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V. Knapp-Pérez ,1,* Xiang-Gan Liu,1,† Hans Peter Nilles ,2,‡ and Saúl Ramos-Sánchez 3,§

1Department of Physics and Astronomy, University of California, Irvine, California 92697-4575, USA
2Bethe Center for Theoretical Physics and Physikalisches Institut der Universität Bonn,

Nussallee 12, 53115 Bonn, Germany
3Instituto de Física, Universidad Nacional Autónoma de México, Ciudad de México C.P. 04510, Mexico

(Received 29 December 2025; accepted 21 April 2026; published 18 May 2026)

Effective field theories arising from string compactifications are subject to constraints originating from
the duality transformations of string theory. Interpreting these so-called selection rules in terms of
conventional symmetries has remained challenging. We show that particular selection rules in heterotic
orbifolds can be explained from a subtle interplay between modular and traditional flavor symmetries
within the eclectic flavor framework.
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I. INTRODUCTION

Symmetries play an important role in particle physics.
The absence of certain couplings in an effective field theory
is usually interpreted as a consequence of an underlying
symmetry. As a “folklore theorem,” one can state that any
coupling that is not explicitly forbidden by a symmetry is
expected to appear in the action. This idea is frequently
formulated as a so-called “naturalness criterion,” which
aims to explain the absence (or smallness) of certain
couplings.
Nonetheless, we are sometimes confronted with a sit-

uation where certain selection rules in a theory apparently
cannot be explained by a symmetry and, thus, appear
“miraculous.” Very often, however, a more careful inspec-
tion of the situations reveals the existence of a “hidden
symmetry” that explains the selection rule, restores the
naturalness argument, and demystifies the “miracle”.
In the present paper, we discuss a stringy selection rule

which for more than 30 years has resisted an explanation in
terms of a symmetry argument in the four-dimensional low-
energy effective action. It originates in conformal field
theory (CFT) correlators in orbifold compactifications of
heterotic string theory [1,2], most notably in the Z3

orbifold. There, one encounters the so-called rule 4 [3],

a selection rule which states that certain couplings of
twisted fields vanish when all the fields are located at
the same fixed point. It was argued [4] that such a selection
rule cannot be explained as a consequence of a symmetry of
the effective action. As a main result of the present paper,
we show that rule 4 can indeed be explained as a
consequence of a hidden symmetry. The argument is based
on so-called modular and eclectic symmetries [5] that
originate from duality transformations in string theory.
A priori, these are not conventional symmetries, as they
map a theory not necessarily to itself but rather to its dual.
In many cases, however, they lead to selection rules in the
low-energy effective theory that can be understood in the
eclectic symmetry framework [5]. This scheme combines
discrete modular symmetries (that act nontrivially on a
modulus field) with traditional flavor symmetries (which
act as conventional discrete symmetries that leave the
modulus invariant). They necessarily appear together and
should not be considered in isolation, as these discrete
modular symmetries are connected to the group of the outer
automorphisms of the traditional flavor symmetry. At the
heart of this construction is a hybridZhybrid

2 symmetry in the
modular group SLð2;ZÞ [not contained in PSLð2;ZÞ],
which is intrinsically modular but does not transform the
modulus and can, thus, be regarded as a traditional flavor
symmetry, too. This describes the hybrid nature of Zhybrid

2 .
As rule 4 is formulated in the framework of the Z3

orbifold, we shall exclusively consider this case here. Our
results concerning the role of the hybrid Zhybrid

2 symmetry
and the eclectic scheme, however, shall also be relevant for
more general cases to be discussed in future work. In the
T2=Z3 orbifold, we have the traditional flavor symmetry
Δð54Þ and the modular flavor symmetry T 0. The hybrid
Zhybrid

2 is contained in both of them. It extends Δð27Þ to
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Δð54Þ and A4 to its double cover1 T 0. In the following, we
shall show that rule 4 can be explained in a rather subtle
way via the interplay of modular and traditional flavor
symmetry.
We build our discussion on the earlier observation [6]

that rule 4 was consistent with the appearance of specific
trilinear couplings of twisted fields. Here, we reanalyze this
result in detail and extract the basic reason for this fact. This
insight will then allow us to prove rule 4 in the general case
in terms of the eclectic flavor scheme. At the heart of this
proof is the hybrid Zhybrid

2 symmetry in combination with a
Zrot

3 symmetry that rotates the three fixed points of the Z3

orbifold. It is a subgroup of Δð27Þ in Δð54Þ. Zhybrid
2 and

Zrot
3 combine to an SR3 non-Abelian R-symmetry.2 This

shows that the eclectic scheme explains rule 4 and
demystifies what was thought to be a “stringy miracle.”
We thus see that, apart from understanding rule 4, we reveal
a subtle interplay between modular and traditional flavor
symmetries that might have important consequences for
selection rules beyond the case of the Z3 orbifold.
The paper is organized as follows. Section II explains

rule 4 as it was discussed in the framework of orbifold
conformal field theory. In Sec. III, we present the concept
of the eclectic flavor symmetry for the T2=Z3 orbifold and
the appearance of the hybrid Zhybrid

2 as well as the
representations of the twisted fields under Δð54Þ and T 0.
Section IV recalls the explicit calculation of the trilinear
couplings as provided earlier [6] and analyzes the impli-
cations of T 0 and Δð54Þ separately. We will show that there
are two dual explanations of rule 4 starting from either
Δð54Þ or T 0. Armed with these observations, we give the
general proof of rule 4 in these dual ways starting from
either the traditional or the modular symmetry. We shall see
that in both cases the appearance of Zhybrid

2 and Zrot
3 is

crucial. We also point out a loophole in the earlier
discussion [4], where one did not consider the possible
role of non-Abelian discrete R-symmetries. Section V
discusses some immediate consequences of the symmetry
explanation of rule 4 in the presence of Wilson lines.
Wilson lines typically break the degeneracy of the fixed
points to allow for realistic spectra, as discussed in detail in
Ref. [8]. Since the Zrot

3 is responsible for this degeneracy, it
is broken in the presence of Wilson lines. As this symmetry
is crucial for the proof of rule 4, one would thus expect that
such a rule is no longer valid once a Wilson line is switched
on. Some consequences of these observations are briefly
discussed in Sec. VI. Section VII provides a summary and
outlook on possible future investigations.

