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We study the heavy quark dynamics in the presence of memory within the framework of a generalized
Langevin equation. Time correlated thermal noise with power-law decay is generated by a fractional
differential equation, formulated using the Caputo fractional derivativewith order parameter ν. The effect of
memory is calculated through the momentum correlation, the time evolution of the average squared
momentum, the average squared displacement, and the average kinetic energy. The effect of memory is
further studied for the higher normalized central moments of the heavy quark transverse-momentum
distribution. The results indicate that time correlated thermal noise substantially influences heavy quark
dynamics in the quark gluon plasma.
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I. INTRODUCTION

Ultrarelativistic heavy-ion collisions at the Relativistic
Heavy-Ion Collider (RHIC) and the Large Hadron Collider
(LHC) have predicted the formation of quark-gluon plasma
(QGP), a deconfined state of strongly interacting matter in
which quarks and gluons are no longer confined into
hadrons [1–5]. This medium exists only for a short time,
with an estimated lifetime of a few fm=c [6,7]. The study
of the properties of the QGP remains a subject of consid-
erable current interest. In this context, the heavy quarks
(HQs), namely charm and beauty, are regarded as useful
probes of the medium produced in high-ion collisions
(HICs) [8–53]. The HQs are produced predominantly
through initial hard scatterings in the early stage of the
HICs. Since their masses are much larger than the char-
acteristic temperatures reached in HICs, their thermal-
ization proceeds more slowly than that of the light
partonic constituents of the medium. They therefore serve
as effective probes of the system throughout its evolution,
from the initial stage of the collision to hadronization.
The theoretical description of position and momentum

evolution of the HQs is commonly formulated in terms of
stochastic transport equations, in particular, the Langevin
equation [54–57]. In the standard Langevin equation, the
thermal noise is typically assumed to be Gaussian white

noise [58–63] and is therefore assumed to be uncorrelated
in time. This approximation, however, may not provide a
complete description [64,65] of the QGP medium. If the
stochastic force retains information about prior interactions
between the HQs and the medium, the dynamics become
non-Markovian and require a formulation that incorporates
memory effects. In the present work, this assumption is
relaxed and the case of time correlated thermal noise is
discussed. The relevance of such effects in stochastic
modeling has been emphasized in several recent studies
[66–71], and non-Markovian dynamics have been studied
in the nuclear fission process [72,73].
Within QCD matter, time correlated thermal noise, often

referred to as colored noise, has been incorporated into
studies of baryon-number diffusion [74], hydrodynamic
fluctuations [75], and the frequency-dependent electrical
conductivity of hot QCD [76]. In the QGP, the HQs thermal-
ize through repeated interactions with a medium particles, so
the thermal noise need not be instantaneous; a power-law-
decaying correlator provides a natural way to encode such
long-memory effects in theHQdynamics. Studying this form
of correlation generalizes the white-noise descriptions as
limiting cases and allows the sensitivity of the HQs thermal-
ization. The memory effects have been studied by modeling
the thermal noise with time correlations. An exponentially
decaying noise correlator was employed in Ref. [77] to study
its impact on the HQ momentum evolution and the nuclear
modification factor, RAA. In a complementary approach,
Ref. [78] considered long-tailed correlations with power-law
decay and incorporated memory through a Riemann-
Liouville (R-L) fractional integral of the noise.
The present work, in which the HQ is subject to power-

law correlated thermal noise, falls within the broader class
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of anomalous diffusion processes [79,80], and is distinct
from Lévy-flight dynamics [81] in which the anomalous
behavior arises from heavy-tailed jump distributions rather
than long-range temporal correlations [82]. In this context,
the Caputo fractional derivative is particularly well
explored [83–86]. By contrast, the R-L derivative [87]
requires fractional-order initial conditions, which generally
lack direct physical interpretation and complicate numeri-
cal implementation. In transport theory and stochastic
dynamics, the Caputo formulation has therefore been
adopted extensively because it yields solutions that are
regular at the initial time and consistent with the expected
long-time physical behavior [88]. Systematic comparisons
presented in Refs. [89] accordingly favor the Caputo
definition for physical modeling, while Ref. [90] shows
that Langevin equations formulated with the Caputo
derivative produce correlation structures that are more
physically consistent than those obtained from the R-L
definition.
The present work employs the Caputo fractional deriva-

tive to construct time-correlated thermal noise with power-
law decay and incorporates it into a generalized Langevin
equation (GLE) framework for the dynamics of the HQs in
the QGP medium. In this paper, the HQs are assumed to
propagate through a thermalized QGP medium at a fixed
temperature (T). Within this formulation, the impact of
memory is explored systematically through its effects on
the HQ momentum correlation, the average squared
momentum, the average squared displacement, the average
kinetic energy, and the higher normalized central moments.
This framework, therefore, provides a systematic basis for
analysing non-Markovian effects generated by time-corre-
lated thermal noise in the HQ dynamics in the QGP
medium.
The paper is organized as follows. Section II outlines the

theoretical and numerical framework and details the imple-
mentation of power-law correlated processes. Section III
presents the numerical results and analysis. A summary of
the findings and concluding remarks is given in Sec. IV.

