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Conformal moments of the two-loop coefficient functions in DVCS
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We develop a new technique and calculate conformal (Gegenbauer) moments of the two-loop coefficient
functions in deeply virtual Compton scattering. These results are necessary for the extraction of the
generalized parton distributions from the experimental data to the next-to-next-to leading order accuracy

within the Mellin-Barnes approach.
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I. INTRODUCTION

The multidimensional composition of the nucleon in
terms of quarks and gluons has drawn growing interest in
the past decades and became an important frontier for the
study of strong interactions. Generalized parton distribu-
tions (GPDs) [1] encode the three-dimensional distribu-
tions of partons in the momentum fraction and the impact
parameter space. Their study has been one of the main
physics motivations for the future upgrades at JLAB [2],
the Electron-Ion Collider (EIC) [3] in the U.S. and the EIcC
project [4] in China.

The deep inelastic Compton scattering (DVCS) [5,6]
plays an exceptional role in this endeavor. This is the
simplest process that involves GPDs. The underlying
formalism is well understood [7-9] and in the last years
considerable effort was invested to advance the theory
description to the next-to-next-to leading order (NNLO)
accuracy. The two-loop DVCS coefficient functions (CFs)
were calculated in Refs. [10—-14] for all cases, and the three-
loop evolution equation for the flavor-nonsinglet GPDs was
derived in Refs. [15,16]. The flavor-singlet three-loop
evolution equation is not known yet. However, the phe-
nomenological impact of the renormalization group
improvement at three loops is expected to be minor since
the range of photon virtualities accessible in current and
future DVCS experiments is rather limited.

Implementation of these new theory results in the data
analysis aiming at the GPD extraction is by itself a non-
trivial problem. It has been suggested and extensively
discussed in the literature [17-22] that this analysis can
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be facilitated by going over from the momentum fractions
to the conformal moments space and evaluating the con-
volutions using the Mellin-Barnes techniques. The original
motivation to use this representation was that in this way the
one-loop evolution equations become diagonalized and can
be solved easily. A fast NLO evolution code using Mellin-
Barnes formalism also exists [23]. It was realized that going
over to conformal moments is also beneficial in another
respect: it allows one to utilize various physical constraints
on the GPDs, and provides one with a natural platform
to construct GPD parametrizations. In particular, the
Kumericki-Miiller model was proposed and used success-
fully in fitting the DVCS and deeply virtual meson
production measurements [21,24,25]. The same framework
is employed in the GUMP initiative [26-29], which aims at
the global GPD extraction analysis from extensive exper-
imental inputs, see also [30-32].

Conformal moments of the DVCS CFs that are needed in
this approach are given by (analytically continued) integrals
of the momentum fraction space CFs with Gegenbauer
polynomials, e.g., for quarks

¢, () N/_j dx(1 - 2)C,0C ). (1)

Such integrals become nontrivial in higher orders, as the
momentum fraction space CFs are given in terms of
generalized polylogarithms of increasing transcendental-
ity. In this paper we present a systematic approach to how
the Gegenbauer moments can be evaluated with moderate
computational effort, and present explicit expressions
for the conformal moments of all two-loop DVCS CFs
[10-14]—vector and axial vector, flavor-singlet, and
flavor nonsinglet, and also for gluon transversity.

To explain the basic idea on an intuitive level, it is

convenient to use Dirac bra-ket notation Ci/ > & |j). The

conformal moments (1) can be thought of as scalar products
(C4lj). The main observation is that such “states”
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(Gegenbauer polynomials) are eigenfunctions of SL(2)-
invariant operators H,, schematically

Halj) = Eo(7)))- )

where « is a certain index used to enumerate such operators.
For a (more or less) arbitrary function f(x) obviously

(Haflj) = (fIHel)) = Eo(D(f1)): (3)

so that if (f|;) [conformal moment of the function f(x)] is
known and the eigenvalue E,(j) can be calculated, one
obtains from this relation the conformal moment of a
(potentially more complicated) function H, f. Using such
relations for a sufficiently large set of independent SL(2)-
invariant operators (at two loops we will need 16 operators)
one can calculate conformal moments for a complete basis
of functions with a given weight, from which the results for
the DVCS CFs are obtained by solving a system of linear
equations. An important technical issue that will be
explained in what follows is that it proves to be sufficient
to use position space expressions for the invariant operators,
which have a simple form. The calculation was done using
the HyperInt package [33] and we also used PolyLogTools [34]
to simplify the final expressions.

