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We present a generalization of the x-space Candia algorithm to next-to-next-to-next-to-leading order
(N®LO) accuracy in quantum chromodynamics (QCD) for solving the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equations for unpolarized parton densities in the nucleon. The
algorithm is based on logarithmic expansions of the solution and can be extended to all orders in QCD. An

expansion equivalent to the exact solution of the DGLAP equation at N*LO is presented in the non-singlet
sector. Results for approximate N3LO parton distribution functions, evolved using the most recent
approximations to the N*LO DGLAP splitting functions, are provided for benchmarking. The new version
of the code, Candia-v2, is publicly available [GitHub, Candia-v2, (2025).].
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I. INTRODUCTION

The collinear substructure of the nucleon is described by
parton distribution functions (PDFs), which map out the
longitudinal momentum fractions of its inner constituent
quarks and gluons in high-energy collisions. PDFs are
essential components of factorization formulae in quantum
chromodynamics (QCD), which allow for the perturbative
calculation of hadronic cross sections. A precise and
accurate determination of PDFs is a major endeavor [1-3]
and is necessary to advance the current precision frontier of
cross-section calculations at hadron colliders. In the QCD
framework of collinear factorization, PDFs depend on two
variables: the parton longitudinal momentum fraction x and
the energy scale Q of the reaction. The PDF x-dependence is
in general extracted from global QCD analyses of exper-
imental data for a wide variety of hadronic cross sections
[1-6]. Significant efforts are currently dedicated to extracting
PDFs from lattice QCD, though their precision does
not yet rival that of global analyses. Recent progress in
lattice-QCD PDFs is documented in [7—12] and references
therein. The energy behavior of the PDFs instead, is
predicted by perturbative QCD (pQCD) and is described
by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
[13-17] integro-differential renormalization group equa-
tions. The latter require knowledge of the x-dependent
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PDF functional form extracted from experimental data at
an initial energy scale Q.

The QCD precision-phenomenology program at hadron
colliders is rapidly moving towards new high-precision
standards where fixed-order cross sections in pQCD are
obtained beyond the next-to-next-to-leading order (NNLO)
accuracy in the QCD strong coupling «,. Recently, several
hard-scattering contributions for Higgs boson production
and the Drell-Yan process have been calculated at fixed
order (FO) in pQCD at next-to-next-to-next-to-leading
order (N*LO) [18-33]. Deep inelastic scattering (DIS) at
N3LO in the zero-mass approximation has been known for
a long time [34-37] while three-loop single-mass heavy-
flavor corrections to the DIS structure functions [38] as
well as N*LO corrections to jet production in DIS [39,40]
have been recently computed. PDF extraction has also been
recently performed at approximate N°LO (aN3LO) [4,5] in
QCD and with the inclusion of QED corrections with a
photon PDF at NLO accuracy [41,42].

aN’LO PDFs are currently determined using approxi-
mate forms of the QCD DGLAP kernels. The calculation
of the four-loop splitting functions, which are required
to extend DGLAP evolution to full N*LO accuracy, is a
formidable task and is currently in progress [43—-49]. Once
completed, this will allow the PDFs to match the accuracy
of current NLO hard-scattering calculations, enabling
the consistent computation of hadron-level cross sections
at N°LO.

For current phenomenological applications, approxi-
mations to the DGLAP kernels based on calculations
in the small-x [50] and large-x [51] limits, as well as
on a sufficiently large number of Mellin moments, are
available [52-57]. These approximations ensure that
the residual uncertainty in parton evolution remains at
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or below the percent level in kinematic regions relevant
for most LHC applications.

Other critical ingredients of DGLAP evolution at N°LO
accuracy include the four-loop f-function [58,59], together
with the corresponding threshold matching conditions [60],
as well as the calculation of operator matrix elements
(OMEs) [61-63] which represent the transition from a
massless parton to a heavy quark and include the heavy-
quark mass dependence. These OMEs are required to
match PDFs in a variable flavor number scheme (VFNS)
in the presence of heavy-quark masses, including both
single-mass and two-mass contributions. This milestone
three-loop calculation in pQCD has been accomplished
only recently [64—88].

The Run-3 of the Large Hadron Collider (LHC) is
expected to deliver approximately 300 fb~! of integrated
luminosity and the future high-luminosity (HL-LHC) pro-
gram aims at delivering an integrated luminosity ten times
larger at both the ATLAS and CMS experiments.
Moreover, high-precision data are going to be collected
by the Electron Ion Collider (EIC) [89]. Such a high-
precision standard in the experiments requires theory
predictions for the hadronic cross sections of comparable
quality. Therefore, PDFs with improved uncertainties are
needed, which must encode all the theoretical advances
discussed above.

Parton evolution is crucial for the success of all these
programs and past and recent literature contains multiple
efforts devoted to the development of algorithms using
different approaches to solve DGLAP equations [90-108].
In the past three decades, part of these methods have
been implemented in efficient computer codes, some of
which are publicly available. Examples of these codes are
PARTONEVOLUTION [103] (Mellin-transform method with
an optimized contour), Pegasus [109] (U-matrix method in
Mellin space), Candia [110,111] (logarithmic recursion
relations in the x-space), Hoppet [112,113] (Runge-Kutta
method in the x-space), QCDNum [114] (polynomial spline
interpolation in the x-space), and more recently Apfel
[115,116] (Runge-Kutta method and higher-order interpo-
lations in the x-space), ChiliPDF [117] (global interpolation
with Chebyshev polynomials in Mellin space), EKO [118]
(evolution kernel operator method in Mellin space),
uPDFevolv [119,120] (parton branching method). A recent
benchmarking exercise of QCD evolution at aN’LO is
reported in Ref. [121].