II. FORMALISM

A. Time correlated thermal noise

Long-tailed thermal noise with power-law time correla-
tions is generated by the fractional stochastic equation,
which is defined as follows,

τν½CDν
0þhðtÞ� ¼ ηðtÞ; ð1Þ

CDν
0þ represents the Caputo derivative operator [91] and ν

denotes the fractional order parameter, satisfying the
condition q − 1 < ν ≤ q for q∈N (N is a natural number).
The parameter τ, which carries the dimension of time, is
introduced to maintain the dimensional consistency of the
stochastic equation. Specifically, the factor τν compensates

the time dimension associated with the fractional derivative
in Eq. (1), so that the stochastic process hðtÞ remains
dimensionless in this formulation. The thermal noise ηðtÞ is
assumed to be standard Gaussian noise and satisfies the
correlation as follows,

hηðtÞηðuÞi ¼ τδðt − uÞ; ð2Þ

with hηðtÞi ¼ 0. The explicit form of the Caputo fractional
derivative in Eq. (1) is given by [92],

CDν
0þuðtÞ ¼

1

Γðq − νÞ
Z

t

0

uðqÞðsÞ
ðt − sÞ1þν−q ds; ð3Þ

uðqÞ denotes the qth derivative of u, and Γð·Þ denotes the
gamma function. To generate time-correlated thermal noise
with power-law decay, the analysis is restricted to the range
0 < ν ≤ 1, so q ¼ 1. Accordingly, the Caputo derivative
reduces to [93–95]

CDν
0þuðtÞ ¼

1

Γð1 − νÞ
Z

t

0

uð1ÞðsÞ
ðt − sÞν ds; ð4Þ

where uð1ÞðsÞ is the first derivative of uðsÞ. To obtain the
subsequent analytical solution of Eq. (1), it is useful to use
the Laplace transform of the Caputo fractional derivative,
namely [96]

L½CDν
0þuðtÞ�ðzÞ ¼ zνûðzÞ −

Xm−1

k¼0

zν−k−1½uðkÞð0Þ�; ð5Þ

where the notation cð·Þ is used to denote the Laplace
transform, i.e., ûðzÞ≡ L½uðtÞ�ðzÞ. Applying the Laplace
transform to Eq. (1),

τνL½CDν
0þhðtÞ�ðzÞ ¼ η̂ðzÞ; ð6Þ

and using Eq. (5), one obtains

τν
�
zνĥðzÞ −

Xm−1

k¼0

zν−k−1hðkÞð0Þ
�
¼ η̂ðzÞ; ð7Þ

here, m denotes the integer satisfying m − 1 < ν ≤ m. In
the present case, since 0 < ν ≤ 1, one has m ¼ 1, so that
only the initial condition hð0Þ contributes and the above
equation reduces to

τν½zνĥðzÞ − zν−1hð0Þ� ¼ η̂ðzÞ; ð8Þ

from which one finally finds

ĥðzÞ ¼ η̂ðzÞ
τνzν

þ hð0Þ
z

: ð9Þ
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the inverse Laplace transform of Eq. (9), together with the
initial condition hð0Þ ¼ 0, yields

hðtÞ ¼ 1

τνΓðνÞ
Z

t

0

ðt − sÞν−1ηðsÞds; 0 < ν ≤ 1: ð10Þ

Using Eq. (2), the two-point correlation function of the
process hðtÞ can be simplified to

hhðt1Þhðt2Þi ¼
τ1−2ν

ΓðνÞ2
Z

t<

0

ðt1 − sÞν−1ðt2 − sÞν−1ds; ð11Þ

which holds for all t1, t2 > 0. Here, the convenient short-
hand

t> ≔ maxðt1; t2Þ; t< ≔ minðt1; t2Þ: ð12Þ

Upon performing the substitution s ¼ t<u and sub-
sequently applying the Euler-Gauss integral representation
of the Gauss hypergeometric function, one obtains

hhðt1Þhðt2Þi¼
τ1−2ν

νΓðνÞ2 t
ν−1
> tν<2F1

�
1−ν;1;1þν;

t<
t>

�
: ð13Þ

For 0 < ν ≤ 1 and j t<t> j < 1, the Gauss hypergeometric
function admits the convergent series representation as
follows,

2F1ð1− ν;1;1þ ν;λÞ ¼
X∞
n¼0

ð1− νÞr
ð1þ νÞr

λr; λ¼ t<
t>

; ð14Þ

where ðxÞn ¼ Γðxþ rÞ=ΓðxÞ denotes the Pochhammer
symbol, with ðxÞ0 ¼ 1. In the asymptotic regime of
well-separated times considered here, t>=t< ∼ 20, corre-
sponding to λ ∼ 0.05 ≪ 1, the series converges rapidly.
Consequently,

2F1ð1 − ν; 1; 1þ ν; λÞ ¼ 1þOðλÞ; ð15Þ

the hypergeometric factor thus contributes only a small
correction and can be neglected. In the asymptotic regime
t1 ≫ t2 > 0, the two-point correlator reduces to

hhðt1Þhðt2Þi ∼
τ1−2ν

νΓðνÞ2 t
ν−1
1 tν2: ð16Þ

For 0 < ν ≤ 1, Eq. (16) is finite. Consequently, for fixed t2,
the correlations of the process hðtÞ decrease as t1 becomes
larger than t2, following a power-law decay. The power-law
decay of these correlations implies that the hðtÞ exhibits
long-tailed memory. It is further noted that the correlator is
not a function of the time difference t1 − t2, but instead
depends separately on t1 and t2. With the analytical
expression for the thermal-noise correlation function
established, the discussion now proceeds to its numerical
implementation.