II. DEFINITIONS AND NOTATIONS

The DVCS amplitudes y*(¢) + N(p) = y(¢') + N(p')
are defined by the nucleon matrix element of the time-
ordered product of two electromagnetic currents and can be
split in the vector V and axial-vector A parts that are
symmetric and antisymmetric in the Lorenz indices,
respectively,

T =

=i / dhxe=i9(p! [T (x)(0)} )

= —g,V + €5,A + power corrections. (4)

The amplitudes V and A, in turn, are usually expressed in
terms of the so-called Compton form factors (CFFs), see
e.g., Ref. [35],

+(

Ve iy )[+H(§Qt)+ “5(:,Q,r>}u<p>,

A

A= 1) | RUE0.0) 4 55580600 | sulp). (9

where P = (p+p')/2, A=¢ —q, Q> = —¢*, and M is
the nucleon mass. The skewedness parameter £ can be
taken as

§= (1/0%). (6)

2 —

where xz; = 0?/(2pq) is the Bjorken variable.
To the leading twist accuracy, the CFFs H, £, H, £ can
be written in the factorized form [7-9], e.g.,

H= Y [ e e ) H et
q -1

+ / (e Q2 ) H () ()
-1 ¢

where H,, H are the quark (gluon) GPDs and C,, C, are
the corresponding CFs, and similarly for the other CFFs.
The CFs for the vector and axial-vector cases are different—
we will use the notation C‘q, Cg for the axial vector ones—

but are the same for the pairs H, £ and H, &, respectively.
The CFs C,,(x/¢), C,,(x/&) are real functions at
|x/&| < 1 and can be continued analytically beyond this
region using the £ — £ — ie prescription [5,6]. The CFs C,
and Cq are odd functions of x, while C, and C‘q are even
functions.

It has been suggested and extensively discussed in the
literature [17-22] that going over to the Mellin representa-
tion in convolution integrals in (7) can have advantages for
the data analysis (see Introduction). These integrals can be
brought to the form, schematically

dj (i&)™
7= /2500

where F € {H, &, H,E }, F; are the conformal moments of

the corresponding GPDs, and CEF) are conformal moments

of the CFs which are given, up to an overall normalization,
by the analytically continued integrals of the momentum-
space CFs with Gegenbauer polynomials

Q2 ay())F (& tp)  (8)

CiN) =5 [ sl =R e, ).
€M) =g [ st =PRI HC O

and similar for C‘?, C‘f . Here N = j — 1 is the Lorentz spin
of the corresponding local operator. The integral in (8) is
taken along a line parallel to the imaginary axis, such that
all singularities of the integrand are located to the left of this
line. A thorough discussion and technical details can be
found in Refs. [20-22,28,36,37].

The CFs have a regular perturbative expansion

c, :C()+aC()+a2C +0(ad),
C, = a,CY) + a2CY + 0(ad), (10)
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where a, = a,/4rx, and similar for C'q, Cg. The tree-level
quark CFs take the form [5,6]

(L1
MN\1-x 1+x/)

ag°><x):ez< L, ) (11)