II. SELECTION RULE 4 IN HETEROTIC
ORBIFOLDS

Couplings arising from orbifold compactification can be
computed within the context of CFT [1,2]. They lead to
selection rules that have been formulated in Ref. [3]. Of
particular interest is a selection rule known as rule 4, as
discussed in Ref. [4] and refined in Ref. [9]. Rule 4 states
that certain local correlation functions of twisted fields
vanish when all fields are located at the same fixed point.
This has been explicitly discussed in the framework of the
Z3 orbifold in Refs. [3,4].
Relevant for this rule is the presence of oscillator modes

and derivatives in the corresponding vertex operators of the
CFT [4]. When computing n-point Yukawa couplings with
CFT methods, the picture-changing mechanism for corre-
lation functions leads to n − 3 derivatives. In the T2=Z3

case, rule 4 states that couplings of twisted fields at the
same fixed point are allowed only if the sum Σ of the
number of these derivatives and the number of oscillator
modes is equal to 0 mod 6.
This rule appears somewhat peculiar, as there is no such

rule for similar couplings of the same twisted fields located
at different fixed points. This leads to the question whether
such a selection rule can be understood in terms of the
symmetries of the low-energy effective four-dimensional
quantum field theory. A first analysis of the question [4] led
to the conclusion that conventional symmetries were not
able to explain rule 4. This would mean that certain
selection rules of string theory might not be understandable
through symmetries of the low-energy effective field
theoretical approximation. In the following, we shall try
to clarify this question.

III. ECLECTIC SCHEME IN T 2=Z3

A. The origin of the eclectic symmetries

In the T 2=Z3 orbifold of the heterotic string, there are
various symmetries of the associated low-energy effective
field theory that are explained as symmetries of the toroidal
orbifold compactification of the extra dimensions of a
heterotic string in the Narain formalism [10]. First, a T2 of
the heterotic string is characterized by two moduli: a
complex structureU and a Kähler modulus T. The complex
structure is geometrically stabilized at hUi ¼ ω ≔ e2πi=3,
so that the two-torus T2 exhibits a Z3 rotational symmetry
compatible with the Z3 orbifold. In this case, the modular
group SLð2;ZÞU associated with the complex structure U
is broken. Furthermore, one can identify two unbroken
rotational outer automorphisms of the T 2=Z3 Narain space
group corresponding to the generators S and T of the
modular group SLð2;ZÞT for the Kähler modulus. These
generators are subject to the constraints

S4 ¼ 1 ¼ ðSTÞ3 and S2T ¼ TS2: ð3:1Þ

1T 0 and A4 are finite modular groups arising from SLð2;ZÞ and
PSLð2;ZÞ ¼ SLð2;ZÞ=Z2, respectively.2A geometric construction of the S3 group is given in detail in
Ref. [7].
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Furthermore, they act nontrivially on matter fields [11–13],
yielding modular flavor symmetries.
On the other hand, there are two translational outer

automorphisms of the T 2=Z3 Narain space group, denoted
A and B. Since translations leave all moduli invariant and
do transform matter fields of the orbifold, they correspond
to traditional flavor symmetries. Additionally, there exists a
rotational outer automorphism C of the Narain space group,
which leaves the moduli invariant and acts nontrivially on
matter fields. Hence, C qualifies also as a traditional flavor
symmetry. It turns out that, at the level of outer auto-
morphisms of the Narain space group, one finds that

C ¼ S2; ð3:2Þ

showing that the generator C builds both a traditional and a
modular flavor symmetry; i.e., it is a hybrid symmetry
generator. Because of Eq. (3.1), S2 describes a Zhybrid

2

symmetry.

B. Matter and the eclectic flavor group

The action of the various generators on matter fields
depends on their localization in the extra dimensions: Bulk
strings build singlets while twisted strings, localized at the
three fixed points of the T 2=Z3 orbifold (see Fig. 1),
transform as (reducible) triplets. Under modular trans-
formations matter fields carry a (rational) modular weight
n and transform as

Φn ↦
γ ðcT þ dÞnρsðγÞΦn; γ¼

�
a b

c d

�
∈SLð2; ZÞT; ð3:3Þ

where ðcT þ dÞn is called automorphy factor and the
SLð2;ZÞT generators can be written as

S ¼
�

0 1

−1 0

�
and T ¼

�
1 1

0 1

�
: ð3:4Þ

Furthermore, bulk states transform with the representations
ρ1ðSÞ ¼ ρ1ðTÞ ¼ 1 and have the modular weights n ¼ 0 or
n ¼ −1. The three twisted states located at three fixed
points of the orbifold are collected in two kinds of
multiplets:

Φ−2=3¼ðX;Y;ZÞT without oscillator excitations; ð3:5aÞ

Φ−5=3 ¼ ðX̃; Ỹ; Z̃ÞT
with one holomorphic oscillator excitation;

ð3:5bÞ

which transform under S and T according to

ρðSÞ¼ iffiffiffi
3

p

0
B@
1 1 1

1 ω2 ω

1 ω ω2

1
CA; ρðTÞ¼

0
B@
ω2 0 0

0 1 0

0 0 1

1
CA: ð3:6Þ

This implies that S and T act on matter fields as a Z4 and a
Z3 symmetry, respectively. Interestingly, these modular
transformations build the 20 ⊕ 1 irreducible representations
of the finite modular group3 Γ3

0 ≅ T 0 ≅ SLð2;Z3Þ ≅
½24; 3�. According to the irreducible basis in Table III,
the fields in Eq. (3.5) can be arranged as

20∶
� 1ffiffi

2
p ðY þ ZÞ

−X

�
;

� 1ffiffi
2

p ðỸ þ Z̃Þ
−X̃

�
and

1∶
1ffiffiffi
2

p ðY − ZÞ; 1ffiffiffi
2

p ðỸ − Z̃Þ: ð3:7Þ

Under the generators of the traditional flavor symmetry,
matter states Φ−2=3 build the Δð54Þ triplet representation
32, while the multipletΦ−5=3 builds the representation 31 of
Δð54Þ. The representation matrices of 32 and 31 are given
in terms of

ρðAÞ ¼

0
B@

0 1 0

0 0 1

1 0 0

1
CA; ρðBÞ ¼

0
B@

1 0 0

0 ω 0

0 0 ω2

1
CA;

ρðCÞ ¼

0
B@

1 0 0

0 0 1

0 1 0

1
CA: ð3:8Þ

FIG. 1. The T 2=Z3 orbifold and two of its symmetries in the absence of Wilson lines.

3[24, 3] corresponds to the GAP notation [14], where the first
number is the order and the latter only a counter.

DEMYSTIFYING STRINGY MIRACLES WITH ECLECTIC … PHYS. REV. D 113, 106015 (2026)

106015-3



In particular, ρ31ðAÞ ¼ ρ32ðAÞ ¼ ρðAÞ, ρ31ðBÞ ¼ ρ32ðBÞ ¼
ρðBÞ, and ρ31ðCÞ ¼ −ρ32ðCÞ ¼ ρðCÞ. We observe that
ρðAÞ represents the order-3 cyclic symmetry Zrot

3 that
exchanges all three matter states of the twisted multiplets
Φn, as illustrated in Fig. 1. Similarly, the representation
ρðCÞ of the hybrid symmetry generator builds the Zhybrid

2 ,
which swaps Y ↔ Z and Ỹ ↔ Z̃.
The generators A and B yield the non-Abelian discrete

group Δð27Þ. The inclusion of C enhances the traditional
flavor group to Δð54Þ, which is recognized as the tradi-
tional flavor symmetry of the T 2=Z3 orbifold [15]. Notably,
C amounts to a π rotation in the compact dimensions [7],
making it a remnant of the higher-dimensional Lorentz
symmetry. As a result, Δð54Þ can be interpreted as a non-
Abelian discrete R symmetry of N ¼ 1 supersymmetry
[16], under which the superpotential transforms as a non-
trivial singlet 10 of Δð54Þ [17]. Furthermore, we note that
the traditional generators A and C build a non-Abelian
discrete SR3 ≅ Zrot

3 ⋊Zhybrid
2 symmetry.