B. Numerical implementation

In this subsection, we describe the numerical implemen-
tation of the stochastic process hðtÞ defined in Eq. (1).
Since the present formulation involves a fractional differ-
ential operator acting on the noise process hðtÞ, standard
stochastic calculus frameworks based on Itô or
Stratonovich integration are not directly applicable. We
emphasize that hðtÞ is generated by a Caputo fractional
operator driven by standard white noise ηðtÞ. The inappli-
cability of the standard Itô framework arises because the
fractional operator introduces a nonlocal convolution in
time, which renders the resulting process hðtÞ non-
Markovian and prevents its representation as a semimar-
tingale [97]. For this reason, the Caputo derivative is
discretized directly using the L1 scheme, as detailed below
(as detailed in the Appendix),

8<
:

hðt1Þ ¼ hðt0Þ þ
ffiffiffiffi
τ
Δt

p
ζ̃ðtÞk1 ∶ n ¼ 1;

hðtnÞ ¼ hðtn−1Þ þ
h ffiffiffiffi

τ
Δt

p
ζ̃ðtÞ −P

n−1
j¼1 ajðhðtn−jÞ − hðtn−j−1ÞÞÞ

i
k1 ∶ n ≥ 2;

ð17Þ

where Δt denotes the time step, the coefficients aj ¼
ððjþ1Þ1−ν−j1−νÞ

ΔtνΓð2−νÞ for 1 ≤ j ≤ n − 1 and k1 ¼ ΔtνΓð2−νÞ
τν . Numeri-

cal methods for fractional differential equations are gen-
erally classified as indirect or direct: indirect methods
reformulate the time-fractional differential equation as an
integro-differential equation, whereas direct methods
approximate the time-fractional derivative itself. The
present analysis follows the latter strategy and discretizes
the fractional derivative directly, without transforming the
differential equation into its integral form. This distin-
guishes the present approach from that of Ref. [78], where

the memory was incorporated through an integral repre-
sentation of the noise. The construction of the hðtÞ
correlation ensures a nonvanishing two-time correlation
function and thus provides a time correlated noise for the
HQs. ηðtÞ in Eq. (1) is rescaled according to

ηðtÞ ¼ ζ̃ðtÞ
ffiffiffiffiffiffi
τ

Δt

r
; ð18Þ

since
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δðt − uÞ → δt;u
Δt

: ð19Þ

Accordingly, ζ̃ðtÞ is generated at each time step to satisfy

hζ̃ðtÞζ̃ðuÞi ¼ δt;u; ð20Þ

For the discretization convention, t0 denotes the initial time
and n denotes the total number of time steps, so that the
time at the ith step is given by ti ¼ t0 þ iΔt, with t ¼ tn at
the nth step. Once the colored thermal noise bath has been
generated in Eq. (17), it is embedded into the discretized
GLE for the HQ dynamics, as detailed in the following
subsection. The numerical scheme for the coupled evolu-
tion of the process hðtÞ and the HQ motion within the GLE
framework is then presented in the subsequent subsection.

C. Generalized Langevin equation

The position and the momentum evolution of the particle
are described by the GLE [98–101],

dxðtÞ
dt

¼ pðtÞ
EðtÞ ; ð21Þ

dpðtÞ
dt

¼ −
Z

t

0

γðt; uÞpðuÞduþ ξðtÞ; ð22Þ

where pðtÞ and xðtÞ denote the momentum and the position
of the HQs, respectively, and EðtÞ is its energy. The HQ is
subject to a deterministic dissipative force characterized by
the memory kernel, γðt; uÞ, and a stochastic force ξðtÞ,
whose properties are specified by,

hξðtÞi ¼ 0; ð23Þ

hξðtÞξðt0Þi ¼ 2Dfðt; t0Þ
τ

; ð24Þ

where D is the diffusion coefficient of the HQs and f is a
dimensionless function defining the correlation of the
noise; the factor 1=τ in Eq. (24) is introduced to balance
dimensions in the equation. In the Markovian limit,
fðtÞ=τ ¼ δðtÞ. The stochastic force is related to hðtÞ by

ξðtÞ ¼
ffiffiffiffiffiffiffi
2D
τ

r
hðtÞ; ð25Þ

hence,

hξðtÞξðt0Þi ¼ 2D
τ

hhðtÞhðt0Þi: ð26Þ

Comparison of Eqs. (24) and (26) yields

fðt0; tÞ ¼ hhðtÞhðt0Þi: ð27Þ

The stochastic GLE in terms of the colored noise, hðtÞ
is [77,102],

dpðtÞ
dt

¼ −
Z

t

0

γðt; uÞpðuÞduþ
ffiffiffiffiffiffiffi
2D
τ

r
hðtÞ; ð28Þ

the dissipation kernel, γðt; uÞ, is constrained by the fluc-
tuation-dissipation theorem (FDT) in the relativistic regime
as [77],