1-x 1+x

0
cP(x) =

The one-loop CFs CE,I), ;U, CE,I), C;U in the MS scheme
have been known for a long time [8,38—42] and the two-
loop CFs have been calculated recently [10-14]. Explicit
expressions for all CFs in momentum fraction space are
collected in Refs. [13,14]. However, the results for the
flavor-nonsinglet axial-vector CF quoted in [14] correspond
to Larin’s renormalization scheme. For this case, we use
instead the expressions from [11,12] in the MS scheme. In
this scheme, by definition, the anomalous dimensions of
flavor-nonsinglet vector and axial-vector operators coincide
to all orders.
As the final remark, the CFs in [10—-14] are written as
functions of the variable
z=(1-x)/2, z=1-z=(1+4x)/2, (12)
which is more convenient for the calculations. In terms of
this variable, the tree level CFs are given by

and the Gegenbauer moments (9) take the form
1
C,(N) =2 A dzzzCYY (1 -22)C,(2),

1
C,(N) =6 A dz22CY3) (1-29)C (z).  (14)

III. KERNELS AND MOMENTS

In our normalization, Eq. (14), moments of the tree-level
vector and axial-vector quark CFs are equal to

_ ==Y

RECI .
=l ¢ C,(N) 5

€M) =,

eé. (15)
In what follows we will tacitly assume that the expressions
for vector and axial-vector CFs are written for even and odd
N, respectively, and suppress (1 & (=1)V)/2 factors.

Beyond treelevel, the CFs are given by linear combina-
tions of the harmonic polylogarithms [43] with simple
prefactors,

z7H,,(2). (16)

where m is a multiindex, m = {m,...,m,} with the
entries m; €{0,1}. The power a takes integer values,
a =0, 1 for quarks and a = 0, 1, 2 for gluons. Gegenbauer
moments of the one-loop CFs have been calculated in
Refs. [20,44] by first computing the Mellin moments and
then performing a resummation. We will describe a differ-
ent approach and use it for the two-loop CFs. This
possibility was also mentioned in [44].

A. General procedure

For definiteness, we consider quark distributions. The
starting observation is that the polynomials

Gy (2) = 22237 (1 - 22) (17)

are eigenfunctions of SL(2, R) invariant operators H,'

1
[ a6l @) =6l
0

Thus if My[f] is the Gegenbauer moment of a function

f(2),

Mylf] = / &GP (0). (19)

then the Gegenbauer moment of the function

@) = [ dr@me. (20)
0
is given by the product of My[f] and Ey,
My| H] = My|[f]EN- (21)

This equation can be used to construct a basis of functions
f%(z) for which the Gegenbauer moments are known and
the DVCS CFs can then be written as linear combinations
of these functions. The problem is that explicit expressions
for the invariant operators H(z', z) in momentum fraction
representation can be rather involved. Going over to the
position space proves to be crucial to make this technique
feasible in practice.

The action of the SL(2,R) invariant operator on a
function of two variables @(w;,w,) in position space
can be written as (see, e.g., [15])

HOg] (w1, wp) = A 'da A “aph@pwis wh), (22)

'By definition, SL(2, R)-invariant operators commute with the
generators of collinear conformal transformations, which depend
on the conformal spin: j = 1 for quarks and j = 3/2 for gluons.
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where
wi, = wia + wa, a=1-a, (23)

and 7=ap/(@ap) is the so-called conformal ratio.
Eigenfunctions of such operators,

[HOWR (wy, wy) = EyWhiw,wy),  (24)

can be chosen as
1 . _
Wmows) = [ dee vt Gl e (25)

for an arbitrary h(z). The corresponding eigenvalues are
given by

E%l)—/)ldaA&dﬂh(r)(l—a—ﬂ)N‘l. (26)

Since the eigenvalues do not depend on p, integrating
Eq. (25) over p with a certain weight function one obtains
the eigenfunctions of the form

WE@(wl,wﬁ:/

0

Ldef(mz + w2620, (27)

where the function f(z) is more or less arbitrary. Applying
the operator H®) to (27) and sending w; — 1 and w, — 0 at
the end, one immediately finds that the Gegenbauer
moments of the functions f(z) and

1 a
(@) =07)) = [ da [ dpnriseas ) @8)
0 0
are related to each other as follows
ML) = E\ My 1], (29)

cf. (21). Thus the mapping (28), T,: f +— f", allows one to
construct functions with known Gegenbauer moments
using position-space kernels /(7). In this way construction
of the (much more complicated) invariant operators in
momentum fraction space is avoided. Note that any two
mappings commute,

Ty, Th, = T, T, = Th,on,» (30)

so that this construction can be applied recursively. It turns
out to be possible to generate all necessary functions (16)
starting from f(z) = 1/z and using sufficiently simple
kernels h(z).

