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We continue the study of 2D gravity—“matrix model” duality on the example of a ð2; 2pþ 1Þ minimal
string. We propose a reformulation of the duality, related to a more conventional one by “x-y swap” in the
language of topological recursion. This formulation elucidates some conceptual and technical difficulties in
the dictionary of the duality and relation to other examples. In particular, it allows to circumvent the necessity
to use “resonance transformations,”which were previously introduced to match the world sheet and “matrix
model” correlators, and the expressions for minimal string amplitudes in this approach are reminiscent of the
ones obtained recently for “complex Liouville string” theory. Using this new approach, we also formulate a
conjecture on how one can compute amplitudes with operators other than tachyons in the dual theory.
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I. INTRODUCTION

Minimal string theory (MS) is defined by its world sheet
conformal field theory (CFT) that consists of the ðp; qÞ
Virasoro minimal model, Becchi-Rouet-Stora-Tyutin
(BRST) ghosts, and Liouville CFT. It is one of the oldest
studied examples of non-critical string theory. Due to exact
solvability of the constituent CFTs and simple description
of BRST cohomology in this theory perturbative string
amplitudes, at least for low genus and number of insertions,
can be computed exactly. One of its intriguing features is a
conjectural dual description in terms of matrix models. For
a ð2; 2pþ 1Þ series, which we focus on in this work, the
dictionary of the duality on the level of correlators was
developed over the years, culminating in [1], while for the
general ðp; qÞmatter theory it is still not well understood at
the moment. Recently similar matrix model descriptions
were developed for different related models of 2D gravity,
where matter theories are also governed by Virasoro
symmetry: these are Virasoro minimal string (VMS, [2])
and complex Liouville string (CLS, [3,4]).
An important property characterizing the dual descrip-

tion is the recurrent relations for correlators, known as
topological recursion (TR), which in the matrix model
roughly corresponds to 1=N expansion of loop equations.
Topological recursion has been thoroughly studied on its
own in the mathematical literature and is known to have a

lot of interesting properties. For example, TR data can be
expressed in terms of tautological intersection theory on the
moduli space of stable curves [5], a connection that bridges
the gap between TR and world sheet interpretation in terms
of “Euler characteristic of bundle of conformal blocks”
for VMS.
Another one of these properties, studied in a different

language in older works [6,7] and recently investigated in
more generality [8], is the transformation of TR data under
the so-called “x-y swap.” A relevant example of a system of
correlators satisfying TR to have in mind are resolvent
correlators in (e.g., Hermitian) two-matrix models, where
one integrates over matrices X and Y with the weight of
the form expð−VðX; YÞÞ, VðX; YÞ ¼ trðV1ðXÞ þ V2ðYÞ þ
XYÞ. In this case, “x-y swap” transformation relates the
correlators of resolvents that depend on X and Y in this
model. The putative dual of minimal string can be
described in this way (more precisely, as a “double-scaling
limit” of such models).
For the ð2; 2pþ 1Þ series, it reduces to a one-matrix

model, if we are only interested in the observables that
depend on X [one can think that in the two-matrix model
V2ðYÞ is quadratic and Y can be integrated out]. This is the
language in which the duality is usually formulated.
However, we would like to argue that for comparison
with the world sheet it might be more natural to think of
“Y-dependent” observables instead. The main proposition
of the current paper is that the map betweenMSworld sheet
correlators and the matrix model one, previously described
in somewhat obscure terms, can be much more easily
formulated using TR after “x-y swap.”
This paper is organized as follows. In Sec. II we

introduce notations and definitions and review known facts
from world sheet formulation of the theory, including some
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results following from “higher equations of motion.”
Section III is devoted to description of the relevant TR
data and the dictionary proposed in [1] to connect it to the
world sheet. In Sec. IV we formulate our main proposal,
providing and comparing explicit formulas for MS corre-
lators in the new approach and briefly discuss its relations
to other known 2D gravity theories. Finally, in Sec. V we
formulate a preliminary conjecture on how “ground ring”
physical operators appear on the “matrix model” side in this
language. Previously, the dictionary of the correspondence
was only formulated for a class of “tachyon” operators, so
we believe that the possibility of this extension is
interesting.

II. RESULTS AND FACTS ABOUT
WORLD SHEET THEORY

A. Definitions and notations

Theworld sheet CFTof minimal string is a direct product
of the CFT minimal model, Liouville theory, and BRST-
ghost BC system.
The central charge of Liouvile theory is parametrized as

c≡ 1þ 6Q2 ≡ 1þ 6ðbþ b−1Þ2. The fact that total central
charge is zero relates b and minimal model parameters

as b ¼
ffiffiffiffiffiffiffiffiffi
2

2pþ1

q
.

Primary fields of Liouville theory exist for any con-
formal dimension Δ ¼ Δ̄. We will denote them in several
different ways: Va is an operator of dimension
Δ ¼ aðQ − aÞ, with a identified with Q − a; alternatively,
one can parametrize it with Liouville momentum P:
Δ ¼ Q2

4
þ P2, then P and −P are identified. The spectrum

of Liouville theory, i.e., fields that appear in the operator
product expansion (OPE), have P real. In minimal string,

Liouville fields with a ¼ ð1−mÞb−1þð1−nÞb
2

≡ am;n, or P ¼
i mb−1þnb

2
≡ Pm;n frequently appear. These fields will be

denoted also by Vm;n. For positive integer m, n these fields
are degenerate on level mn: a null descendant of the form

DðLÞ
m;nVm;n ¼ 0 exists in the corresponding Verma module.
There is another parameter in Liouville theory, com-

monly called the “cosmological constant” and denoted by
μ. Dependence on this parameter is essentially powerlike:
n-point correlation function of primary fields Va in genus g

hVa1…Vanig ∼ μ
Qð1−gÞ−

P
ai

b : ð2:1Þ

For calculations, one can put this parameter to any
convenient value. We will refer to dependence on this
parameter as “KPZ scaling” (Knizhnik-Polyakov-
Zamolodchikov) [9] and ai

b as the “KPZ exponent” of the
operator Va.
The central charge of the ð2; 2pþ 1Þ minimal model

CFT is cM ¼ 1�6ðb−1 − bÞ2, with b as above. The
spectrum consists of a finite number of primary fields that

will be denoted as Φm;n. In the ð2; 2pþ 1Þ series m ¼ 1

and n∈ 1;…; p (sometimes it is convenient to extend this
range to n∈ 1;…; 2p with additional identification
n≡ 2pþ 1 − n). These fields are degenerate on level

n: DðMÞ
1;n Φ1;n ¼ 0.

The explicit form of structure constants in Liouville and
minimal model CFTs will not be used, so we will not
provide them here. See [10,11] for explicit expressions.
Finally, the ghosts are a free fermionic (with anticom-

muting fields) CFT that has two holomorphic fundamental
fields B, C with conformal dimensions (2, 0) and ð−1; 0Þ,
respectively, and two antiholomorphic B̄; C̄. The central
charge of ghost CFT is −26. In the context of string theory,
on a nontrivial closed Riemann surface (e.g., torus) they are
to be quantized with periodic boundary conditions along
the cycles (see, e.g., [12]).
As usual in BRST quantization of string theory, there is a

nilpotent (Q2
BRST ¼ 0) BRST symmetry with generator

QBRST ≡Qþ Q̄;Q≡
I

dz ðCðTL þ TMÞ þ ∶C∂CB∶Þ

ð2:2Þ

and an analogous expression for antiholomorphic charge
Q̄. Cohomology of QBRST defines physical operators, from
which the string amplitudes are built.
String amplitudes are integrals over the moduli space of

conformal structures (or complex structures) Mg;n of
certain world sheet CFT correlators. For them to be
nonzero, there should be an appropriate number of ghost
insertions depending on the genus of the world sheet; in
particular, ghost number anomaly equation NC − NB ¼
3 − 3g should be satisfied. While the correlator in each
constituent CFT depends explicitly on the metric on a
surface (not only on its conformal class), zero total central
charge and BRST-closedness of physical operators allow
one to construct a well-defined form on the moduli space
from their proper combination.

B. Operators: Tachyons and ground ring

The set of bulk physical operators (BRST-cohomology
classes) in minimal string theory was described by Lian and
Zuckerman [13]. There is a discrete family of them, one for
each Liouville momentum P1;−n; n∈Z; n mod ð2pþ 1Þ ≠
0 (each operator is “built” from the corresponding Liouville
field/its descendants and something from the minimal
model). The ghost number of this operator is determined
by n.
We will be interested in two classes of operators. The

simplest ones are of ghost number 1 and commonly
referred to as “tachyons.” They are obtained first by
“dressing” minimal model primaries Φ1;n with Liouville
operators Va so that their total conformal dimension is
(1, 1). Such a dressing requires a ¼ a1;−n ¼ b nþ1

2
.
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The obtained operators U1;n ≡ V1;−nΦ1;n can then be
dressed with C; C̄ ghosts to get a local BRST-invariant
operator W1;n of dimension zero or integrated over the
surface. We will also sometimes write Ua, Wa for tachyon
operators where dressing the Liouville field is Va.
The studies of the duality with a matrix model mostly

focused on the amplitudes involving only tachyons. The
simplest one is a three-point function, which is obtained by
multiplying Liouville and minimal model structure con-
stants. It turns out [11] that three-point amplitudes are
simply equal to the minimal model fusion number in proper
normalization.
Tachyon amplitudes should be symmetric in the param-

eters of the correlator. In particular, for genus zero, when
integrating over moduli space is equivalent to integration
over n − 3 cross ratios, it should not depend on which
n − 3 fields are integrated.
A different nontrivial class of operators, having ghost

number zero, is the so-called “ground ring.” They were first
discussed in [14]. These operators have the general form

O1;n ¼ H1;nH̄1;nΘ1;n; Θ1;n ≡ V1;nΦ1;n ð2:3Þ

where H is a polynomial of degree n − 1 of ghost and
Virasoro modes L−k;M−k (in Liouville and minimal model
sectors, respectively). They are built from Virasoro
descendants; the reason why they are, nevertheless,
BRST invariant, is because when acting with Q the result

is a linear combination of null descendants DðLÞ
m;nVm;n and

the corresponding one in the minimal model DðMÞ
m;nΦm;n

(which we set to zero). This is the defining relation that
allows to find the explicit form of H1;n case by case [15]
(although no general formula is known). The main example
is O1;2 with

H1;2 ¼ L−1 −M−1 þ b2∶ BC: ð2:4Þ

Ground ring operators are interesting due to the following
properties:

(i) independence of the correlator on their position in
the sense that

∂H1;nΘ1;n ¼ QR1;nΘ1;n þD1;nΘ1;n: ð2:5Þ

Here R1;n is another polynomial of Virasoro modes

and ghosts and D1;n ¼ −ðDðMÞ
1;n þ ð−1ÞnDðLÞ

1;n Þ.
(ii) Very simple fusion among themselves

Om;nOm0;n0 ¼
Xmþm0þ1

r¼jm−m0jþ1∶2

Xnþn0þ1

s¼jn−n0jþ1∶2

Gðm;nÞjðm0;n0Þ
r;s Or;s

ð2:6Þ

and with ghost number 1 operators Wa:

Om;nWa ¼
Xm−1

r¼−mþ1∶2

Xn−1
s¼−nþ1∶2

Aðm;nÞ
r;s ðaÞW

aþrb−1þsb
2

:

ð2:7Þ

“∶2” denotes summation with step 2 here and in what
follows. The last two equations are valid in cohomology,
i.e., up to Q-exact terms; alternatively, their rhs gives a
leading (independent of x) term in the OPE OðxÞOð0Þ and
OðxÞWð0Þ, respectively. The coefficients G and A in fact
can be set to 1 if one considers renormalized operators
O1;n ¼ O1;n

Λ1;n
;W1;n ¼ W1;n

N ða1;−nÞ [16].
Ground ring operators are closely associated with

“higher equations of motion,” an important structure in
Liouville theory that allows for exact computation of some
correlators in MS and related theories. Ground ring appears
naturally in such a derivation, which we will shortly review
in the next section.

