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We present a detailed numerical and analytical study of the out-of-equilibrium dynamics of Model G, the
dynamical universality class relevant to the chiral phase transition. We perform numerical 3D stochastic
(Langevin) simulations of theOð4Þ critical point for large lattices in the chiral limit. We quench the system
from the high-temperature unbroken phase to the broken phase and study the nonequilibrium dynamics of
pion fields. Strikingly, the nonequilibrium evolution of the two-point functions exhibits a regime of growth,
a parametrically large enhancement, and a subsequent slow relaxation to equilibrium. We analyze our
numerical results using dynamic critical scaling and mean-field theory. The growth of the two-point
functions is determined by the nonlinear dynamics of an ideal non-Abelian superfluid, which is a limit of
Model G that reflects the broken chiral symmetry. We also relate the nonequilibrium two-point functions to
a long-lived parametric enhancement of soft pion yields relative to thermal equilibrium following a quench.
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I. INTRODUCTION

One of the original motivations for high-energy colli-
sions of heavy ions was the creation of an “abnormal” state
of matter with symmetry properties different from that of
vacuum [1]. A prominent example is the symmetry
between left- and right-handed quarks in QCD. Chiral
symmetry is spontaneously broken in a vacuum, which
explains the existence of light pions—the (pseudo-)
Goldstone bosons.1 After 50 years of research, there is
ample evidence that a new form of chirally symmetric state
of matter—the quark-gluon plasma (QGP)—is created in

high-energy nuclear collisions at the Large Hadron Collider
(LHC) at CERN and the Relativistic Heavy Ion Collider
(RHIC) at BNL [2]. The heavy-ion models based on the
viscous hydrodynamic expansion of the QGP have shown
remarkable success in describing experimental low-
momentum hadron data. The sophisticated Bayesian fits
have put tight constraints on the bulk properties of QGP
matter, such as shear and bulk viscosities [3,4]. However,
the restoration of chiral symmetry in high-temperature
QGP plays a surprisingly small role in heavy-ion phenom-
enology [5–7].
Hydrodynamics is the universal description of the time

evolution of conserved charges. However, in the vicinity of a
second-order phase transition, the order parameter evolves
asymptotically slowly due to critical slowing down. As such,
ordinary hydrodynamics has to be supplemented by addi-
tional slowly evolving degrees of freedom to obtain a
complete low-momentum description [8]. In other words,
the fluid-dynamic theory has to include also the noncon-
served variables that evolve on a timescale similar to the
conserved charges to be consistent. The resulting effective
description of the dynamics depends on the interaction
between the hydrodynamicalmodes and the order parameter.
This naturally leads to the question if presently unaccounted-
for critical dynamics in heavy ion collisions might be
responsible for soft pion enhancement.
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1Chiral symmetry is also explicitly broken by small, but
nonzero up and down quark masses, which leads to light, but
not massless, pions.
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An intriguing indication that the current hydrodynamic
models might be incomplete is the observed enhancement
of low-momentum pions over theory predictions in PbPb
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV and
ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV as
measured by the ALICE experiment [9,10]. Neither com-
plete hydrodynamic simulations [11–14], nor dedicated
blast-wave type fits [9,10,15,16] are able to account for
∼50% enhancement of pions below pT < 0.5 GeV. There
have been several attempts to explain the soft pion enhance-
ment using the formation of Bose-Einstein condensation of
pions [17], decays of broad resonances [18], or perturbative
contributions [19]. In the early 1990s, it was proposed that
a sudden quench from chirally symmetric to a broken phase
could lead to the formation of domains of a disoriented
chiral condensate [20–22]. A characteristic modification of
a neutral to charged pion ratio was looked into in early
heavy-ion data, but never confirmed [23]. Three decades
after these pioneering studies, we are at the advantage of
tremendous computational and technological progress to
study the full extent of chiral critical dynamics in heavy-ion
collisions. Thanks to the high energy available at the LHC,
the number of produced hadrons can reach tens of
thousands in a single lead-lead collision—an order of
magnitude increase from pre-2000 experiments [6]. With
the advent of high-precision data from high-luminosity
LHC and the next-generation heavy-ion experiment,
ALICE3 [24], it is therefore high time to study the
phenomenological signatures of the chiral phase transition
in high-energy nuclear collisions.
Critical dynamics in QCD are relevant in several ways.

At low-energy nuclear collisions, critical fluctuations in the
vicinity of the conjectured QCD critical point, which is the
endpoint of the first-order phase transition line between
QGP and the hadronic phase, are subject to active exper-
imental and theoretical searches [25]. In the Hohenberg and
Halperin classification scheme [8], the relevant critical
theory is “Model H” [26], and has recently been studied
in the QCD context in [27]; see also [28,29] for related
studies. At high-energy collisions at the LHC, the high-
density baryon-symmetric matter cools down and transi-
tions from a chirally symmetric deconfined phase to a
hadronic phase. While this transition is not second order
per se, the QGP undergoes a rapid chiral crossover [30,31].
It is therefore reasonable to expect the dynamics of the
order parameters to be parametrically slow. In the limiting
case of chiral QCD, when mup ¼ mdown ¼ 0, the phase
transition is now known to be second order [32–35].
These computations show that even for realistic quark
masses, the QCD susceptibilities are well described by
universal scaling functions of the Oð4Þ static universality
class. The appropriate description of the associated dynamic
universality class is “Model G” [8]. Model G is an effective
field theory of pions (pion EFT) and the Goldstone particles
associated with the Oð4Þ ≃ SUð2ÞL × SUð2ÞR spontaneous

symmetry breaking, coupled to the chiral condensate.
The first attempt at resolving Model G’s dynamics in the
context of QCDwas presented in [36] and subsequent works
have carefully studied relevant universal properties and
scaling functions [37,38].
In this work we study, for the first time to our knowledge,

the out-of-equilibrium dynamics of Model G. We perform
3D Langevin simulations of anOð4Þ symmetric scalar field
(which is coupled to conserved charges) quenched from the
symmetric to the broken phase close to the critical point.
We find that a sudden quench of the system generates a
characteristic growth of the order parameter. This growth is
coupled to a corresponding parametric enhancement in the
(equal time) pion correlation function, which subsequently
relaxes slowly back to equilibrium. While this is reminis-
cent of the situation in many cosmological preheating
scenarios [39–41], universality and the nontrivial hydro-
dynamic limit of Model G’s pion EFT quantitatively
control the structure of the parametric enhancement, mak-
ing the dynamics novel and markedly different from these
studies. In particular, the growth of the condensate is
controlled by the nonlinear and nondissipative dynamics
of an SUð2ÞL × SUð2ÞR superfluid theory, reflecting the
broken chiral symmetry. A brief account of this work is
given in a companion Letter [42].
Inmore detail, this paper is structured as follows. InSec. II,

we review Model G, which we use to investigate the
nonequilibrium dynamics. In particular we discuss the
relevant timescales governing the pion dynamics in the
broken phase. In Sec. III, we go fully nonadiabatic and
study the case of an instantaneous quench from the hot to the
cold phase. We first use the scaling analysis, independent of
our simulation details, to show the expected parametric
behavior of the condensate and two-point correlation func-
tions. We confirm the scaling analysis with lattice simula-
tions of quenches. Finally, we show that the mean-field
analysis, which provides a simple analytic model of the
quenches, fails in several important aspects. In Sec. IV we
summarize our results and present arguments of why the
observed pion enhancement will persist with explicit sym-
metry breaking. Appendix A provides a concise summary of
the leading and subleading critical behavior of the equilib-
rium quantities established in earlier studies. In Appendix B
we provide details on mean-field analysis.

II. OVERVIEW OF MODEL G AND ITS PHASES

As already discussed in the Introduction, critical dynam-
ics is the appropriate framework to discuss the time
evolution near the chiral phase transition of QCD. The
relevant dynamical critical model is Model G [43–45] and
describes the universal dynamics of pions, the Goldstone
particles associated to the Oð4Þ ≃ SUð2ÞL × SUð2ÞR spon-
taneous symmetry breaking.

ADRIEN FLORIO et al. PHYS. REV. D 112, 114019 (2025)

114019-2



The static properties of QCD near the chiral transition
can be modeled with an Oð4Þ order parameter ϕa ¼
ðϕ0;ϕ1;ϕ2;ϕ3Þ, which parametrizes the quark condensate,2

hq̄RqLi. The corresponding Landau-Ginzburg free energy
of the Oð4Þ model is

H½ϕ� ¼
Z

ddx

�
1

2
∇ϕa ·∇ϕa þ UðϕÞ −H · ϕ

�
; ð1Þ

where d ¼ 3 is the number of spatial dimensions, and the
potential UðϕÞ is

UðϕÞ ¼ 1

2
m2

0ϕ
2 þ λ

4
ðϕ · ϕÞ2; ð2Þ

with m2
0 negative. The magnetic field Ha ¼ ðH; 0⃗Þ in the

model accounts for the explicit breaking ofOð4Þ symmetry
by the quark mass in QCD. In equilibrium, the order
parameter is distributed according to the statistical weight:

P½ϕ� ¼ 1

Z
e−H½ϕ�=Tc : ð3Þ

The Oð4Þ model with λ ¼ 4 and H ¼ 0 has a second-
order phase transition at m2

0 ¼ m2
c ¼ −4.8110ð4Þ [37],

where the order parameter acquires a nonzero expectation
value. All models belonging to the Oð4Þ universality class,
including QCD and the model in Eq. (1), will exhibit the
same critical behavior as a function of relevant couplings,
which are normalized by convention. In the chiral limit
(H ¼ 0), the model in Eq. (1) has one relevant couplingm2

0

which can be varied around m2
c. We define the reduced

temperature in the simulation, tr, as the deviation of the
relevant coupling from its critical value3

tr ≡m2
0 −m2

c

jm2
cj

: ð5Þ

Previously in [37] we matched the reduced temperature and
field of Eq. (1) to a conventional parametrization of the
Oð4Þ magnetic equation of state given in [46]. For QCD in
the chiral limit, the only relevant coupling close for chiral

phase transition is the temperature, and the reduced temper-
ature is ðT − TcÞ=Tc. Ultimately the relation between tr and
ðT − TcÞ=Tc in QCD must be determined by matching
lattice QCD data on the chiral condensate to the conven-
tional parametrization discussed above [33].
The real time critical dynamics of a second-order phase

transition depend on the order parameter and the number
and type of conserved charges [8]. In the case of the QCD
and the chiral phase transition, both the iso-vector charge,
n⃗V ∼ q̄γ0 ⃗tIq, and iso-axial vector charge, n⃗A ∼ q̄γ0γ5 ⃗tIq,
are conserved and couple to the order parameter. In the
Oð4Þ language, ðn⃗V; n⃗AÞ are combined into an antisym-
metric Oð4Þ tensor nab with

n0l ¼ nlA; nlV ¼ 1

2
ϵll1l2nl1l2 : ð6Þ

As these conserved charges are noncritical, their equilib-
rium distribution is Gaussian

Hn ≡
Z

d3x

�
1

4χI
nabnab

�
; ð7Þ

where χI is the isospin susceptibility.4

The interactions of the conserved charges with the order
parameter arise from nontrivial Poisson brackets—see
[43,45] for the expressions and explicit derivation. The
effective equations of motion that describe the system in the
critical region, close to equilibrium, are

∂tϕaþ
g0
χI
nabϕb¼Γ0∇2ϕa−Γ0ðm2

0þλϕ2ÞϕaþΓ0Haþθa;

ð8aÞ

∂tnab þ g0∇ · ð∇ϕ½aϕb�Þ þ g0H½aϕb� ¼ D0∇2nab þ ∂iΞi
ab:

ð8bÞ

HereH½aϕb� denotes the antisymmetrization,Haϕb −Hbϕa.
The coefficients Γ0 and D0 are the bare kinetic coefficients
associated with the order parameter and the charges.5

The bare conductivity of the charges is related to the
bare diffusion coefficient and the charge susceptibility,
σ0 ¼ χID0. The constant g0 is a coupling of the field ϕ,
and has the units of ðactionÞ−1 in our conventions. Finally, θa
andΞab are the appropriate noises,which are defined through
their two-point correlations [8]

hθaðt; xÞθbðt0; x0Þi ¼ 2TcΓ0δabδðt − t0Þδ3ðx − x0Þ; ð9aÞ

2As in our previousworkOð4Þ indices are indicated by a; b; c ¼
0…3 [37,45]. The “spatial” components describing the Oð3Þ
isospin subgroup are indicated with an arrow, e.g. ϕa ¼ ðϕ0; π⃗Þ.
If necessary, an index l labels the components, π⃗l ¼ ðϕ1;ϕ2;ϕ3Þ.
The dot product indicates an appropriate contraction of indices
when clear from context, e.g. ϕ · ϕ ¼ ϕaϕa, π⃗ · π⃗ ¼ π⃗lπ⃗l.3In mean-field theory, m2

c ¼ 0 and the reduced temperature
is defined as

tr ¼
m2

0

m2
; ð4Þ

where m is a dimensionful parameter, scaling as the microscopic
length to the power of −1.

4The isospin susceptibility χI is unrelated to the susceptibility
of the order parameter χ defined in Eq. (11).

5Outside of d ¼ 4 (mean field), the renormalized parameters Γ
and D are markedly different from the bare ones, and are defined
by a pion EFT described in Sec. II B 3.
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hΞi
abðt; xÞΞj

cdðt0; x0Þi ¼ 2TcχID0δ
ijðδacδbd − δadδbcÞ

× δðt − t0Þδ3ðx − x0Þ: ð9bÞ

The dynamical equations listed above define Model G in
the Halperin and Hohenberg classification scheme. The
field will equilibrate to the free energy distribution,
H½ϕ; n�≡Hϕ½ϕ� þHn½n� [8]. Following our previous
work we have discretized the equations of motion on a
lattice of size L, setting the lattice spacing a, the critical
temperature Tc, and coupling g0 to unity g0 ¼ Tc ¼ a ¼ 1
[37,38]. In these units isospin susceptibility and kinetic
coefficients are taken to be χI ¼ 5, Γ0 ¼ 1, and D0 ¼
1=3 [37].
Our numerical scheme is detailed in Appendix A of [37].

Briefly, the scheme uses operator splitting, first evolving the
systemwith the ideal (Poisson-bracket) terms, using a second
order position-Verlet symplectic integrator. The time step is
Δt ¼ 0.24a2=Γ0. Then, six dissipative steps (each of step
size 0.04a2=Γ0) are taken using a metropolis scheme. In this
scheme, a proposal is made for the field update at a given
lattice site, ϕaðxÞ → ϕaðxÞ þ δϕaðxÞ, with variance
hδϕ2

ai0 ¼ 2TcΓ0Δt=a3. This proposal is then accepted or
rejected with probability, minð1; expð−ΔH=TcÞÞ, where
ΔH ¼ H½ϕa þ δϕa� −H½ϕa�. The accept-reject process
introduces the dissipation and reproduces the fluctuation
dissipation theorem (FDT). The dissipative time step,
0.04a2=Γ0, is chosen so that the accept-reject probability
is approximately one half. A similar metropolis step is also
used to update the charges, reproducing the stochastic
diffusion equation. Full details are given in Appendix A
of [37].
As summarized below, we have previously analyzed the

real-time equilibrium correlation functions using this
scheme, both above and below Tc [37,38].

