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We continue the study of 2D gravity—“matrix model” duality on the example of a (2,2p + 1) minimal
string. We propose a reformulation of the duality, related to a more conventional one by “x-y swap” in the
language of topological recursion. This formulation elucidates some conceptual and technical difficulties in
the dictionary of the duality and relation to other examples. In particular, it allows to circumvent the necessity
to use “resonance transformations,” which were previously introduced to match the world sheet and “matrix
model” correlators, and the expressions for minimal string amplitudes in this approach are reminiscent of the
ones obtained recently for “complex Liouville string” theory. Using this new approach, we also formulate a
conjecture on how one can compute amplitudes with operators other than tachyons in the dual theory.
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I. INTRODUCTION

Minimal string theory (MS) is defined by its world sheet
conformal field theory (CFT) that consists of the (p,q)
Virasoro minimal model, Becchi-Rouet-Stora-Tyutin
(BRST) ghosts, and Liouville CFT. It is one of the oldest
studied examples of non-critical string theory. Due to exact
solvability of the constituent CFTs and simple description
of BRST cohomology in this theory perturbative string
amplitudes, at least for low genus and number of insertions,
can be computed exactly. One of its intriguing features is a
conjectural dual description in terms of matrix models. For
a (2,2p + 1) series, which we focus on in this work, the
dictionary of the duality on the level of correlators was
developed over the years, culminating in [1], while for the
general (p, ¢) matter theory it is still not well understood at
the moment. Recently similar matrix model descriptions
were developed for different related models of 2D gravity,
where matter theories are also governed by Virasoro
symmetry: these are Virasoro minimal string (VMS, [2])
and complex Liouville string (CLS, [3,4]).

An important property characterizing the dual descrip-
tion is the recurrent relations for correlators, known as
topological recursion (TR), which in the matrix model
roughly corresponds to 1/N expansion of loop equations.
Topological recursion has been thoroughly studied on its
own in the mathematical literature and is known to have a
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lot of interesting properties. For example, TR data can be
expressed in terms of tautological intersection theory on the
moduli space of stable curves [5], a connection that bridges
the gap between TR and world sheet interpretation in terms
of “Euler characteristic of bundle of conformal blocks”
for VMS.

Another one of these properties, studied in a different
language in older works [6,7] and recently investigated in
more generality [8], is the transformation of TR data under
the so-called “x-y swap.” A relevant example of a system of
correlators satisfying TR to have in mind are resolvent
correlators in (e.g., Hermitian) two-matrix models, where
one integrates over matrices X and Y with the weight of
the form exp(—V(X,Y)), V(X,Y) = tr(V(X) + Vo(Y) +
XY). In this case, “x-y swap” transformation relates the
correlators of resolvents that depend on X and Y in this
model. The putative dual of minimal string can be
described in this way (more precisely, as a “double-scaling
limit” of such models).

For the (2,2p + 1) series, it reduces to a one-matrix
model, if we are only interested in the observables that
depend on X [one can think that in the two-matrix model
V,(Y) is quadratic and Y can be integrated out]. This is the
language in which the duality is usually formulated.
However, we would like to argue that for comparison
with the world sheet it might be more natural to think of
“Y-dependent” observables instead. The main proposition
of the current paper is that the map between MS world sheet
correlators and the matrix model one, previously described
in somewhat obscure terms, can be much more easily
formulated using TR after “x-y swap.”

This paper is organized as follows. In Sec. II we
introduce notations and definitions and review known facts
from world sheet formulation of the theory, including some
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results following from ‘“higher equations of motion.”
Section III is devoted to description of the relevant TR
data and the dictionary proposed in [1] to connect it to the
world sheet. In Sec. IV we formulate our main proposal,
providing and comparing explicit formulas for MS corre-
lators in the new approach and briefly discuss its relations
to other known 2D gravity theories. Finally, in Sec. V we
formulate a preliminary conjecture on how “ground ring”
physical operators appear on the “matrix model” side in this
language. Previously, the dictionary of the correspondence
was only formulated for a class of “tachyon” operators, so
we believe that the possibility of this extension is
interesting.

II. RESULTS AND FACTS ABOUT
WORLD SHEET THEORY

A. Definitions and notations

The world sheet CFT of minimal string is a direct product
of the CFT minimal model, Liouville theory, and BRST-
ghost BC system.

The central charge of Liouvile theory is parametrized as
c=1+60*=1+6(b+ b~')2. The fact that total central
charge is zero relates b and minimal model parameters

_ /2
as b = STINE

Primary fields of Liouville theory exist for any con-
formal dimension A = A. We will denote them in several
different ways: V, is an operator of dimension
A = a(Q — a), with a identified with Q — a; alternatively,
one can parametrize it with Liouville momentum P:
A= %2 + PZ, then P and —P are identified. The spectrum
of Liouville theory, i.e., fields that appear in the operator

product expansion (OPE), have P real. In minimal string,

(1=m)b~' +(1-n)b

Liouville fields with a = 3 =da,, or P=

iws P,,, frequently appear. These fields will be
denoted also by V,, ,,. For positive integer m, n these fields
are degenerate on level mn: a null descendant of the form

DﬁnLZ, Vmn = 0 exists in the corresponding Verma module.

There is another parameter in Liouville theory, com-
monly called the “cosmological constant” and denoted by
u. Dependence on this parameter is essentially powerlike:
n-point correlation function of primary fields V, in genus g

Q(l—y)—z aj
b .

(Va,--Va)g~H (2.1)
For calculations, one can put this parameter to any
convenient value. We will refer to dependence on this
parameter as “KPZ scaling” (Knizhnik-Polyakov-
Zamolodchikov) [9] and % as the “KPZ exponent” of the
operator V.

The central charge of the (2,2p + 1) minimal model
CFT is ¢y = 1-6(b~' —b)?, with b as above. The
spectrum consists of a finite number of primary fields that

will be denoted as ®,, ,. In the (2,2p + 1) series m = 1
and n€1,..., p (sometimes it is convenient to extend this
range to ne€l,....2p with additional identification
n=2p+1—n). These fields are degenerate on level

n: DMa, , = 0.

The explicit form of structure constants in Liouville and
minimal model CFTs will not be used, so we will not
provide them here. See [10,11] for explicit expressions.

Finally, the ghosts are a free fermionic (with anticom-
muting fields) CFT that has two holomorphic fundamental
fields B, C with conformal dimensions (2, 0) and (-1, 0),
respectively, and two antiholomorphic B, C. The central
charge of ghost CFT is —26. In the context of string theory,
on a nontrivial closed Riemann surface (e.g., torus) they are
to be quantized with periodic boundary conditions along
the cycles (see, e.g., [12]).

As usual in BRST quantization of string theory, there is a
nilpotent (Q3rsy = 0) BRST symmetry with generator

Oprst =< + Q;QE%dZ(C(TL +TM) + :CoCB:)
(2.2)

and an analogous expression for antiholomorphic charge
Q. Cohomology of Qggsr defines physical operators, from
which the string amplitudes are built.

String amplitudes are integrals over the moduli space of
conformal structures (or complex structures) M,, of
certain world sheet CFT correlators. For them to be
nonzero, there should be an appropriate number of ghost
insertions depending on the genus of the world sheet; in
particular, ghost number anomaly equation No — Ny =
3 — 3g should be satisfied. While the correlator in each
constituent CFT depends explicitly on the metric on a
surface (not only on its conformal class), zero total central
charge and BRST-closedness of physical operators allow
one to construct a well-defined form on the moduli space
from their proper combination.

B. Operators: Tachyons and ground ring

The set of bulk physical operators (BRST-cohomology
classes) in minimal string theory was described by Lian and
Zuckerman [13]. There is a discrete family of them, one for
each Liouville momentum P, _,;n€Z,n mod (2p + 1) #
0 (each operator is “built” from the corresponding Liouville
field/its descendants and something from the minimal
model). The ghost number of this operator is determined
by n.

We will be interested in two classes of operators. The
simplest ones are of ghost number 1 and commonly
referred to as ‘“tachyons.”” They are obtained first by
“dressing” minimal model primaries ®;, with Liouville
operators V, so that their total conformal dimension is
(I, 1). Such a dressing requires a=a;_, = b”zil.
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The obtained operators U;, =V;_,®,, can then be
dressed with C,C ghosts to get a local BRST-invariant
operator W, , of dimension zero or integrated over the
surface. We will also sometimes write U,, W, for tachyon
operators where dressing the Liouville field is V.

The studies of the duality with a matrix model mostly
focused on the amplitudes involving only tachyons. The
simplest one is a three-point function, which is obtained by
multiplying Liouville and minimal model structure con-
stants. It turns out [11] that three-point amplitudes are
simply equal to the minimal model fusion number in proper
normalization.

