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Q-balls are large bound-state systems of scalar particles, described classically through localized
solutions of the equations of motion. Promoting the required stabilizing U(1) symmetry to a gauge
symmetry leads to gauged Q-balls, which cannot grow beyond some maximal size and charge on account
of the repulsive gauge interactions. These gauged Q-balls have been studied extensively for scalar
potentials that satisfy Coleman’s thin-wall criterion; here, we explore gauged Q-balls in flat potentials,
which often occur in supersymmetric models. Even though global Q-balls in flat potentials are
qualitatively different from Coleman’s Q-balls, we find that the gauged versions are remarkably similar.
We provide analytic approximations for these solitons and compare to numerical solutions. In addition, we
study Proca Q-balls, i.e., make the gauge bosons massive, which interpolates between the global and

gauged cases.

DOI: 10.1103/pmfb-9mxs

I. INTRODUCTION

Nontopological solitons are localized scalar field con-
figurations held together by attractive interactions and
stabilized by some conserved Noether charge [1].
Coleman’s Q-balls [2] are simple examples, requiring only
a single complex scalar field ¢ (X, ) with a particular U(1)-
symmetric potential U(|¢|). Q-ball solitons then arise as
spherically symmetric solutions to the classical Euler-
Lagrange equations, which can be the lowest-energy con-
figuration of (Q scalars, thus rendering them stable.
Coleman’s Q-balls have mass or energy that is proportional
to the number of scalars inside, E « Q, at least in the limit of
large Q, which allows for simple analytic approximations in
the so-called thin-wall regime [2-5]. However, these are not
the only type of nontopological solitons. For flat potentials,
Coleman’s analysis is not applicable, but one can still find
stable localized scalar field configurations, which actually
predate Coleman’s solutions by decades [6]. These
objects—still called Q-balls here—are more diffuse and
have a different energy scaling for large Q, E « Q%% [7],
and are thus inevitably stable for large-enough Q.

Neither of these Q-ball types arise in renormalizable
single-field potentials, but both can be realized in certain
limits of renormalizable multifield theories, see for example
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Ref. [4] for UV-complete realizations of Coleman-type
Q-balls, and the Friedberg-Lee-Sirlin model [8] as a
realization of flat-potential Q-balls [9]. As observed long
ago, supersymmetric extensions of the Standard Model of
particle physics generically contain many flat directions
[10,11] that could lead to these kind of solitons [1,12,13],
with baryon and lepton number playing the role of the
stabilizing U(1) symmetries. This observation has led to
significant interest in these types of solitons, given that they
arise generically in well-motivated theories and could then
form dark matter [7].

The soliton description along flat directions in vast
supersymmetric potentials is usually approximated as a
single-field problem with an effective potential [7]. The
particle-physics picture would be a large bound state of
squarks and sleptons, in just the right ratios to keep the
Q-ball electrically neutral, at least if the goal is to describe
dark matter. Inside the Q-ball, these sparticles however not
only interact through the scalar potential, but also via gauge
interactions, seeing as they carry the same charges as quarks
and leptons. Additional gauge interactions arise if the global
U(1)p_, is promoted to a gauge symmetry, often done to
explain R parity, i.e., eliminate proton decay and render the
lightest superparticle stable [14]. Gauge interactions com-
plicate the soliton description and might even qualitatively
change it: gauged Q-balls [15,16], i.e., Q-balls based on a
Lagrangian with local U(1) symmetry, cannot grow indefi-
nitely before the repulsive gauge interactions render them
unstable. The resulting maximal charge Q could be in
contradiction with the minimal charge these Q-balls are
required to have to forbid decay into Standard-Model
fermions [13,17], which would eliminate these Q-balls as
dark matter.
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While a full analysis of supersymmetric Q-balls in flat
potentials including gauge interactions is beyond the scope
of this article, we take a first step in this direction by
studying gauged Q-ball in flat potentials. Gauged Q-balls in
Coleman-like potentials have been discussed for almost
forty years [16] and can be understood well analytically [18].
An analogous discussion for flat potentials is missing in the
literature to the best of our knowledge, despite the intense
interest in flat-potential Q-balls as dark matter. Some related
work can be found in Refs. [19-21]; notably, Refs. [22-24]
study gauge interactions in the Friedberg-Lee-Sirlin model,
but do not provide good descriptions for large solitons.
Finally, Ref. [25] provides a numerical analysis of gauged
Q-balls in flat potentials—even including gravitational
effects—but without analytic approximations.