C. Available results from higher equations of motion

Higher equations of motion (HEM) were discovered
in Liouville CFT in [17]. They concern the so-called
“logarithmic operators,” which are of the form

V 0
a ≔

1

2

∂

∂a
Va: ð2:8Þ

We will denote by V 0
m;n such a logarithmic operator

evaluated at the point corresponding to degenerate dimen-
sion a ¼ am;n. Logarithmic operators are not Virasoro
primaries; however, higher equations of motion state that
a “would-be null descendant” of logarithmic operators
behaves the same as Vm;−n under the sign of the correlation
function (up to some multiple)

DðLÞ
m;nD̄

ðLÞ
m;nV 0

m;n ¼ Bm;nVm;−n: ð2:9Þ

This equality is valid under the sign of correlation function
up to contact terms, which are important if we want to
integrate over some operators’ positions. HEM can also be
formulated as kinematic properties, i.e., relations purely on
conformal blocks.
In gravity theories like the minimal string, they are

applied as follows. Consider the operator ð∂H1;n−
QR1;nÞΘ0

1;n;Θ0
1;n ≡ V 0

1;nΦ1;n. We get something similar
to (2.5),

ð∂H1;n −QR1;nÞΘ0
1;n ¼ D1;nΘ0

1;n þ ð…ÞΘ1;n: ð2:10Þ

Additional terms come from nondiagonal action of L0 on
logarithmic operators. But after acting with an antiholo-
morphic operator ð∂H̄1;n −QR1;nÞ, it disappears, since
D̄1;nΘ1;n ¼ 0. In total we are left with
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ð∂H1;n −QR1;nÞð∂H̄1;n −QR1;nÞΘ0
1;n

¼ D1;nD̄1;nΘ0
1;n ¼ DðLÞ

1;n D̄
ðLÞ
1;nΘ0

1;n ¼HEMB1;nU1;n: ð2:11Þ

Thus, HEM allow one to represent the integrated tachyon as
a total derivative ∂∂O0

1;n up to BRST-exact terms. If all

operators other than this tachyon are BRST closed, at least
formally BRST-exact contributions can be omitted; then, the
integral reduces to a sum of boundary terms in the vicinity of
other insertions. These boundary terms can be calculated,
because only a finite number of contributions in the Liouville
OPE are relevant for this. Namely, one can write

O0
1;nðxÞWað0Þ ¼ logðxx̄Þ

Xn−1
s¼−nþ1∶2

qð1;nÞ0;s ðaÞWa−sb=2 þ…; ð2:12Þ

O0
1;k2þ1ðxÞO1;k1þ1ð0Þ ¼ log jxj2

Xk2þk1

s¼jk2−k1j∶2
qð1;k2þ1Þ
0;s−k1 ða1;k1þ1ÞO1;1þs þ… ð2:13Þ

with

qðm;nÞ
r;s ≡ jaþ iPr;s −

Q
2
j þ iPm;n: ð2:14Þ

For string amplitudes given by integral over low-dimensional moduli spaces HEM can be effectively applied. The first
successful example of that was the tachyon four-point function in genus zero [16,18]. We will not repeat the corresponding
analysis; in proper normalization (up to the factor that only depends on central charge and leg-factors N ) it reads

�Z
d2xU1;nðxÞW1;k1ðx1ÞW1;k2ðx2ÞW1;k3ðx3Þ

�
∼ −2inP1;n þ

X3
i¼1

Xn−1
s¼−nþ1∶2

qð1;nÞ0;s ða1;−kiÞ: ð2:15Þ

This formula is applicable in a case when the parameters ki are “generic”; this means that the dimension of spaces of conformal
blocks of the minimal model part of the correlator is equal to n. Alternatively, as discussed in the original paper, it can be made
sense of in the context of “generalized minimal string” (gMS),1 where we allow some of matter dimensions to have
nondegenerate values. It is also applicable in the context of CLS [3]. Using HEM in a slightly different form, one can also
compute torus one-point tachyon amplitudes in MS [19].
We will be also interested in the correlation function of four tachyons and one ground ring operator, for which HEM

should be applicable. This will be discussed in Sec. V.

D. Discontinuity analysis

In this section we would like to comment on an important property, coming from world sheet formulation, that is
expected from amplitudes in minimal string and related theories. This discussion is similar to the one in [3].
Consider a sphere tachyon four-point amplitude for simplicity. It is of the formZ

d2z
Z
C

dP
4π

CLðP1; P2; PÞCLð−P;P3; P4ÞjFL;bðP;PijzÞj2

×
X
P̂

CMðiP1; iP2; P̂ÞCMðiP3; iP4; P̂ÞjFM;ibðP̂; iPijzÞj2ðzz̄ÞP2þP̂2−1

whereF is the four-point conformal block. While the focus is on the MS case, we will comment on the four-point correlator
in VMS and CLS in parallel. The formula above can be applied to these cases as well with the suitable modification of what
is meant by

P
P̂.

1Perhaps one should think of this as VMS with matter CFT “completed with degenerate operators.” By this we mean the following:
while the usual fields Φα in timelike Liouville matter theory are not degenerate even at Kac values of dimensions Δm;n, since structure
constants obey the difference relations that would follow from a Belavin-Polyakov-Zamolodchikov null-descendant decoupling
equation, one can consistently add “genuine” degenerate fields to the theory. Then, in the context of gravity one can compute amplitudes
with dressed degenerate field and three usual “generic” ones. These correlators are different than the usual VMS “quantum volumes”;
presumably HEM should work for them.
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It can be shown that for values of parameters appearing
in MS the z integral always converges in the vicinity of the
boundary of moduli space ðz → 0; 1;∞Þ. For particular Pi
integration contour C is deformed from the real line and
“discrete terms” appear, but the corresponding integrals are
also convergent. There are possible issues with divergences
when we continue away from this “physical” kinematics in
the context of “generalized minimal string.”
In CLS and VMS, continuation away from “physical

values” is associated with additional discrete terms in
Liouville OPE with dimension less than Q2=4, coming
from the poles of structure constants CL crossing the
integration contour. After integrating over P̂, integral over
d2z might cease to converge.
To analytically continue to this regime, we can first

perform an integral over z. Starting with a discrete term at
intermediate momentum P� such that ReP�2 > 0, if
conformal blocks are expanded to leading order, integral
over z over the vicinity of z ¼ 0 gives

Z
jzj<ϵ

d2zjzj2ðP�2þP̂2−1Þ ¼ π
ϵ2ðP�2þP̂2Þ

P�2 þ P̂2
: ð2:16Þ

In other OPE channels, there are analogous singular con-
tributions from other points at the boundary of moduli space
z ¼ 1;∞. Integral over the remaining part of the sphere is
nonsingular as a function of P̂. Analytic continuation of the
resulting integrand (as a function of P̂) then has a pole at
P� ¼ iP̂, with the calculable residue independent of the size
ϵ of the disks we cut. We refer to these as “on-shell poles,”
since the intermediate states in Liouvilleþmatter have total
dimension 1. The subleading terms in the OPE could give
analogous poles only if we combine equal powers of z and z̄
(for the integral over the polar angle to be nonzero). It turns
out then that the corresponding coefficient in the product of
conformal blocks cancels these poles. While this is not
particularly relevant to this work, we provide a sketch of the
simple proof of this statement based on Zamolodchikov
recursion in Appendix A.
Now consider analytically continuing external parame-

ters such that P� moves to the wedge of divergence. The on-
shell pole will then drift in the P̂ plane. We can approach
some points on the integration contour in two directions, on
one of which the residue at this pole will be picked on the
way. We thus encounter a discontinuity in our amplitude
equal to this residue.
The situation now becomes different for the CLS and

VMS cases. In the first case, one can show that the
discontinuity is nonzero and proportional to P� times the
residue of the product of three-point amplitudes
AðP1; P2; P�ÞAðP3; P4; P�Þ [3]. For VMS, we expect
amplitudes to be analytic and have no discontinuities.
This appears as follows: if the spacelike Liouville structure
constants have a pole at P ¼ P� (residue in which gives a

discrete term), timelike Liouville structure constants are
zero at P̂ ¼ iP�. On-shell residue is proportional to time-
like Liouville structure constants and thus is zero.
For gMS we should switch the roles of Liouville and

matter in the discussion above: we do not need to take a
double residue, since intermediate dimensions in the matter
sector already take discrete values if at least one operator is
degenerate. We can again analytically continue to some
values of external parameters corresponding to the divergent
integral to see a discontinuity similar to CLS. The three-point
amplitude is now equal to 1 (in the “generalized” case, while
in the “physical” one it is the fusion number).
Computing the residue (normalized by “leg factors” and

Liouville partition function) in this case, as in CLS, gives

1

ZL
Q

4
j¼1N ðQ=2þ iPjÞ

ResP¼iP̂ð…Þ ∼ P̂: ð2:17Þ

Discontinuities linear in P signal about nonanalytic terms
in the amplitude of the form

ffiffiffiffiffiffi
P2

p
. It was explored a little bit

for CLS; for generalized MS we know that they also appear
from HEM answer (previously we wrote them as jPj to
conform with earlier references). The outtake should be that
the analysis of on-shell poles allows one to predict some
parts of the amplitude. We expect that this in some sense
should be valid for genuine MS as well.
One might conjecture that this analysis should carry

over to the case of higher-point amplitudes. Namely,
there are discontinuities at certain external momenta for
each one-node degeneration limit of the world sheet
C [Cðg; n1 þ n2Þ → Cðg1; n1 þ 1Þ × Cðg2; n2 þ 1Þ or a
nonseparating one]; the discontinuity is proportional to
Pint—the intermediate momentum flowing through the
node—times the product of string amplitudes.

III. TOPOLOGICAL RECURSION FOR MS

As mentioned in the introduction, conventionally the
dual to ðp; qÞ minimal string is described in terms of
(double-scaled) two-matrix models. While having this
more specific framework is certainly important for studying
and matching nonperturbative effects on two sides (see,
e.g., [20,21]), we will use the language that is more
convenient for our purposes of calculating perturbative
string amplitudes—the one of “topological recursion” [22].

