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We study the Hamiltonian formulation of SU(2) Yang-Mills theory with staggered fermions in a
(2 + 1)-dimensional small lattice system. We construct a gauge-invariant and finite-dimensional Hilbert
space for the theory by applying the loop-string-hadron formulation and specifically map the model to a
spin system. We classically emulate digital quantum simulation and observe the real-time evolution of the
single-site entanglement entropy, the fermion entanglement entropy, and the fermion pair production.
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I. INTRODUCTION

Gauge theory plays a crucial role in constructing the
framework of modern particle physics. In particular, the
SU(3) gauge theory provides the foundation for quantum
chromodynamics (QCD) that describes the strong inter-
action among quarks and gluons. One important feature
of QCD is asymptotic freedom, which implies that
perturbation theory becomes invalid at low energy scales.
Therefore, researchers have developed several nonpertur-
bative approaches to investigate the low-energy physics of
QCD. One of the most successful approaches is the first-
principles calculation based on the path integral formu-
lation for discrete variables, known as lattice QCD [1].

By numerically evaluating the path integral and taking
the continuum limit, one can, in principle, investigate
thermal expectation values of observables even in the
nonperturbative region.

Conventionally, this integration is performed using the
Markov-Chain Monte Carlo method, which does not work
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when the integrand is nonreal positive and highly oscillat-
ing. This kind of difficulty in numerical integration is
known as the sign problem [2—5], which occurs in a wide
range of fields in physics. In lattice QCD calculations, one
encounters the sign problem in situations such as those
involving topological effects induced by the theta term, the
finite baryon chemical potential region, and real-time
evolution.

Even though there have been various approaches to
challenge the sign problem based on the Lagrangian
formulism, such as the complex Langevin method [6-8],
Lefschetz thimble method [9-11] and some related meth-
ods [12—15], their success has yet to lead to practical
applications in QCD.

The Hamiltonian formulation on a lattice has recently
gained attention as an alternative approach to studying
gauge theories [16,17]. This method avoids the sign
problem by directly dealing with quantum states in their
Hilbert space and calculating observables, rather than
relying on Monte Carlo integration. However, the
Hamiltonian formulation introduces a different practical
challenge: the vastness of the Hilbert space to be handled.
The Hilbert space of gauge fields is infinitely large because
they are bosonic theories. Therefore, in practice, it is
necessary to truncate the theories to make their Hilbert
space finite. Several truncation methods have been pro-
posed, including the loop-string-hadron (LSH) approach
[18-20], q deformation [21-23], the local multiplet basis
[24,25], and the quantum link model [26]. Each formu-
lation has its own distinct features. None of the approaches
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are currently applicable to 3+ 1 dimensional QCD.
Researchers typically start with simpler cases than
QCD, such as lower spatial dimensions, fewer flavors
and colors, and by neglecting fermionic degrees of
freedom.

Nevertheless, even after truncation, the Hilbert space
often remains significantly large. To address this issue,
quantum computation emerges as a promising tool. A
quantum computer with N qubits has a memory capacity
of O(2V), whereas a classical computer with N classical
bits has a memory capacity of only O(N). Due to the
development of quantum computing, it is convincing that a
quantum computer will be able to deal with this huge
Hilbert space in the future as its computing resource
increases exponentially with the increase in the number
of qubits.

With the development in the formulation, significant
progress has also been made in numerical simulations of
gauge theories. Although numerous efforts have been made
to investigate the quantum simulation of lattice gauge
theories, there are still many steps to bridge the gap to
QCD. For example, many studies focus on 1 + 1 dimen-
sional physics, such as the Schwinger model [27-35]. In
the higher spatial dimensions such as 2 4+ 1D and 3 + 1D,
there are studies investigating the dynamics of non-Abelian
gauge theory without fermions [21-25,36-46].

However, simulations of non-Abelian gauge theory with
fermions in more than two spatial dimensions are still
lacking, making it an open and attractive question.

One of the most interesting applications of the model is its
real-time quantum evolution to investigate the thermaliza-
tion of SU(2) gauge theory with fermions. This problem is
closely related to the understanding of the thermalization
process in the early stages of relativistic heavy-ion collisions
[47,48]. The theoretical picture of relativistic heavy-ion
collisions based on perturbative QCD suggests that the
initial state of the bulk matter produced is a far-from-
equilibrium system of gluons [49-52]. This gluonic matter
thermalizes due to the intrinsic dynamics of QCD, while
fermions are produced, eventually evolving into a quark-
gluon plasma. However, our understanding of the non-
equilibrium processes remains incomplete due to the
numerical difficulty of simulating the real-time nonequili-
brium evolution of QCD.

In recent years, significant progress has been made in
understanding quantum thermalization, particularly in the
field of condensed matter physics. It has been suggested
that quantum thermalization can be explained by the
eigenstate thermalization hypothesis, which is also known
to be closely related to entanglement and quantum chaos
[53-55]. Motivated by these developments, increasing
attention has been given to investigating thermalization
mechanisms in quantum gauge theories using Hamiltonian-
based simulations, even in finite, low-dimensional SU(2)
systems [38,40,42,44,56]. Building upon this research

direction, investigating the thermalization of SU(2) gauge
theory by incorporating fermions is a worthwhile endeavor.
By including fermions, we can further explore fermion
production and fermion entropy.

In this paper, we study the real-time quantum evolution
of the SU(2) Yang-Mills theory with fermions in a 2 41
dimensional small isolated system by using the LSH
formulation. We consider the Kogut-Susskind Hamilt-
onian formulation [16,17] on a single square lattice and
introduce staggered fermions [17,57] on the vertices to
circumvent the fermion doubling [58,59]. Using the
Schwinger boson representation [18,60] of the SU(2)
gauge field, we can construct the physical states on the
lattice by solving the Gauss law and figure out the actions
of the Hamiltonian [18,60]. Our simulation is based on a
quantum computer emulator [18,61]. To perform the
quantum simulation, we map the model to a spin system.

This paper is organized as follows. In Sec. II, we first
review the Kogut-Susskind Hamiltonian and show the
necessary formulations. Then, we introduce the construc-
tion of the physical states by applying gauge invariant
constraints and specifically calculate actions of the
Hamiltonian. In Sec. III, we show how to map the model
to a spin system and discuss our numerical results, which
mainly focus on entanglement and pair production. In
Sec. IV, we briefly discuss how to generalize our method to
a larger lattice. Section V is summary and outlook. In
Appendix A, we show the actions of all necessary gauge
invariant operators. In Appendix B, we show the exact
identity between the lattice system and the spin system.
Besides, we also show all terms of the Hamiltonian matrix.

