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Nonthermal fermions can be produced nonperturbatively in the early Universe during coherent
oscillations of a scalar field. We explore fermion production in A¢* inflation through this mechanism
and analyze the momentum spectrum of the fermions produced, which depends on a coupling parameter g.
For g Z 0.01, the main contribution to the total number density comes from an approximately half-filled
Fermi sphere as a result of nonadiabaticity. For g < 0.01, we find that the major contributions instead come
from resonance peaks at higher momentum values. We find a simple relation to predict the momentum values
corresponding to resonance peaks for any g. We observe power-law behavior for the total number density of
fermions as a function of ¢ and find numerical approximations for the integrals describing the total number

density. We find that it is proportional to g'/2 for ¢ < 0.01 and proportional to ¢g*/* for ¢ = 10. If fermions
produced by this mechanism make up the entirety of dark matter, we estimate lower bounds on their mass.
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I. INTRODUCTION

Particles can be produced nonperturbatively during coher-
ent oscillations of a scalar field before it decays. If the scalar
field is the inflaton, the mechanism is called preheating
[1-4]. We explore a case of the production of fermions
through this mechanism, resulting in the production of
particles out of thermal equilibrium [5]. The production
of particles during the oscillatory phase of the inflaton field
was first described by perturbative decays of the inflaton
field through a process termed reheating [6]. However, it
was found that particle production can occur explosively
before the perturbative decay of the inflaton through the
process of preheating (1,7).!

The description of reheating is through individual
inflaton quanta decaying into produced particles, whereas
preheating is production from an oscillating inflaton field.
The mechanism of preheating is described by an oscillator-
like differential equation (called the ‘mode equation’) and
the number density per mode of the fermions produced is
described by a model-independent equation. The method of
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calculating it involves techniques, such as Bogoliubov
transformations [9], that are well-defined in the context
of particle production from time-dependent background
fields [10] and are also used in gravitational particle
production [11] and the production of particles from an
oscillating axion field [12,13].

Particle production through preheating in the early
Universe affects the expansion history of the Universe. It
leads to different kinetic distributions and number densities
of particles in the early Universe than what is expected from
perturbative reheating, which may lead to a different value
of the reheating temperature (7,,) [7]. Unlike reheating,
preheating also allows the production of particles with a
mass greater than the mass of the inflaton [14]. Massive
particles produced during preheating may play an important
role in baryogenesis [15] and leptogenesis [16] scenarios to
explain the observed baryon asymmetry of the Universe.
Significant gravitational waves may also be generated as a
consequence of the preheating mechanism [17]. Preheating
can also lead to the production of particles out of thermal
equilibrium that may act as a viable candidate for dark
matter [18,19]. For a general review of preheating scenarios
and their consequences, see [20,21].

In the momentum spectrum of fermions produced
through preheating, there is a high occupation of particles
per mode at low momentum (which we call the ‘bulk
region’) as a consequence of the nonadiabaticity condition
for fermion mass oscillations [7]. The condition essentially
implies that the energy cost of particle production becomes
zero when the effective mass of the fermions arising from
the coupling with the inflaton becomes zero. For larger
momentum values outside the bulk region, high occupation
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of particles per mode occurs only at specific discrete
momentum values, giving rise to resonance peaks in the
momentum spectrum of produced fermions.

In this paper, we analyze particle production assuming a
A¢* quartic potential for the inflaton [22], following from
[5,23,24]. Even though A¢* inflation is strongly disfavored
due to constraints on slow-roll parameters [25], we focus on
describing only the oscillations of the inflaton field about
its minimum by a A¢* potential. We analyze fermion
production during the oscillatory phase of the inflaton,
which is decoupled from the dynamics and constraints of
the slow-roll phase. We do so under the assumption that the
bare mass of the fermions m,, is small compared to the scale
of inflaton oscillations. As done before in [5,23,24], the
number density and the momentum spectrum can be
obtained through numerical solutions of the mode equation
and are dependent on a coupling parameter g = h?/),
which represents the strength of the coupling between the
inflaton and the fermions. Here / is the Yukawa coupling
between the inflaton and fermions, and A is the quartic
coupling for the inflaton. Fermion production through
preheating can also occur with other inflation potentials,
such as a hybrid inflation potential [26].2 Backreaction
effects can also be relevant for such a production mecha-
nism [16], but we will assume that g is sufficiently small
that they can be neglected.

In [5], it was found that the momentum values of the
resonance peaks in the momentum spectrum can be
predicted by a simple relation for g <« 1. Although the
mechanism is nonperturbative, we show this relation to be a
consequence of energy conservation in a perturbative
approximation for the description of resonant fermion
production. We also generalize the idea to a semianalytic
relation that predicts the momentum values corresponding
to resonance peaks in the momentum spectrum for any g,
without the need to numerically solve the mode equation.

In [5,23,26], it was shown that the momentum spectrum
of the fermions produced during preheating is not degen-
erate. For large ¢, the major contribution to the total number
density of fermions comes from the bulk region, which was
shown earlier in [16]. However, for small g (<0.01), we
find that the major contributions actually come from
resonance peaks instead of the bulk region. We observe
power-law behavior for the total number density of fer-
mions as a function of ¢ and find numerical approximations
for the integrals describing the total number density,
accounting for contributions from the full momentum
distribution. We find good approximations in two regimes;
the total number density is proportional to ¢'/2 for g < 0.01
and proportional to ¢*/* for g = 10. We also give a detailed
review on the derivation of the number density per mode of

*For any case of particle production from a coherently
oscillating field with a scalar coupling to fermions, the descrip-
tion of the mechanism will be similar to A¢* preheating.

fermions and show how different descriptions in the
literature (from [5,24,26]) are equivalent.

Fermions produced during preheating can be a promising
dark matter candidate [19,27-30]. Fermionic dark matter can
also be produced nonperturbatively from a coupling to a
coherently oscillating field that is not the inflaton [31-33].
Even if the fermions are produced with zero temperature,
fermion degeneracy can make the fermions relativistic if the
Fermi momentum is greater than their mass. One can then
place cosmological constraints, for example from structure
formation, on these fermions that will impose a lower bound
on their mass m,,. We adapt the bounds from [19] to our
model for approximately degenerate fermions and find that
for small g (<0.01), the bound on m,, is mildly strengthened.
For larger ¢, we obtain the same bound on m,, as in [19].

The organization of this paper is as follows. In Sec. II, we
describe fermionic preheating, the mechanism through
which particles are produced during the oscillation the
inflaton, and give expressions for the number density of
the fermions produced. In Sec. III, we find a simple
semianalytic relation describing the momentum values that
correspond to resonance peaks in the momentum distribu-
tion of the fermions. In Sec. IV, we calculate the contribu-
tions of various components of the momentum distribution
of fermions to their total number density and find approx-
imations for the contributions of both the bulk region and the
resonance peaks to the total number density of fermions. In
Sec. V, we discuss the possibility of fermions produced by
the aforementioned mechanism making up the observed
dark matter density and state our conclusions. Various
technical details and derivations are given in the
Appendixes.

II. FERMIONIC PREHEATING

Fermionic particles can be produced nonperturbatively
and out of thermal equilibrium through a coupling with a
coherently oscillating scalar field. If the scalar driving this
fermion production is the inflaton, then the process is called
fermionic preheating [5,16,23]. We choose to study the
mechanism of production of fermions through preheating
by considering inflation to be described by a simple Ag*
quartic potential [24].

A. Inflaton oscillations

The evolution of the inflaton (¢) field is described by the
following Klein-Gordon equation:

" / oV _
$(0) +3HOF (1) + 55 =0,

where " indicates derivatives with respect to time z. Here, V
represents the inflaton potential and H(t) = da'(¢)/a(?) is
the Hubble parameter (and a is the scale factor), which is
given by the Friedmann equation [34],

(2.1)
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where Mp, is the reduced Planck mass (i.e., Mp =
1/\/872Gy ~2.44 x 10'"® GeV). For our paper, we
take V(¢) = A¢*/4.

Inflation occurs as a ‘slow-roll’ phase followed by
inflaton oscillations. Particle production occurs only during
the oscillatory phase of the inflaton evolution and not when
it is undergoing slow-roll. The oscillations of the inflaton
field have an attractor solution, which means that irre-
spective of the initial amplitude, the inflaton will evolve
towards the same pattern of oscillations. Hence, it is
possible to describe the oscillations of the inflaton field
using a function that is independent of the initial amplitude.
In order to do this, first the Klein-Gordon equation for the
inflaton from Eq. (2.1) is written in terms of conformal
variables, ¢ = a¢, n = [ dt/a(t), to remove the damping
term,

@' (1) +3H() (1) + 2p(1)> =0 = ¢" + 19> =0, (2.3)

where ' now represents derivatives with respect to the
conformal time 7. We have neglected the —a”¢/a term
from the equation in conformal variables, as we can
approximate that the scale factor a grows linearly with 5
during the oscillatory phase, which implies a” () ~ 0. The
conformal variables can then be rescaled using the initial
amplitude ¢,

T =Vpon. (2.4)

1) = o)/ 0,
Using * to represent derivatives with respect to z, we can
now describe the inflaton oscillations in dimensionless
variables by
f+r=o. (2.5)
The solution of this equation is a Jacobi elliptic cosine’ of
the form [24],
f(z) =cn(t =1, m); m=1/2. (2.6)
We set 7; to O to ensure that f(z) is symmetric around
7= 0. This is important for the derivation of equations
needed [10] to study the late-time behavior of the produced
fermions, and we elaborate on this in Appendix E. The
general cn(u, m) function can be represented as a series

expansion [36]. For the case of m = 1/2, it is written
as [24]

3We have used the notation from Wolfram Mathematica [35]
for the Jacobi elliptic cosine, while some references like [24] use
the notation cn(u, k) where k = \/m.

e~ 7(n=1/2)

14+ e—2n’(n—1/2)

872 i

cn(u,1/2) = T

cos <27z(2n - 1)u>.