The rest of this article is organized as follows: we discuss
the familiar case of global Q-balls in flat potentials in
Sec. II to introduce our notation. The gauged case is
discussed in Sec. III, both numerically and via analytic
approximations in the large Q-ball limit. In Sec. IV, we
introduce a mass for the gauge boson, leading to Proca Q-
balls that contain global and gauged Q-balls as limiting
cases but exhibit novel features. Finally, we conclude in
Sec. V. Data tables of our numerical solutions are available
as ancillary files of the arXiv version of this article.

II. GLOBAL Q-BALLS

To set the stage, we revisit the well-known case of global
Q-balls in flat potentials [6,7,17,26,27]. We assume a
complex scalar field ¢ with a Lagrangian

L =9,4> - U(Ig]) (2.1)

that is invariant under a global U(1) symmetry
d(X,t) — e*p(X,t). We take the potential U(|¢|) to be
[6,26]
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which is a smoothed-out version of the simple piecewise-
quadratic potential

mg|gl*, for |p| < A,
miAz, for |¢] > A,

WW={

with ¢ mass m,, and some scale A that determines when the
potential becomes flat, see Fig. 1 for a visualization. While
we take Eq. (2.2) as the potential for concreteness in the
following, we expect our results to approximately apply to
other flat potentials, as long as they reduce to |¢|? for small
¢ and to something that grows slower than |¢|? for large ¢.

We search for solutions to the Euler-Lagrange equations
of £ in the form of a localized spherically symmetric
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FIG. 1. The flat potential of Eq. (2.2) (blue) and its approxi-
mation of Eq. (2.3) (orange).

configuration with constant-phase time dependence,

B(E1) = A f(7), (2.4)
where r = |X| and f(r) is the real-valued dimensionless
profile function of interest, essentially setting the ¢ density
inside the Q-ball. w is a free parameter that determines the
Q-ball radius, charge, and energy, and can also be viewed
as the chemical potential because dE/dQ = w [1]. For
convenience, we define the dimensionless quantities

KEE, and p=rmy, (2.5)

leading to the Euler-Lagrange differential equation for

f(p),

fuéf:ﬂ¥—ﬁﬂ (2.6)

which is to be solved subject to the boundary conditions

lim f/ = lim f =0 (2.7)
p—0 p—>0

to ensure a localized solution. The parameter « is restricted
to be between 0 and 1. We further restrict ourselves to
monotonically decreasing solutions, which correspond to
the Q-ball ground states [28—30]. Following Coleman, the
differential equation can be interpreted as a one-dimen-
sional classical-mechanics problem, in which the position f
of a particle changes with time p due to the friction term
2f"/p and the potential

1

V() = 3R =5 (1= eF). (2.8)

The particle starts at rest and rolls up to the local maximum
at f = 0. Unlike the potentials discussed by Coleman [2], V
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FIG. 2. Left: profiles f(p) for different x values. Dashed lines are numerical solutions, solid lines are analytical predictions from
Eq. (2.11). Right: the global Q-ball radius R vs k. The solid line is the analytical prediction of the global Q-ball radius solved from
Eq. (2.11); points are numerical solutions. The region x > 0.84 leads to unstable Q-balls.

does not feature another maximum and his step-function
thin-wall approximation is not applicable.

Numerical solutions to Eq. (2.6) can still be found using
Coleman’s shooting method.! We employed a different
method based on finite differences, for which we first
switch to a new variable y = p/(1 +£2) [3], where a is a
large finite number and rewrite the differential equation in
terms of y

(1 —%)4(]”' +§f/) +f(K2—e)=0. (2.9

The boundary conditions are then in a finite domain, far
easier to implement numerically

lim f' = lim f = 0.

y—0 y—a

(2.10)

We compared our Mathematica NDSolve solution of
Eq. (2.9) with shooting solutions and found good agree-
ment, up to numerical noise. Our finite-element solver
requires a test function for f(p) as input, which we
construct as follows.

Approximating the potential as in Eq. (2.3) allows for an
analytical solution of the piecewise-linear differential
equation,

o) F(0) ™), p<p, (2.11)
p) = in(rp* : '
F(0) S V=) s

with connection point p* given by

lMany computer codes such as AnyBubble [31]—designed to
solve structurally identical differential equations for vacuum
decay [32]—cannot be used for flat potentials because they
correspond to tunneling into an unbounded region.

