appropriate scaling dimension Δ and
estimating the parameter m̄. Depending on the quark
and/or meson content of the bound state, it is clear there
can be a degeneracy in terms of Δ. Even so, the estimation
of the corresponding m̄ can be achieved through a weighted
averaging procedure, as detailed in [45]

m̄multi ¼
XN
i¼1

�
Pquark
i m̄quark

i þ Pmeson
i mmeson

i

�
;

XN
i¼1

�
Pquark
i þ Pmeson

i

�
¼ 1: ð3:16Þ

The exotic state is then modeled as a collection of N
constituent quarks and/or mesons. Each constituent is
assigned a weight Pi associated with its mass mi. These
masses are then utilized to determine the constants α and κ.
We have per case also included the corresponding weight
factors and scale dimension Δ that we borrowed from [45].
In this work, we consider the exotic states Zc and π1. Zc is
modeled as a tetraquark which in turn is constructed
as a “hadronic molecule,” two mesons bounded by a
residual colorless QCD interaction, formed by a J=ψ
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and a ρ: m̄tetra ¼ 0.283mJ=ψ þ 0.717mρ. Whereas π1 is
modeled as a “hybrid meson,” a state consisting of valence
quarks and a constituent gluon: m̄hybrid ¼ 0.497mu þ
0.497md þ 0.006mG, where mG is the constituent gluon
mass (taken to be mG ¼ 0.7 GeV [96]). Both of these
exotic states are massive perturbations with Δ ¼ 5 for the
hybrid meson and Δ ¼ 6 for the tetraquark.
Below, we provide some Tables I–IV with the heavy

mesons’ masses, including charmonium and bottomonium,
as well the considered exotic states. The masses are
numerically obtained by solving the eigenvalue problem
given by Eq. (3.14) for the shown parameters.
From the shown Tables I–IV, we can conclude that a

nonlinear Regge trajectory as parametrized in [45],

M2
n ¼ aðnþ bÞν; ð3:17Þ

νðm̄Þ≡ ν ¼ aν þ bνe−cνm̄; ð3:18Þ

tends to better fit the experimental masses. Our computed
masses, in general, agree well with the experimental data as
well. We stress here again that our predictions for these
masses, and associated nonlinear Regge behavior, are a
consequence of the modeling in Sec. III A.
In the Figs. 1–4 we can better visualize the difference

between a linear and a nonlinear Regge trajectory. We note
that as the particle mass decreases, like the considered
hybrid meson, the linear and nonlinear trajectories become
nearly identical.
We conclude then that the resulting equation of motion

(3.14) therefore provides a mathematically self-consistent
way of formulating the approximation of the mass spectra
for heavy mesons and certain exotic states. This can be seen
as the numerical results obtained for the overall masses are
in good agreement with the experimental values and those
reported in [45].
The effective potential UðzÞ, shown in (3.15), for the

considered states is presented below, Figs. 5 and 6, to
showcase the dynamics of these hadronic structures within

TABLE II. Mass spectrum and Regge trajectories of the ϒ
bottomonium for κ ¼ 9.9 GeV,M ¼ 2.74 GeV,

ffiffiffi
Γ

p ¼ 1.92 GeV,
and α ¼ 0.863.

Bottomonium ϒ, IGðJPCÞ ¼ 0þð1−−Þ

n State mexp (MeV) mth (MeV)
Relative
error δM

1 ϒð1SÞ 9460.4� 0.09� 0.04 9506.5 0.49%
2 ϒð2SÞ 10023.4� 0.5 9892.9 1.30%
3 ϒð3SÞ 10355.1� 0.5 10227.2 1.24%

Experimental linear fit: M2 ¼ 8.864ð9.175þ nÞ, R2 ¼ 0.9999.
Experimental nonlinear fit:M2¼91.165ð−0.113þnÞ0.153, R2¼1.
Theoretical linear fit: M2 ¼ 7.111ð11.727þ nÞ, R2 ¼ 0.999997.
Theoretical nonlinear fit: M2 ¼ 49.120ð3.559þ nÞ0.402, R2 ¼ 1.

TABLE III. Mass spectrum and Regge trajectories of the Zc

tetraquark, for κ ¼ 1.75 GeV, M ¼ 1.44 GeV,
ffiffiffi
Γ

p ¼ 0.30 GeV,
and α ¼ 0.539.

Tetraquark Zc, IGðJPCÞ ¼ 1þð1þ−Þ

n State mexp (MeV) mth (MeV)
Relative
error δM

1 Zcð3900Þ 3887.2� 2.3 3890.1 0.07%
2 Zcð4200Þ 4196þ35

−32 4189.5 0.15%
3 Zcð4430Þ 4478þ15

−18 4444.6 0.74%

Experimental linear fit: M2 ¼ 2.471ð5.112þ nÞ, R2 ¼ 1.
Experimental nonlinear fit:M2 ¼ 3.554ð4.234þ nÞ0.874, R2 ¼ 1.
Theoretical linear fit: M2 ¼ 2.311ð5.564þ nÞ, R2 ¼ 0.999992.
Theoretical nonlinear fit: M2 ¼ 6.836ð2.665þ nÞ0.612, R2 ¼ 1.

TABLE I. Mass spectrum and Regge trajectories of the J=ψ
charmonium for κ ¼ 1.8 GeV, M ¼ 1.7 GeV,

ffiffiffi
Γ

p ¼ 0.53 GeV,
and α ¼ 0.54.

Charmonium J=ψ , IGðJPCÞ ¼ 0þð1−−Þ

n State mexp (MeV) mth (MeV)
Relative
error δM

1 J=ψ 3096.900� 0.006 3140.1 1.39%
2 ψð2SÞ 3686.097� 0.011 3656.9 0.79%
3 ψð4040Þ 4039.6� 4.3 4055.8 0.40%

Experimental linear fit: M2¼3.364ð1.914þnÞ, R2 ¼ 0.999508.
Experimental nonlinear fit:M2¼10.947ð−0.282þnÞ0.399, R2¼1.
Theoretical linear fit: M2 ¼ 3.295ð2.015þ nÞ, R2 ¼ 0.999942.
Theoretical nonlinear fit: M2 ¼ 7.001ð0.685þ nÞ0.654, R2 ¼ 1.

TABLE IV. Mass spectrum and Regge trajectories of the π1
hybrid meson, for κ ¼ 0.468 GeV, M ¼ 0.20 GeV,ffiffiffi
Γ

p ¼ 0.12 GeV, and α ¼ 0.034.

Hybrid meson π1, IGðJPCÞ ¼ 0−ð1þ−Þ

n State mexp (MeV) mth (MeV)
Relative
error δM

1 π1ð1400Þ 1354� 25 1354.7 0.05%
2 π1ð1600Þ 1660þ15

−11 1618.1 2.52%
3 π1ð2015Þ 2014� 20� 16 1849.9 8.15%

Experimental linear fit: M2 ¼ 1.111ð0.593þ nÞ, R2 ¼ 0.99913.
Experimental nonlinear fit:M2 ¼ 1.214ð0.484þ nÞ0.953, R2 ¼ 1.
Theoretical linear fit: M2 ¼ 0.793ð1.308þ nÞ, R2 ¼ 0.999997.
Theoretical nonlinear fit: M2 ¼ 0.816ð1.268þ nÞ0.987, R2 ¼ 1.
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the holographic framework. Derived from the Schrödinger-
like equation, this potential provides insights into the
behavior, stability, and mass spectra of tetraquark states
under the chosen model parameters. In the next sections we
see that this potential is deformed by increasing the
temperature T and chemical potential μ.

Below we also plot the associated wave functions,
Figs. 7 and 8, for the hybrid meson and bottomonium
states, found after solving Eq. (3.14) numerically.
We can see right away that as the values of the model

parameters increase (low values for the hybrid meson and
high values for bottomonium), the wave functions tend to

FIG. 2. Linear and nonlinear fits for the bottomonium.

FIG. 3. Linear and nonlinear fits for the tetraquark.

FIG. 4. Linear and nonlinear fits for the hybrid meson.FIG. 1. Linear and nonlinear fits for the charmonium.

FIG. 5. Charmonium and bottomonium potentials at T ¼ 0.

FIG. 6. Tetraquark and hybrid meson potentials at T ¼ 0.
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go to zero faster and get more distorted near the origin.
In the numerical solution to the eigenvalue problem (3.14),
we employed Dirichlet boundary conditions, where we set
the wave function to vanish at z ¼ 0 and z ¼ ∞.

IV. METRIC AND EQUATION OF MOTION
AT FINITE TEMPERATURE

To analyze a system at finite temperature (where we set
μ ¼ 0 in this section), the blackening function gðzÞ must
first be determined for the chosen profile AðzÞ ¼ − C

8
z2.

From Eq. (2.17), it is evident that fðzÞ does not contribute
to gðzÞ. By evaluating the integral, we obtain

gðzÞ ¼ 1þ e
3Cz2
8 ð8 − 3Cz2Þ − 8

e
3Cz2

h
8 ð3Cz2h − 8Þ þ 8

: ð4:1Þ

The black hole temperature is calculated as

T ¼ −
g0ðzhÞ
4π

¼ 9z3hC
2e

3Cz2
h

8

16π
h
8þ e

3Cz2
h

8 ð3Cz2h − 8Þ
i : ð4:2Þ

We present below, Fig. 9, the Hawking temperature T as
a function of the black hole horizon zh for the model
parameter C ¼ 1.16 GeV2. Here, the thermal AdS phase
exists at all temperatures. However, there is a minimum
temperature below which a black hole solution does not
exist. Above this minimum temperature, two black hole
solutions exist: a large black hole and a small one. The large
black hole (small zh) has a temperature that decreases as the
inverse horizon radius zh increases. It is thermodynamically
stable due to its positive specific heat. In contrast, the small
black hole (large zh) has a temperature that rises with the
inverse horizon radius. It is thermodynamically unstable
because of its negative specific heat.
The corresponding free-energy diagram is shown in

Fig. 10. Here, the free energy difference ΔF between
the black hole and thermal-AdS phases is plotted. We see
that depending upon the temperature the large black hole
and thermal AdS phases exchange dominance as the
temperature varies. In particular, the large black hole phase
has the lowest free energy at large temperatures, whereas
thermal-AdS has the lowest free energy at low temper-
atures. Accordingly, there is a first-order Hawking-Page
phase transition between these two phases. For μ ¼ 0,

FIG. 7. Hybrid meson wave functions.

FIG. 8. Bottomonium wave functions.