T

n=1

(2.7)

The Jacobi elliptic function is periodic with its period for
m = 1/2 given by an elliptic integral as

/2 do
T=4 ——————> ~ 7.4163. 2.8
A (1 —1sin?@)!/? (28)

The oscillatory phase of the inflaton dynamics can thus be
described by

IARRIT LT R

¢Osc(t) = ( 2 A2

B. Production and number density of fermions

Fermions (y) are assumed to have a h¢wy Yukawa
coupling to the inflaton field, along with a mass term
m,, Wy As in the previous section, we take the expansion of
the Universe into account by first using the following
conformal transformations of the relevant quantities:

dr
a(t)’
(2.10)

y—-¥=aly, ¢-g¢=ag t—>’7:/

Then, the fermion field satisfies the Dirac equation,

(ir*0, — ho(n) — my,a(n))¥ = 0, (2.11)

where 0, is in terms of conformal variables. The solution
for this equation can be found by considering an auxiliary
field X(x,7), separated into components (with comoving
momentum k and position x) as follows:

X(x,n) = e™®X, (n)R.(k), or

X(x.n) = eENX, (n)RL(K), (2.12)

where R, R, are eigenvectors of y° and of the helicity

operator k - (see Appendix A). The relevant ansatz to
solve the Dirac equation is then written as follows:

¥ = (ir"9, + ho(n) + m,a(n))X(x,n). (2.13)

Plugging this ansatz in Eq. (2.11) and using Eq. (2.12)
yields a differential equation:
X;(n) + [k + (he(n) + mya(n))* — i(he' (n)

+my,d' (n))1X(n) = 0, (2.14)

where ' represents derivatives with respect to the conformal
time 7. This is an oscillatorlike differential equation and we
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can represent its ‘frequency’ as

Qi(n) = kK> + (ho(n) + mya(n))*.

This ‘mode equation’ of Eq. (2.14) is independent of the
inflaton potential. In fact, it will be valid in the study of
fermion production through a Yukawa coupling to any
coherently oscillating scalar field.

In order to study fermion production, the field can also
be written as

Bk .
Y(n,x) = / 5 (g su s () e ™
; (2r)3

+ 13Z,Svk.s(n)e‘“""),

(2.15)

(2.16)

where &Z.S,&kqs and BZVS,ZAJ,{,S are fermion creation and
annihilation operators for particles and antiparticles and
ups(n) and vy (n) are, respectively, the positive- and
negative-frequency eigenspinors of the Dirac equation,
Eq. (2.11) (see Appendix A).

|

&Lk I
Hp(n) = / [E(’?)(azl,+ak.+ —bii by + al}(,_ak.— - bk,—b}(,_)

27)3

—~

The Hamiltonian for the system is written in conformal
variables as follows [24]:

Hp = /d3x(i‘PTa,1‘P). (2.17)
Hp, is diagonal in the creation and annihilation operators at
an initial time # = 5, but not diagonal at later times. This
breaking of the time-translational symmetry of the
Hamiltonian is a signature of particle creation. The number
density per mode of the produced fermions, i.e., n,(5), can
then be calculated after diagonalizing H, at time # using a
Bogoliubov transformation. A Bogoliubov transformation
[9] is a rotation of the creation and annihilation operators
that preserves anticommutators for fermions (or commu-
tators for bosons) and diagonalizes the Hamiltonian in
terms of the new operators.

First, we use Eq. (2.16) to evaluate the Hamiltonian
expression of Eq. (2.17) in terms of the fermion creation
and annihilation operators (see Appendix A for some
details used in the derivation),

~

+F(’7) (&Z,+I;T_k,_ + a}:,_I;T_k,+) + F* (77) (I;—k,Jr&k,— + l;—k,—&k,Jr)]- (2-18)
Here we have defined:
E(n) = (hg(n) + m,a(m)(1X,(n)* + Q)| Xi (n)[*) + 29 () Im(X, () X3 (1)),
F(in) = k(X"((n))> + kg (n) (X (). (2.19)

For any two solutions f(#) and g(n) of the mode equation in Eq. (2.14), including the case where (1) = g(n), the
following equation will hold [10]:

g™ () + Q) f(n)g(n) + i(mya(n) + ho(n))(f' (n)g*(n) — f(n)g* () = C. (2.20)

where C is a constant. This can be easily shown by taking the derivative of both sides of Eq. (2.20) with respect to # and then
substituting the mode equation from Eq. (2.14). We can then use the particular case of Eq. (2.20) for which
f(n) = g(n) = X;(n), in order to show that (Appendix B)

En)* + [F(n)] = C*Q5(n). (2.21)
This is a generalization of a similar equation in [2], where C is taken to be 1. However, C actually depends on the initial

conditions of the mode Eq. (2.14).
The initial conditions should ensure that H, is diagonal at # = #,. One such choice of initial conditions is as follows [26]:

Xi(m0) = {2Q(n0) [ (m0) + (hep(110) + my,a(no))]} ="/,

X (o) = —i€(m0) X (1o)- (2.22)

This choice of X/ () ensures that Hp (1) is diagonal in the creation and annihilation operators because F(r) = 0. We
have chosen X (79) so that E(5y) = (179) and therefore C = 1. We will see that this choice also ensures consistency with
the initial condition for the number density per mode, i.e., n;(179) = 0, from the expression we will derive for n, (7). We can
find the expression for the number density of fermions after applying a Bogoliubov transformation and diagonalizing the
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transformed Hp(7) by setting the nondiagonal coefficients
to 0. The relevant Bogoliubov transformation is as follows

[2]:
o - L -
ap+ = Gy —Prdy - = o3¢ — Pady _,
s . s Ny
b_j+ =aydi_+ P _, by =ajdi +pi¢ .

(2.23)

Preserving the canonical anticommutation relations
{ays. &Z’S} =1 and the same for the other three sets of
operators implies that the Bogoliubov coefficients a;, f;

have the following relation:
|

o+ 1B =1, j=12 (2.24)

We can assume that the operators with s = + and comov-
ing momentum Kk are equivalent to other operators with
s = — and comoving momentum -k, which implies
Cra = 6’_,{,]F,21k_jE Efl_k;. This is a consequence of a
similar correspondence between the R, and R, eigenvec-
tors [see Eq. (A2)]. We use the properties of the Bogoliubov
coefficients and the nondiagonal coefficients to first see:
a;=a, =a,f; =p,=p. Using these, we rewrite
Eq. (2.18) in terms of the time-dependent Bogoliubov
coefficients and the new operators:

&k A A
Ho() = [ 553 S AL us(Bllal = P) + Fa + Fap) = &y, (E(af’ = 97+ Fap + Fec)
s=%+

(27)*

+éf

\)

If we apply the number density operator to the ground state
of the Hamiltonian and use the Bogoliubov transformation
from Eq. (2.23), we can see that the number density per k
mode of particles is given by n(n) = |p|%>. We shall
henceforth call n; () the number density per mode and
show how to compute it in later sections. We can evaluate
|B]> from Eq. (2.25) (Appendix C) and get

CQ(n) — E(n)

200,0) (2.26)

n(n) = \ﬂ|2 =

We have used Eq. (2.21) here to simplify the expression.
Clearly, for the choice of initial conditions Eq. (2.22), the
resulting values of C = 1 and E(n,) = Q (1) ensure that
niy(ny) = 0, i.e., no particles are produced before oscilla-
tions start, exactly what we expect.

Similarly to the mode equation, this general expression
for ny(n) will also be valid for any scalar field potential.
The form for Q(n7) and E(n) will also remain exactly the
same, with the only difference being the way the scalar
oscillations ¢(n) are described. The n; expressions in the
literature ([5,24,26]) look different from our expression, but
they represent the same number density under the choice of
initial conditions of the mode equation, which we show in
Appendix D.

C. Number density of fermions in A¢* inflation

Now, we shall use the general framework above and apply
it to the case of A¢* inflation with an inflaton quartic
coupling 4 and Yukawa coupling %, as in Eq. (2.3) and
Eq. (2.11) respectively. All conformal variables can first be
transformed into dimensionless variables using these cou-
plings and the initial amplitude of the inflaton ¢, as follows:

A} (Fa? = F*[* = 2Eap) + dy &1, (F* (a*)> = F(*)? = 2Ea’ ") }.

(2.25)
[
2 2
Kz:f%’ qzhj’ = (Vago)n,
_ _ @ ) = Qi (n)
X, = (Vigo)Xp.  f(r) = o &0 N~
(2.27)

We take f(7) to be the Jacobi elliptic cosine from Eq. (2.6),
thereby neglecting backreaction [16]. We show that this
assumption is justified in Appendix F. We consider fermions
to be light compared to the amplitude of inflaton oscillations
and therefore can assume the bare mass of the fermion
m,, = 0. Then, using " to represent derivatives with respect to
7, the mode equation can be written using dimensionless
variables:

X () + (2 + af2(2) - i@ (0)Xe(5) = 0. (228)
And we can write,
Q(z) = /K> + qf* (7). (2.29)

The parameter ¢ is called the ‘coupling parameter’ for this
mode equation, while the parameter x characterizes the
various fermion momentum modes. We choose the same
initial conditions of the mode equation, which were
described earlier in Eq. (2.22), and they can be represented
in these new variables (with 7 = O representing the begin-
ning of oscillations):

X(0) = 2©,(0)[Q(0) + v/4/(0)..7"2,

X.(0) = —iQ(0)X,(0). (2.30)
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These initial conditions ensure C =1 again and
E.(0) = Q,(0); hence the relevant number density expres-
sion can be written in the dimensionless variables,

(2.31)

where

E (1) = /qf (0)(1X[> + Q)| X, [*) + 293 () Im (X, X).
(2.32)

For small values of the coupling parameter g, the number
density as a function of dimensionless conformal time 7
follows a smooth pattern. However, for larger values of g,
the variation of the number density with time has very rapid
changes as a consequence of nonadiabaticity, with jumps in
the pattern whenever f(z) = 0. These patterns are shown
in Fig. 1.