Together, the traditional and modular symmetries build
the eclectic group Ωð1Þ ≅ Δð54Þ ∪ T 0 ≅ ½648; 533�, whose
generators are given in Table I. Under the different
components of the group, all matter fields of the T2=Z3

orbifold transform as described before and summarized in
Table II.
Recall from Eq. (3.2) that C ¼ S2 and that this generator

belongs to both the traditional and modular parts of Ωð1Þ,

the eclectic flavor group.4 Hence, from Eq. (3.3), we obtain
that

ρrðCÞ ≔ ð−1ÞnðρsðSÞÞ2: ð3:9Þ

For example, the bulk fields Φ0 and Φ−1, which are trivial
singlets under the modular group T 0, exhibit a sign
difference in their Δð54Þ matrix representation ρrðCÞ. In
contrast, for the twisted sector, the presence of fractional
modular weights makes ð−1Þn multivalued, taking values
in f1;ω;ω2g. This factor gives rise to a traditional flavor
symmetry associated with the point group Z3

ðPGÞ.
Consequently, within the eclectic framework, the modular
weights and the traditional flavor symmetry representation
must be selected in a consistent way.

C. Yukawa couplings in the T 2=Z3 orbifold

Since Γ0
3 ≅ T 0 is the modular flavor symmetry of the

eclectic scheme of the T2=Z3 orbifold, all Yukawa cou-
plings are given by T 0 vector-valued modular forms

(VVMFs). All VVMFs ŶðnYÞ
s ðTÞ with modular weight

TABLE I. Various symmetries of the eclectic flavor group Ωð1Þ ≅ Δð54Þ ∪ T 0 ≅ ½648; 533� for a T2=Z3 orbifold and their origin. The
order-3 translational outer automorphisms A and B generate Δð27Þ. The rotational outer automorphism C is special as it belongs to both
the traditional flavor symmetry Δð54Þ and the finite modular symmetry T 0. This table has been adapted from [18].

Nature of symmetry Outer automorphism of Narain space group Flavor groups

Eclectic Modular Rotation S∈ SLð2;ZÞT Z4 T 0 Ωð1Þ
Rotation T∈SLð2;ZÞT Z3

Traditional flavor Translation A Z3
rot Δð27Þ Δð54Þ

Translation B Z3
B

Hybrid Z2 Rotation C ¼ S2 ∈ SLð2;ZÞT Zhybrid
2

TABLE II. T 0 and Δð54Þ representations of (massless) matter fields Φn with modular weights n in the untwisted and first twisted
sectors of T 2=Z3 orbifolds [7,17]. T 0 and Δð54Þ combine nontrivially to the Ωð1Þ ≅ ½648; 533� eclectic flavor group [5], generated by
ρsðSÞ, ρsðTÞ, ρrðAÞ, and ρrðBÞ. For ρrðCÞ, both C ¼ S2 and the modular weight n are important, as discussed in Eq. (3.9). Table adapted
from [6].

Eclectic flavor group Ωð1Þ
Matter fields Modular T 0 subgroup Traditional Δð54Þ subgroup

Sector Φn Irrep s ρsðSÞ ρsðTÞ n Irrep r ρrðAÞ ρrðBÞ ρrðCÞ
Bulk Φ0 1 1 1 0 1 1 1 þ1

Φ−1 1 1 1 −1 10 1 1 −1
θ Φ−2=3 20 ⊕ 1 ρðSÞ ρðTÞ −2=3 32 ρðAÞ ρðBÞ −ρðCÞ

Φ−5=3 20 ⊕ 1 ρðSÞ ρðTÞ −5=3 31 ρðAÞ ρðBÞ þρðCÞ
Super-potential W 1 1 1 −1 10 1 1 −1

4ThisZhybrid
2 overlap inΩð1Þ ≅ Δð54Þ ∪ T 0 is preciselywhat the

symbol ∪ implies. In principle, a more accurate group structure is
Ωð1Þ ≅ Δð27Þ ⋊ T 0 or, equivalently,Ωð1Þ ≅ Δð54Þ:A4; cf. Appen-
dix B. 2 in Ref. [19].
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nY ∈N transform under γ ∈SLð2;ZÞT according to

ŶðnY Þ
s ðTÞ↦γ ŶðnY Þ

s

�
aT þ b
cT þ d

�
¼ ðcT þ dÞnYρsðγÞŶðnYÞ

s ðTÞ;

ð3:10Þ

where ρsðγÞ is an s-dimensional representation of T 0. These
modular forms can be built from tensor products of the
lowest weight (nY ¼ 1) VVMF [20]

Ŷð1Þ
200 ≔

0
B@ −3

ffiffiffi
2

p η3ð3TÞ
ηðTÞ

3
η3ð3TÞ
ηðTÞ þ η3ðT=3Þ

ηðTÞ

1
CA; ð3:11Þ

where ηðTÞ is the so-called Dedekind η function. Using the
transformations under the modular generators S and T, it is

easy to confirm that Ŷð1Þ
200 ðTÞ transforms as a doublet 200 of

T 0 [6]. Modular forms of higher weight can be constructed
by the tensor product of this lowest weight modular form
doublet. For example, we know that, in general,
200 ⊗ 200 ¼ 3 ⊕ 10, but 10 vanishes here for identical dou-

blets in T 0. Hence, Ŷð1Þ
200 ⊗ Ŷð1Þ

200 delivers a VVMF Ŷð2Þ
3 .

As we mentioned earlier, the superpotential must have
modular weight −1; this implies that trilinear couplings
built by Φn multiplets require modular forms of weight
nY ¼ −1 − 3n. That is, Φ3

−2=3 would require the coupling

given by Ŷð1Þ
s while Φ3

−5=3 needs Ŷ
ð4Þ
s . We observe that the

former case includes T 0 doublets while the latter does not.
Finally, let us point out that T 0 is the double cover of A4.

Therefore, the modular forms of T 0 include those of A4. The

VVMFs ŶðnYÞ
s with even nY build irreducible representa-

tions of A4.