With the recent advancement in the splitting function and
OME calculations discussed above, the goal of this work is
to extend the algorithm [104,106] implemented in the Candia
computer code [110,111] to N3LO in QCD. The algorithm
is based on logarithmic expansions of the DGLAP solution
obtained by recursion relations evaluated directly in the
x-space. It produces truncated solutions at arbitrary order in
a, for DGLAP equations with NLO, NNLO, and aN*LO
kernels. The strength of the algorithm lies in its ability to

provide exact solutions to the nontruncated DGLAP
equation in the nonsinglet (NS) sector, expressed as a
power series, with the added advantage of offering insight
into the analytical structure of the solution. This series
converges rapidly, after a relatively small number of
iterations [O(10)]. In this work, we present new recursion
relations for the exact solutions in power series for the NS
sector at N°LO in QCD as well as the N3LO-extended
recursion relations for truncated solutions at arbitrary order
for both the singlet (S) and NS sectors. The mathematical
equivalence between the Candia method in x-space and the
U-matrix approach [90] implemented in Pegasus in Mellin
space [109] has been documented in previous work from
one of the authors in Refs. [104,110,122] which we refer to
throughout this work. This study focuses on DGLAP QCD
solutions and the generalization to QED with the inclusion
of a photon PDF will be presented in future work. The Candia
computer code which we release together with this manu-
script, has been improved in several ways as compared to its
first release [110]. It has been completely rewritten in C++
using the CMake platform to improve performance, and
various numerical optimizations have been implemented
which dramatically improve the CPU turnaround time and
memory usage. This new version is named Candia-v2 and is
available on the GitHub platform [123].

The manuscript is organized as follows. In Sec. II, we
introduce the notation and various definitions used
throughout this work. In Sec. IIl, we present an exact
solution in power series to the DGLAP equations in the NS
sector while truncated solutions, extended to arbitrary
perturbative order in QCD for both the S and NS sectors
are presented in Sec. IV. The factorization and renormal-
ization scale dependence is discussed in Sec. V while the
threshold matching conditions for PDFs are in Sec. VI. In
Sec. VII, we show the N3LO parton evolution results for the
Candia-v2 implementation obtained with the recent aN*LO
splitting functions and in Sec. VIII, we discuss optimiza-
tions and improvements compared to the original 2008
release of Candia. We report our summary and conclusions
in Sec. IX.

II. DGLAP EQUATIONS: NOTATION
AND DEFINITIONS

The DGLAP renormalization group equations (RGEs)
are a direct consequence of QCD factorization which
predict the energy scale evolution of the PDFs by requiring
physical observables to be independent of the factorization
scale uy. They are written as

of iyn(x. )
(;}{niﬂff =D Pylx.a) ® fip(xpp). (1)
J

where f,,(x, u3.) is the PDF representing the probability
for parton i (i.e., g;, g;, g) to be emitted from hadron /# with
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longitudinal momentum fraction x at scale u%. The
P;j(x, a,) functions are the splitting functions (also known
as DGLAP kernels) which represent the probability of
finding a parton i inside parton j. They are perturbatively
calculable and their expansion in «, is given by

where the 1-loop P(©) (x) first appeared in Refs. [17,124,125],
the 2-loop P(V)(x) is in Refs. [126-133], the 3-loop P(¥)(x)
calculation is in Refs. [134,135], and the calculation of P() (x)
is in progress [43-49]. The ® symbol represents the con-
volution integral defined as

ao sl = ['Taw(). (3)

The running of the QCD strong coupling is governed by
the renormalization group equations (RGEs)

P(x’ as) -

aas(,uR)_ _ > ﬁ" n
S = Hla) == et (@

where up is the renormalization scale and the f, coeffi-
cients of the QCD p-function [124,125] are known up to
four loops [58,59]

11 4

ﬂo:?Nc—ng (5)
34 20
b= ?Nc 3 = NcTy—4CeTy (6)
2857 205 1415
fr = ?m 2CET — TCFNCTf 57 ———NT,
44 158
+5 CrT} + 57 NeT} (7)
149753 1078361 6508
= 4 Y (bt g
50065 6472 1093 3
, 8
+ < 162 C3) 729 "1 ®

where S5 is from Ref. [58] and

Ne—1_4
2Ne 3

1
NC:3, CF: Tf:TR”fzinf (9)
N is the number of colors, and n is the number of active
flavors according to the condition m, < up for a given
factorization scale yr, where m, is the mass of the g quark.

Using Eq. (4), DGLAP equations can be rewritten as

of iyn(x, Q%)
da,(Q?)

(x. 0
=X Gty @m0 10

with the derivative in terms of a; rather than In Q?, where
Q? is the evolution scale.

A. Singlet and nonsinglet DGLAP sectors

For completeness and self-consistency, in this section we
briefly summarize the notation and definitions, largely
following the conventions of Refs. [104,109,110,135].