γðt; t0Þ ¼ 2D
Eðt0ÞT

hhðtÞhðt0Þi
τ

: ð29Þ

Equation (29) is not derived here from a microscopic
reduction of the medium degrees of freedom; it is imposed
as the fluctuation-dissipation constraint that fixes the
dissipation kernel in terms of the noise correlator within
the generalized Langevin equation, ensuring that the HQ
approaches thermal equilibrium at late times. Equation (28)
differs from the standard Langevin equation in the scaling
of the stochastic force term. The dissipation kernel γðt; t0Þ is
nonstationary [78,103–105], in contrast to stationary GLE
for which the kernel depends only on the relative time
t − t0. The proper admissibility condition in this case is the
positive semidefiniteness of γðt; t0Þ as a two-time kernel,
which follows directly from its identification with the
covariance of the real process hðtÞ through the fluctuation
dissipation theorem, since the covariance of any real
stochastic process is positive semidefinite as a kernel
[106,107]. This property holds for the entire range 0 <
ν ≤ 1 explored in this work. In the present formulation, by
contrast, the thermal noise is explicitly time correlated, so
that the underlying dynamics are non-Markovian. This
changes the scaling behavior of the stochastic term relative
to the standard Markovian case. The time-discretized form
of Eq. (28), used in the numerical implementation, is
written as

pðtÞ ¼ pðt − ΔtÞ − Δt
XN−1

n¼0

γðt; t0nÞpðt0nÞΔt

þ
ffiffiffiffiffiffiffi
2D
τ

r
hðtÞΔt; ð30Þ

with notations, t00 ¼ t0, t0N−1 ¼ tN − Δt and t0N ¼ t.
The numerical solution for the HQ position evolution is
given by

xðtNÞ ¼ xðtN−1Þ þ
�
pðtN−1Þ
EðtÞ

�
Δt: ð31Þ

The momentum evolution of the HQs in the colored
noise bath is determined by solving Eq. (30) simultane-
ously with Eq. (17). At each time step, Eq. (17) is
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calculated independently of Eq. (30), subject to the initial
condition hðt ¼ 0Þ ¼ 0.

1. Purely diffusive motion

For illustrative purposes, the one-dimensional (1-D)
pure-diffusion condition is taken, although the actual
numerical calculations are performed in three dimensions
of the HQs momentum evolution. In this case, the drag
coefficient in Eq. (22) is set to zero, and the initial
condition is taken as pð0Þ ¼ 0, so that the Langevin
equation reduces to

dpðtÞ
dt

¼ ξðtÞ: ð32Þ

Together with the relation between ξðtÞ and hðtÞ in
Eq. (25), the momentum at time t is obtained as

pðtÞ ¼
Z

t

0

ξðsÞds ¼
ffiffiffiffiffiffiffi
2D
τ

r Z
t

0

hðsÞds: ð33Þ

Using the definition of hðtÞ in Eq. (10), one finds

pðtÞ ¼
ffiffiffiffiffiffiffi
2D
τ

r
1

τνΓðνÞ
Z

t

0

�Z
s

0

ðs − uÞν−1ηðuÞdu
�
ds: ð34Þ

Interchanging the order of integration gives

pðtÞ ¼
ffiffiffiffiffiffiffi
2D
τ

r
1

τνΓðνÞ
Z

t

0

�Z
t

u
ðs − uÞν−1ds

�
ηðuÞdu: ð35Þ

The inner integral is elementary,

Z
t

u
ðs − uÞν−1ds ¼ ðt − uÞν

ν
; ð36Þ

so that

pðtÞ ¼
ffiffiffiffiffiffiffi
2D
τ

r
1

τννΓðνÞ
Z

t

0

ðt − uÞνηðuÞdu: ð37Þ

Using the identity Γðνþ 1Þ ¼ νΓðνÞ, this can be written in
the compact form

pðtÞ ¼
ffiffiffiffiffiffiffi
2D
τ

r
1

τνΓðνþ 1Þ
Z

t

0

ðt − uÞνηðuÞdu: ð38Þ

The unequal-time momentum covariance then follows
from Eq. (38) together with the white-noise correlator used
in Eq. (2) is,

hpðt1Þpðt2Þi¼
2D

τ2νΓðνþ1Þ2
Z

t<

0

ðt1− sÞνðt2− sÞνds; ð39Þ

where t< ≡minðt1; t2Þ. For t1 > t2 > 0, this reduces to

hpðt1Þpðt2Þi¼
2D

τ2νΓðνþ1Þ2
Z

t2

0

ðt1− sÞνðt2− sÞνds: ð40Þ

The result for t2 > t1 follows by the interchange t1 ↔ t2.
Setting t1 ¼ t2 ¼ t, one obtains the equal-time momentum
variance,