IV. RESULTS AND INSIGHTS FROM TRILINEAR
COUPLINGS

To illustrate the power of the eclectic symmetry, we can
use the allowed trilinear couplings of twisted fields in the
T2=Z3 orbifold computed earlier [6]. The relevant fields are
Φi

−2=3 ¼ ðXi; Yi; ZiÞT and Φi
−5=3 ¼ ðX̃i; Ỹi; Z̃iÞT, where the

index i labels different field multiplets. They both trans-
form as a 1 ⊕ 20 representation of the modular group T 0 but
have different modular weight. The difference of the
couplings for Φi

−2=3 and Φi
−5=3 will, therefore, be due to

the appearance of the hybridZhybrid
2 symmetry connected to

the S2 ¼ −1 transformation in SLð2;ZÞ. This is not an
element of PSLð2;ZÞ and does not transform the modulus.
Superficially, it can, thus, be understood as a traditional
flavor symmetry, although it is intrinsically modular. This
transformation C ¼ S2 is correlated with the modular
weights as shown in Eq. (3.9). Under Δð54Þ, Φi

−2=3 trans-

forms as an irreducible 32 representation, while Φi
−5=3

transforms as a 31. The difference comes again from the
hybrid Zhybrid

2 that extends Δð27Þ to Δð54Þ. In the follow-
ing, we shall discuss the trilinear couplings from two
different angles. First, in Sec. IVA, we start by imposing
the modular flavor symmetry T 0. Then, in Sec. IV B, we
study the couplings based on the Δð54Þ traditional flavor
symmetry.
Our aim is to check the validity of rule 4 (see Sec. II),

which predicts a different behavior for the trilinear couplings
of ðΦ−2=3Þ3 and ðΦ−5=3Þ3. This is becauseΦ−5=3 contains an
oscillator mode whileΦ−2=3 does not. Rule 4 would then by
definition require the absence of the trilinear couplings X̃3,
Ỹ3, and Z̃3 while X3, Y3, and Z3 should be allowed.

A. Restrictions from modular symmetry

Possible trilinear terms of twisted fields in the super-
potential are given by

W⊃ Ŷð1ÞðTÞΦ1
−2=3Φ

2
−2=3Φ

3
−2=3þ Ŷð4ÞðTÞΦ1

−5=3Φ
2
−5=3Φ

3
−5=3;

ð4:1Þ

with modular forms ŶðnYÞ of weight nY ¼ 1 and nY ¼ 4. As
mentioned earlier in Sec. III C, the T 0 transformation of the
modular forms can be deduced through products of the

“fundamental” modular form Ŷð1Þ
200 ðTÞ, which transforms as

a 200 ofT 0. Ŷð4ÞðTÞ as the fourth power of 200 then transforms as
a 1 ⊕ 10 ⊕ 3-dimensional representation of T 0. These cou-
plings have been worked out in Ref. [6] and turn out to be

W1 ¼
1

4
ðŶ2ðTÞð4X1X2X3þðY1þZ1ÞðY2þZ2ÞðY3þZ3ÞÞ

−
ffiffiffi
2

p
Ŷ1ðTÞððY1þZ1ÞðY2þZ2ÞX3

þððY1þZ1ÞX2þX1ðY2þZ2ÞÞðY3þZ3ÞÞÞ; ð4:2aÞ

W2¼
1

4

� ffiffiffi
2

p
Ŷ1ðTÞX1þ Ŷ2ðTÞðY1þZ1Þ

�ðY2−Z2ÞðY3−Z3Þ;
ð4:2bÞ

W3¼
1

4
ðY1−Z1Þð

ffiffiffi
2

p
Ŷ1ðTÞX2þ Ŷ2ðTÞðY2þZ2ÞÞðY3−Z3Þ;

ð4:2cÞ

W4¼
1

4
ðY1−Z1ÞðY2−Z2Þð

ffiffiffi
2

p
Ŷ1ðTÞX3þ Ŷ2ðTÞðY3þZ3ÞÞ;

ð4:2dÞ

for the twisted matter fields Φi
−2=3 ¼ ðXi; Yi; ZiÞT and

eW1¼
1

2
ffiffiffi
2

p Ŷð4Þ
10 ðTÞðX̃2ðỸ1þ Z̃1Þ− X̃1ðỸ2þ Z̃2ÞÞðỸ3− Z̃3Þ;

ð4:3aÞ
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eW2¼
1

2
ffiffiffi
2

p Ŷð4Þ
10 ðTÞðX̃3ðỸ1þ Z̃1Þ− X̃1ðỸ3þ Z̃3ÞÞðỸ2− Z̃2Þ;

ð4:3bÞ

eW3¼
1

2
ffiffiffi
2

p Ŷð4Þ
10 ðTÞðX̃3ðỸ2þ Z̃2Þ− X̃2ðỸ3þ Z̃3ÞÞðỸ1− Z̃1Þ;

ð4:3cÞ

eW4 ¼
1

2
ffiffiffi
2

p Ŷð4Þ
1 ðTÞðỸ1 − Z̃1ÞðỸ2 − Z̃2ÞðỸ3 − Z̃3Þ; ð4:3dÞ

eW5¼
1

2
ffiffiffi
2

p ðỸ3− Z̃3Þ
�
X̃2

�
2Ŷð4Þ

3;3ðTÞX̃1þ Ŷð4Þ
3;2ðTÞðỸ1þ Z̃1Þ

�
þðỸ2þ Z̃2Þ

�
Ŷð4Þ
3;2ðTÞX̃1þ Ŷð4Þ

3;1ðTÞðỸ1þ Z̃1Þ
��
; ð4:3eÞ

eW6 ¼
1

2
ffiffiffi
2

p ðỸ2 − Z̃2Þ½X̃3ð2Ŷð4Þ
3;3ðTÞX̃1 þ Ŷð4Þ

3;2ðTÞðỸ1 þ Z̃1ÞÞ

þ ðỸ3 þ Z̃3ÞðŶð4Þ
3;2ðTÞX̃1 þ Ŷð4Þ

3;1ðTÞðỸ1 þ Z̃1ÞÞ�;
ð4:3fÞ

eW7¼
1

2
ffiffiffi
2

p ðỸ1− Z̃1Þ
�
X̃3

�
2Ŷð4Þ

3;3ðTÞX̃2þ Ŷð4Þ
3;2ðTÞðỸ2þ Z̃2Þ

�
þðỸ3þ Z̃3Þ

�
Ŷð4Þ
3;2ðTÞX̃2þ Ŷð4Þ

3;1ðTÞðỸ2þ Z̃2Þ
��
; ð4:3gÞ

for the twisted fieldsΦi
−5=3 ¼ ðX̃i; Ỹi; Z̃iÞT.Theseexpressions

differ significantly even though both fields Φi
−2=3 and Φi

−5=3
are in the same 1 ⊕ 20 representation of T 0. The difference is
due to the differentmodular weights and, thus, the action of the
hybrid Zhybrid