II. HAMILTONIAN FORMULATION

A. Formulation

We review the Hamiltonian formulation of the SU(2)
lattice Yang-Mills theory, which is the so-called Kogut-
Susskind Hamiltonian [16,17], on a two-dimensional
spatial lattice with the staggered lattice fermion. The
Hamiltonian is given as

H = Hg + Hy + Hy, (1)
where
Hg=K) E(x.p). (2)
b =~ DU (W)U, (x + &) U e + &)Ul
+ (He), (3)
He = Y (W (Ui +2,) + (He)
e ——— @
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here n(x) = (=1)""™2 and #n,(x) = (=1)"2. In this
Hamiltonian, E(x, #), defined on the ends of links, is the
chromo-electric field and U, (x) is the link variable, which
is defined on the link. Besides, y(x) is the staggered
fermion field, which is defined on the sites. Under this
definition, Hg, Hg, and H are the electric part, magnetic
part, and fermionic part of the Hamiltonian, respectively. In
this formula, x and u(= x', x?), respectively, represent the
site position of two-dimensional spatial lattice and direc-
tions with e, being the unit vector along the direction u.
Besides, P denotes the plaquette. Note that we redefine the
Hamiltonian, shown in Eq. (1), by multiplying a factor 2a
with a being the lattice constant. According to this, the
parameter K is equal to ¢*> with g being the coupling
constant and the mass parameter, m, is equal to 2mga with
mg being the intrinsic mass of fermion field. However,
throughout this paper, unless otherwise specified, other
physical quantities are normalized by the lattice spacing a.

There are two types of representations of the chromo-
electric field E(x, u) on the lattice. One is the left electric
field EY (x, u), located at position x on the edge of the link
connecting x to x + fi. The other is the right electric field
E{(x,u), located at position x on the edge of the link
connecting x — fi to x. For the lattice SU(2) Yang-Mills
theory, the nonvanishing commutation relation among the
link variable and electric fields are given as

B ), U,0)) = =5 Uy0)3udg, (9
B4 ), U,0)) = U0 G 3udy (0
B () L)) = i B (2. )b (7)

(g (e p). E4(.0)] = i By (x. 0)3,8. (8)

a=1,2.3 is the Kronecker

123:1

are the Pauli matrices, J,,
delta, and €*¢ is the Levi-Civita symbol with e
These relations mean that the left and right electric fields
serve as generators for the link variable in the SU(2) gauge
transformation. Note that we have the equality condition

between the two types of electric fields as

where o

> E(x w)EL (x ) = > E&(x. p)Eg(x.p),  (9)

indicating that the electric part of the Hamiltonian, given in
Eq. (1), does not depend on the representation used. The
physical states |¥) defined on the sites should satisfy the
Gauss law constraint,

(Z[Eﬁ(x,ﬂ) + ER(x—&,.p)] + Q“(x)> W) =0, (10)

u

where the charge operator Q¢ is defined as Q%(x) =
w'(x)Zw(x). This charge operator also satisfies the
SU(2) algebra as

[09(x). Q°(y)] = ™ Q° (x)yy. (11)

To construct a gauge-invariant basis for the Hilbert space
and to calculate the matrix elements of observables in this
basis, we use the Schwinger boson representation of the
gauge field operator [18,60]. The electric field can be
rewritten as

o _ 100
EL:al-Taj, (12)

L O
Eg =B 5B, (13)

where a;_,, and f;_,, are both boson annihilation oper-
ators whose specific meaning will be given in the next
subsection. For magnetic field, we define the link variable
as U = Up(a)Ug(p) with

1 océ ay
U = , 14
(@) NL+1<_a; a2> (14)
A B 1
U = , 15
R(P) (—m m) — (15)

which is the well-known form, reproducing the commuta-
tion relation of gauge field operators.

As the Fock space for Schwinger bosons, we can define
the Hilbert space. Note that the defined Hilbert space is
larger than the Hilbert space for the original theory even
after limiting it to the subspace that satisfies the Gauss law.
The equality condition (9) indeed imposes an additional
constraint on the physical state, in addition to the Gauss
law, as

Ny (x, )WL) = Ng(x, 1) Wr), (16)

where Ny = 3", ala; and Ny = 3, I 3; are the number
operators of Schwinger bosons. Here |¥p),|¥g) are the
physical states located at the left and right sites of the link
(x,u). This implies that the number of Schwinger bosons
on both sides of one link must be the same. This constraint
is called the Abelian Gauss law [18].

Based on the above formulas, we can calculate the real-
time evolution of the two-dimensional square lattice system
according to the Schrédinger equation. But before this, we
need to construct the physical state |¥) to satisfy the Gauss
law, shown in Eq. (10), and the equality condition, shown
in Eq. (16).
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Left: labels of links and sites on the (2 4 1) dimension small lattice model. The links are labeled as L; with i = 1, 2, 3, and 4.
The sites are labeled as A, B, C, and D, each representing the site at (x!, x*) = (0,0), (1,0), (1

, 1), and (0,1), respectively. Right: labels

of the boson and fermion operators on sites on the (2 4+ 1) dimension small lattice model. Along a path moving counterclockwise on the
square lattice, we define the bosons associated with a given lattice point in the order, b — a.

B. Construction of physical state

In this section, we intend to construct the physical state
on the (2 + 1)-dimensional little lattice. Basically, we have
two constraints: the Gauss law constraint (10) for a local
state at a single site and the equality condition (16) for
connecting two adjacent sites. The labels for links and sites
are given in the left of Fig. 1. The labels for the annihilation
operators of bosons and fermions at the sites are shown on
the right in Fig. 1. The labels for the creation operators are
obtained by adding a dagger symbol to each annihilation
operator, such as a{, b{, and l//j;. At this point, we do not
distinguish whether the boson operator represents the left or
right electric field, or whether the fermion operator repre-
sents a fermion or antifermion. However, later, we see that
the fermions at sites B and D represent fermions, while
those at sites A and C represent antifermions.

First, let us focus on the local states at single sites that
preserve Gauss law. Such a state can be expressed by
gauge-invariant operators as follows [18]:

$,71,F2,0)

_J%(b*‘-&T)s(bf-li/*)"(aT-117"')’2(1//*~II7T)”|0>7 (17)

where s, r{, r,, v denote the quantum number of the state,
(a’,b") and y' denote the creation operators of Schwinger
bosons and the staggered fermion, respectively, |0) is the
ground state of the Fock space defined by these operators,
and C, = 4"s!(s + r; + r, + 1) is the normalization fac-
tor. Besides, the dot means inner product in color space
with @ = ic’a. The parameter s can be any natural number,
while ry,7,, v can only be 0 or 1 because of the anti-
commutation relation of the fermion operator. We have two
useful relations

®"-a)y' -y, (18)

N[ —

(bT 'li/T)(aT -li/T) —

(@ -y ") " ') = 0" -9y §') =0, (19)

which indicate that states with r; =r, =1,v =0 are
equivalent to states with ry =r, =0,v =1 and thus
any two parameters of ry, r,, v can not be 1 at the same
time. The expression shown in Eq. (17) is symmetric with
respect to the exchange of @ and b. The local state, given in
Eq. (17), satisfies the following Gauss condition,

(E,+E,+ Q,)|¥) =0, (20)

with E, =a'Sa, E, =b"$b, and Q, =w'Sy. This
method to construct the local gauge-invariant state is
known as the LSH formulation [18].