B. Quark CFs

Here we explain in detail how this approach works for
the case of quark CFs. Our aim is to find the Gegenbauer
moments (19) of the functions

Fil0) = THa(2) £ 1 H, )
Fi2) = 2Ha(2) £ 2 H, () (31)

where m = {my, ...
and one. Since

,m,}, with my, taking two values, zero

H, (zZ) = (-1)'H,_,,(z) + lower weight functions  (32)

one can always assume that the rightmost index is zero,
m; = 0. For uniformity of notation we define Hy, for the
empty set m = {} as

Hpy =1 (33)
Let also
M (N)=My[F,],  M,(N)=My[F,]. (34)

The moments M5(N), M (N) are nonzero for odd (even)
N, respectively. For the empty set obviously

ME(N) =1, N=24, ..
MEN)=+1,  N=13, .. (35)

cf. (15).

As the next step, let us calculate Gegenbauer moments
for the functions of weight one, m = {0}. To this end, first
apply the operator H("), i.e., with the kernel 4(z) = 1 to the
function F ?E} (z) = 1/z £ 1/Z. One easily finds

Inz Inz

HVFG(2) = - (— + _> _

The eigenvalues of H(") (26) are Ej(\}) = 1/N(N + 1). Thus,
using Eq. (29), one gets

1

NN 1) (37)

My (N) = =

A special invariant operator with the eigenvalues given by
2S81(N) takes the form [45]

Aflonows) = [ 2r o)

—a(f(wiy, wa) + f(wi.wg)))]. (38)

It can be written in the form (22) with the kernel h(z) =
6.(r) [15] (up to a constant), but the above explicit
expression is more convenient for applications. One easily
obtains
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A Inz+Inz -
AFIE) =~ = —Fiy) () - Flyy () (39)

that results in the following relation for the moments, see
Eq. (29)

M5, (N) + M, (N) = =25,(N). (40)

Taking into account (37) one derives

1

N(N+1) (41)

M, (N) = =28, (N) +

Thus we have obtained moments of the weight-one func-
tions (31) avoiding a direct calculation of the integral (19).

In order to proceed to the next level we apply the
operators H(") and H to the functions of the weight one,
which Gegenbauer moments we know already. These give
us three new functions of weight two with known moments,
not four, because the operators H(!) and H commute. Thus
we end up with three equations for the four existing weight-
two functions, and need to add one more operator to our
basis to compensate for this mismatch. A large list of
invariant operators and the corresponding eigenvalues up to
weight five can be found in [16]. We need to choose one of
them with the eigenvalue given by harmonic sums of weight
two. One finds by inspection that H?), i.e., the invariant
operator with the kernel h(z) =7, has the required
complexity, with the eigenvalues (—1)N[2S_(N) + &,].
Calculating the integral (28) with f = F {i} and the kernel

h =7 we obtain the necessary fourth equation.

This procedure can be continued iteratively to the
functions of higher weight. At weight four, eight indepen-
dent harmonic polylogarithms exist if the last index is fixed
to be zero, and we need two combinations as in Eq. (31).
Thus we need to construct 16 independent basis functions,
alias 16 invariant operators using which such functions can
be generated. We collect these operators and their eigen-
values in the Appendix.

The feasibility of this technique relies heavily on the fact
that the integrals (28) with functions f defined in Eq. (31)
and the kernels i(z) of the form

h(z) = {7H, (7). (z/7)H, () } (42)

can be calculated easily with the HyperInt package [33]. The
result of the integration is given in a general case by a linear
combination of the functions defined in Eq. (28),

Ll = (ChFs+ ChLFS). (43)

m

The Gegenbauer moment of this combination is given by
the product of the Gegenbauer moment of the function f
and the eigenvalue of the kernel H"). The eigenvalues can

be calculated using recurrence relations in N, up to the
weight five they can be found in [16]. In this way one can
generate a sufficient number of equations in order to
determine the Gegenbauer moments M3 (N), M5(N) of
the functions in Eq. (31), up to weight four (and, in
principle, also higher).