FIG. 9. The Hawking temperature T as a function of horizon
radius zh.

FIG. 10. Free energy difference for μ ¼ 0.
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this phase transition appears at Tc ¼ 0.264 GeV. The
thermal AdS phase corresponds to the confined phase on
the boundary theory, while the black hole phase corre-
sponds to the deconfined phase. In later sections, we will
see how adding a nonzero chemical potential will affect this
transition temperature. Note that the small black hole phase
always exhibits higher free energy than the large black hole
and thermal-AdS phases. Accordingly, it corresponds to the
global maxima of the solutions and is thermodynamically
disfavored at all temperatures. Consequently, in the sub-
sequent sections, the large black hole phase will be
employed to discuss the finite temperature behavior of
various observables.
To determine the perturbation equation of motion in the

presence of a black hole background geometry, a generic
gðzÞ, we put back the factors of gðzÞ in the equation of
motion (3.10) to find

ze−AðzÞgðzÞ
LfðzÞ ∂z

�
LeAðzÞfðzÞgðzÞ

z
∂zAμ

�
þ□Aμ ¼ 0: ð4:3Þ

We proceed in the particle’s rest frame, where the four-
momentum is given by qμ ¼ ðω; 0; 0; 0Þ. Employing the
radial gauge Az ¼ 0, we consider plane wave solutions of
the form

Aμðz; xνÞ ¼ eiqαx
α
Aμðz;ωÞ ¼ e−iωtAμðz;ωÞ: ð4:4Þ

By applying a Fourier transform, as showed in (3.11), and
doing the change of variable Aμ ¼ e−Hψμ to (4.3) we
transform the finite temperature equation of motion into

−∂2r�ψ
μðzÞ þ VðzÞψμðzÞ ¼ ω2ψμðzÞ; ð4:5Þ

where the tortoise coordinate ∂r� ¼ −gðzÞ∂z was applied
to (4.3) in order to redefine it into a Schrödinger-like form.
The associated effective potential is given by

VðzÞ ¼
�
∂r�

�
1

2
log

�
LeAðzÞfðzÞ

z

���
2

þ ∂
2
r�

�
1

2
log

�
LeAðzÞfðzÞ

z

��
; ð4:6Þ

whereH is the same function as defined in Eq. (3.12). With
the equation of motion formulated at finite temperature, we
are equipped to calculate the spectral functions of heavy
and exotic mesons, enabling the analysis of their melting
behavior. Considering that (4.5) is generic in gðzÞ, this is
also the equation employed to study the states in a finite
density plasma (μ > 0) as the chemical potential only alters
the black hole metric.
One important comment to be made is with regards to the

supplementary Landau gauge choice to derive the equation
of motion for the perturbation (4.5). As discussed in [97],

if a nonzero spatial momentum is introduced, the system’s
isotropy is broken and the chosen gauge can become
inadequate for a given metric. For that matters, if we did
take q⃗, we would have found two distinct equations of
motion, both for a transverse and longitudinal field propa-
gation relative to the momentum, that would yield distinct
predictions for the spectral functions. However, as q⃗ is
taken to be 0, the effective potentials for these equations
coincide (we chose q⃗ ¼ 0 beforehand in this work) and we
are indeed left with Eq. (4.5).

V. PROCEDURE TO COMPUTE THE
SPECTRAL FUNCTIONS

In this section we outline the numerical procedure to
compute the spectral functions. This is done through
some approximations, e.g., via a tortoise coordinate and
a Padé-like approximant of BðzÞ, to calculate the retarded
Green’s function.

A. Tortoise coordinate approximation

In this work, we adopt the procedure outlined in [98] to
compute the spectral functions. Typically, in a nondynam-
ical soft-wall model, where Einstein’s equations are not
necessarily satisfied, 1=gðzÞ can be explicitly integrated,
allowing for a closed-form expression for r�. For instance,
in the case of a simple blackening function gðzÞ ¼ 1 − z4

z4h
,

the expression for r� is given by

r�ðzÞ ¼
zh
2

�
log

�
zh − z
zh þ z

�
− arctan

�
z
zh

��
: ð5:1Þ

However, the complexity of our expression for gðzÞ
prevents us from obtaining a closed-form expression for r�.
To proceed with the computations, we perform a series
expansion of 1=gðzÞ up to a specified order and then
integrate the resulting expression. Expanding up to the
second order, as an example, this approach yields an
approximate expression for r� as

r�ðzÞ ≈
3Cz2h þ 8e−

3Cz2
h

8 − 8

864C2z6h
z½z2ð80 − 3C2z4hÞ

− 48zzhðCz2h þ 10Þ þ 3z2hðCz2h½3Cz2h þ 80� þ 432Þ�

− 384z3h log

�
1 − z

zh

�
: ð5:2Þ

A comparison between the numerical approximation
(integrating 1=gðzÞ numerically) and the series expansion
is plotted in Fig. 11 for the tortoise coordinate r�. We can
see that even at a low order, the series expansion of the
tortoise coordinate agrees quite well with the numerical
result.
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B. Padé-like approximant to BðzÞ
Another important approximation adopted throughout

this section to enhance the stability of the numerical
scheme and to improve the Frobenius analysis is the
Padé-like approximation applied to the hyperbolic tangent
term in the definition of fðzÞ, contained in the BðzÞ
function, in Eq. (3.5). This will avoid problems with the
essential singularity at z ¼ 0 of tanhð1=zÞ. The Padé
approximation is a method for approximating a function
using a rational function, expressed as the ratio of two
polynomials [99]. This technique often provides superior
convergence and accuracy compared to standard polyno-
mial approximations, particularly for functions with sin-
gularities or complex behavior. A Padé approximant is
characterized by the degrees of its numerator and denom-
inator polynomials, denoted as ½n;m� ¼ PnðxÞ=QmðxÞ,
where n and m specify the respective polynomial degrees.
The Padé approximant of order ½n;m� is unique and shares

its Taylor expansion with the function it approximates up to
order mþ n.
Given that tanh x ¼ e2x−1

e2xþ1
, the Padé approximant for ex

can be computed and substituted into the formula for tanh x
to find a good rational approximation to tanh x (what we
call Padé-like approximant). To achieve a more accurate
approximation, we focus on deriving a Padé-like approx-
imant for tanh x centered at a generic point x ¼ a. This
process begins with the observation that the Taylor series
expansion of ex around x ¼ a is given by

ex ¼ ea
X∞
k¼0

1

k!
ðx − aÞk: ð5:3Þ

Knowing this expansion allows us to simply extend the
Padé approximant for ex, computed at x ¼ 0 [100]. We find
then that the Padé approximant ½n;m� for ex centered at
x ¼ a is given by

ex½n;m� ¼
PnðxÞ
QmðxÞ

¼
ea
P

n
j¼0

ðnþm−jÞ!
n!

�
n

j

�
ðx−aÞj

P
m
j¼0

ðnþm−jÞ!
n!

�
m

j

�
ða−xÞj

: ð5:4Þ

As an example, we set ½n;m� ¼ ½2; 2� to get

ex½2;2� ¼
ea
h
1þ 1

2
ðx − aÞ þ 1

12
ðx − aÞ2

i
1þ 1

2
ða − xÞ þ 1

12
ða − xÞ2 : ð5:5Þ

We then apply Eq. (5.5) to tanh x ¼ e2x−1
e2xþ1

, yielding the [2, 2]
Padé-like2 approximant for tanh x, centered at x ¼ a, as:

tanh x½2;2� ¼ 1þ 8xðaþ 3Þ − 2aðaþ 6Þ − 8x2 − 24

eaða − 2xÞ½a − 2ð3þ xÞ� þ 12ð1þ ea − xÞ þ 4x2 − 4axþ a2 þ 6a
: ð5:6Þ

It is found that a ¼ 3 gives a good interpolation between the behavior of BðzÞ near zero and for higher values of z. We
also set x → ð 1

Mz −
κffiffi
Γ

p Þ in (5.6) by looking at (3.5). Given so, we can write the [2, 2] Padé-like approximant for BðzÞ as

BðzÞ ≈ BðzÞ½2;2�

¼ ðκzÞ2−α þMzþ M2z2½3Γðe3 − 13Þ þ 4k2ðe3 − 1Þ − 24
ffiffiffi
Γ

p
k� þ 8

ffiffiffi
Γ

p
Mzð3 ffiffiffi

Γ
p þ k − ke3Þ þ 4Γðe3 − 1Þ

M2z2½3Γðe3 þ 13Þ þ 4k2ðe3 þ 1Þ þ 24
ffiffiffi
Γ

p
k� − 8

ffiffiffi
Γ

p
Mzð3 ffiffiffi

Γ
p þ kþ ke3Þ þ 4Γðe3 þ 1Þ : ð5:7Þ

In Fig. 12 we show this Padé-like approximant, using the
[6, 6] Padé approximant to the exponential (centered at
a ¼ 3), to our desired function tanh ð 1

Mz −
κffiffi
Γ

p Þ. We can

clearly see that our constructed rational function does an

excellent job at approximating tanh ð 1
Mz −

κffiffi
Γ

p Þ.
Figure 13 illustrates the Padé-like approximants for BðzÞ

of the bottomonium and hybrid meson states parameters.
In addition to BðzÞ½2;2�, the Padé-like approximant

BðzÞ½6;6� was also computed following the exact same

FIG. 11. Tortoise coordinate r� approximations.