The spiky pattern for larger g values can be approxi-
mated by a smooth function 7,(7) that matches the value of
n(7) when 7 is an integer multiple of the period 7. This
i.(7) is given by [10,24]

i (1) = Fysin® (v,1), (2.33)

where

v = o™ (Re(XL(T))

).

1 K>
Fre=———— = (Im(X(T)))*

= 2.34
sin?(v, T) Q2 (234)

X1(z) used here is the numerical solution of the same
differential Eq. (2.28), but with the initial conditions:

XL0) =1, XL(0) =o. (2.35)
The details of why n,(7) matches 71,(7) at certain times is
discussed in [10], and we describe the procedure in our
notation in Appendix E. As an example, we plot n,(z) from
Eq. (2.31) and 71,(7) from Eq. (2.33) for ¢ = 1 in Fig. 2. We
have chosen a particular x that we explain in Sec. IIL
Instead of n,(7) and 7,(7) as functions of time, if we plot
them as functions of « for a fixed value of time that is an
integral multiple of 7', n,(nT), and 71, (nT) as functions of k
will match for any given g. We use 7i,.(7) to approximate the
long-period behavior of n,(7) because 7i,(7) is numerically
much simpler to calculate. As they have the same pattern as
functions of « at points of time where they match, we can
use the 7, () approximation to study the pattern of filling of
the x modes for the number density of produced fermions.

D. Late-time filling of fermion modes

Now, we can study the filling of the xk modes by seeing
the variation of 7,(z) with « for fixed values of ¢ and at
fixed instants of time. We do so for four values of the
coupling parameter: g = 0.001, ¢ =0.01, ¢ =1, and
g = 100, and at two particular instants of time; 7 = 5T
and 207. The plots for these cases are shown in Fig. 3. We
also plot the F, envelopes [see Eq. (2.34)] for the ¢ values
on their respective graphs.

From the plots in Fig. 3, we can see that the lower «
modes of the F, envelopes are well populated. We call this
low k regime ‘bulk region’. The higher x modes exhibit
resonance peaks where F, is only large near discrete values
of k, and these resonances are a consequence of construc-
tive interference between the inflaton oscillations and the
fermion modes. We describe how x modes corresponding to
resonance peaks can be predicted using an analytic or
semianalytic relation, without having to solve the mode
equation in Eq. (2.28) in Sec. IIl. In Fig. 1, we choose

1.0

0.0t —

FIG. 1.

n.(z) from Eq. (2.31) as a function of time, using the period T of f(z) for two different ¢ values. The dashed vertical lines

correspond to 7 = (2n+ 1)T/4,n = 0, 1,2, ..., the instants of time when f(z) = 0. We choose x = 0.01 for ¢ = 0.001 and x = 1 for

g = 100, which we explain in Sec. II D.
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FIG. 2. Numerically evaluated functions 7,(7) and n(z) as a function to /T, where T is the period of the inflaton solution f (7). We
choose ¢ = 1 and xk = 1.05236, which corresponds to one of the resonance peaks as shown in Fig. 3. 7i(7) and n,(z) are guaranteed to
be identical at integer multiples of 7" (and also match at some other points). Dashed vertical lines represent when 7 is an integer multiple

of T.

k =0.01 and k =1 for ¢ = 0.001 and g = 100, respec-
tively, because those values of « are in the bulk region as
can be seen in Fig. 3.

From Fig. 3, we see that the occupancy of each mode
oscillates with « within the envelope F,, and that the
frequency of the oscilations in x space increase with time.
This means that at late time, modes that are nearby one
another in x will decohere. Hence, if the inflaton oscil-
lations and subsequent particle production occur for a long
time 7> T, we can average the sin?(y7) term in
Eq. (2.33) to 1/2, and we can approximate 7, simply
from the F, envelope, as

T

i (1)— (F,sin* (7)) = F,./2. (2.36)

We conclude from this that we can approximate the filling
of the k modes of the produced fermions by only the F,
envelope. As such, we study the x modes of the F', envelope
in terms of its bulk region and resonance peaks, which are a
consequence of the behavior of the oscillatorlike equation
from Eq. (2.28). The exact patterns of how momentum
modes are filled vary with ¢, depending on whether ¢ is less
than O(0.1) or greater. Although F, can be numerically
evaluated, it becomes difficult to numerically resolve
resonance peaks at higher x values, in particular for smaller
values of ¢, as the peak widths are very narrow. Thus, it
becomes important to use analytical approximations to
estimate the contributions of different x regions to the
number density.

To obtain an expression for the total number density of
fermions, we first see that we can use the conformal
variables and the density of states in k space to write
the total comoving number density of fermions by inte-
grating over the number density per mode as

_2X2X4ﬂ'

M = o

2
/ dkk?ny = = / dkiCny.  (2.37)
T

The additional factors of 2 come from counting particles
and antiparticles, and taking into account spin-up and spin-
down fermions. The 47 comes from considering a sphere in
k space and (27)° comes from the expression for the
density of states. We approximate n, by 7, from Eq. (2.33),

T . .
and use ﬁK(T>T>—>> F./2. Hence, if we convert the integral

above into dimensionless variables using k = kAo [from
Eq. (2.27)], we can write the total comoving number
density as

223/2¢3 13/2093
noo =% / di2ii, = 20 / dek®F,. (238
T

+
YTy 7[2 2

The total physical number density is obtained from the total
comoving number density by dividing by a® (where a is the
scale factor) and hence,

no.- 2/13/2 3 /13/2 3
n:l"—ﬂlzi%/dkkzﬁ N—%/dKKzFK.

R
a’ na’ n*a®

(2.39)
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FIG. 3. #i(z) (in blue) for ¢ = 0.001 (top row), ¢ = 0.01 (second row), ¢ = 1 (third row) and g = 100 (bottom row) with its F,
envelope (in orange) at 7 = 57 on the left and 7 = 20T on the right.
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100+
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04/
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FIG. 4. F, as a function of « for three different values of ¢, showing how the envelope evolves as g increases. The k value of each

resonance peak decreases with increasing g.

III. PREDICTING THE LOCATIONS OF
RESONANCE PEAKS

In this section, we describe how the x values of the
resonance peaks of the momentum spectrum can be found
analytically or semianalytically, without the need to solve a
differential equation. We also provide physical explana-
tions for the relations that help predict the « values of the
resonance peaks.

The envelope F is defined in Eq. (2.34) and computed
by numerically solving the mode equation of Eq. (2.28)
with the initial conditions of Eq. (2.35). For small values of
the coupling parameter g (<0.01), the bulk region located
at small « is narrow, while the resonance peaks (the spikes
at larger values of «) are independent of g. The bulk region
and the resonance peaks are well separated for small ¢
values. For large ¢ (2 1), the resonance peak positions
decrease in x with increasing ¢ and we can see this
evolution in Fig. 4. For larger ¢ values, the bulk region
of the F, envelope can merge with a resonance peak for
some values of ¢, and we can also see this effect in Fig. 4.

In [5], it was found that for ¢ < 1, the resonance peaks
are located at odd multiples of /T, which can be written as

K:%(ZI—FI), where 1=0,1,2.3,...(smallg). (3.1)

We numerically verify this relation for / = 0 in Fig. 5. For
small values of ¢, it is difficult to verify Eq. (3.1) explicitly
for peaks at higher values of [ (and thus larger «) as those
peaks become very narrow and difficult to resolve
numerically.

We now give a physics argument for why Eq. (3.1) holds,
based on a semiperturbative description of the process
ng — WY. Effectively, the relation is a consequence of

energy conservation in this process. To show this, we define
the time average of Q.(7) from Eq. (2.29) over a single
period of inflaton oscillations as follows:
i 1 [T
Qua) =g [t (32)
T Jo
where Q.(7) and Q,(q) are functions of both ¢ and .
Q.(q)T represents the phase accumulated in the ¥ and ¥
wave functions over one time period of the inflaton
oscillations (refer to Eq. (3.16) of [24]). Then, the integrals
over internal spacetime points that appear in the amplitude
for the process ngp — ¥¥ yield a term of the form:

4

o Fe=0.1
 F¢=05
. F¢=09

0.005 0.010 0,050 0.100

q

P L
5.x10740.001

1104

FIG. 5. F, contours in the (g, ) plane, with both axes scaled
logarithmically. F, gets large at k ~ z/T (black dashed line), the
resonance peak corresponding to [ = 0 from Eq. (3.1).
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FIG. 6. Feynman diagrams describing the perturbative process ngp — P, for small g. Shown are the diagrams for n = 1 (left), n = 3

(middle), and a representative diagram for n = 5 (right).

/d4xf(r)nei(’<{;:+’<ﬁr)xy N5(3)(K‘{‘ +K\p)/d1‘e_mw¢’762igk(7)7,

(3.3)

where we keep the term involving the fundamental fre-
quency of f(z) [see Eq. (2.7)], and w, = 27/T, with T
being the period of inflaton oscillations.” The @ field is a
classical background field with trivial spatial dependence
which implies that it does not carry any 3-momentum. The
5@) function then ensures momentum conservation, so that
the fermion 3-momentum is equal in magnitude and
opposite in direction to that of the antifermion, i.e.,
Ky = —Ky, and Ky = Ky = K.