Tachyon amplitudes should be symmetric in the param-
eters of the correlator. In particular, for genus zero, when
integrating over moduli space is equivalent to integration
over n — 3 cross ratios, it should not depend on which
n — 3 fields are integrated.

A different nontrivial class of operators, having ghost
number zero, is the so-called “ground ring.” They were first
discussed in [14]. These operators have the general form

Ol,n - Hl,nHl,nGI.n; ®1,n = Vl.nq)l,n (23)
where H is a polynomial of degree n —1 of ghost and
Virasoro modes L_;, M_; (in Liouville and minimal model
sectors, respectively). They are built from Virasoro
descendants; the reason why they are, nevertheless,
BRST invariant, is because when acting with Q the result

is a linear combination of null descendants D%, Z,Vm,,, and
the corresponding one in the minimal model D,%Bd)mﬂ
(which we set to zero). This is the defining relation that
allows to find the explicit form of H, case by case [15]
(although no general formula is known). The main example
is Oy, with
H1’2 :L—l _M—l +b2: BC (24)
Ground ring operators are interesting due to the following
properties:
(i) independence of the correlator on their position in
the sense that

aI_Il.ne)],n = QRl,nG)l,n + Dl,n®l,n' (25)

Here R, , is another polynomial of Virasoro modes
and ghosts and D, = —(Dﬁ? + (—1)”D§Ln>)
(i1) Very simple fusion among themselves

m+m'+1 n+n'+1 ()| )
m.n)|(m',n
Om.n Om’,n’ = E E GhS Or,s

r=|m—m'|+1:2 s=|n—n'|+1:2

(2.6)

and with ghost number 1 operators W ,:

m—1 n—1

m,n
OpwaWa= > > AN QW iy
r=—m+1:2 s=—n+1:2 2

(2.7)

“:2” denotes summation with step 2 here and in what
follows. The last two equations are valid in cohomology,
i.e., up to Q-exact terms; alternatively, their rhs gives a
leading (independent of x) term in the OPE O(x)O(0) and
O(x)W(0), respectively. The coefficients G and A in fact
can be set to 1 if one considers renormalized operators
Or = 32 Wi, = a2 [16].

Ground ring operators are closely associated with
“higher equations of motion,” an important structure in
Liouville theory that allows for exact computation of some
correlators in MS and related theories. Ground ring appears
naturally in such a derivation, which we will shortly review
in the next section.

C. Available results from higher equations of motion

Higher equations of motion (HEM) were discovered
in Liouville CFT in [17]. They concern the so-called
“logarithmic operators,” which are of the form

19

V=22,
4 20a

(2.8)
We will denote by V), such a logarithmic operator
evaluated at the point corresponding to degenerate dimen-
sion a = a,,,. Logarithmic operators are not Virasoro
primaries; however, higher equations of motion state that
a “would-be null descendant” of logarithmic operators
behaves the same as V,, _, under the sign of the correlation
function (up to some multiple)

D;%;;D%LV;”JL = Bm,nvm,—n' (29)
This equality is valid under the sign of correlation function
up to contact terms, which are important if we want to
integrate over some operators’ positions. HEM can also be
formulated as kinematic properties, i.e., relations purely on
conformal blocks.

In gravity theories like the minimal string, they are
applied as follows. Consider the operator (0H;,—
OR,,)®},.0;,=V] @ , We get something similar
to (2.5),

(aHl.n - QRI,H)G)/I,H = ,Dl,n®ll,n + ("‘)G)l.n' (210)
Additional terms come from nondiagonal action of L, on
logarithmic operators. But after acting with an antiholo-
morphic operator (0H,, — OR,,), it disappears, since
2_)1,”(91,,1 = 0. In total we are left with
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(0H 1n— OR 1,n)(51:1 = @Ln)@/l’n operators other than this tachyon are BRST closed, at least

B (L)~ (L) HEM formally BRST-exact contributions can be omitted; then, the
=D,,D1,0}, =Dy,Dy,0;, =B,U,. (2.11) integral reduces to a sum of boundary terms in the vicinity of
other insertions. These boundary terms can be calculated,

Thus, HEM allow one to represent the integrated tachyon as  because only a finite number of contributions in the Liouville

a total derivative 000}, up to BRST-exact terms. If all ~ OPE are relevant for this. Namely, one can write
|

(X)W, (0) = log(x%) Z Zqéf;”><a>wa_sb/2 T (2.12)
ky+hy
(1 ()01 4 11(0) = log [x]2 |Z ‘2qéi;’?zlkal,w>ol.m +... (2.13)
with
¢"" = |a+iP,, - % +iP, . (2.14)

For string amplitudes given by integral over low-dimensional moduli spaces HEM can be effectively applied. The first
successful example of that was the tachyon four-point function in genus zero [16,18]. We will not repeat the corresponding
analysis; in proper normalization (up to the factor that only depends on central charge and leg-factors ) it reads

3 n—1
</ dzxul’n()C)W]’kl(Xl)WLkz (X2>W1’k3 <X3)> ~ —2l.l’lP1'n + Z Z qg;’” (al._ki). (215)

i=1 s=—n+1:2

This formula is applicable in a case when the parameters k; are “‘generic’’; this means that the dimension of spaces of conformal
blocks of the minimal model part of the correlator is equal to n. Alternatively, as discussed in the original paper, it can be made
sense of in the context of “generalized minimal string” (gMS)," where we allow some of matter dimensions to have
nondegenerate values. It is also applicable in the context of CLS [3]. Using HEM in a slightly different form, one can also
compute torus one-point tachyon amplitudes in MS [19].

We will be also interested in the correlation function of four tachyons and one ground ring operator, for which HEM
should be applicable. This will be discussed in Sec. V.

D. Discontinuity analysis

In this section we would like to comment on an important property, coming from world sheet formulation, that is
expected from amplitudes in minimal string and related theories. This discussion is similar to the one in [3].
Consider a sphere tachyon four-point amplitude for simplicity. It is of the form

dP
/ &’z /C ECL(PDPZ,P)CL(—P,P@P4>|fL~b(P,Pilz>|2

x Y CM(iPy.iPy, PYCY (iP5, iPy. P)| FM (P, iP|2)[? (z2)7 P!
P

where F is the four-point conformal block. While the focus is on the MS case, we will comment on the four-point correlator
in VMS and CLS in parallel. The formula above can be applied to these cases as well with the suitable modification of what
is meant by » 5.

'Perhaps one should think of this as VMS with matter CFT “completed with degenerate operators.” By this we mean the following:
while the usual fields @, in timelike Liouville matter theory are not degenerate even at Kac values of dimensions A, ,, since structure
constants obey the difference relations that would follow from a Belavin-Polyakov-Zamolodchikov null-descendant decoupling
equation, one can consistently add “genuine” degenerate fields to the theory. Then, in the context of gravity one can compute amplitudes
with dressed degenerate field and three usual “generic” ones. These correlators are different than the usual VMS “quantum volumes”;
presumably HEM should work for them.
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It can be shown that for values of parameters appearing
in MS the z integral always converges in the vicinity of the
boundary of moduli space (z = 0, 1, ). For particular P;
integration contour C is deformed from the real line and
“discrete terms” appear, but the corresponding integrals are
also convergent. There are possible issues with divergences
when we continue away from this “physical” kinematics in
the context of “generalized minimal string.”

In CLS and VMS, continuation away from “physical
values” is associated with additional discrete terms in
Liouville OPE with dimension less than Q?/4, coming
from the poles of structure constants C’ crossing the
integration contour. After integrating over P, integral over
d’z might cease to converge.

To analytically continue to this regime, we can first
perform an integral over z. Starting with a discrete term at
intermediate momentum P* such that Re P*2 >0, if
conformal blocks are expanded to leading order, integral
over z over the vicinity of z = 0 gives

. 2(P2+P?)
dZ|PEHPN = o — (2.16)
|z|<e P>+ P
In other OPE channels, there are analogous singular con-
tributions from other points at the boundary of moduli space
z = 1, o0. Integral over the remaining part of the sphere is
nonsingular as a function of P. Analytic continuation of the
resulting integrand (as a function of P) then has a pole at
P* = iP, with the calculable residue independent of the size
€ of the disks we cut. We refer to these as “on-shell poles,”
since the intermediate states in Liouville + matter have total
dimension 1. The subleading terms in the OPE could give
analogous poles only if we combine equal powers of z and Z
(for the integral over the polar angle to be nonzero). It turns
out then that the corresponding coefficient in the product of
conformal blocks cancels these poles. While this is not
particularly relevant to this work, we provide a sketch of the
simple proof of this statement based on Zamolodchikov
recursion in Appendix A.

Now consider analytically continuing external parame-
ters such that P* moves to the wedge of divergence. The on-
shell pole will then drift in the P plane. We can approach
some points on the integration contour in two directions, on
one of which the residue at this pole will be picked on the
way. We thus encounter a discontinuity in our amplitude
equal to this residue.