2Note that the Padé-approximant of a ratio is not the ratio of the
Padé approximants. However, for our eventual needs, this Padé-
like approximant serves perfectly well, see later in the text.
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procedure as previously described in this work and sub-
sequently plotted. It is evident that increasing the degrees of
the polynomials PnðxÞ and QmðxÞ significantly improves
the quality of the approximations. The approximant
BðzÞ½6;6� accurately captures the behavior of BðzÞ across
both lower and higher values of z. Consequently, BðzÞ½6;6�
will be employed in the computations presented in the
subsequent calculations. For reference, BðzÞ½6;6� is given by

BðzÞ ≈ BðzÞ½6;6�

¼ ðκzÞ2−α þMzþ
sinh

�
3
2

�
KðzÞ − cosh

�
3
2

�
J ðzÞ

sinh
�
3
2

�
J ðzÞ − cosh

�
3
2

�
KðzÞ

;

ð5:8Þ

where

J ðzÞ ¼ 42

�
2kffiffiffi
Γ

p −
2

Mz
þ 3

���
2kffiffiffi
Γ

p −
2

Mz
þ 3

�
4

þ 240

�
2kffiffiffi
Γ

p −
2

Mz
þ 3

�
2

þ 7920

�
; ð5:9Þ

KðzÞ ¼
�
2kffiffiffi
Γ

p −
2

Mz
þ 3

�
6

þ 840

�
2kffiffiffi
Γ

p −
2

Mz
þ 3

�
4

þ 75600

�
2kffiffiffi
Γ

p −
2

Mz
þ 3

�
2

þ 665280: ð5:10Þ

C. Power expansion near the horizon

It is important to note that gðzhÞ ¼ 0, which implies
that the equations of motion simplify to a free-particle
form near the horizon. Consequently, the solutions close
to the horizon can be expressed as ingoing and outgoing
plane waves traveling into and out of the black hole
interior as

ψ ∼ Ce−iωr� þ Deiωr� ; ð5:11Þ

whereC andD are constants. Building on this, the solutions
to the equations of motion near the horizon can be
expanded in a power series as

ψ� ¼ e�iωr� ½a�0 þ a�1 ðzh − zÞ þ a�2 ðzh − zÞ2 þ…�;
ð5:12Þ

where we set a�0 ¼ 1. By substituting this expansion into
the equations of motion, we can determine the coefficients
a�1 and a�2 . These coefficients depend on ω and model
parameters such as C,

ffiffiffi
Γ

p
, among others. For the purposes

of subsequent computations, the solutions ψ� are truncated
at the second-order term, ðzh − zÞ2. Using the tortoise
coordinate approximation shown in (5.2) applied to (4.5),
the computed coefficients a−1 and a−2 for the expansion
(5.12) are given by

a−1 ¼ 9zhC2e
3Cz2

h
8 ðkzhÞ−α

ðκzhÞα
h
MzhðMzh þ 1Þ − sech

�
κffiffi
Γ

p − 1
Mzh

�
2
i
− ðα − 2Þz3hMκ2

2M
h
64iωþ e

3Cz2
h

8 ð9ωC2z3h þ 8iω½3Cz2h − 8�Þ
i ; ð5:13Þ

t
t

FIG. 12. Padé-like approximant to tanh ð 1
Mz −

κffiffi
Γ

p Þ for hybrid
meson parameters. FIG. 13. Padé-like approximants BðzÞ½2;2� and BðzÞ½6;6�.
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a−2 ¼ 9C2e
3Cz2

h
8

8zhM2
ðM2z2hðκzhÞ−2α

h
−32iω

�
e
3Cz2

h
8 − 1

�
½ðκzhÞ2αfM2z2h − 4Mzh − 1g

− 2ðα − 2Þκαþ2zαþ3
h M þ ðα − 2Þ2κ4z4h − 4ðα − 2Þ2fκzhgαþ2

i
þ 12iωCz2h

h
−4ðκzhÞα½ðα − 2Þκ2z2h þ ðκzhÞαfMzh þ 1g� þ e

3Cz2
h

8 ðfκzhgα½M2z2h þ 3�

− 2Mðα − 2Þκαþ2zαþ3
h þ ðα − 2Þ2κ4z4h − 4ðκzhÞαþ2fα2 − 3αþ 2gÞ

i
þ 9z3hC

2e
3Cz2

h
8 ð½α − 2�2κ4z4h − 2αfα − 2gðκzhÞαþ2 − 2½M − iω�ðα − 2Þκαþ2zαþ3

h

þ ðκzhÞ2αf2Mzhð1 − iωzhÞ − 2iωzh þM2z2h þ 3gÞ� þ sech

�
κffiffiffi
Γ

p −
1

Mzh

�
4

×
h
9z3hC

2e
3Cz2

h
8 þ 12iωCe

3Cz2
h

8 − 32iω
�
e
3Cz2

h
8 − 1

�i
− 2ðκzhÞ−αsech

�
κffiffiffi
Γ

p −
1

Mzh

�
2

×
h
Mzh

�
12iωCz2h

n
e
3Cz2

h
8 ½ðκzhÞαfMzh þ 4g − ðα − 2Þκ2z2h� − 2ðκzhÞα

o
− 32iω

�
e
3Cz2

h
8 − 1

�
× fðα − 2Þκ2z2hðκzhÞα½Mzh þ 2�g þ 9z3hC

2e
3Cz2

h
8

h
ðκzhÞαfMzh þ 3 − iωzhg − ðα − 2Þκ2z2h

i�
þ 2fκzhgα tanh

�
κffiffiffi
Γ

p −
1

Mzh

��
9z3hC

2e
3Cz2

h
8 þ 21iωCz2he

3Cz2
h

8

− 64iω
n
e
3Cz2

h
8 − 1

o�i��
9z3hC

2e
3Cz2

h
8 − 32iω

n
e
3Cz2

h
8 − 1

o
þ 12iωCz2he

3Cz2
h

8

�

×

	
9z3hC

2e
3Cz2

h
8 − 64iω

�
e
3Cz2

h
8 − 1

�
þ 24iωCz2he

3Cz2
h

8


�
−1
: ð5:14Þ

whereas the coefficients aþ1;2 are quite similar to their
counterparts shown above and are not actually employed
in the found formula (5.28) to compute the numerical
spectral functions.
It is evident that the ingoing and outgoing solutions form

a basis for any wave function that may be considered.
Consequently, renormalizable and nonrenormalizable sol-
utions can be expressed as linear combinations of the
ingoing and outgoing solutions

ψ2 ¼ C2ψ− þ D2ψþ; ð5:15Þ

ψ1 ¼ C1ψ− þ D1ψþ: ð5:16Þ

D. Frobenius analysis near the boundary

In the limit z → 0, the leading term in the power series
solution is assumed to take the form zβ, following the
prescription for a Frobenius expansion near z ¼ 0. The
asymptotic analysis of Eq. (4.5) yields the following
indicial equation

β2 − β −
3

4
¼ 0; ð5:17Þ

which has solutions β ¼ − 1
2
and β ¼ 3

2
. To solve the

differential equation for the perturbation by evolving from
the boundary to the horizon, it is also necessary to
determine the derivative of ψ i at the boundary, ensuring
a consistent numerical setup. Obtaining the first derivative
at the holographic boundary requires a detailed examina-
tion of the asymptotic structure of ψ i via Frobenius
analysis. Since the indicial equation produces two solutions
differing by an integer, the larger root β ¼ 3

2
corresponds to

a regular series expansion, whereas the smaller root β ¼ − 1
2

leads to a logarithmic series. These two solutions can be
expressed as

ψ1ðzÞ ¼ z3=2
Xþ∞

k¼0

akzk;

ψ2ðzÞ ¼ K lnðzÞψ1ðzÞ þ z−1=2
Xþ∞

k¼0

bkzk: ð5:18Þ

The explicit forms of ak and bk can be determined by
substituting the series solutions into Eq. (4.5) and matching
terms order by order. For normalization, we choose
a0 ¼ b0 ¼ 1. The coefficients of these expansions depend
on ω and the parameters of the model, such as C and M.
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In this work, the presented expansion (5.18) for ψ1ðzÞ and
ψ2ðzÞ was truncated at k ¼ 2. Given so, for the considered
equation of motion (4.5), taking the full nonapproximate
BðzÞ, the computed coefficients are given by

a1 ¼
1

32
ðM2 − 4ω2Þ; ð5:19Þ

a2 ¼
1

776

 
32κ4 þ 153C2

8þ e
3Cz2

h
8 ½3Cz2h − 8�

−M2ω2 þ 4ω2

!
;

ð5:20Þ

b1 ¼ 0; ð5:21Þ

b2 ¼
1

1056

 
128κ4 þ 36C2

8þ e
3Cz2

h
8 ½3Cz2h − 8�

− 3½M2 − 4ω2�2
!
;

ð5:22Þ

K ¼ 1

8
ðM2 − 4ω2Þ: ð5:23Þ

in which the coefficient b1 can be chosen freely, as showed
in [90], and here is taken to be null.
Generally, the coefficients depend on the momentum q2,

but we did set q ¼ 0 beforehand. These solutions, starting
near the boundary, also form a basis for constructing wave
functions, which can be written as

ψþ ¼ Aþψ2 þ Bþψ1; ð5:24Þ

ψ− ¼ A−ψ2 þ B−ψ1: ð5:25Þ

E. Computation of the retarded Green’s function

Both the near-boundary and near-horizon expansions
provide a basis in which wave functions can be expressed
as linear combinations. From the relations between ψ�, ψ1,
and ψ2, it follows that the coefficients satisfy

�
Aþ Bþ
A− B−

�
¼
�
C2 D2

C1 D1

�−1
: ð5:26Þ

Our primary interest lies in the computation of the
spectral functions. Within this approach, this requires
determining the retarded Green’s function and sub-
sequently extracting its imaginary part [90,98].
The retarded Green’s function is computed by numeri-

cally integrating the equations of motion over a regular
lattice extending from a point near the boundary, z ¼ ϵ, to a
point close to the horizon, z ¼ zh − ϵ. The initial conditions
are derived from the solution near the boundary at z ¼ 0,
specifically ψ1ðϵÞ, obtained through Frobenius analysis,

along with its derivative ∂zψ1ðϵÞ. Similarly, the second
solution near the boundary, ψ2ðϵÞ, along with its derivative
∂zψ2ðϵÞ, is used to compute the other independent solution
for the equations of motion using the same numerical
scheme.
As a result, two numerical solutions for ψ are obtained.