In addition to the functions defined in (31), the two-loop
DVCS CFs contain harmonic polylogarithms H,, without
the z or Z factor in the denominator. Such contributions can
be handled using a recurrence relation for the Gegenbauer
polynomials that results in

MN—IKZ _ Z)f] — NMN[f] +2§\]]V—:_11)MN—2DC] . (44)

C. Gluon CFs

Extension of the technique described above to the gluon
CFs is straightforward. To this end we need to calculate
moments

Mylf] = / a6 () (45)

of the functions defined in Eq. (31) and, in addition,

Gi(2) = 25 Ha(2) % Ha ),
Gii2) = Hu(2) % 5, (2), (46)

with respect to the polynomials

Gy (2) = 6(22)C{3 (1 - 22). (47)
In this case invariant kernels can be written in the form
(1 —a— p)h(z),> so that invariant operators and the cor-
responding eigenfunctions are written as

(gl (w.w,) = / ' da / “aB(1 = a—B)h(D)p(wiy ).

1 . _
T]@(lewz)zl dze_lp<wlz+wzz)GS/2>(Z)v (48)

cf. (22). The F operator for gluons has the same form as for
quarks (38), with @ factors replaced by @2, see [[45]
Eq. (4.1)]. The eigenvalues are given by the same expres-
sion as for quarks, Eq. (26), but the relation (28) acquires an
extra (1 —a — f) factor as well,

*For the general case of a two-particle operator with conformal
spins _j; and j,, the invariant kernels have the form
a* 23272 (1), see, e.g., in [ [45], Eq. (2.40)].

074005-5



BRAUN, GOTZLER, and MANASHOV

PHYS. REV. D 113, 074005 (2026)

— [da ["dp(1-a=pinie) iz e nhi2). 49)

With these modifications, the relation between the
Gegenbauer moments of f”(z) and f(z) remains the same,
Eq. (29).

In our normalization, the Gegenbauer moments of the
lowest weight functions are

MN[F{i}} =1,
My[GE] = (N = 1)(N +2), (50)

2

Note that “ + ” moments are nonzero for even N, and “ —
moments for odd N. Proceeding exactly as in the quark case
we have calculated the Gegenbauer moments (47) of the
functions F(F):, G(G)* up to weight four.

The final results for the CFs are collected in the next
section and also in Mathematica format as Supplemental
Material. [46].

IV. RESULTS

In this section we present explicit expressions for the
Gegenbauer moments (9) of the DVCS CFs (7), (10). The
quark CFs can conveniently be separated into nonsinglet
and singlet contributions with a different dependence on
electric charges

C = echNs "‘ ZQCq PS>

C, = e2Cyns +ZoCyps. (51)

where £, = 5 > 7 e? pE They can further be separated into

the contributions of dlfferent orders of perturbation theory
and color structures,

Cyns = Ci,oqu +a, CFCEIII)\IS
+a3C (cc” o c” +pyC ”>+
F F%~gNS q.NS 0%~4¢.NS s

Cyps = A3CrCos + ..., (52)

4 8 20 38
C1(121>\IS_§S"+3S% ?S2+4S 2+_Sl Cg
121 457 20
—SH>+—H-———+L|(-4S8> +4S,H-—
SH” + 13 2 + ( ST+ 45, 3
~ 4 8 20 38
C((lez]ﬂs - gS'; + gS? —SZ C3 Cz - 4S%H
115 457 20
+1—8H—ﬁ+L<—4S%+4S1H—?S1—4H2+—H+252+

S, —4H2—§H+24“2+

2
~25,H ~ S\ H + 85, H?

where Cp = (N?-1)/(2N,),
11/3N, —2/3ny.

The gluon CFs start at one loop and can be decomposed
in different contributions as

a; = a,/(4r) and fy =

C, = Zo{a,C) + a2(CrCP" + CiCPM + ). (53)
The decomposition of the axial-vector CFs (with a “tilde”)
is the same.

