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Double field theory (DFT) can be constructed up to third order as the double copy of Yang-Mills theory.
In this construction, one starts with Yang-Mills theory on Minkowski space and the resulting DFT action is
also defined on Minkowski space. In this work, I extend this double copy procedure to obtain a DFT action
on a constant DFT background starting from two Yang-Mills actions constructed around nontrivial
background gauge fields on Minkowski space.
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I. INTRODUCTION

The Bern-Carrasco-Johansson double copy framework
[1,2] is a fascinating and powerful idea that reveals deep
connections between gravity and gauge theories at the level
of scattering amplitudes. This idea takes its origin from the
Kawai–Lewellen–Tye (KLT) relations [3], which state that
closed string tree-level amplitudes can be obtained from
open string amplitudes. In addition to being at the center of
the modern amplitude program ([4,5]), this framework also
provides new insights about the relation of gravity and gauge
theories. In recent years, the double copy idea has also been
extended to the level of classical solutions (see, for example,
[6–9]). Usually, to relate classical solutions of gravity to the
classical solutions of Yang-Mills theory, one starts with a
perturbative metric around a Minkowski space background
and relates the perturbation part of the metric to the two
copies of Yang-Mills gauge fields. However, in [10,11], the
authors show that it is also possible to construct a perturbative
gravity theory around a nontrivial background metric by a
double copy procedure. (One can also see [12,13] for further
work on the double copy on arbitrary backgrounds.) There
are two approaches that one can use for this construction,
which are called the type-A and the type-B double copies by
the authors of [11]. In the type-B double copy one starts with
the Yang-Mills field around a nondynamical curved metric
and constructs the gravity theory around the same curved
metric. In the type-A double copy, one starts with a Yang-
Mills field around a nontrivial background gauge field in

Minkowski space and obtains a gravity theory around a
nondynamical curvedmetric. In this procedure, the nontrivial
background gauge field creates the nondynamical curved
background metric by the double copy procedure and the
dynamical gauge field creates the perturbative part of the
metric for the gravity theory.
In recent years, the applications of the double copy idea

have been extended tomany different theories (see [14–18]).
There are also some applications of the double copy
procedure at the level of actions. One of the interesting
results on this subject relates the usual Yang-Mills action on
aMinkowski space to the DFTaction on aMinkowski space
[19]. DFT is a modern framework in theoretical physics to
implement T-duality, a symmetry of string theory, to the field
theories defined on a double configuration space [20–22].
Double configuration space includes the dual coordinates in
addition to the usual coordinates and doubles the number of
dimensions to have a manifestOðD;DÞ duality (see [23] for
a detailed review). The double structure of DFT implies a
relation with the double copy idea and there are someworks
based on this relation, [24–26]. Recently the idea to
construct DFT as a double copy of Yang-Mills is also
extended to the higher derivative theories (see [27–30]), and
to the heterotic sector ofDFT (see [25,26,31]). There are also
algebraic approaches to relateDFTaction to the double copy
of Yang-Mills theory (see for example [32–35]).
In [19], the authors take the Yang-Mills action on

a Minkowski space as a starting point and the DFT action
they obtain is defined on the Minkowski space. The
purpose of this work is to extend this analysis to the DFT
action constructed around an arbitrary constant DFT back-
ground. In Sec. II, I review the type-A double copy idea for
classical solutions and in Sec. III, I attempt to apply this
idea in the context of DFT. The results of this section imply
that a naive application of the double copy procedure to a
Yang-Mills action constructed around an arbitrary constant
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gauge field andMinkowski metric cannot give a DFTaction
around arbitrary constant DFT background. The main result
of this work is given in Sec. IV, where I follow a slightly
different route from the usual literature on the double copy
construction of DFT. Although this different route can be
interpreted as a slight notation change, it seems to give a
more natural way to implement the double copy idea for a
DFT action on an arbitrary constant background. In that
section, I start with two Yang-Mills actions which are
perturbatively constructed around nontrivial background
gauge fields, on Minkowski space and obtain DFT action
defined on an arbitrary constant DFT background by using
the double copy procedure. The last section is devoted to the
discussions of the results, their importance for the current
literature, and possible implications for the future works.