The nonsinglet sector. DGLAP equations are divided
into two sets according to the SU(n,) flavor structure: the
nonsinglet (scalar) and singlet (matrix) equations where
PDFs evolve independently. Flavor symmetry and the
invariance under charge conjugation constrain the structure
of the quark-antiquark splitting functions such that they can
be written as

P

aa = Paa. = OuPly + P, (11)

_ _ S
PQiék - PZI;‘% - 5 V + P‘I‘I’ (12)

where the x and scale dependence has been omitted to
simplify the notation, and where Py, and Py, are the

“valence” flavor-diagonal, and P, and P;, are the ‘sea”
flavor-independent kernels. The ﬂavor combmatlons

ny
i=1

are used to construct the NS flavor asymmetries

+ _
q§ = ¢+

+ + +
611(\1s>,ik = 615 = 611(< : (14)
which together with (=), separately evolve with the kernels

P{ =Py, £ PV and

PI‘\/IS = PZq - P‘q/q + nf(qu — qu) =Py + PI‘EIS, (15)
respectively in the NS sector.

The singlet sector. The DGLAP equations in the singlet
sector are matrix equations that couple the singlet-quark

combination and gluon distributions

d () P P +)
2(4 >:< 99 qg>®<q )7 (16)
dinpi \ g Pyy Py g
where ¢(*) is defined in Eq. (13) and the quark-quark
splitting function P, is written as
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qu:PIJ\IFS+nf(qu+qu)EP§S+Pps’ (17)

where ps denotes ‘“pure-singlet” terms. The splitting
functions relative to gluon-quark and quark-gluon are
P,,=nsP,, and P, = P, respectively, expressed in
terms of the flavor-independent splitting functions P, , =
Py, and P, = P, . The reconstruction of the quark
flavors at various perturbative orders proceeds as follows.

Flavor reconstruction at N°LO and NNLO. From the
singlet sector, we obtain the two independent g and ¢(*)
singlet distributions and to evolve the remaining 2n, — 1
independent NS distributions, we select: (1) ¢{~) which
evolves with PYg; (2) ql(\l_s)ﬁli = q(_) - qg_) (for2 <i < ny)
which evolves with Pgg; (3) q%?l ;= qﬁﬂ - ql(-ﬂ (for
2 <i < ny) which evolves with PIES. We use the relations

1 o
g =— <q<i) + 3 qfé;?ik> (18)
ny k=1 ki

to reconstruct the quark flavors. The q<_> distribution is
obtained by selecting i = 1 in Eq. (18) and by using the
evolved NS distributions (1) and (2). The q§+> is obtained

from the evolved singlet g'*) and the NS distribution (3).
Finally, for each flavor i in the 2 <i < ny range we

calculate q,(»_) and q,(ﬂ from the NS distributions (2)
and (3), and ultimately we obtain the individual flavors
g; and g;.

Flavor reconstruction at NLO and LO. At perturbative
orders below NNLO, flavor reconstruction becomes easier

because of the relation Phy) = P>V

aq
P;’S(l) = P;én. Therefore, the NS ¢(~) and q;_S)_ik distribu-
tions evolve with the same kernel, and so does q,(-_) for each
flavor i. The basis for the remaining 2n, — 1 NS distribu-
tions that is evolved at NLO is: (1) qg_) (for each i < ny),
which evolves with P;Iél); 2) qgg)’“ = qi” _q§+) (for
eachisuchthat2 <i < nf) which evolves with P§’S<]). The
same basis is chosen at LO, where we also have the

P:I'Sm) = P;,’S(()) condition, since PZ;](O) = 0.

which makes

III. N°LO NONSINGLET EXACT SOLUTIONS
IN POWER SERIES

In this section, we present the Candia algorithm for the
exact DGLAP solutions in power series in the NS sector at
N3LO in QCD. The NLO and NNLO cases were presented
and extensively discussed in Refs. [104,106,110]. We start
by writing the nontruncated N°LO scalar DGLAP equation
for the generic NS combination fys ;(x, #?) at the scale y?

Ifns.i(xa) _ (EPY+ (3P + (5)°PY + ()P

2 3 4 S
da — 5P~ 162 P — gam P2~ 56 P
® fns.i(x ay), (19)

where the u-scale and x-dependence in a, and in the
splitting functions are dropped for simplicity. The formal
solution of Eq. (19) in x-space can be written as

fN3LO (x,”Z) _ eLa(x)®eMb(x)®ch(x)®er(x)®f(x’ //‘(2)),

(20)

where i is the initial energy scale and f(x,u3) is
defined by initial conditions. The functions a(x), ..., d(x)
(functions of P(O)(x), ..., P®)(x)) as well as the coefficients
L, ..., W (logarithms of functions of & () and a, (ug) = ay),
must be determined. Equation (20) is interpreted as the
convolution series

eFP(x)®

o F"
> @) 1)
n=0 """
acting on a generic initial-condition function ¢(x, pg) as
2L ) = (3010 © +7P(0) @

2!
= ¢(x. o) + F(P @ ¢)

1
+ 57 F2(P ® P ®)(x.po) + ...

i
+-FPRP® +...>¢(xvﬂ0)

where the coefficient F depends on any other variable except
x, and P(x) is a generic splitting function. Associativity,
distributivity, and commutativity of the @ product are
obtained after mapping these products in Mellin space,
cf., [104]. For example,

M(a ® b) ® c|(N) = M[a ® (b ® ¢)|(N)
= A(N)B(N)C(N), (22)

where M denotes the Mellin transform, N is the Mellin-
moment variable and a(x), b(x), and c¢(x) are generic
functions for which the ® product is a regular function.