hpðtÞ2i ¼ 2D
τ2νΓðνþ 1Þ2

Z
t

0

ðt − sÞ2νds

¼ 2D
τ2νΓðνþ 1Þ2

t2νþ1

2νþ 1
; ð41Þ

therefore,

hpðtÞ2i ¼ 2D
τ2ν

t2νþ1

ð2νþ 1ÞΓðνþ 1Þ2 ; 0 < ν ≤ 1: ð42Þ

D. Numerical validation

The numerical implementation of the memory kernel in
Eq. (30), constructed through the Caputo fractional deriva-
tive, is validated by direct comparison with the exact
analytical expression for hp2ðtÞi given in Eq. (42). The
comparison is performed in 1-D with purely diffusive
dynamics, obtained by setting the drag coefficient, γ ¼ 0
in Eq. (30). In this paper, τ is the characteristic memory
time, which is associated with the noise correlation, and is
taken to be 1 fm=c, the same value used in earlier
work [77]. That work demonstrated that, even for a
memory time of this magnitude, memory effects produce
a measurable impact on the HQ observables, the nuclear
modification factor, RAA. For the validation of the our
numerical scheme, we consider, D ¼ 0.1 GeV2=fm, the
particle mass at M ¼ 1 GeV, and the memory index is
varied over ν ¼ 0.001, 0.3, 0.5, 0.7, and 0.9.
Figure 1 presents a comparison between the analytical

results (solid lines) given by Eq. (42) and the corresponding
numerical results (dashed lines) obtained from Eq. (30)
with γ ¼ 0, for the time evolution of hp2ðtÞi at several
values of the memory parameter ν. The black solid line,
corresponding to 2Dt, represents the Markovian limit of
pure diffusion driven by white noise in the absence of
memory. For very small values of ν, both the numerical and
analytical results reproduce 2Dt, confirming that the white-
noise limit is correctly recovered. Also, for all nonzero
values of ν considered, the numerical results are in close
agreement with the corresponding analytical curves over
the entire time interval.
This agreement validates the numerical implementation

and confirms that the L1 scheme correctly incorporates the
power-law time correlations of the thermal noise into the
stochastic dynamics via the Caputo fractional derivative.
The numerical scheme is therefore sufficiently reliable for
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the subsequent study of memory effects on the HQs
momentum evolution in the QGP medium.

III. RESULTS

In this section, we present the results for the normalized
momentum correlator, average momentum squared, average
squared displacement, average kinetic energy, and normal-
ized central moments of the HQs. For illustrative purposes, a
simplified initial condition is first adopted. Memory effects
are further examined using a realistic initial condition for the
HQs at T ¼ 250 MeV and T ¼ 500 MeV, while maintain-
ing a constant diffusion coefficient D. The mass of the
charm quarks (Mc ¼ 1.3 GeV) and the bottom quarks
(Mb ¼ 4.5 GeV) are taken. All results are calculated by
solving Eq. (30) and Eq. (31), consistently incorporating
both the drag and diffusion transport coefficient to the three-
dimensional numerical GLE.

A. Randomization of the heavy quark momentum

The normalized momentum correlator is evaluated to
examine the rate at which the HQs lose memory of their
initial momentum while propagating through the QGP
medium. It is defined as,

CxðtÞ ¼
hpxðtÞpxð0Þi
h½pxð0Þ�2i

; ð43Þ

where CxðtÞ is the normalized momentum correlation
function of the HQs momentum component px. The
corresponding results for CyðtÞ and CzðtÞ in the y and z
directions, respectively, are qualitatively similar. In Fig. 2,
CxðtÞ is shown for three representative values of the
memory index, ν ¼ 0.3, 0.6, and 0.8, at T ¼ 500 MeV

and D ¼ 0.2 GeV2=fm. When the time-correlated thermal
noise is generated via the Caputo process (17), the behavior
of CxðtÞ depends sensitively on the memory parameter ν.
For reference, the Markovian case (magenta line) exhibits a
smooth exponential decay toward zero, consistent with
standard Langevin dynamics driven by uncorrelated ther-
mal kicks [108]. For weak memory (ν ¼ 0.3, black line),
CxðtÞ remains close to this Markovian result, with only a
marginal delay in the early time decay. For stronger
memory (ν ¼ 0.6 and 0.8), the correlator develops a
pronounced nonmonotonic structure, including a negative
lobe at intermediate times, before relaxing to CxðtÞ ≈ 0 at
late times. This sign change reflects a transient reversal of
momentum correlations induced by the continuation of the
noise memory, an effect that is absent in the Markovian
limit. In the nonrelativistic limit, correlations of the type
represented by Cx have been studied broadly in stochastic
systems with memory kernels [109–111]. This correlation
thereby quantifies how medium interactions progressively
suppress the initial momentum memory of the HQ. Finally,
we emphasize that CxðtÞ → 0 at late times for all ν. This
confirms that, once the FDT is implemented consistently,
the HQs still approaches thermal equilibrium in the QGP;
memory effects alter the path to equilibration by reshaping
the early and intermediate-time relaxation of momentum
correlations.