Let us consider the local state given in Eq. (17) in terms
of another representation to discuss. Using the fact that the
electric field and charge operators all satisfy the SU(2)
algebra, the Gauss law shown in Eq. (20) can be inter-
preted as the singlet condition of the physical state, namely
requiring the “total angular momentum,” E, + Ej, + Q,,
to vanish. Such a singlet state can be expressed in terms of
angular momentum quantum numbers as | jy., j,. j, ), Where
JbsJas and j, denote the angular momentum quantum
numbers associated with Ej, E,, and Q,, respectively.
However, the theory has a conserved quantity: the net
fermion number. As a result, the fermion number is
required as an additional label to distinguish states with
different fermion numbers and uniquely specify the physi-
cal state. This is reflected in the relationship between the
angular momentum and quantum numbers for the states in
the LSH formulation,

. 1 o1
Jbzi(s'i'rl)v Jazi(s‘i‘rz)v szi(rl‘i‘rz), (21)
which shows that different values of the label “2” can

result in the same angular momentum.
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Since the Hilbert space of a bosonic theory is infinite, we
need to introduce some truncation to do the quantum
simulation practically. Here, we only treat local states
where all the quantum numbers of the angular momentum
are lower than j,, = % The interpretation of the truncation
implemented as a cutoff on the angular momentum quan-
tum numbers becomes clearer from the viewpoint of the
Schwinger boson representation, as discussed in Ref. [38].
While the electric term of the Hamiltonian does not change
the number of Schwinger bosons, the magnetic term does.
Thus, these can be regarded as the kinetic and interaction
terms, respectively, in the Schwinger boson representation.
When the coupling constant K is large, the magnetic term
becomes negligible, and the Hamiltonian becomes nearly
diagonal. In this regime, the effects of truncation on the
Hamiltonian dynamics are more controlled. In contrast,
when K is small, the magnetic term induces significant
fluctuations, and the system enters a strongly correlated
regime. In this case, the effect of truncation on physical
observables becomes larger. Therefore, to perform reliable
analyses in the small-K regime, one needs to carefully
assess the truncation effects and choose a sufficiently high
truncation level to suppress their influence. Under such a
setup, we have six local states based on Eq. (17) as

10,0,0,0),]1,0,0,0),
10,0,1,0),]0,1,0,0),
0,0,0,1),]1,0,0,1). (22)

Here states at the first, second, and third lines have different
eigenvalues for the number operator, Ngp =y 'y, each
having Ny =0, 1 and 2, respectively. To simplify the
notation, we relabel these states as

10) =0,0,0,0),
12) =10,0,0, 1),
1) =10,0,1,0),
1) =10,1,0,0),
10) = [1,0,0,0),
2) =11,0,0, 1), (23)

where the left-hand side is our new notation with the
number being N;, and the hat means that the local state has
a finite number of b bosons, (b'b) # 0. It should be noted
that the number operator N; is not the fermion number
operator, as there are no fermions but rather antifermions at
sites A and C. Therefore, at sites A and C, Ny — 2 serves as
the fermion number operator. This implies that the total
fermion number operator across all sites, Ni* = N;, +
N¢p + N¢c + Nep, only differs from the net fermion
number by the constant 4, and thus it is conserved.

For global state, the constraint (16) implies
(s+r)i=(s+nr) (24)

where the i, f mean the start and end of the link along the
direction of counterclockwise around the square lattice.
Thus, we can get all possible two point neighbor states as
|00),
21),

02),
01),

20),
21),

i1), (25)

the left and right labels in the ket states correspond to the
states at the neighboring sites, respectively. Based on the
two point states above, we can spell out all global states
like [2020), where the labels in the state are ordered as
(A, B, C, D) from left to right.

To show the global states, we divide them into different
groups according to the different eigenvalues of the
total number operator N{°. This is a benefit for both
calculation and understanding the physics because of the
fermion number conservation. First, we have the states
with N = 0 as

|0000),0000). (26)

There is no state that has an odd fermion number. Thus,
next we show the N{°' = 2 states as

12000), [2000),]1100),1100),]1010).  (27)

Here we only list representative states because cyclic
permutations of labels in any global state automatically
give us other global states. Thus, the number of states with
N{*' = 2 should be 20. We list states with N*' = 4 in the

same manner as

12200), [2020), [2200),]12020), |
i

11120), [1120),|1210), |12 102), (28)

which gives that the number of states with N*' =4 is 38
after cyclic permutation of labels. To get the states with

Nt =6 and 8, we only need to exchange |0),|0) and
2),]2) in states with N =2 and 0, respectively. The
states with N{*' = 6 are given by

0222),(0222),(1122),]1122),]1212),  (29)

and cyclic permutated states, whose number is 20. Finally,
for states with Ny = 8, we have the two states,

12222),12222). (30)

Thus, the number of all possible global states is 82. Even
though we have 82 global states totally, we can deal with
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them piece by piece because of the fermion number
conservation. Later, we focus on the set of states with
the vanishing net fermion number, which is characterized
by Nf' = 4.

C. Actions of the Hamiltonian

In this section, we introduce the action of the
Hamiltonian on the set of states with the vanishing net
fermion number, given in Eq. (28), which means to
calculate their matrix elements in the basis vectors. The
general action of a gauge-invariant operator on states is
derived for the LSH basis in Ref. [61] and for the angular
momentum basis of pure gauge fields in Ref. [38].
However, it should be noted that there are slight differences
in the definitions between these references. We summarize
the action of a gauge-invariant operator on states in our
notation in Appendix A.

The electric part Hamiltonian in our model is given as

Hg = KY E(x.p)

nx

= K[E} +E} +El +E ] (31)

It should be noted that L; does not specify the left electric
field here; it simply denotes the label of the link, as shown
in the left of Fig. 1. Since Efi is a Casimir operator, it acts
on the local state as

E}

Assriryv) = ji(ji + Vs i, a2, ), (32)
where j; can be either j, or j, on that link. It is obvious that
the global states given in the previous section are the
eigenstates of Hg, the sum of the Casimir operators. The
action of Hg on global states is determined by the number

of hatted labels, such as

~ 3.4

[1120) — 7 [1120), (33)
A A 3,54

[1210) - Z[1210). (34)
AA A 9 A
1201) - 7]1201), (35)
2200) — 3[2200), (36)

where we omit the coupling constant K for convenient.
For the magnetic part of the Hamiltonian, we have a
specific Hamiltonian as

1 . .
Hy = -2 Z L (ay, by) L (ay, by) L (as, bs)
i jdol=t
X ,Cl'i ay, b4) + (H.C.), (37)

where the operator L is the gauge invariant operator [18].
The pure boson gauge invariant operators are given as