. _ m-arcsink

pt = =T 103

. - (2.12)

The prefactor £(0) cannot be fixed by the linear differential
equation or the boundary conditions, but can be obtained as
in Ref. [27]. First off, the global Q-ball charge Q and
energy or mass E are defined through the integrals

A2
0= 87z1<—2/dpp2f2, (2.13)
Mg

87 A2
E:Km¢Q+ﬂ/dpp2f’2, (2.14)
3 M¢

using a virial-theorem relation to rewrite E [8,33]. These
macroscopic quantities satisfy the nontrivial differential
relationship [1]

d 1d

E d
aE_,%, /dppzf2 =——— [ dpp’f?* (2.15)
1) dw

d 3k dx

if f solves the equation of motion. With our ansatz from
Eq. (2.11), the two essential integrals take the form [27]

/dppzf2 = fil(;)z <200s‘1(1<) +7+ \/12i—,<2> (2.16)
/d,opzf’2 = fi(i)z (2cos™! (k) + 7), (2.17)

which satisfy Eq. (2.15) if the prefactor is set to f(0) = p*
from Eq. (2.12), using additional arguments to fix an overall
constant [27]. With this, we have a complete analytical
approximation for the Q-ball profile, which works espe-
cially well for small «, see Fig. 2 (left), and is also a useful
test function for our numerical solver. It is worth emphasiz-
ing that unlike Coleman’s Q-ball profiles, the flat-potential
solutions are never constant inside the Q-ball, leading to a
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The integrals relevant for Q-ball charge and energy, f dpp?f? (left) and f dpp? 7 (right), as functions of k. The solid lines are

the analytical predictions from Eqgs. (2.16) and (2.17), points are numerical results. The region x > 0.84 leads to unstable Q-balls.

more diffuse object. Nevertheless, these Q-balls also grow
larger and larger for decreasing «, requiring larger and larger
initial field values, f(0) ~ z/k.

Here and in the following, we define the Q-ball radius R
via f”(R) = 0. For small x, we approximately have

2 2
R~ pr—ﬂ

2.18
3 3k’ ( )

so the small-x limit indeed corresponds to the large Q-ball
limit. The full relationship between radius and x is shown in
Fig. 2 (right), together with the prediction from our ansatz
(2.11). We can see clearly that our ansatz is excellent for
k < 1/2, but fails to describe the behavior near « ~ 1.

We also show the two integrals that determine Q and E in
Fig. 3, together with the approximation from Egs. (2.16)
and (2.17), which are significantly better than the radius
prediction. For large Q, this leads to the analytic approx-
imations

2
ot - (M

—27R3 +9R? + O(R )), (2.19)
my 4

A2
=—(18zR?

E(R)
)

—27zR* + O(R)). (2.20)

By eliminating R or x, we can also find the direct
relationship between Q-ball energy and charge

4
0) = ?” V2myAQ¥ = 22NQ
2nA3/?

| V2rA?

N 0'* +0(0°) (2.21)
47_[\/— AZ/m 1/4 Az/mgﬁ 1/2
z’""'Q[3<Q> 2”(Q)
2 m} /
+fn<A£) >”} (2.22)

We find that these solitons are stable (i.e., satisfy
E < myQ) fork < 0.84 [27]. We confirm the characteristic
flat-potential large-Q-ball behavior Q « 0™, E « Q3/4[7],
which is markedly different from Coleman’s Q-balls, where
E « Q for large Q. Flat-potential solitons hence have a
larger binding energy than Coleman’s, i.e., a more attractive
force that binds them together. Once the charge grows
beyond some critical value, Q. ~ 500A*/my [27], these

solitons inevitably become stable and only become more
tightly bound as they grow.

III. GAUGED Q-BALLS

Promoting the global U(1) symmetry of £ to a local
symmetry leads to gauged Q-balls [15,16]. The additional
repulsive long-range interactions mediated by the gauge
boson A, make the bound-state construction more difficult.
For small Q-balls, this effect is weak, but large Q-balls have
a large gauge potential and the resulting Q-balls are
qualitatively different from the global case. This has been
discussed at length for Coleman’s Q-balls, where it has been
established that gauged Q-balls cannot grow past some
maximal size [16,18]. For flat potentials, this conclusion
might not hold, seeing as the global Q-balls have para-
metrically larger binding energies than in nonflat potentials.
The discussion below confirms the results of Ref. [25],
however, that gauged Q-balls have a maximal size even in
flat potentials.