B. Effect of memory on the average squared momentum
and average squared displacement

For the results shown in Figs. 3 and 4, the HQs are
initialized with transverse momentum p0 ¼ 0.1 GeV and
propagated in a QGP medium characterized by T ¼
250 MeV and D ¼ 0.2 GeV2=fm. The calculations are
performed for three representative values of the memory

FIG. 1. hp2ðtÞi versus time for a 1-D, purely diffusive motion
for different values of ν at τ ¼ 1 fm=c. Analytic solutions are
represented by solid lines, and numerical (Num) solutions are
represented by dashed lines.

FIG. 2. Cx versus time of the HQs, considering the differ-
ent values of ν at τ ¼ 1 fm=c, p0 ¼ 1 GeV and constant
D ¼ 0.2 GeV2=fm.
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index, ν ¼ 0.4, 0.6, and 0.8, together with the no-memory
case for comparison. The effect of memory on hp2ðtÞi is
shown in Fig. 3 (left panel), where the time evolution of the
transverse average squared momentum, defined as
hp2ðtÞi ¼ hp2

xðtÞ þ p2
yðtÞi, is presented for the charm

quark. In all cases, hp2ðtÞi increases rapidly at early times.
However, the inclusion of memory modifies the relaxation
pattern qualitatively. Whereas the no-memory result
approaches the asymptotic regime smoothly, the non-
Markovian trajectories exhibit damped oscillations whose
amplitude increases with ν. Simultaneously, larger values
of ν produce a stronger suppression of hp2ðtÞi over the
displayed time interval, indicating a slower approach to the
asymptotic regime. This behavior reflects the increasing
role of time correlations in thermal noise, which modify the
HQ momentum evolution.

The effect of memory on hx2ðtÞi is calculated by
Eq. (31), which is shown in Fig. 3 (right panel), where
the time evolution of hx2ðtÞi is shown for a charm quark
using the same medium parameters and the same set of
memory indices, ν ¼ 0.4, 0.6, 0.8, together with the no-
memory case for comparison, with initial conditions
xðt0Þ ¼ yðt0Þ ¼ 0. A prominent dependence on ν is
observed. For smaller ν, the displacement grows more
efficiently, whereas for larger ν the growth is substantially
suppressed. The no-memory case exhibits the fastest
growth and provides the corresponding Markovian
reference [108,112]. As ν decreases from 0.8 to 0.4, the
late-time behavior of hx2ðtÞi progressively approaches an
approximately linear time dependence.
Fig. 4 shows the corresponding results for the bottom

quark. The time evolution of hp2ðtÞi exhibits a pronounced

FIG. 3. hp2ðtÞi (left panel) and hx2ðtÞi (right panel) versus time for the charm quark, for the various values of the ν,
D ¼ 0.2 GeV2=fm, τ ¼ 1 fm=c, and T ¼ 250 MeV.

FIG. 4. hp2ðtÞi (left panel) and hx2ðtÞi (right panel) versus time for the bottom quark, for the various values of the ν,
D ¼ 0.2 GeV2=fm, τ ¼ 1 fm=c, and T ¼ 250 MeV.
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dependence on the memory index ν. For ν ¼ 0.4, the
approach to the asymptotic value is comparatively smooth,
whereas larger values of ν produce stronger oscillations and
a more markedly delayed approach to equilibrium. The
qualitative pattern is therefore consistent with that observed
for the charm quark: increasing ν enhances the non-
Markovian character of the dynamics and causes the
equilibration process to occur with more delay. The
bottom-quark results additionally display a more persistent
oscillatory structure over an extended time interval, indi-
cating that memory effects remain visible over longer
timescales than in the charm case.
An analogous trend is observed in the hx2ðtÞi for the

bottom quark using the same medium parameters and the
same set of memory indices, ν ¼ 0.4, 0.6, and 0.8, together
with the no-memory case for comparison, with initial
conditions xðt0Þ ¼ yðt0Þ ¼ 0. The hx2ðtÞi is progressively
suppressed as ν increases, and the overall magnitude of the
displacement is smaller than in the charm case for all values
of ν considered. For ν ¼ 0.4, hx2ðtÞi grows steadily and
approaches an approximately linear late-time behavior. For
ν ¼ 0.6 and ν ¼ 0.8, the evolution exhibits a distinct early
time overshoot followed by damped oscillations, after which
the growth rate is markedly reduced. Taken together, the
behavior of hp2ðtÞi and hx2ðtÞi shows that memory effects
modify the dynamical evolution of the HQs in the medium.