The expressions presented below for Gegenbauer
moments (9) of the vector CFs are for even N, and for
the axial-vector CFs for odd N, respectively. We use the

notation L = In Q?/u? and

1
H= Sty (54)

All harmonic sums are assumed to have the argument N,
e.g., S =S((N).

The tree-level expressions in the chosen normalization
(9) are

(55)
At one loop one obtains [20,36]

C 4S\H +2H? + 5H — 9 — L(4S, — 2H - 3),

(s = 487 -
CU = 482 —4S | H + 2H? + 3H — 9 — L(4S, — 2H — 3),

q

M _ A 1
ch = (2H+1)<s1 2H> 2—|—L(2+H,

1 1 1
& — 4 (oH 1)(51 —2H+2> +L<2—H>- (56)

The coefficient of the logarithm for the quark distributions
is of course related to the one-loop anomalous dimension

Yo (N) = 2Cp (48, — 2H - 3). (57)

The two-loop moments are considerably more complicated.
We obtain, for quarks

10
52 —4STH + 2S_oH + - S\ H + 88 H? + {oH — SH’

5 19

1
—L?*(4S, —2H —
2)+2 (48, 3),

— &,H — SH3 — H?

1 19\ 1
—) +5L2(4S) 20 - 3),

3 5 (58)
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CUIE = 854 —8(285 — S4) + 32558, — 482, + 8(25_y; — S_3) — 8H(S; + S_,S, + 283 — 482)

q,N
, .76, X , 86 128 ,
FAH (2S5 +787) = ST~ 1255 = S ( 320 + 92H? + T H ——~ | —405(S; +457 = 35,1H + 35))
815 701 E

14
— 64838, — 20,H(H + 3) + 32¢3H + 10H* + 50H> + 49H? — —— H — §gg + 438+ — +

18 24 3 &

67 47

19
+ L(—1653 — 853 + 12S3(2H + 1) + 8HS_, + 45, (3— 10H — 6H? +4§2) + 8H? + 32H? +3H-5

1
—48,H — 64, + 443) —|—§L2(4S1 —2H - 3)?,

Cfffjs =85t —8(28,5—S4) + 32538, — 452, —8H(S3 — S_,S; + 283 —352) +4H?*(-25_, +75?)
76 26 128
- ?S% -5, (32H3 + 76H?* + ?H - T) —48,(S_, + 483 — 58,H + 3S)) — 6455,
1001 701 14 34
—20,H(5H + 1) + 32¢3H + 10H* + 42H3 + 21 H? — TH +or ?gg +39¢; + ?52

76 47 49
+ L<—16S§ — 883 + 1282(1 + 2H) +?Sl + 16,8, + 4¢3 — 64, -5+ H<—32S1 -85, - 12¢, +?>

1
+ H?(28 —248,) + 8H3> + §L2(451 —2H - 3)?, (59)
and

6(4S_, +3
CE}?IZII;P _ W —4(28,3—84) —45_4 — 852, + 16(2S| 5 — S_3)S| + 248,83 + 4,5,

16 64 2 10, 73
+ 8£,87 — 52838, +8S_, +?S% +351 +gc:§ + 5485 — ?cz —E+H2(32S_2 +10)
76 1
+H <8(2s_2,1 —8_3) —40S_,S; — 1285 + 36{3 — 8,8, + 525_, — 35+ 5)

16 20
+L (-8(251,_2 ~5.3) =883 =Sy +8HS, + - H + 1),

TONP _ 24(S_, + 1)

NS TN (N 12) + 2{ 128,83 = 28_4 = 2(2813 = S4) — 482, +8(28), 2 = $_3)S| +2(¢2 +2)S_5 + 44,87

8 32 1 5. 73
+§s% — 260351+ 551 +§¢§ +275 =30 -5, F 6H* + 12H> — 85, H> + 2H*(2S_, — 85, +{, — 5)

