PHYSICAL REVIEW D 112, 126005 (2025)

Chiral symmetry restoration for helical magnetic fields in holography
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We study the chiral symmetry breaking effects of helical magnetic fields in a simple bottom up AdS/CFT
model. We explore the instability of the chirally symmetric solution in the presence of the B field and see
how it switches off as the wave vector of the helix, k, rises, resulting in a first order transition. At low
energies the model averages over the helix and the magnetic field is not seen. We show that other sources of
chiral symmetry breaking are not directly affected by the helical B field. We provide examples of both
magnetic catalysis and inverse magnetic catalysis which switch off at large k.
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I. INTRODUCTION

Magnetic fields (B) are known to trigger chiral symmetry
breaking in a fermionic sector they couple to [1], both at
weak coupling, and using the AdS/CFT correspondence
[2], at strong coupling. Lattice studies [3—-5] also see the
effect although it is more complex in QCD-like theories and
inverse magnetic catalysis has also been observed. These
effects may be important in heavy ion collisions where
strong magnetic fields can form [6-9]. Such collisions may
generate rotation and inhomogeneity and helical magnetic
fields may result.

In a recent paper [10] helical magnetic field configura-
tions were studied in the well-known D3/probe D7 holo-
graphic system [11-13]. The system describes N =2
supersymmetric matter fields in the background of
N =4 supersymmetric gauge fields. Here a constant
magnetic field is known to generate chiral symmetry
breaking [2]. The authors of [10] showed that this sym-
metry breaking was suppressed by an imposed helical
structure in B, leading to a second order phase transition at
a particular value of the wave number of the helix.

In this article we wish to add to that analysis. We will
recast their result in terms of the instability of the chirally
symmetric phase. At low energy scales the magnetic field
effectively vanishes as the helix is averaged over short
distance scales and we see explicitly how the instability
disappears. Further the analysis allows us to understand the
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interplay between this suppression and other possible
sources of chiral symmetry breaking beyond B such as
the strong interactions in QCD. In fact the suppression is
likely only of the B induced component of the symmetry
breaking (although additional fluctuations in the temper-
ature [14,15] and chemical potential [16] could reduce
chiral symmetry breaking from the QCD dynamics).

We will perform our analysis in a broader bottom-up
holographic model of the phenomena. It includes the
analysis relevant to the D3/D7 system but also allows
us to include additional dynamics that mimics QCD-like
chiral symmetry breaking. The model has sufficient param-
eter freedom to also describe inverse magnetic catalysis as
described in [17].

II. THE HOLOGRAPHIC MODEL

As usual in AdS/CFT [18,19] we place the model in an
AdSs-spacetime with p the radial coordinate dual to
renormalization group (RG) scale (x3; are the spacetime
dimensions of the field theory)

d 2
ds® = pPdxl,, + piz. (2.1)

The simplest bottom up model we can write in AdSs for
the setup we wish to consider is [17]

S = / d*xdp p? <—%(0,,L)2 - 4—1le> +apF’L? (2.2)
where L is a dimension one scalar field that will be dual to
the quark mass and quark condensate operator. F is a U(1)
gauge field describing the U(1), current and background
source. Factors of p simply follow from requiring consis-
tency in the dimensions of the terms (p has energy
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FIG. 1. Examplea = +0.1, B, =0, B,,; = 0.05, 8 = 0, Am? (p) = 0. Left: M? (p) of L = 0 against p. Right: Mass spectrum of the ¢

meson for the critical embeddings L = 0.
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FIG. 2. Solutions for L(p) and a(p) near the region of first order phase transition, at « = +0.1, B, =0, By, = 0.05, =0,
Am? (p) = 0. There are two nonzero solutions for some k (labeled with solid and dashed lines for the higher and the lower solutions,

respectively).

dimension one). a is a free parameter controlling the
coupling between L and F.

For configurations where F vanishes in the UV the large
p solution for L is L = m + ¢/p*. m is interpreted as the
quark mass and ¢ as the chiral condensate (gq).

To observe the instability to chiral symmetry breaking in
the presence of a constant magnetic field we can look at the
stability of the massless, condensate free, L = 0 configu-
ration. We interpret the dimensionless coefficient of pL? in
(2.2) as the mass of the field L. Here we set for example
F* = B, and including the appropriate metric factors find

4aB?
mi(p) =——73".
L( p

(2.3)

This mass passes through the Brietenlohmer Freedman (BF)
stability bound in AdSs when m? = —1 (to check this set
m? = —1 and observe there is a solution L = a/p indicating
the operator and source are both of the same dimension, 2).
Naively at scales below p* = 4aB? the L = 0 solution is
unstable and will roll to nonzero L values in the IR. Here we
stabilize the solution away from L = 0 via an on mass-shell
condition that we impose in the infrared

Lipw)=0.  (24)

L(PIR) = PIR»

So we do not solve for L below scales where the IR mass
equals the RG scale. The stability of a solution results from a

compensation in the action between the derivative “kinetic”
term and the unstable potential term.