C. Heavy quark thermalization from kinetic energy

To further characterize the approach to thermal equilib-
rium, the average kinetic energy (KE) of the HQs is
evaluated. This provides a direct measure of the extent
to which the system approaches the thermal expectation set
by the medium temperature. It is defined as,

KE ¼
D ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þM2
c

q
−Mc

E
: ð44Þ

The calculations are performed at temperature T ¼
250 MeV, with charm-quark mass Mc ¼ 1.3 GeV,
τ ¼ 1 fm=c, and D ¼ 0.2 GeV2=fm, consistent with
parameter values commonly adopted in pQCD calcula-
tions. Figure 5 displays the time evolution of the KE of the
charm quark for three representative values of the memory
index, ν ¼ 0.4, 0.6, and 0.8, together with the memoryless
reference case (magenta line). In all cases, KE increases at
early times and subsequently approaches a plateau, indicat-
ing the beginning of thermalization with the surrounding
medium. The rate and character of this thermalization
depend sensitively on ν. For ν ¼ 0.4, the plateau is reached
within the explored time interval and the evolution remains
close to the memoryless result, indicating that weak
memory produces only a marginal retardation of thermal-
ization. As ν increases to 0.6 and 0.8, oscillatory structures
develop in theKE evolution and the approach to the plateau
is progressively delayed. For ν ¼ 0.8, the asymptotic

plateau is reached only at late times within the explored
time interval, indicating that stronger memory substantially
prolongs the thermalization timescale relative to the mem-
oryless case.
The oscillations in CxðtÞ in Fig. 2 and in hp2ðtÞi and the

KE in Figs. 3–5 originate from the memory carried by the
dissipation kernel γðt; t0Þ of Eq. (29). The drag force on
theHQat time t is aweighted sumover its earliermomentum,
where the weight γðt; uÞ sets how much the momentum at
each past timeu adds to the drag at time t.When γðt; uÞ is still
large for times u far from t, the drag depends on the
momentum the HQ had long before, and this delayed pull
can push the present momentum through zero, producing an
overshoot of opposite sign. The negative lobe of CxðtÞ in
Fig. 2 is the direct signature of this overshoot.
These results demonstrate that increasing the memory

parameter systematically retards the HQs thermalization,
with the strength of this retardation growing monotonically
with ν. The bottom-quark results exhibit the same quali-
tative behavior and are not shown separately. A quantitative
estimate of the thermalization time under realistic initial
conditions is presented in the following subsection. The
subsequent analysis extends this study to phenomenologi-
cally relevant conditions.

D. Memory effect for realistic initializations

The initial condition for the charm quark transverse-
momentum distribution is obtained from the fixed-order-
plus-next-to-leading-logarithm (FONLL) form [113,114],

dN
d2pT

¼ x0
ðx1 þ pTÞx2

; ð45Þ

where pT denotes the HQs transverse momentum. The
parameters are fixed to x0 ¼ 6.36548 × 108, x1 ¼ 9.0, and
x2 ¼ 10.27890. To characterize the effect of memory on the

FIG. 5. KE versus time of the HQs, considering the constant
D ¼ 0.2 GeV2=fm.

PRAKASH, LI, ZHAO, and SUN PHYS. REV. D 114, 014033 (2026)

014033-8



evolution of the realistic HQs transverse-momentum dis-
tribution, we study its higher normalized central moments.
The non-Gaussian characteristics of the HQs transverse-
momentum distribution are quantified through its higher
normalized central moments. Specifically, the normalized
third central moment characterizes the asymmetry of the
distribution about its mean, whereas the normalized fourth
central moment describes the relative weight of the tails and
how strongly the distribution is peaked around its mean
value. For the HQs transverse-momentum distribution,
these quantities are defined as

S ¼ hðpT − hpTiÞ3i
hðpT − hpTiÞ2i3=2

; ð46Þ

K ¼ hðpT − hpTiÞ4i
hðpT − hpTiÞ2i2

− 3; ð47Þ

where pT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
x þ p2

y

q
is the magnitude of the transverse

momentum of the HQ, and hpTi denotes an average over all
particles at time t. S and K represent the normalized third
central moment and the normalized fourth central moment,
respectively. They provide information on the evolution of
the HQs transverse-momentum distribution in the presence
of memory.
Figure 6 shows the time evolution of S andK for the HQs

transverse-momentum distribution for three representative
values of the memory parameter, ν ¼ 0.3, 0.6, and 0.8. At
t ¼ 0, both S and K assume large positive values, reflecting
the pronounced high-pT tail of the FONLL initial spectrum
and indicating that the distribution is strongly non-Gaussian
at the beginning of the evolution. As the HQs propagate
through the medium, both quantities decrease monotoni-
cally, indicating a gradual reduction of the initial asymmetry
and tail weight through interactions with the thermal bath.

The rate of this relaxation depends sensitively on ν. For
ν ¼ 0.3, both S andK are suppressed comparatively rapidly,
and the distribution evolves toward a more symmetric form
within the time interval considered. By contrast, for ν ¼ 0.6
and 0.8, the decay becomes progressively slower, and the
distribution retains its initial nonequilibrium character over
longer timescales. This behavior is consistent with the role
of the memory parameter, according to which stronger time
correlation in the noise delays the relaxation of the distri-
bution toward equilibrium. These results demonstrate that
the higher normalized central moments S andK are sensitive
to the memory parameter ν and provide a useful description
of the influence of power-law time-correlated thermal noise
on the evolution of the HQs transverse-momentum distri-
bution in the QGP medium.