A. Equilibrium dynamics of the order
parameter above Tc

In this section we will briefly review the dynamics of the
order parameters in equilibrium and above Tc [47,48]. In
this regime the correlation length ξ sets the relevant length
scale, and perturbations of the order parameter relax slowly

back to equilibrium on a dynamical timescale, τR ∝ ξζ,
where ζ ¼ d=2 is the dynamical critical exponent of Model
G. Although we will speak informally about these scales,
they can be precisely defined from specific equilibrium
correlators.
The magnetization is defined from the zero mode of the

order parameter

MaðtÞ≡ ϕaðt; kÞjk¼0; ϕaðt; kÞ≡ 1

V

X
x

e−ik·xϕaðt; xÞ;

ð10Þ

where V ≡ Ld is the three-dimensional lattice volume for
d ¼ 3. The magnetic susceptibility χ at H ¼ 0 scales as

χ ≡ V
4

X4
a¼1

hMaðtÞMaðtÞieq ¼ Cþt−γr ∼ ξ2−η: ð11Þ

Here the average h…ieq denotes an average over time,
which is equivalent to the ensemble average. χ ≡ χðtrÞ is a
function of reduced temperature, but here and below we
will drop the tr argument when confusion does not arise.
The critical exponents γ and η are given in Table I. More
generally at finite kwe define the static correlation function

GϕϕðkÞ≡ V
4

X4
a¼1

hjϕaðt; kÞj2ieq; ð12Þ

and we will implicitly average over the three Cartesian
directions for a specified k ¼ jkj to increase statistics.
When the correlation length must be precisely defined,
for T > Tc we use the standard “second moment” corre-
lation length6 used in [38,49]:

TABLE I. Critical exponents of theOð4Þmodel at zero magnetic field used in this work. The high precision values
for the static exponents are from Engels et al. [46,50]. Within the uncertainty of our simulation, these exponents are
reproduced by the Langevin simulations after accounting for subleading corrections [37,38]. The dynamical critical
exponent ζ is also reproduced by these simulations.

Quantity Scaling Relation Exponent value

Correlation length ξ ∝ t−νr ν ¼ 0.7377ð41Þ
Susceptibility χ ∼ ξ2−η ∝ t−γr γ ¼ νð2 − ηÞ η ¼ 0.0302ð16Þ
Condensate σ̄eq ∼ ξ−ðd−2þηÞ=2 ∝ ð−trÞβ β ¼ νðd − 2þ ηÞ=2 β ¼ 0.380ð2Þ
Relaxation time τR ∝ ξζ ζ ¼ d=2

6The motivation for the definition is the following—in
continuous mean-field theory GϕϕðkÞ ¼ χ=ððkξÞ2 þ 1Þ. Now
replace k2 in the mean-field formula with the lowest eigenvalue
of the discretized Laplacian, k2 → ð2 sinðka=2Þ=aÞ2, with lattice
spacing a ¼ 1. Solving for ξ produces Eq. (13).
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ξ≡ 1

2 sinðπ=LÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ

GϕϕðkÞjk¼2π=L

− 1

s
¼ ξþt−νr for tr > 0:

ð13Þ

Below Tc we will use a different definition of the
correlation length based on the pion decay constant as
discussed below.
References [37,38] provide a careful study of the critical

behavior of this model, including the determination of
relevant nonuniversal constants Cþ and ξþ and the first
correction to scaling–we refer the reader to Table II and
Appendix B of [38] for the complete parametrization of the
equilibrium properties of the model obtained from
Langevin dynamics of the previous section.
The order parameter relaxation time can be defined from

real time response of the system. For instance, previously
we analyzed the unequal time correlation function

GϕϕðΔt; kÞ≡ V
4

X
a

hϕaðtþ Δt; kÞϕaðt;−kÞieq; ð14Þ

and, motivated by exponential decay, defined a relaxation
time based on the integral

τR ≡ χ−1
Z

∞

0

dΔtGeq
ϕϕðΔt; 0Þ: ð15Þ

The relaxation time diverges in the vicinity of the critical
point in a universal fashion

τR ¼ τþt−νζr ∼ ξζ; ð16Þ

where ζ ¼ d=2 is the dynamical critical exponent of Model
G and τþ is a microscopic timescale. Again we previously
measured the nonuniversal constant τþ (see Table II) and
demonstrated the dynamical scaling of the model in a
number of ways [37,38].
We note that all of the scaling relations above follow

from the scaling hypothesis, where the correlation function
takes the scaling for [47,48]

GϕϕðΔt; k; trÞ ¼ s2−ηGϕϕðs−ζΔt; sk; s1=νtrÞ; ð17Þ

with s a positive number. For instance, setting k ¼ 0,
Δt ¼ 0 and s ¼ t−νr reproduces the temperature dependence
of the susceptibility χ ∝ t−γr , after noting the relation
γ ¼ νð2 − ηÞ given in Table I.

B. Equilibrium dynamics of Goldstone modes below Tc

In this section, we will briefly review the equilibrium
dynamics of pions below Tc following Son and Stephanov
and our previous work [45,51,52]. First we provide an
overview of pion propagation close to the critical point.
Subsequently we review the hydrodynamic equations of

motion that lead to these waves. Finally, we connect these
classical waves to a quasiparticle description.

1. Overview

Below Tc, the system spontaneously breaks the Oð4Þ
symmetry, thereby developing a condensate. The typical
correlation length below Tc remains of order ξ ∼ jtrj−ν and
the typical relaxation time for modes with kξ ∼ 1 remains
of order τR ∼ ξζ with ζ ¼ d=2. However, long wavelength
pion modes of length L ≫ ξ are characterized by the longer
time scales τRðL=ξÞ and τRðL=ξÞ2. Analyzing the statics
and dynamics of long wavelength pions is the best way to
precisely define the parameters ξ and τR below Tc.
Specifically, by analyzing the spatial correlation function

of pions at large distances, one determines the spatial decay
constant, f2, which scales as ξ2−d [see [51] and the
discussion around Eq. (34)]. Thus in three dimensions
f2 provides a definition of the correlation length, ξ ∝ 1=f2.
Similarly the pion dispersion curve at small wave numbers
takes the form

ωðkÞ ¼ vk −
i
2
DAk2: ð18Þ

Here the velocity and diffusion parameters in the simu-
lation, v and DA, depend critically on the reduced temper-
ature and correlation length. The parameters can be (and
were) precisely determined by analyzing pion waves close
to the critical point [38]. As discussed below, the pion
velocity is defined as

v≡
ffiffiffiffiffi
f2

χI

s
; ð19Þ

where χI is the charge susceptibility of Eq. (7) and is
constant near the critical point. Thus the velocity scales as

v ∼ ξ1−d=2 ∼
ξ

τR
; ð20Þ

close to the critical point [51]. See Table II and [37,38] for a
parametrization including subleading corrections. The bal-
listic propagation of pions over length L takes a time of
order, L=v ∼ τRðL=ξÞ.
The damping coefficient DA must scale as ξ2=τR so that

when k is of order ξ−1, the frequency ωðkÞ is of order
ω ∼ 1=τR, in accord with the scaling hypothesis. Note that
for kξ ∼ 1 the real and imaginary parts of ω are the same
order of magnitude [51,52]. Thus, the decay time for the
pion mode of size L ≫ ξ is of order τRðL=ξÞ2.
To summarize, soft pions are characterized by their

spatial decay constant f2 ∝ 1=ξ. For pions of wavelength
L ≫ ξ, the timescales associated with ballistic pion propa-
gation and diffusion are
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ballistic time≡ L
v
∼ τR

�
L
ξ

�
; and

diffusion time ≡ L2

DA
∼ τR

�
L
ξ

�
2

: ð21Þ

The pion description is valid for kξ ≪ 1 and times t ≫ τR.
We will now elaborate on the equilibrium pion effective
theory, before studying the nonequilibrium dynamics.

2. Spontaneous symmetry breaking

Below the critical temperature the system spontaneously
condenses. The equilibrium value of the condensate is
defined from the limiting procedure [53]

σ̄eq ≡ lim
H→0

lim
V→∞

hM0ieq; ð22Þ

where V is taken to infinity first, and then H is taken to
zero. The mean magnetization drops towards the critical
point as

σ̄eq ¼ B−ð−trÞβ; ð23Þ

where β is given in Table I and the nonuniversal constant
B− and subleading correction were determined in our
previous work [37]; see Table II.
Even at zero magnetic field and finite volume the

condensate can still be determined from the correlations
in the system. The zero mode of the order parameter is
decomposed into a magnitude σðtÞ and a direction n̂aðtÞ
that generally depends on time

MaðtÞ≡ σðtÞn̂aðtÞ: ð24Þ

However, in large enough volume and below the critical
point the value of σ and the direction n̂a are nearly constant
in time.7 Using n̂aðtÞ defined from the zero mode, and an
additional three orthogonal basis vectors elaðtÞ with l ¼
1…3 defined as follows,

n̂aela ¼ 0; el1a el2a ¼ δl1l2 ;

ðe⃗a × e⃗bÞl1 ≡ εl1l2l3el2a el3b ; ð26Þ

the fields can be decomposed as

ϕaðt; xÞ≡ σðt; xÞn̂aðtÞ þ π⃗ðt; xÞ · e⃗aðtÞ: ð27Þ

Here π⃗ · e⃗a ¼ πlela and from its definition,
πlðt; k ¼ 0Þ ¼ 0. The equal time correlation functions
we will need are

GσσðkÞ≡ Vhσðt; kÞσðt;−kÞieq; ð28aÞ

GππðkÞ≡ V
3

X3
l¼1

hπlðt; kÞπlðt;−kÞieq: ð28bÞ

The unequal time correlation functions such as GππðΔt; kÞ
are defined analogously to Eq. (14). The conserved charges
are decomposed as

nabðt; xÞ ¼ n⃗Aðt; xÞ · ðn̂ae⃗b − n̂be⃗aÞ þ n⃗Vðt; xÞ · ðe⃗a × e⃗bÞ
ð29Þ

where as above, n⃗V · e⃗a ≡ nlVe
l
a. We will not study the

correlations of the charges in this work, but refer to our
previous work for a detailed study [38].

3. Superfluid hydrodynamics of Goldstone modes

Next, we will review how the equilibrium parameters of
the pion dispersion curve in Eq. (18) were extracted from
simulations and their theoretical underpinnings. For wave-
lengths longer than the correlation length ξ ≪ k−1, the
magnitude of the order parameter ϕaðt; xÞ is approximately
constant,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕaðt; xÞϕaðt; xÞ

p
≃ σ̄eq. Fluctuations of the order

parameter are dominated by the changes in the local direction
of ϕaðt; xÞ indicated with a “spin” vector saðt; xÞ, which
is normalized to unity sasa ¼ 1 and parametrizes the
Goldstone modes.
For definiteness, take n̂a ¼ ð1; 0; 0; 0Þ as the condensate

direction. Small fluctuations in the order parameter can be
parametrized by three angles φ⃗ðt; xÞ indicating the
deviation of saðt; xÞ from n̂a:

ϕaðt; xÞ ¼ ðσðt; xÞ; π⃗ðt; xÞÞ ¼ σ̄eqsaðt; xÞ; ð30Þ

with

sa ≃
�
1 −

1

2
φ⃗2ðt; xÞ; φ⃗ðt; xÞ

�
: ð31Þ

Here we defined local angles π⃗ ≃ σ̄eqφ⃗ from the pion field,
and made the small angle approximations, cosφ ≃ 1 − 1

2
φ⃗2

and φ⃗ sinðφÞ=φ ≃ φ⃗. The appropriate effective theory for

7More precisely n̂aðtÞ diffuses over the three sphere on a
timescale proportional to L3 with τR and ξ making up the
remaining dimensions, ∼τRðL=ξÞ3 [38]. The equilibration time
of the system is proportional to τRðL=ξÞ2 and is determined by
the damping rate of Goldstone modes (see the main text). Thus,
starting from a random initial condition, the mean magnetization
can be defined as infinite volume limit of a time average, with
time in a restricted range:

σ̄eqn̂a ≡ lim
L→∞

hMaieq with τR

�
L
ξ

�
2

≪ t ≪ τR

�
L
ξ

�
3

: ð25Þ

As discussed around Eq. (35), there are easier ways to determine
the condensate numerically.
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the Goldstone modes (akin to chiral perturbation theory at
zero temperature) is based on parametrizing the fluctua-
tions in spins or angles, and may be recognized as the
SUð2ÞL × SUð2ÞR generalization of aUð1Þ superfluid [54].
For the applications discussed in this work (e.g. Fig. 2), the
small angle approximation is not enough, but it is sufficient
to analyze the pion dispersion curve discussed previously.
The free energy associated with the Goldstone modes

and charge fluctuations for k ≪ ξ−1 is [53]

H½sa; n� ¼
Z

ddx
f2

2
∂isa · ∂isa þ

n2ab
4χI

; ð32Þ

or for small fluctuations

H½φ; n� ≃
Z

ddx
f2

2
∂iφ⃗ · ∂iφ⃗þ n⃗2V

2χI
þ n⃗2A
2χI

: ð33Þ

Here χI is the charge susceptibility appearing in Eq. (7) and
is constant near the critical point.8 However, f2, the spatial
pion decay constant, is a matching coefficient describing
the pion effective theory and is determined by integrating
out modes which fluctuate on length scales of order the
correlation length ξ, leaving only the Goldstone modes in
the effective theory. Thus, f2 depends critically on the
reduced temperature.
Specifically, near the critical point, the pion decay

constant scales as f2 ∝ ξ2−d as we now review [51,53].
Using the Gaussian effective theory in Eq. (33), the static
correlations of the order parameter at long wavelength can
be straightforwardly computed9:

GππðkÞ ≃ σ̄2eqGφφðkÞ ¼
σ̄2eq
f2k2

∼
ξ2−η

ðkξÞ2 : ð34Þ

For kξ ≪ 1, the static pion correlator is enhanced by a
factor of 1=ðkξÞ2 relative to the static sigma correlator,
which scales as the magnetic susceptibility χ ∼ ξ2−η. As
kξ → 1, the equilibrium pion and sigma fluctuations must
become comparable to ensure that the system ultimately
realizes chiral symmetry restoration. This requires Gππ to
approach ξ2−η in this limit, thereby justifying the scaling
f2 ∝ ξ2−d a posteriori [51].
The value of σ̄eq can be estimated from the equilibrium

expectation value, hM2ieq. The leading deviation of hM2ieq
from σ̄2eq at finite volume comes from fluctuations of long
wavelength Goldstone modes and can be analyzed with the
pion EFT [53]

hMaMaieq ¼ σ̄2eq

�
1þ 0.677355

f2L
þOððf2LÞ−2Þ

�
: ð35Þ

Here the displayed numerical coefficient and the next term
in the series expansion are known analytically in terms of
shape coefficients, but are of no interest here. The correc-
tions are organized in inverse powers of f2L ∼ L=ξ,
showing again that f2 ∝ ξ−1 in three dimensions. Using
Eq. (35) we previously extracted the value of σ̄eq and f2 as a
function of reduced temperature, including subleading
corrections [38]; see Table II.
Based on this discussion we will define the correlation

length below Tc as

ξðtrÞ≡ ξ−

f2ðtrÞ
ðtr < 0Þ; ð36Þ

where ξ− ¼ 0.479ð7Þ is chosen so that the correlation
length ξðtrÞ ¼ ξþjtrj−ν is symmetric around tr ¼ 0, up to
subleading temperature corrections shown in Table II.
Furthermore, from Eq. (35) we get a practical fit to our
numerical results used in the plots

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hMaMaieq

q
≈ σ̄eq

�
1þ 0.706

ξ

L

�
: ð37Þ

The linearized effective hydrodynamic equations of
motion for the pions and axial charge follow from the
free energy in Eq. (33), the conservation laws and the
Josephson constraint, and a dissipative derivative expan-
sion. They take the form [44,51,52]

∂tφ⃗ −
n⃗A
χI

¼ Γ
f2

∇ · ðf2∇φ⃗Þ; ð38aÞ

∂tn⃗A −∇ · ðf2∇φ⃗Þ ¼ D∇2n⃗A: ð38bÞ

Γ and D are defined by these equations, i.e. they are the
dissipative parameters of the pion hydro EFT presented in
Eq. (38). They scale with temperature as ξ2−d=2 ∼ ξ2=τR
close to the critical point and they are distinct (and of
parametrically different size) from the temperature inde-
pendent bare parameters, Γ0 andD0 in Eq. (8). However, in
mean-field theory with d ¼ 4, Γ andD are independent of ξ
and then reduce to Γ0 and D0, justifying the notation.
The linearized hydrodynamic system in Eq. (38) is easily

solved and the eigen-waves have dispersion relations

ωðkÞ ¼ �vk −
i
2
DAk2; ð39Þ

where DA ¼ ΓþD. By systematically analyzing the
unequal time correlators GππðΔt; kÞ we previously
extracted the pion dispersion curve numerically with high
precision [38].