The situation now becomes different for the CLS and
VMS cases. In the first case, one can show that the
discontinuity is nonzero and proportional to P* times the
residue of the product of three-point amplitudes
A(Py, Py, P*)A(P3, P4, P*) [3]. For VMS, we expect
amplitudes to be analytic and have no discontinuities.
This appears as follows: if the spacelike Liouville structure
constants have a pole at P = P* (residue in which gives a

discrete term), timelike Liouville structure constants are
zero at P = iP*. On-shell residue is proportional to time-
like Liouville structure constants and thus is zero.

For gMS we should switch the roles of Liouville and
matter in the discussion above: we do not need to take a
double residue, since intermediate dimensions in the matter
sector already take discrete values if at least one operator is
degenerate. We can again analytically continue to some
values of external parameters corresponding to the divergent
integral to see a discontinuity similar to CLS. The three-point
amplitude is now equal to 1 (in the “generalized” case, while
in the “physical” one it is the fusion number).

Computing the residue (normalized by “leg factors” and
Liouville partition function) in this case, as in CLS, gives

1
Z [T N(Q/2 + iP))

Resp_3(...)~P.  (2.17)

Discontinuities linear in P signal about nonanalytic terms

in the amplitude of the form VP2 It was explored a little bit
for CLS; for generalized MS we know that they also appear
from HEM answer (previously we wrote them as |P| to
conform with earlier references). The outtake should be that
the analysis of on-shell poles allows one to predict some
parts of the amplitude. We expect that this in some sense
should be valid for genuine MS as well.

One might conjecture that this analysis should carry
over to the case of higher-point amplitudes. Namely,
there are discontinuities at certain external momenta for
each one-node degeneration limit of the world sheet
C [C(g.n1 +ny) = C(g,n +1) x C(gy,np +1) or a
nonseparating one]; the discontinuity is proportional to
P;,—the intermediate momentum flowing through the
node—times the product of string amplitudes.

III. TOPOLOGICAL RECURSION FOR MS

As mentioned in the introduction, conventionally the
dual to (p,q) minimal string is described in terms of
(double-scaled) two-matrix models. While having this
more specific framework is certainly important for studying
and matching nonperturbative effects on two sides (see,
e.g., [20,21]), we will use the language that is more
convenient for our purposes of calculating perturbative
string amplitudes—the one of “topological recursion” [22].

A. MS spectral curve

Input data for topological recursion is the so-called
“spectral curve.” For minimal string, it is a (degenerate)
curve of genus zero defined parametrically by the following
embedding in C?

L (3.1)
y Uy 2p+1(Z)

{ x = 2uyT,(z)
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where T, is the Chebyshev polynomial of the first kind and
uq is a scaling parameter, related to cosmological constant
w1 in the world sheet formulation; it will play a special role
in what follows. This curve first appeared in [23].

We will now describe topological recursion for genus
zero spectral curves in some more generality. The one-form
wy,; = ydx and the bidifferential

dZ]dZQ
(21— 2)°
define the following kernel for each ramification point

Cnt dx(C,,) = 0 (we assume all zeroes of dx are simple) as
follows

B(z1.20) = (3.2)

Jion B(z0, €)dé
2(y(z) = y(z\™))dx

Here by z(") we denote the action of Galois involution on
point z, i.e., it is a second solution of the equation x(z) =
x(z"™)) near ¢,. For the curve (3.1), there is only one
ramification point z =0 and the involution acts simply
via z() = —z.

The system of n differentials ,,(z;...2,)=
W,a(21, ..., 2,)dz; ...dz,, which is the output of topologi-
cal recursion, is now defined via

K(m)(Zo, Z) = (33)

a)gnJrl(le s s Zn+l)

—ZRGSK Zn+17 )(%—1,%2(21,---Zn,Z,Z('"))

/

DD

@, 171+1(J1, 2)@0gg, 17,141 (2, Z(m))) .
G=0J+={zy...2,}

(3.4)

Let us parametrize the times via ug, 7; as follows:

Lk+]

+1Z Z

th=02p+1)

my..mp1
E (my+1)=k+1

— l.
T = —5,72,...,

Tm

Prime over the sum denotes that we omit the terms that
would include ) ;.

It is known that curves defined by a pair of polynomials
in C? define certain tau-functions F , of (reduced)
Kadomtsev-Petviashvili (KP) hierarchy (e.g., Krichever
tau function [24,25] for g =0); KP times parametrize
the moduli of the curve. n differentials of TR, computed
for a given spectral curve (x,y), can be related to
derivatives of this tau function at a certain point tg, which
can be computed as follows

1
= —ERes(x‘1/2+k‘Pydx). (3.5)

=00

We use an unconventional way to enumerate them; a usual

convention is r, = 22=2kt1 2k+l tg;u‘ﬂZk +1- We will only consider

tyfork=1,....,p for now. One can check that even times
1, in this set are zero. The derivatives themselves are given
by [26]

n xp—k,-+1/2(z_)
=R SRS
» zieoSs(“’g’"(Zl Z”)Hzp—zk,-H)

(3.6)

This facts relates TR formulation to “integrability” and
“matrix model” approaches to minimal string.

B. Definition of correlators via resonance
transformations

These derivatives, natural from an integrability point of
view, are not precisely what we are interested in. To
compare the results with a world sheet CFT approach, it
was proposed [1] that we need to take derivatives with
respect to different couplings z;, which are related to ¢ via
the so-called “resonance transformations.”

T, (2p = 2k 420 = 3)1!

n! (2p — 2k — 1! (3.7)

7, = 0 are background values corresponding to (3.1). Changing u, and keeping 7, the same corresponds to

rescaling of x, y (keeping the Chebyshev form of the spectral curve). Then, consider a singular in u; part2 of the following

expression

A‘Z(kl, ) _M_Z (kit1)

The proposal of [1] is that this singular part coincides with the tachyon correlation numbers (W, .
parameters defined in the first section. The polynomial change of variables (3.7) was found by demanding that A”

IF

— (3.8)
aTk] ...aTkn T1=—%;12.,..‘,11,=0

Wl k, > with

n.singular

2 . . . . ..
By “singular in u;” we mean proportional to negative or odd positive powers of u.
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obey the corresponding CFT fusion rules. Explicit formulas
were obtained up to five-point numbers in genus zero [27]
and two-point numbers in genus 1 [28].

Since our formulation using TR is a bit different from the
one used in previous works, an illustration of this proposal
for the three-point amplitudes in the case of (2, 11) model is
given in Appendix B.

C. p-deformed volumes

“Resonance transformations” together with the “Douglas
string equation” approach of [1,27,28] in general express
A‘Z’Smgular as piecewise-polynomial functions of p, k;. There
is a certain domain in parameter space where the expres-
sions significantly simplify; this is the domain k; + k; >
p — 3 for all i, j. With these conditions, when applying

resonance transformations one can effectively linearize

azk
Gey o,

It turns out that in this domain A‘Z(k) reduce to poly-
nomials in p and k;, symmetric in k;; in special normali-
zation they give a certain deformation of Weil-Petersson
volumes of moduli spaces of hyperbolic surfaces with

them in 7,, and throw away higher derivatives

geodesic boundaries V7, (7) analytically continued to
imaginary lengths [ = 2zib*(p +1—k); parameter of
deformation is b2. The first few examples are

ve, () =22 43 7r2b4 Zz (3.9)

Vo s(l) = 107* + 147*b* + gn“bB
2 2 22 2 4
(37r+ ? )Zz 2;11 S;I“
(3.10)

N |
Via() = 12+481%, (3.11)

Ve =T L
- 4" 24 192
+<%7z —l——ﬂ )le
1

621212 1921214 (3.12)

More explicit expressions for low g, n can be found in [29].
These expressions are (slightly) different then the “quantum
volumes” V. (1) defined in [2] for Virasoro minimal string.
These objects V¥, were first described in [30] and named

“p-deformed volumes.” There, they are defined as a certain
integral transform of topological recursion n differentials.

Their relation to tachyon correlation numbers was later
noted and explained in [29]. Also, it was found that the
integral transformation of [30] can be greatly simplified to

give
P 12 1
Vgn| 27ib~ | p + o k;

r Tog1(20)
NRE?g((l)g’n(Zl,...,Zn)il_‘[m N (313)

<i

which can be also thought of as an inverse Laplace
transform with respect to s = arcsin(z). One can equiv-
alently take the residue at infinity, since these are the only
two singularities of the defined n differential.

We will see later that p-deformed volumes do not only
coincide with AY in certain domains, but in some sense are
“building blocks” for tachyon amplitudes in a general case.

