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Double field theory (DFT) can be constructed up to third order as the double copy of Yang-Mills theory.
In this construction, one starts with Yang-Mills theory on Minkowski space and the resulting DFT action is
also defined on Minkowski space. In this work, I extend this double copy procedure to obtain a DFT action
on a constant DFT background starting from two Yang-Mills actions constructed around nontrivial

background gauge fields on Minkowski space.
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I. INTRODUCTION

The Bern-Carrasco-Johansson double copy framework
[1,2] is a fascinating and powerful idea that reveals deep
connections between gravity and gauge theories at the level
of scattering amplitudes. This idea takes its origin from the
Kawai-Lewellen—Tye (KLT) relations [3], which state that
closed string tree-level amplitudes can be obtained from
open string amplitudes. In addition to being at the center of
the modern amplitude program ([4,5]), this framework also
provides new insights about the relation of gravity and gauge
theories. In recent years, the double copy idea has also been
extended to the level of classical solutions (see, for example,
[6-9]). Usually, to relate classical solutions of gravity to the
classical solutions of Yang-Mills theory, one starts with a
perturbative metric around a Minkowski space background
and relates the perturbation part of the metric to the two
copies of Yang-Mills gauge fields. However, in [10,11], the
authors show thatitis also possible to construct a perturbative
gravity theory around a nontrivial background metric by a
double copy procedure. (One can also see [12,13] for further
work on the double copy on arbitrary backgrounds.) There
are two approaches that one can use for this construction,
which are called the type-A and the type-B double copies by
the authors of [11]. In the type-B double copy one starts with
the Yang-Mills field around a nondynamical curved metric
and constructs the gravity theory around the same curved
metric. In the type-A double copy, one starts with a Yang-
Mills field around a nontrivial background gauge field in
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Minkowski space and obtains a gravity theory around a
nondynamical curved metric. In this procedure, the nontrivial
background gauge field creates the nondynamical curved
background metric by the double copy procedure and the
dynamical gauge field creates the perturbative part of the
metric for the gravity theory.

In recent years, the applications of the double copy idea
have been extended to many different theories (see [14—18]).
There are also some applications of the double copy
procedure at the level of actions. One of the interesting
results on this subject relates the usual Yang-Mills action on
a Minkowski space to the DFT action on a Minkowski space
[19]. DFT is a modern framework in theoretical physics to
implement T-duality, a symmetry of string theory, to the field
theories defined on a double configuration space [20-22].
Double configuration space includes the dual coordinates in
addition to the usual coordinates and doubles the number of
dimensions to have a manifest O(D, D) duality (see [23] for
a detailed review). The double structure of DFT implies a
relation with the double copy idea and there are some works
based on this relation, [24-26]. Recently the idea to
construct DFT as a double copy of Yang-Mills is also
extended to the higher derivative theories (see [27-30]), and
to the heterotic sector of DFT (see [25,26,31]). There are also
algebraic approaches to relate DFT action to the double copy
of Yang-Mills theory (see for example [32-35]).

In [19], the authors take the Yang-Mills action on
a Minkowski space as a starting point and the DFT action
they obtain is defined on the Minkowski space. The
purpose of this work is to extend this analysis to the DFT
action constructed around an arbitrary constant DFT back-
ground. In Sec. II, I review the type-A double copy idea for
classical solutions and in Sec. III, I attempt to apply this
idea in the context of DFT. The results of this section imply
that a naive application of the double copy procedure to a
Yang-Mills action constructed around an arbitrary constant
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gauge field and Minkowski metric cannot give a DFT action
around arbitrary constant DFT background. The main result
of this work is given in Sec. IV, where I follow a slightly
different route from the usual literature on the double copy
construction of DFT. Although this different route can be
interpreted as a slight notation change, it seems to give a
more natural way to implement the double copy idea for a
DFT action on an arbitrary constant background. In that
section, I start with two Yang-Mills actions which are
perturbatively constructed around nontrivial background
gauge fields, on Minkowski space and obtain DFT action
defined on an arbitrary constant DFT background by using
the double copy procedure. The last section is devoted to the
discussions of the results, their importance for the current
literature, and possible implications for the future works.