The coefficients L, ..., W are obtained by analyzing the
algebraic solution obtained in the Mellin space. The
Mellin-space version of Eq. (19) after a partial fractioning
on the polynomial ratio P(x, ay)/f(ay), is given by
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Ofns.i(N, ay)
dog
_[Ro R| + a,R, + a2R},
6473 By + 167°a,p, + 4rnaZp, + aps
X fns.i(N, ay), (23)
where
2P
Ry=-— 5 R, =32722p,/p,P") —647>P),  (24)
0

—16P0)
(25)

R, =87p,/poP®) —322P?, R, =2p;/B,P¥

The exact algebraic solution of Eq. (23) is obtained in
Mellin space, where we integrate the right-hand side
containing a cubic polynomial in the denominator with
negative discriminant for each n value. That is, there is one
real root r(ny) and two complex conjugate roots r,(ny)
and rs(ng), with r,(ns) = rj(ny). Their numerical values
for each ny are reported in Table 1. The cubic polynomial
can be factorized by leaving r|(n;) in the linear term as

Pslas = ri(np)lles + b(ng)ay +(ng)].  (26)

where b = —2Re[r,] = —2Re[r3], and & = |r,|* = |r3]*.
After these substitutions, Eq. (23) becomes

dfns.i(N, a; ) R0 + R} + a,R, + a?R},
aas ﬁ3( _rl)(aaz'"f—bas—'—é)
S fNS,i(N’ a,), (27)

whose N-space solution is given by
Ins.i(N.ag)
a a? + ba, + ¢
=expsA(N)log—=+ B(N)log| ———"—
{0z 2 + 5O og( 5215

+ C(N) log <u>

Ay — T

_|_

D(N) (a; — ag)V/ -b*+¢
FT—arCtan (aA,B + ap(2a, + b) + 25) }

X fns.i(N, &), (28)

where —b*(ns) + &(ny) > 0 for all n; values, and the
A(N), ..., D(N) Mellin functions are

TABLE I. Numerical values of the roots of the cubic poly-
nomial in the denominator of Eq. (23).
ng r =713
1 —0.96511 0.162930 — 0.953571
2 —1.03151 0.185237 — 1.02991i
3 —-1.11203 0.221422 — 1.13108i
4 —1.20902 0.286759 — 1.27279i
5 —1.32059 0.424770 — 1.48548i
6 —1.42780 0.796497 — 1.81681i
A(N) = Ry, y=ri+br +¢,
1 _
BN) = 5 [=Ri = riRy + (¢ + bro)RS).
1
C(N) == (R} + iRy + riR}),
14
1. - _
D(N) = ——[(b+2r)R| — (2¢ + br|)R}
4
+ (be+b*ry —2¢r)R}). (29)

Equation (28) allows us to determine the coefficients
., W in the formal N3LO solution in Eq. (20) for the
NS sector

= log (Z—()) , (30)
(& 7re

a+ba+)

=lo
& a} + bay +

(31)

- log<z;_n>

(o, —ap)\/ —b*+4c
—————arctan = -], (33)
\V —b2 +4C 2%050 + b(as + aO) + 2¢
while the x-space counterparts a(x),...,d(x) of the
N-space functions A(N),...,D(N) are obtained from

recursion relations generated by the following x-space
ansatz

fN3LO(x’ﬂ2) (i a(x)" Ln) (i bsﬁm Mm>
= ® ®
k

(5

x f(x (34)

Combining the sums in Eq. (34) with Cauchy products,
the ansatz for the solution to N°LO DGLAP equations in
the NS sector becomes
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fN LO

ZZZZH; ) tmn(x)) T

s=0 =0 m=0 n=
X Lan—th—mws—I’ (35)
where s =n+m+¢+kand t = n+ m + ¢, and where
we have introduced the coefficients

D;,m,n(x) =da (X) ® bm—n(x) ® ct—m(x> ® ds—t(x)

® f(x.15) (36)
to make the notation compact.

The N3LO recursion relations to determine Dy, coef-
ficients are obtained by substituting the ansatz in Eq. (35)
into Eq. (27) and equating equal powers of a, on both sides.
This procedure produces the four recursion relations below

D;,. =2y ® DI} 1> (36a)
D}yp =2y @D}, .1 +Zn®DZ], .. (36b)
D}y =23 @D, i +Zn @D, . (36¢)
Dipwn =241 @ D}y yitns1 T 202 Q@ Diyy i1

+Zy3 ® D}yl (36d)

where the coefficients Z;; that include the dependence on
the splitting functions and values of the roots of the cubic
polynomial in the nontruncated ratio P(x, a)/f(a,), are
defined as

(€ + bri)ps).