These functions are then evaluated near the horizon, zh − ϵ,
where the following relationship is constructed

�
ψaðzh − ϵÞ
∂zψaðzh − ϵÞ

�

¼
�

ψ−ðzh − ϵÞ ψþðzh − ϵÞ
∂zψ−ðzh − ϵÞ ∂zψþðzh − ϵÞ

��
Ca

Da

�
; ð5:27Þ

where a ¼ 1; 2 correspond to the numerical results
obtained from solving the equations of motion, and ψ�
represent the asymptotic solutions near the horizon as given
by the power expansions in Eqs. (5.18) and (5.23). All
quantities are evaluated at zh − ϵ. The coefficients Ca and
Da are computed by inverting the above square matrix.
Combining this with the coefficient relations in

Eq. (5.27), we arrive at

B−

A−
¼ −

D2

D1

¼ ∂zψ−ðzh − ϵÞψ2ðzh − ϵÞ − ψ−ðzh − ϵÞ∂zψ2ðzh − ϵÞ
∂zψ−ðzh − ϵÞψ1ðzh − ϵÞ − ψ−ðzh − ϵÞ∂zψ1ðzh − ϵÞ :

ð5:28Þ

This provides a stable numerical method for calculating
the ratio B−

A−
, which is sufficient to compute the retarded

Green’s function and, consequently, the spectral function.
As demonstrated in [90,101,102], the spectral function is
directly related to B−

A−
via the expression

ρðω; q ¼ 0Þ ¼ −2ℑGRðω; q ¼ 0Þ ∝ ℑ
B−

A−
: ð5:29Þ

where ρðω; q ¼ 0Þ represents the spectral function calcu-
lated numerically using the described prescription (with
q ¼ 0 set initially), and ℑ denotes the imaginary part.
The numerical integration of the equation of motion over

the interval z∈ ½ϵ; zh − ϵ�, necessary to compute ψ iðzh − ϵÞ
and ∂zψ iðzh − ϵÞ as they appear in the Green’s function
formula (5.28), is carried out using Mathematica’s
NDSolve with the StiffnessSwitching numerical
scheme. This method is specifically chosen to address the
stiff nature of the problem, as explicit methods like the
standard fourth-order Runge-Kutta or Euler methods
proved inadequate for producing reliable results.
The remaining components in Eq. (5.28), specifically

ψ�ðzh − ϵÞ and ∂zψ�ðzh − ϵÞ, are obtained analytically
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based on the results of the Frobenius analysis and the
associated power series expansions.
The small positive parameter ϵ functions as both the

lattice spacing and the boundary cutoff. For the computa-
tions performed, a value of ϵ ¼ 0.001 was used. The value
of zh, corresponding to a specific temperature T, is
determined by solving the transcendental equation (4.2)
for zh using Newton’s method.

VI. MELTING OF HEAVY AND EXOTIC STATES

In this section we apply the numerical scheme developed
in Sec. V to the model parameters. The resulting spectral
functions are analyzed to determine the mesonic melting.

A. Spectral functions at μ= 0

The spectral function characterizes the distribution of
states that can be excited by a quarkonium state as it
dissolves in a hot and dense QCD medium. It contains vital
information about the dissociation of quarkonium states
and the formation of the quark-gluon plasma (QGP).
Specifically, the spectral peaks represent the existence of
bound states of heavy quarks and antiquarks, such as charm
and bottom quarks, within the QGP. The appearance,
disappearance, or modification of these peaks offers valu-
able insights into the properties of the QGP. As demon-
strated earlier, by taking the small ϵ limit, holographically
significant information about the spectral function can be
obtained as it was done in [103,104].
Experimental measurements and theoretical investiga-

tions of quarkonium production and suppression in heavy-
ion collisions provide valuable tools for exploring the
properties of the quark-gluon plasma (QGP) and under-
standing the behavior of strong interactions under extreme
conditions. In this study, we focus on examining the
melting of quarkonium states by analyzing the variations
in the spectral peaks as a function of temperature. In
particular, equipped with the numerical procedure
described in the above section, we compute the spectral
functions for charmonium, bottomonium, tetraquark, and

hybrid states. The numerical results are presented in
Figs. 14–17 for a range of temperatures.
We can clearly see the melting process through the

spectral functions. As the temperature increases, the peaks
tend to disappear and the function broadens out. This
indicates the melting of the mesonic states into a hot
medium. We can do a very rough estimate of the melting

FIG. 14. Charmonium spectral function.

FIG. 15. Bottomonium spectral function.

FIG. 16. Tetraquark spectral function.

FIG. 17. Hybrid meson spectral function.
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temperature for the charmonium, bottomonium, and tetra-
quark states to be around T ∼ 400–450 MeV as their
spectral function peaks disappear at these temperatures.
However, we can clearly see that the hybrid meson melts
at a lower temperature than the rest as the peaks
disappear more quickly as we increase the temperature.
For this state, we estimate this temperature to be
around T ∼ 325–400 MeV.

B. Temperature dependence of the effective
potential VðzÞ at μ = 0

Another way to verify the melting process is to plot
the effective potential for the Schrödinger-like equation
for various temperatures and see how it changes as the
temperature is increased. So in Figs. 18–21 we present the
holographic potential, defined in Eq. (4.6), for some values
of T, for the considered states.
From the Figs. 18–21 we can conclude that, for temper-

atures close to the minimum reachable value in this model
(T ∼ Tc), the potential tends to display a single global
minimum (except for the tetraquark), representing holo-
graphic confinement and the stability of mesonic states.
As the temperature increases, the shape of the potential

changes significantly, with the global minimum disappear-
ing and the well becoming shallower, reflecting the weak-
ening of confinement and thermal dissociation of mesons.
This evolution of the potential highlights the holographic
encoding of thermal melting, where the interplay between
the dilaton structure and rising temperature governs the
confinement and dissociation processes of mesonic states.

VII. FINITE DENSITY PLASMA

Having explored the system at zero chemical potential
and analyzed its thermal behavior, we are now set to
investigate the dynamics of a finite density plasma. To
incorporate finite density effects, we introduce the chemical
potential μ by solving Eq. (2.9) under a specific boundary
condition. The chemical potential serves as a critical
parameter that modifies the holographic setup and allows
the study of systems where baryonic or charge density
plays a significant role.

A. Computation of AtðzÞ at finite μ

Equation (2.9) governs the behavior of the temporal
component of the gauge field, AtðzÞ, which is directly

FIG. 20. Tetraquark effective potential VðzÞ.

FIG. 21. Hybrid meson effective potential VðzÞ.

FIG. 18. Charmonium effective potential VðzÞ.

FIG. 19. Bottomonium effective potential VðzÞ.
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related to the chemical potential in holography. By solving
this equation with appropriate boundary conditions, we
establish the profile of AtðzÞ across the bulk spacetime. The
boundary conditions are as follows:
(1) AtðzÞmust vanish at the black hole horizon (z ¼ zh),

ensuring a regular solution at this point.
(2) At the asymptotic boundary (z → 0), the value of

AtðzÞ is proportional to the chemical potential μ,
linking the bulk dynamics to the boundary field
theory.

The solution for AtðzÞ allows us to introduce finite
density effects into the EMD holographic system, modi-
fying the equations of motion and the resulting physical
quantities. Specifically, the presence of a nonzero chemical
potential impacts the blackening function gðzÞ. The change
in the metric, in turn, influences the thermodynamic
properties and phase structure of the system, giving us
also different spectral functions found in the last section.
After computing the gauge field AtðzÞ, we can calculate the
metric gðzÞ by solving Eq. (2.10).

Unfortunately, a general analytic solution of gðzÞ could
not be determined unless we restricted ourselves to low
values of α and excluded the low-z corrections to the
function fðzÞ presented in Eq. (3.4). This limitation arises
due to the intricate coupling between the equations
of motion, which becomes analytically intractable for
higher values of α or when the full complexity of fðzÞ,
including its low-z corrections, is incorporated. Using this
new definition, we find the equation of motion for AtðzÞ,
from Eq. (2.9)

fðzÞ ¼ e−½−c
8
z2þðκzÞ2−α�; ð7:1Þ

0 ¼ A00
t þ A0

t

�
−
1

z
þ f0

f
þ A0

�
⇒ 0

¼ ½ðα − 2ÞðκzÞ2−α − 1�A0
t þ zA00

t : ð7:2Þ

The general solution to Eq. (7.2) has been determined
and is expressed as

AtðzÞ ¼ Y2 þ Y1

1

α − 2

�
ð−1Þ 2

α−2z2ðκzÞ2ð2−αÞα−2 Γ
�
−

2

α − 2
;−ðκzÞ2−α

��
; ð7:3Þ

where Y1;2 are integration constants and Γðu; vÞ ¼R
∞
v tu−1e−tdt is the incomplete gamma function. As a
consistency check, we consider the general solution (7.3)
in the limit α → 0 and apply the boundary conditions
outlined earlier in this section, yielding

AtðzÞ ¼ Y2 þ Y1

eκ
2z2

2κ2
⇒ AtðzÞ ¼ μ

eκ
2z2h − eκ

2z2

eκ
2z2h − 1

: ð7:4Þ

We readily see that, in this limit, our general solution to
AtðzÞ reproduces what was found in [90], where a quadratic
dilaton profile was implied.

To apply the given boundary conditions to Eq. (7.3), with
α ≠ 0, we found it was better to introduce a small positive
number δ (to impose the asymptotic boundary condition,
where z → δ) and after the computations take the limit
δ → 0. This procedure gives us the following constants of
integration:

Y2 ¼
μ

1 − Γð− 2
α−2;−ðκδÞ2−αÞ

Γð− 2
α−2;−ðκzhÞ2−αÞ

; ð7:5Þ

Y1 ¼
−μð−1Þ− 2

α−2ðα − 2Þðκ2zhδÞ 2α
α−2

z2hðκzhÞ
4

α−2ðκδÞ 2α
α−2Γ
�
− 2

α−2 ;−ðκzhÞ2−α
�
− κ

4
α−2ðκzhδÞ 2α

α−2Γ
�
− 2

α−2 ;−ðκδÞ2−α
� : ð7:6Þ

Substituting these constants into (7.3) and taking the limit δ → 0 gives the full solution to AtðzÞ

AtðzÞ ¼ μlim
δ→0

Γ
�
− 2

α−2 ;−ðκzÞ2−α
�
− Γ
�
− 2

α−2 ;−ðκzhÞ2−α
�

Γ
�
− 2

α−2 ;−ðκδÞ2−α
�
− Γ
�
− 2

α−2 ;−ðκzhÞ2−α
� ð7:7Þ

¼ μþ μ
Γ
�
− 2

α−2

�
− Γ
�
− 2

α−2 ;−ðκzÞ2−α
�

Γ
�
− 2

α−2 ;−ðκzhÞ2−α
�
− Γ
�
− 2

α−2

� : ð7:8Þ
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This full form of AtðzÞ is quite intricate and we need to
approximate the incomplete gamma function in some
way to introduce AtðzÞ in Eq. (2.10) to solve for gðzÞ.
To do so, we use the following series expansion (for small u
and v):

Γðu; vÞ ¼ ΓðuÞ −
X∞
n¼0

ð−1Þnvnþu

n!ðuþ nÞ : ð7:9Þ

In Fig. 22 we plot AtðzÞ for different orders of approxi-
mation to Γðu; vÞ. We can see then that higher orders in
Γðu; vÞ produce better approximations to AtðzÞ. If we
choose lower values for the model parameters, like the
hybrid meson one, the first order is considered sufficient
to continue the calculations. From now on we use the
following AtðzÞ:

AtðzÞ ¼ μ − μ
ð zzhÞ2−α½ðα − 4ÞðκzÞα − 2κ2z2�

ðα − 4ÞðκzhÞα − 2κ2z2h
: ð7:10Þ

B. Analytic formula for gðzÞ
Using Eq. (7.10) to AtðzÞ, the equation of motion for the

metric, Eq. (2.10), becomes

0 ¼ g00 −
3ð4þ cz2Þ

4z
g0 − 4μ2z2e

3cz2
8
−ðκzÞ2−α z

2−2α½κ2z2 þ ðκzÞα�2z2α−4h ðα − 4Þ2
½ðκzhÞαðα − 4Þ − 2κ2z2h�2

: ð7:11Þ

The boundary conditions of Eq. (7.11) are so that gðzÞ
must vanish at the horizon, gðzhÞ ¼ 0, and become unity at
the holographic boundary, gð0Þ ¼ 1. To compute Eq. (7.11)
with such boundary conditions, the Taylor series expansion
of exp ½3cz2

8
− ðκzÞ2−α� can be implemented to first order, to

eliminate such exponential from the differential equation.
After doing all these approximations, the problem remains
barely analytically tractable. We could then find a solution
to gðzÞ that depend on the generic set of parameters μ, α, κ,

c, and zh. Even so, we should say that for larger values of
these parameters, especially κ (that correlates with bigger
α), the derived quantities may be inflicted with larger
errors. We then focus, for the rest of this section, on
computing the finite density corrections to the hybrid
meson (κ ¼ 0.468 GeV and α ¼ 0.034) spectral functions.
The calculated gðzÞ contains hundreds of terms. Just for
reference, we show a few of those terms

gðzÞ ¼ αμ2e
3cz2
8

221−
9α
2 3−6þ3α

2 c−6þα
2ðckÞαk6z2α−4h Γ

�
4 − 3α

2
; 3cz

2

8

�
½2k2z2h − ðkzhÞαðα − 4Þ�2 − α2μ2z2e

3cz2
8

210−
3α
2 3

α
2
−3c

α
2
−3k2−α

�
1
kzh

�
−2α

Γ
�
3 − α

2
; 3cz

2

8

�
z4hð2k2z2h − ðkzhÞαðα − 4ÞÞ2

þ μ2z6−3α
4096k2−αðkzzhÞ2α

3cz4h½2k2z2h − ðkzhÞαðα − 4Þ�2ðα − 8Þðα − 6Þ þ � � � ð7:12Þ

Figure 23 shows the radial profile of gðzÞ for some values
of chemical potential μ. We define g0ðzÞ as the metric
calculated earlier at zero chemical potential, shown in
Eq. (4.1). We refer to gðzÞ as the now calculated metric
shown in Eq. (7.12).
From Fig. 23 we can clearly see that the calculated

metric at nonzero chemical potential reproduces the metric
calculated at μ ¼ 0 as their curves overlap. We notice the
deformation of the curves as we increase μ. We use this

computed metric (7.12) in the next sections to analyze its
thermodynamical proprieties and calculate how the μ
affects the mesonic melting process.

C. Thermodynamical analysis

With the expression of gðzÞ at hand we can analyze
the thermodynamical structure of the gravity solution at
finite density. Our findings are quite similar to those

FIG. 22. AtðzÞ approximation to 3rd order in Γðu; vÞ with
parameters zh ¼ 3 GeV−1, μ ¼ 0.5 GeV, k ¼ 0.8 GeV, and
α ¼ 0.5.
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of [65]. The results are shown in Figs. 24 and 25. Here, T0

is defined as the temperature corresponding to the choice
g0ðzÞ. Figure 24 shows that, again, that temperature agrees
with the case of gðzÞ if μ ¼ 0 is taken into account.

The thermodynamic structure at finite chemical potential
becomes drastically different from its uncharged counter-
part. For small but finite μ, there now exist three black hole
branches—large, small, and intermediate—instead of two.
For large and small black hole branches, the temperature
decreases with zh. These two branches exhibit positive
specific heat and are thermodynamically stable. Whereas,
for the intermediate branch, the temperature increases with
zh. This branch exhibits negative specific heat and, accord-
ingly, it is thermodynamically unstable. As μ increases, the
size of the intermediate branch shrinks and the large and
small black hole branches come close to each other. At a
certain critical value of the chemical potential μ ¼ μc, the
intermediate branch completely disappears and the small
and large black hole branches merge to form a single black
hole branch. For μ > μc, only one black hole branch
remains which becomes extremal at some horizon radius.
The corresponding free energy behavior is shown in

Fig. 25. Here, the black hole free energy is normalized
again with respect to the thermal-AdS. For μ < μc, the free
energy exhibits a swallow-tail like structure, indicating a
first-order phase transition. In particular, the free energy
of large/small black hole phases is minimal for high/low
temperatures. This suggests a first-order phase transition
between the large and small black hole phases as the
temperature is varied. The corresponding transition temper-
ature turns out to be decreasing with μ. The intermediate
phase, forming the base of the swallow-tail, always has
higher free energy than the large and small black hole
phases and is thermodynamically disfavored at all temper-
atures. At μ ¼ μc, the large and small black hole phases
merge together and the first-order phase transition between
them ceases to exist. The μc, therefore, defines a second-
order critical point at which the first-order phase transition
line between the small/large black hole phases stops. This,
at least qualitatively, reflects what one expects for genuine
(lattice) QCD at finite density/temperature [105,106]. This
being said, more recent lattice computations with 2þ 1þ 1
dynamical quarks with realistic masses, [107,108], were
not able to locate a critical end point. On the other hand,
a recent alternative class of holographic models,3 combined
with aforementioned lattice data, [107], did gave statistical
evidence of an end point, see [109].
The above situation is analogous to the famous van der

Waal’s type phase transition observed in ordinary liquid-
gas thermodynamic systems. For μ > μc, only one black
hole phase exists which remains thermodynamically
favored at all temperatures, i.e., its free energy is always
negative. The overall thermodynamic phase structure at
finite μ is shown in Fig. 26.
In the dual boundary theory, the small and large black

hole phases correspond to the specious-confined and

FIG. 24. Temperature as a function of zh for various μ using the
hybrid meson parameters.

FIG. 25. The thermal profile of the free energy difference
ΔFðTÞ for various values of μ. Here hybrid meson parameters
are used.

FIG. 23. The radial profile of gðzÞ for various μ using the hybrid
meson parameters. Here zh ¼ 2 is used.

3Also Einstein-Maxwell-dilaton based, without dynamical
flavors.
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deconfined phases [65], respectively. In particular, the
small black hole phase does not represent true confinement
(which would typically be dual to a horizonless geometry at
zero temperature) because its Polyakov loop expectation
value, while extremely small, is still nonzero. It does,
however, exhibit linear confinement at large distances and
low temperatures. Due to this distinction, this phase is
referred to as the specious-confined phase rather than
simply the confined phase. On the gravity side, the
presence of a small black hole in the specious-confined
phase introduces a well-defined notion of temperature.
Given this, it will be interesting to examine the thermal
behavior of the melting process in both specious-confined
and deconfined phases.

D. Effective potential and spectral functions
at finite μ

As we now have a formula for gðzÞ that explicitly
depends on μ, we can consider how a finite density
configuration affects the melting process. For the hybrid
meson parameters, we plug the newfound metric into the
fluctuation’s equation of motion (4.5) to find how μ
changes the effective potential (Fig. 27) for a given fixed
temperature, T ¼ 270 MeV in this case.
We observe that the increase in μ has a similar effect as

the increase in temperature, evidenced by comparing
Fig. 27 with Figs. 18–21. Given so, the effective potential
indicates that the introduction of a chemical potential
speeds up the melting process.
If we apply the numerical procedure outlined in Sec. V

to compute the spectral functions4 for this finite density
system, we are able to compute and plot the spectral

functions, for a fixed T ¼ 270 MeV temperature, and see
how the peaks change as μ becomes larger (Fig. 28).
Figure 28, the computed spectral functions for hybrid

mesons, shows that, as μ increases, the peaks not only
broaden out but also the distance between the consecutive
peaks increases. This indicates, as the effective potential
demonstrated, the melting process occurring more rapidly.
This implies that the medium at higher baryon density also
melts the resonances—much the same way a hot medium
does at zero density. Even at a fixed temperature, raising μ
can cause these once-sharp excitations to lose their strength
and ultimately dissolve into the continuum. The fact that
one still sees fairly well-defined peaks for small to
moderate μ means that the mesonic states are not immedi-
ately destroyed at low density, but eventually, at sufficiently
large μ, they do disappear, signaling the loss of a well-
defined bound state in a dense medium.
It is also interesting to investigate the spectral function in

the spacious-confined phase, corresponding to a small
black hole phase on the dual gravity side. For this purpose,

FIG. 27. Effective potential VðzÞ, (4.6), at T ¼ 270 MeV as a
function of r� for various values of μ. Hybrid meson parameters
(seen in Table IV) are used here.

FIG. 28. Spectral functions at T ¼ 270 MeV for various values
of μ computed for hybrid meson parameters (seen in Table IV).

FIG. 26. Tc as a function of μ: For small values of μ, a first-
order phase transition occurs between the large and small black
hole phases. This first-order phase transition line terminates at a
second-order critical point.

4In this case, the Padé-like approximant becomes unnecessary
as the function fðzÞ does not contain the hyperbolic tangent term.
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we choose the parameters μ ¼ 0.1 GeV and T ¼ 0.1 GeV,
well within the small black hole geometry (large zh), and
apply the already developed numerical procedure. The
result is shown in Fig. 29.
We can clearly see that the spectral function exhibits a

large number of very sharp and localized peaks in the
specious-confined phase. This is what one should expect
since this mimicking of confined QCD should generate
sharp and well-defined states, compatible with one
expects from genuine QCD at low scales. The same
behavior is observed at small temperatures in the spe-
cious-confined phase for other values of μ as well. In the
limit of zero temperature and chemical potential, the
spectral function is a collection of delta functions cen-
tered at the particle’s masses.
The above specious-confined phase result is in contrast

with what is seen in the deconfined phase. In Fig. 28, where
we have a considerably smaller zh, the peaks are more
spurious and broader, compared to what is seen on Fig. 29.
This signals the melting of the states in the finite density
plasma.
We conclude then, from the spectral functions compu-

tations, that the small black hole phase represents well
defined, nonmelted, states and the large black hole phase
represents, at least for high enough temperatures and
chemical potentials, nonwell-defined, melted, states.
One important thing to be noticed is that despite the

large/small black hole geometry transition being regarded
as a first order phase transition, we see that this does not
correspond to substantial variations to the spectral func-
tions near the transition point. We observe a gradual and
smooth transition from the confined states to the melted
states. In other words, to be able to see the clear differences
in geometries—at least from the perspective of the spectral
functions—that reproduce the different QCD matter
phases, we have to go “deep” into the large/small geom-
etries so that we examine a “very small” (low temperature)
and “very large” (high temperature) black hole.