The Lagrangian now contains the gauge-boson kinetic
term and interaction with ¢ through the covariant derivative

D, =0, —ieA,

=D, - (|¢|)——F Fe. (3.1)

We make the usual static-charge ansatz [16] for the gauge
potential,

Ao(1,X) = V2AA(r),  Apaa(,X) =0, (3.2)
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FIG. 4. Profiles for the scalar field f and gauge field A for a small Q-ball (left) and a large Q-ball (right). Solid lines are numerical
solutions. Dashed lines are analytical predictions from Egs. (3.6) and (3.8) for large Q-balls.

with dimensionless gauge profile A, and also define the
following non-negative parameter that determines the
strength of the gauge interactions

V2A

a=e .
My

Everything else, including the scalar potential U, is defined
as in the global case in Sec. II.

The potential in which the particle f(p) rolls now
becomes p (or “time”) dependent through A(p), leading
to qualitatively different solutions

1 1
V(f.A) :sz(K_aA)Z_E(l_e—fz). (3.3)
The differential equations for f and A are
11 2 ! —f? 2
f +l—)f=fe' — (k—aA)*f, (3.4)
2
A" +=A = af?*(Aa — k), (3.5)
p

with the same boundary conditions for f and A; A is
monotonically decreasing, too. Numerical solutions are
again obtained by switching from p to y and using
appropriate test functions for our finite-elements method.
Two examples are shown in Fig. 4. Just like gauged Q-balls
in nonflat potentials [18], more than one solution can exist
for the same parameter point, typically split into a branch
that resembles small global Q-balls [Fig. 4 (left)] and a
branch of large Q-balls with significantly larger gauge field
A [Fig. 4 (right)].

For aA < k, the small Q-ball will resemble the global
one, but interesting effects arise for aA ~ k. In the extreme
case of aA(0)~«k and f> 1, the right-hand side of
Eq. (3.4) is approximately zero, allowing for a constant
f solution. Eventually, f and A start dropping to zero, but
the core of the Q-ball has a nearly constant f and A density,

just like in nonflat potentials. The appropriate motion in the
effective potential is shown in Fig. 5: particle f starts off on
an almost horizontal potential, i.e., force free, and then
starts rolling when the potential starts tilting, which
supplies the energy needed to make it to the maximum
at f=0.

The scalar field solution for these large gauged Q-balls
can then be approximated as a Heaviside step function with
some initial value f(0), f = f(0)(1 —®(p — R)), where R
is the radius of the Q-ball. This simple ansatz allows us to
solve the A equation as

Alp) == =Gy eon@or: P <R (3.6)
p a | aR—tanh (af(0)R)/f(0) p>R .

ap ’

which is a fantastic approximation for large Q-balls, just
like in nonflat potentials [16,18]. Throwing this expression
for A back into the f equation and approximating f > 1
inside the Q-ball, we find,

k sinh(f(0)ap)
f(0)Racosh(f(0)aRr)

) 2
f/"f’;f/‘i-( )sz, (3.7)

which can be solved by a modified odd Mathieu function.
Further approximating sinh(x) =~ exp(x)/2 yields a more
familiar Bessel-type differential equation, whose solution
can be approximated by

£(0) _]O(ef(o)“(/)—R)),
flp) = nj
0’ ,0 Z R _|_ Jo,1

0<p<R+pm, a8

where j; ~2.405 is the first positive zero of J,. Strictly

speaking, this approximation is only valid inside the Q-ball,
In jo,i

i.e., for p < R, but extending it a bit further to R + 70)a

gives a decent and simple approximation for the entire
profile that improves upon the initial step function,
see Fig. 4.
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Further study of the differential equations as well as
work-friction relationships [18] in the large Q-ball limit
lead to the following approximations for f(0) and R:

f0 =t Re <§_4f(30)a>'

(3.9)

The analytic expressions for f and A are surprisingly good
on the large-Q-ball branch, as can be seen in Fig. 4 (right).
Since « < 1 even for gauged Q-balls, the radius approxi-
mation implies a maximal radius of 1/a. Despite the large
qualitative difference between flat and nonflat global
Q-balls, the gauged versions are remarkably similar at
the macroscopic level.