(x) = 8(c + bry) PO ()],

1
— [~64> PV (x) = 3221 PP (x) — 16r2PB) (x)],

—2¢r 3],

2
le(x) = Ro(x) = __P( >( )
Po
1
Zy = B ——[162°B, + 4zr p, —
Zy(x) _},[327;2P(1)(x) + 1677, P?)
3
1 2 2
Zyy = 5 (=168, = drify = rif3)],
n(x) = 27
Zy = —2b,
1
Zyp = [3271' (b + r1)p1 — 8acp,
1 —
(x) = —[128722(b + ;)P

3V

Note that not all the Z;; have a dependence on x, and
convolution products in those cases reduce to algebraic
multiplications. The N?LO exact NS solution in power
series is then fully specified once all D7, , coefficients
are determined. In fact, the recursion relations in
Egs. (36a)—(36d) can be solved enabling us to compute
all the coefficients D7, , up to a chosen s starting from the
initial condition f(x,u}) = Df,

D} yn =2 @21 2oy + 2" " @ [Z11 231+ Z3) " @
X[Z11Zgy +Zup(Z11 23y +Zyp) + Za3]*™ ®D8,o,0‘
(38)

It may seem that any of the recursion relations in
Egs. (36a)—(36d) could in principle be used to determine

)(x) — 647cP? (x)

—32¢r, PO (x)]. (37)

a specific coefficient Dj, ,. However, each recursion
relation requires that particular other coefficients are known
from previous steps, with the constraint that the initial
condition Dg,o.o is the only starting point for the evaluation.
Therefore, there is only one procedure that can be followed
for a given value of the outermost coefficient s to determine
all of the others:
(i) All D7, , with n # 0 are computed using Eq. (36a),

(i) All Df are computed using Eq. (36b),

(iii) All Dy, , are computed using Eq. (36c) where
m # s, with decreasing m, and
All Dj, , are computed using Eq. (36d) where 7 # s,
with decreasing ¢ and m.

Finally, with the above definitions and procedure to
determine Dy, , in Eq. (38), the explicit x-space expression
for the N*LO solution to DGLAP equations in the NS sector is

@iv)
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fN3LO(x,ﬂ2) — e{ZnZzl+Zzz}®e{Zl1231+Z32}®

X 6{211241+Z42(211221+sz +Zite €R0®D8 0 0( )

(39)

where the last factor with R on the right-hand side (rhs),
represents the LO contribution. It is easy to note that the
expressions obtained by expanding the Z;; coefficients as in
Eq. (37) exactly correspond to the definitions in Eq. (29).

IV. TRUNCATED SOLUTIONS FOR THE
DGLAP SINGLET AND NONSINGLET
SECTORS AT ALL ORDERS IN QCD

In this section, we present recursion relations for the
DGLAP truncated solutions expanded at arbitrary order in
pQCD for both the singlet and NS sectors. The proof of
existence of a valid logarithmic ansatz in x-space that
reproduces such truncated solutions including the P (x)
and P(?)(x) splitting functions in NLO and NNLO DGLAP
respectively, and proof of their equivalence to the solutions
obtained with the U-matrix approach in Mellin space, has
been given in Refs. [104,106,110]. Here we present the new
recursion relations at arbitrary orders including P®)(x).

An expansion of the P(x, a ) /B(ay) ratio in the DGLAP
singlet equation at order O(a¥) gives

The logarithmic ansatz for the truncated solution in the
x-space that matches the algebraic solution in Mellin space
at the arbitrary order «x in «, is given by

0 K i
f(x.a,) = Z% { {Z{; a Sn—(‘x)] ln"Z—;}, (41)
where k > k represent the truncation index that defines the
a, accuracy of the singlet solution or the NS one, in the case
of scalar equations. The S’ (x) coefficients are determined
by x-space recursion relations obtained by substituting
Eq. (41) in Eq. (40) and equating each power of a; on both
sides of the equation. For consistency, here we report the
recursion relations obtained at arbitrary order in a, for the
LO DGLAP case where only P(¥) appears, at NLO where
P(© and P() only appear, at NNLO with P(O, P() and P(?)
only, and finally at N*LO with P(O), P(), P?), and PO,

At LO (first power in «,), the solution can be given in
closed form through the recursion relation below

2 A

S0, =—-—[P” ®SY](x). (42)
Po

At NLO, where the P and P(") kernels appear, the S

coefficients relative to the ith (i =1,...,k) truncated

solution are obtained through the recursion relation below

i ﬁl 1 Qi . ﬂl 1
Sto(x)=———"S"1 (x)—iS,(x) = (i—1 Si=
af(x, (XS) 1 , X n+1( ) 4 ﬂ n+1( ) ( ) ( )477-'ﬂ0 ( )
E :a—[R0+aSR1+aSR2+a}R3+--- 2 1
s s —[PORS](x) -— [PV @S ](x), (43)
+ iRy @ f(x,a), (40) o o
i i 0 p0) 2)
where boldface characters are used for the vector notation. while at NNLO, with P, P, and P only, we have
The R; matrix operators are defined order by order as l B wi B i
2 ( ) Sn+1( ) - _4”ﬁ()sn+l x) - 16ﬂ2ﬁ0 Sn+l(x)
Ry (x) = - PO (x), 5
Po —iSi(x i—1 —1S£,—1 X
R Pr g+ PO O
9= (g R+ 57). - (=) ;2 si )
0
R ()C):—l (P(z)('x) R](X)ﬁ] +R0(X)ﬁ2> 2 1 )
2 7\ 276, | 4f, 1676, )’ 5 PO ®S;](x) - py P ® S (x)
1/PY(x) RP(x)f |
R;(x)=—— + S| 0] i—2
3(%) <4ﬂ2ﬁ0 48, e [P¥ ® S5 4](x). (44)
(1 (0)
() + ROX)s e At N3LO, the recursion relation for the S coefficients is
16743 6472p, .
given by
|
i ﬁ i— ﬂ i— 'B i Qi
Sn+l (x) = 477:,16 Sn+ll (x) - 16713,60 Sn+21 ) 64 :"_;ﬂ Sn:l ( ) - lSi’l (‘x)
. :Bl i—1 . ﬁz i—2 ﬂ’% 3
— — 1 1 _ 2 _ e Qu _ i—
(1= 1) g S5 0) = (= 2 3 ST = (1=3) g 3817 ()
2 ) 1 ) )
_ = P(()) Si o P(l) i—1 _ P(Z) Sz—2 _ P(3) Sz—3 . 45
5 [P0 @ S1)() ~ [P © 817](0) — 52 [P © 872() ~ i [P @ 1), (49)
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These recursion relations generate truncated solutions at
arbitrary order « that are equivalent those obtained using the
U-matrix method [99,104,109].