To illustrate this, in Fig. 30, we plot the spectral functions
near the transition temperature for μ ¼ 0.18 GeV, that
corresponds to Tc ¼ 0.25 GeV, in both large (T ¼ 1.01Tc)
and small (T ¼ 0.99Tc) black hole configurations.

FIG. 30. Spectral functions around the critical temperature for
μ ¼ 0.1 GeV, large and small black hole phase.

FIG. 31. Phase structure near the critical end point.

FIG. 29. Spectral function in the small black hole geometry.
Here μ ¼ 0.1 GeV and T ¼ 0.1 GeV are used.

FIG. 32. Spectral functions around the critical end point.
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One other point of interest is the critical end point (the
blue point at the end of the phase structure curve, shown in
Fig. 26) that defines where, in parameter space, the two
black hole phases merge to form a single stable black hole
that exist for all temperatures.
We then also investigate how the spectral functions

change near this critical point ðμc; TcÞ ∼ ð0.22 GeV;
0.24 GeVÞ. In Fig. 31 we show, in the μ × Tc plane, the
chosen points of interest, near the critical end point, and, in
Fig. 32, the corresponding spectral functions at these points.
Again, we observe a smooth change in the spectral

functions near the point where the distinct black hole
geometries merge together so the comments made earlier
for Fig. 30 still persist.

VIII. CONCLUSION

In this work, we have developed a self-consistent
dynamical holographic QCD model within the Einstein-
Maxwell-dilaton (EMD) framework to investigate the
properties of heavy and exotic mesons at finite temperature
and baryon density. By solving the coupled EMD equations
analytically, we constructed a mathematically consistent
holographic dual of QCD that mimics essential features
of real QCD such as confinement, deconfinement, and
mesonic melting. This approach successfully incorporated
a nonquadratic dilaton profile to describe nonlinear Regge
trajectories that better match the mass spectrum predictions
for heavy mesons and models exotic states. The numeri-
cally obtained spectra demonstrated good agreement with
experimental data, reinforcing the validity of the holo-
graphic framework.
At finite temperature, the confinement-deconfinement

transition was analyzed through a Hawking-Page phase
transition, revealing the sequential melting of mesons as the
temperature increased. This was further confirmed by the
computation of spectral functions, where the broadening
and eventual disappearance of spectral peaks indicated
the dissolution of mesonic states. The deformation of the
Schrödinger-like effective potential with temperature rein-
forced the conclusion that bound mesonic states to desta-
bilize in a hot QCD medium.
Significantly, in the final section, we extended the

analysis to a finite density plasma by introducing a nonzero
chemical potential μ. Here, we observed that increasing the
baryon chemical potential had a profound effect on meson
stability. The spectral functions revealed a faster broad-
ening and disappearance of peaks compared to the finite-
temperature case, indicating an accelerated melting process
in a dense medium. This suggests that the presence of a
baryonic background leads to more rapid dissociation of
mesonic states, a phenomenon that is particularly relevant
for heavy-ion collision experiments and the study of the
quark-gluon plasma (QGP) in neutron star mergers.
A critical aspect of the finite-density analysis was the

distinction between small and large black hole phases in the

dual gravitational theory and their impact on mesonic
states. The small black hole phase, at sufficiently low
temperatures, shows that the spectral function exhibits the
presence of bound states, characterized by well-defined
sharp peaks. This phase is associated with a confinedlike
regime where mesonic states persist. The large black hole
phase, at sufficiently high temperatures, corresponds to the
full deconfinement of quark matter. In this regime, the
spectral function loses all well-defined peaks, signaling
the complete dissolution of mesons into the QGP. The
transition between these two black hole solutions provides
a geometric analog of the quarkyonic transition, where
matter shifts from a phase dominated by hadronic degrees
of freedom to a deconfined quark state. The spectral
function evolution clearly illustrates this transition, at least
their behavior is quite distinctive when “deep enough” in
either one of the phases, making the spectral functions a
valuable tool for studying QCD at finite temperatures and
density. For completeness we note that the spectral func-
tions do not immediately undergo any sudden change when
crossing the transition.
A natural next step using this framework is to compute

real-time transport coefficients in the hydrodynamic limit.
It would be interesting to see how the transport coefficients
of heavy mesons are affected by this EMD model that
incorporates a nonquadratic Regge trajectory.
An appropriate perspective includes using gauge/gravity

duality, in the context developed heretofore in this work,
to also describe pentaquarks [110]. Near-threshold photo-
production of charmonium and charmonium-like states
was used in the direct production of the hidden-charm
Pcð4312Þþ, Pcð4380Þþ, Pcð4440Þþ, and Pcð4457Þþ, char-
monium-pentaquarks observed by LHCb [111,112]. In
addition, the recent discovery of the Pψsð4338Þ0, whose
composition consists of udscc̄ quarks [113], represents the
first confirmed pentaquark containing a strange quark, and
it needs to be better understood. Our developments may
shed some new light on these pentaquarks and other exotic
charmoniumlike states composing tetraquarks and hadronic
molecules, and their nature.

ACKNOWLEDGMENTS

B. T. thanks the São Paulo Research Foundation—
FAPESP (Grants No. 2023/09097-9 and No. 2022/
15325-1) for financial support. R. d. R thanks FAPESP
(Grants No. 2021/01089-1 and No. 2024/05676-7), and
CNPq (Grants No. 303742/2023-2 and No. 401567/2023-0),
for partial financial support. The work of S. S. J. is
supported by Grant No. 09/983(0045)/2019-EMR-I from
CSIR-HRDG, India. The work of S. M. is supported by the
core research grant from the Science and Engineering
Research Board, a statutory body under the Department
of Science and Technology, Government of India, under
Grant Agreement No. CRG/2023/007670.

BRUNO TONIATO et al. PHYS. REV. D 111, 126021 (2025)

126021-22



DATA AVAILABILITY

The data are not publicly available. The data are available from the authors upon reasonable request.

[1] A. Karch, E. Katz, D. T. Son, and M. A. Stephanov, Linear
confinement and AdS/QCD, Phys. Rev. D 74, 015005
(2006).

[2] T. Branz, T. Gutsche, V. E. Lyubovitskij, I. Schmidt, and A.
Vega, Light and heavy mesons in a soft-wall holographic
approach, Phys. Rev. D 82, 074022 (2010).

[3] P. Colangelo, F. De Fazio, F. Giannuzzi, F. Jugeau, and
S. Nicotri, Light scalar mesons in the soft-wall model of
AdS/QCD, Phys. Rev. D 78, 055009 (2008).

[4] S. J. Brodsky, G. F. de Teramond, H. G. Dosch, and J.
Erlich, Light-front holographic QCD and emerging con-
finement, Phys. Rep. 584, 1 (2015).

[5] J. Erlich, E. Katz, D. T. Son, and M. A. Stephanov, QCD
and a holographic model of hadrons, Phys. Rev. Lett. 95,
261602 (2005).

[6] T. Sakai and S. Sugimoto, Low energy hadron physics in
holographic QCD, Prog. Theor. Phys. 113, 843 (2005).

[7] T. Sakai and S. Sugimoto, More on a holographic dual of
QCD, Prog. Theor. Phys. 114, 1083 (2005).

[8] R. Rougemont, J. Grefa, M. Hippert, J. Noronha, J.
Noronha-Hostler, I. Portillo, and C. Ratti, Hot QCD phase
diagram from holographic Einstein–Maxwell–dilaton
models, Prog. Part. Nucl. Phys. 135, 104093 (2024).

[9] J. M. Maldacena, The largeN limit of superconformal field
theories and supergravity, Adv. Theor. Math. Phys. 2, 231
(1998).

[10] E. Witten, Anti-de Sitter space and holography, Adv.
Theor. Math. Phys. 2, 253 (1998).

[11] S. S. Gubser, I. R. Klebanov, and A.M. Polyakov, Gauge
theory correlators from noncritical string theory, Phys.
Lett. B 428, 105 (1998).

[12] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and
Y. Oz, Large N field theories, string theory and gravity,
Phys. Rep. 323, 183 (2000).

[13] M. Ammon and J. Erdmenger, Gauge/Gravity Duality:
Foundations and Applications (Cambridge University
Press, Cambridge, England, 2015), 10.1017/
CBO9780511846373.

[14] S. S. Afonin, Bottom-up holographic approach to meson
spectroscopy, Phys. Part. Nucl. 53, 96 (2022).

[15] W. de Paula and T. Frederico, Scalar mesons within a
dynamical holographic QCD model, Phys. Lett. B 693,
287 (2010).

[16] A. Ballon-Bayona, H. Boschi-Filho, L. A. H. Mamani,
A. S. Miranda, and V. T. Zanchin, Effective holographic
models for QCD: Glueball spectrum and trace anomaly,
Phys. Rev. D 97, 046001 (2018).

[17] A. Ballon-Bayona, L. A. H. Mamani, and D. M.
Rodrigues, Spontaneous chiral symmetry breaking in
holographic soft wall models, Phys. Rev. D 104, 126029
(2021).

[18] G. Karapetyan, W. de Paula, and R. da Rocha, Configu-
rational information measure of mesonic states in 4-flavor
AdS/QCD, Phys. Lett. B 846, 138174 (2023).

[19] S. P. Bartz, A. Dhumuntarao, and J. I. Kapusta, Dyna-
mical AdS/Yang-Mills model, Phys. Rev. D 98, 026019
(2018).

[20] A. Ballon-Bayona, T. Frederico, L. A. H. Mamani, and W.
de Paula, Dynamical holographic QCD model for sponta-
neous chiral symmetry breaking and confinement, Phys.
Rev. D 108, 106016 (2023).

[21] I. Aref’eva and K. Rannu, Holographic anisotropic back-
ground with confinement-deconfinement phase transition,
J. High Energy Phys. 05 (2018) 206.

[22] I. Y. Aref’eva, A. Hajilou, P. Slepov, and M. Usova,
Running coupling for holographic QCD with heavy and
light quarks: Isotropic case, Phys. Rev. D 110, 126009
(2024).