L+ (a,b) = \/ﬁ (a5 ﬁ (38)
L+ (a,b) = —ﬁ(u wmﬁ, (39)
£+ (a,b) = \/I%(aT-b) \/N1—+1 (40)
E“(a,b)—\ﬂ%(a-l;)\/]\%, (41)

where the N, and Ny, denote the number operator of a and b
bosons, respectively. The actions of these operators are
given in Appendix A. Note that there are only pure boson
operators in Eq. (37). Therefore, the actions of Hg do not
change the numbers of fermion at each sites. Besides, the
summation in Eq. (37) indicates that the actions of Hg add
or subtract one boson at each link. Therefore, in our
notation, the actions of Hg always add a hat on the states
without a hat and subtract the hat on the states with a hat.
Therefore, under the current truncation, j.x = %, indeed,
we only have one nonvanishing action of Hg on each global
state as

10220) — 2[0220), (42)
|0211) - —[0211), (43)
11120) — —[1120), (44)
11210) - —[1210), (45)
11111) —>%|lili>, (46)
[1210) = —|1210), (47)
11120) — —|1120), (48)
0211) - —[0211), (49)
10220) — 2]0220), (50)
where we have also ignored the factor —ﬁ; see also

Appendix A for some details. Here, we present only
representative examples, as performing an n-fold cyclic
permutation of the labels on both sides of the states
mentioned above also results in a nonvanishing action of
Hgy. It is observed that the magnetic part of the Hamiltonian
changes the quantum number of bosons on every site.

034511-6
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For the fermionic part, we first divide the Hamiltonian
shown in Eq. (4) into two parts as Hr = Hgg + Hpy Where
Hgg and Hpgy; denote the kinetic term and the mass term,
respectively. Therefore, in our model, the mass term is
given as

Hyng = —my \y s + mybyy — mylwe + mylwp.  (51)

The minus sign reflects the fact that there is an antiparticle
at the sites, A and C. It is not difficult to write down the
nonvanishing action of Hgy; as

12020) — —4/2020), (52)
0202) — 4/0202), (53)
11120) — —2|1120), (54)
10112) - 2/0112), (55)
11021) — —2|1021), (56)
|1102) — 2|1102), (57)

where we omit the mass factor m. As with listing the
nonvanishing actions of Hg, we show only representative
examples here, as performing a 2n-fold cyclic permutation
on the labels on both sides of the states listed above also
results in a nonvanishing action of Hgy;.

Finally, for the kinetic term in our model, we can rewrite
it using gauge invariant operators as

Hyx

=[S (wa.b1)S (a2, wp) + ST (b1.wa) ST (wi.a2)]
+ (ST (w. b2)S (a3.wc) + S (br,ws)S ™ (we. as)]

+ [T (we, b3)ST (ag.wp) + ST (b3.we) ST (wp. ay)]

+ (ST (an,wa)ST (wp, bs) + ST (wa,a1) ST (bs,yp)]

+ (H.c.), (58)

which is a summation of interaction terms acting on two
neighboring sites; see Ref. [18] for details. The gauge-
invariant operator S containing one boson and one fermion
operator is given as follows:

1

ST (y.b) = N e (w'-b"), (59)
Sa) = a0
S (bw) = 0 ). (61)

1
VN, +1°

whose actions are also shown in Appendix A. In Eq. (58),
the first through fourth brackets act in the same way on the
sites at both ends of links 1 through 4, respectively. The
Hermitian conjugate terms correspond to actions that reverse
the processes applied by these four brackets. Thus, we only
need to determine all possible actions on both ends of link 1
to fully understand the action of Hgg. To do this, we first
consider how the gauge-invariant operators in the first
bracket act on the states located at sites A and B. Then,
all the nonvanishing actions of the single gauge-invariant
operator included in the first bracket are given as follows:

St (a.w) = (a"-w) (62)

S (aub)lOns) = —|ing) )
S wabling = - Cm). (64
S a)lns) = ~(=)Mlml). (65)

S meazlnsd) = (<0 Cind). (66)
S (b)) = V3l ), )
S™ (b)) = [0, (68
S (apn)inad) = (C1PVAmD). (69
S (@plliad) = (<)Mmd). (10

where n, and ng are the labels of the local states at the sites
A and B, respectively. By combining these actions, we can
obtain all the nonvanishing actions of first bracket terms as

120) — —v2|11), (71)
02) = —v/2|11), (72)
1= 20+ p2). (03
01) — —[10), (74)
|10) — —[01), (75)
21) - [12), (76)
[12) = |21). (77)
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To fully describe the actions of Hgg, we only need to apply
the same transformation rule to every pair of neighboring
sites. Therefore, we can obtain them as

0220) — —v/2|1120) — v/2(0211), (78)

12020) — —v/2|1120) —v/2|2011) - v/22110) — v/2|1021),

(79)
11120) — [1210) — v2|T111) — |0121), (80)
0211) — (012 1) — v2|1111) - 121 0), (81)
1210) = —|1201) = 02 11), (82)
0121) — —|0112) 4 |02 11), (83)

(84)
2 sann V2 aasa
|1201>—>§|2200>+§|0202>, (85)
A A ~ 2 A A AA 2 A A AA
|0211>—>§|0220>+§|0202>, (86)

and their inverse process is described by the Hermitian
conjugate terms. Here we show only representative exam-
ples, as performing an n-times cyclic permutation on the
labels on both sides of the states listed above also results in a
nonvanishing action of Hrg. Note that the actions always
add or remove a hat on the total states.

Now, all actions of the total Hamiltonian are provided as
matrix elements in the specific basis. For quantum com-
putation purposes, we need to translate these matrix
elements into the spin basis.

III. QUANTUM SIMULATION
A. Mapping to spin system

To perform quantum simulations, we need to map our
model into a spin system. Then, we can write down the
Hamiltonian matrix using the identity and Pauli matrices,
which together can represent any general 2 x 2 Hermitian
matrix. Since the number of the global states we consider is
38, we need six qubits at least to represent them. Note that
there are specific rules for the number of the hats of the
global states that are changed when the Hamiltonian acts on
them, as discussed in Sec. II C. This suggests that dividing
the global states into different groups is convenient.
Therefore, we classify the global states into five groups
based on the number of hats. We use the first three qubits to
represent the groups as

groupA:  [D)[1)[1).
groupB: |[1)[1)[L),
groupCy: D)),
groupCy: M),
groupD:  [[)[1)[1),
groupE: [P, (87)

where the groups A, B, C, D, and E correspond to the global
states with 0, 1, 2, 3, and 4 hats, respectively. The group C
has ten patterns, so we divide it into groups C; and C,: states
where hats are adjacent are classified as group C;, while all
other states are classified as group C,. Then we use the
remaining three qubits to specify the state in each group, as
shown in Appendix B 1. Based on this mapping, regardless
of which term in the Hamiltonian acts, all global states
within one group are transformed into states within a single
specific group, which may be the same as or different from
the original group, which is convenient for figuring out the
Hamiltonian matrix.