If Q. (7) were a constant, the 7 integral in Eq. (3.3) would
yield the usual energy-conserving ¢ function. Instead, the
periodic variation of Q () causes the phase to oscillate
more and more rapidly as 7 becomes large, while the
accumulated phase for the fermion-antifermion pair
approaches 2Q,(¢)7 to higher and higher fractional pre-
cision. Replacing Q(7) with its time-average then gives the
energy-conservation condition,

- _ 7
nw, =2Q.(q) = Q(q) = ?n.

P (3.4)

At small ¢, Q.(q) ~« so this reduces to Eq. (3.1) if n
is odd.

We can qualitatively explain the resonance structure of
Eq. (3.4) from the perturbative amplitude of ng — P¥
using Feynman diagrams. For small values of ¢ = h*/J
[from Eq. (2.27)], the inflaton quartic coupling 4 is much
larger than the square of the Yukawa coupling 4. Then the
process is dominated by Feynman diagrams of the form
shown in Fig. 6. Clearly, for each subsequent addition of a
¢* vertex to the n = 1 case (left diagram of Fig. 6), the
number of external ¢ increases by 2. This implies that n
mustbe odd, i.e.,n =2+ 1, wherel =0, 1,2, ..., and we

“Higher harmonics in f(z) from Eq. (2.7) contribute only odd
multiples of w,,; this holds for the solution of any scalar potential
symmetric under ¢ — —¢ and will be important to preserve our
conclusion below that only odd values of n contribute.

have proved Eq. (3.1) for small g. Note that this argument
will hold for any scalar potential symmetric under ¢ — —g.

For large values of ¢, the square of the Yukawa coupling
is much larger than 1 and we can neglect the ¢* vertices.
Then ngp — WPV is described by Feynman diagrams having
the general form shown in Fig. 7.

For any even n in Fig. 7, i.e., an even number of external
@ vertices, the diagram will have an odd number of fermion
propagators, in which case the amplitude involves only
terms containing an odd number of y-matrices in between
the external fermion and antifermion spinors. These can be
reduced using anticommutation relations down to a single
gamma matrix, which must be dotted into an external
fermion momentum because the initial-state scalars are
effectively at rest. For massless fermions, all such terms are
then zero by the Dirac equation. Hence, the amplitude of
diagrams of the form of Fig. 7 is nonzero only for odd
values of n. We thus obtain the same criterion for n as for
small ¢, i.e., n =2[+ 1, where [ =0, 1,2, ....

Thus, as a consequence of energy conservation, we can
write a general semianalytic relation that enables us to
calculate the x values corresponding to resonance peaks for

any g:

Q.(q) :;(21“), where [=0,1,2.3,....  (3.5)
P1 k1
PlL--=----=- —— U
P2 A
E—
L
A
Pn—1 -------
e ——
Pn—1 4
Pn -------- 7
FIG. 7. General form of Feynman diagram describing the

perturbative process ng — YW, for large g.
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We can numerically verify that Eq. (3.5) holds by plotting
the contours of F, in the (g, Q, - T/x) plane instead of the
(g, x) plane of Fig. 5. We expect resonance peaks whenever
Q. -T/x is equal to an odd positive integer and this is
exactly what we observe in Fig. 8. We provide further
justification for our energy conservation arguments in
Appendix G by redoing our analysis with a @oypy
interaction rather than a Yukawa coupling.

We can thus identify each resonance peak for all values
of g by its corresponding [/, according to Eq. (3.5). For a
fixed ¢, Q, cannot be less than its value when x = 0. This
Q, (smallest value of Q, for a fixed g) is given by

Q(q) = (Q(2)) = ¢"*(f(2)]) = %\/qu/z, (3-6)

where (- - ) denotes a time average over a complete period

of inflaton oscillations i.e., (|f|) = (1/7T) JT de\/f(7)* =
V2z/T. This lower bound Qy(g) is indicated by the
lowermost smooth green curve in Fig. 8 and indicates
which [ values are possible for a fixed g.

In order to find the positions of the peaks in « for a fixed
value of g, we first construct an interpolating function for
Q,(q) for a wide range of values of g and k. Then, we can
invert Eq. (3.5) for a fixed value of [ to get the value of k
corresponding to that value of /. However, before applying
this method, we need to take into account the lowest / value
accessible for a particular ¢ due to the lower bound Q,(q),

=R

FIG. 8.

Contours corresponding to F,, = 0.9 (blue), F, = 0.5
(orange), F, = 0.1 (green) in the ¢ vs Q. /7 plane. The
horizontal dashed lines are at odd integers. In addition to the
spiky pattern of the resonance peaks, there is a smooth curve at
the base of the spikes that corresponds to contours for x = 0 and
determines which [ peaks are accessible for a particular g.

which can be obtained as follows:

b(a) = |5 (@l -1)| = [j0v2e2- 1] 6)

where [x] represents the ceiling function that gives the
nearest integer greater than or equal to x. The peak in F
corresponding to this /; is sometimes merged into the bulk
region at small x, which we can see happening from the
evolution of the F, envelope of Fig. 4 with increasing g. In
general, for any fixed ¢, we can first use Eq. (3.7) to find [,
and then invert Eq. (3.5) to find the value of x correspond-
ing to the peak [, and all higher peaks. We used this
procedure to find the approximate x value used in Fig. 2
corresponding to the /, = 1 peak for ¢ = 1. Finally, using
Eq. (3.6), we are also able to determine the values of ¢ at
which the value of /; changes,

2L+ 1)\2 (214 1)?
%(,):( () ) =7
[1=0,1,2,3,...

where

(3.8)

These values will correspond to the discontinuities in the
curves in Figs. 12 and 15.

IV. CONTRIBUTIONS TO THE TOTAL
NUMBER DENSITY

In this section, we will compute how the bulk region
around « = 0 and the resonance peaks at higher x contrib-
ute to the total number density by numerically evaluating
integrals of the form in Egs. (2.38) and (2.39). We will
divide up the integral into bulk and resonance peak
contributions, show how they behave separately and then
find analytical approximations for all integrals. We numeri-
cally evaluate the different contributions to the integral,

(s8]
IE/ dkk®F,..
0

We find approximations (as functions of ¢) for the different
contributions and for the total integral itself. In particular,
we find good approximations in two regimes; small ¢
(¢ £0.01) and large g (g = 10). We also give numerical
results for the intermediate regime, but do not find a good
analytical approximation there.

(4.1)

A. Small ¢

We first focus on evaluating the integral / over a range of
small g values; 107> < ¢ < 1072, We expect these results to
be valid for smaller values of g as well. For all values of ¢
less than ¢4(0) = 0.5, [y =0 and, therefore, resonance
peaks corresponding to all / values are present for ¢ < 0.5.
We observe, however, that the resonance peaks correspond-
ing to [ > 2 are very narrow and, as such, the numerical
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estimations of their contributions to / become unreliable.
Below we give evidence that that the contribution of the
[ =2 peak is small compared to the total integral.

To estimate the total integral for small g, we integrate the
bulk region and the first two resonance peaks correspond-
ingto/=0and [ =1,

(4.2)

The upper limit of the this integral is chosen because it
represents the xk-point midway between the / = 1 and [ = 2
resonance peaks. Because the peaks are narrow compared
to their spacing (see the top row of Fig. 3), this upper limit
of the integral ensures that we are taking into account only
the contributions from the bulk and the first two peaks
[ = 0and [ = 1. The total integral /5 can be broken up into
three parts, with each part describing the contributions from
the bulk region and each of the first two resonance peaks, as
follows:

Ko/2 5 (ko+k1)/2 5
Is(q) = | dikxF .+ drkk”F
K

0/2
Bulk, 1, [=0Peak, I,
(k1+K2)/2
+ / C Ak, (4.3)
(ko+x1)/2
I=1Peak. I,

Figure 9 shows the value of the three component integrals
normalized to the total integral, as a function of g. We
observe in Fig. 9 that most of the contribution to the
fermion density for small g values comes from the
resonance peaks / = 0 and / = 1. The peak [ = 0 contrib-
utes 65-70% of the total integral, the peak / = 1 contributes

10 1 /1s
Lol /s

Lon s
08"

0.6

1,/ Is

0.4

0.2

0.0

FIG. 9. Contributions of different components as fractions of
the total integral I4(q) from Eq. (4.2) for 107 < ¢ < 1072, The
contributions defined in Eq. (4.3) are given by the bulk (orange,
bottom), the / = 0 peak (red, top), and the / = 1 peak (green,
middle).

30-35%, while the bulk region contributes less than 5% of
the total. As such, we focus on finding approximations to
the contributions of the resonance peaks.

Plotting /, vs g with both axes logarithmically scaled, we
find that the values follow a ¢'/?> power law. Fitting a
straight line to the log-log data using least-squares regres-
sion gives

(ko+s1)/2
Iy(q) = / /z Ak F, 2026 x V2. (4.4)
Ko

The numerical estimate as well as the fit line are shown in
Fig. 10. Repeating the procedure for /,, we similarly find

(k1+x2)/2
Ii(q) :/ o dxk’Fo~0.11 x g'/2. (4.5)
(ko+K1)/2

This fit is also shown in Fig. 10.

Repeating the same procedure for the bulk region,
I, = f(';"/ % dkkF,, we find that it follows a power law
~q°°. Because the bulk is only a small fraction of the total
contribution (see Fig. 9), the power law dependence of the
total integral is still well-described by ¢'/% as shown
in Fig. 10.