II. TYPE-A DOUBLE COPY

Here, I review the type-A double copy idea, following
[11]. In the usual literature, the starting point of the double
copy for classical solutions is the Kerr-Schild metric.
Consider the full metric as

9w = g/w + Kh/w? (1)

where the perturbation part is given by
K
h;w = §¢kﬂk1/7 (2)

with ¢(x) is scalar function, k,, is a 4-vector that is null and
geodesic both with respect to the background and the full
metric [11]. So one has

9" k,k, = g"k,k, =0, kD,k, =0, (3)
where D, is covariant derivative associated with the
background metric. Choosing the background metric as
Minkowski, g,,, = 7,,, one finds a linear form for the Ricci
tensor of the full metric (1) as

R! = ga,,(ayhﬂﬂ O — PR, (4)

For a given scalar field ¢ and Kerr-Schild vector k,,, a Yang-
Mills gauge field can be defined as single copy of (2)
as [11],

Ay = Pk, (5)
where ¢ is an arbitrary constant color vector. The upshot is
that when g, = n,, + «h,, with h,, defined as (2), the

corresponding single copy (5) satisfies the linearized Yang-
Mills equations, namely,

HF4, = 0. (6)

X

Minkowski

Curvedg,,

FIG. 1. Type-A double copy.

This double copy construction is introduced for the Kerr-
Schild metric which is defined around a Minkowski
background. As shown in [11], this construction can also
be extended to the curved background. There are two
possible approaches in [11], namely, type-A and type-B
double copies. Here, I concentrate on type-A double copy.
In this approach, a gauge field has a nontrivial background
field A;j in Minkowski space, and the corresponding double
copy gives a perturbative metric defined on a nondynamical
curved background g,,, where g,, and A,‘j are also related
by a double copy relation [11]. The idea can be schemati-
cally seen in Fig. 1.

A simple example can be constructed, by starting with
single Kerr-Schild metrics around Minkowski space. One
can split up the solutions according to

9w = Mw =+ ¢kl4ky
= NMw =+ ¢1kykv =+ ¢2kpkw (7)

where

pr=5b.  pr=(1-8¢p. 0<E<L (8)

The corresponding single copy for the gauge field reads,
Al = ik, + ok, ). )
One can interpret Eq. (7) as
G = G + Py (10)
where
G = M + Pr1k,k, and Ry, = dok,k,.  (11)
Similarly, (9) can be interpreted as
Ag = Al + Ad, (12)
where
Ad =ik, and A% = ¢k, (13)
Hence, (11) and (13) imply a double copy relation as

A¢ —>g, and Al —h,. (14)
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This is an example of type-A curved space double copy for
classical solutions. A Yang-Mills gauge field defined
around a nontrivial background gauge field is copied to
the perturbative metric field with a nontrivial background,
where the background fields are also related by double

copy [11].

III. TYPE-A DOUBLE COPY FOR DFT

Inspired by the results of the previous section, here, I
apply the double copy prescription to Yang-Mills action
around a nontrivial background gauge field. I start with the
standard Yang-Mills action and then expand the gauge field

A,“ around a constant background Aﬂ“ as

Al =A1+a,, (15)

where a,“ is a small perturbation. Then, the field strength
tensor becomes

Fﬂua = a/taua - auaﬂa + gYMfabc(Ayb + aﬂb)(AuC + avc)'

(16)
By using (16), Yang-Mills action reads,
Si ==y [ @xa(FLIE)(17)
which can be expanded as
Sym = S+ Sya + Sy o (18)

where S9,; is the action for the background field, Sg{llz,[ is

linear in a,“ and S%EA corresponds to quadratic terms. The

quadratic part is of particular interest and is given by

2 1 a a v
Sg{l&’[ = _Z[(Kab(aﬂau - ayaﬂ )(aﬂa b d”a/‘b)

+ 4gYMfabc<aﬂaua - aua/ta)AﬂbaDc
+ 2g€MKabfacdfbef (AycAudaﬂean
+ A, a,lA"a" + Afaa"AY)), (19)
where the indices are raised and lowered by Minkowski
metric. Now, I apply double copy prescription to (19). The
corresponding double copy maps are given as [19]
a,’ (k) = e, (k, k),
1- -
—T1° (k ,
Kap = 2 ( )
i
fabe = Z”m(kh k., ks), (20)

where the cubic projector is defined by

77 (k) = 17Ky + 7Ry + RS (21

Apart from these, I also define a double copy map for the
background gauge field as

A8(k) = E, (K, F). (22)

Now, I substitute (20) and (22) into (19). To apply this
prescription, it is convenient to pass to the momentum
space. Let me divide the action (19) into three and start with
the first part, namely,

2 1 a a 12 4
S =3 [ (0.0 - 0,0, @ ¢ am). (23

The double copy of this action is familiar from [19].
Passing to the momentum space, applying the double copy
prescription, (23) becomes

1 _
Sﬁ))c = —/ (kze’”’ew —k'kPe, e, — kk7e, e,
4 Jrr
— k2¢2 + 2¢k"l_€”eﬂp), (24)

in momentum space. Passing to the position space, it reads
Sﬁ))c = 4—1‘/ dPxdPx(eOe,, + e, 0'e,”

+ e, 0%, — PP + 290" Fe,,). (25)