V. FACTORIZATION/RENORMALIZATION
SCALE DEPENDENCE

The dependence of DGLAP evolutions on the factori-
zation puy and renormalization pjy scales treated as inde-
pendent parameters, is acquired through the running of a;
in the splitting functions. In fact, expanding a,(x% ) in terms
of a,(u%), we obtain

2\ BoL a (ﬂ%)

(i) = (1) = |~ )+ (R = L)
+... (46)
where the dots denote higher-order terms and

L =log(u%/u%). The up and up dependence explicitly
appears in the splitting functions in terms of L and we have

=5 () . )

P(x, uF H)

n=0
where
2
PO (3 47) = PO) (48)
Hr
2
pll (x”—§> — pi(w) ~Poporor, (49)
HR 2
2
P2 (3. 45) = POIGo) - L P
KR
1
LR = BLIPO) (50)

3 1
+ (Zﬂ(z)Lz —§ﬂ1L>P<1)(x)
1 373, 0 2 (0)
+§ —pyL +Eﬂoﬂ1L —pL | PO (x),
(51)
and we have

af (x, MFu”R)

0ln,uF = P(x, /‘FvﬂR) ® f(x, /’lF’:uR) (52)

All parton indices in the equations above have been
suppressed for simplicity.

VI. HEAVY-QUARK MATCHING CONDITIONS

In parton evolution, the number of active flavors changes
as the energy scale y crosses heavy-quark mass thresholds
my, and collinear logarithms log(m? /u?) are resummed into
PDFs. This allows for a transition from a theory with n,
light flavors to one with ny + 1 light flavors at NNLO and
beyond within a variable flavor number scheme (VFNS).
Alternatively, the evolution may proceed with a fixed
number of flavors in a fixed flavor number scheme
(FENS) regardless of which quark-mass threshold is
crossed. The FFNS and VENS options are available in
the Candia evolution code.

The decoupling at the Lagrangian level implies that
Green functions of light fields in the (n; + 1)-flavor theory
can be matched onto an effective ny-flavor theory via
decoupling constants. In the MS scheme, this is encoded in
a decoupling relation for a; and decoupling relations for
local twist-2 operators whose matrix elements define
the PDFs.

The matching condition for @, up to N”LO is given
by [58,60]

a§”.f’+1> (k mZ)

ritty :agnf)(krm%l)

+3 @™ tm3)" S e, Ik, (53)

n=1 =0

where k, is the ratio of the renormalization and factoriza-
tion scales, m% is the mass of a heavy quark & where h = c,
b, t, and the c,; coefficients are known up to four
loops [58,60].

The matching conditions for the light-quark PDFs are
given as [62,63]

lgnf+1 ( )+lnf+1 ( )
= 1" () + 1 (x)
[ANS @ (" () + 1 () (x)

qq.h
{[AZZh g™ (x) + (A5, ® ¢"](x)}, (54)

ll(nf+1)( ) ll(nf+1)( )
=" =" ()
+ A% @ (1 (x) = 1 ()] (x), (55)

for the gluon PDF we have

= g (x) + [4S,, ® "] (x)
+145,, ® g)](x), (56)

gt (x)

and for the heavy-quark PDFs, we have

074008-8



DGLAP EVOLUTION AT N*LO WITH THE CANDIA ALGORITHM PHYS. REV. D 113, 074008 (2026)

TABLE II. aN3LO evolution results from the Candia-v2 code in the VENS.
ng=3...5, u? = 10* GeV?
x Xuv xdv xL_ xL ., X8, xc, xb, xg
pi = 1.0u7
1x107° 3.017x 1073 1.750 x 10™3 1.281 x 10™* 3.546 x 10*! 1.706 x 10*!  1.612 x 10t" 1.315 x 107! 2.224 x 10*2
I x 107 1.406x 1072 8.228 x 10™3 4.883 x 10™* 1.561 x 10*! 7.272x 10™0  6.785 x 100 5.329 x 10"* 8.859 x 10!
1x1073 6.082x 1072 3.507 x 1072 1.763 x 10~ 6.382 x 1010 2.779 x 10T  2.520 x 1019 1.851 x 10M° 3.034 x 10!
I x 1072 2.336x 107" 1.307 x 107! 5.822 x 10™3 2.267 x 10M0 8542 x 10~'  7.045 x 10~! 4.623 x 107! 7.786 x 1010
1 x 107" 5485 x 107" 2.695x 107! 9.996 x 1073 3.845x 10~' 1.125x 107" 6.830x 1072 3.790 x 1072 8.496 x 10~!
3x 107! 3444 x 107! 1276 x 107! 2.946 x 103 3.457 x 1072 8.887 x 10~  3.966 x 1073 2.085 x 10™> 7.870 x 1072
5x 107" 1.179 x 107! 3.060 x 1072 3.653 x 10™* 2321 x 1073 5.681 x 107* 2.019 x 10™* 1.138 x 107* 7.634 x 1073
7x1071 1.933x 1072 2.965x 1073 1.285x 1075 5242 x 10~ 1.266 x 1075  3.402 x 107® 2.496 x 10°°® 3.709 x 10~*
9x 107! 3.315x 107 1.674 x 10~ 8.104 x 10™° 2.520 x 107% 6.644 x 107 7.614 x 10710 1.432x 10° 1.172x 107
qi"fﬂ)(x) + gt (x) = [A3, ® ¢ ](x) where the 2-loop OMEs Aﬁj) have been calculated in
n Aig ® g(” f)](x). (57) Refs. [62,63] while the most recent 3-loop calculations