We can use these approximations to estimate the charge

AZ
0= 8ﬂ—2/dpp2f2(1<— aA) (3.10)
My
and energy
87/’ 2(f12 _ AR
E/my=KkQ +—— [ dpp*(f* - A?) (3.11)
3my

of the large gauged Q-balls in our flat potential. The
relevant integrals take the form

k(f(0)Ra — tanh(f(0)Ra))
f(0)e? ’

/dppzfz(K—aA) = (3.12)

FO)R*a?® — 6K + 3£(0)Rax?
4£(0)a?

/ dpp?(f? - A?) = =
(3.13)

Effective potential of f given a specific A(p). Black points indicate the values of the gauged Q-ball profile within a range

We show the macroscopic Q-ball quantities—radius,
charge, and energy—in Fig. 6 for two benchmark values
of a,’ together with our large (-ball approximations
derived above.

Figure 6 illustrates and confirms some basic qualitative
properties of gauged Q-balls in flat potentials: for small «a,
or weak gauge interactions, small O-balls closely resemble
the global case from Sec. II; once the radius grows beyond
1/+/a, the gauge repulsion starts to kick in and leads to the
qualitatively different large thin-wall Q-balls, which can
grow up to a radius of 1/a [see Fig. 7], or a charge of
Omax = 87A*/ (mja’) = V8xmy/(Ae?). For small a, that
branch is well approximated by our analytical expressions,
which however fail for smaller Q-balls. For @ > 0.17, no
Q-ball solutions exist, in agreement with Ref. [25].
Macroscopically, gauged Q-balls in flat potentials look
remarkably similar to gauged Q-balls in nonflat potentials,
albeit more difficult to approximate since there is no
mapping relation [18].

For large global Q-balls, our potential (2.2) furnishes an
excellent approximation for other flat potentials, such as the
supersymmetry-inspired logarithmic potential discussed in
Refs. [17,20]. In the gauged case, the degree of flatness
plays a role though: the step-function approximation for
f(p) from Eq. (3.8) hinges on the flatness of V near p = 0,
see Fig. 5. For potentials with a logarithmic flatness, f will
start rolling earlier and not be constant inside the Q-ball,
which leads to a different Q,,, o« 1/¢* scaling for the

*The numerical solutions are difficult to obtain even using our
analytical expressions as test functions. Instead, we start with the
solutions of k = 0.8, a = 0.1 and use these functions as the guess
functions to obtain the solutions of the next x = 0.8 + ¢ or
a = 0.1+ ¢ value.
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FIG. 6. Points are numerical solutions for benchmarks o = 0.01 (orange) and « = 0.1 (blue); open points indicate
unstable cases (E > m,Q). The global Q-ball case is shown in dotted gray for comparison. Our analytic large Q-ball predictions

are shown as the solid lines.

maximal charge [20]. The qualitative result of a maximal
charge persists, however.

IV. PROCA Q-BALLS

If the gauge boson A is not massless but rather has a mass
my = myM, the Q-ball solutions change yet again. For
small M, the Q-ball will look like a gauged Q-ball, while
large M basically decouples the gauge boson and yields an
effectively global Q-ball. In the intermediate region, new
effects occur [34]. The differential equations now contain
an extra term M>A:

f//+§f/:fe—fz_(K—aA)2f, (41)

2
A" +ZA = af*(Aa — k) + M?A. (4.2)
P

Just like in the gauged case, there are between zero and two
solutions for a given k, unlike in nonflat potentials which
could have even more solutions depending on M [34].
For radii R < 1//a, the Q-ball charge is small enough
to render these objects indistinguishable from the global
case, so only R > 1/+/ais sensitive to M. The solutions for
f(p) in the Proca case are different from both the global and
gauged case, again unlike the situation in nonflat potentials:
f(p) is no longer approximately constant inside the Q-ball.