Then, I can continue with the second piece of (19), namely,

ngY)M = - / gYMfabc (aﬂapa - aﬂaﬂa)A/Abapc' (26)

X

Upon Fourier transforming to momentum space this
becomes

Sé@M = _igYM 1 fabc(kpaZ(k) - kﬂaz(k))Aﬂbapc(_k>‘
(27)

Imposing the double copy prescriptions (20), (22) on (27),
with gyy — 1, one gets

1 ) )
s@. = g < /k E Bk e, (K, K)E,pe o (—k, —k)

— Bk, (kB E g (—k, —7<)> : (28)

Here, some problems arise. One can see that this proposal is
incomplete since 7°°* depends on three momenta, while in
the above terms there are only two e fields. Although I tried
several ways to continue from this point, I could not find
a consistent way to obtain DFT action on an arbitrary
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constant background following this route. Instead, in the
next section, I offer a slightly different way of thinking the
double copy procedure in DFT context, and show how it
can help us to construct DFT action on an arbitrary constant
DFT background.

IV. TYPE-A DOUBLE COPY WITH
AN ALTERNATIVE FORMULATION

Now I introduce an alternative point of view for the
double copy procedure in DFT context. The key observa-
tion is that while in the usual double copy procedure for
scattering amplitudes one starts with two (same or differ-
ent) Yang-Mills theories to obtain gravity amplitudes, the
double copy procedure for DFT action uses only one Yang-
Mills action and maps its color indices to the second set of
indices in DFT. In this section, I start with two Yang-Mills
actions and introduce double copy maps to obtain the usual
DFT action. Consider two Yang-Mills actions given by

1
Symi = — / dPx <ZKabFWaFﬂ/1b> s
1 _
Symp = — / dPx (Z’?awaawa) (29)

where F, ¢ is the field strength corresponding to gauge
field ;\D“. With these two actions, the structure of DFT
action takes the form,

Sprr = Sym1 @ Symo- (30)
Firstly, I consider the kinetic part of the DFT action, which
corresponds to the double copy of quadratic parts of Yang-

Mills actions. Passing to the momentum space, the quad-
ratic parts of the Yang-Mills actions read,

1
SR =3 | KT, () A, (1),
1 S - -
S0 = =3 [ RaRTTBA DR, 6D

At this point, I follow a different route from the usual
literature on the double copy formulation of DFT following
[2]. In [2], the authors start with the Yang-Mills action,
whose quadratic part is given in Lorenz gauge by

1
S8 = [ sl + kB k)AL (32
Then they write the double copy action schematically as

1
S2). ~3 / d*yd* 8% (ky + k)2

X (A¥(ky)A,(ky)A? (k;)A,(k,)). (33)

and obtain the gravity action by implementing the map,
A, (KA, (k) = hy, (k). (34)

For the cubic terms, the process is similar but now one
should also be careful about the color indices. In [2], the
authors encode the information of the structure constants in
the antisymmetrization and cyclicity of the interaction
terms, and then turn off the color indices. For the con-
struction of DFT action as double copy of Yang-Mills, I
follow a similar route.
Starting with the actions (29), and using the map

|
K = 5T (R), (33)

the double copy action at quadratic order, in momentum
space, can be written schematically as

S = | RITA (04,0 A(-DAW. (6

where I turned off the color indices by encoding the color
information using (35). Now, I define the double copy map
for the fields. For the usual Yang-Mills action around
Minkowski spacetime, the map can be written as

A, (k) A, (k) = e, (k. k), (37)

and inserting (37) into (36) leads to the quadratic part of
usual DFT action on Minkowski spacetime. To obtain DFT
action on an arbitrary constant DFT background, I consider
Yang-Mills action around a nontrivial background gauge
field, namely,

A, (k) = A, + a,(k), (38)

where A, is the background gauge field and a, is the
perturbation part. Inserting (38) into (36) gives

1 - . .
She = -2 A : IPTeTI (A, + a,(=k)) (A, + @, (k)

x (A, + a,(k)) (A, + a,(k)). (39)

Now, one needs to determine double copy maps for the
fields. A consistent choice for the perturbation part is

a,(—k)a,(—k) — e, (—k, k). (40)

Similarly for the multiplication of two background gauge
fields one can choose,

AA, - E,, (41)

where
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E/u/ = E/w ~ M- (42)

For the multiplication of background gauge field and
perturbation part of the gauge field, a double copy map
schematically can be given as

A,a,(—k) > CE,“e,, and a,(k)A,— CE" e (43)

Ha

where C is a constant which will be determined. Inserting
(40), (41), and (43) into (36) gives

1 - - -
She =7 A T RIP (K)ej (—k ~R)ep (K ). (44)

where

ey =e, + E/w + C(Eﬂae(w + E“ye,m). (45)
The action (44) represents the quadratic part of the DFT
action in Minkowski spacetime for the primed field e),.
The question is if this action is equal to the DFT action for
e,, around a constant background E,, for some choice of
constant C in (43), namely,
?