Recently, the heavy-flavor asymmetry has been computed

in Ref. [136] at N°LO, whose behavior is controlled by the
pure-singlet OME AZLS].s,B)

relation for the heavy-flavor difference PDF:

. This gives the following new

ng+1 _(ng+1 s —(n
g —a " = (A @ g |(x). (58)

The OMEs have the perturbative expansions given below
NS+ as(mz) :
Agqn (x) = (Th> A

2\ 3
n (as(mh)> ANS,i$(3)(x>

NS,+,(2
qq.h ()( )

A qq.h

0= (2G) 4

S,(2 as(mz) 3 S.(3
gk€h><x>+( i ) ASE) (),

(61)

(62)

(63)

(64)

are presented in Refs. [64-88,136].

VII. RESULTS

In this section, we present the numerical results from the
N3LO algorithm implemented in Candia-v2 for solutions to
the DGLAP evolution equations with aN*LO splitting
functions. To facilitate benchmarking, we utilize the initial
conditions given in Sec. 4.4 of Ref. [137] at the initial scale
of u3 =2 GeV? and evolve the PDFs in the VFNS up to
u% = 10* GeV?. The values of the heavy-quark masses
in the pole-mass approximation are set as m, = p,
m;, = 4.5 GeV, and m, = 175 GeV. For the aN3LO split-
ting functions, we use the approximations in Refs. [5S1-57]
while for those at NNLO, we use the approximations in
Refs. [134,135] for a fast evaluation. The 3-loop OMEs for
heavy-quark threshold conditions beyond NNLO with
single mass are included as in Refs. [65,67]. In particular,
we utilize the LIBOME [65,138] publicly available C++
libraries for their numerical representation in terms of
precise local overlapping series expansion. For the 2-loop
OMESs, we use the analytical expressions computed in
Refs. [62,63].

In Table II, we report the output results of Candia-v2 at
aN3LO at an evolution scale 4 of 100 GeV, obtained with
the approximate kernels discussed above. The evolution is
performed by using a grid split into three parts: a region
from x = 107 to x = 0.1 distributed logarithmically, a
region from x = 0.1 to x = 0.9 distributed linearly, and a
region from x = 0.9 to x = 1.0 distributed quadratically,
with points packed toward large-x. The regions were filled
with 200, 100, and 50 points respectively. We also used
s = 20 iterations in the NS and singlet sectors, and chose a
truncation index of x = 20. Lastly, the convolutions were
split into the same regions as above, each using 50
Gaussian points, with appropriate mappings (logarithmic,

074008-9



CASEY HAMPSON and MARCO GUZZI

PHYS. REV. D 113, 074008 (2026)

N3LO/NNLO Candia evolution at 100 GeV

1.08 r T T T T
b+ _____
1.06 | o
P N Uy
’¢ A d [
1.04 | , Y g — 1
o .
>1.02
<
S
s 1
=2
0.98
0.96
0.94 L ! L ! L [N
10% 10 108 102 107 0.5 1.0
X
FIG. 1. N’LO/NNLO PDF ratios in the VENS scheme at

ur = 100 GeV with N3LO matching conditions.

N3LO/NNLO Candia evolution at 100 GeV
1.08 T T T T T

1.06 | SR

-

o

=
T

N3LO/NNLO
o
- o

0.98

0.96

0.94 i L L ! f f
10 104 107 102 101 0.5 1.0
X

FIG. 2. Same as in Fig. 1, but with NNLO matching conditions
(with the A® OMEs only).

linear, and quadratic) in the corresponding regions. The
results exhibit negligible variation with this parameter
choice.

In Fig. 1, we illustrate N°LO/NNLO PDF ratios in the
VENS scheme with heavy-quark matching conditions at
N3LO, while in Fig. 2 the same PDF ratios are illustrated

with matching conditions at NNLO, with the Ag?) OMEs
only, as in Refs. [113]. This allows for a separate assess-
ment of impact from the splitting functions and OME:s. In
particular, in Fig. 1 we observe an increase of approx-
imately 6% in the c, distribution in the 1072 <x < 0.1
range, and an increase of approximately 2.5% in the b,
combination in the 1073 <x <0.1.