Now, we can write down the Hamitonian matrix with
Pauli matrices X = ¢', Y = ¢, Z = ¢° and identity matrix
I. Since there are numerous terms, we just take an example
to show the steps and give the full results in Appendix B 2.
Let us focus on the action, |1120) — —+/2|1111), which is
the action from the group B to the group C,. Thus, we can
directly find the matrix for the first three qubits based on the
mapping rule for the groups (87) as

[(1) 8} ® [(1) 8} ® [8 (1)] (88)

Then, according to the mapping rule (Appendix B 1), we
can write the matrix for the last three qubits as

S B B

Using Pauli matrices, we can represent the term and its
transpose as

_\1/—6§(I+Z){X(I—Z)[(I+Z—|—X)(]_|_Z+X)_Yy]

+YU-2D[I+Z+X)Y+YT+Z+X)H,  (90)

where we ignore the symbol ® for simplicity. We show all
results in Appendix B 2. Based on these Hamiltonian
matrices, we can perform quantum simulations, which
are shown in the next section.
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B. Real-time simulation

Here we introduce our quantum simulation algorithm.
The real-time evolution of a quantum system is described
by the Schrodinger equation as

0,y (1)) = Hly (1)) (O1)

Since the Hamiltonian in our model is time independent,
the evolution of the quantum state can be described as

(1)) = e[y (0)). (92)

where ¢~ denotes the real-time evolution operator. Note
that, in quantum simulation, the quantum gate for a real-
time evolution operator can be very difficult to construct.
Therefore, we need to construct the quantum gate approx-
imately using the so-called the Suzuki-Trotter decomposi-
tion formula [62,63], which is

el(H\TH2)5t — oIt )6t piHs5t 4 0(51‘2), (93)

where H, and H, are two noncommuting operators. Then,
for a long time quantum simulation, we can divide the time
evolution operator into many small steps as

iH L inﬁ)n — i+ (94)

lim (e'"1ne

n—oo
which can be generalized to the situation with more
noncommuting operators. Since we have represented the
total Hamiltonian with Pauli matrices, the quantum gate
e'i* can be exactly constructed where H; can be any single
term in the total Hamiltonian.

Up to this point, we provide the mapping of the lattice
gauge theory with the staggered fermion to the spin system.
Through such a mapping, the ultimate goal is to perform
quantum computations of the gauge theory. However, the
current mapping involves numerous nonlocal operations,
which are significantly affected by noise on existing
quantum computers, presenting challenges for practical
implementation. For this reason, we performed the calcu-
lations using the simulator Qiskit, provided by IBM [64].
Even though calculations on quantum computers are cur-
rently difficult, clarifying the correspondence between the
specific gauge theory and a spin system is an advancement
both theoretically and computationally. Furthermore, the
proposed mapping is expected to serve as an important
building block for developing more efficient mappings and
algorithms in the future.

Later in this section, in order to investigate the thermal-
ization of non-Abelian gauge theory with fermions and the
process of fermion production, we calculate the evolution
of the entanglement and the pair production.

1. Entanglement of the system

To measure the thermalization of non-Abelian gauge
theory with fermions, we first introduce two kinds of

entanglement entropy. The entanglement entropy quantifies
the mixedness of a subsystem of interest, arising from the
entanglement between the subsystem and the rest of the
system. The density matrix of the whole system is defined as

p(t) = |y (2) w (1)l (95)

Focusing on the entanglement between the local state at the
single site A and states on the other sites, we define the
reduced density matrix by tracing out the Hilbert space at
sites B, C, and D as

Palt) = Z

i €all basis states

WheolP(Dlyhep).  (96)

where A, B, C, and D denote the labels of sites shown in
Fig. 1 and |yhop) denotes a basis vector for the Hilbert
space at the sites B, C, and D: for example |052-0p). Note
that the local state on point A can be uniquely determined by
the states on sites B, C, and D because of the constraint (24).
Therefore, the reduced density matrix p,(f) has only
diagonal elements, which denote the probabilities of being
in the corresponding local states. Then, the entanglement
entropy is defined as

Salt) = =Tr[pa (1) Inpa(2)]. (97)

Later we refer to S,(#) as the single-site entanglement
entropy.

In addition to the entanglement entropy for a single
lattice site, we also consider the entanglement entropy
defined from the density matrix obtained by tracing out the
boson Hilbert space. This entropy corresponds to the
entropy carried by fermions and is more directly related
to the entropy estimated from, for example, the hadron
multiplicities observed in relativistic heavy-ion collision
experiments. The reduced density matrix is defined as

pr(1) = Z

i € all basis states

Whoson P (D) [Whoson)s  (98)

where |y{ .., denotes the state for Schwinger bosons.
Note that |yi ) can be identified as the total state without
fermion number on the sites. Finally, we have another
entangle entropy as

Sp(t) = =Tr[pe(2) In pg(1)]. (99)

Later we refer to Sg(7) as the fermion entropy.

We show the time evolution of the single-site entangle-
ment entropy with four different initial conditions,
11111),]11210),]1120),]1201) at K=1 and m =1, in
the left of Fig. 2. As expected, the entropies are found to be
initially O, increase rapidly at first, and then fluctuate
around some constant. This finding indicates that, among
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107t 10° 10t
time

—— single-site entropy
—— fermion entropy

2.5

2.01

1.54

entropy

1.04

0.5 1

0.0

107t 10° 10t
time

FIG. 2. Left: time evolution of the single-site entropy with different initial conditions. Labels “1, 2, 3, 4 denote the time evolution of

[1111),11210),|1120),

120 1), respectively. Right: time evolution of both two kinds of entropy with initial state |i201). In both

figures, we set the parameters as K = 1, m = 1 which make the eigenvalue of Hy, Hg, H pg, H ), close. This ensures the balance among

the four parts of the Hamiltonian.

the initial conditions we test, the system always reaches
some kind of “thermalized” state. The observation that
thermal equilibration is implied, even though the system
size is significantly small, is consistent with the results in
Ref. [38], which reports numerical simulations of the pure
SU(2) gauge theory on a small lattice. We should note that
the fluctuations are visually large. This may reflect the fact
that the Hilbert space we are considering is small. In
addition, the emergence of two distinct patterns in the
evolution of entropies is not easily explained and remains
unresolved. We consider this an intriguing issue and intend
to explore it further in future work.

We also show the real-time evolution of both two kinds
of entanglement entropy on the right of Fig. 2. We can
clearly find that these two kinds of entropy have the same
behavior as the time evolves. Since the dimension of
Hilbert space for a single site is 6, the single-site entropy
mathematically has a maximum value that is In6(~1.79).
For the same reason, fermion entropy also has a maximum
value, which is In 16(~2.77). Therefore, these two entro-
pies reach high values, exceeding 80% of their respective
maximum values. This indicates that, in the current setup,
the reduced density matrices for the single-site and fermion
subsystems spread widely within their respective Hilbert
spaces over a long time.