II. TYPE-A DOUBLE COPY

Here, I review the type-A double copy idea, following
[11]. In the usual literature, the starting point of the double
copy for classical solutions is the Kerr-Schild metric.
Consider the full metric as

gμν ¼ ḡμν þ κhμν; ð1Þ

where the perturbation part is given by

hμν ¼
κ

2
ϕkμkν; ð2Þ

with ϕðxÞ is scalar function, kμ is a 4-vector that is null and
geodesic both with respect to the background and the full
metric [11]. So one has

gμνkμkν ¼ ḡμνkμkν ¼ 0; kμDμkν ¼ 0; ð3Þ

where Dμ is covariant derivative associated with the
background metric. Choosing the background metric as
Minkowski, ḡμν ¼ ημν, one finds a linear form for the Ricci
tensor of the full metric (1) as

Rμ
ν ¼ κ

2
∂ρð∂νhμρ þ ∂

μhρν − ∂
ρhμνÞ: ð4Þ

For a given scalar field ϕ and Kerr-Schild vector kμ, a Yang-
Mills gauge field can be defined as single copy of (2)
as [11],

Aa
μ ¼ caϕkμ; ð5Þ

where ca is an arbitrary constant color vector. The upshot is
that when gμν ¼ ημν þ κhμν with hμν defined as (2), the
corresponding single copy (5) satisfies the linearized Yang-
Mills equations, namely,

∂
μFa

μν ¼ 0: ð6Þ

This double copy construction is introduced for the Kerr-
Schild metric which is defined around a Minkowski
background. As shown in [11], this construction can also
be extended to the curved background. There are two
possible approaches in [11], namely, type-A and type-B
double copies. Here, I concentrate on type-A double copy.
In this approach, a gauge field has a nontrivial background
field Āa

μ in Minkowski space, and the corresponding double
copy gives a perturbative metric defined on a nondynamical
curved background ḡμν, where ḡμν and Āa

μ are also related
by a double copy relation [11]. The idea can be schemati-
cally seen in Fig. 1.
A simple example can be constructed, by starting with

single Kerr-Schild metrics around Minkowski space. One
can split up the solutions according to

gμν ¼ ημν þ ϕkμkν

¼ ημν þ ϕ1kμkν þ ϕ2kμkν; ð7Þ

where

ϕ1 ¼ ξϕ; ϕ2 ¼ ð1 − ξÞϕ; 0 ≤ ξ ≤ 1: ð8Þ

The corresponding single copy for the gauge field reads,

Aa
μ ¼ ca½ϕ1kμ þ ϕ2kμ�: ð9Þ

One can interpret Eq. (7) as

gμν ¼ ḡμν þ h̃μν; ð10Þ

where

ḡμν ¼ ημν þ ϕ1kμkν and h̃μν ¼ ϕ2kμkν: ð11Þ

Similarly, (9) can be interpreted as

Aa
μ ¼ Āa

μ þ Ãa
μ; ð12Þ

where

Āa
μ ¼ caϕ1kμ and Ãa

μ ¼ caϕ2kμ: ð13Þ

Hence, (11) and (13) imply a double copy relation as

Āa
μ → ḡμν and Ãa

μ → h̃μν: ð14Þ

FIG. 1. Type-A double copy.
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This is an example of type-A curved space double copy for
classical solutions. A Yang-Mills gauge field defined
around a nontrivial background gauge field is copied to
the perturbative metric field with a nontrivial background,
where the background fields are also related by double
copy [11].

III. TYPE-A DOUBLE COPY FOR DFT

Inspired by the results of the previous section, here, I
apply the double copy prescription to Yang-Mills action
around a nontrivial background gauge field. I start with the
standard Yang-Mills action and then expand the gauge field
Aμ

a around a constant background Āμ
a as

Aμ
a ¼ Aμ

a þ aμa; ð15Þ

where aμa is a small perturbation. Then, the field strength
tensor becomes

Fμν
a¼ ∂μaνa−∂νaμaþgYMfabcðAμ

bþaμbÞðAν
cþaνcÞ:

ð16Þ

By using (16), Yang-Mills action reads,

SYM ¼ −
1

4

Z
dDxκabðFμν

aÞðFμνbÞ ð17Þ

which can be expanded as

SYM ¼ S0YM þ Sð1ÞYM þ Sð2ÞYM þ � � � ; ð18Þ

where S0YM is the action for the background field, Sð1ÞYM is

linear in aμa and Sð2ÞYM corresponds to quadratic terms. The
quadratic part is of particular interest and is given by

Sð2ÞYM ¼ −
1

4

Z
x

�
κabð∂μaνa − ∂νaμaÞð∂μaνb − ∂

νaμbÞ

þ 4gYMfabcð∂μaνa − ∂νaμaÞAμbaνc

þ 2g2YMκ
abfacdfbefðAμ

cAν
daμeaνf

þ Aμ
caνdAμeaνf þ Aμ

caνdaμeAνfÞ�; ð19Þ

where the indices are raised and lowered by Minkowski
metric. Now, I apply double copy prescription to (19). The
corresponding double copy maps are given as [19]

aμaðkÞ → eμνðk; k̄Þ;