A. MS spectral curve

Input data for topological recursion is the so-called
“spectral curve.” For minimal string, it is a (degenerate)
curve of genus zero defined parametrically by the following
embedding in C2

(
x ¼ 2u0T2ðzÞ
y ¼ 2u

2pþ1
2

0 T2pþ1ðzÞ
ð3:1Þ
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where Tk is the Chebyshev polynomial of the first kind and
u0 is a scaling parameter, related to cosmological constant
μ in the world sheet formulation; it will play a special role
in what follows. This curve first appeared in [23].
We will now describe topological recursion for genus

zero spectral curves in some more generality. The one-form
ω0;1 ¼ ydx and the bidifferential

Bðz1; z2Þ ¼
dz1dz2

ðz1 − z2Þ2
ð3:2Þ

define the following kernel for each ramification point
ζm∶ dxðζmÞ ¼ 0 (we assume all zeroes of dx are simple) as
follows

KðmÞðz0; zÞ ¼
R
z
z̄ðmÞ Bðz0; ξÞdξ

2ðyðzÞ − yðz̄ðmÞÞÞdx : ð3:3Þ

Here by z̄ðmÞ we denote the action of Galois involution on
point z, i.e., it is a second solution of the equation xðzÞ ¼
xðz̄ðmÞÞ near ζm. For the curve (3.1), there is only one
ramification point z ¼ 0 and the involution acts simply
via z̄ð1Þ ¼ −z.
The system of n differentials ωg;nðz1…znÞ≡

Wg;nðz1;…; znÞdz1…dzn, which is the output of topologi-
cal recursion, is now defined via

ωg;nþ1ðz1;…; zn; znþ1Þ
¼

X
m

Res
z¼ζm

KðmÞðznþ1; zÞ
�
ωg−1;nþ2ðz1;…zn; z; z̄ðmÞÞ

þ
Xg
g1¼0

X0

J1þJ2¼fz1…zng
ωg1;jJjþ1ðJ1; zÞωg−g1;jJ2jþ1ðJ2; z̄ðmÞÞ

�
:

ð3:4Þ

Prime over the sum denotes that we omit the terms that
would include ω0;1.
It is known that curves defined by a pair of polynomials

in C2 define certain tau-functions F g of (reduced)
Kadomtsev-Petviashvili (KP) hierarchy (e.g., Krichever
tau function [24,25] for g ¼ 0); KP times parametrize
the moduli of the curve. n differentials of TR, computed
for a given spectral curve ðx; yÞ, can be related to
derivatives of this tau function at a certain point t0k, which
can be computed as follows

t0k ¼ −
1

2
Res
z¼∞

ðx−1=2þk−pydxÞ: ð3:5Þ

We use an unconventional way to enumerate them; a usual
convention is tk ¼ 2p−2kþ1

2
tusual2p−2kþ1. We will only consider

tk for k ¼ 1;…; p for now. One can check that even times
t2k in this set are zero. The derivatives themselves are given
by [26]

∂
nF g

∂tk1…∂tkn

����
tk¼t0k

¼ Res
zi¼∞

�
ωg;nðz1;…; znÞ

Yn
i¼1

xp−kiþ1=2ðziÞ
2p− 2kiþ 1

	
:

ð3:6Þ

This facts relates TR formulation to “integrability” and
“matrix model” approaches to minimal string.

B. Definition of correlators via resonance
transformations

These derivatives, natural from an integrability point of
view, are not precisely what we are interested in. To
compare the results with a world sheet CFT approach, it
was proposed [1] that we need to take derivatives with
respect to different couplings τk, which are related to t via
the so-called “resonance transformations.”

Let us parametrize the times via u0, τk as follows:

tk ¼ ð2pþ 1Þukþ1
0

Xbkþ1
2
c

n¼1

X
m1…mn≥1P
ðmlþ1Þ¼kþ1

τm1
…τmn

n!
ð2p − 2kþ 2n − 3Þ!!

ð2p − 2k − 1Þ!! : ð3:7Þ

τ1 ¼ − 1
2
; τ2;…; τp ¼ 0 are background values corresponding to (3.1). Changing u0 and keeping τk the same corresponds to

rescaling of x, y (keeping the Chebyshev form of the spectral curve). Then, consider a singular in u20 part
2 of the following

expression

Ag
nðk1;…; knÞ ≔ u

−
P

n
i¼1

ðkiþ1Þ
0

∂
nF

∂τk1…∂τkn

����
τ1¼−1

2
;τ2;…;τp¼0

: ð3:8Þ

The proposal of [1] is that this singular part coincides with the tachyon correlation numbers hW1;k1…W1;kni with
parameters defined in the first section. The polynomial change of variables (3.7) was found by demanding that Ag

n;singular

2By “singular in u20” we mean proportional to negative or odd positive powers of u0.
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obey the corresponding CFT fusion rules. Explicit formulas
were obtained up to five-point numbers in genus zero [27]
and two-point numbers in genus 1 [28].
Since our formulation using TR is a bit different from the

one used in previous works, an illustration of this proposal
for the three-point amplitudes in the case of (2, 11) model is
given in Appendix B.

C. p-deformed volumes

“Resonance transformations” together with the “Douglas
string equation” approach of [1,27,28] in general express
Ag
n;singular as piecewise-polynomial functions of p; ki. There

is a certain domain in parameter space where the expres-
sions significantly simplify; this is the domain ki þ kj >
p − 3 for all i, j. With these conditions, when applying
resonance transformations one can effectively linearize

them in τm and throw away higher derivatives ∂
2tk

∂τk1∂τk2
;….

It turns out that in this domain Ag
nðk⃗Þ reduce to poly-

nomials in p and ki, symmetric in ki; in special normali-
zation they give a certain deformation of Weil-Petersson
volumes of moduli spaces of hyperbolic surfaces with
geodesic boundaries Vp

g;nð⃗lÞ, analytically continued to
imaginary lengths l ¼ 2πib2ðpþ 1

2
− kÞ; parameter of

deformation is b2. The first few examples are

Vp
0;4ð⃗lÞ ¼ 2π2 þ 3

2
π2b4 þ 1

2

X4
i¼1

l2i ; ð3:9Þ

Vp
0;5ð⃗lÞ ¼ 10π4 þ 14π4b4 þ 13

2
π4b8

þ
�
3π2 þ 5

2
π2b4

	X5
i¼1

l2i þ
1

2

X
i<j

l2i l
2
j þ

1

8

X5
i¼1

l4i ;

ð3:10Þ

Vp
1;1ð⃗lÞ ¼

π2

12
þ 1

48
l21; ð3:11Þ

Vp
1;2ð⃗lÞ ¼

π4

4
þ 5

24
π4b4 þ 7

192
π4b8

þ
�
1

12
π2 þ 1

24
π2b4

	X2
i¼1

l2i

þ 1

96

X
i<j

l2i l
2
j þ

1

192

X2
i¼1

l4i : ð3:12Þ

More explicit expressions for low g, n can be found in [29].
These expressions are (slightly) different then the “quantum
volumes” Vb

g;nð⃗lÞ defined in [2] for Virasoro minimal string.
These objects Vp

g;n were first described in [30] and named
“p-deformed volumes.” There, they are defined as a certain
integral transform of topological recursion n differentials.

Their relation to tachyon correlation numbers was later
noted and explained in [29]. Also, it was found that the
integral transformation of [30] can be greatly simplified to
give

Vp
g;n

�
2πib2

�
pþ 1

2
− ki

		

∼ Res
zi¼0

�
ωg;nðz1;…; znÞ

Yn
i¼1

T2kþ1ðziÞ
2kþ 1

	
; ð3:13Þ

which can be also thought of as an inverse Laplace
transform with respect to s ¼ arcsinðzÞ. One can equiv-
alently take the residue at infinity, since these are the only
two singularities of the defined n differential.
We will see later that p-deformed volumes do not only

coincide with Ag
n in certain domains, but in some sense are

“building blocks” for tachyon amplitudes in a general case.

IV. x-y SWAPPED SPECTRAL CURVE AND
CORRELATION NUMBERS

The approach described in the previous section has
several drawbacks. First, the resonance transformations
themselves are somewhat unnatural and confusing from the
point of view of matrix models/integrability/topological
recursion. Second, the analytic formulas obtained using
them and the “Douglas string equation” are not very
transparent from the CFT point of view. Finally, if we
expect that the dual approach should carry information not
only about tachyons correlators, but the ones including
operators of other ghost numbers (e.g., ground ring), it is
not quite clear how to incorporate them. Indeed, resonance
transformations fix t as polynomials of τ of the form (3.7)
essentially because of KPZ scaling. On the other hand,
“times” τ corresponding to, e.g., ground ring operators
would have nonpositive KPZ dimension.
We now proceed to one of the main statements of this

work: an alternative prescription to calculate Ag
n, which we

believe to be able to (at least partially) solve all the caveats
listed above. The proposal is as follows: the x-y dual
spectral curve with



x̌ ¼ 2u

2pþ1
2

0 T2pþ1ðzÞ
y̌ ¼ 2u0T2ðzÞ

ð4:1Þ

and the same bidifferential B provides a system of n dif-
ferentials ω̌g;n such that the following transform3

3Note that the degree of the T polynomial is proportional to
Liouville momentum for the corresponding tachyon:
P1;−k ¼ ib

4
ð2pþ 1 − 2kÞ.
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Ǎg
nðk1;…;knÞ

¼ Res
z1¼∞

…Res
zn¼∞

�
ω̌g;nðz1;…; znÞ

Yn
i¼1

T2ðp−kiÞþ1ðziÞ
2ðp− kiÞþ 1

	
ð4:2Þ

coincides with Ag
n;singular defined in (3.8) (up to overall

normalization).
As of now this statement is a conjecture—the general

proof is lacking. However, this nontrivial coincidence was
verified for all examples explicitly studied in the literature
before; we will provide the answers in what follows. We
note that a similar in spirit statement has already appeared
in the literature (although in a different description of
minimal gravity dual) in [31], although the relation is not so
clear and in this case agreement with the “resonance
transformations” approach was not complete.