8This is the charge susceptibility χI and not the magnetic
susceptibility in Eq. (11).

9Note that Tc has been set to unity. If the temperature is
restored, this equation is written, Geq

ππ ¼ Tcσ̄
2
eq=f2k2. The factor

of temperature is needed when comparing the Gππ to the pion
Bose-Einstein distribution below.
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Finally, it is worth recording the ideal SUð2ÞL × SUð2ÞR
superfluid equations of motion in the fully nonlinear
regime,10 following Son [54]. These equations can be
determined by writing down the Poisson brackets between
the spins sa and the conserved charges nab, which are fixed
because the charges generate Oð4Þ rotations [43], e.g.

fnabðxÞ; scðyÞg ¼ ðδacδbd − δbcδadÞsdðxÞδ3ðx − yÞ: ð40Þ

Using the effective spin Hamiltonian in (32) and these
Poisson brackets, the equations stemming from ṡa ¼
fss;Hg and ṅab ¼ fnab;Hg read

∂tsa þ
nab
χI

sb ¼ 0; ð41aÞ

∂tnab þ ∂iðf2∂is½asb�Þ ¼ 0: ð41bÞ

In the linearized limit with sa ≃ ð1; φ⃗Þ the equations
reproduce (38) without the dissipative terms. (The dis-
sipative equations in the nonlinear regime are given in
[44,55].) As we will see, the nonlinear ideal superfluid
theory is responsible for the growth of the chiral condensate
following a quench.

4. Quasiparticle description of pion waves

In the next section we will study how the medium
evolves after a sudden quench. The pion dynamics post-
quench will be analyzed through the time dependence of
the equal-time correlation function

Gππðt; kÞ≡ V
3
hπlðt; kÞπlðt;−kÞi: ð42Þ

Now the brackets h…i notate an average over a rotationally
invariant ensemble of initial conditions, determined by the
quench. Here we will relate the Gππðt; kÞ to the pion yield
nπðt; kÞ, which evolves to equilibrium, neqπ ðkÞ, after the
quench.
After a global condensate has approximately formed, the

linearized fluctuations of ϕaðt; xÞ are parametrized by the
angles φ⃗ðt; xÞ, and the hydrodynamic equations of motion
are given by Eq. (38). Neglecting the dissipative dynamics,
the linearized equations of motion in Eq. (38) are similar to
a Uð1Þ superfluid—Eq. (38a) is the Josephson constraint
relating the time derivative of the phase to the chemical
potential, ∂tφ⃗ ¼ μ⃗A ≡ n⃗A=χI [51].
An action reproducing the (ideal) equations of motion

given in (33) is [44,56]

S ¼
Z

d4x
1

2
χIð∂tφÞ2 −

1

2
f2ð∇φÞ2; ð43Þ

which clearly describes a wave with dispersion curve
ωðkÞ ¼ vk and squared velocity, v2 ¼ f2=χI . The action
is appropriately normalized: the Lagrange density is iden-
tified as the superfluid contribution to the pressure [56].
Further, the canonical momentum conjugate to the phase
φ⃗ðt; xÞ is the charge density n⃗Aðt; xÞ and a Legendre
transform of the Lagrangian yields the axial part of the
free energy, H, previously introduced in (33). Examining
the action and noting that φ⃗ ¼ π⃗=σ̄eq, we see that the
rescaled pion field ð ffiffiffiffiffi

χI
p

=σ̄eqÞπ⃗ is canonically normalized,
and may be expanded in terms of plane wave solutions:

ð ffiffiffiffiffi
χI

p
=σ̄eqÞπlðt; xÞ ¼

X
k

alk
e−iωðkÞtþik·xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ωðkÞVp þ al�k
eiωðkÞt−ik·xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωðkÞVp :

ð44Þ

Substituting the mode expansion into (28b) yields a direct
relation between Gππ and the pion yield nπðt; kÞ

χI
σ̄2eq

Gππðt; kÞ ¼
nπðt; kÞ
ωðkÞ ; ð45Þ

where we identified the (isospin averaged) pion yield as

nπðt; kÞ ¼
1

3

X3
l¼1

hjalk j2i: ð46Þ

In writing Eq. (45) we dropped rapidly oscillating terms,
∼e−i2ωðkÞt, in a quasiparticle (or kinetic) approximation. If
Gππðt; kÞ is averaged over a narrow momentum range Δk
with Δk ≪ k and vΔkt≳ 1 these oscillating terms average
to zero. A more sophisticated treatment would match the
time evolution of the two-point functions of the classical
fields onto a Boltzmann description [44], but this analysis is
left for future work.
When Gππ takes the equilibrium form given in (34),

χIG
eq
ππ=σ̄2eq evaluates to

χI
σ̄2eq

Geq
ππðt; kÞ ¼ T

ωðkÞ2 ¼
neqπ ðkÞ
ωðkÞ : ð47Þ

In the last step we recognized the classical part of the Bose-
Einstein distribution,

neqπ ðkÞ ¼ 1

eωðkÞ=T − 1
≃

T
ωðkÞ ; ð48Þ

and thus (47) further corroborates the identification in (45).

10The equations and steps are equivalent to [54]. However, the
final equations look rather different because we are using a
notation based on Oð4Þ symmetry rather than the SULð2Þ ×
SURð2Þ notation adopted by Son.
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In what follows we will monitor the ratio Gππðt; kÞ=
Geq

ππðkÞ ¼ nπðt; kÞ=neqπ ðkÞ to evaluate the time evolution of
the soft-pion yield out of equilibrium.

III. OUT-OF-EQUILIBRIUM DYNAMICS:
QUENCHES

A. Qualitative picture and scaling analysis

In this work we are concerned with the out-of-equilib-
rium dynamics of Model G, particularly the approach to
equilibrium of the Goldstone modes. We will start by
studying the case of instantaneous quenches from the high-
temperature restored phase to the low temperature broken
phase. By suddenly driving the system with a quench to
the broken phase, we isolate the dynamics that lead to the
development of the condensate and its impact on the
conserved charges and the Goldstone modes.
Specifically, we initialize our fields in thermal equilib-

rium specified by reduced temperature tr ¼ t0r > 0, defined
in Eq. (5). Then, at time zero, the reduced temperature is
instantaneously changed to −t0r and the system relaxes to
the new equilibrium. The illustration in Fig. 1 shows the
transition and the equilibrium correlation length above (13)
and below (36) the critical temperature [38].
The dynamics of the condensate and its excitations can

be analyzed through the time evolution of equal time
correlation functions such as

G0ðtÞ≡ V
4

X4
a¼1

hMaðtÞMaðtÞi; ð49Þ

which is the nonequilibrium analog of χ. The average here
and below h…i reflects an average over the ensemble of
initial conditions, and is distinct from equilibrium average
h…ieq of the previous sections. All other equal time
correlation functions such as GππðkÞ and GσσðkÞ defined
in Eq. (28) become functions of time, e.g.,

GππðkÞ → Gππðt; kÞ: ð50Þ

We will focus on the time evolution of equal time
correlation functions in this work.
With our conventions, correlation functions such as G0

and Gππ are independent of volume when the field is
random,11 i.e., the field is correlated over domains of

volume ld much smaller than V. Correlation functions
of “condensate like” fields, i.e., fields with domains of
volume ∼V, scale linearly in the volume.
The quench dynamics is illustrated schematically in

Fig. 2. Consider a local spatial region of length l, several
correlation lengths long. In the restored phase, before the
quench, the potential is shown by the red dashed line, while
after the quench the potential takes the familiar wine-bottle
form. The order parameter averaged in this region is notated
ϕ̄a, and its value before the quench fluctuates around zero,
with variance order χ=ld (see figure). After the quench, ϕ̄a
now sits at the top of the hill and is unstable. Over a time of
order t ∼ τR, fluctuations source an unstable growth of the
local order parameter, which rolls down the hill in a random
direction, forming a locally equilibrated domain. At this
stage, the global condensate is still approximately zero,
since the local condensate orientations are random, as
shown in Fig. 2(b). Over a much longer timescale these the
domains begin to merge to form the global condensate. As
discussed further below, since the distances and times
involved are much larger than the correlation length ξ
and the relaxation time τR respectively, hydrodynamics is
the right tool to describe the growth in this stage. The
appropriate theory was given in Sec. II B 3 and describes a
non-Abelian superfluid with broken SUð2ÞL × SUð2ÞR
symmetry.
Scaling considerations let us go beyond this qualitative

understanding and make sharp predictions on the effect of
this nonequilibrium evolution on the correlators. At time
t ¼ 0 (the “top of the hill”), the system is in equilibrium in

0.05 0.00 0.05
reduced temperature tr

0

5

10

15

20

25

co
rr
el
at
io
n
le
ng

th

quenches

FIG. 1. Illustration of the quench protocol in terms of corre-
lation length ξ. The quenches studied in Sec. III transition from
the high temperature phase to the low temperature phase, t0r →
−t0r with ξðt0r Þ ¼ ξð−t0r Þ up to subleading corrections; see Table II.
The colors from top to bottom correspond to t0r ¼ 0.009, 0.015,
0.023, 0.04 and are correlated with the lines in the upper panels of
Figs. 4–6. In the lower panels of Figs. 4–7 we vary the lattice size
while t0r ¼ 0.04.

11More explicitly, our Fourier transform ϕðkÞ≡
1
V

P
x e

−ik·xϕðxÞ was defined with a prefactor of V−1. Thus,
ϕðkÞ scales as a volume average of ϕðxÞ for kL ∼ 1. If ϕðxÞ is a
random field with domains of volume ld ≪ V, then ϕðkÞ is an
average formed with Nsamp ∝ V=ld independent samples. Sta-
tistically, this average decreases like 1=

ffiffiffiffiffiffiffiffiffiffiffi
Nsamp

p
or

ffiffiffiffiffiffiffiffiffiffiffi
ld=V

p
.

When defining correlation functions, e.g., G≡ VhϕðkÞϕð−kÞi,
we multiply by V to have a volume-independent correlation
function for random fields.
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the restored phase and the correlator reflects the magnetic
susceptibility:

G0ðtÞjt¼0− ¼ χ ∼ ξ2−η: ð51Þ

This means that at t ¼ 0 the fluctuations ofMa are of order
∼

ffiffiffiffiffiffiffiffiffi
χ=V

p
. By contrast, at late times a single randomly

oriented domain is formed with Ma ¼ σ̄eqn̂a. This implies
that

lim
t→∞

G0ðtÞ ¼
V
4
σ̄2eq ∼ ξ2−η

�
L
ξ

�
d
: ð52Þ

Thus,G0 grows by a factor which is a ratio of these limiting
values:

amplification ¼ Vσ̄2eq
4χ

∼
�
L
ξ

�
d
: ð53Þ

This factor will appear frequently below.
The scaling hypothesis quite generally dictates the

dependence of G0 on time and the correlation length

G0ðt; ξ; LÞ ¼ ξ2−ηF ðt=τR; ξ=LÞ; ð54Þ

where here and below F denotes some dimensionless
function, distinguished by context and arguments. For
ξ=L ≪ 1, Eq. (54) suggests a naive scaling form

G0ðt; ξÞ ¼ ξ2−ηF ðt=τRÞ for t ∼ τR: ð55Þ

The naive scaling form in (55), which is valid for t ∼ τR and
is independent of the system size, describes the formation
of the local domains as discussed in Fig. 2(a). However, this

naive scaling drops secular terms which become important
at late times when t ∼ τRðL=ξÞ.
Indeed, as described aboveG0 must be of order ðL=ξÞd at

late times. We anticipate that the condensate will grow in
the time it takes for a pion to propagate across the box,
t ∼ L=v ∼ τRðL=ξÞ. Recognizing these scalings, we reshuf-
fle the parameters in Eq. (54) into a new dimensionless
function

G0ðt; ξ; LÞ ¼ ξ2−η
�
L
ξ

�
d
F ðvt=L; ξ=LÞ: ð56Þ

So far, this is a trivial rewrite of Eq. (54). Now, however, the
new function is expected to be regular and order one as
L → ∞ with vt=L ∼ 1 fixed, and its dependence on ξ=L
can be dropped. Thus, at large volumes and at late times
vt=L ∼ 1 we expect a scaling form for the time evolution of
the magnetization

G0ðt; ξ; LÞ ¼ ξ2−η
�
L
ξ

�
d
F ðvt=LÞ; for t ∼ L=v: ð57Þ

The scaling form in Eq. (57) is valid at intermediate times
t ∼ L=v when ballistic transport of pions is operative as
indicated in Fig. 2(b). However, the scaling form does
not capture the late-time equilibration dynamics of the
Goldstone modes, which happens on the diffusive timescale,
t ∼ τRðL=ξÞ2 ∼ ðL=vÞðL=ξÞ. In Eq. (57) the approach to
equilibrium at late times has been discarded by ignoring
possible secular terms in passing from (56) to (57).
At early times, but still with t ≫ τR, the global con-

densate has not formed. Then, G0 is a correlation function
of a random field, a field consisting of domains of volume
∼ðvtÞd ≪ V, i.e. Fig. 2(b) with small domains. In this
regime G0 will be independent of the system volume. As a