κab →
1

2
Π̄νσðk̄Þ;

fabc →
i
4
π̄νστðk̄1; k̄2; k̄3Þ; ð20Þ

where the cubic projector is defined by

πνστðkiÞ≡ ηνσ k̄τ12 þ ηστk̄ν23 þ ητνk̄σ31: ð21Þ

Apart from these, I also define a double copy map for the
background gauge field as

Aμ
aðkÞ → Eμνðk; k̄Þ: ð22Þ

Now, I substitute (20) and (22) into (19). To apply this
prescription, it is convenient to pass to the momentum
space. Let me divide the action (19) into three and start with
the first part, namely,

Sð2Þ1YM¼−
1

4

Z
x

�
κabð∂μaνa−∂νaμaÞð∂μaνb−∂

νaμbÞ�: ð23Þ

The double copy of this action is familiar from [19].
Passing to the momentum space, applying the double copy
prescription, (23) becomes

Sð2Þ1DC ¼ −
1

4

Z
k;k̄
ðk2eμνeμν − kμkρeμνeρν − k̄νk̄σeμνeμσ

− k2ϕ2 þ 2ϕkμk̄νeμν̄Þ; ð24Þ

in momentum space. Passing to the position space, it reads

Sð2Þ1DC ¼ 1

4

Z
dDxdDx̄ðeμν□eμν þ ∂

μeμν∂ρeρν

þ ∂̄
νeμν∂̄σeμσ − ϕ□ϕþ 2ϕ∂μ∂̄νeμνÞ: ð25Þ

Then, I can continue with the second piece of (19), namely,

Sð2Þ2YM ¼ −
Z
x
gYMfabcð∂μaρa − ∂ρaμaÞAμbaρc: ð26Þ

Upon Fourier transforming to momentum space this
becomes

Sð2Þ2YM ¼ −igYM
Z
k
fabcðkρaaμðkÞ − kμaaρðkÞÞAμbaρcð−kÞ:

ð27Þ

Imposing the double copy prescriptions (20), (22) on (27),
with gYM → 1

2
, one gets

Sð2Þ2DC ¼ 1

8

�Z
k;k̄

π̄νσκημτkρeμνðk; k̄ÞEτσeρκð−k;−k̄Þ

− π̄νσκηρτkμeμνðk; k̄ÞEτσeρκð−k;−k̄Þ
�
: ð28Þ

Here, some problems arise. One can see that this proposal is
incomplete since π̄νσκ depends on three momenta, while in
the above terms there are only two e fields. Although I tried
several ways to continue from this point, I could not find
a consistent way to obtain DFT action on an arbitrary
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constant background following this route. Instead, in the
next section, I offer a slightly different way of thinking the
double copy procedure in DFT context, and show how it
can help us to construct DFTaction on an arbitrary constant
DFT background.

IV. TYPE-A DOUBLE COPY WITH
AN ALTERNATIVE FORMULATION

Now I introduce an alternative point of view for the
double copy procedure in DFT context. The key observa-
tion is that while in the usual double copy procedure for
scattering amplitudes one starts with two (same or differ-
ent) Yang-Mills theories to obtain gravity amplitudes, the
double copy procedure for DFT action uses only one Yang-
Mills action and maps its color indices to the second set of
indices in DFT. In this section, I start with two Yang-Mills
actions and introduce double copy maps to obtain the usual
DFT action. Consider two Yang-Mills actions given by

SYM1 ¼ −
Z

dDx

�
1

4
κabFμρaFμρ

b

�
;

SYM2 ¼ −
Z

dDx̄
�
1

4
κ̄abF̄νσaF̄νσ

b

�
; ð29Þ

where F̄νσ
a is the field strength corresponding to gauge

field Āν
a. With these two actions, the structure of DFT

action takes the form,

SDFT ≡ SYM1 ⊗ SYM2: ð30Þ

Firstly, I consider the kinetic part of the DFT action, which
corresponds to the double copy of quadratic parts of Yang-
Mills actions. Passing to the momentum space, the quad-
ratic parts of the Yang-Mills actions read,

Sð2ÞYM1 ¼ −
1

2

Z
k
κabk2ΠμρðkÞAμ

að−kÞAρ
bðkÞ;