2 symmetry [cf. Eq. (3.9)].
What can we learn from these results regarding the

validity of rule 4? For the trilinear couplings of Φi
−2=3, we

see that the self-couplings X3, Y3, and Z3 are all allowed.
This is compatible with rule 4. The result for the self-
couplings of Φi

−5=3 is less transparent. A closer inspection

of formula (4.3) reveals the fact that X̃3 is forbidden while
the couplings Ỹ3 and Z̃3 are still allowed. What is the origin
of this difference? A look at the T 0 representations (3.7)
gives the answer. X̃ is exclusively a member of the doublet,
while Ỹ and Z̃ appear both in the doublet and singlet
representations of T 0. Still, we see that the result does not
respect rule 4 as Ỹ3 and Z̃3 are still allowed.
But this is not yet the end of the story, as we still have

traditional flavor symmetries at our disposal. These include
a Zrot

3 symmetry that rotates the twisted fields as discussed
in Fig. 2 in [7]. It can be understood as an outer auto-
morphism of the space group of the orbifolded Z3 lattice. If
we apply these restrictions on the couplings given in
Eqs. (4.2) and (4.3), we obtain

WðT; Xi; Yi; ZiÞ ⊃ cð1Þ
�
Ŷ2ðTÞðX1X2X3 þ Y1Y2Y3 þ Z1Z2Z3Þ

−
Ŷ1ðTÞffiffiffi

2
p ðX1Y2Z3 þ X1Y3Z2 þ X2Y1Z3 þ X3Y1Z2 þ X2Y3Z1 þ X3Y2Z1Þ

� ð4:4Þ

and

W̃ðT; X̃i; Ỹi; Z̃iÞ ⊃ cð4ÞŶð4Þ
10 ðTÞðX̃1Ỹ3Z̃2 − X̃1Ỹ2Z̃3 þ X̃2Ỹ1Z̃3 − X̃2Ỹ3Z̃1 þ X̃3Ỹ2Z̃1 − X̃3Ỹ1Z̃2Þ; ð4:5Þ

respectively.5 Equations (4.4) and (4.5) are now compatible
with rule 4. The difference between these equations is
mainly a consequence of the hybrid Zhybrid

2 symmetry
C ¼ S2. In combination with the rotational Zrot

3 symmetry,
it appears to provide the origin of rule 4 in the case of
trilinear couplings. A geometrical explanation of both the
hybrid Zhybrid

2 and the rotational Zrot
3 symmetries has been

given in Fig. 2 in [7], where the Z2 symmetry appears as a
180-degree rotation of the Z3 lattice. There, it was shown
that these two symmetries combine to the non-Abelian R

symmetry SR3 . Hence, this S
R
3 is crucial for an explanation of

rule 4.

B. Restrictions from the traditional flavor symmetry

Let us now analyze the restrictions from the traditional
flavor symmetry Δð27Þ and Δð54Þ in more detail. Both
twisted fields Φ−2=3 and Φ−5=3 are in the irreducible triplet
representation of Δð27Þ and should have identical trilinear
couplings in the superpotential. Within Δð54Þ, however,
Φ−2=3 and Φ−5=3 transform as different three-dimensional
representations, 32 and 31, respectively. This leads to a
decisive difference in the trilinear Yukawa couplings. The
superpotential transforms as a 10 representation of Δð54Þ.
We, thus, have to consider possible 10 representations in the
product 3i ⊗ 3i ⊗ 3i for i ¼ 1, 2. As shown explicitly in

5Note that this Zrot
3 symmetry is sufficient to obtain this result,

and the ZB
3 symmetry is automatically satisfied. We do not need

the full traditional flavor symmetryΔð54Þ orΔð27Þ for this result.
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Appendix 2, tensor products for the triplets are
given by

31 ⊗ 31 ¼ 32 ⊗ 32 ¼ 3̄1 ⊕ 3̄1 ⊕ 3̄2: ð4:6Þ

Nontrivial singlets are contained in the product of 3̄1 ⊗ 32
and 3̄2 ⊗ 31. For the product ðΦ−2=3Þ3 ¼ 32 ⊗ 32 ⊗ 32,
we, thus, have two types of couplings 3̄1 ⊗ 32, while for
ðΦ−5=3Þ3 ¼ 31 ⊗ 31 ⊗ 31 there is only one, namely,
3̄2 ⊗ 31. In an explicit calculation using the tensor products
in Appendix A. 2, we find that couplings of three 31 ⊗
31 ⊗ 31 at the same fixed points are forbidden while those
of the three 32 ⊗ 32 ⊗ 32 are allowed. Crucial for this
selection rule is again the hybrid Zhybrid

2 symmetry that, in
this case, enhances Δð27Þ to Δð54Þ (which, in turn, can be
identified with the symmetry C ¼ S2). We thus see that the
traditional flavor symmetry forbids trilinear couplings for
fields X̃; Ỹ; Z̃ at the same fixed point. It does not give,
however, the full structure of formulas (4.4) and (4.5),
which contain more information about the moduli depend-
ence of the Yukawa couplings [which is not restricted
by Δð54Þ].
As we have mentioned before, a geometric origin of this

Z2 can also be found in the Z2-outer automorphism of the
space group selection rule of the T 2=Z3 lattice (see Fig. 2
in [7]). This reflects the fact that the Z3 lattice has the
same symmetries as the Z6 lattice. At the technical level,
this is a consequence of the fact that the correlation
functions involve a sum over sublattices, and the sub-
lattice of the local coupling has an additional Z2 sym-
metry compared to the sublattice relevant for the nonlocal
coupling.

C. Lessons from trilinear couplings

Explicit calculations show that rule 4 (in trilinear
couplings) is the consequence of symmetries. A crucial
role is played by a hybrid Zhybrid

2 and a rotational Zrot
3

symmetry that combine to the group SR3 . Rule 4 can be
reproduced in two dual ways: either by starting from the
modular symmetry T 0 and invoking additionally the Zrot

3

symmetry or by considering the full Δð54Þ traditional
symmetry. In both cases, the hybrid Zhybrid

2 and the rota-
tionalZrot

3 symmetries play a central role. In this discussion,
the particular properties of the fields Xi and X̃i play an
important role.

V. GENERAL PROOF FOR HIGHER-ORDER
COUPLINGS

We now proceed to study rule 4 for general n-point
couplings in Z3 orbifolds. Let us consider higher-order
couplings ðΦ−2=3Þn and ðΦ−5=3Þn, n > 3, for the fields
Φi

−2=3 ¼ ðXi; Yi; ZiÞT and Φi
−5=3 ¼ ðX̃i; Ỹi; Z̃iÞT. ðΦ−2=3Þn

leads to Σ ¼ n − 3 and, as stated in Sec. II, rule 4 requires

Σ ¼ 6l with integer l. Thus, in this case, n ¼ 3þ 6l for
the allowed local couplings Xn, Yn, Zn at the same fixed
point. On the other hand, Φ−5=3 contains one oscillator
excitation; hence, ðΦ−5=3Þn leads to Σ ¼ n − 3þ n ¼
2n − 3, which should be 0 mod 6 for allowed local
couplings. As 2n − 3 is always an odd integer, there is
no solution for 2n − 3 ¼ 6l (l integer).
In order to arrive at a possible symmetry explanation of

this outcome, we now follow the procedure applied for
trilinear couplings; i.e., we start by relating it to the
modular properties of the theory, and then we consider its
possible origin within the Δð54Þ traditional flavor
symmetry.