IV. x-y SWAPPED SPECTRAL CURVE AND
CORRELATION NUMBERS

The approach described in the previous section has
several drawbacks. First, the resonance transformations
themselves are somewhat unnatural and confusing from the
point of view of matrix models/integrability/topological
recursion. Second, the analytic formulas obtained using
them and the “Douglas string equation” are not very
transparent from the CFT point of view. Finally, if we
expect that the dual approach should carry information not
only about tachyons correlators, but the ones including
operators of other ghost numbers (e.g., ground ring), it is
not quite clear how to incorporate them. Indeed, resonance
transformations fix ¢ as polynomials of z of the form (3.7)
essentially because of KPZ scaling. On the other hand,
“times” 7 corresponding to, e.g., ground ring operators
would have nonpositive KPZ dimension.

We now proceed to one of the main statements of this
work: an alternative prescription to calculate Aj, which we
believe to be able to (at least partially) solve all the caveats
listed above. The proposal is as follows: the x-y dual
spectral curve with

2p+1

{)VC =2uy* T2p41(2)
V= 2uyT>(z)

(4.1)

and the same bidifferential B provides a system of n dif-
ferentials @, such that the following transform’

Note that the degree of the T polynomial is proportional to
Liouville momentum for the corresponding tachyon:
Pl,—k = %(2]) + 1 - 2k)
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AY(ky, ... ky,)

= Res

Res. Res< (215 ,z,,)H p k +1) (4.2)

g
coincides with A, oo

defined in (3.8) (up to overall
normalization).

As of now this statement is a conjecture—the general
proof is lacking. However, this nontrivial coincidence was
verified for all examples explicitly studied in the literature
before; we will provide the answers in what follows. We
note that a similar in spirit statement has already appeared
in the literature (although in a different description of
minimal gravity dual) in [31], although the relation is not so
clear and in this case agreement with the “resonance
transformations” approach was not complete.

A. KP perspective on swapped spectral curve

Let us first clarify why (4.2) and the dual spectral curve
(4.1) are more natural from the integrable systems per-
spective. First, if we now calculate KP times according to
the formula

= —%R_es(x‘(z”‘zk“) @rDydx) (4.3)

we get a much simpler answer than before: only two of the
times #; and 7_; are nonzero. Moreover, the transformation
(4.2), which formally is the same as the one for calculating
p-deformed volumes from the spectral curve (3.1), is now
much more clear: the following property of Chebyshev
polynomials

2k4-1

(Tops1(z))rT = 2% To+1(z) + O(1/2),
k<2p

7 = oo; (4.4)
means that at least for k = 1...p corresponding to tachyon
operators, (4.2) actually computes the derivatives with
I"F,
: = Res

respect to KP times
. r X (z)
dfk]...aik” Zi:w(a)g’n(ZI’”"Zn)I].;lezp—Zki"‘1 '

v 2p—2k;+1

¥ %0
i =19

(4.5)

B. Explicit expressions for tachyon correlators and
checks at low g, n

The recursion kernel for (4.1) in the vicinity of each

branching point {,, = (:os2 trom=1..2pis
1 1

dz =2 zp-2™

K" (z0,2) == 07 Zome (4.6)
dzo 8ul (22 =z"2)(2p+ 1)U, (2)

B 1 1 1

82p + Dub PP 242 (20— 2) (20 — 2 Uy (2)
(4.7)

[z(")(z) is the local Galois involution near ¢,,; we omit the
dependence on m in what follows for brevity]. Dependence
on the factor (4ug+3/ %) will be trivial for all correlators;
from now on we will omit it.

As a simplest example, consider the three-point corre-
lator at genus zero.

1 &
Wos(20.21.22) = drgdandz 2 RS K (20, 2)(@0,2(Z. 21)d0.2(2. 22) + d02(Z. 22) 0,22 21))
X o Bz 1 1 ( 1 N 1 )
— =0 22p + 1) 2+ 2 (20— 2)(20 = D2 (1) \(2 ~21)*(Z - 22)*  (2-22)°(Z-21)
_ 4 217 + 1 Z - €m>2(zl - é’m>2(z2 - z.:m)2 é’m ép(gm)
2p sin? 2% 1
Zz 5 iy ; ; 5 (4.8)
—1 p +1 COS7 1 2p+1 ( 20— gm) (Zl - gm) (ZZ - gm)
Now perform a linear transformation (4.2) with respect to each variable z, z;, z,. The result is
2p 2 n'm 2 P am(2(p—k;)+1) 2 2wmk;
v —1)m sin o Sin TSPt [Ti-o sing
A=Y ] DL
£=2(2p 4 1)* cos 25 ST sin” 578 2p+1 £ sinzm
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From a world sheet point of view (or “resonance trans-
formations” approach, by construction) we know that
three-point tachyon amplitude at genus zero should be
proportional to the three-point fusion number in the
minimal model sector, i.e., equal to either O or 1, up to
normalization. We can recognize it in the last factor; the
fusion number (up to a sign) emerges in the form known as
Verlinde formula [32] for the minimal model. A similar
representation exists for fusion numbers, or dimensions of
space of minimal model conformal blocks, for more

insertion points and in higher genus; e.g., in genus zero

N

iy...0p

20 1Tk G 72
— (-)Zp S 1_(1171 sin wmizh (4.10)
S Tm

b2)k—2 :

m=1

The next one in terms of difficulty is the four-point
correlator on the sphere. The corresponding four-differ-
ential reads

2P Cm P8T4 (ZOv Zi)

3
v c,C
Wo4(z0: 21522, 23) = ( — +§ ) 4.11
04(20. 21,22, 23) ;:1 Z B ZinZonZon(Cn = G 2=242p + 10,8 = 1) B2 [0 22 (4.11)

mn=1.2p

where

P (z0.21) = (=1)"[(=125%)[23,, + 328] + 128,52 20mZ1m (320m + Zim) + T 2tm(3Ce — 8P (1 + p)si)],

lim =Zi — Cmv

jm

(4.12)

s2=1-2,. (4.13)

and o and ¢ in the first term denote two arguments other than 0 and i from the set {0, 1,2,3}. Then one can perform a
“Chebyshev transform” (4.2). It can be brought to a simpler form if we represent (m,n) dependent kernels in the
expressions above, appropriately symmetrized with respect to m < 2p+1—m, as sums of the form
S, sin(zkmb?) sin(zknb?) f (k). This rewriting allows one to associate a Verlinde-like factor to each summation
variable. For our kernels it turns out that f(k) are simple enough—polynomial in |p 4+ 1/2 — k. E.g.,*

1 20 Omn = Om2p+1-n 52 Cz
7 ; sin(zmkb?) sin(znkb?)G(k) = (—1)"+" (% (é - é)

SngnOmn SmSn SmSn
e (e ) 1
where
G(m)E(b—4+%+b4<p+l—m)2—2b2p+l—mD. (4.15)
12 3 2 2
The conjectural four-point tachyon correlator then gets a nice representation
D) - %2 [Vg,4(l,~ —;ZbP],_k,.)) NO 4 ;4i (%N,{?iimN,ﬁ?L) G(m)] (4.16)

where Vg.4 is given in (3.9). It has a similar structure to the HEM answer [16], although the ingredients are different.
Let us perform some checks that the correlator in this form agrees with A9 calculated in previous works. First,
AY manifestly satisfies the fusion rules—it is zero if A ,(?,{4 is zero.

Second, consider the case when the number of conformal blocks is equal to k. In this case, in every term in ) ;_, 34
fusion coefficients are nonzero only for m = k; — k; + 1:2:k; + k; — 1 (and “reflected,” but to account for them we just

*Note that the identity below is only valid for m, n € 1...2p. It is not true if we consider both sides as functions of real variables m, n,
which complicates proof of such identities.
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erase the 1/2 factor). The following sum can be taken:

kitk—1
1 1
<G(m) +2b%|\p + - — mD = —k(b*(4k3 + 12k? — 3) — 24b%k; + 20). (4.17)
m=ki—ky+1:2 2 12
Then, summing with k; V4, the answer reduces to
o 1 kitk;—1 1
i=2,3.4 m=k;—k;+1:2

This is the answer obtained for the four-point correlator using “higher equations of motion” [compare with (2.15), up to

normalization, or with the expression in [1]], which is valid precisely under the assumption ./\f

_k, = ki. Finally, we can

perform some explicit numerical checks; Fig. 1 illustrates that our formula coincides with the result in [1], in particular, it
reduces to the p-deformed volume in the appropriate domain.
There is an alternative way to write this formula if instead of p-deformed volumes we express it using “quantum

relevant to VMS and CLS”:

b2 V84(l —47Z'bP1 k)
8 21’

2
b
volumes” Vg,

AY(k) =

N

The advantage is that there is a simpler expression for the modified “propagator”

2 1 2

where By (x) is the Bernoulli polynomial. In this form, the
MS answer practically coincides with the CLS result
(in Sec. 5.4 of [3]), up to a difference between the
three-point amplitudes that enter the expression. The
Bernoulli polynomial in that context appeared from using
an identity on polylogarithms.