Note that in our Hamiltonian, we have two parameters:
the fermion mass m and the coupling constant K. Regarding
the fermion mass m, we present the result in the next section
that, as m increases, fermion excitation is suppressed, and
accordingly, the fermion entropy is also suppressed.
Regarding the coupling constant K, throughout this paper,
we fix K = 1 for practical reasons. Since the electric part of
the Hamiltonian is proportional to the coupling constant,
Hg « K, and the magnetic part is proportional to the inverse
of the coupling constant, Hg o K~', both smaller and larger
values of K lead to an enhancement of the Hamiltonian. As
a result, numerical simulations become more challenging: a

smaller 67 is required to maintain the validity of the Suzuki-
Trotter decomposition (93). The investigation of K depend-
ence in this model is beyond the scope of this work.
Moreover, since the physical system and the Hilbert space
are quite small, it is reasonable to expect that the numerical
results contain finite-size effects. Thus, in relating our
results to the physical behavior of a real many-body system,
it is important to distinguish between real physics and
artifacts. This can be achieved by enlarging the size of the
lattice, which is left as an important future work.

2. Pair production

In our simulation, we choose the global states that have
vanishing fermion number. Because of the fermion number
conservation, fermions and antifermions are always excited
in pairs. Thus, we refer to the fermion number, associated
with the sites at point B and D, as the pair production,

N

r=4—Niy—Nic=Nig+Nep.  (100)

pai

We show the time evolution of the pair productions in
Fig. 3 at 1 and m = 0.2, 1 and 5 with initial conditions,
12020) and |2020), which are the only states with
vanishing pair production, Ny, = 0.

In both figures, as expected, when the mass is not too
large, which means the evolutions for m = 1 and m = 0.2,
the pair productions increase rapidly at first and then
fluctuate around some constants. Besides, when the mass
is large enough, it should be too difficult to produce
fermion pairs. Therefore, in both figures, the pair produc-
tions denoted as m = 5 finally fluctuate at some low levels.
We can also clearly see the mass dependence of the pair
productions. Both the maximum value and the average
value of the pair production decrease as the mass become
larger. Note that because of the anticommutation relation of
the fermion, the pair production is limited by the size of the
lattice. Therefore, when both evolutions have small enough
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pair production

time

FIG. 3.

pair production

time

Left: time evolution of the pair productions with initial state |2020) and different fermion mass m. Right: time evolution of the

pair productions with initial state |§6§6> and different fermion mass m. In both figures, we set the coupling constant as K = 1.

masses, the distinctions may be not be clear even though
the masses are significantly different, which is shown in the
left of Fig. 3. The fluctuations are also visually large, which
may have the same reason as the evolutions of entropies.
After all, these results still satisfy the physical intuition.
To study the relation between pair production and
fermion entropy, we also show the comparison of their
time evolutions in Fig. 4. We have already known that the
fermion mass can have a great influence on the pair
production. Therefore, we show the time evolutions with
small mass and large mass on the left and right of Fig. 4,
respectively. These two results approximately represent the
situations where fermions are produced and where fermions
are not produced. We can clearly see that the fermion
entropy is increasing when the fermions are being produced
and fluctuating when the pair production is fluctuating.
Besides, if there is hardly any pair production, the fermion
entropy will also be at a low level. The coincidence
between the behavior of the fermion number and the
entropy in the nonequilibrium evolution is nontrivial while,
in a thermal equilibrium state, both the entropy and the
particle number are considered extensive quantities and
proportional to each other. This coincidence suggests that,

—— pair production
—— fermion entropy

2.54

2.04

154

1.04

0.5

0.0 1

1071 10° 10!
time

even in nonequilibrium, there may be cases where the
entropy can be estimated from the fermion number. In
addition, it is reasonable to expect that the present results
may contain artifacts arising from the small lattice size and
the minimal truncation employed in the simulation, as may
also be the case for entanglement entropies. Thus, it will be
important to extend our simulation to larger lattice, which
will be a future project.

IV. DISCUSSION

While the present construction is limited to a small lattice
with minimal truncation, we briefly comment on possible
directions for extending the framework to larger systems.
One challenge in such extensions is ensuring the unique-
ness of the Gauss-law singlet at each site, as degeneracy can
arise when more than four fields meet at a single site. The
point-splitting method [65], which treats multiple fields at a
site as if they were located at virtually distinguishable
points, is useful for avoiding such degeneracy.

As the system size increases, the Hilbert space grows
rapidly, and constructing the mapping by hand becomes
difficult. A computational strategy may therefore be

0.30

—— pair production
—— fermion entropy

107t 10° 10t
time

FIG. 4. Left: time evolution of pair production in comparison to the fermion entropy with K = 1, m = 0.2. Right: time evolution of
pair production in comparison to the fermion entropy with K = 1, m = 5. In both figures, the initial states are |2020).
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considered. In this approach, the Hermitian Hamiltonian is
embedded into a Hilbert space of dimension 2" and
interpreted as acting on a tensor product of n two-level
systems. The Hamiltonian can then be expanded in terms of
Pauli string operators as

M(Hy) = ¢,6,, with 6,=]]o. (101)
" =1

where each o-,(,l,> is chosen from the identity and Pauli

matrices and the coefficients ¢, € R encode the weight of
each basis operator in the mapping. It should be empha-
sized, however, that this discussion merely outlines a
formal and mechanical mapping procedure. In practice,
efficient quantum implementation demands problem-
specific strategies, including reducing circuit depth and
maintaining locality, meaning that interactions or operators
should act only on nearby qubits. These remain separate
and nontrivial challenges. The insights obtained in the
present work may serve as useful references when address-
ing such problems.

In addition to the strategy described above, we also
present a brief discussion of a more explicit mapping.
Although this construction is restricted to the minimal
truncation case with j .. = % it remains applicable to
lattices of arbitrary size. After point splitting, the basis
states at each site are characterized by |j,, jp,j.) or
|jas jb» NE), where the bosonic angular momentum quantum
numbers j,, j,, and j,. are associated with the attached links,
and Ng denotes the fermion number at the site. Each
bosonic angular momentum takes only two values, 0 or
1, so the states labeled by |j,, jj. j.) can be represented
using spin degrees of freedom. For the states labeled by
|jas Jbs NE), the number of allowed values for Ng depends
on the combination of j, and j,, and is either one or two.
This constraint arises from the triangle inequalities,
lja = jb| < jr =3Ng < j, + j,. The remaining arbitrari-
ness can also be encoded using spin variables. In total, all
basis states in the minimally truncated Hilbert space can be
expressed in terms of spin degrees of freedom that assign
values to the bosonic angular momenta and distinguish
among the possible fermionic states. Each spin is associated
with either a link or a site of the original lattice. Therefore, if
qubits are arranged with the same geometry as the original
lattice, the spatial structure of the system can be approx-
imately preserved in the layout of the quantum hardware.
This offers the advantage that nonlocal interactions, which
are a major source of error in digital quantum computation,
do not arise from the mapping.