A. KP perspective on swapped spectral curve

Let us first clarify why (4.2) and the dual spectral curve
(4.1) are more natural from the integrable systems per-
spective. First, if we now calculate KP times according to
the formula

ť0k ¼ −
1

2
Res
z¼∞

ðx−ð2p−2kþ1Þ=ð2pþ1ÞydxÞ ð4:3Þ

we get a much simpler answer than before: only two of the
times t1 and t−1 are nonzero. Moreover, the transformation
(4.2), which formally is the same as the one for calculating
p-deformed volumes from the spectral curve (3.1), is now
much more clear: the following property of Chebyshev
polynomials

ðT2pþ1ðzÞÞ
2kþ1
2pþ1 ¼ 2

2ðp−kÞ
2pþ1 T2kþ1ðzÞ þOð1=zÞ;

z → ∞; k ≤ 2p ð4:4Þ

means that at least for k ¼ 1…p corresponding to tachyon
operators, (4.2) actually computes the derivatives with
respect to KP times

∂
nF̌ g

∂ťk1…∂ťkn

����
ťk¼ť0k

¼ Res
zi¼∞

�
ω̌g;nðz1;…; znÞ

Yn
i¼1

x̌
2p−2kiþ1

2pþ1 ðziÞ
2p− 2kiþ 1

	
:

ð4:5Þ

B. Explicit expressions for tachyon correlators and
checks at low g, n

The recursion kernel for (4.1) in the vicinity of each
branching point ζm ¼ cos πm

2pþ1
; m ¼ 1…2p is

KðmÞðz0;zÞ
dz
dz0

¼
1

z0−z
− 1

z0−z̄ðmÞ

8upþ3=2
0 ðz2− z̄ðmÞ2Þð2pþ1ÞU2pðzÞ

ð4:6Þ

¼ 1

8ð2pþ 1Þupþ3=2
0

1

zþ z̄ðmÞ
1

ðz0 − zÞðz0 − z̄ðmÞÞU2pðzÞ
ð4:7Þ

[z̄ðmÞðzÞ is the local Galois involution near ζm; we omit the
dependence onm in what follows for brevity]. Dependence
on the factor ð4upþ3=2

0 Þ will be trivial for all correlators;
from now on we will omit it.
As a simplest example, consider the three-point corre-

lator at genus zero.

W̌0;3ðz0; z1; z2Þ ¼
1

dz0dz1dz2

X2p
m¼1

Res
z¼ζm

KðmÞðz0; zÞðω̌0;2ðz̄; z1Þω̌0;2ðz; z2Þ þ ω̌0;2ðz̄; z2Þω̌0;2ðz; z1ÞÞ

¼
X2p
m¼1

Res
z¼ζm

dz̄=dz
2ð2pþ 1Þ

1

zþ z̄
1

ðz0 − zÞðz0 − z̄ÞU2pðzÞ
�

1

ðz − z1Þ2ðz̄ − z2Þ2
þ 1

ðz − z2Þ2ðz̄ − z1Þ2
	

¼
X2p
m¼1

−2
4ð2pþ 1Þ

1

ðz0 − ζmÞ2ðz1 − ζmÞ2ðz2 − ζmÞ2
1

ζmU0
2pðζmÞ

¼
X2p
m¼1

1

2ð2pþ 1Þ2 ð−1Þ
m
sin2 πm

2pþ1

cos πm
2pþ1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≡cm

1

ðz0 − ζmÞ2ðz1 − ζmÞ2ðz2 − ζmÞ2
: ð4:8Þ

Now perform a linear transformation (4.2) with respect to each variable z0, z1, z2. The result is

Ǎ0
3ðk⃗Þ ¼

X2p
m¼1

ð−1Þm
2ð2pþ 1Þ2

sin2 πm
2pþ1

cos πm
2pþ1

Q
2
i¼0 sin

πmð2ðp−kiÞþ1Þ
ð2pþ1Þ

sin3 πm
2pþ1

¼ 1

2ð2pþ 1Þ · b
2
X2p
m¼1

Q
2
i¼0 sin

2πmki
ð2pþ1Þ

sin πmb2
: ð4:9Þ
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From a world sheet point of view (or “resonance trans-
formations” approach, by construction) we know that
three-point tachyon amplitude at genus zero should be
proportional to the three-point fusion number in the
minimal model sector, i.e., equal to either 0 or 1, up to
normalization. We can recognize it in the last factor; the
fusion number (up to a sign) emerges in the form known as
Verlinde formula [32] for the minimal model. A similar
representation exists for fusion numbers, or dimensions of
space of minimal model conformal blocks, for more

insertion points and in higher genus; e.g., in genus zero

N ð0Þ
i1…ik

¼ ð−1Þ
P

l
ðil−1Þb2

X2p
m¼1

Q
k
l¼1 sin πmilb2

ðsin πmb2Þk−2 : ð4:10Þ

The next one in terms of difficulty is the four-point
correlator on the sphere. The corresponding four-differ-
ential reads

W̌0;4ðz0; z1; z2; z3Þ ¼
X3
i¼1

� X
n≠m

m;n¼1..2p

cncm
z20mz

2
imz

2
•nz2∘nðζm − ζnÞ2

þ
X2p
m¼1

cm
24ð2pþ 1Þ2ζmðζ2m − 1Þ

Pm
0;4ðz0; ziÞ

z20mz
2
im

Q
3
j¼0 z

2
jm

	
ð4:11Þ

where

Pm
0;4ðz0; z1Þ ¼ ð−1Þm½ð−12s4mÞ½z21m þ 3z20m� þ 12ζms2mz0mz1mð3z0m þ z1mÞ þ z20mz

2
1mð3ζ2m − 8pð1þ pÞs2mÞ�; ð4:12Þ

zim ≡ zi − ζm; s2m ≡ 1 − ζ2m: ð4:13Þ

and ∘ and • in the first term denote two arguments other than 0 and i from the set f0; 1; 2; 3g. Then one can perform a
“Chebyshev transform” (4.2). It can be brought to a simpler form if we represent ðm; nÞ dependent kernels in the
expressions above, appropriately symmetrized with respect to m ↔ 2pþ 1 −m, as sums of the formP2p

k¼1 sinðπkmb2Þ sinðπknb2ÞfðkÞ. This rewriting allows one to associate a Verlinde-like factor to each summation
variable. For our kernels it turns out that fðkÞ are simple enough—polynomial in jpþ 1=2 − kj. E.g.,4

1

b2
X2p
k¼1

sinðπmkb2Þ sinðπnkb2ÞGðkÞ ¼ ð−1Þnþm

�
δm;n − δm;2pþ1−n

8

�
s2m
ζ2m

−
ζ2m
s2m

	

þ δm≠nδmþn≠2pþ1

2

�
smsn

ðζm − ζnÞ2
þ smsn
ðζm þ ζnÞ2

		
ð4:14Þ

where

GðmÞ≡
�
b4

12
þ 2

3
þ b4

�
pþ 1

2
−m

	
2

− 2b2
����pþ 1

2
−m

����
	
: ð4:15Þ

The conjectural four-point tachyon correlator then gets a nice representation

Ǎ0
4ðk⃗Þ ¼

b2

8

�
Vp
0;4ðli ¼ 4πbP1;−kiÞÞ

2π2
N ð0Þ

k1…k4
þ

X
i¼2;3;4

X2p
m¼1

�
1

2
N ð0Þ

k1kim
N ð0Þ

m•∘
	
GðmÞ



ð4:16Þ

where Vp
0;4 is given in (3.9). It has a similar structure to the HEM answer [16], although the ingredients are different.

Let us perform some checks that the correlator in this form agrees with A0
4 calculated in previous works. First,

Ǎ0
4 manifestly satisfies the fusion rules—it is zero if N ð0Þ

k1…k4
is zero.

Second, consider the case when the number of conformal blocks is equal to k1. In this case, in every term in
P

i¼2;3;4
fusion coefficients are nonzero only for m ¼ ki − k1 þ 1∶2∶ki þ k1 − 1 (and “reflected,” but to account for them we just

4Note that the identity below is only valid form; n∈ 1…2p. It is not true if we consider both sides as functions of real variables m, n,
which complicates proof of such identities.
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erase the 1=2 factor). The following sum can be taken:

Xkiþk1−1

m¼ki−k1þ1∶2

�
GðmÞ þ 2b2

����pþ 1

2
−m

����
	

¼ 1

12
k1ðb4ð4k21 þ 12k2i − 3Þ − 24b2ki þ 20Þ: ð4:17Þ

Then, summing with k1V0;4, the answer reduces to

Ǎ0
4ðk⃗Þ ¼

b4

4

�
k1

�
k1 þ pþ 1

2

	
−

X
i¼2;3;4

Xkiþk1−1

m¼ki−k1þ1∶2

����pþ 1

2
−m

����
	
: ð4:18Þ

This is the answer obtained for the four-point correlator using “higher equations of motion” [compare with (2.15), up to

normalization, or with the expression in [1]], which is valid precisely under the assumption N ð0Þ
k1…k4

¼ k1. Finally, we can
perform some explicit numerical checks; Fig. 1 illustrates that our formula coincides with the result in [1], in particular, it
reduces to the p-deformed volume in the appropriate domain.
There is an alternative way to write this formula if instead of p-deformed volumes we express it using “quantum

volumes” Vb
g;n relevant to VMS and CLS5:

Ǎ0
4ðk⃗Þ ¼

b2

8

�
Vb
0;4ðli ¼ 4πbP1;−kiÞ

2π2
N ð0Þ

k1…k4
þ

X
i¼2;3;4

X2p
m¼1

�
1

2
N ð0Þ

k1kim
N ð0Þ

m•∘
	
GðmÞ



: ð4:19Þ

The advantage is that there is a simpler expression for the modified “propagator”

GðmÞ ¼
�
2

3
þ b4

�
pþ 1

2
−m

	
2

− 2b2
����pþ 1

2
−m

����
	

¼ 4B2

�
b2

2
jpþ 1=2 −mj

	
ð4:20Þ

where BkðxÞ is the Bernoulli polynomial. In this form, the
MS answer practically coincides with the CLS result
(in Sec. 5.4 of [3]), up to a difference between the
three-point amplitudes that enter the expression. The
Bernoulli polynomial in that context appeared from using
an identity on polylogarithms.
Another example simple enough to be presented here is

the one-point correlation number in genus one. We have

W̌1;1ðz0Þ ¼
X2p
m¼1

Res
z¼ζm

KðmÞðz0; zÞW̌0;2ðz; z̄Þ

¼
X2p
m¼1

ð−1Þm Pm
1;1ðz0mÞ

48ð2pþ 1Þ2z40ms2mζm
; ð4:21Þ

P1;1ðxÞ ¼ 3s4m þ x2ð2pðpþ 1Þs2m − 3ζ2mÞ − 3xζms2m;

ð4:22Þ

and

Ǎ1
1ðk0Þ ¼

X2p
m¼1

ð3ζ2m − 2k0ð2pþ 1 − k0Þs2mÞ sin ðπmb2k0Þ
48ð2pþ 1Þ2ζms3m

:

ð4:23Þ

Alternatively it can be written as

Ǎ1
1ðk0Þ ¼

1

4

�
N ð1Þ

k0

Vp
1;1ð4πbP1;−k0Þ

2π2
þ 1

4

X2p
l¼1

N ð0Þ
k0ll

GðlÞ
	
ð4:24Þ

with the fusion number at genus 1 given by

N ð1Þ
k0

¼ 1

2
ð−1Þk0−1

X2p
m¼1

sin πmk0b2

sin πmb2
: ð4:25Þ

Although it is not evident, for k0 ¼ 1…2p (4.24) coincides
with the simple answer obtained in [19,28]

A1
1ðk0Þ ¼

1

24ð2pþ 1Þ k0ð2pþ 1 − k0Þ: ð4:26Þ

C. “Feynman rules” for Ǎg
n

Based on the examples studied above, one can note that
different terms in the expressions for Ǎn

g can be associated
to different stable graphs. These are the graphs Γ enumer-
ating all boundary strata in the moduli space of stable
curves M̄g;n (corresponding to different ways to degenerate
the surface). They are defined as follows:

(i) this is a connected graph with n external “legs,”
vertices and the edges connecting some of the

5Here and in what follows we use a normalization in which
Vb
g;n reduce to Weil-Petersson (WP) volumes in the semiclassical

limit b → 0, different from the one in [2] by a factor of
ð8π2b2Þ3g−3þn.
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vertices. Legs correspond to marked points, vertices
—to smooth components of the normalization of
degenerate surface and edges to the nodal points
where degeneration happens.