Another example simple enough to be presented here is
the one-point correlation number in genus one. We have

2p
Wii(z0) = R%s K™ (29, 2)Wo5(2. 2)
—1 {Cm
1 2p + ) ZOm mgm
Pl,l(x) 35 (2[7([7 + ) - 34’2 ) 3x§msgn7
(4.22)
and
v (34’2 — 2k0(2p —+ 1-— k()) ) sin (ﬂmbzko)
Al(k()) 2
= 48(2p + 1)*C s

(4.23)

Here and in what follows we use a normalization in which
VZ_,, reduce to Weil-Petersson (WP) volumes in the semiclassical
limit b — 0, different from the one in [2] by a factor of
(87‘[2b2)3g_3+".

2p
1 0 0
DY <2NillimN5n?o>G(m)] . (4.19)
i=2,3,4m=1
1 b?
p+y-m|) =aBs(Zlp+1/2-m] (4.20)

Alternatively it can be written as

. L[y Vi (4abP ) 1 &
Aj(ko) = 4 (Nl(co —U ZZ koll
(4.24)
with the fusion number at genus 1 given by
(1) l o sin zmkyb?
== . 4.25
N, 2 Z sin zmb? (4.25)
Although it is not evident, for kg = 1...2p (4.24) coincides
with the simple answer obtained in [19,28]

REZeTE)

C. “Feynman rules” for A%

Based on the examples studied above, one can note that
different terms in the expressions for A” can be associated
to different stable graphs. These are the graphs I enumer-
ating all boundary strata in the moduli space of stable
curves M g.n (corresponding to different ways to degenerate
the surface). They are defined as follows:

(1) this is a connected graph with n external “legs,”

vertices and the edges connecting some of the
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FIG. 1.

Two examples comparing the TR answer (red) and the one from the “resonance transformations” approach in [1] (green,
plotted with the minus sign for more clear comparison) for four-point amplitude with p =

16: left— (k. k. p.p), right

—(ky, p/2,p/2, p/2) (parameter k; is on the x axis). The dashed line is the corresponding p-deformed volume.

vertices. Legs correspond to marked points, vertices
—to smooth components of the normalization of
degenerate surface and edges to the nodal points

(1) to each edge and leg associate a marking k€ 1..p

(for external legs these are the arguments of Af{)
(i1) for each vertex » with genus g, and n, incoming

_ Where degeneration happens. _ , lines with markings k, = k,...k, multiply
(i1) With each vertex v, a number g, € Z is associated Ny
which is a genus of the corresponding smooth by (Z)T'x

component. For each v a stability condition holds:
2g,—2+n, >0, where n, is the valence of »
including edges and legs.

(iii) The total genus of the graph, defined as >, g, +

h'(T) (h' is the first Betti number), is equal to g.

This structure is typical of topological recursion. A
similar one exists for CLS [4].

It would be interesting to interpret stable graphs in the
MS case as “Feynman diagrams,” associating specific
analytic expressions to elements of these graphs so that
we do not need to perform a (conceptually simple, but
bulky) calculation for each new AY. The simplest examples
above suggest the following diagrammatic rules:

The sum over I" includes all stable graphs of genus g with n legs with external markings ;...

H (2ﬂ2>3gr+nu_3

(iii) for each internal edge (“propagator’”’) with marking
ki multiply by G(k;,) and sum over k;,; from 1 to p
(iv) each graph is weighted by its symmetry factor
1/|Aut(T’)| [e.g., the factor 1/2 appears in the
second term in (4.24)]
However, the next examples that are presented in Appendix C
—(g,n) = (0,5) and (g, n) = (1, 2)—although they exhibit
the expected structure as a sum over “stable graphs,” contain
additional contributions that do not follow from the dia-
grammatic technique above.
Based on these examples and a calculation in the limiting
p — oo case, to be discussed in the next section, we
conjecture the following general expression:

H[4 By, ( |bP1 -k, }HN

vgv,nv(4anL_,;v)> (4.27)

v P2=0

k,. For each edge in the graph,

a marking k, and a natural number n, are associated and the sum is over all these assignments. It is simpler to write this

answer as a sum of tautological intersection numbers on M =[],

degenerations specified by a stable graph I', as follows:

Mym, -a—moduli space of stable curves with the

m>l (2m+1)

0= X ey 30 T o T e
Allt M

,10

[Se]

er;lePIk Vi x E H

nyn,=1 e

4re B2n |bP1 k|)<_l//e'

r w

- l//eO)nﬂ_l

(4.28)

n,!
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In product over v it is understood that each « class is an element in cohomology H (Mw) v,. and y,, are y classes,
associated to two images of the node point, to which the edge e corresponds, after normalization of the curve. We will not
give precise definitions of x and y classes and refer to expositions in [2,33].

Higher terms in the series in n, (with n, > 1), of course, do not appear in the examples that we studied. However, in the
Jackiw-Tetelboim (JT) limit (to be discussed in the next section) one can see how this series in Bernoulli polynomials
appears explicitly.

Another way to rewrite the series in even Bernoulli polynomials in (4.28) is, for example, using an integral representation

iﬂan(bP)u”‘l B /—e+ioo dt (@ \2 eMOrHt
n! " Jeico 2mi \sinzt u

n=1 €—100 \ ,
F(P0):f(=P1)=f(P=1)

- %/:zd?t (shfm)z(f (P.0) +£(=P.0) + 4 Res (Sifm)z(f(P, 1) = £(P.-1)).

It formally reduces to a sum of residues in the right half-plane (at each order in u the series for the Hurwitz zeta-function
{(—2n + 1,bP) is obtained, which reduces to Bernoulli polynomials). This series takes the form

(o)

Z( (bP+k) du(bP+k)? )+Z( ( bP+k) 4u(bP—k)? )+4(bP) 4u(bP)? Z(4|bP+k|e4b2”<P+k/b)z)'
k=1 k=1 kez

This function is singular at # — 0 and only has an asymptotic expansion in u, but the regular part of the corresponding
asymptotic series coincides with the one that we started with. In this representation it is interesting that if we sum over k € Z
and over possible values of intermediate momentum [P, _,,| = 1 — 52+, m = 1...p through the edge e = (v;. v;), we get

2p+1°
the following

p
Z Sin(ﬂ'kmvlb2> sin(ﬂ:kmvzbz) Z (4| |bP1,—k| + m|e4b2u(\P1.fk|+m/b)z)
k=1 mez

= Z 2b|P, _,| sin(wnm,, b?) sin(znm, b*)e*’ 1 (4.29)

nez
nmod (2p+1)#0

The sine factors appear from Verlinde representation of fusion numbers appearing at the vertices v;, v,. First, note that
this is just a “discrete version” of the “propagator” in CLS [4], where the integral is replaced by a sum. Second, P, _, in the
total sum go through all the values in the Lian-Zuckerman set, enumerating physical operators. The restriction
n mod (2p + 1) # 0 is in fact not required, since such terms automatically disappear because of sine factors from the
fusion constants.

If we substitute the series (4.29) into (4.28), we can perform an integral over My explicitly in terms of “quantum
volumes”; recall that their definition in our normalization is

b g B
Vg,n(4”bP 1,—k) . / e(l+b4)1<1—Zmzlﬁ(4b2)z”’xzm+2?:1(2bP1._kl_)21//,». (4.30)

(2ﬂ2)3g+n—3 - i,

One then gets a very nice (albeit formal, since the series over k, is divergent and should be interpreted in zeta regularization,
as mentioned above) representation for AJ

D=3 ZH( o Loon 8

3%"’_3 )szuo1 - (4.31)

The formula (4.28) should follow from the general expression for @, , in terms of the sum over stable graphs [34] for
some parametrization of the spectral curve, but such a derivation is technlcally involved. If this conjecture will be proven,
we will have a powerful method to obtain a prediction for tachyon amplitudes in minimal string from a dual approach.
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D. Comments on JT/Mirzakhani limit

It is known that the p — oo limit of (2,2p + 1) minimal
string is related to JT gravity. In particular, with appropriate
scaling the spectral curve (3.1) becomes the one for
Mirzakhani topological recursion [35,36]

x(z) = 2
{ y(z) = ﬁsin 21z’ (4.32)

which calculates JT gravity partition functions with asymp-
totic boundaries of fixed renormalized lengths, or Weil-
Petersson volumes. Minimal string tachyon correlators are
known to reduce to “WP volumes for hyperbolic surfaces
with conical defects” in this limit. To our knowledge, these
objects were not studied comprehensively in the literature
until recent works [37] (from a physical side) and [38]
(from a more mathematical one). Different checks of this
proposal were performed before that in [39,40].