We are unable to find a good approximation for the
resonance peaks [ = 2 and higher by this method directly, as
the peaks are too narrow. The numerical evaluation becomes
unreliable due to round-off error as Re(X}(T)) [from
Eq. (2.34)] is very close to —1. As such, we try to estimate
the contribution from the peak [ = 2 by using ¥, = X, + 1
and substituting it for X, in Egs. (2.28), (2.34), and (2.35).
We find that this trick improves numerical calculations for a
small range of ¢ values between ¢ = 0.005 and g = 0.01,
since Wolfram Mathematica handles very small values better
than small differences between O(1) values. We then
evaluate the integral using the F, from Eq. (2.34) (with
Y, now) over a small range of x around x = 5z/T [from
Eq. (3.1), corresponding to the peak / = 2 for small g] for
three values g = 0.005, 0.008, 0.01. We find that the log-log
data for the three integral values approximately follows a
g'/? power law (similar to I, and /,) and we find the fit to
these data points using least-squares regression as follows:

Se/T+001 s
I,(q) = dxk*F, ~0.012 x ¢'/2.
57/T—0.01

(4.6)

The numerical values of the integral and their corresponding
fit are also shown in Fig. 10. We thus see that /, is about ten
times smaller than /;, justifying that it can be ignored. We
note that the three points computed for /, are approximately
the same size as 1, but we expect that this is a coincidence
and that at smaller ¢, I, will be larger than [, as shown by the
extrapolation in Fig. 10.
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FIG. 10. Contributions of different components and the total
integral for 10> < g < 1072 Values of the total integral are given
by Ig from Eq. (4.2) (blue, top) with the approximation from
Eq. (4.7) (black, dot-dashed). Also shown are contributions of the
peak [ = 0 (red, second from top) given by [/, from Eq. (4.3) with
its corresponding approximation from Eq. (4.4) (black, dashed),
the peak / = 1 (green, third from top) given by I, from Eq. (4.3)
with its corresponding approximation from Eq. (4.5) (black,
dotted), and contributions of the bulk given by [, (orange,
bottom) from Eq. (4.3). We also show contributions of the [ =
2 peak for g = 0.005, 0.008, 0.01 given by I, (black circles,
bottom right) and its approximation from Eq. (4.6) (gray, dotted)
which we extrapolate down to ¢ = 107>. The three points for I,
are approximately the same size as I, but we expect this to be a
coincidence and expect I, to be larger than [, for smaller ¢, as
shown by the extrapolation.

We now fit the total integral,
(k1+K2)/2
Is(q) = / T G F, %038 x g2, (47)
0

which is shown as the top lines in Fig. 10. This approxi-
mation in Eq. (4.7) for I can now be used in the number
density formulas from Egs. (2.38) and (2.39) to approxi-
mate the number density of produced fermions as a
function of the coupling parameter g for small values of
q (£0.01). As we have only considered the peaks [ = 0 and
[ =1 for the approximation in Eq. (4.7), we can estimate
the error in the approximation by comparing /, from
Eq. (4.6) and I¢ from Eq. (4.7). We find I,/I5 ~0.03,
which implies that dropping the / = 2 peak gives an error of
around 3%. We observe from the approximations in
Egs. (4.4), (4.5), and (4.6) that the proportionality constant
decreases significantly with increasing / from 0 to 2. We
expect that this pattern continues so that higher /(> 2)
peaks contribute even less to the total number density; we
therefore neglect them in our analysis.

B. Large ¢

For larger values of the coupling parameter (¢ = 10), we
first discuss the boundary of the bulk region and how it
could be used to approximate / from Eq. (4.1). In [7], it was

shown that the boundary of the bulk region of F, is
proportional to ¢'/4, which was shown to be a consequence
of the nonadiabaticity condition for particle production;
|Q| = Q2. The nonadiabaticity condition arises whenever
Q. changes very rapidly and is needed for nonresonant
particle production, resulting in the large F, in the bulk
region of the momentum distribution. For our case, we can
first write the nonadiabaticity condition for . from
Eq. (2.29) as follows:

’dg” 2R =K<

(aff)*? = qf>,

I (4.8)

where we have chosen a time when f and f are both
positive. Particle production for large g occurs whenever
the effective fermion mass /g f(z) crosses zero.” We can
see this in Fig. 1, where for large ¢ there is a sudden change
in n.(z) in the vicinity of times where f(z) =0. This
indicates that the nonadiabaticity condition will be valid in
a narrow region of 7 around the points where f(z) = 0.
Similarly to the procedure in [7], we can find the maximum
k that results in particle production by first setting « equal to
the right-hand side of the inequality on the right of
Eq. (4.8). Then, if f, is the value of f that corresponds
to the maximum value of «, it can be found by maximizing
k with respect to f as follows:

de| - _d(@ff)?P—af)"? _
dflyy af =
174 ¢1/2
= f.= ‘133—/{, (4.9)

where f, is the slope when f(z) = 0 (and at a time when it
is positive). As the 7 range for which the nonadiabaticity

condition is satisfied is very narrow, we approximate £, as a
constant equal to the slope of f when it is zero. For f(7)

from Eq. (2.6), f, = 1/v/2. We use f, from Eq. (4.9) for
the maximum k given by the inequality on the right of
Eq. (4.8) and see for the corresponding value «,,

qf.f. = (K2 +qf?)*?

24" 2F\/? 2\4 |
= K, = “) == /4 % 0.529"/4.
K ( 33 7)) 4 q

(4.10)

This &, ~ 0.52¢"/* implies that the boundary of the bulk is
o ¢'/*. If the major contribution to the fermion number
density comes from the bulk region, we thus expect
1(q) « ¢**; we will show numerically that this is indeed
the case. A similar approximation was used in [5,26]. For
larger « values, particle production occurs via resonant

SAs before, we are assuming the bare mass of the fermions is
negligible.
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production as in the small-¢g case. Estimating the boundary
of the bulk is difficult for large g because for many ¢ values,
the lowest peaks are partially merged into the bulk. The
points in the contours of F in the (g,«) plane where the
lowest resonance peaks are separated from the bulk corre-
spond to the dips in Fig. 11 because those are where the bulk
is narrowest. Fitting the points at these dips indeed yields a
g'/* power law as expected from the nonadiabaticity
condition, as we show for the F, = 0.5 contour in Fig. 11.

For many larger values ¢, the bulk region merges with the
lowest resonance peak denoted [, given by the function of ¢
in Eq. (3.7). This merging can be seen in Fig. 4 as the lowest
peak moves down in k with increasing g. The merging can
also be observed in slices of fixed ¢ in Fig. 11 as for a fixed
g, we observe that the resonance peak gets wider as it gets
closer to the bulk region and ultimately assimilates into the
bulk. Hence, rather than trying to find approximations for
the bulk and the first peak of the integral / from Eq. (4.1) (as
done for small g), we treat the bulk and first peak as a single
component.

For large g all resonance peaks with [ > [, exist, but our
numerical analysis indicates that the cumulative sum is
well-approximated by the bulk and the first six resonance
peaks. Therefore, we truncate our computation of the total
integral after the sixth peak. As before, the positions of the
resonances are computed using Eq. (3.5). Then, similar to
Eq. (4.2), the total integral for the large ¢ values is
evaluated as

(kig45tKigi6)/2
1,(q) :A R e (4.11)

We find numerical estimations for different contributions to
I; by first assuming that the bulk region and the /; peak
form one component and then take into account the other
resonance peaks (which are reasonably well-separated from
the bulk). We break up /; into six components with the
different components representing contributions from dif-
ferent parts as follows:

(K1 +Ki41)/2 (K1 41+K1+2)/2
IL(q>:/O Io TR1g+1 dKKzFK+[ to+1 1K1y +2 dKK'ZFK

Kio+1041)/2

Bulkand/, Peak,lbﬂo Ip-+1Peak, Iyt

+/(K10+2+K1(,+3)/2 dKKzFK—I—/(K[OMJFK[“M)/Z dk
( (

Kig+1+Kg+2)/2 Kig+2+Kig+3)/2

K> F,

lo+2Peak, I} > lo+3Peak, ;13

N / (Kig+atK1y45)/2 I F / (145 +HKig16)/2 dxK>F ..
( (

Kig+3 K1y 14)/2 Kig+a K1y 15)/2

lo+4Peak, I} 4 lo+5Peak,I; ;5

(4.12)

These integrals, normalized to the total, are shown in
Fig. 12 for various g values in the range 10 < g < 3 x 10,

0.1 L 1

- F,=09

0.1 0.5 1 5
q

FIG. 11.
line representing x = 0.39 x ¢'/* for ¢ > 1.

10 50 100

F, contours in the (g, k) plane, with both axes scaled logarithmically. F,, = 0.5 contour follows a pattern which matches the
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FIG. 12. Contributions of different components as fractions of the total integral /; defined in Eq. (4.11). Shown are contributions of a

component with the bulk region and peak [, taken together I, (red circles), as well as 1; | (green squares), I, ,, (purple triangles),
;43 (yellow stars), with the integrals defined in Eq. (4.12).
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FIG. 13. Different integrals as a function of g for 10 < g < 3 x 10*. Top left: The integral I,,,; [see Eq. (4.12)] over the bulk region
and peak [ as well as the approximation from Eq. (4.13). Top right: I, ., over the second peak and the approximation from Eq. (4.14).

Bottom left: 1,1, + 1,41 over the bulk, first peak, and second peak, as well as the fit from Eq. (4.15). Bottom right: Total integral I, [see
Eq. (4.11)] with the approximation from Eq. (4.16).
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We observe that although the bulk region and the [, peak
together (red circles) account for the highest contribution
for many values of ¢, the contribution from the [, 4 1 peak
(green squares) surpasses that of the bulk + /, component
for some values of ¢, implying that it is not only the bulk
region that has a relevant contribution. Although it is
subdominant, the [, + 2 peak (purple triangles) also has
a significant contribution, as much as 20% of the total
integral, while the [y + 3 and higher peaks make up a
smaller contribution.