A. Constraints from modular symmetry

The total modular weights of the couplings ðΦ−2=3Þn and
ðΦ−5=3Þn are −2n=3 and −5n=3, respectively. Moreover,
the modular weight of the superpotential must be −1. This
implies that the modular weights of the corresponding
couplings strengths, which are VVMFs, should be
nY ¼ −1þ 2n=3 and nY ¼ −1þ 5n=3. Since nY ∈Z for
the VVMFs of Γ0

3 ≅ T 0, this results in n ¼ 3k for
integer k. We note in addition that this constraint also
follows from the space and point-group selection rules (see,
e.g., [9]).
To simplify the discussion, let us restrict ourselves to the

local couplings of the twisted fields, as they are of relevance
for rule 4. This leads to

W local ¼
X

k1;k2>0

Ŷð2k1−1Þ
local ðTÞðX3k1 þ Y3k1 þ Z3k1Þ

þ Ỹð5k2−1Þ
local ðTÞðX̃3k2 þ Ỹ3k2 þ Z̃3k2Þ: ð5:1Þ

As we have seen before, the fields X and X̃ play a special
role, as they belong exclusively to the doublet representa-
tion 20 of T 0. We, thus, consider

W local ⊃
X

k1;k2>0

Ŷð2k1−1Þ
local X3k1 þ Ŷð5k2−1Þ

local X̃3k2 : ð5:2Þ

The representations of the modular forms ŶðnYÞ of T 0
(cf. discussion in Sec. III. 2 in [20]) fall into two classes
with respect to the Zhybrid

2 . For even modular weights, they
correspond to the A4 representations 1; 10; 100; 3, which we
will refer to as corresponding to the “even class” of Zhybrid

2 .
For odd modular weights, they belong to the doublet
representations 2; 20; 200 of T 0, the double cover of A4,
which we will refer to as corresponding to the “odd class”
of Zhybrid

2 . The products of fields and modular forms in the
superpotential have to combine to the trivial singlet of T 0,
corresponding to the even class with respect to the
hybrid Zhybrid

2 .
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X3k1 has weight −2k1. As the superpotential has weight
−1, the weight of ŶðnY Þ has to be nY ¼ 2k1 − 1, which is
always in the odd class (only doublets). The class of
X3k1 is odd (even) if k1 is odd (even). Thus, for odd k1
the couplings are allowed, while for even k1 they are
forbidden. For the local couplings Xn, this reproduces the
n ¼ 3 mod 6 selection rule of rule 4.
X̃3k2 has weight −5k2. For ŶðnYÞ we, thus, obtain weight

nY ¼ 5k2 − 1. The product Ŷð5k2−1ÞX̃3k2 has modular
weight 8k2 − 1. This is always in the odd class of
Zhybrid

2 and, therefore, not allowed as a term of the super-
potential, in agreement with rule 4.
For the other twisted fields Y; Z; Ỹ; Z̃, this argumentation

does not hold, as they are not exclusively members of the 20
representation of T 0 (but also appear in the singlet represen-
tation). To complete the proof of rule 4, we, thus, again need
the rotationalZrot

3 traditional flavor symmetry. HybridZhybrid
2

and rotationalZrot
3 are the crucial symmetries to explain rule 4.

B. Constraints from traditional flavor symmetry

Let us again concentrate on local couplings. The fields
Φ−2=3 and Φ−5=3 are both triplets of Δð27Þ and differ only

in their transformation properties under the hybrid Zhybrid
2

generated by C ¼ S2. If we impose Δð27Þ, we obtain

W local ¼
X

k1;k2>0

ak1ðX3k1 þ Y3k1 þ Z3k1Þ

þ bk2ðX̃3k2 þ Ỹ3k2 þ Z̃3k2Þ; ð5:3Þ

with general coefficients ak1 and bk2 . Δð27Þ includes the
rotationalZrot

3 symmetry, and this manifests itself in the fact
that the coefficients for the terms with X, Y, Z and X̃; Ỹ; Z̃
are universal. We remark that the powers 3k1 and 3k2 here
arise from the ZB

3 (or ZA2B2AB
3 ) factor of Δð27Þ. Under the

generator C of the hybrid Zhybrid
2 , the superpotential

changes sign. In addition, the field Φ−2=3 changes sign,
while Φ−5=3 does not. It follows that

W local ↦
C X

k1;k2>0

ð−1Þ3k1ak1ðX3k1 þ Z3k1 þ Y3k1Þ

þ bk2ðX̃3k2 þ Z̃3k2 þ Ỹ3k2Þ ð5:4Þ

¼! −W local ¼
X

k1;k2>0

− ak1ðX3k1 þ Y3k1 þ Z3k1Þ

− bk2ðX̃3k2 þ Ỹ3k2 þ Z̃3k2Þ: ð5:5Þ

This implies that the b coefficients have to vanish and that
3k1 has to be odd. This reproduces rule 4. Again, the hybrid
Zhybrid

2 plays a crucial role. The rotational Zrot
3 (as discussed

in the last section) is relevant again, as it is included in
Δð27Þ. Hybrid Zhybrid

2 and rotational Zrot
3 are at the heart of

this solution. This is of truly eclectic nature as an interplay
of the traditional Z3 symmetry and the modular Z2

symmetry. They combine to the non-Abelian group S3.
As the superpotential transforms nontrivially under Z2, this
is an R symmetry SR3 . This explains why this solution has
been missed in the earlier discussion [4], as there only
Abelian R symmetries had been considered.

VI. SOME IMMEDIATE CONSEQUENCES

As long as rule 4 was considered as a stringy miracle, its
range of validity was not clear. In many applications, it was,
thus, assumed that this rule 4 would also hold under more
general circumstances as, for example, in the presence of
background fields such as Wilson lines. Now that we know
that rule 4 has its origin in a non-Abelian R symmetry, we
can analyze more general situations.
Properties of Wilson lines have been first discussed in

Ref. [8]. There, it was shown that such background fields not
only break gauge symmetries (in the heterotic orbifold
picture), but also lift the degeneracy of the fixed points.
This second property was important for the construction of
models with three families of quarks and leptons. In our
previous discussion, the degeneracy of the fixed points was
the result of the rotational Zrot

3 symmetry. Thus, Wilson lines
break this symmetry [and with it Δð54Þ]. An analysis of the
modular flavor symmetry reveals the fact that alsoSLð2;ZÞ is
generically broken by Wilson lines [21]. This would then
imply that the finite modular flavor symmetry T 0 is broken as
well. As both Zrot

3 and T 0 have been crucial for the proof of
rule 4, wewould then have toworry that such a rulemight not
hold in the presence of Wilson lines. It seems that the full
beauty of the eclectic flavor symmetry needs the consider-
ation ofmodels like those constructed in Refs. [22,23], where
one of the three two-tori T 2 (in six-dimensional) compactified
space does not feel the Wilson line background fields.