In [37], in particular, an intersection-theoretic formula,
inspired by the minimal string answers, as well as “matrix
integral” formulation that can be used to compute these
volumes, were proposed. The results of the present paper
suggest that there exists a different approach, in terms of an
x-y swapped Mirzakhani spectral curve. We consider

X7 (7) = Lsin2zz
{ @) =% (4.33)

y1(z) =2

and the standard bidifferential; branching points for this
curve are the zeroes of cos(27z);z,, =5 (2m+1),meZ.
The local Galois involution Z(z) near z,, is simply 2z,, — z.
The kernel is then

I 1
(m) -2 2% dzg
K s —
i (70:7) (z> = 7%) cos(2xz) dz
. 1 dZ()
22m(z0 — 2)(20 + 7 — 22,,) cOs(27z) dz

(4.34)

A suitably scaled version of “Chebyshev transform” that
should compute the volumes in this limit is the following:

0
ot B o sin(27k;z;)
A (ky, k) = Zflgeosé<wg,n(11, ...,zn)ETi” .

(4.35)
k; €0, 1] corresponds to the conical defect of angle deficit

27(1 — k;). Again let us start with the simplest example of a
three-point correlator in genus zero

1 m _ -

Wi (o 21 22) = G mez;ﬁgg K97 (20.2) (Wo(2.2)Wo (2. 22) + Woa (2. 22)Woa(z.21))  (4.36)
(1) 1 ( | | >
= Res + 4.37
n;ZFzm 2z, (20 = 2)(z0 = 22 + 2) c08(272) \ (2= 21)*(Z— 22)* (2= 22)*(Z—121)? (437)
(=" 1
- . (4.38)
L2 27 (20 = 2n) (21 = 2n)* (22 = 2)?
Transformation (4.35) brings us to
0JT (_l)m 2

—AY (ky, Ky, K3) = HZ:Z o il;!):COS(Zﬂ'K'iZm) . (4.39)

One can easily prove that this function is piecewise constant—it is given as a sum of several terms which can be recognized
as a Fourier series decomposition of a “square wave’:

2(-1)™ K _
,;chos <7(2m+1)> =1-20(1 - [x-2|), k€ (0.4).

(4.40)
An example is given in Fig. 2. For small enough x (“sharp defects”) AYT is equal to 1, as expected of WP volume V3. If
> (1 —k;) < 2, itis still nonzero for a while and takes value 1/2. Geometrically this corresponds to the case when we are
not anymore in the realm of hyperbolic geometry: because of the Gauss-Bonnet theorem if the defects are “blunt” enough,
the surface can only have a metric of constant positive curvature. From the point of view of MS 1/2 appears because of
averaging between answers from odd and even sectors (one of which is zero according to minimal model fusion rules).
When “Troyanov conditon”
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3

3 (1= k) < 2(1 - min(x;)) (4.41) "

i=1 0.8
stops being satisfied, it is known that no metric of constant 0.6 A y
positive curvature exists at all [41]. This is precisely when 04l v :
three-point amplitude (4.39) becomes zero. It is interesting
that these correlators compute some characteristics of both 0.2
hyperbolic and “Euclidean—de Sitter”-type geometries (prob- ‘ ‘ ‘ b
ably this is related to the “antisphere” complex saddle of the 02 04 06 og 0
semiclassical Liouville path integral that exists for these
values of parameters [42]). FIG. 2. Example for three-point amplitude (4.39) with «; =

For the reference let us also provide an expression fora  (K0-3/8.1/4) (partially summed up to m = 100).

four-point correlator in genus zero that follows from (4.33)
|

AYT (x Z Z )" [ =0, €08(270K;2,0 ) [ 1 0.4 cOS (27 2,.)

i=1 m#n; 47[ Znim (Zm _Zn)z

mnez

-y Wsosanzal) Z) (442)

mez

One can recognize the usual WP volume as a factor in the last term.
Let us comment on how one can motivate the formula (4.28) by explicit calculation in this limit. The general formula in
[34], representing w,,, as sums over stable graphs, says that the factors associated to the edges of the graph are of the form

> %0 B, 2r.my 25WAWs, where coefficients Bm ,l s are determined by expanding the bidifferential @, in a suitable local

Vo 4 (I=27i%)
272

coordinate ¢ (it should satisfy £ (¢(")) = —£(™); in our case we can take (") = z — z,,) when z, and z, are in the vicinity
of branching points z,, and z,,,,

5m1 m, m, r,my,s m my y
wr = <(2+27r 3 (2 = 2y, (2 () o) >dz1dz2. (4.43)

21 _Zz) r,s=0 (H_l) (S !

In our case of a standard bidifferential and z,, =} (2m + 1) the coefficients are computed to be

0 1S (2n)! W
Z Bml,Zr,mz,Zsl//-rl//g = @; n! (ml _ m2>2n 5’"1?&’"2’ Y= v. + Yo (444)

r.s=0

To get a similar representation to the finite p case, with fusion coefficients entering the vertices, this series should be
represented as an integral of the form fol dxk cos(27kz,,, ) c0s(27KZ,y,,)... (this is the “continuous” analog of
SoP_, sinmkmb* sin tkm,b?...). This amounts to computing the inverse Fourier transform of this series with respect
to (m; — m,), for which we use

cos(mkm) _ (2mi" o (5) (4.45)

i m (2n)! 2

Then, the same series as in (4.28) appears, with suitable scaled parameter

cos(mkm) = (2n)! P (—4n?p)"! K
Z Z Y 2n m#o ZTan 5 . (446)

mezZ n=1 n=1
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V. ON GROUND RING OPERATOR INSERTIONS
IN TR FORMULATION

A. Conjecture

Finally, we describe one more reason one might be
interested in a reformulation of the MS matrix dual in terms
of spectral curve (4.1). While the supposed analogs of
correlators with tachyons are more or less understood, it
was not clear in other approaches whether the amplitudes
including operators other than tachyons are calculable in
the dual theory. We believe that, for example, for the
amplitudes involving a ground ring the answer might exist
in this approach.

Let us first motivate our conjecture. Consider the n-point
amplitude with the insertion of the simplest ground ring
field O ;—the unit operator (for example, let all other
operators be tachyons). Obviously it should be the same as
the (n — 1)-point amplitude, which is calculated by apply-
ing (4.2) to @, ,_;. Can we find a linear transformation of
the n differential @, with respect to n-th argument that
would produce this result?

There is a general known property of TR that hints at the
answer—the so-called “dilaton equation.” In our case it
reads

< Res = —Res) (@ ()0 (2.21--2021))

z=ln =00

= (29_2+n)&)g,n—1(zl"‘zn—l) (51)

where ® = [ydX. Using the trigonometric form of
Chebyshev polynomials

D (z=cosl) =—-2p+1) / cos(26) sin((2p + 1)0)do

2 1 /T Ts,_
_2p+ 2p+3(Z)+ 2p-1(2) C(52)
2 \(2p+3 " 2p-1

Then, up to a factor that depends on g and n (but does not

depend on parameters of other insertions) transformation

>om R%scbl (z) - ... acts as an insertion of a unit operator for
i=6m

any correlator. Note that @ is a polynomial of degree
2p + 3; if we extrapolate the correspondence between the
degree of the polynomial and the Liouville momentum
noted in the footnote after (4.2), this degree corresponds to
unit operator V,; in the Liouville sector. This is also
reassuring.

On the example of four-point amplitude with three
tachyon insertions, we can see explicitly how this trans-
formation reduces it to a three-point correlator. Taking
residue with @; is the same as taking the sum
AY(1,..)+AY(-1,...), with AY defined by (4.16).
When we change k; — —k;, Verlinde fusion numbers
defined in (4.10) simply change sign. This means that in
this sum, terms corresponding to the trivalent stable graph
with two vertices disappear. The other terms almost cancel
each other, because

Vg_4(4ﬂ'bPl._l, ) - Vg_4(4ﬂbpl,l» )
2% -2

=20 (53)

with the dependence on k; ; 4 remaining only in the fusion
factor, which in this case reduces to the three-point one.
In fact, since there is a more general formula

Vg,4(4”bP1,—k’ ) = Vg,4(4”bP1,k, ..

5 =2b°
27 - 2k

(5.4)

a similar thing happens for a four-point correlator if we
consider a transformation

Res(@4(2) ...

1 < Ta(p—i)+1

D7) = —
{) =5\t

T2(p+k)+1
. (55
ki) 6

If we take the residue with respect to the other 3 variables,
multiplied by Chebyshev polynomials according to (4.2),
we are left with just the four-point fusion constant A° ,(((,)(i ksks

up to some constant. This is precisely the answer we expect
for a four-point correlator of O, and three tachyons.