SO By ) = 5 (1 €j). (46)

An answer to this question is already given in [21], where

the authors constructed a background independent form of
DFT action. In [21], the authors showed that,

SIEi; —xij.eij + xij — fi;(x. €)] = S[Eij. e;;] + O(e?),
(47)

where y;; is an infinitesimal, constant part of the field ¢;;
and

Folee) = 5 e+ e) + 0. (48)

ChOOSing ){l] = El] - nl‘j = EU, one haS

fiilx.e) = % (Eikekj + Ekjeik) + 0(e?), (49)
and (47) becomes
S[’?ij»ef'j] = S[E;j, e;;] + o(e?), (50)
where
el Eeij+Eu _%(Eikekj+Ekjeik)- (51)

One can see that (50) implies C = — % in (45) so that (46) is
satisfied.

Now, I continue with the cubic order. Considering the
cubic part of the actions (29), the double copy action at
cubic order, in momentum space, can be written as

i9ym
— oK, +K,+K
6(27T)D/2 AlqKz.K3 ( 1 2 3)

x ﬁafKHﬂvﬂAlﬂAzy./43/,-/2115-’2121;1%' (52)

3
s =-

Again, defining the gauge fields as (38), the cubic part of
the double copy action becomes

5 s
48(2x)P/?

x 17 (ky, ky, k3 )TV (ky, ks, k3)

X (A +a)(An +a,)(As +a;)

X (Ag) + 851)(Ana + @) (As + Gy3). (53)

/ dK,dK,dK8(K, + K, + K3)

where the color indices are turned off and their information
is encoded in the projectors. Using the maps

AylAal - Eum

aylarrl - e,uo'(khkl)’
i, 1 =
Aylaal - _EEﬂaeaa(kl’ kl)’

1
—3Etge (54)

aﬂlAﬂl - ocCuas

the action (53) becomes

s L
PC T 48(2m)P?
% ﬁGTK(]_CI , ]}27 ]}3)1‘[}40[)(](1 ks, k3)€l]}m.€lzwegp,<, (55)

/ dK,dK,dK8(K, + K, + K3)

where prime fields defined as in (45) with C=—-1.
Then, (55) defines the cubic part of the DFT action for
prime field. The result of [21], namely (50), guarantees
that this action is equal to the cubic part of the DFT action
for e;;, on Minkowski background. Thus, one can conclude
that starting with Yang-Mills actions (29) with gauge fields
(38), and using the maps (40), (41), (43) with C = —%
yields DFT action around arbitrary constant background
E;j, up to third order.

V. DISCUSSION AND CONCLUSION

Double copy is a very powerful tool to calculate gravity
amplitudes by using Yang-Mills amplitudes. In recent
years, there are also many results which show the power
of double copy idea for classical solutions. At the level of
actions, the literature is much more limited. A promising
result in that sense is the formulation of perturbative DFT
action up to third order by double copy procedure. In [19],
the authors construct DFT action on Minkowski
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background by using double copy of Yang-Mills theory. In
this work, I offer a possible way to extend this construction
to the arbitrary constant DFT background.

Inspired by the type-A double copy idea of [11], in
Sec. III, I start with a Yang-Mills action which is con-
structed around a nontrivial background gauge field, on
Minkowski background. The results of this section show
that a naive application of double copy procedure on this
Yang-Mills action does not yield the DFT action on an
arbitrary constant DFT background.

In Sec. IV, I make a slight change on how I think about
double copy procedure in DFT context. The motivation of
this change comes from the construction of double copy
Lagrangian in [2]. It is important to explain this change in
here. In the usual literature on double copy construction of
DFT, one maps one gauge field to the one DFT field, by
mapping the color indices to the second spacetime indices.
In Sec. IV of this paper, the product of two gauge fields is
mapped to one DFT field, and the color indices are turned
off after their information is encoded to the kinematic
factors. This can also be interpreted as a slight notation
change. However, the results of Sec. IV imply that this way
of thinking double copy can give us a more natural way to
construct DFT action on arbitrary constant DFT back-
ground by double copy.

In conclusion, DFT action on an arbitrary constant DFT
background can be written as double copy of two Yang-
Mills fields, which are constructed around nontrivial back-
ground gauge fields, on Minkowski space. In other words,
type-A double copy idea can be applied to the construction
of DFT action by double copy. This construction of DFT
Lagrangian on an arbitrary background by a double copy
procedure can have important implications on the double
copy formalism at the Lagrangian level. Noting the relation
of DFT with closed massless sector of string theory and
supergravity, this construction can also have further impli-
cations for these theories.
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