2 113
T H <—2s3 +4(28 5, = S-3) ~ 125581 ~ 255 — 40281 — 381 + 803+ 20~ ]8> }

16 20
+L (—8(251,_2 —S_3)—8S8;— ?Sl +8HS_, + 8H? + 16H? + ?H + 1). (60)

For the pure-singlet quark CFs we obtain,
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32
s = BSOS (282 = S_y — A4S, — &5 +3) + H(=328,5_, — 16(25_ | — S_) — 4852 — 245 _,
+ 1448, — 16,5, — 8¢5 + 4, — 84 — H(325? — 165_, — 1608, — 8¢5 + 140) + 4H2(16S, — 33) — 40H?)
48, - 1) 9
16L(———21— " g2 2H +3 —2H?—5H -~
B G e e CRCIARER: )
4
42— o 3H),
i <<N—1><N+2> >
3 32(S_y+ 1
Cs = (N_(])M —AH(8S,S_y + 4(25_5, — S_3) + 452 4 185_, + 8S, + 45,8, + 205 + 50, + 14)
+ 8H*(4S1 +2S_, — 48| + ¢, — 8) + 4H*(3 — 16S,) + 40H*
+ 16LH(2S 5+ S;(1 =2H) +{, + 1 + H + 2H?) + 4L*H(2H — 1). (61)

Gegenbauer moments of the two-loop gluon CFs are given by the following expressions:

1
CPT = —L22H +1) <51 ~76+ 2H)> + L{(2H + 1)(483 =&, + 2H® + 4H - 2) — 8H(H + 1), + 6H}

2(45_, +3) 5 10
——— 4+ (1 -8H)(2S_,, - S_ 165,S_, —=(1 —4H)S; — —S3 10H? 4 5H - 3)$?
(N—2)(N—|—3)+( )(28-24 3) +1685,5, 3( )83 3 1+ ( + )ST

5 1
—H(16 +-21H)S_, + {,(2H + 1)S, + <§ —3H —24H* — 12H3)S1 + (7= 10H){3+ ¢, (Z -H- H2>

+— (=2 — 52H + 49H> + 68H3 + 20H*),

Bl

i 1
CPF = 1202H - 1) (Sl -6+ 2H)> — L{(2H — 1)(48% —4HS, + 2H> + H - {, - 2)}

24(S_, + 1)

5
—+ (1 H)(2 - ——(14+4H)S; — 16H 2(3H -1

10 5 3
+ (2H - 1)(351 —5H+3>S’f‘+ <2—9H+ 12H3 + (1 —2H)§2)Sl +C2<H2+H—4>

+ &(10H +7) +%(—2— 100H + 33H? + 8H® — 20H*), (62)
and
2)a _ _ _ _ — 1
cot =12 <—(N_ DT (2H + 1)$, 2H(H+2)) 2L{(N DN +2) <2S—2.1 S—3+253>
_ 2 _ 1208 -1 2 2 Byl
(2H +1)(S} + &) (l+4H)S_2+(N_1)(N+2> (24 7H +2H)S, + 4H(H +3) + - H —

12(282 = S_y — &, — 48, +3)
(N-1)(N+2)

2
+6(N = 1)(N + 2){25—2,1,1 = S31—- 522 +§(251,—2,1 -831—513)
1 1 1 1 2 1 1 1
+§S—4 +§ <S—2,1 —55—3> +§§2S—2 +BC% +§C351 +EC3} - (1+2H)S; _§(1 + 14H)S;
1 5
_8HS_,S, — 6(5_2,1 - 5S_3> — (4H? + 14H + 5)8% + 2(H2 YH- Z) &+ 2(3H = 2)¢5 + 46, HS,

1 11
+ <8H2 —2H — 5) S, +S, (12H3 +42H? + 46H — 7) — 10H* — 38H> — %HZ —29H -2,
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(2)a

Cy" =L*(2H = 1)(S; —2H) = 2L{(N = 1)(N +2)(25_51 — S_3 +%c3) +(2H-1)(S2 + &)