Sð2ÞYM2 ¼ −
1

2

Z
k̄
κ̄abk̄2Π̄νσðk̄ÞĀν

að−k̄ÞĀσ
bðk̄Þ: ð31Þ

At this point, I follow a different route from the usual
literature on the double copy formulation of DFT following
[2]. In [2], the authors start with the Yang-Mills action,
whose quadratic part is given in Lorenz gauge by

Sð2Þ
YM ¼ 1

2

Z
d4k1d4k2δ4ðk1 þ k2Þk22½Aμðk1ÞAμðk2Þ�: ð32Þ

Then they write the double copy action schematically as

Sð2Þ
DC ∼

1

4

Z
d4k1d4k2δ4ðk1 þ k2Þk22

×
�
Aμðk1ÞAμðk2ÞÃσðk1ÞÃσðk2Þ

�
; ð33Þ

and obtain the gravity action by implementing the map,

AμðkÞÃνðkÞ → hμνðkÞ: ð34Þ

For the cubic terms, the process is similar but now one
should also be careful about the color indices. In [2], the
authors encode the information of the structure constants in
the antisymmetrization and cyclicity of the interaction
terms, and then turn off the color indices. For the con-
struction of DFT action as double copy of Yang-Mills, I
follow a similar route.
Starting with the actions (29), and using the map

κab →
1

2
Π̄νσðk̄Þ; ð35Þ

the double copy action at quadratic order, in momentum
space, can be written schematically as

Sð2ÞDC ¼−
1

4

Z
k;k̄

k2Π̄νσΠμρAμð−kÞAρðkÞĀνð−k̄ÞĀσðk̄Þ; ð36Þ

where I turned off the color indices by encoding the color
information using (35). Now, I define the double copy map
for the fields. For the usual Yang-Mills action around
Minkowski spacetime, the map can be written as

AμðkÞĀνðk̄Þ → eμνðk; k̄Þ; ð37Þ

and inserting (37) into (36) leads to the quadratic part of
usual DFT action on Minkowski spacetime. To obtain DFT
action on an arbitrary constant DFT background, I consider
Yang-Mills action around a nontrivial background gauge
field, namely,

AμðkÞ ¼ Aμ þ aμðkÞ; ð38Þ

where Aμ is the background gauge field and aμ is the
perturbation part. Inserting (38) into (36) gives

Sð2ÞDC ¼ −
1

4

Z
k;k̄

k2Π̄νσΠμρ
�
Aμ þ aμð−kÞ

��
Āν þ āνð−k̄Þ

�

×
�
Aρ þ aρðkÞ

��
Aσ þ aσðk̄Þ

�
: ð39Þ

Now, one needs to determine double copy maps for the
fields. A consistent choice for the perturbation part is

aμð−kÞāνð−k̄Þ → eμνð−k;−k̄Þ: ð40Þ

Similarly for the multiplication of two background gauge
fields one can choose,

AμĀν → Ẽμν; ð41Þ

where
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Ẽμν ≡ Eμν − ημν: ð42Þ

For the multiplication of background gauge field and
perturbation part of the gauge field, a double copy map
schematically can be given as

Aμāνð−k̄Þ→CẼμ
αeαν and aμðkÞĀν→CẼα

νeμα; ð43Þ

where C is a constant which will be determined. Inserting
(40), (41), and (43) into (36) gives

Sð2ÞDC ¼ −
1

4

Z
k;k̄

k2Π̄νσðk̄ÞΠμρðkÞe0μνð−k;−k̄Þe0ρσðk; k̄Þ; ð44Þ

where

e0μν ≡ eμν þ Ẽμν þ CðẼμ
αeαν þ Ẽα

νeμαÞ: ð45Þ

The action (44) represents the quadratic part of the DFT
action in Minkowski spacetime for the primed field e0μν.
The question is if this action is equal to the DFT action for
eμν around a constant background Eμν for some choice of
constant C in (43), namely,

Sð2ÞðEμν; eμνÞ ¼? Sð2Þðημν; e0μνÞ: ð46Þ

An answer to this question is already given in [21], where
the authors constructed a background independent form of
DFT action. In [21], the authors showed that,

S½Eij − χij; eij þ χij − fijðχ; eÞ� ¼ S½Eij; eij� þOðe3Þ;
ð47Þ

where χij is an infinitesimal, constant part of the field eij
and

fijðχ; eÞ ¼
1

2
ðχikekj þ χkjeikÞ þOðe2Þ: ð48Þ

Choosing χij ¼ Eij − nij ≡ Ẽij, one has

fijðχ; eÞ ¼
1

2
ðẼi

kekj þ Ẽk
jeikÞ þOðe2Þ; ð49Þ

and (47) becomes

S½ηij; e0ij� ¼ S½Eij; eij� þOðe3Þ; ð50Þ

where

e0ij ≡ eij þ Ẽij −
1

2
ðẼi

kekj þ Ẽk
jeikÞ: ð51Þ

One can see that (50) implies C ¼ − 1
2
in (45) so that (46) is

satisfied.