FIG. 2. (a) Schematic of a quench from the high-temperature phase to the broken phase in a spatial region of size l, which is several
correlation lengths long (e.g., l ∼ 3ξ). The red dashed line shows the initial potential at temperature t0r , and the blue line shows the post-
quench potential. The ball represents a local order parameter ϕ̄aðtÞ, averaged over the region. The orange Gaussian depicts the initial
thermal distribution for ϕ̄a before the quench, with variance χ=ld. Over a time of order t ∼ τR, ϕ̄a evolves to the well’s bottom in a
random direction, forming a local equilibrated domain of size l. (b) Field configuration for t ≫ τR in a region of size L ≫ l ∼ ξ,
showing randomly oriented domains of the chiral condensate. The domains merge over a time of order t ∼ L=v with dynamics governed
by the ideal superfluid equations given in (41).
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result, for vt=L ≪ 1 we must have Fðvt=LÞ ∝ ðvt=LÞd to
cancel the leading power of Ld in (57). Using the estimate
v ∼ ξ=τR, we thus extract the early-time behavior of G0 in
the overlap region of (55) and (57)

G0ðt; ξ; LÞ ∝ ξ2−η
�

t
τR

�
d

τR ≪ t ≪
L
v
: ð58Þ

The timescale L=v of the scaling regime in (57) is much
longer than the relaxation time τR. The distance scale
vt ∼ L is much longer than the correlation length ξ. Thus,
the scaling regime in (57) is a hydrodynamic regime. The
appropriate hydrodynamic theory is given by an SUð2ÞL ×
SUð2ÞR superfluid described in Sec. II B 3, which accounts
for the broken symmetry. As discussed above, the scaling
form in (57) ignores the dissipative dynamics and thus, the
relevant hydrodynamics is the nondissipative (but non-
linear) superfluid dynamics given in (41). In the future, it
should be possible to simulate these equations directly to
describe the condensate growth.
Scaling forms for condensate growth, similar to Eq. (57),

are common in analyses of coarsening in other critical
systems [47,57]. However, the linear growth of the domain
size, ∼vt, is a distinctive feature of the superfluid limit of
Model G, ultimately arising from its reversible Poisson
bracket structure.
The critical scaling in Eq. (57) can also be extended to

small but finite momenta. For simplicity, assume that the
k ¼ 0 mode, ϕað0Þ≡Ma, is pointing in the n̂a ¼
ð1; 0; 0; 0Þ direction. We then analyze order parameter
fluctuations ϕaðkÞ ¼ ðσðkÞ; π⃗ðkÞÞ at momenta satisfying
kL ∼ 1. For t≲ L=v, at the boundary of applicability of
(58), pion waves have not fully traversed the box or other
distances of order ∼1=k, see Fig. 2(b). As a result, the zero
mode and other long wavelength modes have not had time
to dramatically influence each other and form a global
condensate. Both are primarily produced from random
superpositions of smaller scales [see Fig. 2(b)].
Consequently, the fluctuations of ϕaðkÞ will be the same
order of magnitude as the zero mode, ϕað0Þ. In addition,
the decomposition of ϕaðkÞ into ðσðkÞ; π⃗ðkÞÞ, which is
based on the direction of the zero mode n̂a, is not physically
significant and all components of ϕaðkÞ are the same order
of magnitude. Thus, the pion and sigma correlation
functions will follow a scaling form similar to the zero
mode, for example:

Gππðt; ξ; k; LÞ ¼ ξ2−η
�
L
ξ

�
d
F ðvkt; kLÞ: ð59Þ

Here we recognized that F ðvkt; kLÞ is an order-one
function when kL ∼ 1 and vkt ∼ 1. For later convenience,
we replaced 1=L in the time argument of (57) with the wave
number k of the relevant mode, writing vkt ¼ ðvt=LÞðkLÞ.

Now in the intermediate range

L−1 ≪ k ≪ ξ−1; ð60Þ

and for times t ∼ ðvkÞ−1, which are short compared to L=v,
the correlation function must again become independent of
the system volume. Thus, we anticipate that for kL ≫ 1, the
function F ðvkt; kLÞ simplifies, Fðvkt; kLÞ → F ðvktÞ=
ðkLÞd, leading to the scaling form

Gππðt; ξ; kÞ ¼
ξ2−η

ðkξÞd F ðvktÞ: ð61Þ

Again, this description is only valid for t ∼ ðvkÞ−1 and
does not capture the diffusive behavior at late times, t∼
τR=ðkξÞ2 ∼ 1=ðvkÞ1=ðkξÞ.
The prediction in Eq. (61), which follows from scaling

and the dynamics of Model G, is quite striking. After noting
that the equilibrium correlation function in Eq. (34) scales
as Geq

ππ ∼ ξ2−ηðkξÞ−2, we see that the equation predicts a
significant enhancement over equilibrium. In the quasipar-
ticle regime discussed in Sec. II B 4 where vkt≳ 1, this
translates to the parametric enhancement of soft pion
spectra

Gππðt; kÞ
Geq

ππðkÞ ≃
nπðt; kÞ
neqπ ðkÞ ∼

1

kξ
with kξ ≪ 1: ð62Þ

This enhancement remains substantial over an extended
timescale, τR=ðkξÞ ≲ t ≪ τR=ðkξÞ2, demonstrating a para-
metrically long-lived deviation from equilibrium.
All of the scaling predictions discussed here are observed

in our numerics, as presented in the next section. Before
moving on, we summarize the situation with Fig. 3, which
shows a schematic of a pion correlator Gππ obtained from
our numerics on a logarithmic time axis. The three relevant
timescales t ∼ τR (initial conditions), t ∼ τR=ðkξÞ (ballistic
transport) and t ∼ τR=ðkξÞ2 can be clearly seen from the
behavior of the correlator. The 1=kξ enhancement over
equilibrium during the ballistic phase is particularly strik-
ing. Again, since the timescale in the ballistic regime is
long compared to τR, the superfluid hydrodynamic equa-
tions reflecting the broken Oð4Þ symmetry in (41) deter-
mine the dynamics of this regime.

B. Lattice simulations of quenches

In this section, we gather all our different numerical
simulations of quenches and show that the above scaling
analysis holds. To give a sense of the numerical effort,
consider the orange quench in Fig. 1, which produces
orange curves in the top two panels of Fig. 4. The relaxation
time, τR ∝ ξd=2, is of order τR ∼ 150ða2=Γ0Þ. The box size
and correlation length are of order ðL=ξÞ ∼ 20 and ξ ∼ 10a
respectively. The relaxation time is large compared to
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FIG. 3. A sketch of different stages in the typical evolution of the (pion) two-point function: early evolution setting the initial
conditions t ∼ τR, rapid growth until the maximum, and slow decay to its equilibrium value in an oscillatory manner. See Sec. III A for
detailed discussion.
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FIG. 4. Time evolution of magnetization for symmetric quenches in Fig. 1, with (top) different starting t0r , but same lattice size
L ¼ 192 and (bottom) with t0r ¼ 0.04 and different lattice sizes. All curves are normalized by the initial equilibrium value, Eq. (11).
Colors indicate the system size in units of correlation length L=ξ. The time is given in units of relaxation time t=τR ∝ t=ξd=2 and pion
ballistic propagation time L=v. Dashed lines show the expected equilibrium value with the leading order finite-size correction Eq. (35).
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a2=Γ0 because we are close to the critical point and the
dynamics shows critical slowing down. A typical event is
first thermalized by evolving for t ∼ 1200ða2=Γ0Þ, with time
steps of 0.24ða2=Γ0Þ as discussed above. After the quench,
the system is evolved for∼50τR, which is ample time for the
longest wavelength Goldstone mode to relax to equilibrium
for L=ξ ∼ 20. The relaxation time for the longest Goldstones
is of order ∼τRL2=ð2πξÞ2. The events are run on single
NERSC CPU node consisting of 128 cores. The curves in
Fig. 4 represent an average over ∼40 events.

1. Magnetization evolution

First, in Fig. 4 we show the time evolution of the
magnetization,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hM2ðtÞi

p
. Here and below, the brackets

h…i denote an average over events. Before the quench,
when the system is in equilibrium,

ffiffiffiffiffiffiffiffiffiffi
hM2i

p
¼ ffiffiffiffiffiffiffiffiffiffiffi

4χ=V
p

,
where χðtrÞ is the magnetic susceptibility above Tc.
Accordingly, in Fig. 4 (left column), the y axis is normal-
ized by this equilibrium value so that all curves start at the
same point. After the quench, the system relaxes and
approaches its new equilibrium value given by σ̄eqðtrÞ up
to finite corrections, Eq. (35). In Fig. 4 (right column), the y
axis is normalized by σ̄eq. Here and throughout, the
rescalings use the parametrizations displayed in Table II
for χðtrÞ, σ̄eqðtrÞ, and other quantities.
In the top panels of Fig. 4 we keep lattice size L ¼ 192

fixed and vary the initial reduced temperature t0r with line
colors correlated with Fig. 1. In the lower panels, we fix
t0r ¼ 0.04, but change the lattice size. The almost identical
curves illustrate the fact that the only relevant parameter is
the system size in units of correlation length, i.e., L=ξ,
which is the same in both panels.
The left panels focus on early-time dynamics. By

rescaling the x axis by τR,
12 all curves collapse at early

times. This corresponds to the first regime of interest t ∼ τR
mentioned in the previous sections, Eqs. (55) and (58). The
right panels focus on the ballistic regime t ∼ L=v captured
by the scaling analysis of the previous section. Rescaling
the y axis by σ̄eq, we expect to see all curves eventually to
diffuse back to one, up to the finite volume corrections
predicted by the poin EFT and given in (35). More
interestingly, rescaling the time axis by v=L confirms
the main hypothesis in our scaling analysis: intermediate
timescales are described by a universal, regular function
F ðtv=LÞ. This can be seen by the data collapse, which is
hindered to fully happen only by the finite volume
corrections of order ξ=L.13

2. Pion and sigma correlation functions

Next, in Fig. 5 we show the evolution of pion-pion
correlation function Gππðt; kÞ for the lowest momentum
mode k ¼ 2π=L, normalized by its equilibrium value.
Analogously to Fig. 4, we vary the reduced temperature
(upper row) and lattice size (lower row). Again, only the
value of kξ is relevant to characterize the behavior of the
correlator, which is the same in all panels. Normalizing by
τR, we see again universality in the initial regime shown by
the left two panels, although the scaling is not quite as good
as the condensate previously shown in Fig. 4.
The ballistic transport phase is further studied in the

second column, where we now multiply the correlator ratio
by kξ and plot it as a function vkt. [Since the equilibrium
correlator scales as Geq

ππ ∝ 1=k2, multiplying Gππ=G
eq
ππ by

kξ removes the leading 1=ðkξÞd factor from the scaling
form in (61).] The data collapse is impressive, fully
confirming the scaling prediction. The 1=kξ enhancement
over the equilibrium value is clear.
In Fig. 6 we repeat the same analysis for the sigma-

sigma correlation function, Gσσðt; kÞ. In equilibrium, this
correlator relaxes to nearly zero. Therefore we normalize
the y axis with the pion equilibrium correlator Geq

ππ ¼
k−2σ̄2=fðtrÞ, instead of Geq

σσ . As argued in the scaling
section, the initial dynamics proceeds in the same way
until the condensate is well formed, further motivating
scaling Gππ and Gσσ by the same factor. The drastic
difference between the pion and sigma channel is of
course that the sigma mode does not have long-lived
modes, and thus quickly decays back to equilibrium.
Rescaling the time with the ballistic time v=L and the
amplitude with 1=ðkξÞ leads to a reasonable data collapse.
Next we study the dependence of the pion and sigma

correlations on kL at fixed kξ. In Fig. 7 we show pion-
pion and sigma-sigma correlation functions for fixed
temperature and fixed wave number k ¼ n × 2π=L, but
varying system size. That is for lattice sizes L ¼ 64, 128,
and 192 we show the n ¼ 1, n ¼ 2, and n ¼ 3 modes
correspondingly. Figure 7(a) shows the pion channel. The
resulting curves are approximately independent of kL at
fixed kξ. However, close inspection shows that the higher
Fourier modes, e.g., k ¼ 3ð2πÞ=L, exhibit weaker oscil-
lations than the n ¼ 1 curve. Indeed, at larger n, a
specified wave number can mix with many other modes
of similar frequency, leading to decoherence. In the limit
where kL ≫ 1 with fixed kξ, we expect that the oscil-
lations seen in the n ¼ 1 mode of Fig. 5 will disappear
entirely.
Figure 7(b) shows the sigma channel. In general the σ

can mix with two pions, making it difficult to define the
screening mass mσ below Tc [58]. In real time, if the
frequencies are commensurate, this mixing introduces
slowly decaying contributions to the sigma channel. For
n ¼ 2 and n ¼ 3 modes we see significant corrections
compared to n ¼ 1 behavior. Indeed, the sigma correlator

12We assume use the relaxation time τR is symmetric around
tr ¼ 0 and use the parametrization for T > Tc in Table II.

13Note that we could have also rescaled the y axis by M2
eq

instead of σ̄eq and obtained a better collapse. We refrained from
doing so as strictly speaking the scaling analysis presented in the
previous section does not control the finite volume corrections
responsible for the difference between these two quantities.
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decays on the same timescale as the pion-pion correlation
function shown on the left, suggesting that this mixing is
at work.

C. Mean field description of quenches

1. Overview and preliminaries

In this section, we will analyze the quench dynamics in
mean-field theory, which provides a simple analytic model
for the dynamics. However, because of its simplicity the
mean-field description fails in several respects, both quali-
tatively and quantitatively.
In mean-field theory, the zero mode is separated from the

remaining modes, which are then linearized around the zero
mode, which is in general time dependent. The equations of
motion are presented in Appendix B and [45] where the
equilibrium properties of the model have been studied
previously.
Briefly, to set notation, the static susceptibility above Tc

follows from the mean-field free energy, which is the
quadratic part of the Landau-Ginzburg free energy in
Eq. (1)

GϕϕðkÞ ¼
1

k2 þm2
0

¼ χ

ðkξÞ2 þ 1
: ð63Þ

In the last step we identified the mean-field correlation
length

ξ≡ 1

jm0j
∝ t−1=2r ð64Þ

and the mean-field susceptibility

χ ≡ lim
k→0

GϕϕðkÞ ¼
1

m2
0

≡ ξ2: ð65Þ

The condensate below Tc follows by minimizing the
potential UðϕÞ in Eq. (2),

σ̄eq ¼
jm0ðtrÞjffiffiffi

λ
p ∝ ξ−1: ð66Þ

From these relations we deduce familiar mean-field expo-
nents β ¼ ν ¼ 1

2
and η ¼ 0. These are consistent with

hyperscaling in Table I only in d ¼ 4.
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FIG. 5. Top left: enhancement of equal time pion-pion field correlator over thermal equilibrium expectation during symmetric quench
for different starting t0r and wave numbers k ¼ 2π=L, where L ¼ 192. The time is given in units of relaxation time t=τR ∝ t=ξd=2. Top
right: the same plot multiplied with kξ on the y axis and time given in units of pion ballistic propagation time L=v ∼ τRðL=ξÞ, where v is
the pion velocity at corresponding tr ¼ t0r . Bottom left and right: enhancement of pion-pion field correlator over thermal equilibrium
expectation during symmetric quench from tr ¼ 0.04 to tr ¼ −0.04 for different wave numbers k ¼ 2π=L, where L ¼ 192, 128, 96, 64.
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In mean-field theory the dynamical parameter Γ0 is
constant and the typical relaxation time is