[23] J. Erdmenger, N. Evans, W. Porod, and K. S. Rigatos,
Gauge/gravity dual dynamics for the strongly coupled
sector of composite Higgs models, J. High Energy Phys.
02 (2021) 058.

[24] U. Gursoy and E. Kiritsis, Exploring improved holo-
graphic theories for QCD: Part I, J. High Energy Phys.
02 (2008) 032.

[25] U. Gursoy, E. Kiritsis, and F. Nitti, Exploring improved
holographic theories for QCD: Part II, J. High Energy
Phys. 02 (2008) 019.

[26] U. Gursoy, E. Kiritsis, L. Mazzanti, G. Michalogiorgakis,
and F. Nitti, Improved holographic QCD, From Gravity to
Thermal Gauge Theories: The AdS/CFT Correspondence,
Lecture Notes in Physics (Springer, Berlin, Heidelberg,
2011), Vol. 828, p. 79.

[27] S. He, S.-Y. Wu, Y. Yang, and P.-H. Yuan, Phase structure
in a dynamical soft-wall holographic QCD model, J. High
Energy Phys. 04 (2013) 093.

[28] T. Alho, M. Järvinen, K. Kajantie, E. Kiritsis, C. Rosen,
and K. Tuominen, A holographic model for QCD in the
Veneziano limit at finite temperature and density, J. High
Energy Phys. 04 (2014) 124.

[29] J. Alanen, K. Kajantie, and V. Suur-Uski, A gauge/gravity
duality model for gauge theory thermodynamics, Phys.
Rev. D 80, 126008 (2009).

[30] C. Csaki and M. Reece, Toward a systematic holographic
QCD: A braneless approach, J. High Energy Phys. 05
(2007) 062.

[31] T. Gherghetta, J. I. Kapusta, and T. M. Kelley, Chiral
symmetry breaking in the soft-wall AdS/QCD model,
Phys. Rev. D 79, 076003 (2009).

[32] S. P. Bartz, R. C. Meadows, and G. Brock, Chiral phase
transition in soft-wall AdS/QCD with scalar-dilaton cou-
pling, Phys. Rev. D 110, 026027 (2024).

HOLOGRAPHIC QCD MODEL FOR HEAVY AND EXOTIC MESONS … PHYS. REV. D 111, 126021 (2025)

126021-23

https://doi.org/10.1103/PhysRevD.74.015005
https://doi.org/10.1103/PhysRevD.74.015005
https://doi.org/10.1103/PhysRevD.82.074022
https://doi.org/10.1103/PhysRevD.78.055009
https://doi.org/10.1016/j.physrep.2015.05.001
https://doi.org/10.1103/PhysRevLett.95.261602
https://doi.org/10.1103/PhysRevLett.95.261602
https://doi.org/10.1143/PTP.113.843
https://doi.org/10.1143/PTP.114.1083
https://doi.org/10.1016/j.ppnp.2023.104093
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1017/CBO9780511846373
https://doi.org/10.1017/CBO9780511846373
https://doi.org/10.1134/S1063779622020034
https://doi.org/10.1016/j.physletb.2010.08.045
https://doi.org/10.1016/j.physletb.2010.08.045
https://doi.org/10.1103/PhysRevD.97.046001
https://doi.org/10.1103/PhysRevD.104.126029
https://doi.org/10.1103/PhysRevD.104.126029
https://doi.org/10.1016/j.physletb.2023.138174
https://doi.org/10.1103/PhysRevD.98.026019
https://doi.org/10.1103/PhysRevD.98.026019
https://doi.org/10.1103/PhysRevD.108.106016
https://doi.org/10.1103/PhysRevD.108.106016
https://doi.org/10.1007/JHEP05(2018)206
https://doi.org/10.1103/PhysRevD.110.126009
https://doi.org/10.1103/PhysRevD.110.126009
https://doi.org/10.1007/JHEP02(2021)058
https://doi.org/10.1007/JHEP02(2021)058
https://doi.org/10.1088/1126-6708/2008/02/032
https://doi.org/10.1088/1126-6708/2008/02/032
https://doi.org/10.1088/1126-6708/2008/02/019
https://doi.org/10.1088/1126-6708/2008/02/019
https://doi.org/10.1007/JHEP04(2013)093
https://doi.org/10.1007/JHEP04(2013)093
https://doi.org/10.1007/JHEP04(2014)124
https://doi.org/10.1007/JHEP04(2014)124
https://doi.org/10.1103/PhysRevD.80.126008
https://doi.org/10.1103/PhysRevD.80.126008
https://doi.org/10.1088/1126-6708/2007/05/062
https://doi.org/10.1088/1126-6708/2007/05/062
https://doi.org/10.1103/PhysRevD.79.076003
https://doi.org/10.1103/PhysRevD.110.026027


[33] N. R. F. Braga and L. F. Ferreira, Bottomonium dissocia-
tion in a finite density plasma, Phys. Lett. B 773, 313
(2017).

[34] L. F. Ferreira and R. da Rocha, Pion family in AdS/QCD:
The next generation from configurational entropy, Phys.
Rev. D 99, 086001 (2019).

[35] R. da Rocha, Deploying heavier η meson states: Configu-
rational entropy hybridizing AdS/QCD, Phys. Lett. B 814,
136112 (2021).

[36] L. F. Ferreira and R. da Rocha, Tensor mesons, AdS/QCD
and information, Eur. Phys. J. C 80, 375 (2020).

[37] N. R. F. Braga, L. F. Ferreira, and R. da Rocha, Thermal
dissociation of heavy mesons and configurational entropy,
Phys. Lett. B 787, 16 (2018).

[38] N. R. F. Braga, L. F. Ferreira, and O. C. Junqueira, Con-
figuration entropy of a rotating quark-gluon plasma from
holography, Phys. Lett. B 847, 138265 (2023).

[39] P. Colangelo and F. Loparco, Configurational entropy can
disentangle conventional hadrons from exotica, Phys. Lett.
B 788, 500 (2019).

[40] L. F. Ferreira and R. da Rocha, Nucleons and higher spin
baryon resonances: An AdS/QCD configurational entropic
incursion, Phys. Rev. D 101, 106002 (2020).

[41] A. E. Bernardini and R. da Rocha, Informational entropic
Regge trajectories of meson families in AdS/QCD, Phys.
Rev. D 98, 126011 (2018).

[42] N. Barbosa-Cendejas, R. Cartas-Fuentevilla, A. Herrera-
Aguilar, R. R. Mora-Luna, and R. da Rocha, Dynamical
tachyonic AdS/QCD and information entropy, Phys. Lett.
B 782, 607 (2018).

[43] R. da Rocha, Information entropy in AdS/QCD: Mass
spectroscopy of isovector mesons, Phys. Rev. D 103,
106027 (2021).

[44] R. da Rocha and P. H. O. Silva, Deformed AdS/QCD,
mesonic mass spectra, and the differential configurational
entropy: Still a margin for heavier resonances, Phys. Rev.
D 110, 126019 (2024).

[45] M. A. Martin Contreras and A. Vega, Nonlinear Regge
trajectories with AdS/QCD, Phys. Rev. D 102, 046007
(2020).

[46] G. Karapetyan and R. da Rocha, Configurational entropy
of heavy-quark QCD exotica, Eur. Phys. J. Plus 136, 993
(2021).

[47] M. A. Martin Contreras and A. Vega, Holographic stability
for non-qq̄ candidates, Phys. Rev. D 108, 126024 (2023).

[48] O. DeWolfe, S. S. Gubser, and C. Rosen, A holographic
critical point, Phys. Rev. D 83, 086005 (2011).

[49] O. DeWolfe, S. S. Gubser, and C. Rosen, Dynamic critical
phenomena at a holographic critical point, Phys. Rev. D
84, 126014 (2011).

[50] R. Rougemont, J. Noronha, and J. Noronha-Hostler,
Suppression of baryon diffusion and transport in a baryon
rich strongly coupled quark-gluon plasma, Phys. Rev. Lett.
115, 202301 (2015).

[51] J. Noronha, Connecting Polyakov loops to the thermody-
namics of SUðNcÞ gauge theories using the gauge-string
duality, Phys. Rev. D 81, 045011 (2010).

[52] J. Noronha, The heavy quark free energy in QCD and in
gauge theories with gravity duals, Phys. Rev. D 82, 065016
(2010).

[53] S. He, S.-Y. Wu, Y. Yang, and P.-H. Yuan, Phase structure
in a dynamical soft-wall holographic QCD Model, J. High
Energy Phys. 04 (2013) 093.

[54] A. Ballon-Bayona, H. Boschi-Filho, E. F. Capossoli,
and D. M. Rodrigues, Criticality from Einstein-Maxwell-
dilaton holography at finite temperature and density, Phys.
Rev. D 102, 126003 (2020).

[55] S. S. Gubser, A. Nellore, S. S. Pufu, and F. D. Rocha,
Thermodynamics and bulk viscosity of approximate black
hole duals to finite temperature quantum chromodynamics,
Phys. Rev. Lett. 101, 131601 (2008).

[56] H. Bohra, D. Dudal, A. Hajilou, and S. Mahapatra,
Anisotropic string tensions and inversely magnetic cata-
lyzed deconfinement from a dynamical AdS/QCD model,
Phys. Lett. B 801, 135184 (2020).

[57] H. Bohra, D. Dudal, A. Hajilou, and S. Mahapatra, Chiral
transition in the probe approximation from an Einstein-
Maxwell-dilaton gravity model, Phys. Rev. D 103, 086021
(2021).

[58] D. Dudal, A. Hajilou, and S. Mahapatra, A quenched
2-flavour Einstein–Maxwell–dilaton gauge-gravity model,
Eur. Phys. J. A 57, 142 (2021).

[59] R.-G. Cai, S. He, and D. Li, A hQCD model and its phase
diagram in Einstein-Maxwell-dilaton system, J. High
Energy Phys. 03 (2012) 033.

[60] Y. Yang and P.-H. Yuan, Confinement-deconfinement
phase transition for heavy quarks in a soft wall holo-
graphic QCD model, J. High Energy Phys. 12 (2015) 161.

[61] A. J. Ferreira-Martins, P. Meert, and R. da Rocha, De-
formed AdS4–Reissner–Nordström black branes and shear
viscosity-to-entropy density ratio, Eur. Phys. J. C 79, 646
(2019).

[62] S. S. Jena, B. Shukla, D. Dudal, and S. Mahapatra,
Entropic force and real-time dynamics of holographic
quarkonium in a magnetic field, Phys. Rev. D 105,
086011 (2022).