15
+ (4H -1)S_, + H(3 - 10H)S, — StoH+ 2H* + 6H3} +2(N = 1)(N + 2){—(25_2,1 -S53)8,

2

1
+ <251.1,—2 —$H2-S13+ —S—4> — 8,87+

12(S_, + 1)

1 2
<5—2,1 - —5—3) + S5 — {38 +§§% + Q}

2 4

1 2
— v T BH 52500 = S5) + BHS,S, + 5 (14H — 1)S; + 5 (2H = 1)S]

(N=1)(N+2)

9 7
+ <22H - 2) S_, + (2H — 20H? 4 1)S? + 28, (14H3 +7H? + 5H — 1 2H§2> —¢3(5+2H)

5 41
+& <2H2 +8H — E) — 14H* — 6H> + 7H2 +17H - 2. (63)

For completeness, we have calculated also the moments for
the two-loop CFs for gluon transversity as defined in
Ref. [14],

Cg,T<N) = ZZ{QS + a?(—ZLCASl + CF(—Z + Sl)
+ Cx(1 +38; —2S,+4811))}. (64)

This expression holds for even N > 2.

We stress that the utility of the provided expressions is the
possibility of analytic continuation to a complex N plane.
For fixed integer values of N, analytic expressions for the
Gegenbauer moments (9) can be obtained by direct inte-
gration using the Hyperint Maple package [33]. We have
checked that the expressions obtained in this way agree
identically with our results for all CFs for N <20. A
numerical comparison using the provided Mathematica
expressions was done as well, in which case we found
agreement to machine precision.

As the most interesting property, all Gegenbauer
moments satisfy the reciprocity relation [47-49]: their
asymptotic expansion at N — oo is symmetric under the
interchange N <> —1 — N. This feature is nontrivial and
provides additional confidence in the results. It can also be
useful in applications.

V. SUMMARY AND CONCLUSIONS

We have developed a technique that facilitates calculation
of conformal moments of the CFs in DVCS and used it to
calculate moments of the two-loop CFs. The moments are
given by linear combinations of the reciprocity respecting
harmonic sums [47-49] and can easily be continued to
complex N. The CFs in this representation are needed for
NNLO calculations of the amplitudes using Mellin-Barnes
techniques, which have several advantages compared to the
traditional approach using convolutions in momentum

fractions. The NNLO contributions in this form can be
implemented relatively easily in the existing analysis code
[23] and are expected to be substantial [13] for gluon GPD
contributions in the EIC kinematic range. Since GPDs are
normalized to the conventional PDFs in the forward limit,
NNLO corrections are also necessary for consistency with
modern PDF determinations where the NNLO accuracy has
become the standard of the field.
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APPENDIX: INVARIANT KERNELS

The kernels A(z) (22) used in our calculation are
collected in Table I. As already mentioned in the text, a
product of two invariant operators with the eigenvalues

E%") and E%”) is an invariant operator with the eigenvalues

E%”W'Z) = E%“)E,(\};Z). Such products are naturally used to

produce operators with the eigenvalues with higher
weights, so that at each step only a few “new” operators
have to be added.

Note that the same set of functions 4(z) can be used for
gluon operators. The invariant kernels in this case take the
form (1 — a — f#)h(z) but the equation for the eigenvalues,
Eq. (26), retains its form. The invariant operator H has a
slightly different form for quarks and gluons, see [ [45],
Eq. (4.1)], but in the both cases the eigenvalues are the
same, 25 (N).
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TABLE 1. Invariant kernels and their eigenvalues. All harmonic sums have argument N.

h(7) EW

H 28,

1 1I/N/(N+1)

I—z (=N (2S5 + &)

3(1=2)In(*59) (=DN(28_1 = S_3 +583)

L=tin(1 - ) S3 =83

3 (1= 7)(Lix(7) + 510 (r)) (=DN(S_4 +53)

%%(le(r)ﬁ-%lnz(r)) 51,3 —%S4—C3S1 +%C%

%(1 —7)In?(1 —7) (=1)N2(48112 =285 =281 5+ S_4 — 528, — §381 + 25,811 + %C%)
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