τR ≡ 1

Γ0jm0j2
∝ ξ2: ð67Þ

Again, this is consistent with the scaling τR ∝ ξd=2 only in
d ¼ 4. We will measure time in units of τR for our mean-
field analysis. The pion dispersion curve in mean-field
theory takes a familiar form of Eq. (18) [45]. The decay
constant in mean field is f2 ¼ σ̄2eq ∝ ξ−2, which is con-
sistent with the previous section in d ¼ 4. With this scaling,
the velocity in Eq. (19) scales as ξ=τR as before, with a
coefficient that depends on χI . As a result, for modes of
wavelength L the timescales τR, τRðL=ξÞ, and τRðL=ξÞ2
identified in Eq. (21) valid.
As discussed previously, the qualitative picture of con-

densate growth following a quench is discussed in Fig. 2.
Following a quench, the system is unstable at “the top of hill”
and the condensate subsequently grows to its equilibrium
value. We will first analyze the condensate correlator
G0ðtÞ ¼ VhM2i=4, defined in Eq. (49). As emphasized in
Sec. III A,G0 needs to grow from χ toVσ̄2eq=4 increasing by a
factor

amplification≡ Vσ̄2eq
4χ

¼ 1

4λ

�
L
ξ

�
d
: ð68Þ

In the last step we assumed d ¼ 4, where λ is dimensionless,
and the amplification factor scales as ðL=ξÞd. Outside of
d ¼ 4, Eq. (68) is simply Ld=λξ4 and the mean-field results
will not exhibit scaling. As wewill see in the next section, in
mean-field theory the growth of the condensate takes the
scaling form in d ¼ 4,

G0

χ
¼

�
L
ξ

�
d
F ðt=τR; ξ=LÞ; ð69Þ

as in the critical dynamics.
However, there are striking differences between the

mean field and critical dynamics. Specifically, the con-
densate growth is exponential, rather than ballistic, which
reflects the instability at the “top of the hill.” The e-folding
time for the exponential growth is τR and it takes
∼ lnðVσ̄2eq=χÞ e-foldings before G0 can grow from its initial
value of χ to its final value, Vσ̄2eq=4. Thus, since G0 is
proportional toM2, we will define a timescale tL character-
izing the growth of the condensate M:

tL ≡ τR
2
ln

�
Vσ̄2eq
8χ

�
∼ τR lnððL=ξÞd=2Þ: ð70Þ

Here the factor of 8 in the logarithm (as opposed to 4) is
without significance and reflects the details of the

computation given below. The timescale tL, which depends
only logarithmically on L, should be contrasted with the
ballistic timescale τRðL=ξÞ of the previous section.

2. Growth of magnetization

In a mean-field description we first look at the time
evolution of the zero mode, which we find by substituting a
spatially homogeneous field ϕaðt; xÞ ¼ MaðtÞ in Eq. (8a)
and averaging the equation over volume

∂tMa ¼ −Γ0ðm2
0 þ λσ2ÞMa þ ξ;

hξaðtÞξbðt0Þi ¼
2Γ0

V
δabδðt − t0Þ: ð71Þ

Here and below σ2 ¼ MaMa. In the quench setup, this
equation should be solved with initial conditions drawn
from the equilibrium distribution at temperature t0r , before
evolving the system at temperature −t0r for t > 0

with m2
0 < 0.

The probability distribution for the magnetization Ma in
the symmetric phase T > Tc is Gaussian provided L ≫ ξ:

PðMaÞ ¼ N exp
�
−
V
2χ

MaMa

�
: ð72Þ

Concretely,

hMai ¼ 0; ð73Þ

hMaMbi ¼
χ

V
δab; ð74Þ

with the higher-order moments further suppressed by
powers of the volume. At early times the field amplitude
is small and the nonlinear terms can be dropped. The
probability distribution of Ma is well characterized by the
variance. On the other hand, at early times the noise plays
an important role in the evolution. The equation of motion
for the two-point function which follows from (71) and in
this limit reads

∂thMaMbi ¼ 2Γ0jm2
0jhMaMbi þ

2Γ0

V
δab; ð75Þ

which is solved by exponential growth:

hMaMbi ¼ δab
χ

V
ð2e2t=τR − 1Þ ð76Þ

where we recall that τR ¼ χ=Γ0. In terms of the schematics
of Fig. 2, this stage corresponds to the initial time when the
field starts rolling down the potential. The squared ampli-
tude evolves at late times as
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σ2 ¼ hMaMai ¼ 2

�
4χ

V

�
e2t=τR : ð77Þ

After these initial stages, when σ2 ≫ χ=V, the non-
linearities cannot be neglected from the mean-field equa-
tions. However, the intrinsic effect of the noise is
subdominant and suppressed by volume. The appropriate
simplification of Eq. (71) in this limit is

∂tσ
2 ¼ −2Γ0m2ðσÞσ2; ð78Þ

where m2ðσÞ ¼ −jm2
0j þ λσ2. The solution is given by

σ2ðtÞ ¼ σ̄2eq
e−2ðt−tLÞ=τR þ 1

; ð79Þ

where, at this point, e2tL=τR is an integration constant, which
remains to be fixed.
The integration constant is chosen so that the late-time

solution matches the exponential growth of the early-time
behavior in a region of overlap. Comparison of (77) and (79)
shows that

Vσ̄2eq
8χ

¼ e2tL=τR ; ð80Þ

as anticipated in the text surrounding Eq. (70). The corre-
lation function G0=χ takes the form

G0ðt; ξ; LÞ
χ

¼ 1

4λ

�
L
ξ

�
d e2ðt−tLÞ=τR

1þ e2ðt−tLÞ=τR
: ð81Þ

To summarize,wehave shown that inmean field the global
condensate is formed on a timescale of tL ∼ τR lnððL=ξÞ2Þ.
This timescale should be contrasted with the scaling results
and our numerical simulations presented in Fig. 4, which
shows a timescale of τRðL=ξÞ ∼ L=v.

3. Equal time correlation functions

In mean-field theory, the pion and sigma correlators are
obtained by linearizing the equations of motion around the
time-dependent background from the previous section. For
kξ ≪ 1 and t ∼ τR, the coupling between the pion field π⃗ and
the conserved charge nab can be ignored. This follows
from the full set of mean-field equations for the two-
point functions in the time-dependent background (see
Appendix B). More intuitively, due to charge conservation
the charge and pion fields are coupled through a derivative
interaction, which, over a limited time, has little effect at
small k. Initially, the equation of motion for ππ matches that
ofσσ, sincebefore the condensate forms, there is nopreferred
direction in flavor space and all field components must have
the same correlation functions.
At small momentum and times t ∼ τR equations of

motion for the equal time pion and sigma correlation
functions read

∂tGππ ¼ −2Γ0ðm2ðtÞ þ k2ÞGππ þ 2Γ0; ð82aÞ

∂tGσσ ¼ −2Γ0ðm2
σðtÞ þ k2ÞGσσ þ 2Γ0; ð82bÞ

with the pion and sigma masses given by

m2ðtÞ ¼ −jm2
0j þ λσ2ðtÞ; ð83aÞ

m2
σðtÞ ¼ −jm2

0j þ 3λσ2ðtÞ: ð83bÞ

In the limit when kξ ≪ 1, we have k2 ≪ jm2
0j ∼ λσ2ðtÞ and

we can drop the k2 in (82) in this limit. Thus, in the
linearized mean-field analysis the correlation functions
become k independent for kξ ≪ 1. This sharply contrasts
with the scaling analysis in Sec. III A, where the correlation
functions scale as 1=ðkξÞd in the same limit.
In the quench setup, the initial conditions for Gππðt; kÞ

and Gσσðt; kÞ are given by equilibrium at a reduced
temperature t0r [see Eq. (63)]. For kξ ≪ 1, both correlation
functions start as Gππð0; kÞ ¼ Gσσð0; kÞ ≃ χ. In this limit
the equations are solved using the approximation scheme
from the previous section. At early times, when λσ2ðtÞ is
still small, the inhomogeneous term in (82) (arising from
thermal noise) cannot be ignored. However, at late times,
thermal noise becomes negligible while λσ2ðtÞ plays a
dominant role. By matching the late-time solution with the
initial growth, as done in the previous section, we obtain the
solution for Gππ and Gσσ for τR ≪ t ∼ tL:

GππðtÞ
χ

¼ 1

4λ

�
L
ξ

�
d e2ðt−tLÞ=τR

1þ e2ðt−tLÞ=τR
; ð84Þ

GσσðtÞ
χ

¼ 1

4λ

�
L
ξ

�
d e2ðt−tLÞ=τR

ð1þ e2ðt−tLÞ=τRÞ3 : ð85Þ

The time evolution of GππðtÞ=χ exactly follows with G0=χ
from (81). As anticipated, this implies that Gππ is amplified
by the factor Vσ̄2eq=4χ and this enhancement persists even at
late times. In contrast,Gσσ=χ is also amplified but reaches a
peak value of 4=27 (in units of the amplification factor)
before decreasing exponentially. These analytic results hold
for kξ ≪ 1.
InFig. 8we shownumerical simulations for the correlation

functions,G0,Gππ , andGσσ forL=ξ ¼ 50 and k ¼ 2π=L. As
expected from (81), (84), and (85), the correlation functions
grow to a size of order Vσ̄2eq=4 over a timescale of
∼τR logððL=ξÞ2Þ. At later times, when t ∼ 1=vk, the cou-
pling between the pion π⃗ and the conserved charges nab
cannot be neglected and is analyzed Appendix B. At this
stage Gππ and the axial charge correlation function GAA
oscillate together with an angular frequency of vk as
exhibited in Eq. (B20). The amplitude of the oscillations
is determined by the determinant ðGππGAA −G2

AπÞ=χI of the
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coupled system [see Eq. (B21) for the analytic expression],
which gradually decays on the timescale for diffusive
processes ∼1=DAk2 ∼ τR=ðkξÞ2.
In summary, the linearized mean-field approach accu-

rately reproduces critical scaling and the expected parametric
size ∝ ðL=ξÞd of the enhancement in four dimensions
(d ¼ 4). When a magnetic field is included as analyzed in
Appendix B, the mean-field correlation functions are ampli-
fied by a factor of 1=m4, consistent with the general scaling
prediction of 1=ðmξÞd only for d ¼ 4. However, in mean-
field theory, the condensate grows exponentially over a
timescale of ∼τR logððL=ξÞ2Þ, rather than spreading ballis-
tically over ∼τRðL=ξÞ. Finally, the linearized mean-field
approach fails spectacularly at capturing the k dependence of
the enhancement. In our statistical simulations the enhanced
correlator scales as 1=ðkξÞd for kξ ≪ 1, whereas in mean-
field theory the correlator is enhanced, but independent of k
until kξ ∼ 1.

IV. DISCUSSION

Motivated by the rapid transition through the chiral
crossover in high-energy heavy-ion collisions, we performed
the first simulations of Model G, quenched from the high-
temperature symmetric phase to the low-temperature broken
phase in the chiral limit.Wemeasured how the average chiral
condensate and the equal-time correlation functions of the
pion and sigma modes approach equilibrium. In the quench
setup, these curves are shown in Figs. 4–6, along with a
scaling analysis summarized below.

The main result is a parametric enhancement of the equal
time pion-pion correlation function over equilibrium,
Gππðt; kÞ=Geq

ππðkÞ by a factor of order ∼1=ðkξÞ (see
Fig. 5). The enhancement sets in for kξ ≪ 1 and persists
until late times, t ∼ τR=ðkξÞ, before slowly decaying back
to equilibrium in a time of order ∼τR=ðkξÞ2. This is
illustrated schematically in Fig. 3.
With the quasiparticle assumptions outlined in

Sec. II B 4, the equal time two-point function parametrizes
the pion distribution function nπðt; kÞ at small k,
χIGππðt; kÞ=σ̄2eq ¼ nπðt; kÞ=ωðkÞwithωðkÞ ¼ vk. Our scal-
ing results for Gππðt; kÞ can then be written14

nπðt; kÞ ¼ TcτR

�
1

ðvkτRÞ2
F ðvktÞ

�
: ð86Þ

The scaling function F ðvktÞ approaches a constant for
vkt ≫ 1. For a given quench initial condition, v and τR are
fixed, and the spectrum exhibits a scaling form in time and
momentum, which is characteristic of a nonthermal fixed
point (NTFP) [59–62].15 Alternatively, one may fix k and
vary the initial conditions. In this case, the nonequilibrium
spectrum still shows a critical scaling with time and the
correlation length ξ, reflecting the proximity to Tc. Both
scalings are shown in Fig. 5.
Noting that the equilibrium spectrum is neqπ ≃ Tc=vk

with v ∼ ξ=τR, and taking the limit vkt ≫ 1, we can express
the enhanced pion yield more precisely:

nπðt; kÞ ¼ neqπ ðkÞ
�
const
kξ

�
with

τR
t
≪ kξ ≪

�
τR
t

�
1=2

:

ð87Þ

The constant is roughly 2.0, as can be estimated from the
maximum of Gππðt; kÞ=Geq

ππðkÞ shown in Fig. 5. A more
precise determination will require larger lattices, where the
NTFP can be clearly separated from the approach to
equilibrium, and where the classical evolution at high wave
numbers can be matched onto a Boltzmann equation [44].
The parametric enhancement can be understood through

a scaling analysis from Sec. III A, along with a physical
picture based on the hydrodynamic limits of Model G, as
illustrated in Fig. 2. Specifically, over a time τR ∝ ξd=2,
disoriented domains of the chiral condensate form, each
only a few correlation lengths long. The domains then
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FIG. 8. Numerical results in mean-field theory (d ¼ 4) for the
growth of the condensate, G0ðtÞ, and related equal time corre-
lation functions GππðtÞ and GσσðtÞ following a quench at time
t ¼ 0 (see text). The dimensionless parameters are L=ξ ¼ 50,
D0=Γ0 ¼ 1, λ ¼ 1=4, and vτR=ξ ¼ 1. The condensate and
correlators grow on a time tL ∼ τR lnððL=ξÞd=2Þ [see Eq. (70)
for a definition] indicated in the plot. After a time tL, the pion
waves with wave number k ¼ 2π=L (shown here) oscillate on a
timescale of L=2v ∼ τRðL=ξÞ.

14This expression is simply a rewrite of Gππðt; kÞ in (61) after
using ξ ∝ vτR and restoring the temperature. It must be empha-
sized that the identification with the pion yield is only strictly
valid for vkt ≳ 1 when the quasiparticle assumptions hold.