As an example consider the case B; = 0.05, a = 0.1 for
which the BF bound is violated at pgzr = 0.178. The
running mass is equivalent to that shown as the k =0
case in Fig. 1 on the top left. In Fig. 2 we show the solution
(again the k = 0 curve) for the field L(p)-pgr is a good
indicator of where the field departs from L = 0 in the UV.

III. HELICAL B

We can now consider the ansatz for a helical B from [10]
(also with constant B,) which is
A, = a(p)cos(kz) + yB._, A, =a(p)sin(kz) (3.1
where the dimension of a(p) is that of energy. The
magnitude of the helical component of the field in the
x, y directions is given by the UV asymptotics of a

J
B = kag, a(p) = aq —I—P + ... (3.2)

Note a current is induced by the inhomogeneity of the B
field as discussed in Sec. 6.2.6 of [20].
Now F? = F*F,, is

B2 + Ka(r)?
F2 = 2(~—|-—4a(}”)+ a’(r)2>‘

p

(3.3)
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The effective action can be derived by plugging F? back
into the action (2.2). The corresponding equations of
motion for L(p), a(p) then follow, for the moment with
B, =0

_ —AaL(p)(pd'(p)* +K*a(p)*) —3p°L' (p)

L"(p) . . (34)
p
" d'(p)(3p* = 4aL(p)(2pL'(p) + L(p))) _ K*alp)
@)+ p* —dapL(p)? ot
(3.5)

Note that these are ordinary differential equations rather
than partial differential equations even though the magnetic
field is spatially varying [10]. To find the mixed solutions
of a(p), L(p) numerically we scan over the IR values of a
and L and plot m to find massless solutions
as poles.

We can again look at the instability criteria of the L = 0
solution. First we assume L = 0 which solves the first
equation and then find the solution for the second equation

a(p) = BZ@’BesselK(L k/p). (3.6)

We have assumed the boundary condition (here pr =0

given our choice of L = 0)

a/(pIR) =0 Ayy = Bhel/k- (37)

Now we can test the consistency of this solution by

computing the L mass on this solution to see if the L =0
solution is indeed stable. We have

K*a(p)?
mi(p) = —4a< p(f) +a’<p)2>-

We can see immediately that since both a, a’ go to zero in
the IR and the contribution of the magnetic field falls to
zero there. This we interpret as the theory averaging over
the variation in the magnetic field and averaging to zero at
very long distance scales. We expect chiral symmetry
breaking to disappear at large k relative to the scale set
by By

As a concrete numerical example we again consider
a =0.1, B;,; = 0.05 and we plot the mass squared for a
variety of kin Fig. 1 left. Atsmall k there is a clear violation of
the BFbound in the IR and our solution is inconsistent. In this
region of k the true solution should have nonzero IR L.
Above k = 0.218 the BF bound is never violated and the
L = 0 solution is a true solution. In Fig. 2 we show the
solutions for L(p) and a(p) with k. In fact the solution
transitions from a nonzero L(p) to a zero one at a first order
jump. That occurs around k = 0.173. Note during the

(3.8)

transition period there are three solutions for L(p) corre-
sponding to the expected double minima plus maximum of
the effective potential during a first order transition. The
dotted solutions for L(p) in Fig. 2 rise out of L =0 (at
k = 0.1715) to eventually merge with the nonzero L solution
as k grows (at k = 0.1736) as one would expect. On the right
in Fig. I we plot the meson mass associated with fluctuations
of L about the L = 0 solution [using the solution for a in
(3.6)] as a function of k. This shows the range of k where the
L =0 vacuum is stable. All of this behavior matches
qualitatively that seen in the D3/probe D7 system in [10].
Interestingly the transition to the L = 0 solution occurs
while there is still a small BF bound violation for that
solution—presumably the cost of adding derivative energy
does not yet compensate for the energy cost of having a BF
bound violation over some interval of the solution. The
instability remains the cause of the transition though.

IV. MULTIPLE SOURCES OF CHIRAL
SYMMETRY BREAKING

Given the helical B field reduces chiral symmetry breaking
it is interesting to see whether it does this generically or only
for its own source of chiral symmetry breaking.

The simplest example of such a system is to allow B, # 0
in (3.1). Note the combination of the helical field in x, y and
a constant field in z is only possible if the action is made of
terms that are powers of TrF>. Were one to include TrF*,
for example, the two pieces together would no longer be a
solution of the equations of motion. However, within our
theory adding B, adds a new separate source of symmetry
breaking. In the k = 0 limit for the helical field the two
components will simply add giving a net total B%OT =
B2, + B2 field to cause chiral symmetry breaking.