(ii) With each vertex v, a number gv ∈Z≥0 is associated
which is a genus of the corresponding smooth
component. For each v a stability condition holds:
2gv − 2þ nv > 0, where nv is the valence of v
including edges and legs.

(iii) The total genus of the graph, defined as
P

v gv þ
h1ðΓÞ (h1 is the first Betti number), is equal to g.

This structure is typical of topological recursion. A
similar one exists for CLS [4].
It would be interesting to interpret stable graphs in the

MS case as “Feynman diagrams,” associating specific
analytic expressions to elements of these graphs so that
we do not need to perform a (conceptually simple, but
bulky) calculation for each new Ǎg

n. The simplest examples
above suggest the following diagrammatic rules:

(i) to each edge and leg associate a marking k∈ 1::p
(for external legs these are the arguments of Ǎg

n)
(ii) for each vertex v with genus gv and nv incoming

lines with markings k⃗v ¼ k1…kn multiply

by
N ðgvÞ

k⃗v
Vg;n

ð2π2Þ3gþn−3

(iii) for each internal edge (“propagator”) with marking
kint multiply byGðkintÞ and sum over kint from 1 to p

(iv) each graph is weighted by its symmetry factor
1=jAutðΓÞj [e.g., the factor 1=2 appears in the
second term in (4.24)]

However, the next examples that are presented in Appendix C
—ðg; nÞ ¼ ð0; 5Þ and ðg; nÞ ¼ ð1; 2Þ—although they exhibit
the expected structure as a sum over “stable graphs,” contain
additional contributions that do not follow from the dia-
grammatic technique above.
Based on these examples and a calculation in the limiting

p → ∞ case, to be discussed in the next section, we
conjecture the following general expression:

Ǎg
nðk⃗Þ ¼

X
Γ

1

jAutðΓÞj
Xp

k⃗e;ke¼1

X∞
n⃗e;ne¼1

Y
e

�
4neB2neðjbP1;−ke jÞ

ne!


Y
v

N ðgvÞ
k⃗v

×

�Y
e

�
−∂

4b2∂ðP2
1;−keÞ

	
ne−1Y

v

Vb
gv;nvð4πbP1;−k⃗v

Þ
ð2π2Þ3gvþnv−3

	����
P2
e¼0

: ð4:27Þ

The sum over Γ includes all stable graphs of genus g with n legs with external markings k1…kn. For each edge in the graph,
a marking ke and a natural number ne are associated and the sum is over all these assignments. It is simpler to write this
answer as a sum of tautological intersection numbers on MΓ ¼ Q

v M̄gv;nv-a–moduli space of stable curves with the
degenerations specified by a stable graph Γ, as follows:

Ǎg
nðk⃗Þ ¼

X
Γ

1

jAutðΓÞj
Xp

k⃗e;ke¼1

Y
v

N ðgvÞ
k⃗v

×
Z
MΓ

Y
v

eð1þb4Þκ1−
P

m≥1
B2m

ð2mþ1Þ!ð4b2Þ2mκ2m

× e
P

n
i¼1

ð2bP1;−ki Þ2ψ i ×
X∞

n⃗e;ne¼1

Y
e

4neB2neðjbP1;−ke jÞð−ψe• − ψe∘Þne−1
ne!

: ð4:28Þ
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FIG. 1. Two examples comparing the TR answer (red) and the one from the “resonance transformations” approach in [1] (green,
plotted with the minus sign for more clear comparison) for four-point amplitude with p ¼ 16: left—ðk1; k1; p; pÞ, right
—ðk1; p=2; p=2; p=2Þ (parameter k1 is on the x axis). The dashed line is the corresponding p-deformed volume.
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In product over v it is understood that each κ class is an element in cohomology H•ðMgv;nvÞ; ψe• and ψe∘ are ψ classes,
associated to two images of the node point, to which the edge e corresponds, after normalization of the curve. We will not
give precise definitions of κ and ψ classes and refer to expositions in [2,33].
Higher terms in the series in ne (with ne > 1), of course, do not appear in the examples that we studied. However, in the

Jackiw-Tetelboim (JT) limit (to be discussed in the next section) one can see how this series in Bernoulli polynomials
appears explicitly.
Another way to rewrite the series in even Bernoulli polynomials in (4.28) is, for example, using an integral representation

X∞
n¼1

4nB2nðbPÞun−1
n!

¼
Z

−ϵþi∞

−ϵ−i∞

dt
2πi

�
π

sin πt

	
2 e4uðbPþtÞ2 − 1

u|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
fðP;tÞ;fð−P;tÞ¼fðP;−tÞ

¼ 1

2

Z
−ϵþi∞

−ϵ−i∞

dt
2πi

�
π

sin πt

	
2

ðfðP; tÞ þ fð−P; tÞÞ þ 1

4
Res
t¼0

�
π

sin πt

	
2

ðfðP; tÞ − fðP;−tÞÞ:

It formally reduces to a sum of residues in the right half-plane (at each order in u the series for the Hurwitz zeta-function
ζð−2nþ 1; bPÞ is obtained, which reduces to Bernoulli polynomials). This series takes the form

X∞
k¼1

ð4ðbPþ kÞe4uðbPþkÞ2Þ þ
X∞
k¼1

ð4ð−bPþ kÞe4uðbP−kÞ2Þ þ 4ðbPÞe4uðbPÞ2 ¼
X
k∈Z

ð4jbPþ kje4b2uðPþk=bÞ2Þ:

This function is singular at u → 0 and only has an asymptotic expansion in u, but the regular part of the corresponding
asymptotic series coincides with the one that we started with. In this representation it is interesting that if we sum over k∈Z
and over possible values of intermediate momentum jbP1;−mj ¼ 1

2
− m

2pþ1
; m ¼ 1…p through the edge e ¼ ðv1; v2Þ, we get

the following

Xp
k¼1

sinðπkmv1b
2Þ sinðπkmv2b

2Þ
X
m∈Z

ð4jjbP1;−kj þmje4b2uðjP1;−kjþm=bÞ2Þ

¼
X
n∈Z

n mod ð2pþ1Þ≠0

2bjP1;−nj sinðπnmv1b
2Þ sinðπnmv2b

2Þe4b2ujP1;−nj2 : ð4:29Þ

The sine factors appear from Verlinde representation of fusion numbers appearing at the vertices v1, v2. First, note that
this is just a “discrete version” of the “propagator” in CLS [4], where the integral is replaced by a sum. Second, P1;−n in the
total sum go through all the values in the Lian-Zuckerman set, enumerating physical operators. The restriction
n mod ð2pþ 1Þ ≠ 0 is in fact not required, since such terms automatically disappear because of sine factors from the
fusion constants.
If we substitute the series (4.29) into (4.28), we can perform an integral over M̄Γ explicitly in terms of “quantum

volumes”; recall that their definition in our normalization is

Vb
g;nð4πbP1;−k⃗Þ
ð2π2Þ3gþn−3 ¼

Z
M̄g;n

eð1þb4Þκ1−
P

m≥1
B2m

ð2mþ1Þ!ð4b2Þ2mκ2mþ
P

n
i¼1

ð2bP1;−ki Þ2ψ i : ð4:30Þ

One then gets a very nice (albeit formal, since the series over ke is divergent and should be interpreted in zeta regularization,
as mentioned above) representation for Ǎg

n

Ǎg
nðk⃗Þ ¼

X
Γ

1

jAutðΓÞj
X
k⃗e ∈Z

Y
v

�
N ðgvÞ

k⃗v

Vb
gv;nvð4πbP1;−k⃗v

Þ
ð2π2Þ3gvþnv−3

	Y
e

2bjP1;−ke j: ð4:31Þ

The formula (4.28) should follow from the general expression for ωg;n in terms of the sum over stable graphs [34] for
some parametrization of the spectral curve, but such a derivation is technically involved. If this conjecture will be proven,
we will have a powerful method to obtain a prediction for tachyon amplitudes in minimal string from a dual approach.
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D. Comments on JT/Mirzakhani limit

It is known that the p → ∞ limit of ð2; 2pþ 1Þ minimal
string is related to JT gravity. In particular, with appropriate
scaling the spectral curve (3.1) becomes the one for
Mirzakhani topological recursion [35,36]



xðzÞ ¼ z2

yðzÞ ¼ 1
4π sin 2πz

; ð4:32Þ

which calculates JT gravity partition functions with asymp-
totic boundaries of fixed renormalized lengths, or Weil-
Petersson volumes. Minimal string tachyon correlators are
known to reduce to “WP volumes for hyperbolic surfaces
with conical defects” in this limit. To our knowledge, these
objects were not studied comprehensively in the literature
until recent works [37] (from a physical side) and [38]
(from a more mathematical one). Different checks of this
proposal were performed before that in [39,40].
In [37], in particular, an intersection-theoretic formula,

inspired by the minimal string answers, as well as “matrix
integral” formulation that can be used to compute these
volumes, were proposed. The results of the present paper
suggest that there exists a different approach, in terms of an
x-y swapped Mirzakhani spectral curve. We consider



xJTðzÞ ¼ 1

4π sin 2πz

yJTðzÞ ¼ z2
ð4:33Þ

and the standard bidifferential; branching points for this
curve are the zeroes of cosð2πzÞ; zm ¼ 1

4
ð2mþ 1Þ; m∈Z.