15At a NTFP, the spectrum takes a nonequilibrium scaling form
nðt; kÞ ∝ taF SðtbkÞ for some exponents a and b. In the present
case, a ¼ 2 and b ¼ 1. The number of soft pions in this
nonequilibrium spectrum is not conserved, and the familiar
NTFP relation a ¼ db does not hold.
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merge on a much longer timescale of order t ∼ L=v∼
τRðL=ξÞ. Since the condensate growth timescale is much
larger than the critical relaxation time τR, and, since the
spatial scale vt ∼ L is much larger than ξ, the growth is
determined by nonlinear dynamics of the hydrodynamic
limit of Model G. In the broken phase, this hydrodynamic
limit corresponds to a Oð4Þ superfluid, first written down
by Son in a rather different language16 [54]. The enhance-
ment arises when an Oð4Þ superfluid is initialized with
white noise and then subsequently evolves to form a global
chiral condensate. Because no direction in the Oð4Þ space
is preferred, all directions try to become the global
condensate, leading to a pion enhancement during the
competitive growth. In the future it should be possible to
simulate the superfluid limit directly without the full
structure of Model G.
We also investigated quench dynamics in mean-field

theory, where the pion modes are treated as linearized
fluctuations on top of a time-dependent chiral condensate.
Mean-field theory predicts scaling in four dimensions
(d ¼ 4) and produces an enhancement of the right order
of magnitude. However, the growth of both the enhance-
ment and the chiral condensate is exponential rather than
ballistic, saturating in a time of order τR lnððL=ξÞ2Þ instead
of τRðL=ξÞ. Most importantly, the linearized treatment
gives a qualitatively incorrect dependence on kξ. It remains
to be seen whether taking into account a full nonlinear
treatment of mean field will give an improved prediction.
We leave this discussion for future work.
An exciting phenomenological application of our result

is the potential enhancement of soft-pion yields, which are
currently underpredicted by hydrodynamic models that
neglect critical dynamics. The difficulty in describing the
experimental results with existing models is that the yield
steadily rises above from the equilibrium curve only at
small momenta. In current models there is no scale that
would dictate this change. While it is too early to draw a
firm conclusion, our analysis naturally explains why the
yield of Goldstone pions should follow this trend.
Since our simulations were performed at zero magnetic

field, i.e., without explicit symmetry breaking, an important
question is how our results will be affected by finite pion
mass m, or equivalently, a finite magnetic field H.
Including the pion mass is also essential for any compar-
isons with experiments. While a full study is left for future
work, the scaling analysis of the quenches discussed in
Sec. III A can be straightforwardly extended to small but
finite m. In particular, the scaling function in (61) describ-
ing Gππ for kξ ≪ 1 now depends on the dimensionless
ratio, k=m. In the regime k ≪ m ≪ 1=ξ, the result should
be independent of k, leading to the prediction

Gππðt; mÞjt∼1=vm ∼ ξ2−η
�

1

mξ

�
d
: ð88Þ

This is an enhancement over equilibrium by a factor of
order ∼1=ðmξÞ which persists a long time, 1=vm≲ t ≪
τR=ðmξÞ2. The result is intuitive: the 1=kξ dependence is
regulated by the pion mass at small momenta as is illustrated
in Fig. 9. This conclusion is also supported by preliminary
results of Langevin simulations at a finite magnetic field and
themean-field analysis (seeAppendixB), though in the latter
case, the enhancement is 1=ðmξÞ2, reflecting the fact that the
mean field is valid only in d ¼ 4.
If real-world QCD lies outside the Oð4Þ scaling window

[63,64], exhibiting only broken chiral symmetry and a
fairly light pseudo-Goldstone mode, the qualitative reasons
for the enhanced pion yield remain unchanged. Critical
scaling is essential for the data collapse seen in the top two
panels of Fig. 5. However, in the bottom two panels where
the pion yield is also enhanced, the initial conditions are
fixed and the critical scaling of the parameters is never
used. Thus, outside of the scaling window we expect that
the superfluid dynamics will coarsen the system up to a
length scale m−1, producing the enhancement as described
previously. However, since the superfluid parameters, f2

and m2, do not exhibit strict scaling, the data collapse with
reduced temperature will not be perfect. In the language of
the preceding paragraphs, outside of the Oð4Þ scaling
window we expect NTFP scaling but not critical scaling.
We have considered only instantaneous quenches. In a

real heavy ion collision the QGP is expanding and cooling
down at a finite rate. Therefore, it will be important to study
different nonequilibrium protocols. Preliminary work
where the reduced temperature is changed at a finite rate
(as opposed to a sudden quench) shows that the basic
picture of condensate growth outlined in Fig. 2 remains
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FIG. 9. Schematic illustration of the expected pion enhance-
ment as a function of momentum in units of QCD correlation
length.

16In Sec. II B 1 we rederived Son’s equations with an Oð4Þ
notation [see Eq. (41)] making the connection with Model G
transparent.
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valid [65]. Indeed, this preliminary work motivated the
current study of a theoretically cleaner case of instanta-
neous quenches.
To summarize, we highlight the following points from

our work (see also the companion Letter [42]):
(i) We investigated the nonequilibrium dynamics of

Model G, a universal model belonging to the same
dynamic universality class as QCD.

(ii) As the system passes through the phase transition,
the equal-time correlation function of the Goldstone
mode shows a parametric enhancement of order
1=ðkξÞ compared to equilibrium for kξ ≪ 1. In the
quasiparticle picture (see Sec. II B 4) this corresponds
to enhancement of soft pion spectra; see Fig. 9.

(iii) The nonequilibrium enhancement can be predicted
using a general scaling argument (see Sec. III A),
which identifies three distinct timescales: relaxation,
ballistic transport, and diffusion, as illustrated in
Fig. 3.

(iv) The growth of the chiral condensate and the en-
hancement of the pion yield takes place on time-
scales which are long compared to the dynamical
relaxation time τR. This is a hydrodynamic regime
and the appropriate nonlinear effective theory is an
ideal non-Abelian superfluid, reflecting the broken
SUð2ÞL × SUð2ÞR symmetry below Tc [54].

(v) The parameters of the hydrodynamic effective
theory, which reflect the magnetic equation of state,
can be determined from Euclidean measurements in
lattice QCD [52,66]. This means that the details of
the enhancement in QCD are rigorously computable
using current technology.
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APPENDIX A: SUBLEADING CORRECTIONS
TO CRITICAL BEHAVIOR

Previous works [37,38] employed real-time simulations
of Model G to study critical scaling in multiple dynamical
channels. In particular, these studies extracted the nonuni-
versal leading and subleading amplitudes for several
scaling observables. In the present work, whenever an
equilibrium value is required we use the numerical values
of these amplitudes together with the universal leading and
subleading scaling exponents to compute the correspond-
ing quantities. For convenience, we summarize the numeri-
cal values of the amplitudes in Table II.
Below Tc the correlation length can be defined in terms

of the pion decay constant f; see Eq. (36). By analyzing the
static correlator, we previously fitted σ̄2eq=f2 with a phe-
nomenological ansatz C0ð−trÞC1 [38].17 Critical scaling
predicts σ̄2eq=f2 ∼ ð−trÞην with a small exponent νη ≈
0.02 (see Table I). In practice, σ̄2eq=f2 ≃ 0.9 remains nearly
constant over the temperature range relevant for our study.
One could therefore use the condensate parametrization to
determine the pion decay constant f and the correlation
length below Tc. However, we adopt a different strategy
and use the definition of the pion velocity, Eq. (19), to
evaluate f2 ¼ χIv2 and the correlation length below Tc. We
choose the normalization constant ξ− such that the corre-
lation length exhibits a symmetric leading behavior around
Tc, i.e. ξðtrÞ ¼ ξþjtrj−ν, where the nonuniversal amplitude
ξþ above Tc was determined in Ref. [38]. Note that with
this definition, subleading corrections to the correlation
length above Tc and to the pion velocity below Tc (see
Table II) lead to a slight asymmetry of ξ away from tr ¼ 0.

APPENDIX B: DETAILS REGARDING THE
MEAN-FIELD THEORY

In this appendix, we write down the model in mean field.
Following the initial exposition, we provide some further
details on the quench from Sec. III C. As in Sec. II we will
keep g0 and Tc explicit rather than setting them to unity as
in the main text.
The equations of the model are Eq.s (8a) and (8b) with

the Gaussian noises given in (9a) and (9b). It is useful to
decompose the field and the charge into an orthonormal
basis in flavor space as

17An incorrect value of C0 was reported in Ref. [38]; the
correct fit values are C0 ¼ 0.923ð8Þ and C1 ¼ 0.009ð3Þ.
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ϕaðt; xÞ≡ σðt; xÞn̂a þ π⃗ðt; xÞ · e⃗a; ðB1Þ

where e⃗a and n̂a form an orthonormal basis in flavor space.
Here, we derive the equation in the presence of the explicit
breaking H. Therefore, it is more natural to have a basis
fixed in time with the n̂ component directed along the
explicit breaking,Ha ¼ Hn̂a. The charges are in the adjoint
of the group, leading to the following decomposition:

nabðt; xÞ ¼ n⃗Aðt; xÞ · ðn̂ae⃗b − n̂be⃗aÞ þ n⃗Vðt; xÞ · ðe⃗a × e⃗bÞ:
ðB2Þ

We can then project the equation of motions into this basis:

∂tσ þ g0
χI

n⃗A · π⃗ ¼ Γ0∇2σ − Γ0ðm2
0 þ λσ2 þ λπ⃗ · π⃗Þσ

þ Γ0H þ θ; ðB3aÞ

∂tn⃗V þ g0∇ · ð∇π⃗ × π⃗Þ ¼ D0∇2n⃗V þ ∂iΞ⃗
i
V; ðB3bÞ

∂tπ⃗ −
g0
χI

n⃗Aσ ¼ Γ0∇2π⃗ − Γ0ðm2
0 þ λσ2 þ λπ⃗ · π⃗Þπ⃗ þ θ⃗;

ðB3cÞ

∂tn⃗A þ g0∇ · ð∇σπ⃗ − σ∇π⃗Þ þ g0Hπ⃗ ¼ D0∇2n⃗A þ ∂iΞ⃗
i
A:

ðB3dÞ

The nonvanishing noise variances are

hθðt; xÞθðt0; x0Þi ¼ 2TcΓ0δðt − t0Þδ3ðx − x0Þ; ðB4aÞ

hθl1ðt; xÞθl2ðt0; x0Þi ¼ 2TcΓ0δ
l1l2δðt − t0Þδ3ðx − x0Þ;

ðB4bÞ

hΞl1i
V ðt;xÞΞl2j

cd ðt0;x0Þi¼2TcχID0δ
ijδl1l2δðt− t0Þδ3ðx−x0Þ;

ðB4cÞ

hΞl1i
A ðt;xÞΞl2j

A ðt0;x0Þi¼2TcχID0δ
ijδl1l2δðt− t0Þδ3ðx−x0Þ:

ðB4dÞ

Following the spirit of mean field, we linearize the
equations of motion around a time-dependent and spatially
uniform condensate, ϕaðtÞ ¼ ðσðtÞ; 0⃗Þ. The evolution of
the order condensate is nonlinear and given by

∂tσ ¼ Γ0∇2σ − Γ0ðm2
0 þ λσ2Þσ þ Γ0H; ðB5Þ

which follows by substituting ϕaðtÞ ¼ σðtÞna into (B3a)
and averaging over volume. For simplicity, we have
dropped the noise in the time evolution of the condensate
since the averaged noise is suppressed by volume (see
Sec. III C 2 where the noise is included). Given this
equation for the condensate, we can write down the
linearized equations for the spatially inhomogeneous fluc-
tuations, δϕa ¼ ðδσ; π⃗Þ,

∂tδσ ¼ Γ0∇2δσ − Γ0m2
σδσ þ θ; ðB6aÞ

∂tn⃗V ¼ D0∇2n⃗V þ ∂iΞ⃗
i
V; ðB6bÞ

∂tπ⃗ −
g0
χI

n⃗Aσ;¼ Γ0∇2π⃗ − Γ0m2π⃗ þ θ⃗; ðB6cÞ

∂tn⃗A þ g0∇ · ð∇σπ⃗ − σ∇π⃗Þ þ g0Hπ⃗ ¼ D0∇2n⃗A þ ∂iΞ⃗
i
A:

ðB6dÞ

In writing these equations we adopted the following
standard definition of the mean-field masses:

m2
σðσÞ≡m2

0 þ 3λσ2; m2ðσÞ≡m2
0 þ λσ2: ðB7Þ

We define the (connected) correlators as

Gσσðt; x; yÞ ¼ hδσðt; xÞδσðt; yÞi; ðB8aÞ

TABLE II. The universal subleading scaling exponent ω and nonuniversal amplitudes of the Oð4Þ model at zero
magnetic field used in this work. The first subleading exponent is taken from high-precision Monte Carlo
simulations [49]. Nonuniversal leading and subleading amplitudes are taken from fits to Langevin simulations in
Refs. [37,38].

Quantity Subleading scaling Constant values

Any scaling quantity Y ∝ ξθY ð1þ CYξ
−ω þ…Þ ω ¼ 0.755ð5Þ

Susceptibility (T > Tc) χþ ¼ Cþt−γr ð1þ C1tνωr Þ Cþ ¼ 0.2077ð32Þ, C1 ¼ 1.11ð15Þ
Condensate (T < Tc) σ̄eq ¼ B−ð−trÞβð1þ B1ð−trÞνωÞ B− ¼ 0.988ð7Þ, B1 ¼ 0.51ð7Þ
Correlation length (T > Tc) ξ ¼ ξþt−νr ð1þ ξ1tνωr Þ ξþ ¼ 0.4492ð36Þ, ξ1 ¼ 0.332ð85Þ
Correlation length (T < Tc) ξ ¼ ξ−=f2 ≡ ξ−=ðv2χIÞ ξ− ¼ ξþðv−Þ2χI ¼ 0.479ð7Þ
Relaxation time (T > Tc) τR ¼ τþt−νζr ð1þ τ1tνωr Þ τþ ¼ 1.570ð37Þ, τ1 ¼ −1.49ð15Þ
Pion velocity (T < Tc) v ¼ v−ð−trÞν=2ð1þ v1ð−trÞνωÞ v− ¼ 0.462ð3Þ, v1 ¼ 0.325ð3Þ
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Gl1;l2
ππ ðt; x; yÞ ¼ hπl1ðt; xÞπl2ðt; yÞi ¼ δl1l2Gππðt; x; yÞ;

ðB8bÞ

Gl1;l2
AA ðt; x; yÞ ¼ hnl1A ðt; xÞnl2A ðt; yÞi ¼ δl1l2GAAðt; x; yÞ;

ðB8cÞ

Gl1;l2
Aπ ðt; x; yÞ ¼ hnl1A ðt; xÞπl2ðt; yÞi ¼ δl1l2GAπðt; x; yÞ;

ðB8dÞ

Gl1;l2
VV ðt; x; yÞ ¼ hnl1V ðt; xÞnl2V ðt; yÞi ¼ δl1l2GVVðt; x; yÞ:

ðB8eÞ

Here we have neglected non-Gaussian correlations in these
definitions. Therefore, the isospin dynamics are trivial, as
each correlator is diagonal in flavor space.
Given this definition of equal time correlation functions,

the evolution equations can be deduced from the linearized
equations in (B6). At present, we will outline the essential
steps only for the scalar channel to focus the discussion.
For a short time step Δt, we have

δσðtþΔtÞ¼δσðtÞþΔtðΓ0∇2δσ−Γ0m2
σδσÞþΔθ; ðB9Þ

where the Gaussian random variable Δθ is

Δθ ¼
Z

tþΔt

t
dt0θðt0Þ: ðB10Þ

With this definition, expanding in series of Δt, using the
variance of the noise θ, we find

∂tGσσðt; x; yÞ ¼ Γ0ð∇2
x þ∇2

yÞGσσðt; x; yÞ
− 2Γ0m2

σGσσðt; x; yÞ þ 2Γ0Tcδ
3ðx − yÞ:

ðB11Þ

In the same way, all the correlators can be worked out. It is
more natural to express their dynamics in Fourier space,
yielding

∂tGσσðt; kÞ ¼ −2Γ0ðk2 þm2
σÞGσσðt; kÞ þ 2Γ0Tc: ðB12Þ

The vector channel correlator equation follows from (B6b)

∂tGVVðt; kÞ ¼ −2D0k2GVV þ 2D0k2TcχI: ðB13Þ

The pion-axial correlators are coupled with the pion
correlator given by

∂tGππðt; kÞ ¼
g0σ
χI

ðGAπ þGπAÞ − 2Γ0ðk2 þm2Þ

× Gππ þ 2Γ0Tc; ðB14aÞ

the axial correlator given by

∂tGAAðt; kÞ ¼ −g0ðk2σ þHÞðGAπ þGπAÞ
− 2D0k2GAA þ 2D0k2TcχI; ðB14bÞ

and, finally, the mixed correlator given by

∂tGAπðt; kÞ ¼ −g0ðσk2 þHÞGππ þ
g0σ
χI

GAA

− Γ0ðk2 þm2ÞGAπ −D0k2GAπ: ðB14cÞ

In the following, we will set g0 ¼ Tc ¼ 1.