Then, similar to the small g case, we fit the numerical
values of the bulk + [/, and /, + 1 integrals as a function of
q to a power law. The points are shown in the top two plots
of Fig. 13. Although the values of the integrals oscillate
around the fit as ¢ varies, both contributions are reasonably
approximated by a ¢*/% power law, where the fit is also
shown in the top two plots of Fig. 13. The fits are given by

(i +1041)/2
Iy (q) = A o dxk’F ~0.069 x ¢3/*,  (4.13)

(Kpg17+K1y42)/2
Iy(q) = / O G F L~ 0.038 x 4. (4.14)
(k1g K1 +1)/2

When we add up the contributions from the bulk + [
component and the /, + 1 peak, we find that the scatter
diminishes significantly and the data points more clearly
follow a ¢** power law, which can be seen in the bottom
left plot of Fig. 13. Hence, an overall approximation for the
total contribution from the bulk region, [, peak and the
lop + 1 peak is found from the best fit to the data points as

(Kpy1+K1y42)/2
R P / U A F 2012 % g4, (4.15)
0

When we add all the contributions in /; from Eq. (4.11),
we find that the scatter in the calculations reduces even more
and the total integral clearly follows a ¢*/# power law, which
is represented in the bottom right plot of Fig. 13. The propor-
tionality constant is found from the best-fit to the data points
and hence, the relevant approximation can be written as

(Kig5HK1y46)/2
IL(‘]):A O P F L~ 0.13 x g3 (4.16)

We see that including peaks with / > [, 4+ 1 changes the
total integral by less than 10% which shows that the
contributions to / from increasing [/ are rapidly decreasing,
implying /; is a good approximation for /. This fit in
Eq. (4.16) for I is can be used in the number density
formulae from Egs. (2.38) and (2.39), to approximate the
total number density of produced fermions as a function of
the coupling parameter ¢ for large values of ¢ = 10.

C. Intermediate ¢

For the intermediate range of ¢ values between 1072 and
10, we use the same integral limits to evaluate the total
integral and the individual contributions as in Egs. (4.11)
and (4.12). Neither the ¢'/? approximation from the small g
case nor the ¢*/* approximation from the large ¢ case gives
a good approximation for the total integral in this inter-
mediate range of ¢, as can be seen in Fig. 14. Although
there is a major deviation from the ¢'/?> power law for
q 2 0.01, we find that for values of g greater than

103}
102
101

10°

FIG. 14. Total integral I(g) for 10™ < g < 3.0 x 10*, with the approximations for the small ¢ and large g cases described by
Egs. (4.7) and (4.16). The vertical dashed lines divide the small ¢, intermediate ¢ and large ¢ regions.
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FIG. 15. Contributions of different components for 0.01 < g <
10 as fractions of the total integral. For g < ¢y(0) = 0.5, the
normalization is Iy from Eq. (4.2), while for g > ¢((0), the
normalization in /; from Eq. (4.11). Shown are contributions of
the bulk and [, peak, I, (red circles), the [, + 1 peak I,
(green squares), and the [, + 2 peak I, |, (purple triangles, for

q > qo(0) only).

q0(0) = 0.5, an oscillating pattern starts to form around the
¢*/* power-law fit which ultimately converges into the
expression from Eq. (4.16) at larger ¢. The ¢*/* power-law
fit seems to be decent for 1 < ¢ < 10 but with a maximum
relative error ~50%.

We also plot fractions of the total integral contributed by
the first three components, and this is shown in Fig. 15.
Similar to the large ¢ case, the major contributions come
from the bulk + /, component and the [, + 1 peak, which
can be seen in a more pronounced manner for this
intermediate g range as the contribution of the [, + 2 peak
remains very small. For ¢ less than g, (0) = 0.5, the bulk +
lo component has the dominant contribution over that of the
Iy + 1 peak. Then for values of ¢ just above each transition
point go(!) [from Eq. (3.8), with / = 1,2, 3, ...], the largest
contribution again comes from the bulk + /, component.
However, this fraction decreases with increasing ¢ and the
contribution from the /;, + 1 peak dominates at values of ¢
just below the next transition point ¢y(/ + 1). The jumps in
Fig. 15 at ¢ = 0.5 and ¢ = 4.5 [corresponding to ¢g,(0) and
qo(1) from Eq. (3.8), respectively] are physical and are a
consequence of the [/ value of the lowest resonance peak
changing from O to 1 and from 1 to 2, respectively. We
expect such jumps over the whole range of ¢ whenever the /
value of the lowest resonance peak changes and we observe
this pattern in Fig. 12 as well.

V. DISCUSSION AND CONCLUSIONS

We considered nonperturbative production of fermions
that are produced out of thermal equilibrium during coherent
oscillations of a scalar field. We study the production of such
particles through the mechanism of fermionic preheating for
A¢p* inflation, under the assumption that the bare mass of the
fermions is negligible. Production is described by a differ-
ential equation with a time-dependent natural frequency

Q,(7) = /x* + qf*(z), which represents an effective rela-
tivistic energy, where « is the dimensionless comoving
momentum of the fermions, f(z) describes inflaton oscil-
lations, and g = h*/A is a coupling parameter with / being
the Yukawa coupling between inflaton and fermions, and A
being the inflaton quartic coupling. The momentum distri-
bution of the fermions produced is described by an envelope
function F', which contains a highly occupied ‘bulk region’
around k = 0 and resonance peaks for higher .

It was observed in [5] that for ¢ < 1, resonance peaks of
F are present when « is an odd multiple of z/T (T being
the time period of inflaton oscillations). We provide a
physics explanation for this relation and generalize the idea
to find the momentum value of resonance peaks for any g.
We use the time average of Q, to find a simple semianalytic
relation that predicts the x values corresponding to reso-
nance peaks in the momentum distribution of the fermions
produced for any ¢ without the need to numerically solve a
differential equation. This is described as: Q.(q) =
%(21 +1),1=0,1,2,3, ..., which we use to find and label
k corresponding to the resonance peak [ as x; for various g.
However, [ = 0 does not correspond to the first resonance
peak for all g values. The [/ value representing the first
resonance peak is called /; and is given by Eq. (3.7) as a
function of ¢. Because of the physics behind it, we expect
this semianalytic relation describing the positions of
resonance peaks in the momentum spectrum to be true
for any symmetric inflaton potential.

As shown in Eq. (2.36), we use F, to describe the
number density per mode of the particles produced (i1,),
which implies that for the total number density (n):

& N, [o N
nocNf/ dxi* (i) :7f/ dKKZFKETfI, (5.1)
0 0

where N is the number of chiral fermion species. Hence,
we use F to estimate the total number density of fermions
through the approximations we find for the integral /.

We observe that the momentum spectrum of the fermions
produced is not completely degenerate. We find that for
small values of the coupling parameter ¢ < 0.01, the main
contributions (~95%) to [ are actually from momentum
shells at x corresponding to the resonance peaks labeled
[=0and =1 (at k) = /T and «; = 37x/T), instead of
the bulk region (an approximately filled sphere around
k = 0). We can see this from the plots of the contributions
of different components of F, in Figs. 9 and 10.

For larger g, we evaluate and plot the contributions to /
of different components of F, in Figs. 12 and 13 using the
values of k; for different ¢, and find that ~80-90% of I is
taken into account with x between 0 and the peak [, + 1
[where Eq. (3.7) gives [, for any ¢g]. Overall, we observe
contributions from an approximately half-filled sphere with
subdominant contributions from momentum shells at res-
onant values of momentum.
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Thereafter, we extract novel analytic approximations for
the contributions of different components of F, to the
number density through /. For ¢ < 0.01, we find that the
major contributions, which are from the resonance peaks,
follow ¢'/> power-law approximations such as I,(q) =~
0.26 x ¢'/? for the I = 0 peak, as shown in Fig. 10. We
therefore find a ¢'/?> power-law approximation for / for
small g, given by I4(q) ~ 0.38 x ¢'/? from Eq. (4.7). For
larger ¢ (2 10), we find that the contributions of different
components follow ¢>/* power-law approximations, as
shown in Fig. 13. We therefore can approximate the total
integral at large ¢ by I, (q) ~ 0.13 x ¢/ from Eq. (4.16).

The fermions produced by the mechanism described in
this work could be a promising dark matter candidate. In
Ref. [19], it was found that for a single flavor of fully-
degenerate Majorana fermions y to make up all dark
matter, their mass m,, must be greater than about 2 keV
as a consequence of the effects on structure formation when
their Fermi momentum p; remains relativistic, i.e.,
Pr 2 my, to a sufficiently late redshift. We can adapt this
limit on m,, for our case of Dirac fermions (equivalent to
N; =2 Majorana flavors) produced with the nonthermal
momentum distributions predicted by our analysis, assum-
ing that these fermions make up all the dark matter.

We first consider small g < 0.01, for which the fermion
momentum spectrum is dominated by the first two reso-
nance peaks. To demonstrate the method, we start by
considering only the / = 0 resonance peak and assuming
that all the fermions produced are in a single narrow Fermi
shell with momentum «, = z/T. These fermions become
relativistic when m,, ~ k. The bound on m,, can then be
found by rescaling the fermion number density in Ref. [19]
by the ratio,

(N;/2) x 1o(q) _ 3NIo(q)
fOPF:KO p2dp 2K8

: (5.2)

where ,(q) is the integral of the / = 0 resonance momen-
tum shell from Eq. (4.4) (note that this first-pass approxi-
mation ignores 30-35% of the fermion number density).
Using the fact that the energy density of dark matter p,, =
nm,, remains fixed, we can then rescale the limit on m
from Ref. [19] as follows:

2\ V4 0.56
"0> ~2 keV <1/g> (5.3)
3Nylo(q) q

For ¢ = 1075, we find that the limit is strengthened to
m,, 2 5 keV, but for ¢ = 0.01, we still find m,, 2 2 keV.
The constraint on m,, is not improved for ¢ = 0.01, which
we attribute to the fact that the peak / = 0 for ¢ = 0.01 is
quite broad, as can be seen in Fig. 3, so that it again
approximates a (half-)filled Fermi sphere.