Now, I continue with the cubic order. Considering the
cubic part of the actions (29), the double copy action at
cubic order, in momentum space, can be written as

Sð3ÞDC ¼ −
igYM

6ð2πÞD=2

Z
K1;K2;K3

δðK1 þ K2 þ K3Þ

× Π̄στκΠμνρA1μA2νA3ρĀ1σĀ2τĀ3κ: ð52Þ

Again, defining the gauge fields as (38), the cubic part of
the double copy action becomes

Sð3ÞDC ¼ 1

48ð2πÞD=2

Z
dK1dK2dK3δðK1 þ K2 þ K3Þ

× Π̄στκðk̄1; k̄2; k̄3ÞΠμνρðk1; k2; k3Þ
× ðAμ1 þ aμ1ÞðAν2 þ aν2ÞðAρ3 þ aρ3Þ
× ðĀσ1 þ āσ1ÞðĀτ2 þ āτ2ÞðĀκ3 þ āκ3Þ; ð53Þ

where the color indices are turned off and their information
is encoded in the projectors. Using the maps

Aμ1Āσ1 → Eμσ;

aμ1āσ1 → eμσðk1; k̄1Þ;

Aμ1āσ1 → −
1

2
Eμ

αeασðk1; k̄1Þ;

aμ1Āσ1 → −
1

2
Eα

σeμα; ð54Þ

the action (53) becomes

Sð3ÞDC ¼
1

48ð2πÞD=2

Z
dK1dK2dK3δðK1þK2þK3Þ

× Π̄στκðk̄1; k̄2; k̄3ÞΠμνρðk1;k2;k3Þe01μσe02ντe03ρκ; ð55Þ

where prime fields defined as in (45) with C ¼ − 1
2
.

Then, (55) defines the cubic part of the DFT action for
prime field. The result of [21], namely (50), guarantees
that this action is equal to the cubic part of the DFT action
for eij, on Minkowski background. Thus, one can conclude
that starting with Yang-Mills actions (29) with gauge fields
(38), and using the maps (40), (41), (43) with C ¼ − 1

2

yields DFT action around arbitrary constant background
Eij, up to third order.

V. DISCUSSION AND CONCLUSION

Double copy is a very powerful tool to calculate gravity
amplitudes by using Yang-Mills amplitudes. In recent
years, there are also many results which show the power
of double copy idea for classical solutions. At the level of
actions, the literature is much more limited. A promising
result in that sense is the formulation of perturbative DFT
action up to third order by double copy procedure. In [19],
the authors construct DFT action on Minkowski
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background by using double copy of Yang-Mills theory. In
this work, I offer a possible way to extend this construction
to the arbitrary constant DFT background.
Inspired by the type-A double copy idea of [11], in

Sec. III, I start with a Yang-Mills action which is con-
structed around a nontrivial background gauge field, on
Minkowski background. The results of this section show
that a naive application of double copy procedure on this
Yang-Mills action does not yield the DFT action on an
arbitrary constant DFT background.
In Sec. IV, I make a slight change on how I think about

double copy procedure in DFT context. The motivation of
this change comes from the construction of double copy
Lagrangian in [2]. It is important to explain this change in
here. In the usual literature on double copy construction of
DFT, one maps one gauge field to the one DFT field, by
mapping the color indices to the second spacetime indices.
In Sec. IV of this paper, the product of two gauge fields is
mapped to one DFT field, and the color indices are turned
off after their information is encoded to the kinematic
factors. This can also be interpreted as a slight notation
change. However, the results of Sec. IV imply that this way
of thinking double copy can give us a more natural way to
construct DFT action on arbitrary constant DFT back-
ground by double copy.

In conclusion, DFT action on an arbitrary constant DFT
background can be written as double copy of two Yang-
Mills fields, which are constructed around nontrivial back-
ground gauge fields, on Minkowski space. In other words,
type-A double copy idea can be applied to the construction
of DFT action by double copy. This construction of DFT
Lagrangian on an arbitrary background by a double copy
procedure can have important implications on the double
copy formalism at the Lagrangian level. Noting the relation
of DFT with closed massless sector of string theory and
supergravity, this construction can also have further impli-
cations for these theories.
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