The local Galois involution zðzÞ near zm is simply 2zm − z.
The kernel is then

KðmÞ
JT ðz0; zÞ ¼

1
z0−z

− 1
z0−z̄

ðz2 − z̄2Þ cosð2πzÞ
dz0
dz

¼ 1

2zmðz0 − zÞðz0 þ z − 2zmÞ cosð2πzÞ
dz0
dz

:

ð4:34Þ

A suitably scaled version of “Chebyshev transform” that
should compute the volumes in this limit is the following:

AgJT
n ðκ1;…; κnÞ ¼ Res

zi¼∞

�
ωJT
g;nðz1;…; znÞ

Yn
i¼1

sinð2πκiziÞ
2πκi

	
:

ð4:35Þ

κi ∈ ½0; 1� corresponds to the conical defect of angle deficit
2πð1 − κiÞ. Again let us start with the simplest example of a
three-point correlator in genus zero

WJT
0;3ðz0; z1; z2Þ ¼

1

dz0dz1dz2

X
m∈Z

Res
z¼zm

KðmÞ
JT ðz0; zÞðW0;2ðz̄; z1ÞW0;2ðz; z2Þ þW0;2ðz̄; z2ÞW0;2ðz; z1ÞÞ ð4:36Þ

¼
X
m∈Z

Res
z¼zm

ð−1Þ
2zm

1

ðz0 − zÞðz0 − 2zm þ zÞ cosð2πzÞ
�

1

ðz − z1Þ2ðz̄ − z2Þ2
þ 1

ðz − z2Þ2ðz̄ − z1Þ2
	

ð4:37Þ

¼ −
X
m∈Z

ð−1Þm
2πzm

1

ðz0 − zmÞ2ðz1 − zmÞ2ðz2 − zmÞ2
: ð4:38Þ

Transformation (4.35) brings us to

−A0JT
3 ðκ1; κ2; κ3Þ ¼

X
m∈Z

ð−1Þm
2πzm

�Y2
i¼0

cosð2πκizmÞ
	
: ð4:39Þ

One can easily prove that this function is piecewise constant—it is given as a sum of several terms which can be recognized
as a Fourier series decomposition of a “square wave”:

X
m∈Z

2ð−1Þm
πð2mþ 1Þ cos

�
πκ

2
ð2mþ 1Þ

	
¼ 1 − 2θð1 − jκ − 2jÞ; κ∈ ð0; 4Þ: ð4:40Þ

An example is given in Fig. 2. For small enough κ (“sharp defects”) A0JT
3 is equal to 1, as expected of WP volume V0;3. IfPð1 − κiÞ < 2, it is still nonzero for a while and takes value 1=2. Geometrically this corresponds to the case when we are

not anymore in the realm of hyperbolic geometry: because of the Gauss-Bonnet theorem if the defects are “blunt” enough,
the surface can only have a metric of constant positive curvature. From the point of view of MS 1=2 appears because of
averaging between answers from odd and even sectors (one of which is zero according to minimal model fusion rules).
When “Troyanov conditon”
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X3
i¼1

ð1 − κiÞ < 2ð1 −minðκiÞÞ ð4:41Þ

stops being satisfied, it is known that no metric of constant
positive curvature exists at all [41]. This is precisely when
three-point amplitude (4.39) becomes zero. It is interesting
that these correlators compute some characteristics of both
hyperbolic and “Euclidean–de Sitter”-type geometries (prob-
ably this is related to the “antisphere” complex saddle of the
semiclassical Liouville path integral that exists for these
values of parameters [42]).
For the reference let us also provide an expression for a

four-point correlator in genus zero that follows from (4.33)

A0JT
4 ðκ0…κ3Þ ¼

X3
i¼1

X
m≠n;

m;n∈Z

ð−1Þmþn

4π2znzm

Q
j¼0;i cosð2πκjzmÞ

Q
j≠0;i cosð2πκjznÞ

ðzm − znÞ2

−
X
m∈Z

ðQ3
i¼0 cosð2πκizmÞÞ

2z2m

�
−1þ

X3
i¼0

κ2i

	
: ð4:42Þ

One can recognize the usual WP volume V0;4 ð⃗l¼2πiκ⃗Þ
2π2

as a factor in the last term.
Let us comment on how one can motivate the formula (4.28) by explicit calculation in this limit. The general formula in

[34], representing ωg;n as sums over stable graphs, says that the factors associated to the edges of the graph are of the formP∞
r;s¼0 Bm1;2r;m2;2sψ

r
•ψ

s∘, where coefficients Bm;r;l;s are determined by expanding the bidifferential ω0;2 in a suitable local
coordinate ζ (it should satisfy ζ̄ðmÞðζðmÞÞ ¼ −ζðmÞ; in our case we can take ζðmÞ ¼ z − zm) when z1 and z2 are in the vicinity
of branching points zm1

and zm2
,

ω0;2 ¼
�

δm1;m2

ðz1 − z2Þ2
þ 2π

X∞
r;s¼0

Bm1;r;m2;sðz − zm1
Þrðz − zm2

Þs
Γ
�
rþ1
2

�
Γ
�
sþ1
2

� 	
dz1dz2: ð4:43Þ

In our case of a standard bidifferential and zm ¼ 1
4
ð2mþ 1Þ the coefficients are computed to be

X∞
r;s¼0

Bm1;2r;m2;2sψ
r
•ψ

s∘ ¼
1

Ψ

X∞
n¼1

ð2nÞ!
n!

Ψn

ðm1 −m2Þ2n
δm1≠m2

; Ψ ¼ ψ • þ ψ∘: ð4:44Þ

To get a similar representation to the finite p case, with fusion coefficients entering the vertices, this series should be
represented as an integral of the form

R
1
0 dκ cosð2πκzm1

Þ cosð2πκzm2
Þ… (this is the “continuous” analog ofPp

k¼1 sin πkm1b2 sin πkm2b2…). This amounts to computing the inverse Fourier transform of this series with respect
to ðm1 −m2Þ, for which we use

X
m∈Z;m≠0

cosðπκmÞ
m2n ¼ ð2πiÞ2n

ð2nÞ! B2n

�
κ

2

	
: ð4:45Þ

Then, the same series as in (4.28) appears, with suitable scaled parameter

X
m∈Z

cosðπκmÞ
Ψ

X∞
n¼1

ð2nÞ!
n!

Ψn

m2n δm≠0 ¼
X∞
n¼1

ð−4π2ΨÞn−1
n!

B2n

�
κ

2

	
: ð4:46Þ
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FIG. 2. Example for three-point amplitude (4.39) with κi ¼
ðκ0; 3=8; 1=4Þ (partially summed up to m ¼ 100).
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V. ON GROUND RING OPERATOR INSERTIONS
IN TR FORMULATION

A. Conjecture

Finally, we describe one more reason one might be
interested in a reformulation of the MS matrix dual in terms
of spectral curve (4.1). While the supposed analogs of
correlators with tachyons are more or less understood, it
was not clear in other approaches whether the amplitudes
including operators other than tachyons are calculable in
the dual theory. We believe that, for example, for the
amplitudes involving a ground ring the answer might exist
in this approach.
Let us first motivate our conjecture. Consider the n-point

amplitude with the insertion of the simplest ground ring
field O1;1—the unit operator (for example, let all other
operators be tachyons). Obviously it should be the same as
the (n − 1)-point amplitude, which is calculated by apply-
ing (4.2) to ω̌g;n−1. Can we find a linear transformation of
the n differential ω̌g;n with respect to n-th argument that
would produce this result?
There is a general known property of TR that hints at the

answer—the so-called “dilaton equation.” In our case it
reads

�X
m

Res
z¼ζm

¼ −Res
z¼∞

	
ðΦ1ðzÞω̌g;nðz; z1…zn−1ÞÞ

¼ ð2g − 2þ nÞω̌g;n−1ðz1…zn−1Þ ð5:1Þ

where Φ ¼ R
y̌dx̌. Using the trigonometric form of

Chebyshev polynomials

Φ1ðz ¼ cos θÞ ¼ −ð2pþ 1Þ
Z

cosð2θÞ sinðð2pþ 1ÞθÞdθ

¼ 2pþ 1

2

�
T2pþ3ðzÞ
2pþ 3

þ T2p−1ðzÞ
2p − 1

	
: ð5:2Þ

Then, up to a factor that depends on g and n (but does not
depend on parameters of other insertions) transformationP

m Res
z¼ζm

Φ1ðzÞ ·… acts as an insertion of a unit operator for

any correlator. Note that Φ1 is a polynomial of degree
2pþ 3; if we extrapolate the correspondence between the
degree of the polynomial and the Liouville momentum
noted in the footnote after (4.2), this degree corresponds to
unit operator V1;1 in the Liouville sector. This is also
reassuring.
On the example of four-point amplitude with three

tachyon insertions, we can see explicitly how this trans-
formation reduces it to a three-point correlator. Taking
residue with Φ1 is the same as taking the sum
Ǎ0
4ð1;…Þ þ Ǎ0

4ð−1;…Þ, with Ǎ0
4 defined by (4.16).

When we change k1 → −k1, Verlinde fusion numbers
defined in (4.10) simply change sign. This means that in
this sum, terms corresponding to the trivalent stable graph
with two vertices disappear. The other terms almost cancel
each other, because

Vp
0;4ð4πbP1;−1;…Þ − Vp

0;4ð4πbP1;1;…Þ
2π2 · 2

¼ 2b2 ð5:3Þ

with the dependence on k2;3;4 remaining only in the fusion
factor, which in this case reduces to the three-point one.
In fact, since there is a more general formula

Vp
0;4ð4πbP1;−k;…Þ − Vp

0;4ð4πbP1;k;…Þ
2π2 · 2k

¼ 2b2 ð5:4Þ

a similar thing happens for a four-point correlator if we
consider a transformation

Res
z¼∞

ðΦkðzÞ ·…Þ;

ΦkðzÞ ¼
1

2k

�
T2ðp−kÞþ1

2p − 2kþ 1
þ T2ðpþkÞþ1

2pþ 2kþ 1

	
ðzÞ: ð5:5Þ

If we take the residue with respect to the other 3 variables,
multiplied by Chebyshev polynomials according to (4.2),

we are left with just the four-point fusion constantN ð0Þ
kk2k3k4

up to some constant. This is precisely the answer we expect
for a four-point correlator of O1;k and three tachyons.

For this more general transformation, using the explicit expressions calculated in the present paper, one can also check
the following:
(1)

Res

�
Φk1ðz1ÞΦk2ðz2Þ

�Y5
i¼3

T2ðp−kiÞþ1ðziÞ
2ðp − kiÞ þ 1

	
ω̌0;5ðz1…z5Þ

	
¼ #N ð0Þ

k1…k5
ð5:6Þ

which is what is expected from a five-point correlator with two ground ring insertions. To check this explicitly, one
can use the relation

Vp
0;5ð4πbP1;−k;…Þ − Vp

0;5ð4πbP1;k;…Þ
4π4 · 2k

¼ 4b2Vp
0;4ð…Þ
2π2

− 2b6ðk2 − 1Þ ð5:7Þ
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(2)
ResðΦk1ðz1Þω̌1;1ðz1ÞÞ ¼ #N ð1Þ

k1
ð5:8Þ

which is also the correct answer for ground ring average on the torus (see [19]).
All of this brings us to the conjecture: the transformation (5.5) of topological recursion data has something to do with
computing the correlators with ground ring insertions.
This conjecture still might need some refining. First of all, after this transformation a factor dependent on g, n analogous

to the one in the dilaton equation appears, which needs to be understood. Second, for a nontrivial check of this proposal it
would be nice to match some examples of the correlators involving integrated tachyons, e.g., the amplitude with one ground
ring operator and four tachyons. This will be discussed in what follows.