1. Mean field description of a quench

Having presented the mean-field equations, we will now
describe the evolution of Gππðt; kÞ and GAAðt; kÞ following
a quench for kξ ≪ 1. This expands on the discussion given
Sec. III C 3. For simplicity, the magnetic field H will be set
to zero in this section.
As described in the body of the text, after the quench,

when the condensate is on “top of the hill,” the initial
behavior ofGππ is characterized by exponential growth (see
Fig. 3). The resulting evolution of the condensate and Gππ

are given in (79), (81), and (84).
During this short period of exponential growth, which

lasts a time of order tL ∼ τR logððL=ξÞ2Þ, the axial corre-
lators GAπ and GAA are constant, taking values zero and χI ,
respectively. These initial values are the equilibrium values
of these correlators before the quench at temperature t0r .
These correlators are nearly constant because the axial
charge is conserved and thus evolves slowly for kξ ≪ 1.
For the same reason, the coupling between GAA and Gππ

can be neglected for times of order tL. However, at later
times t ∼ 1=ðvkÞ ∼ τR=kξ, the condensate has reached its
equilibrium value and the coupling between the pion and
axial fields cannot be ignored. Here, we will characterize
the late-time oscillatory behavior of the correlators, which
is seen in Fig. 8 and reflects this coupling.
At late times t − tL ≫ τR, the condensate has reached its

asymptotic value of σ ¼ σ̄eq and is treated as constant in
what follows. Then we can write the evolution equations of
the correlators in the pion-axial channel via G⃗ ¼
ðGππ; GAπ; GπA; GAAÞ as

∂tGi ¼ AijGj þ si; ðB15Þ

where the sources are si ¼ ð2Γ0; 0; 0; 2D0χIk2Þ and the
matrix is
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Aij¼

0
BBBBB@
−2Γ0k2 σ̄eq=χI σ̄eq=χI 0

−σ̄eqk2 −ðD0þΓ0Þk2 0 σ̄eq=χI

−σ̄eqk2 0 −ðD0þΓ0Þk2 σ̄eq=χI

0 −σ̄eqk2 −σ̄eqk2 −2D0k2

1
CCCCCA;

ðB16Þ

where we have set H ¼ 0.
We can easily determine the eigenvalues of the above

matrix

λ� ¼ −DAk2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ0 −D0Þ2k4 − 4k2v2

q
; ðB17Þ

where we recalled the pion velocity v2 ≡ σ2=χI, see
Eq. (19), and the damping coefficient DA ≡ Γ0 þD0.
Sticking to small momenta, it is easy to see that the
eigenfrequencies are given by

ωðkÞ ¼ iλ� ∼�2vk − iDAk2 þOðk3Þ; ðB18Þ

in line with the discussion in Sec. II B 3.
In the limit of Γ0 ¼ D0 ¼ DA=2, these equations can be

solved once the mean field reaches its constant equilibrium
value at late times. The initial evolution for t ∼ tL gives the
initial conditions for the subsequent evolutionwith t ∼ 1=vk.
This initial condition can be well approximated by

Gππð0Þ ¼
Vσ̄2eq
4

; ðB19Þ

while the remaining components are much smallerGAA ¼ χ
andGAπ ¼ 0. The solutions take the form of a homogeneous
solution, which depends onGππð0Þ and is initially large, and
an inhomogeneous solution, which is small and determines
the late-time equilibrium behavior. The solution takes the
form

k2Gππ ¼ 1þ Gππð0Þk2e−DAk2t cos2ðvktÞ; ðB20aÞ

GAA=χI ¼ 1þ Gππð0Þk2e−DAk2t sin2ðvktÞ; ðB20bÞ

kGπA=
ffiffiffiffiffi
χI

p ¼−Gππð0Þk2e−DAk2t sinðvktÞcosðvktÞ: ðB20cÞ

In this solution the leading constants reflect the late-time
equilibrium behavior, while the remaining terms propor-
tional toGππð0Þ represent the nonequilibrium homogeneous
solution. In writing this solution we have made the approxi-
mation,Gππð0Þk2 − 1 ≃Gππð0Þk2, which is uniformly valid
at all times for ξ=L ≪ 1. In the same approximation, (B20) is
valid even for Γ0 ≠ D0, and the determinant depends only on
the axial diffusion constant and not on the pion velocity:

k2

χI
ðGππGAA − G2

πAÞ ¼ 1þ Gππð0Þk2e−DAk2t: ðB21Þ

For times of order t ∼ 1=vk the damping term e−DAk2t ≃ 1
is approximately unity and the homogeneous terms propor-
tional to Gππð0Þ in (B20) and (B21) are dominant. These
terms account for qualitative and quantitative features of the
late-time behavior of the curves in Fig. 8.

2. Mean field at finite and small H

a. Overview

In Sec. III C 2 we analyzed the growth of the condensate
following a quench seeded by an initial fluctuation
Ma ∼

ffiffiffiffiffiffiffiffiffi
χ=V

p
. In this section, we will modify this analysis

by considering a small magnetic field which provided a
small initial value which seeds the growth of the con-
densate. The analysis of the subsequent growth of the
condensate and the correlation functions Gππ and Gσσ is
quite similar to Sec. III C 2.
Consider the field configuration prequench shown in the

left panel of Fig. 10. When a small magnetic field is
applied, the mean value of the zero mode is nonzero even
above Tc and equals

hM0i ¼ σð0Þ ¼ χH: ðB22Þ

FIG. 10. Schematics of quenching from high temperature to the broken phase in the presence of explicit symmetry breaking H ≠ 0.
The order parameter is initiated in thermal equilibrium. The finite magnetic field introduces a displacement χH. The instantaneous
quench brings the potential to its broken phase. The fields roll down to the bottom of one of the wells.

QUENCHING THROUGH THE QCD CHIRAL PHASE TRANSITION PHYS. REV. D 112, 114019 (2025)

114019-23



Here the mean-field susceptibility is given in Eq. (65).
Subsequently M0 grows exponentially from this initial size
to σ̄eq as the condensate evolves from the unstable
configuration in the left panel of Fig. 10 to the stable
one in the rightmost plot of Fig. 10. The process leads to
amplification factor for M2 of order

amplification ¼ σ̄2eq
ðχHÞ2 ¼

1

ðmHξÞd
: ðB23Þ

Here we recalled the definition of χ ¼ ξ2 above Tc given in
Eq. (65) and also defined the equilibrium pion screening
mass

m2
H ≡ H

σ̄eq
; ðB24Þ

which follows from the formof the static two-point functions
of the order parameter δϕa ¼ ðδσðkÞ; π⃗ðkÞÞ in equilibrium
below Tc and in the mean field [45]. This definition agrees
with Eq. (B7) only when the condensate has reached its
equilibrium value of σ̄eq. Finally, as in the mean-field results
of Sec. III C 2, we have assume d ¼ 4 when presenting the
mean-field amplification in Eq. (B23). Note that we intro-
duce a subscriptH to the mass to distinguish from the rest of
the discussion in the main text with the exception of themass
in (88), which is mH.
The timescale for exponential growth is τR, and it takes

σ̄eq=χH e-foldings for the condensate to reach its asymp-
totic value. Thus, in analogy with Sec. III C 2 we define a
timescale

tH ≡ τR ln

�
σ̄eq
2χH

�
¼ τR ln

�
1

2ðmHξÞd=2
�
; ðB25Þ

where the additional factor of 2 which appears in the
logarithm is conventional following from the computations
given below.

b. Growth of the condensate and correlations

Having outlined the timescales and scaling in the previous
section, we now present the details. The dynamics of con-
densategrowthproceeds in two stages, parallelingSec. III C 2.
Initially, σ is of the order of the perturbation provided by H.
Nonlinearities can be ignored, and σ grows exponentially. In
the second stage, when σ=χH ≫ 1, the perturbation H is
irrelevant, but the dynamics become nonlinear.
Let us see this explicitly. The evolution of σ can be

determined from Eq. (B5) by

∂tσ ¼ −Γ0ðm2ðσÞσ −HÞ; ðB26Þ

where the transverse mass is given by Eq. (B7). When
λσ3 ≪ σm2

0, we can neglect the nonlinearities18 and obtain

∂tσ ¼ Γ0m2
0σ þ Γ0H: ðB27Þ

The solution in this limit reads

σðτÞ ¼ σð0Þet=τR þ χHet=τRð1 − e−t=τRÞ: ðB28Þ

Upon using the initial condition Eq. (B22), we see that the
condensate grows exponentially for t ≫ τR,

σðtÞ ¼ 2χHet=τR : ðB29Þ

Ultimately, σ cannot be considered small anymore and the
nonlinearities becoming relevant.
After this initial stage, however, themagnetic field is small

compared to the field σ ≫ χH, and themagnetic field can be
neglected. In the case of a vanishing magnetic field, the
solution of the nonlinear equation Eq. (B26) with H ¼ 0 is

σ2ðtÞ ¼ σ̄2eq
e−2ðt−tHÞ=τR þ 1

; ðB30Þ

where at this stage the timescale tH is an integration constant.
The integration constant has to be determined by the early-
time behavior in (B29) to (B30) yielding

etH=τR ¼ σ̄eq
2χH

; ðB31Þ

which agrees with the previous definition of tH given
in (B25).
Summarizing, following a quench, the condensate

squared (relative to its initial value) grows as

G0ðtÞ≡
�
σðtÞ
χH

�
2

¼ 1

ðmHξÞd
e2ðt−tHÞ=τR

1þ e2ðt−tHÞ=τR
; ðB32Þ

increasing by a factor of order 1=ðmHξÞd over a timescale
of order tH ∼ τR ln ððmHξÞ−d=2Þ, cf. Eqs. (B23) and (B25).

c. Equal time correlation functions

The pion and sigma correlators can be determined
following a similar strategy. For k2 ≪ m2

0 and the approx-
imations discussed in the body of the text (Sec. III C 2), the
correlators evolve as

∂tGππ ¼ −2Γ0m2ðtÞGσσ þ 2Γ0; ðB33Þ

∂tGσσ ¼ −2Γ0m2
σðtÞGσσ þ 2Γ0; ðB34Þ

where the time dependence of the masses stems from the
time-dependent condensate, e.g. m2ðtÞ ¼ −jm2

0j þ λσ2ðtÞ.
These equations are subject to the initial condition18Note that this regime λσ3 ≪ σm2

0 is equivalent to σ ≪ σeq.
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Gσσð0Þ ¼ Gππð0Þ ¼ χ; ðB35Þ

which reflects the equilibrium at t0r just before the quench.
As previously stated, at early times, when λσ2ðtÞ is small

compared to −jm0j2, the inhomogeneous terms (arising
from thermal noise) cannot be ignored. However, at late
times the inhomogeneous term becomes negligible, while
λσ2 plays a dominant role. By matching the initial growth
with the late-time solution with the initial growth we obtain

GππðtÞ
χ

¼ 1

2

�
1

mHξ

�
d e2ðt−tHÞ=τR

1þ e2ðt−tHÞ=τR
; ðB36Þ

GσσðtÞ
χ

¼ 1

2

�
1

mHξ

�
d e2ðt−tHÞ=τR

ð1þ e2ðt−tHÞ=τRÞ3 : ðB37Þ

In writing these equations we noted that the amplification
factor ðσ̄eq=χHÞ2 can be written as ðmHξÞ−d via Eq. (B23).
These finite H results are similar to the finite volume
results; see Eqs. (84) and (85). Moreover, the correlators at
finite H will look similar to those in Fig. 8, with the
substitution

1

4λ

�
L
ξ

�
d
→ ðmHξÞ−d: ðB38Þ

Omitting the details, at late times the axial charge and pion
correlators will oscillate together with frequency vmH and
decay rate Γ0m2

H, instead of vk and DAk2 as discussed in
Eq. (B20). A numerical solution of the mean-field equa-
tions is shown in Fig. 11 and confirms this analysis.

[1] Brookhaven National Laboratory, Report of the Workshop
on GeV/Nucleon Collisions of Heavy Ions: How and Why,
November 29–December 1, 1974, Bear Mountain,
New York (Brookhaven National Laboratory, Upton, NY,
1974).

[2] Wit Busza, Krishna Rajagopal, and Wilke van der Schee,
Heavy ion collisions: The big picture, and the big questions,
Annu. Rev. Nucl. Part. Sci. 68, 339 (2018).

[3] Govert Nijs and Wilke van der Schee, Hadronic nucleus-
nucleus cross section and the nucleon size, Phys. Rev. Lett.
129, 232301 (2022).

[4] D. Everett et al. (JETSCAPE Collaboration), Phenomeno-
logical constraints on the transport properties of QCDmatter
with data-driven model averaging, Phys. Rev. Lett. 126,
242301 (2021).

[5] Z. Citron et al., Report from Working Group 5: Future
physics opportunities for high-density QCD at the LHC with
heavy-ion and proton beams, CERN Yellow Rep. Monogr.
7, 1159 (2019).

[6] Shreyasi Acharya et al. (ALICE Collaboration), The ALICE
experiment: A journey through QCD, Eur. Phys. J. C 84,
813 (2024).

[7] John W. Harris and Berndt Müller, “QGP signatures”
revisited, Eur. Phys. J. C 84, 247 (2024).

[8] P. C. Hohenberg and B. I. Halperin, Theory of dynamic
critical phenomena, Rev. Mod. Phys. 49, 435 (1977).

[9] Betty Abelev et al. (ALICE Collaboration), Centrality
dependence of π, K, p production in Pb-Pb collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV, Phys. Rev. C 88, 044910 (2013).
[10] Shreyasi Acharya et al. (ALICE Collaboration), Production

of charged pions, kaons, and (anti-)protons in Pb-Pb and
inelastic pp collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV, Phys. Rev. C
101, 044907 (2020).

[11] D. Devetak, A. Dubla, S. Floerchinger, E. Grossi, S.
Masciocchi, A. Mazeliauskas, and I. Selyuzhenkov, Global
fluid fits to identified particle transverse momentum spectra
from heavy-ion collisions at the Large Hadron Collider, J.
High Energy Phys. 06 (2020) 044.