For this more general transformation, using the explicit expressions calculated in the present paper, one can also check

the following:
ey 5

Toip—i)+1(2i)\ (0)
R“(%le)@z(m(ﬂm o5 (21--25) | = #Nig i,

(5.6)

which is what is expected from a five-point correlator with two ground ring insertions. To check this explicitly, one

can use the relation

Vis(dabPy g, ...) = Vis(4nbPy, ...)  4b°VE,(...)

—265(k2 = 1) (5.7)

4zt - 2k

272
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@ Res(®y, (z1)@1,(21)) = #N;Q) (5.8)

which is also the correct answer for ground ring average on the torus (see [19]).
All of this brings us to the conjecture: the transformation (5.5) of topological recursion data has something to do with
computing the correlators with ground ring insertions.

This conjecture still might need some refining. First of all, after this transformation a factor dependent on g, n analogous
to the one in the dilaton equation appears, which needs to be understood. Second, for a nontrivial check of this proposal it
would be nice to match some examples of the correlators involving integrated tachyons, e.g., the amplitude with one ground
ring operator and four tachyons. This will be discussed in what follows.

B. Check against HEM

The conjectured formula for the correlator of four tachyons and the ground ring operator that follows from (5.5) can be
derived using (5.7). It reads

éRes <(Dkn (z1) (EW) @ 5(21.- Zs)>

4b*Vh ,(ArbP, _y,. ... AnbPy ;)

e ._ 2w G &
- (e o)+ 2SS en A 69)

i<j2 n=

In the world sheet approach, the correlator is built as follows. The ground ring operator can be inserted in an arbitrary
point on the surface—the result should be independent of this point because of (2.5). We are left with one integration over
the surface: one of the tachyons has to be in “integrated” form to satisfy the ghost number constraint. We are left with the
following integral (O ;, (x) [ d?zU; 4, (2)Wa, (x1)Wa, (x2)WV,,(x3)).

Applying HEM to the integrated tachyon then leads to the following expression (for a more thorough explanation see
[43], where this correlator appeared as one of the terms in the expression for five-point tachyon amplitude)

ky—1 ky—1
(O 4, (%) / AUy g, (W, (x1) W, (2) Wiy (00))  ~ > Yo (@B (an) + 40, (@) + 4%, (a3))
HEM 1 (k=1):2 m=—(ky—1):2
ky+hy—1

. 1k
= 2iPy 4, kiky + z q(()s 213 (arg,) s (5.10)
s=lko—ky|+1:2

The last term is the boundary contribution in the vicinity of z = x that would follow from (2.13).

Let us compare the HEM answer versus the one that follows from the “conjecture” (5.9). Consider “generic” values of
three tachyon parameters ks, k4, ks (the ones for which the HEM calculation should apply); “genericness” implies the
following for the fusion numbers

I, l=—k+1:2:k-1
Nl(jl);‘z%mus =k k2’N< ) kl’Nkua+lh/2 { . (511)

kiaja;a 0 else
b

Abusing notation, we write a instead of k in the argument of N for “generic” parameters. The HEM answer for these values,
in proper normalization, can be written as

K-tk 1
<01,k1<x> / dzzul,b(z)wal<x1>wa2<x2>wx3<oo>> :4b2<k1ao,4<k2|a3,a4,a5>—4b S gt >)
HEM

s=lky—k;|+1:2

(1)
(5.12)
where

%9 (47TbP1._k s ) 0 k=l
= 2 - Nl(cz?“ks + Z G(k; +1). (5.13)
=345 I=—ky11:2

ay4(kolas, ay, as) =
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(5.9), on the other hand, reads

1 T21) k; +l( <
WRCS<‘DJ<1(21)< 2p k 05

VP, (4zbPy ., ... ko=l kiko (K2 — 1
:4b2<k1 0 e )+ ook G(ki+1)—b4M (5.14)
2z =345 I——dgr12 2

ke
1 k=1 k=1
+§i:3’4.5 lz_kzz;l;zm:_z;m (G(k; +m+1) — G(k; + l))) . (5.15)
The first two terms coincide with kjag 4(ky|as, ay, as). Recall that

bt 2 1 2
G(m) = <12+3+b4< 5 m) —-2p?

1
p+§—m’.).

In the sum (5.15), quadratic terms can be simplified to

= " 1 2 1 2 b3 )
o Z > > <<p+§—k,»—m—l> —<P+§—ki—l> > :EgklkZ(kl_])7 (5.16)

i=3 4,5 I=—ky +1:2 m=—k, +1:2

which cancels the last term in (5.14). The linear terms can be represented as

k-1 k-1 | |
DY > <‘p—|— k—m—lH E—k,-—lD

i=3,4,5 I=—ko+1:2 m=—k, +1:2
k-1 ko—1

=20y > > <qé“‘32< )= a0 (@ + 1b)2)). (5.17)

i=3,4,5 I=—(k;—1):2 m=—(k,—1):

)

So, the difference of the two answers is (1) minus (2).

C. Discussion

The two answers do not match, although the difference is quite simple. Let us discuss what this might imply if we take the
conjecture (5.9) seriously.

There are some reasons to doubt whether the HEM expression actually computes the minimal string amplitude. First,
naively there seems to be an alternative way to compute it: using independence on x, the ground ring can be moved
arbitrarily close to points of insertion of other tachyons to be able to perform OPE using (2.12) and reduce the correlator to
the sum of four-point amplitudes. However, the result depends on what point one moves the ground ring operator toward
and does not coincide with (5.10). E.g., if we perform OPE of O and W, , the answer will be

k-1 k-1
> > (qé‘ﬁﬁ(m F1b/2) + qb™ (ay) + gb™, (as)) = 2iPy s Kk (5.18)

I=—(k;=1):2 m=—(ky—1):

and the difference from the HEM answer is of the form

kyt+hky—1 (1) k-1 ky—1 . .
S adB ) s+ Y > <qé ay) - gi ) (a) + 1b)2)). (5.19)
s=|ky—ky|+1:2 I=—(k;=1):2 m=—(k,—1):
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Asymmetry with respect to permutation of tachyon param-
eters (which is a property expected of string amplitudes) is
concerning. In (5.10) this symmetry is also not evident
[although the same can be said about (2.15)].

Another concern is related to what was discussed in
Sec. II D (discontinuity analysis). If the property stated in
the end of Sec. I D is valid in this generalized sense, for a
five-point correlator with a ground ring and tachyons there
should be additional nonanalytic terms other than the ones
present in (5.10). Namely, (5.10) has the terms with
discontinuities associated to a degeneration limit when
the ground ring and integrated tachyon are on the different
smooth components of a degenerate curve (these are of the
form |a;—%+2|,me — (ky —1):2:k, — 1), but does
not account for the case when they are on the same
component [these should be of the form |a; — % —|—’"Th+
Blie —(kj—1):2:(ky—1),me€ — (kg — 1):2:ky — 1].
Such terms, on the other hand, are present in (5.18). Both of
these are necessary if we want the correlator to be
symmetric under permutation of four tachyon operators.

Unlike the HEM expression, the answer (5.9) is man-
ifestly symmetric under permutations of k,...ks and pre-
dicts expected discontinuities. An important question then
is to resolve the conflict between different answers
and compare (5.9) (as well as HEM prediction) with the
integral (O 4, (x) [ @2l 4, ()W, (x1)Wa, (x2) Wy, (x3))
we study.

One more speculation on the relation between different
answers is as follows. As mentioned before, the apparent
possibility to apply OW OPE is in conflict with the x inde-
pendence of the correlator. One option is that the x inde-
pendence is valid on the open part of moduli space but
breaks down on the boundary, on which the correlator takes
a different value. Perhaps the symmetric tachyon amplitude
(5.9) can be obtained by adding to the integral over the
open part of moduli space, given by an expression akin to
(5.10), some contribution from the boundary strata of
M5, which would look similar to (5.18).

VI. CONCLUSIONS

We finish with listing some directions for further studies.

(1) Itis of interest to prove the diagrammatic expansion
that computes Az that is hinted at by obtained
expressions, or to find a different way to streamline
the calculation of amplitudes in this approach.
Perhaps one can adapt the universal x-y swap
formula [8] for this purpose.

(ii) We plan to study further the five-point amplitude in
genus zero with a ground ring and four tachyon
insertions and address the tension between different
analytic approaches from “first principles”—by
calculating it numerically. We need to perform the
same number of integrations as for a well-studied
example of four-point tachyon amplitude (see, e.g.,

[18]), but the problem incorporates five-point con-
formal blocks and a correlator of descendants, which
adds some difficulty. Another interesting example
that should have fewer subtleties for numerical
calculations is the torus two-point amplitude of
ground ring + tachyon (a similar calculation was
done for the ¢ =1 string in [44]). We plan to
perform these calculations in the near future [45].