B. Check against HEM

The conjectured formula for the correlator of four tachyons and the ground ring operator that follows from (5.5) can be
derived using (5.7). It reads

1

4b4
Res

�
Φk1ðz1Þ

�Y5
i¼2

T2ðp−kiÞþ1ðziÞ
2ðp − kiÞ þ 1

	
ω̌0;5ðz1…z5Þ

	

¼ N ð0Þ
k1…k5

�
4b2Vp

0;4ð4πbP1;−k2 ;…4πbP1;−k5Þ
2π2

− 2b6ðk21 − 1Þ
	
þ 2b2

2

X5
i<j;2

X2p
n¼1

GðnÞN ð0Þ
kikjn

N ð0Þ
n···: ð5:9Þ

In the world sheet approach, the correlator is built as follows. The ground ring operator can be inserted in an arbitrary
point on the surface—the result should be independent of this point because of (2.5). We are left with one integration over
the surface: one of the tachyons has to be in “integrated” form to satisfy the ghost number constraint. We are left with the
following integral hO1;k1ðxÞ

R
d2zU1;k2ðzÞWa1ðx1ÞWa2ðx2ÞWa3ðx3Þi.

Applying HEM to the integrated tachyon then leads to the following expression (for a more thorough explanation see
[43], where this correlator appeared as one of the terms in the expression for five-point tachyon amplitude)

hO1;k1ðxÞ
Z

d2zU1;k2ðzÞWa1ðx1ÞWa2ðx2ÞWx3ð∞Þi
HEM

∼
Xk1−1

l¼−ðk1−1Þ∶2

Xk2−1
m¼−ðk2−1Þ∶2

ðq1;k20;−mða1Þ þ q1;k20;−mða2Þ þ q1;k20;−mða3ÞÞ

− 2iP1;k2k1k2 þ
Xk2þk1−1

s¼jk2−k1jþ1∶2

qð1;k2Þ0;s−k1ða1;k1Þ · s: ð5:10Þ

The last term is the boundary contribution in the vicinity of z ¼ x that would follow from (2.13).
Let us compare the HEM answer versus the one that follows from the “conjecture” (5.9). Consider “generic” values of

three tachyon parameters k3, k4, k5 (the ones for which the HEM calculation should apply); “genericness” implies the
following for the fusion numbers

N ð0Þ
k1k2a3…a5

¼ k1k2;N
ð0Þ
kiajala

¼ ki;N
ð0Þ
kaaþlb=2 ¼



1; l ¼ −kþ 1∶2∶k − 1

0; else
: ð5:11Þ

Abusing notation, we write a instead of k in the argument ofN for “generic” parameters. The HEM answer for these values,
in proper normalization, can be written as�
O1;k1ðxÞ

Z
d2zU1;k2ðzÞWa1ðx1ÞWa2ðx2ÞWx3ð∞Þ

�
HEM

¼ 4b2
�
k1α0;4ðk2ja3; a4; a5Þ − 4b

Xk2þk1−1

s¼jk2−k1jþ1∶2

qð1;k2Þ0;s−k1ða1;k1Þ · s|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ð1Þ

	

ð5:12Þ
where

α0;4ðk2ja3; a4; a5Þ ¼
Vp
0;4ð4πbP1;−k2 ;…Þ

2π2
N ð0Þ

k2…k5
þ

X
i¼3;4;5

Xk2−1
l¼−k2þ1∶2

Gðki þ lÞ: ð5:13Þ
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(5.9), on the other hand, reads

1

4b4
Res

�
Φk1ðz1Þ

�Y5
i¼2

T2ðp−kiÞþ1ðziÞ
2ðp − kiÞ þ 1

	
ω̌0;5ðz1…z5Þ

	

¼ 4b2
�
k1

Vp
0;4ð4πbP1;−k2 ;…Þ

2π2
þ

X
i¼3;4;5

Xk2−1
l¼−k2þ1∶2

k1|{z}
N k1m•∘

Gðki þ lÞ − b4
k1k2ðk21 − 1Þ

2
ð5:14Þ

þ 1

2

X
i¼3;4;5

Xk2−1
l¼−k2þ1∶2

Xk1−1
m¼−k1þ1∶2

ðGðki þmþ lÞ − Gðki þ lÞÞ
	
: ð5:15Þ

The first two terms coincide with k1α0;4ðk2ja3; a4; a5Þ. Recall that

GðmÞ≡
�
b4

12
þ 2

3
þ b4

�
pþ 1

2
−m

	
2

− 2b2
����pþ 1

2
−m

����:
	
:

In the sum (5.15), quadratic terms can be simplified to

b4

2

X
i¼3;4;5

Xk2−1
l¼−k2þ1∶2

Xk1−1
m¼−k1þ1∶2

��
pþ 1

2
− ki −m − l

	
2

−
�
pþ 1

2
− ki − l

	
2
	

¼ b4

2

3

3
k1k2ðk21 − 1Þ; ð5:16Þ

which cancels the last term in (5.14). The linear terms can be represented as

− b2
X

i¼3;4;5

Xk2−1
l¼−k2þ1∶2

Xk1−1
m¼−k1þ1∶2

�����pþ 1

2
− ki −m − l

����−
����pþ 1

2
− ki − l

����
	

¼ 2b
X

i¼3;4;5

Xk1−1
l¼−ðk1−1Þ∶2

Xk2−1
m¼−ðk2−1Þ∶2

ðqð1;k2Þ0;−m ðaiÞ − qð1;k2Þ0;−m ðai þ lb=2ÞÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ð2Þ

: ð5:17Þ

So, the difference of the two answers is (1) minus (2).

C. Discussion

The two answers do not match, although the difference is quite simple. Let us discuss what this might imply if we take the
conjecture (5.9) seriously.
There are some reasons to doubt whether the HEM expression actually computes the minimal string amplitude. First,

naively there seems to be an alternative way to compute it: using independence on x, the ground ring can be moved
arbitrarily close to points of insertion of other tachyons to be able to perform OPE using (2.12) and reduce the correlator to
the sum of four-point amplitudes. However, the result depends on what point one moves the ground ring operator toward
and does not coincide with (5.10). E.g., if we perform OPE of O and Wa1 , the answer will be

Xk1−1
l¼−ðk1−1Þ∶2

Xk2−1
m¼−ðk2−1Þ∶2

ðqð1;k2Þ0;−m ða1 þ lb=2Þ þ q1;k20;−mða2Þ þ q1;k20;−mða3ÞÞ − 2iP1;k2k1k2 ð5:18Þ

and the difference from the HEM answer is of the form

Xk2þk1−1

s¼jk2−k1jþ1∶2

qð1;k2Þ0;s−k1ða1;k1Þ · sþ
Xk1−1

l¼−ðk1−1Þ∶2

Xk2−1
m¼−ðk2−1Þ∶2

ðqð1;k2Þ0;−m ða1Þ − qð1;k2Þ0;−m ða1 þ lb=2ÞÞ: ð5:19Þ
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Asymmetry with respect to permutation of tachyon param-
eters (which is a property expected of string amplitudes) is
concerning. In (5.10) this symmetry is also not evident
[although the same can be said about (2.15)].
Another concern is related to what was discussed in

Sec. II D (discontinuity analysis). If the property stated in
the end of Sec. II D is valid in this generalized sense, for a
five-point correlator with a ground ring and tachyons there
should be additional nonanalytic terms other than the ones
present in (5.10). Namely, (5.10) has the terms with
discontinuities associated to a degeneration limit when
the ground ring and integrated tachyon are on the different
smooth components of a degenerate curve (these are of the
form jai − Q

2
þ mb

2
j; m∈ − ðk2 − 1Þ∶2∶k2 − 1), but does

not account for the case when they are on the same
component [these should be of the form jai − Q

2
þ mb

2
þ

lb
2
j; l∈ − ðk1 − 1Þ∶2∶ðk1 − 1Þ; m∈ − ðk2 − 1Þ∶2∶k2 − 1].

Such terms, on the other hand, are present in (5.18). Both of
these are necessary if we want the correlator to be
symmetric under permutation of four tachyon operators.
Unlike the HEM expression, the answer (5.9) is man-

ifestly symmetric under permutations of k2…k5 and pre-
dicts expected discontinuities. An important question then
is to resolve the conflict between different answers
and compare (5.9) (as well as HEM prediction) with the
integral hO1;k1ðxÞ

R
d2zU1;k2ðzÞWa1ðx1ÞWa2ðx2ÞWa3ðx3Þi

we study.
One more speculation on the relation between different

answers is as follows. As mentioned before, the apparent
possibility to apply OW OPE is in conflict with the x inde-
pendence of the correlator. One option is that the x inde-
pendence is valid on the open part of moduli space but
breaks down on the boundary, on which the correlator takes
a different value. Perhaps the symmetric tachyon amplitude
(5.9) can be obtained by adding to the integral over the
open part of moduli space, given by an expression akin to
(5.10), some contribution from the boundary strata of
M̄0;5, which would look similar to (5.18).

VI. CONCLUSIONS

We finish with listing some directions for further studies.
(i) It is of interest to prove the diagrammatic expansion

that computes Ǎg
n that is hinted at by obtained

expressions, or to find a different way to streamline
the calculation of amplitudes in this approach.
Perhaps one can adapt the universal x-y swap
formula [8] for this purpose.

(ii) We plan to study further the five-point amplitude in
genus zero with a ground ring and four tachyon
insertions and address the tension between different
analytic approaches from “first principles”—by
calculating it numerically. We need to perform the
same number of integrations as for a well-studied
example of four-point tachyon amplitude (see, e.g.,

[18]), but the problem incorporates five-point con-
formal blocks and a correlator of descendants, which
adds some difficulty. Another interesting example
that should have fewer subtleties for numerical
calculations is the torus two-point amplitude of
ground ringþ tachyon (a similar calculation was
done for the c ¼ 1 string in [44]). We plan to
perform these calculations in the near future [45].