V. SUMMARY AND OUTLOOK

We have simulated the real-time evolution of SU(2)
gauge theory with fermions on a small two-dimensional
lattice using the LSH formulation. The LSH formulation

provides a gauge-invariant Hilbert space for gauge theories
with fermions and, moreover, allows us to truncate the
Hilbert space while preserving gauge invariance. We have
mapped the formulated model to a spin system, laying the
groundwork for future quantum simulations on actual
quantum computers. However, we note that the mapping
we have introduced involves many nonlocal interactions,
which necessitate further algorithmic improvements for
practical quantum computations. Then, using a quantum
computer emulator, we have tracked the real-time quantum
evolution of the system starting from nonequilibrium states
and have studied the entanglement entropy and fermion
production.

We have investigated the thermalization of the system
through the entanglement entropy of a single lattice site.
The results show that entropy initially grows significantly
and then oscillates around a certain value. This behavior
indicates that the entanglement of a single site with other
lattice sites increases as it interacts with them, suggesting
the thermalization of the system. Even in a small lattice, the
system exhibits thermal equilibriumlike behavior, which is
consistent with previous studies on pure SU(2) Yang-Mills
theory [38]. Physically, this suggests that the Hilbert space
is already dense enough for quantum chaos to emerge.

Furthermore, to explore the relationship between the
entropy of fermions and the fermion particle number, we
have calculated the entanglement entropy of the density
matrix obtained by performing a partial trace over the
bosonic Hilbert space, as well as the evolution of the
fermion number from an initial nonequilibrium state with a
vanishing fermion number. Our results show that, within
the range of initial states we have simulated, both quan-
tities exhibit similar behavior. While entropy is known to
be proportional to the particle number in equilibrium, the
relationship between them in nonequilibrium states
remains largely unexplored. This finding suggests that
even in far-from-equilibrium systems, there exists a close
relationship between the entropy and the particle number
production of fermions.

To achieve our objective of simulating real QCD, we
need to improve our model step by step. In particular, to
investigate more aspects of SU(2) Yang-Mills theory, we
need to increase the lattice size and consider higher-energy
states, which may provide a testing ground for thermal-
ization. Furthermore, we would like to consider a more
realistic scenario, namely, SU(3) Yang-Mills theory with
fermions. Once we achieve this objective, we hope to gain
deeper insights into the physics of QCD.
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APPENDIX A: ACTION OF GAUGE
INVARIANT OPERATORS

In this section, we summarize the actions of all necessary
gauge invariant operators. For pure boson type operators
that appear in the magnetic part of the Hamiltonian,
we have

L+ (a,b) = \/ﬁ(w -iﬂ)\/ﬁ, (A1)
E‘*(a,b)z—ﬁ(mb*)ﬁ, (A2)
- _ 1 1
£lab) = el D) (Y
B 1 o
Lrlab) = h e (A

which have the same form as the formula in Ref. [38].
Besides, in the fermionic part of the Hamiltonian, we have
the operators including fermions as

1

:Li(a-r b7
VCi V2 +2

L7 a,b)ljos Jas Jy)

V221

S*Hb) = s ).
S* ) = e ),
ST (bow) = 07 W)
S (a.w) = (@ W) (A5)

Note that, because of the anticommutation relation of
fermions and the order of gauge invariant operators when
defining physical states, it is necessary to distinguish
bosons a, b in Eq. (AS). Besides, all N,, N, should be
treated as operators. Before we introduce the details for
calculating the actions, we show the relation between the
LSH basis and angular momentum basis again as

o1 1 o
]bZE(S+r1)’ ]HZE(S-H‘Q), JWZE(r1+r2)' (A6)

Besides, the particle number can be easily gotten from the
LSH basis as

Ny=(s+r), Na=(s+r), N,=Qu+r+n).

(A7)

We first calculate the action of the pure boson operator
L (a,b) as

(b7 -a" )@ - yh)(a" ") (p" 7))

_ _ (]b+]a_]w+1)(Jb+Ja+Ju/+2) . 1

.
]b+§’]a +§’]W>’

where we have used the relation Ny|jy. jus jy) = 2falio jur y)s Naline jus di) = 2ibljos jus jy)- Then, for operator

L (a,b), we have

I 1 1 1 T o=\ (BT T\ ~ i\ Fo~ A\
L(a,b)|jos s Jy) Z\/—C—\/m(‘f 'b)\/ﬁ(bk'a‘) BT -yh)(@ ) (wt - ')?|0)
S N PR B T _
— RTINS + 2’]"’>’ =1
Oa r =0

where we have used the commutation relations -a), (b -a’)] =0 an -a),(a" -y = -y"). Similarly, for
h h d th ion relati bt b"-a")] =0 and [(bT T = (b -y"). Similarly, f

operator L~ " (a, b), we have
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£_+<a’ b)'.]b’ ja7 Jl//>

1 1 1
- (a-b")——
\/Cn\/2jb+2( )sza+1
x (b1 -a')y (6 ) (@) )10)
1 |; 5 _1 —
— Gl T2 2’]"’>’ "2 1.
0, r2:0

Finally, for operator L=~ (a, b), we have

L7 (a,b)\jos Jas Jy)

11 . 1
= —(a-b :
\/Cn\/z./b( )\/2Ja+]

x (b7 @) (b7 )" (@ i) " i) 10)
__\/(jb +ja_jw)(jb +]a+_]v,+l)

11
e s )

where we have used the formulas [(b - a), (b7 -a")] =2 +
1/\’; + K’\b and s = j, + j, — J,,- Note that, considering the
constraint of j,, these results are the same as that
in Ref. [38].

Now, let us consider the actions of operators with a
fermion. For operator S™* (y, b), we have

ST, b)ljbs Jar Jy)

__1 1 (wh-b")
Vv

X (b7 @) (b ) @ ) )0)
— Bl b dady =1) =1
=\ i by 1),

0, other cases

rr=rn=v=0

where we have used the Eq. (18). Similarly, for operator
S (w,a), we have

ST, a)ljos Jas Jy)

_ ! gt
“ve v
X (b @) (b ) (@ ) ) 0)
2ju+1

2ja+2‘jb’ja+%’jv/_%>’ r=1
- _)jb7ja+%7jl//+%>7 r1:r2:’U:0'
0, other cases

Then, for operator St~ (b, y), we have

ST (0. y)ljos Jas )
1 1

_ . & -w)
VCi/(2jy+1)
x (b1 -a") (0" ) (@ )y ) |0)

_‘jb +%7ja9j1// _%>’

= 27421 . 1 . . 1
\/Zjlsj"]b +§7,]a7.]l// +§>a
07
where we have wused the commutation relation

(b7 -w),(a" - ") =—(b"-a"). Similarly, for operator
St (a,y), we have

72:]

v=1 ’

other cases

ST (@ y)ljos Jas Ju)
1 1

— T
x/C‘n\/(zij)(a v)

x (b1 -a") (0" ) (@ )y ) |0)

v a4y =1

r1:1

f— 27421 « . .
2§:il‘]b7.}a+%’]y/+%>’ v=1

0, other cases

These actions of gauge invariant operators are consistent
with the results of Ref. [61].