In Table III, we compare the results of Candia-v2 to those
from the recent Hoppet-v2 computer code release, docu-
mented in Ref. [113]. The x-space Hoppet’s algorithm is
based on higher-order Runge-Kutta methods for both the
x-integrations and Q evolution. Table III shows percentage

errors, where the Hoppet-v2 result is used as the reference.
The differences between Candia-v2 and Hoppet-v2 for the
N3LO evolution with approximate splitting functions are
at the sub-percent level and below for all flavors. We show
individual PDF distributions rather than 4 combinations to
avoid the introduction of numerical errors due to large
cancellations between these PDFs at low and large x as well
as in the computation of the percentage errors between
Candia-v2 and Hoppet-v2 in the same kinematic ranges.

VIII. NUMERICAL OPTIMIZATIONS

In this section, we discuss key improvements and
optimizations in Candia-v2’s numerical implementation, lev-
eraging the algorithm’s recursive structure.

In both the singlet and nonsinglet sectors, the “outer”
iteration over the index s only requires information from
the previous value of s. As a result, in the code a large
amount of memory can be saved by allocating only two sets
of arrays (which themselves may have several dimensions).
This issue was not addressed in the original ¢ implemen-
tation of Candia and can be particularly severe at N°LO,
where the presence of an additional dimension leads to
exponentially growing memory requirements.

Moreover, all convolutions are performed using Gauss-
Legendre quadrature with a fixed set of weights and
abscissae. Consequently, the splitting functions and oper-
ator matrix elements need to be evaluated only at a finite,
fixed set of points—the quadrature abscissae. This allows
the splitting functions evaluated at these abscissae to be
cached so that, in subsequent convolutions, the cached
values can be reused instead of repeatedly recomputing the
splitting functions, which may become costly at higher
perturbative orders. This optimization achieves a 20%—25%
average speedup for the exact solution by efficiently
handling the exponential increase in splitting function
and operator matrix element evaluations. However,
improvements for the truncated solution are marginal,
and the method incurs a higher memory cost that scales
with grid size.

The final major optimization exploits the fact that the
nonsinglet PDFs are completely decoupled. This property
allows the evolution of the nonsinglet PDFs to be paral-
lelized by assigning them to separate threads. Apart from
the overhead associated with thread creation and manage-
ment, this strategy can in principle yield an approximately
N-fold speedup in the nonsinglet sector when using N
threads. Further, while the singlet sector evolves a set of
coupled PDFs, meaning they cannot be assigned to separate
threads, we can still split up the convolution into separate
pieces and perform them concurrently. This is possible due
to the fact that, as mentioned previously, the convolutions
require information only from the previous iteration. After
implementing these optimizations, Candia-v2 exhibits sig-
nificantly improved performance relative to Candia at higher
perturbative orders. The initial N3LO evolution code,
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TABLE III. Percentage error between Candia-v2 and Hoppet-v2 [113] evolution. The result from Hoppet is used as the reference.
ng=3...5, ﬂ% = 10* GeV?
b g xu xd XS xc xb Xit xd X5 xc xb
ui = 1.0u7

1 x107° 0.01% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1x107* 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1 x1073 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1 x 1072 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1 x107! 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
3 x 107! 0.00% 0.00% 0.00% 0.00% 0.01% 0.00% 0.00% 0.00% 0.00% 0.01% 0.00%
5x 107! 0.00% 0.00% 0.00% 0.00% 0.02% 0.01% 0.01% 0.00% 0.00% 0.02% 0.01%
7 x 107! 0.00% 0.00% 0.00% 0.00% 0.06% 0.03% 0.04% 0.00% 0.00% 0.06% 0.03%
9 x 107! 0.01% 0.00% 0.00% 0.01% 0.00% 0.02% 0.32% 0.01% 0.01% 0.00% 0.02%

structured as an extension of the Candia code, exhibited
execution times surpassing 20 minutes for high-precision
runs. Our optimized implementation reduces this latency
to less than one minute while simultaneously achieving
enhanced precision.

Further improvements to the Candia-v2 computer code are
currently underway and are expected to enhance both
numerical precision and CPU performance. These develop-
ments will be presented in a forthcoming publication,
which will represent the official new release of Candia-v2.

IX. CONCLUSIONS

In this work, we have extended the x-space CANDIA
algorithm for solving the DGLAP evolution equations
for unpolarized collinear PDFs to N3LO in pQCD. The
approach, based on logarithmic expansions of DGLAP
solution, is fully general and can be carried out to arbitrary
perturbative order. Furthermore, it provides insight into the
analytical structure of DGLAP solutions in x-space, owing
to the simplicity of the logarithmic expansions from which
recursion relations are obtained. The algorithm is imple-
mented in a new version of the Candia computer code [111]
named Candia-v2, which is publicly available on GitHub [123].
In the nonsinglet sector, we have derived an exact power-
series expansion that is equivalent to the exact N°LO
solution to the DGLAP equations. For both the singlet

and nonsinglet sectors, we obtained extended recursion
relations for the truncated solutions to the N°LO DGLAP
equations at arbitrary perturbative order. In addition, we
have presented benchmark results for the aN°>LO evolution
using the most recent approximations to the N°LO splitting
functions, and a comparison with the new release of the
x-space Hoppet-v2 computer code [113]. Further develop-
ments in Candia-v2 are in progress which will improve its
current precision and performance. They will be presented
in a forthcoming publication for the official new release of
Candia-v2. The Candia algorithm offers a flexible and efficient
framework for high-precision parton evolution in QCD at
higher perturbative orders, and provides insight into the
analytical structure of DGLAP solutions in the x-space.
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