(iii) The main observation of this paper raises a question
of whether there is an analogous simple way to
match correlators in two approaches for the general
ðp; qÞ minimal string case. This is a much more
subtle issue than for Lee-Yang series: Even for three-
point amplitudes on the sphere the answer (fusion
coefficient) can not be simply reproduced by either
the usual or x-y dual spectral curve; instead it is
given by the product of the two answers [24]. On the
other hand, it is very easy to imagine a natural
generalization of (4.31) to this case, by replacing the
fusion factors with the appropriate ones for the
ðp; qÞ model and extending the sum over ke to
the lattice of all Liouville momenta of the form Pm;n.
Results of the current paper suggest that ramification
points are naturally associated with primary fields in
the matter sector; perhaps there is a more convenient
TR formulation with ðp − 1Þðq − 1Þ ramification
points instead of the standard one coming from
the two-matrix model.
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APPENDIX A: CANCELATION OF “ON-SHELL”
POLES FROM DESCENDANTS

The statement we prove here is as follows: for the
product of elliptic four-point blocks of the form appearing
in the integrand for the four-point function

HL;bðP; pijqÞHM;ibðPM; ipijqÞ ðA1Þ
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(the relation between F and H, as well as between q and z can be found in [46]), the k-th order coefficient in q (k > 0) is
proportional to P2 þ P2

M þ k. This means that the potential “on-shell pole” coming from
R
d2qjqj2ðP2þP2

Mþk−1Þ ∼ 1
P2þP2

Mþk is

canceled. The same apparently is valid for z blocks F .
Expansion coefficients in q (HL=MðP; pijqÞ ¼

P∞
k¼0 q

kCL=Mðk; P2Þ) for these blocks obey Zamolodchikov recursion
[46,47]

CLðk; P2Þ ¼ δk;0 þ
X
rs≤k

CLðk − rs; p2
r;s þ rsÞ αr;s

P2 − P2
r;s

; ðA2Þ

CMðk; P2
MÞ ¼ δk;0 þ

X
rs≤k

CMðk − rs;−P2
r;sÞ

αr;s
P2
M þ P2

r;s þ rs
: ðA3Þ

αr;s are factors dependent on external dimensions and central charge; it turns out that they coincide forHL andHM when the
block parameters are related as in (A1). In both formulas by Pr;s we mean degenerate momenta for the Liouville sector. To
express the recursion in these terms we use P2

r;sðibÞ ¼ −P2
r;−sðbÞ ¼ −P2

r;sðbÞ þ rs.
The k-th coefficient in the product (A1) is a polynomial in αr;s containing such that for each monomial

αr1;s1…αrm;sm
P

risi ¼ k. In this polynomial, the coefficient before αr1;s1…αrm;sm is given by a sum over permutations
of the form

X
A∪B¼f1::mg

X
σA;σB

�
1

P2 þ aσAð1Þ

1

bσAð1Þ þ aσAð2Þ
…

1

bσAðjAj−1Þ þ aσAðjAjÞ

	

×

�
1

P2
M þ bσBð1Þ

1

aσBð1Þ þ bσBð2Þ
…

1

aσBðjBj−1Þ þ bσBðjBjÞ

	
ðA4Þ

where σA, σB are permutations of the sets A, B; ai ≡ −P2
ri;si ; bi ≡ P2

ri;si þ risi. Now we prove that this sum is proportional to

P2 þ P2
M þ

Xm
i¼1

ai þ
Xm
i¼1

bi ¼ P2 þ P2
M þ

Xm
i¼1

risi ¼ P2 þ P2
M þ k: ðA5Þ

It is equivalent to show the following: renaming additionally P2 ¼ b0, P2
M ¼ a0, for any m sum over permutations σ of

f0::mg

X
σ

Ym−1

i¼0

1

aσðiÞ þ bσðiþ1Þ
∼
Xm
i¼0

ðai þ biÞ: ðA6Þ

This sum over permutations can be rewritten as a sum over m! orbits of the cyclic permutation group. For each orbit, the
summand is

X
cycle

aσðmÞ þ bσð0Þ
aσðmÞ þ bσð0Þ

Ym−1

i¼0

1

aσðiÞ þ bσðiþ1Þ
¼ 1

ðaσð1Þ þ bσð2ÞÞ…ðaσðmÞ þ bσð0ÞÞ
X
cycle

ðaσðmÞ þ bσð0ÞÞ: ðA7Þ

The denominator is invariant under cyclic permutations, so it can be factored away; the remaining sum of mþ 1 terms is
precisely

P
m
i¼0 ðai þ biÞ. Thus, we proved the statement.

APPENDIX B: THREE-POINT AMPLITUDES VIA RESONANCE
TRANSFORMATIONS: EXAMPLE (2, 11)

Here we provide an example of how the procedure described in (III B) works. Third derivatives with respect to τ are
computed using the simple TR formula (3.6) for ∂

nF
∂tk1…∂tkn

, “resonance transformations” (3.7) and
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∂
3F

∂τk1∂τk2∂τk3
¼

Xp
m1;2;3¼1

∂
3F

∂tm1
∂tm2

∂tm3

∂tm1

∂τk1

∂tm2

∂τk2

∂tm3

∂τk3
þ
Xp
m¼1

∂F
∂tm

∂
3tm

∂τk1∂τk2∂τk3

þ
Xp
m1;2¼1

∂F
∂tm1

∂tm2

�
∂tm1

∂τk1

∂
2tm2

∂τk2τk3
þ ∂tm1

∂τk2

∂
2tm2

∂τk1τk3
þ ∂tm1

∂τk3

∂
2tm2

∂τk2τk1

	
:

Then, A0
3ðk1; k2; k3Þ given by (3.8) up to overall normalization reads (we write these derivatives in matrix form, where

k1; k2 ¼ 1..5 are matrix indices and k3 is the number of the matrix)0
BBBBBBBBBB@

u70
5u6

0

8
0 − u4

0

8
0

5u6
0

8
u50

3u4
0

4
0 − u2

0

2

0
3u4

0

4
u30

u2
0

2
0

− u4
0

8
0

u2
0

2
u0 1

0 − u2
0

2
0 1 1

u0

1
CCCCCCCCCCA
;

0
BBBBBBBBBB@

5u6
0

8
u50

3u4
0

4
0 − u2

0

2

u50
11u4

0

8
u30

u2
0

2
0

3u4
0

4
u30 u20 u0 1

0
u2
0

2
u0 1 1

u0

− u2
0

2
0 1 1

u0
1
u2
0

1
CCCCCCCCCCA
;

0
BBBBBBBBBB@

0
3u4

0

4
u30

u2
0

2
0

3u4
0

4
u30 u20 u0 1

u30 u20 u0 1 1
u0

u2
0

2
u0 1 1

u0
1
u2
0

0 1 1
u0

1
u2
0

1
u3
0

1
CCCCCCCCCCA
;

0
BBBBBBBBBB@

− u4
0

8
0

u2
0

2
u0 1

0
u2
0

2
u0 1 1

u0

u2
0

2
u0 1 1

u0
1
u2
0

u0 1 1
u0

1
u2
0

1
u3
0

1 1
u0

1
u2
0

1
u3
0

1
u4
0

1
CCCCCCCCCCA
;

0
BBBBBBBBBB@

0 − u2
0

2
0 1 1

u0

− u2
0

2
0 1 1

u0
1
u2
0

0 1 1
u0

1
u2
0

1
u3
0

1 1
u0

1
u2
0

1
u3
0

1
u4
0

1
u0

1
u2
0

1
u3
0

1
u4
0

1
u5
0

1
CCCCCCCCCCA
: ðB1Þ

On the other hand, the fusion number matrices in this model are0
BBBBBB@

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

1
CCCCCCA;

0
BBBBBB@

0 1 0 0 0

1 0 1 0 0

0 1 0 1 0

0 0 1 0 1

0 0 0 1 1

1
CCCCCCA;

0
BBBBBB@

0 0 1 0 0

0 1 0 1 0

1 0 1 0 1

0 1 0 1 1

0 0 1 1 1

1
CCCCCCA;

0
BBBBBB@

0 0 0 1 0

0 0 1 0 1

0 1 0 1 1

1 0 1 1 1

0 1 1 1 1

1
CCCCCCA;

0
BBBBBB@

0 0 0 0 1

0 0 0 1 1

0 0 1 1 1

0 1 1 1 1

1 1 1 1 1

1
CCCCCCA:

ðB2Þ

It is easy to see that if we take the singular in the u20 part of matrices (B1) and then put u0 ¼ 1, we get fusion matrices. The
regular terms, on the other hand, are not that simple.

APPENDIX C: EXPRESSIONS FOR Ǎg
n FOR ðg;nÞ= ð0;5Þ AND (1, 2)

The calculation for Ǎ0
5 gives the following answer

4b4Ǎ0
5 ¼ a1 þ a2 þ δa2 þ a3: ðC1Þ

Here

a1 ¼ N ð0Þ
k1…k5

Vb
0;5ð4πbP1;−k⃗Þ

4π4
; ðC2Þ

a2 ¼
1

2

X5
i<j;1

X2p
n¼1

GðnÞN ð0Þ
kikjn

N ð0Þ
n···

Vb
0;4ð4πbP1;−n; ·; ·; ·Þ

2π2
; ðC3Þ
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a3 ¼
1

8

X5
i¼1

X
j1<j2;j1;2≠i

X2p
l1;l2

Gðl1ÞGðl2ÞN ð0Þ
kil1l2

N ð0Þ
kj1kj2 l1

N ð0Þ
l2··

ðC4Þ

are contributions that can be written down using the
diagrammatic technique described in Sec. IV C; Fig. 3
illustrates the corresponding stable graphs. However, this is
not the full story—there is an additional contribution
associated with stable graphs of type 2 of the form

δa2 ¼
b4

2

X5
i<j;1

X2p
n¼1

N ð0Þ
kikjn

N ð0Þ
n···

�
4

15b4
−

16

3b2
jP1;−nj2 þ 8jP1;−nj4

	

¼ −4
X5
i<j;1

X2p
n¼1

N ð0Þ
kikjn

N ð0Þ
n···ðB4ðjxnjÞ − 2jxnj2B2ðjxnjÞÞ ðC5Þ

with

jxnj ≔
b2

2
jpþ 1=2 − nj ¼ bjP1;−nj: ðC6Þ

For torus two-point amplitude there are five stable graphs, illustrated in Fig. 4. The corresponding decomposition of the
amplitude is

8Ǎ1
2 ¼ b1 þ b2 þ b3 þ b4 þ b5; ðC7Þ

where

b1 ¼ N ð1Þ
k1k2

Vb
1;2ðP1;−k⃗Þ
4π4

; ðC8Þ

b2 ¼
1

8

X2p
l1;l2¼1

Gðl1ÞGðl2ÞN ð0Þ
k1l1l2

N ð0Þ
k2l1l2

; ðC9Þ

b3 ¼
1

4

X2p
l¼1

N ð0Þ
k1k2ll

�
Vb
0;4ð4πbP1;−k⃗; 4πbP1;−l; 4πbP1;−lÞ

2π2
GðlÞ − 16ðB4ðjxljÞ − 2jxlj2B2ðjxlÞÞ

	
; ðC10Þ

b4 ¼
1

2

X2p
l¼1

N ð1Þ
l N ð0Þ

lk1k2

�
Vb
1;1ð4πbP1;−lÞ

2π2
GðlÞ − 1

3
ðB4ðjxljÞ − 2jxlj2B2ðjxlÞÞ

	
; ðC11Þ

b5 ¼
1

8

X2p
l1;l2¼1

N ð0Þ
k1k2l1

N ð0Þ
l1l2l2

Gðl1ÞGðl2Þ: ðC12Þ

We checked these results against the ones obtained in [27,28] using “resonance transformations” and found agreement.
Note that there is an error in the end of [28], where during the calculation of torus two-point amplitude authors did not
account for Heaviside theta functions in the final answer. We provide the correct formula here for reference,

FIG. 3. Stable graphs for ðg; nÞ ¼ ð0; 5Þ. All vertices have
genus gv ¼ 0.
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6ð2pþ 1Þ2A1
2ðk1; k2Þ ¼ ð−k1ð2pþ 1Þ þ ðp − k2Þðp − k2 þ 1Þ þ k21Þ

× ðk1ð2pþ 1Þ þ k2ð2p − k2 þ 1Þ − k21 þ pðpþ 1Þ þ 2Þ
þ ðk1 þ k2 − p − 1Þðk1 þ k2 − pÞððk1 þ k2 − p − 2Þðk1 þ k2 − pþ 1Þ
− 2pðpþ 1ÞÞΘðpþ 1 − k1 − k2Þ:
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