[63] B. Shukla, D. Dudal, and S. Mahapatra, Anisotropic and
frame dependent chaos of suspended strings from a
dynamical holographic QCD model with magnetic field,
J. High Energy Phys. 06 (2023) 178.

[64] B. Shukla, J. Nongmaithem, D. Dudal, and S. Mahapatra,
Interplay of magnetic field and chemical potential indu-
ced anisotropy and frame dependent chaos of a QQ̄
pair in holographic QCD, Phys. Rev. D 111, 106002
(2025).

[65] D. Dudal and S. Mahapatra, Thermal entropy of a quark-
antiquark pair above and below deconfinement from a
dynamical holographic QCD model, Phys. Rev. D 96,
126010 (2017).

[66] S. He, M. Huang, Q.-S. Yan, and Y. Yang, Confront
holographic QCD with Regge trajectories, Eur. Phys. J. C
66, 187 (2010).

[67] M. Rinaldi, Double parton correlations in mesons within
AdS/QCD soft-wall models: A first comparison with
lattice data, Eur. Phys. J. C 80, 678 (2020).

[68] S. S. Afonin and I. V. Pusenkov, Universal description of
radially excited heavy and light vector mesons, Phys. Rev.
D 90, 094020 (2014).

[69] J.-K. Chen, Regge trajectories for the mesons consisting of
different quarks, Eur. Phys. J. C 78, 648 (2018).

BRUNO TONIATO et al. PHYS. REV. D 111, 126021 (2025)

126021-24

https://doi.org/10.1016/j.physletb.2017.08.037
https://doi.org/10.1016/j.physletb.2017.08.037
https://doi.org/10.1103/PhysRevD.99.086001
https://doi.org/10.1103/PhysRevD.99.086001
https://doi.org/10.1016/j.physletb.2021.136112
https://doi.org/10.1016/j.physletb.2021.136112
https://doi.org/10.1140/epjc/s10052-020-7978-7
https://doi.org/10.1016/j.physletb.2018.10.036
https://doi.org/10.1016/j.physletb.2023.138265
https://doi.org/10.1016/j.physletb.2018.11.053
https://doi.org/10.1016/j.physletb.2018.11.053
https://doi.org/10.1103/PhysRevD.101.106002
https://doi.org/10.1103/PhysRevD.98.126011
https://doi.org/10.1103/PhysRevD.98.126011
https://doi.org/10.1016/j.physletb.2018.06.007
https://doi.org/10.1016/j.physletb.2018.06.007
https://doi.org/10.1103/PhysRevD.103.106027
https://doi.org/10.1103/PhysRevD.103.106027
https://doi.org/10.1103/PhysRevD.110.126019
https://doi.org/10.1103/PhysRevD.110.126019
https://doi.org/10.1103/PhysRevD.102.046007
https://doi.org/10.1103/PhysRevD.102.046007
https://doi.org/10.1140/epjp/s13360-021-01942-7
https://doi.org/10.1140/epjp/s13360-021-01942-7
https://doi.org/10.1103/PhysRevD.108.126024
https://doi.org/10.1103/PhysRevD.83.086005
https://doi.org/10.1103/PhysRevD.84.126014
https://doi.org/10.1103/PhysRevD.84.126014
https://doi.org/10.1103/PhysRevLett.115.202301
https://doi.org/10.1103/PhysRevLett.115.202301
https://doi.org/10.1103/PhysRevD.81.045011
https://doi.org/10.1103/PhysRevD.82.065016
https://doi.org/10.1103/PhysRevD.82.065016
https://doi.org/10.1007/JHEP04(2013)093
https://doi.org/10.1007/JHEP04(2013)093
https://doi.org/10.1103/PhysRevD.102.126003
https://doi.org/10.1103/PhysRevD.102.126003
https://doi.org/10.1103/PhysRevLett.101.131601
https://doi.org/10.1016/j.physletb.2019.135184
https://doi.org/10.1103/PhysRevD.103.086021
https://doi.org/10.1103/PhysRevD.103.086021
https://doi.org/10.1140/epja/s10050-021-00461-4
https://doi.org/10.1007/JHEP03(2012)033
https://doi.org/10.1007/JHEP03(2012)033
https://doi.org/10.1007/JHEP12(2015)161
https://doi.org/10.1140/epjc/s10052-019-7167-8
https://doi.org/10.1140/epjc/s10052-019-7167-8
https://doi.org/10.1103/PhysRevD.105.086011
https://doi.org/10.1103/PhysRevD.105.086011
https://doi.org/10.1007/JHEP06(2023)178
https://doi.org/10.1103/PhysRevD.111.106002
https://doi.org/10.1103/PhysRevD.111.106002
https://doi.org/10.1103/PhysRevD.96.126010
https://doi.org/10.1103/PhysRevD.96.126010
https://doi.org/10.1140/epjc/s10052-010-1239-0
https://doi.org/10.1140/epjc/s10052-010-1239-0
https://doi.org/10.1140/epjc/s10052-020-8241-y
https://doi.org/10.1103/PhysRevD.90.094020
https://doi.org/10.1103/PhysRevD.90.094020
https://doi.org/10.1140/epjc/s10052-018-6134-0


[70] F.-K. Guo, C. Hanhart, U.-G. Meißner, Q. Wang, Q. Zhao,
and B.-S. Zou, Hadronic molecules, Rev. Mod. Phys. 90,
015004 (2018).

[71] R. F. Lebed, R. E. Mitchell, and E. S. Swanson, Heavy-
quark QCD exotica, Prog. Part. Nucl. Phys. 93, 143
(2017).

[72] R. Oncala and J. Soto, Heavy quarkonium hybrids:
Spectrum, decay and mixing, Phys. Rev. D 96, 014004
(2017).

[73] R. L. Jaffe, Exotica, Phys. Rep. 409, 1 (2005).
[74] Particle Data Group, Review of particle physics, Phys.

Rev. D 110, 030001 (2024).
[75] C. A. Meyer and E. S. Swanson, Hybrid mesons, Prog.

Part. Nucl. Phys. 82, 21 (2015).
[76] L. Bellantuono, P. Colangelo, and F. Giannuzzi, Exotic

JPC ¼ 1−þ mesons in a holographic model of QCD, Eur.
Phys. J. C 74, 2830 (2014).

[77] BESIII Collaboration, Observation of Zcð3900Þ0 in
eþe− → π0π0J=ψ , Phys. Rev. Lett. 115, 112003 (2015).

[78] Y. Liu, M. A. Nowak, and I. Zahed, Heavy holographic
exotics: Tetraquarks as Efimov states, Phys. Rev. D 100,
126023 (2019).

[79] S. Godfrey and S. L. Olsen, The exotic XYZ charmonium-
like mesons, Annu. Rev. Nucl. Part. Sci. 58, 51 (2008).

[80] Q.-F. Lü, D.-Y. Chen, and Y.-B. Dong, Open charm and
bottom tetraquarks in an extended relativized quark model,
Phys. Rev. D 102, 074021 (2020).

[81] LHCb Collaboration, Recent LHCb results on heavy
hadron spectroscopy, Nucl. Part. Phys. Proc. 318–323,
66 (2022).

[82] LHCb Collaboration, Observation of new resonances
decaying to J=ψKþþ and J=ψϕ, Phys. Rev. Lett. 127,
082001 (2021).

[83] S. Campanella, P. Colangelo, and F. De Fazio, Excited
heavy meson decays to light vector mesons: Implications
for spectroscopy, Phys. Rev. D 98, 114028 (2018).

[84] S. Mahapatra, S. Priyadarshinee, G. N. Reddy, and B.
Shukla, Exact topological charged hairy black holes in
AdS space in D-dimensions, Phys. Rev. D 102, 024042
(2020).

[85] S. Mahapatra and P. Roy, On the time dependence of
holographic complexity in a dynamical Einstein-dilaton
model, J. High Energy Phys. 11 (2018) 138.

[86] S. Priyadarshinee and S. Mahapatra, Analytic three-
dimensional primary hair charged black holes and thermo-
dynamics, Phys. Rev. D 108, 044017 (2023).

[87] S. Priyadarshinee, S. Mahapatra, and I. Banerjee, Analytic
topological hairy dyonic black holes and thermodynamics,
Phys. Rev. D 104, 084023 (2021).

[88] A. Daripa and S. Mahapatra, Analytic three-dimensional
primary hair charged black holes with Coulomb-like
electrodynamics and their thermodynamics, Phys. Rev.
D 109, 124039 (2024).

[89] M. A. Martin Contreras, S. Diles, and A. Vega, Heavy
quarkonia spectroscopy at zero and finite temperature
in bottom-up AdS/QCD, Phys. Rev. D 103, 086008
(2021).

[90] L. A. H. Mamani, D. Hou, and N. R. F. Braga, Melting of
heavy vector mesons and quasinormal modes in a finite

density plasma from holography, Phys. Rev. D 105,
126020 (2022).

[91] C. P. Herzog, A holographic prediction of the deconfine-
ment temperature, Phys. Rev. Lett. 98, 091601 (2007).

[92] J.-K. Chen, Regge trajectories for the mesons consisting of
different quarks, Eur. Phys. J. C 78, 648 (2018).

[93] M. D. Scadron, R. Delbourgo, and G. Rupp, Constituent
quark masses and the electroweak standard model, J. Phys.
G 32, 735 (2006).

[94] N. R. F. Braga, L. F. Ferreira, and A. Vega, Holographic
model for charmonium dissociation, Phys. Lett. B 774, 476
(2017).

[95] B. Lucini, M. Teper, and U. Wenger, The high temperature
phase transition in SUðNÞ gauge theories, J. High Energy
Phys. 01 (2004) 061.

[96] W.-S. Hou, C.-S. Luo, and G.-G. Wong, Glueball states in
a constituent gluon model, Phys. Rev. D 64, 014028
(2001).

[97] D. Dudal and T. G. Mertens, Radiation gauge in AdS/
QCD: Inadmissibility and implications on spectral func-
tions in the deconfined phase, Phys. Lett. B 751, 352
(2015).

[98] S. S. Jena, J. Barman, B. Toniato, D. Dudal, and S.
Mahapatra, A dynamical Einstein-Born-Infeld-dilaton
model and holographic quarkonium melting in a magnetic
field, J. High Energy Phys. 12 (2024) 096.

[99] G. A. Baker and P. Graves-Morris, Padé Approximants,
2nd ed., Encyclopedia of Mathematics and Its Applications
(Cambridge University Press, Cambridge, England, 1996).

[100] A. Iserles, On the generalized Padé approximations to the
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