174

my, > 2 keV<

For a better approximation at small g, we can instead
consider the contributions from the first two momentum
shells, at k) = /T and k; = 3z/T, containing ~65% and
~35% of the total fermion number density, respectively.
Assuming that having only ~35% of the dark matter be
relativistic is sufficient to trigger the constraints from
structure formation, we can follow the same procedure,
now taking into account the full number density and setting
m,, =~ k. In this case we find

a3\ 14 1.2
m, >2keV[——1 ) ~2keV(=2). (54)
3NsIs(q) q'’®

The limit on m,, for the particles to make up all dark matter
is then strengthened for ¢ = 107> (¢ = 0.01) to my, 2
10 keV (m,, Z 4 keV). We expect the actual bound to be
between the ones from (5.3) and (5.4).

For larger g values, the momentum spectrum can be
reasonably approximated as a half-filled Fermi sphere.
Taking into account the extra factor of Ny = 2 for Dirac
fermions and assuming that these fermions make up all the
dark matter, the bound m,, > 2 keV from Ref. [19] remains
unchanged.

Although our results are for A¢* inflation, they are easily
generalizable to m?¢? inflation [22], hybrid inflation [37], or
coherent axion oscillations [38,39]. We generically expect
the total number density of produced fermions for any
coherently oscillating scalar field with a symmetric potential
to follow the same power laws that we found for A¢*
inflation; proportional to ¢'/? for small values of g, and
proportional to ¢3/* for large values of g. We check I4(q)
from Eq. (4.2) for m?¢? inflation and obtain a nearly
identical fit as the one for A¢p* inflation; I4(q) ~ 0.39 x ¢'/2.
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APPENDIX A: DETAILS OF THE CALCULATION
OF H,, IN TERMS OF éy,, by, OPERATORS

Here, we write the steps involved in representing the
Hamiltonian H () in terms of the creation (&};S, Z;Z’s) and
annihilation (@, lgk,s) operators. Hp(no) is diagonal in
these operators and the operators annihilate the ground state
of the Hamiltonian. However, Hp(n) at > 5o is not
diagonal in these operators and that is the expression we
are looking for. First, we write the equations that describe
all the relevant terms from Egs. (2.12) and (2.16). The
orthonormal basis spinors R, and R, are defined through
the eigenequations,
|

7'Ri(k) = +R. (k)
(k- Z)R. (k) = =R, (k).

For simplicity, the comoving momentum (k) of the
particles can be assumed along the z-direction i.e.,
k =(0,0,k), and we can use X = (g S_) [40], where
o are the Pauli matrices. Using this assumption and the
eigenequations above, we can show the following relations:
Ry(+k) = R (F k).

Ri(2k) = Ry(F k).  (A2)

The ansatz used for ¥ in Eq. (2.13) can then be used to define u ((17), with ’ here indicating derivatives with respect to 7:

g+ (et > = [iy%9, + iy/0; + (ho(n) + my,a(n))| X ()R (k)etkx,

= s (n) = [iX, (1) = (v - k = (ho(n7) + my,a(n) X ()R,

(A3)

where a(n) is the scale factor. The charge conjugate vy ((17) is defined through the charge conjugation operator C = iygy,

and ;. = u,t Y0 as

Ve (n) = Cﬁ[,i(’?)s

= v (n) = [-iX5(n) + (r - K + (hep(n) + my,a(n)))X; (n)]R=..

(A4)

To evaluate the Hamiltonian H p, in terms of the fermion creation and annihilation operators, we first use Eqs. (A3) and (A4)
in Eq. (2.16) and use the resultant expression in Eq. (2.17). The definition of the §-function can then be used to first remove

the d°x-integral,

/ KX gBy = (27)360) (k — K).

(AS)

Thereafter, eigenequations from Eq. (A1) can be used with Eq. (A2) to substitute values for terms with R and R and this

ultimately yields Eq. (2.18).

APPENDIX B: DERIVING RELATION BETWEEN E, F AND

We will now show how the relation between E, F, and €, from Eq. (2.21) comes about. To do so, we first assume

f(n) = g(n) = X, (n) for Eq. (2.20), and we can then write:

|d (> + Q2(n)|g(n)|* + 2(m,a(n) + he(n)) Im(g(n)g"* (1)) = C.

Equations (2.14) and (2.19) can also be written as

(B1)

g'(n) + [k + (ho(n) + m,a(n))* = ihg/(n)]g(n) = 0,
E(n) = [ho(n) + m,am)][lg (n)* + Q2 (m)]g(n) P] + 2% (n) Im (9(n)g* (n)),

F(n) = k(g™ (n)* + k() (9" (n))*.

Using these, we can show that

(B2)
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E(n)* =
+ 493 (n) Im (g(n)g"*(n
[F(n)* = K*[|lg (n)|* + QL) g(n)|*] +

Then, we can add these up and use Eq. (B1) to show

vv

E@m)* + [F()I> = @[l )P + m)f )P + 2(m,a + he) Im(f () f™(n)]? = QC2.

APPENDIX C: DERIVATION OF g2

We will show how we can calculate the fermion (or
antifermion) number density per mode n;(17) = |f|*>. There
are two equivalent ways to show that this relation holds (in
either the Schrodinger or the Heisenberg picture). One is to
consider time-dependent vacuum and use |0,,) to represent
the ground state of the Hamiltonian at time #, which is
annihilated by new operators ¢, Zik,s defined in Eq. (2.24).
Then ny(n) is given by the expectation value of the time-
independent number density operator &Z’S&k,s (or ISZ.SI;,(J)
as n(n) = <O |a,“aks|0 )= <0,7|lA7,;SlA)kYS|O,7>. Alternatively,
we consider the time-independent vacuum |0) that is
annihilated by ay g, Bk’s, to represent the ground state of
the Hamiltonian at time 7. Then n;(n) is given by the
expectation value of the number density operator at time 7,
Chlus (o di dy ) as (1) = 012} ,21.510) = (01d]. o [0).
where the time dependence is carried in the transformation
from the a, b operators to the ¢, d operators. We can use the
first option, and use the Bogoliubov transformations
described by Egs. (2.23) and (2.24), to see that
|

F cos? @e'® — F* sin®> e~ = F* cos” Qe — F sin® fe'? = ¢*% = F*/F.

[hop(n) + mya(m)]*[|g (m)* + Q) g(n)*1* + 45 (n) Im (g(n)g* (n))*
Who(n) + mya(m)]lg (> + Q& (n)|g(n)[*].
K2Q2[2|g(n)?|g (n)

—41m (g(n)g"* (n))?].

|
”k(’?) = <On|&z,sak,s|0n>
= (0,)(aty ;= frdy) (e e = Bd; ,)[0,) = |-
(C1)
As the Bogoliubov transformation diagonalizes the

Hamiltonian Hp(n), we can set the nondiagonal terms
of Eq. (2.25) to 0 and this implies

Fo? — F** — 2Eaf = 0. (C2)
Due to their property in Eq. (2.24), a and f can then be
written as
p = sinBe'®s.

a = cos fe'a, (C3)

Substituting these into Eq. (C2) gives (using ¢ = ¢, — ¢p)
— F*sin”> e = 2E cos @ sin 6.

F cos? fe'? (C4)

As the right-hand side of this equation is purely real, the

left-hand side of the equation is its own conjugate and we
can write

(C5)

Equation (C4) can then be solved as a quadratic equation in sin? @, and after making the substitution from Eq. (C5), the

following equation is obtained:

0 e (FY/F)A(FP +E) £4EVE* +|FP) 1 E
o == S(F/F)(E2 + FT) RNk (©6)

We need to choose the negative solution to ensure that n () =

|B(no)? =0

APPENDIX D: COMPARING DIFFERENT n; (1) EXPRESSIONS

We will show here that the expression for n; () that we have derived is equivalent to the number density equations
present in [5,24,26]. The relevant equations from existing literature also assume the same initial conditions as in Eq. (2.22)
that imply C = 1. Together with the additional assumption of light fermions i.e., m, ~0, the number density from

Eq. (2.26) can then be written as

Q(n) -

ho () [1X; ()” + Q)X () P]

= 208 () Im(X, () X3 (1))

n(n) =

2€(17)

(D1)
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Then, Eq. (B1) can be used with C = 1 and m,, = 0 to write

X () ? + Q)X (n) > + 2he(n) Im(X (1) X' (n)) =

1
=X, () + Q)X ()] = 1 = 2he(n) Im(X () X' (1))

(D2)

Substituting this in Eq. (D1) gives

1 g he(n)
n(n) = = — ——Im(X(7)X"5(n)) — . D3
This is of the same form as the number density equation written in [5,26].
Alternatively, Eq. (D2) can be used to write

Qi(n) = Q) x 1= Q) [IX; () * + Q5 () IXi () * + 2hep () T (X ()X ()] (D4)

Substituting this in Eq. (D1) gives

Q —h

) = () 13, 0P+ 9300) e 0) P = 29 (X)X ) (D3)

This is of the same form as the number density equation written in [24].

APPENDIX E: DERIVATION OF #,(7)

We will now show the derivation for 7i.(z) from
Eq. (2.33), following the procedure of [10], using the
example and notation we have used for A¢* inflation.
Although all equations are written for the particular case of
A¢* inflation, we can write the relevant equations for any
other model (such as m?¢@? inflation) in this form as well,
by using different transformations to write all the equations
in dimensionless variables, and the same ideas will be valid.

In [10], expressions are derived which describe the
production of particles in vacuum by a spatially uniform
periodic electric field. These were then applied to a
particular case of particle production from optical laser
light. The general ideas of the derivation are also applicable
for particle production from the inflaton, and we make the
approximation that the inflaton oscillations start at some
point of time and occur for N periods, during which particle
production takes place and then stops.