(iii) The main observation of this paper raises a question
of whether there is an analogous simple way to
match correlators in two approaches for the general
(p,q) minimal string case. This is a much more
subtle issue than for Lee-Yang series: Even for three-
point amplitudes on the sphere the answer (fusion
coefficient) can not be simply reproduced by either
the usual or x-y dual spectral curve; instead it is
given by the product of the two answers [24]. On the
other hand, it is very easy to imagine a natural
generalization of (4.31) to this case, by replacing the
fusion factors with the appropriate ones for the
(p,q) model and extending the sum over k, to
the lattice of all Liouville momenta of the form P, .
Results of the current paper suggest that ramification
points are naturally associated with primary fields in
the matter sector; perhaps there is a more convenient
TR formulation with (p —1)(¢ — 1) ramification
points instead of the standard one coming from
the two-matrix model.
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APPENDIX A: CANCELATION OF “ON-SHELL”
POLES FROM DESCENDANTS

The statement we prove here is as follows: for the
product of elliptic four-point blocks of the form appearing
in the integrand for the four-point function

HEP (P, pilg)HM P (Py.ipilq) (A1)

046019-18



x-y SWAP FOR A (2, 2p + 1) MINIMAL STRING PHYS. REV. D 112, 046019 (2025)

(the relation between F and H, as well as between ¢ and z can be found in [46]), the k-th order coefficient in ¢ (k > 0) is
proportional to P2 + P%, 4 k. This means that the potential “on-shell pole” coming from [ d?q|q|2®*+Fut*=1) ~ P S
M

canceled. The same apparently is valid for z blocks F.
Expansion coefficients in g (HX/M (P, p;|q) = 3" ¢*Cy/m(k, P?)) for these blocks obey Zamolodchikov recursion

[46,47]

Culk P?) = 8o+ D _Crlk = rs. p3 +rs) oy (A2)

rs<k

a}’,S

—_—. A3
Py + Pl +rs (A3)

Cy(k.Py) =80+ > Culk—rs.—P))

rs<k

a,. , are factors dependent on external dimensions and central charge; it turns out that they coincide for H- and HM when the
block parameters are related as in (A1). In both formulas by P, ; we mean degenerate momenta for the Liouville sector. To

express the recursion in these terms we use P2 (ib) = —P2_ (b) = —P2(b) + rs.

The k-th coefficient in the product (Al) is a polynomial in a,; containing such that for each monomial
A 5% o> 1:8; = k. In this polynomial, the coefficient before a,, ;, ..., , is given by a sum over permutations
of the form

1 1 1 )
AUB=T1.m} UZ; (P2 + o, (1) Doy(1) + doy2) Day(ia-1) + doy(ia)

1 1 1
X < 5 ) (A4)
Pit + boy(1) Goy1) T Doy aoy(i-1) + boy())
where 6,4, o are permutations of the sets A, B; a; = —P%{,‘si, b, = P%-,s,- + r;s;. Now we prove that this sum is proportional to
P24+ Py +> ai+Y bi=P +Py+) risi=P +Py+k (A5)

i=1 i=1 i=1

It is equivalent to show the following: renaming additionally P> = b, P, = a,, for any m sum over permutations ¢ of

{0..m}

ZH +bl+l~fa+b (A6)

This sum over permutations can be rewritten as a sum over m! orbits of the cyclic permutation group. For each orbit, the
summand is

—1
1
o + oo A7
1+b Ha +b (i+1) (a(l)+ba( ) As(m) +b Z(a ( )

cycle o(m) i=0 “o( cycle

The denominator is invariant under cyclic permutations, so it can be factored away; the remaining sum of m + 1 terms is
precisely > " (a; + b;). Thus, we proved the statement.

APPENDIX B: THREE-POINT AMPLITUDES VIA RESONANCE
TRANSFORMATIONS: EXAMPLE (2, 11)

Here we provide an example of how the procedure described in (III B) works. Third derivatives with respect to 7 are

computed using the simple TR formula (3.6) for 70[, “resonance transformations” (3.7) and
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PF Zf’: FF Oty 01, 0t, L~0F o,

a’l'kl 01k2 01k3 ml at dt a’l’kl a‘[k a’l'k3 a a’l'kl drkz 61k3

m m=1

i (arml 0%t,, +atml 0’1y, +0tml 62th>
=1 m] n12

aTkl 01,(71,(3 0Tk2 01k11k3 01k3 aTkZTkl

Then, Ag(kl, ko, k3) given by (3.8) up to overall normalization reads (we write these derivatives in matrix form, where
ki, ky, = 1..5 are matrix indices and k5 is the number of the matrix)

G 50 -§ o o oo -4 0 M o % o
R O N O T A N N R R
4 2 u? 1 ul 1 1
_% 0 % Ugy 1 0 70 Up 1 o 70 Ug 1 ™ u_g
u? u? 1 1 1
o0 -2 0 1 uio - 0 1 u—lo ulg o 1 4 2w
A 0 -% 0 1 1
2
0 3w 1 5 -4 0 1 L
g 1 1 1
70 125} 1 MLU ui(g) 5 0 1 u_o g 14_8 (Bl)
1 1 1 1 11 1
w1 w oW bw ¢ ow
] L o1 11 B e
i ul wy g i u(z) ug ué u
On the other hand, the fusion number matrices in this model are
1 0 00O 01 00O 001 0O 00 010 0 0 0 0 1
01 00O 1 01 0O 01 01 0 0 01 01 00 0 1 1
00 1 0 0], 01 01 0], 1 01 0 11, 01 0 1 1]/, 00 1 11
00 010 00 1 01 01 0 1 1 1 01 1 1 01 1 1 1
00 0 0 1 00 0 1 1 00 1 1 1 0O 1 1 1 1 1 1 1 1 1

—~
os]
[\

N

It is easy to see that if we take the singular in the u3 part of matrices (B1) and then put u, = 1, we get fusion matrices. The
regular terms, on the other hand, are not that simple.

APPENDIX C: EXPRESSIONS FOR A% FOR (g.n)=(0.5) AND (1, 2)

The calculation for A5 gives the following answer
4b4A(5) = da —I—a2+5a2+a3. (Cl)
Here

V(b),s (47TbP1’_1-{*)

0
ar =N = (2)
Vb (4zbPi _,,-,-,")
) 0.4 1,-n
ZG >3 , (C3)
l<] 1 n=
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5

5> Y Stew

i=1 ji<jpiji2#i Ll

0) (0)
N N

(C4)

are contributions that can be written down using the
diagrammatic technique described in Sec. IV C; Fig. 3
illustrates the corresponding stable graphs. However, this is
not the full story—there is an additional contribution

associated with stable graphs of type 2 of the form
|

]Ci ]Cj k;j'.) kjl

FIG. 3. Stable graphs for (g,n) =
genus g, = 0.

(0,5). All vertices have

ARORS (0) o 4 16
Sa, = — © 16 hep
a) 2 I; — Nk;kjnN (15b4 3b2| 1, n| + | 1 nl )
e (0) (0)
=42 > NN (Ballxal) = 2 Ba([a ) (Cs)
i<j,1 n=1
with
b2
|xn’==7|l’+1/2_n|:b|P1,_,,|. (o)

For torus two-point amplitude there are five stable graphs, illustrated in Fig. 4. The corresponding decomposition of the

amplitude is

SA%:b1+b2+b3+b4+b5, (C7)
where
by =N, i (C8)
1Y ) £A(0)
by=3 G(L)G(L)N 1N s (C9)
1,l,=1
V04 4T[bP *,4ﬂ'bP1._1,4ﬂ'bP1,_l>
ZNk L G(I) = 16(By(Jx)]) — 21, 2B, (%)) ). (C10)
2w
Vb (4zbP, ) 1
0 i 1,1
o, (B0 - ) -2 ) e
Z Nk Vol 1121, G(1)G(ly). (C12)

11 L=1

We checked these results against the ones obtained in [27,28] using “resonance transformations” and found agreement.
Note that there is an error in the end of [28], where during the calculation of torus two-point amplitude authors did not
account for Heaviside theta functions in the final answer. We provide the correct formula here for reference,
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kl kl kl
®
g=1
l
ks ko

ko ki ko

ly

FIG. 4. Stable graphs for (g,n) = (1,2). We only denote the genus of vertices if it is nonzero.

6(2p + 1)°Ay(ky, ky) = (=i 2p + 1) + (p — ko) (p — ky + 1) 4+ k7)
X (ki2p+ 1)+ k(2p—ky+1)—ki+p(p+1)+2)
+ (ki +ky—p-1)(ki +ky—p)((ky +ka—p-2)(ky +t ka—p + 1)
—2p(p+1)0(p+1—-ki —ky).
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