[12] Govert Nijs, Wilke van der Schee, Umut Gürsoy, and
Raimond Snellings, Bayesian analysis of heavy ion colli-
sions with the heavy ion computational framework Trajec-
tum, Phys. Rev. C 103, 054909 (2021).

[13] D. Everett et al. (JETSCAPE Collaboration), Multisystem
Bayesian constraints on the transport coefficients of QCD
matter, Phys. Rev. C 103, 054904 (2021).

[14] Pengzhong Lu, Rafet Kavak, Andrea Dubla, Silvia
Masciocchi, and Ilya Selyuzhenkov, Quantification of the
low-pT pion excess in heavy-ion collisions at the LHC and

0 10 20 30 40
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 11. Numerical results in mean-field theory (d ¼ 4) for the
growth of the condensate, G0ðtÞ, and related equal time corre-
lation functions GππðtÞ and GσσðtÞ following a quench at time
t ¼ 0 for k ¼ 0 and for finite magnetic field, mHξ ¼ 2π=50 (see
Fig. 8 for comparison). The timescale for condensate growth is
tH ≡ τR lnððmHξÞ−d=2=2Þ ≃ 4.84τR. The remaining dimension-
less parameters are D0=Γ0 ¼ 1, λ ¼ 1=4, and vτR=ξ ¼ 1.

QUENCHING THROUGH THE QCD CHIRAL PHASE TRANSITION PHYS. REV. D 112, 114019 (2025)

114019-25

https://doi.org/10.1146/annurev-nucl-101917-020852
https://doi.org/10.1103/PhysRevLett.129.232301
https://doi.org/10.1103/PhysRevLett.129.232301
https://doi.org/10.1103/PhysRevLett.126.242301
https://doi.org/10.1103/PhysRevLett.126.242301
https://doi.org/10.23731/CYRM-2019-007.1159
https://doi.org/10.23731/CYRM-2019-007.1159
https://doi.org/10.1140/epjc/s10052-024-12935-y
https://doi.org/10.1140/epjc/s10052-024-12935-y
https://doi.org/10.1140/epjc/s10052-024-12533-y
https://doi.org/10.1103/RevModPhys.49.435
https://doi.org/10.1103/PhysRevC.88.044910
https://doi.org/10.1103/PhysRevC.101.044907
https://doi.org/10.1103/PhysRevC.101.044907
https://doi.org/10.1007/JHEP06(2020)044
https://doi.org/10.1007/JHEP06(2020)044
https://doi.org/10.1103/PhysRevC.103.054909
https://doi.org/10.1103/PhysRevC.103.054904


top RHIC energy, Nuclear Science and Techniques 36, 142
(2025).

[15] Aleksas Mazeliauskas and Vytautas Vislavicius, Temper-
ature and fluid velocity on the freeze-out surface from π, K,
p spectra in pp, p-Pb and Pb-Pb collisions, Phys. Rev. C
101, 014910 (2020).

[16] Ivan Melo and Boris Tomášik, Kinetic freeze-out in central
heavy-ion collisions between 7.7 and 2760 GeV per nucleon
pair, J. Phys. G 47, 045107 (2020).

[17] Viktor Begun and Wojciech Florkowski, Bose-Einstein
condensation of pions in heavy-ion collisions at the CERN
Large Hadron Collider (LHC) energies, Phys. Rev. C 91,
054909 (2015).

[18] Pasi Huovinen, Pok Man Lo, Michał Marczenko, Kenji
Morita, Krzysztof Redlich, and Chihiro Sasaki, Effects of
ρ-meson width on pion distributions in heavy-ion collisions,
Phys. Lett. B 769, 509 (2017).

[19] Yuuka Kanakubo, Yasuki Tachibana, and Tetsufumi Hirano,
Nonequilibrium components in the region of very low
transverse momentum in high-energy nuclear collisions,
Phys. Rev. C 106, 054908 (2022).

[20] Krishna Rajagopal and Frank Wilczek, Emergence of
coherent long wavelength oscillations after a quench:
Application to QCD, Nucl. Phys. B404, 577 (1993).

[21] Jean-Paul Blaizot and Andre Krzywicki, Soft pion emission
in high-energy heavy ion collisions, Phys. Rev. D 46, 246
(1992).

[22] J. D. Bjorken, K. L. Kowalski, and C. C. Taylor, Baked
Alaska, in 7th Les Rencontres de Physique de la Vallee
d’Aoste: Results and Perspectives in Particle Physics
(1993), pp. 507–528.

[23] B. Mohanty and Julien Serreau, Disoriented chiral con-
densate: Theory and experiment, Phys. Rep. 414, 263
(2005).

[24] ALICE Collaboration, Letter of intent for ALICE 3: A next-
generation heavy-ion experiment at the LHC, arXiv:
2211.02491.

[25] A. Pandav, D. Mallick, and B. Mohanty, Search for the QCD
critical point in high energy nuclear collisions, Prog. Part.
Nucl. Phys. 125, 103960 (2022).

[26] D. T. Son and M. A. Stephanov, Dynamic universality class
of the QCD critical point, Phys. Rev. D 70, 056001 (2004).

[27] Chandrodoy Chattopadhyay, Josh Ott, Thomas Schaefer,
and Vladimir V. Skokov, Simulations of stochastic fluid
dynamics near a critical point in the phase diagram, Phys.
Rev. Lett. 133, 032301 (2024).

[28] Chandrodoy Chattopadhyay, Josh Ott, Thomas Schaefer,
and Vladimir Skokov, Dynamic scaling of order parameter
fluctuations in model B, Phys. Rev. D 108, 074004 (2023).

[29] Johannes V. Roth, Yunxin Ye, Sören Schlichting, and
Lorenz von Smekal, Universal critical dynamics near the
chiral phase transition and the QCD critical point, Phys.
Rev. D 111, L111901 (2025).

[30] Szabolcs Borsanyi, Zoltan Fodor, Jana N. Guenther, Sandor
K. Katz, Kalman K. Szabo, Attila Pasztor, Israel Portillo,
and Claudia Ratti, Higher order fluctuations and correlations
of conserved charges from lattice QCD, J. High Energy
Phys. 10 (2018) 205.

[31] A. Bazavov et al. (HotQCD Collaboration), Chiral cross-
over in QCD at zero and non-zero chemical potentials, Phys.
Lett. B 795, 15 (2019).

[32] H. T. Ding et al. (HotQCD Collaboration), Chiral phase
transition temperature in (2þ 1)-Flavor QCD, Phys. Rev.
Lett. 123, 062002 (2019).

[33] O. Kaczmarek, F. Karsch, A. Lahiri, L. Mazur, and C.
Schmidt, QCD phase transition in the chiral limit, NIC Ser.
50, 193 (2020).

[34] Andrey Yu. Kotov, Maria Paola Lombardo, and Anton
Trunin, QCD transition at the physical point, and its scaling
window from twisted mass Wilson fermions, Phys. Lett. B
823, 136749 (2021).

[35] Francesca Cuteri, Owe Philipsen, and Alessandro Sciarra,
On the order of the QCD chiral phase transition for different
numbers of quark flavours, J. High Energy Phys. 11 (2021)
141.

[36] Sören Schlichting, Dominik Smith, and Lorenz von Smekal,
Spectral functions and critical dynamics of the O(4) model
from classical-statistical lattice simulations, Nucl. Phys.
B950, 114868 (2020).

[37] Adrien Florio, Eduardo Grossi, Alexander Soloviev, and
Derek Teaney, Dynamics of the Oð4Þ critical point in QCD,
Phys. Rev. D 105, 054512 (2022).

[38] Adrien Florio, Eduardo Grossi, and Derek Teaney, Dynam-
ics of the O(4) critical point in QCD: Critical pions and
diffusion in Model G, Phys. Rev. D 109, 054037 (2024).

[39] Mustafa A. Amin, Mark P. Hertzberg, David I. Kaiser, and
Johanna Karouby, Nonperturbative dynamics of reheating
after inflation: A review, Int. J. Mod. Phys. D 24, 1530003
(2014).

[40] D. Boyanovsky, H. J. de Vega, R. Holman, and J. F. J.
Salgado, Analytic and numerical study of preheating dy-
namics, Phys. Rev. D 54, 7570 (1996).

[41] Juergen Berges and Julien Serreau, Parametric resonance in
quantum field theory, Phys. Rev. Lett. 91, 111601 (2003).

[42] Adrien Florio, Eduardo Grossi, Aleksas Mazeliauskas,
Alexander Soloviev, and Derek Teaney, companion Letter,
Supercooled goldstone bosons at the QCD chiral phase
transition, Phys. Rev. Lett. 135, 242303 (2025).

[43] Krishna Rajagopal and Frank Wilczek, Static and dynamic
critical phenomena at a second order QCD phase transition,
Nucl. Phys. B399, 395 (1993).

[44] Eduardo Grossi, Alexander Soloviev, Derek Teaney, and
Fanglida Yan, Transport and hydrodynamics in the chiral
limit, Phys. Rev. D 102, 014042 (2020).

[45] Eduardo Grossi, Alexander Soloviev, Derek Teaney, and
Fanglida Yan, Soft pions and transport near the chiral critical
point, Phys. Rev. D 104, 034025 (2021).

[46] J. Engels and F. Karsch, Finite size dependence of scaling
functions of the three-dimensional O(4) model in an external
field, Phys. Rev. D 90, 014501 (2014).

[47] U. C. Täuber, Critical Dynamics: A Field Theory Approach
to Equilibrium and Non-Equilibrium Scaling Behavior
(Cambridge University Press, Cambridge, England, 2014).

[48] N. Goldenfeld, Lectures on Phase Transitions and the
Renormalization Group (CRC Press, Boca Raton, FL,
2018).

ADRIEN FLORIO et al. PHYS. REV. D 112, 114019 (2025)

114019-26

https://doi.org/10.1007/s41365-025-01718-z
https://doi.org/10.1007/s41365-025-01718-z
https://doi.org/10.1103/PhysRevC.101.014910
https://doi.org/10.1103/PhysRevC.101.014910
https://doi.org/10.1088/1361-6471/ab5f03
https://doi.org/10.1103/PhysRevC.91.054909
https://doi.org/10.1103/PhysRevC.91.054909
https://doi.org/10.1016/j.physletb.2017.03.060
https://doi.org/10.1103/PhysRevC.106.054908
https://doi.org/10.1016/0550-3213(93)90591-C
https://doi.org/10.1103/PhysRevD.46.246
https://doi.org/10.1103/PhysRevD.46.246
https://doi.org/10.1016/j.physrep.2005.04.004
https://doi.org/10.1016/j.physrep.2005.04.004
https://arXiv.org/abs/2211.02491
https://arXiv.org/abs/2211.02491
https://doi.org/10.1016/j.ppnp.2022.103960
https://doi.org/10.1016/j.ppnp.2022.103960
https://doi.org/10.1103/PhysRevD.70.056001
https://doi.org/10.1103/PhysRevLett.133.032301
https://doi.org/10.1103/PhysRevLett.133.032301
https://doi.org/10.1103/PhysRevD.108.074004
https://doi.org/10.1103/PhysRevD.111.L111901
https://doi.org/10.1103/PhysRevD.111.L111901
https://doi.org/10.1007/JHEP10(2018)205
https://doi.org/10.1007/JHEP10(2018)205
https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1103/PhysRevLett.123.062002
https://doi.org/10.1103/PhysRevLett.123.062002
https://doi.org/10.1016/j.physletb.2021.136749
https://doi.org/10.1016/j.physletb.2021.136749
https://doi.org/10.1007/JHEP11(2021)141
https://doi.org/10.1007/JHEP11(2021)141
https://doi.org/10.1016/j.nuclphysb.2019.114868
https://doi.org/10.1016/j.nuclphysb.2019.114868
https://doi.org/10.1103/PhysRevD.105.054512
https://doi.org/10.1103/PhysRevD.109.054037
https://doi.org/10.1142/S0218271815300037
https://doi.org/10.1142/S0218271815300037
https://doi.org/10.1103/PhysRevD.54.7570
https://doi.org/10.1103/PhysRevLett.91.111601
https://doi.org/10.1103/wyn4-ncdc
https://doi.org/10.1016/0550-3213(93)90502-G
https://doi.org/10.1103/PhysRevD.102.014042
https://doi.org/10.1103/PhysRevD.104.034025
https://doi.org/10.1103/PhysRevD.90.014501


[49] Martin Hasenbusch, Three-dimensional OðNÞ-invariant ϕ4

models at criticality for N ≥ 4, Phys. Rev. B 105, 054428
(2022).

[50] J. Engels and F. Karsch, The scaling functions of the free
energy density and its derivatives for the 3d O(4) model,
Phys. Rev. D 85, 094506 (2012).

[51] D. T. Son and Misha A. Stephanov, Pion propagation near
the QCD chiral phase transition, Phys. Rev. Lett. 88, 202302
(2002).

[52] D. T. Son and Misha A. Stephanov, Real time pion propa-
gation in finite temperature QCD, Phys. Rev. D 66, 076011
(2002).

[53] P. Hasenfratz and H. Leutwyler, Goldstone boson related
finite size effects in field theory and critical phenomena with
OðNÞ symmetry, Nucl. Phys. B343, 241 (1990).

[54] D. T. Son, Hydrodynamics of nuclear matter in the chiral
limit, Phys. Rev. Lett. 84, 3771 (2000).

[55] Akash Jain, Theory of non-Abelian superfluid dynamics,
Phys. Rev. D 95, 121701 (2017).

[56] Kristan Jensen, Matthias Kaminski, Pavel Kovtun, Rene
Meyer, Adam Ritz, and Amos Yarom, Towards hydro-
dynamics without an entropy current, Phys. Rev. Lett. 109,
101601 (2012).

[57] A. Onuki, Phase Transition Dynamics (Cambridge Uni-
versity Press, Cambridge, England, 2002).

[58] J. Engels and O. Vogt, Longitudinal and transverse spectral
functions in the three-dimensional O(4) model, Nucl. Phys.
B832, 538 (2010).

[59] Juergen Berges, Alexander. Rothkopf, and Jonas Schmidt,
Non-thermal fixed points: Effective weak-coupling for
strongly correlated systems far from equilibrium, Phys.
Rev. Lett. 101, 041603 (2008).

[60] J. Berges, K. Boguslavski, S. Schlichting, and R.
Venugopalan, Universality far from equilibrium: From
superfluid Bose gases to heavy-ion collisions, Phys. Rev.
Lett. 114, 061601 (2015).

[61] Kirill Boguslavski, Understanding the dynamics of field
theories far from equilibrium, Proc. Sci., Confinement2018
(2018) 136 [arXiv:1811.07171].

[62] Aleksandr N. Mikheev, Ido Siovitz, and Thomas Gasenzer,
Universal dynamics and non-thermal fixed points in quan-
tum fluids far from equilibrium, Eur. Phys. J. Spec. Top.
232, 3393 (2023).

[63] Jens Braun,Wei-jie Fu, JanM. Pawlowski, Fabian Rennecke,
Daniel Rosenblüh, and Shi Yin, Chiral susceptibility in
(2þ 1)-flavor QCD, Phys. Rev. D 102, 056010 (2020).

[64] Jens Braun et al., Soft modes in hot QCD matter, Phys. Rev.
D 111, 094010 (2025).

[65] A. Florio, E. Grossi, A. Mazeliauskas, A. Soloviev, and D.
Teaney (to be published).
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