However, A(p) still is almost constant inside, and is
surprisingly well described by the solution one would
obtain for a step-function source f(p):

(1+MR) sinh (pp)
A(p) o aKf(0)2 - (M sinh (Ry)+pcosh(Ru))  p P <R,
o 2 MR Rpu—tanh (Ryu) o~Mp
K e M-‘thanh(Rﬂ)ep ’ P >R,
(4.3)
1000+
500;
% 100¢
o 50/
10t
50
0.00 0.05 0.10 0.15 0.20
a

FIG. 7. Maximal radius R vs a as points; the solid line is
the x =1 prediction of Eq. (3.9). There are no Q-ball
solutions for a > 0.17.
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FIG. 8. Solutions to the Q-ball differential equations (4.1)—(4.2)

(solid) as well as the large-Q-ball approximations from Eq. (4.3)
and (4.4), using Eq. (4.7) for the radius together with the
numerical f(0).

with gauge boson mass in the Q-ball center =

/@2 f(0)? + M? [34]. More accurately, a constant A inside
the Q-ball requires the right-hand side of Eq. (4.2) to
vanish, which gives A(p) = f(p)*ax/(M? + f(p)*a?).
Throwing this back into Eq. (4.1) and assuming f(p) >
max(1,M/a) inside gives an approximate differential
equation for f

KM/t

2
PSS =0 (4.4)

The solution can be Taylor-expanded as

1) =10)(1-¢ (F00) 7

L (%)p L00). @

but a more useful observation is that the ansatz f(p) =
F(O)u[pxM?/(a?£(0)?)] solves Eq. (4.4) if u(x) satisfies
the parameterless differential equation

2 1
u’(x) +—u'(x) +
X

(4.6)

with #(0) = 1 and /(0) = 0. This differential equation can
easily be solved numerically, with u(x) decreasing mono-
tonically until hitting zero at x = x* ~ 1.53407. The under-
lying approximation stops being valid for small f, say when
f ~ 10, so the actual Q-ball radius is smaller, approximately
around

L f(0) 5502

R~x .
KkM? KkM?

(4.7)

Despite the crudeness of this approximation, it is in
excellent agreement with the full solution of the coupled
differential equation, as long as one chooses the correct
£(0), see Fig. 8. Notice that the true solution for f(p) drops
to zero even faster than our approximation, which follows

0.8

0.6

0.4

10 - "7 global case M—co '

0.2

0.0
1

FIG. 9. (Q-ball radius R vs k for a = 0.01 and various M values, including the extreme cases M = 0 (the gauged case, orange) and
M — oo (the global case, dotted gray). Points are numerical solutions, the lines are not analytical predictions but just interpolation to
guide the eye. Open points indicate unstable cases (E > m;Q) for small Q-balls near x ~ 1.
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FIG. 10. Similar to Fig. 9 but showing f(0) vs k (left) and E/(m4;Q) vs R (right).

u(x) =~ v/2v/x* — x near zero, providing a sharp edge for the
Q-ball. This drop is not caused by the exponential term in
the potential, which is still heavily suppressed around
f ~ 10, but rather by A no longer being constant.

The last missing piece is a relationship between f(0) and
k, which is unfortunately difficult to obtain. By using
energy-lost-to-friction arguments [34], we can at least show
that £(0) diverges for k - a/M, and, through Eq. (4.7), so
does the radius. For M < a, this implies a finite maximal
Q-ball radius once « hits 1, whereas Q-balls with M > «
can grow to arbitrary size/charge, as illustrated in Fig. 9.
Figure 10 (left) shows f(0) vs x and how it diverges for
k— a/M if M > a.M ~0.035 marks another interesting
boundary: for M = 0.035, the radius increases for decreas-
ing «, just like for global Q-balls, whereas for M < 0.035,
k(R) has a minimum around R ~ 1//a. All of these large
Q-balls are stable in the sense that £ < m,;Q (see Fig. 10),
but since stability has not even been proven for the gauged
case in nonflat potentials, we will refrain from claiming
absolute stability for these large Proca Q-balls, to be
revisited in future work.

V. CONCLUSIONS

Solitons in flat potentials have attracted enormous
interest over the last decades once it was realized that they
generically exist in supersymmetric versions of the

Standard Model and could form dark matter. These are
typically approximated as single-field problems, neglecting
any and all gauge interactions. In this article, we have for
the first time explored gauged and Proca Q-balls in flat
potentials, paving the way to a more realistic description of
these objects in the presence of additional forces. Global,
gauged, and Proca Q-balls all exhibit different properties,
unlike in nonflat potentials where the solutions are related
through mapping. Importantly, gauged Q-balls in flat
potentials exhibit a maximal radius just like in nonflat
potentials, precluding further growth of these solitons. The
same occurs for Proca Q-balls if the gauge boson mass is
below some critical value, otherwise the solitons resemble
the global case. Following this initial exploration, we aim to
study more realistic supersymmetric Q-balls in future work.
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