To understand how the symmetry breaking scale changes
as we increase k we can simply look at the position of the
BF bound in the mass term

2 2a 2
_4a(%+k p(f) +a’(p)2>. (4.1)

We can immediately see that as a(p) and @’(p) both fall in
the IR with rising k* the B, term remains unaffected. The
large k> limit will simply be the B. only theory. Perhaps
unsurprisingly the helical field is only masking its own
contribution to the dynamics. In Fig. 3 we show some plots
of the k? dependence of an example model. We can see that
as k? grows, a(p) falls in the IR, and the theory returns to
the result for the B, only theory (we include a plot of the
quark condensate against k that shows the condensate fall
to the pure B, theory values at large k).

A second possible model would be to add in a BF bound
violating contribution to the mass squared. This for
example might occur in a top down model where a dilaton
was a function of p> + L(p)>—on expanding near L = 0 an

mi(p) =
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Top: the solutions L(p) and a(p) as a function of k, at a = 0.1, B, = 1, B;,,; = 1, # = 0. As k increases the chiral symmetry

breaking contribution of the helical field switches off leaving only that from B.. Bottom: the corresponding mass square of L(p) against

p and a plot of the quark condensate against k.

additional piece in m? (p) would be generated [21]. In the
model in [22] such a term is used to include the running
anomalous dimension of the quark condensate as seen in
perturbation theory in QCD (the mass squared of the scalar
is directly related to the dimension of the field theory
operator). In these theories with a helical B field we would
have

m2(p) = =Am?(p) — da Ka(p)’
2(p) = —Am2 (p) 4( p4

LOP) 42

here Am? is some function of p from the alternative
dynamics (for example if one set Am? = A?/p?* one would
generate a BF bound violation at small p controlled by the
scale A). Again clearly the BF bound violation at large k
would simply be that of the model without the helical field.

V. INVERSE MAGNETIC CATALYSIS

In [17] we worked with the larger effective model

1 1
S= [ d*xdpp*| —=(9,L)> —=F?
/ xdpp ( 50L) —4
+ pAm*(p)L?* + apF?L* + pp*F*(9,L)*.  (5.1)
This has all the pieces of Action we have seen above plus
an extra term with coefficient 8 that links F? to J,L. By
switching the signs of @ and f one can make the two
interactions term either prefer or oppose chiral symmetry
breaking (this is clear for a since a negative sign in its term

in m% will make a BF bound violation less likely). In [17]
this was used to generate theories that matched lattice data
for inverse magnetic catalysis. Here though also it is clear
that adding a large k> helical term will suppress the F>
terms as a — 0 in the IR and the theory will return to the
behavior without a B field.

As an example in Fig. 4 we show the theory with
A>=-17, B,=0, =0.1, a=0 and the sign of S
picked to oppose chiral symmetry breaking. We take
Am? = A?/p? to represent the strong dynamics of QCD
at the scale A. We plot the embeddings of L(p), and the
corresponding a(p) (scaled by k), and find that the
condensate increases as k increases—the inverse magnetic
catalysis switches off.

To conclude: We have revisited the work in [10] on the
role of helical magnetic fields in chiral symmetry breaking
in holographic models. We have moved the discussion to a
bottom-up model with wider parameter space than the D3/
probe D7 system. We have made a stability argument
(looking at whether the BF bound is violated) that shows
the chirally symmetric phase is unstable in the presence of a
magnetic field. Making the magnetic field helical with
wave vector k and raising k> has the effect of switching off
the helical field in the IR. We showed this explicitly with an
analytical solution in for the chirally symmetric solution
and generally with numerical solutions. At low energies the
model averages over the spatial varying UV field and sees
no resultant field. If k2 is large relative to the magnitude of
the helical B field then the chiral symmetry breaking effect
of the field is lost. This effect only manifests for the helical
field itself and other sources of chiral symmetry breaking
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FIG.4. Top: the Minkowski embeddings of L(p) (left) and a(p) (right), at A> = —0.17, B),,; = 1, B, = 0, = 0, # = 0.1. Bottom: the

chiral condensate against k.

are left unchanged. To show that, we considered cases with
two magnetic field components, one helical and the other
not plus a helical magnetic field and another direct
alternative source of chiral symmetry breaking. We showed
that by choices of parameters in the model inverse magnetic
catalysis can also be achieved and that too switches off for
helix with large k*. It is likely in physical applications
relevant to heavy ion collisions that one should also include
a possible spatial or time dependence in the chemical
potential or temperature of the theory (both are known to
reduce chiral symmetry breaking in holography). Such an
analysis would require solutions of complicated partial
differential equations which would be interesting to

investigate in the future. We hope our observations here
though add to the story told in [10].
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