IV. CONCLUSION AND OUTLOOK

In this work, the effects of power-law time-correlated
thermal noise on the HQs dynamics in the QGP have been
studied within a GLE framework. The time-correlated ther-
mal noise is generated by a fractional differential equation
formulated using the Caputo fractional derivative of order ν.
The memory parameter ν controls both the strength and the
power-law decay rate of the noise time correlations, with the
Markovianwhite-noise limit recovered as ν → 0. TheCaputo
fractional derivative was discretized using an L1 numerical
scheme, and the resulting implementation was validated
against the exact analytical solution for hp2ðtÞi in a one-
dimensional purely diffusive motion over the full range of
memory indices considered. The agreement obtained con-
firms the numerical reliability of the GLE for the subsequent
analysis of the HQ dynamics in the QGP medium.
The HQ dynamics show that memory effects modify

the thermalization process in a systematic manner.
The normalized momentum autocorrelation, CxðtÞ, exhibits
clear sensitivity to ν: for weak memory, the behavior

FIG. 6. K (left panel) and S (right panel) as functions of time for a charm quark at various values of ν, with D ¼ 0.2 GeV2=fm,
T ¼ 500 MeV and τ ¼ 1 fm=c.
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remains close to the Markovian result, whereas for larger ν
the correlator becomes nonmonotonic and develops a
negative lobe before relaxing to zero at late times, indicat-
ing that memory changes the thermalization path by which
initial momentum information is dissipated without pre-
venting equilibration. Consistently, hp2ðtÞi displays
increasingly pronounced transient oscillations as ν
increases, while hx2ðtÞi is progressively suppressed,
reflecting the retarded character of the non-Markovian
dynamics. The average kinetic energy, KE, rises at early
times and approaches a plateau in all cases, but stronger
memory produces a more oscillatory relaxation pattern and
a delayed approach to this asymptotic regime. These
qualitative features are observed for both charm and bottom
quarks. Taken together, these results show that time
correlations in the thermal noise produce non-negligible
modifications to the HQ dynamics.
To assess whether these effects continue under phenom-

enologically motivated initial conditions, the analysis was
extended to the HQs initialized with the FONLL transverse-
momentum distribution. The time evolution of S and K was
then used to characterize memory-induced modifications of
the shape of the pT spectrum. Both quantities decrease
monotonically with time, reflecting a progressive reduction
of the initial asymmetry and heavy-tail structure. This
decrease becomes systematically slower as ν increases,
indicating that the nonequilibrium character of the initial
distribution is sustained over longer timescales. These results
show thatmemory effectsmodify not only the thermalization
process but also the shapeof theHQsmomentumdistribution
during its evolution in the medium. The present results
collectively establish that non-Markovian thermal noise
leaves a characteristic and sizable impact on the HQ
dynamics, manifested through delayed momentum correla-
tion, oscillatory relaxation in hp2ðtÞi and in the KE, and a
delayed relaxation of the transverse-momentum distribution.
Several extensions of the present study are left for future

work. A natural next step is the implementation of the
present non-Markovian framework within an expanding
QGP background with temperature-dependent transport
coefficients, so that the memory effects identified here

can be examined under more phenomenologically realistic
conditions. The present framework considers a fixed
memory parameter ν; extending the analysis to a time-
dependent ν, reflecting the evolving nature of the medium,
would be a meaningful generalization. A systematic study
of how the non-Markovian dynamics modify the HQs
spatial diffusion coefficient,Ds, and thermalization time, as
functions of both ν and T, would provide a more complete
quantitative characterization of memory-induced modifi-
cations to the HQ dynamics in the QGP medium.
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APPENDIX

Consider a partition of the time interval ½0; T� given by
tn ¼ n

N T∶0 ≤ n ≤ N. For the scenario where 0 < ν ≤ 1, the
two-step numerical scheme is employed [95]. In this
instance, the first derivative u1 is approximated using a
linear interpolation formula, resulting in a numerical
scheme that solely relies on the values of u at the preceding
two time points un−1 and un−2, which is given as follows,

CDν
0þuðtnÞ ¼

1

Γð1 − νÞ
Z

tn

0

u1ðsÞ
ðtn − sÞν ds ¼

1

Γð1 − νÞ
Xn
j¼1

Z
tj

tj−1

u1ðsÞ
ðtn − sÞν ds ≈

1

Γð1 − νÞ
Xn
j¼1

uðtjÞ − uðtj−1Þ
tj − tj−1

Z
tj

tj−1

1

ðtn − sÞν ds

¼ 1

Γð2 − νÞ
Xn
j¼1

ðtn − tj−1Þ1−ν − ðtn − tjÞ1−ν
tj − tj−1

ðuðtjÞ − uðtj−1ÞÞ ¼
Xn−1
j¼0

ajðuðtn−jÞ − uðtn−j−1ÞÞ; ðA1Þ

CDν
0þuðtnÞ ¼

8<
:

uðt1Þ−uðt0Þ
ΔtνΓð2−νÞ ∶n ¼ 1

uðtnÞ−uðtn−1Þ
ΔtνΓð2−νÞ þP

n−1
j¼1 ajðuðtn−jÞ − uðtn−j−1ÞÞ ∶n ≥ 2:

ðA2Þ
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where the coefficients aj ¼ ððjþ1Þ1−ν−j1−νÞ
ΔtνΓð2−νÞ for 1 ≤ j ≤ n − 1 in the scheme are determined by the difference formula for the

first derivative and are used to account for the fractional order.
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