VII. SUMMARY AND OUTLOOK

We have seen that the presence of duality transforma-
tions in string theory can manifest itself in a variety of
restrictions in the low-energy effective action. Some of
them can be understood through the appearance of certain
modular symmetries derived from the modular group
SLð2;ZÞ. Among these are

(i) the appearance of a (nonlinearly realized) discrete
modular symmetry;

(ii) it is accompanied by a discrete linearly realized
traditional flavor symmetry;

(iii) the discrete modular group can be understood in a
bottom-up approach through the outer automor-
phisms of the traditional flavor group;

(iv) both combine to form an eclectic flavor group; and
(v) at some specific points in moduli space, there are

enhancements of the linearly realized discrete
symmetry.
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Apart from these somewhat obvious restrictions, we are
led to some surprises. The full power of the modular
symmetry is encoded in the modular forms that appear as
coefficients in the Yukawa couplings. These constraints are
indirect and appear somewhat intransparent from a general
field theoretic point of view. Technically, the rules can be
easily implemented through a construction of the modular
forms as products of the basic modular forms of lowest
weight [around Eq. (5.8) in [24] ]. In theZ3 case, the lowest
modular form at weight one builds a 200 representation of
T 0. Its products lead to a 3 at weight two, but the singlet is
missing. The absence of certain representations continues
at higher weight. The direct consequences of these obser-
vations are not yet fully understood and need further
investigations.
In the present paper, we have discussed in detail the

explanation of an enigmatic selection rule in string com-
pactifications, Rule 4, in the T 2=Z3 orbifold through
modular and conventional flavor symmetries. The impor-
tant lesson is not just the explanation of this selection rule,
but the mechanism how traditional and modular sym-
metries combine to lead to this result. In particular, we
showed that rule 4 can be explained in two different ways
through a non-Abelian R symmetry. In the first case, rule 4
can be explained through the T 0 modular group (including
the Zhybrid

2 symmetry), the point group Z3
ðPGÞ, and the

traditional flavor symmetry Zrot
3 . In the second case, rule 4

is explained solely by the traditional flavor group Δð54Þ. In
both cases, the key component to explain rule 4 is the non-
Abelian R symmetry given by SR3 ≅ Zrot

3 ⋊Zhybrid
2 . This

explains why rule 4 could not be obtained from conven-
tional symmetries in [4], which did not consider non-
Abelian R symmetries.
This seems to be just the tip of the iceberg, though. Many

questions are still open. The modular forms “know” that the
nonlinearly realized modular symmetries get enhanced at
some specific points in moduli space.6 What is the role of
these symmetries in the interior of moduli space? Is there
something specific in the nonlinear realization of modular
symmetries that is not shared by nonlinearly realized
symmetries that appear from a spontaneous breakdown
of a linearly realized symmetry via a Higgs mechanism?
One of the important aspects of the system seems to be

the role of outer automorphisms of various symmetry
groups. In the orbifold construction, outer automorphisms
of the lattice lead to the space-group selection rule and
outer automorphisms of the Narain space group complete
the eclectic flavor group. From a bottom-up approach, the
discrete modular flavor group is connected to the outer
automorphisms of the traditional discrete flavor group. It
should be further analyzed how these properties can

influence the presence or absence of couplings in the
low-energy effective theory.
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APPENDIX: SOME GROUP THEORETICAL
DETAILS

1. Group T0 ≅ ½24; 3�
The finite modular group Γ0

3 ≅ T 0 ≅ Q8 ⋊Z3 ≅ ½24; 3�
has 24 elements, which can be generated by the generators
S and T, satisfying the presentation

T 0 ¼ hS;TjS4 ¼ ðSTÞ3 ¼ T3 ¼ S2TS−2T−1 ¼ 1i: ðA1Þ

Its irreducible representations are a triplet 3, three doublets
2; 20; 200, and three singlets 1; 10; 100. The corresponding
representation matrices are shown in Table III below.
The nontrivial tensor product decomposition and

Clebsch-Gordan coefficients of T 0 (in the basis chosen in
this work) are given by

TABLE III. The irreducible representation matrices for finite
group T 0.

Irrep ρrðSÞ ρrðTÞ
1 1 1
10 1 ω
100 1 ω2

2 iffiffi
3

p
�

1
ffiffiffi
2

pffiffiffi
2

p
−1

�
ω

�
1 0

0 ω

�
20 iffiffi

3
p

�
1

ffiffiffi
2

pffiffiffi
2

p
−1

�
ω2

�
1 0

0 ω

�
200 iffiffi

3
p

�
1

ffiffiffi
2

pffiffiffi
2

p
−1

� �
1 0

0 ω

�
3

1
3

0
B@−1 2 2

2 −1 2

2 2 −1

1
CA

0
B@ 1 0 0

0 ω 0

0 0 ω2

1
CA6The explicit form of the superpotential at these specific points

can be found in, e.g., Table 4 and Eq. (3.59) in Ref. [19].
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�
x1
x2

�
2

⊗
�
y1
y2

�
2

¼
�
x1
x2

�
20
⊗

�
y1
y2

�
200
¼ ðx1y2 − x2y1Þ1 ⊕

0
B@

x1y2 þ x2y1ffiffiffi
2

p
x2y2

−
ffiffiffi
2

p
x1y1

1
CA

3

;

�
x1
x2

�
20
⊗

�
y1
y2

�
20
¼

�
x1
x2

�
2

⊗
�
y1
y2

�
200
¼ ðx1y2 − x2y1Þ100 ⊕

0
B@

ffiffiffi
2

p
x2y2

−
ffiffiffi
2

p
x1y1

x1y2 þ x2y1

1
CA

3

;

�
x1
x2

�
200
⊗

�
y1
y2

�
200
¼

�
x1
x2

�
2

⊗
�
y1
y2

�
20
¼ ðx1y2 − x2y1Þ10 ⊕

0
B@

−
ffiffiffi
2

p
x1y1

x1y2 þ x2y1ffiffiffi
2

p
x2y2

1
CA

3

;

�
x1
x2

�
2

⊗

0
B@

y1
y2
y3

1
CA

3

¼
�
x1y1 þ

ffiffiffi
2

p
x2y3ffiffiffi

2
p

x1y2 − x2y1

�
2

⊕
�
x1y2 þ

ffiffiffi
2

p
x2y1ffiffiffi

2
p

x1y3 − x2y2

�
20
⊕

�
x1y3 þ

ffiffiffi
2

p
x2y2ffiffiffi

2
p

x1y1 − x2y3

�
200
;