APPENDIX B: HAMILTONIAN MATRIX
UNDER SPIN BASIS

1. Exact mapping to spin system

Here, we list all the correspondences between the basis
states of the LSH representation and the physical states
encoded in six qubits. In Sec. III, we use the first three
qubits to represent groups that the physical states belong to,
namely

groupA:  |[1)[T)|1),
groupB:  [)[T)[]).
groupCy: [T)[L)[1),
groupCy: 1)),
groupD:  [L)|[)[1),
groupE:  [[)|1)), (B1)

where the groups A, B, C, D, and E correspond to the
global states with 0, 1, 2, 3, and 4 hats, respectively. For all
physical states mentioned in Sec. II B, we show the exact
mapping from the physical states to spin basis with three
other qubits. For the group A, we have
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0220) = [1)|1)[1), 1201) = 1)),
2200) = [T}, 2011) = DI
12002) = [1)[1)[1), 0112) = [1)[)11).
10022) = 1)) ). [1120) = ML),
12020) = [L)|1)(1). 10211) = [L)ID)1).
0202) = [LHTI). (B2) 2110) = )4,
1102) = [DILIN.
where we omit the first three qubits, [1)|1)|1), that label 11021) = [L)|)]). (B6)
the group A. Later, we always omit the first three qubits that
label the group. For the group B, we have
For the group E, we have
[1120) = 1)),
11201) = [P, 2200) = [1)[1)[1),
12011) = [1)]1)]1). 2002) = DN
10112) = [1)])]4). 0022) = D)),
0211) = [N, 10220) = M),
2110) = [L)I1)|4). 2020) = [1)IN)]1).
11102) = [L)[4) 1), 0202) = [1)IN)- (B7)
1021) = [L) D). (B3)
For the group C,, we have 2. All terms of the Hamiltonian matrix
In Sec. III, we have showed the approach to get the
11210) = )14 Hamiltonian matrix through an example. Here, according
) ' to the actions shown in Sec. II C, we give all terms of the
2101) = 1)), Hamiltonian matrix using Pauli matrices. For the electric
[1012) = [1)[L)I1), part, we have
0121) = D)),
0121) = [1)I1)[1). HE:%(I+Z)(I+Z)(I—Z)III
[1210) = [L)I1). 3
o —I+2Z2)I-2)I+2)11]
2161 = (DL, Fiel TN
[1012) = [ (B4) tgU+2) U= -2)I+Z)(1+2)!
+ 2(I -2\ I+ 2) I+ 2)I
For the group C,, we have 32
3
+ E(l -2\ (I+2)I-2)I+2)l1
[T = 1)), +33—2(I—Z)(I+Z)(I ~Z)(I-2)(I+2Z)I, (BS)
[1T1T) = 1)) (B5)
where we omit the sign @ for simplicity. Later, we always
For the group D, we have do this. For the magnetic part, we have
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1 1
Hg = g[X(I+Z)X— Y(I+Z)Y](I—Z)(I+Z)X—§[X(I+Z)X+ YI+2)Y|(I-2)II
1 1 1 1
- §Y(1 +2)Y(I+Z2)XX - §X(I +2)Y(I +2Z2)XY — §Y(1 +2)YI+Z2)IX + §X(1 +2)Y(I+Z2)IY
1 1
T XI+2)X-YI+2)Y|(I+2Z)(XX+IX)+ T6 YI+Z2)X+X(I+2)Y|(I+Z)(IY - XY)
1 1
_E(1+ Z2YI-2) I+ 2)(XIX -YIY) _R(I +2)I-2)I+Z)(XXX +YXY)
1
+a(1+2)(l—z)(1—Z)(I+Z)(I+Z)X. (B9)
|
For the fermion mass part, we have Finally, for the fermion kinetic part, we first divide it into
different parts as
Hpy = %(I—Z)(I+Z)(I—Z)(I—Z)(I+Z)Z
m Hpg = Hpap + Hpc + Hep + Hpg (B11)
Y I+Z2)I+Z2)I+Z2)I-2)I+2)Z
m
—-——U+Z2)I+2Z2)I—-2)ZIZ
4 (I +2){1+2)( ) where H sp represents the Hamiltonian matrix based on the
m actions that transport the group A to group B and the others
—(I-2)I+Z)I+2)IIZ. B10
* 4 ( U +2)(1+2) (B10) are similar. For H ,p, we have
|
2 2
Hap = —\1/—6_(I+Z)(I+Z)X(I—Z)(I +Z+X)X+\1/—6_(I+Z)(I+Z)Y(I—Z)YX
2 2
—%(1+z)(1+z)(xx+ YY)(I+Z+X)I—\1/—6_(I+Z)(XY— YX)YI
V2
—?(I+Z)(I+Z)(XI+XZ+XX—YY)II. (B12)

For Hgc, we have

Hpe =< (I+Z)(XX + YY) +Z - X)II +%(1 +Z)(YX = XY)YII

(I4+Z)(XX + YY)(XXX + YXY) + %6 (I+Z)(YX - XY)(YXX — XXY)

(I4+ Z)(XX + YY)(XIX — YIY) + 1—16 (I+Z)(YX = XY)(YIX + XIY)

— g U+ (XX +YY)(1 - 2)IX +%(1 +Z)(XY - YX)(I - Z)IY
1

— g U+ 2 (XX + YY) - Z)XX —1—16(1 +Z)(XY = YX)(I - Z)XY

_\l/_g(I—I—Z)X(I—Z)(I+Z—I—X)(I+Z+X)I—\l/—?(I—I—Z)X(I—Z)YY[

—I—%(l%—Z)Y(I—Z)(I+Z+X)YI+§(I+Z)Y(I—Z)Y(I+Z+X)I. (B13)

For Hcp, we have
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Hep =

oo | —
—~

1
(XY = YX)(I + Z)YI + ¢

ool>—~

+

58S

V2

(XX +YY)(I + Z)XXI +

XX + YY) +2)(I - Z)1I —%(XX +YVI+Z)I+Z+X)II

é(yx _XY)(I + 2)Y)XI

V2

(XX + YY)(XX +YY)(I +Z+ X)X + 5 (VX = XYV)(YX = XY)(I +Z + X)X

+ 35 (XX + YY)(YX = XY)YX = 22 (YX = XY)(XX + YY)¥X

)
B

+ = (XX +YYV)X(I+2)(I+Z+X)

32

F 2 Z(YX = XV)Y(I+Z)(I + Z +X)

For Hpg, we have

N

(I=2)I+2)X(U+ D)1 +37

(I-2)I+2Z)Y(I+X~-2)

——=(I=2)(I +Z)(XY - YX)IY.

- Y2(YX = XY)X(I + Z)YI.

v v
1

(I=2)I+Z)YY(X +1+2)

V2

[+~ (XX +YY)Y(I + Z)YI

32

V2
= (B14)

SU=2) I+ 2X(I=Z+X)(X+1+2)I

V2

[+~=(I-2)I+ Z)XYYI

32
V2

YI+~=(1-Z)(I+Z)(XX + YY)XX

32

V2

(1= 2)(1+ Z)(XY = YX)XY + (I = Z)(I + Z)(XX + YY)IX

(B15)
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