�
x1
x2

�
20
⊗

0
B@

y1
y2
y3

1
CA

3

¼
�
x1y3 þ

ffiffiffi
2

p
x2y2ffiffiffi

2
p

x1y1 − x2y3

�
2

⊕
�
x1y1 þ

ffiffiffi
2

p
x2y3ffiffiffi

2
p

x1y2 − x2y1

�
20
⊕

�
x1y2 þ

ffiffiffi
2

p
x2y1ffiffiffi

2
p

x1y3 − x2y2

�
200
;

�
x1
x2

�
200
⊗

0
B@

y1
y2
y3

1
CA

3

¼
�
x1y2 þ

ffiffiffi
2

p
x2y1ffiffiffi

2
p

x1y3 − x2y2

�
2

⊕
�
x1y3 þ

ffiffiffi
2

p
x2y2ffiffiffi

2
p

x1y1 − x2y3

�
20
⊕

�
x1y1 þ

ffiffiffi
2

p
x2y3ffiffiffi

2
p

x1y2 − x2y1

�
200
;

0
B@

x1
x2
x3

1
CA

3

⊗

0
B@

y1
y2
y3

1
CA

3

¼ �
x1y1 þ x2y3 þ x3y2

�
1 ⊕

�
x1y2 þ x2y1 þ x3y3

�
10 ⊕

�
x1y3 þ x2y2 þ x3y1

�
100

⊕

0
B@

2x1y1 − x2y3 − x3y2
2x3y3 − x1y2 − x2y1
2x2y2 − x1y3 − x3y1

1
CA

3S

⊕

0
B@

x3y2 − x2y3
x2y1 − x1y2
x1y3 − x3y1

1
CA

3A

: ðA2Þ

Here, the subscripts “S” and “A” denote symmetric and antisymmetric contractions, respectively.
A very common and useful quotient group for T 0 is A4 ≅ Z2

2 ⋊Z3 ≅ T 0=Z2 (GAP ID [12, 3]). A4 has 12 elements, which
can be generated by the generators S and T, satisfying the presentation

A4 ¼ hS;TjS2 ¼ ðSTÞ3 ¼ T3 ¼ 1i: ðA3Þ

Its irreducible representations are a triplet 3 and three singlets 1; 10; 100. Note that T 0 is the double cover of A4.

2. Group Δð54Þ ≅ ½54; 8�
The finite group Δð54Þ ≅ ðZ3 × Z3Þ⋊S3 ≅ ½54; 8� has 54 elements, which can be generated by three generators A, B,

and C satisfying the presentation

Δð54Þ ¼ hA;B;CjA3 ¼ B3 ¼ C2 ¼ ðABÞ3 ¼ ðAB2Þ3 ¼ ðACÞ2 ¼ ðBCÞ2 ¼ 1i: ðA4Þ

Its irreducible representations are two singlets, four doublets, and two triplets plus their complex conjugates. The
corresponding representation matrices are shown in Table IV below. It is useful to list the nontrivial tensor products of
Δð54Þ irreducible representations:
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10 ⊗ 10 ¼ 1; 10 ⊗ 2k ¼ 2k; 10 ⊗ 31 ¼ 32; 10 ⊗ 32 ¼ 31; 10 ⊗ 3̄1 ¼ 3̄2; 10 ⊗ 3̄1 ¼ 3̄2;

2k ⊗ 2k ¼ 1 ⊕ 10 ⊕ 2k; 2k ⊗ 2l ¼ 2m ⊕ 2n with k ≠ l ≠ m ≠ n; k;l; m; n ¼ 1;…; 4;

2k ⊗ 3l ¼ 31 ⊕ 32; 2k ⊗ 3̄l ¼ 3̄1 ⊕ 3̄2 for all k ¼ 1;…; 4; l ¼ 1; 2;

3l ⊗ 3l ¼ 3̄1 ⊕ 3̄1 ⊕ 3̄2; 31 ⊗ 32 ¼ 3̄2 ⊕ 3̄2 ⊕ 3̄1; 31 ⊗ 3̄1 ¼ 1 ⊕ 21 ⊕ 22 ⊕ 23 ⊕ 24;

31 ⊗ 3̄2 ¼ 32 ⊗ 3̄1 ¼ 10 ⊕ 21 ⊕ 22 ⊕ 23 ⊕ 24;

32 ⊗ 3̄2 ¼ 1 ⊕ 21 ⊕ 22 ⊕ 23 ⊕ 24; 3̄l ⊗ 3̄l ¼ 31 ⊕ 31 ⊕ 32; 3̄1 ⊗ 3̄2 ¼ 32 ⊕ 32 ⊕ 31: ðA5Þ

Some useful Clebsch-Gordan coefficients (in the basis chosen in this work) are as follows [25]:0
B@

x1
x2
x3

1
CA

3l

⊗

0
B@

y1
y2
y3

1
CA

3l

¼

0
B@

x1y1
x2y2
x3y3

1
CA

3̄1

⊕

0
B@

x2y3 þ x3y2
x3y1 þ x1y3
x1y2 þ x2y1

1
CA

3̄1

⊕

0
B@

x2y3 − x3y2
x3y1 − x1y3
x1y2 − x2y1

1
CA

3̄2

; l ¼ 1; 2;

0
B@

x1
x2
x3

1
CA

31

⊗

0
B@

y1
y2
y3

1
CA

3̄2

¼ ðx1y1 þ x2y2 þ x3y3Þ10 ⊕
�

x1y1 þ ω2x2y2 þ ωx3y3
−ωx1y1 − ω2x2y2 − x3y3

�
21

⊕
�

x1y2 þ ω2x2y3 þ ωx3y1
−ωx1y3 − ω2x2y1 − x3y2

�
22

⊕
�

x1y3 þ ω2x2y1 þ ωx3y2
−ωx1y2 − ω2x2y3 − x3y1

�
23

⊕
�

x1y3 þ x2y1 þ x3y2
−x1y2 − x2y3 − x3y1

�
24

;

0
B@

x1
x2
x3

1
CA

3̄1

⊗

0
B@

y1
y2
y3

1
CA

32

¼ ðx1y1 þ x2y2 þ x3y3Þ10 ⊕
�

x1y1 þ ω2x2y2 þ ωx3y3
−ωx1y1 − ω2x2y2 − x3y3

�
21

⊕
�

x1y3 þ ω2x2y1 þ ωx3y2
−ωx1y2 − ω2x2y3 − x3y1

�
22

⊕
�

x1y2 þ ω2x2y3 þ ωx3y1
−ωx1y3 − ω2x2y1 − x3y2

�
23

⊕
�

x1y2 þ x2y3 þ x3y1
−x1y3 − x2y1 − x3y2

�
24

: ðA6Þ
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