To start the derivation, we first know that f(z) =
cn(r,1/2) from Eq. (2.6) is periodic with a period T
ie., f(t+T) = f(r). As mentioned below Eq. (2.6), we
set 7; = 0 so that f(z) is at its maximum at = = 0. This
implies f(—7) = f(z) = f(-t) = —f(z). Thus, applying
the transformation [f(7) — f*(—7), X(7) = Xi(-7)] to
Eq. (2.28) yields the exact same differential equation, using
the fact that f(z) is real. Then, let us introduce two
solutions, X! and X2, of the differential equation
[Eq. (2.28)] with the solutions having the following initial
conditions:
X:(0)=1. X (0)=0,

X2(0)=0. X2(0)=1,

(E1)

where " implies derivatives with respect to z. Then we can
write the Wronskian for X! and X2, and use Abel’s identity
for Eq. (2.28) with the above initial conditions to get the
following relation for all z:

XL (2)X2(r) - XL(0)X2(e) = L. (E2)
Due to the symmetry of the differential equation under a
transformation involving a complex conjugate and 7 — —,
we can say that one of the solutions X or X2 is even under
the transformation, while the other is odd under the
transformation. Then, let us assume the following:

XL (=) = XL(r),
X (—1) = -XL(0).

X2 (=1) = =X3(a),

XF(-0)=X(z).  (B3)

Due to the periodicity of f(z), we can write solutions
XY(z 4+ T) and X2(z + T) as linear combinations of X!(z)
and X2(7). This can be done in the following manner:

XNt +T) =a;XHr) + b X3(7),

XHt+T) = ay X} (1) + by X3 (7). (E4)

The coefficients a;, b; (i = 1, 2) can be found by looking at
the above equations at 7 = 0 and the time derivative of the
equations at 7 = 0, and using Eq. (E1). After finding the
coefficients, we can write

Xi(t+T) = XU(T)Xx(7) + Xy (T)XX(v),
Xi(z+T) = X}(T)Xi(7) + XH(T)X(7).  (ES)

Now, let us define a matrix M(z) using X.(z) and X2(7):

076012-21



LOGAN, STOLARSKI, and YASIN

PHYS. REV. D 114, 076012 (2026)

M(7) = (Xk@ (E6)

X3(7)

XL(T))
X))
We have M(0) = I,,,, from Eq. (E1). Using the relation

from Eq. (E2), we have |M(z)| =1 for all z. Then, by
Eq. (E5), we find

XM XD (XD K
M“+j”‘(xﬂn Xﬂﬂ><Xﬂﬂ Xﬂﬂ>
— M(T)M(2). (E7)

If we take 7 =T, Eq. (E7) implies M(2T) = (M(T))?;
taking 7 = 2T implies M(3T) = (M(T))?, and so on. In
general, we can write

M(nT) = (M(T))", (E8)

where n =1,2,3.... Now, let us introduce an matrix
operation (represented by 2) which gives another 2 x 2
matrix with the complex conjugate of all terms and with
switched diagonal terms. For example, applying it on M(z)
implies

X4(2) nmyz(ﬁw>

X (7) )
X(r) Xi(v) X% () '

X (z)
(E9)

()2 = (

Similarly to taking complex conjugates, if we apply this
operation on two arbitrary matrices W and W,, then it can
be proven that

(WiW2)% = Wawp. (E10)
Applying 2 twice on a matrix will yield the same matrix.
Now, we apply 2 to M(—7) and multiply the result with
M(z). Then using Egs. (E3) and (E2), we find
MA(=2)M(z) = Ly, = MA(=7) = M~ !(z). (Ell)

Then let us apply Eq. (E7) with 7 =-T7/2 and use
Eq. (E11) to get

o w(pe(5) w(Epe(l). we

Applying 2 on both sides of this equation implies

= (o () () - w2 )

= M(T). (E13)

We can now use this with Eq. (E8) and find

M2 (nT) = ((M(T))")* = (M*(T))" = (M(T))" =M(nT).
(E14)

If we compare the terms of the matrices on both sides of the

above equation, we find that the following relations are

valid:

X¥(nT) = XL (nT),

XY (nT) = X2(nT).

X2*(nT) = X2(nT),
(E15)

Then, for an arbitrary unimodular 2 x 2 matrix C (i.e.,
|C| = 1), it can be proven that the following relation holds
forn=1,2,3,...:

on <smh(nD>> o <sinh((n ~1)D)

sinh(D) sinh(D) > L (El6)

where D is obtained from the trace of C as

cosh(D) = Tr(C)/2. (E17)
We can see that Eq. (E16) is trivially true for n = 1. For
n = 2, it can be simplified as follows:

C? = (Tr(C))C - L. (E18)
This equation will be true if |C| = 1. Thereafter, we can
prove by induction that Eq. (E16) will be true for all
n=1,2,3,.... We can then use Eq. (E16) for the matrix
M(z), defined in Eq. (E6), at 7 = nT. Then, using Eq. (E),
this implies

M(nT) (%)M(T) - (W)L

(E19)

where D is obtained from the trace of M(T) as [using
Eq. (E15)]

cosn(p) _ TEOM(T)) _ XL(T) +33(7)

2 2

Re(Xx(T)),
(E20)

where the last equality comes from Eq. (E15). This implies
that cosh(D) is purely real, which means that D needs to be
purely real or purely imaginary. Now, we can rewrite the
Eq. (D2) identity in dimensionless variables as

X (0)]> + (1) [ X, (7) P = 1 = 24/qf (v) Im (X, (2) X (7))
(E21)

Substituting this into Eq. (2.31) and simplifying gives the
equation,
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1 Vaf(n) &
n(7) =5 20.(z)  Q.(7)

Im (X,(r)Xi()).  (E22)

which is the same as Eq. (D3), written in dimensionless
variables. We can also use the identity of Eq. (2.20) with X}
and X2, at = 0, and the initial conditions from Eq. (E1) to
get

C =—-i\/qf(0). (E23)
Now we use Eq. (2.20) again with X}(NT) and X2(NT)
and Eq. (E15), where N is the number of oscillation periods

that we are considering (starting from z = 0), and plug in
the C above [with f(0) = f(NT)] to get

X (nT)(QE(NT)X2(NT) + XL(NT)

+2/qf(NT)Im(XL(NT))) = 0. (E24)
Then we have that the oscillations f(z) for Eq. (2.28),
which drive the mode equation, are ‘turned off’ at times
7> NT or 7z < 0. This would imply that f will be constant
for these times and f will be 0. Hence, Eq. (2.28) takes the
form of a simple harmonic oscillator equation for these
times as
X, (2) + QLX,(z) = 0, (E25)
where: Q. =Q (NT)=/k*+¢f% and Q_ = Q. (0) =
VK% + qf? represent the fixed values of Q. () forz > NT
and 7 < 0, respectively. We need N to be large for the 7 >
NT approximation to be valid for our mode equation. The
general solution for Eq. (E25) for the 7 > NT case is given
by
X () = Ae™¥+T  Bem ™47, (E26)
where A and B are some complex coefficients. Then, using
this general solution with the initial conditions from
Eq. (2.30), for a time 7 < 0, we can write the solution as
follows:
Xz (1) = X (0)ei*. (E27)
For 0 <7 < NT, we can use the initial conditions from
Eq. (2.30) and the solutions X} and X2 defined by the initial
conditions from Eq. (E1) to construct the following
approximate solution for Eq. (2.28):
X (1) = X (0)(Xx(7) + iQ()X3(7)).  (E28)
Clearly, this X, (7) smoothly joins to X (z) at 7 =0 [as
X(0) = X5 (0) and X,(0) = X5 (0) for the X,(z) abovel].
We also expect it to smoothly join X; () at 7 = NT, which
implies the boundary conditions at z = NT. This is

possible if the following relations are satisfied:

X (0)(Xc(NT) + iQ (NT)XZ(NT))

p— AeiQK(NT)NT + Be_iQK(NT)NT’ (E29)
_X(0) (XL(NT) + iQ.(NT)X2(NT))
iQ (NT) T
— A %NTINT _ B ,—=iQ(NT)NT (E30)

Then, let us consider Eq. (E26) at r = NT and plug it into
Eq. (E22) and this gives

mvr) =3 - YL (s - AP (e3)

We can use Eqgs. (E29) and (E30) to get an expression for
(|B|*> = |AJ?) in terms of X} (NT) and X2(NT). We can then
substitute the expression into Eq. (E31). Finally, we use
Egs. (2.30), (E15), (E24), and the periodicity of f(z) to
simplify the expression for 71, (NT) and we get

K2

ANT) = 55 (m (AT, (E32)

Now, we can compare the (1, 1) entries of the matrices on
both sides of Eq. (E19) and use Eq. (E6) to get the
following equation for X} (NT):

XU - <sinh (N - 1)D)>’

. sinh(D)

X{(NT) = <smh(1vm)

sinh(D)
(E33)

where D is given by Eq. (E20). For the above equation, we
find that the terms of form [sinh(ND)/sinh(D)] will be
purely real. This is a consequence of the fact that D is
purely real or purely imaginary. Hence, we can plug the
value for X} (NT) into Eq. (E32) and we get the following:

_ &% sinh*(ND) | 5
ANT) = Gy sy (m(KUT)P. - (E34)
Equation (E20) implies that D will be purely real or purely
imaginary. However, as we consider fermions, we also need
to ensure that 71, (NT) respects the Pauli principle by
ensuring that 7, (NT)<1. If D were purely real,
sinh?(ND)/ sinh?(D) grows exponentially with N and will
not be bounded.® Hence, the only possibility for us is that D
is purely imaginary and —1 < Re(X}(T)) < 1. Hence, we
can write D = id, where 0 < d < z. This leads to the
following relations:

[ . .
This case corresponds to considering bosons.
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cosh(D) = cos(d), sinh(ND) = isin(Nd). (E35)
We use these relations in Eq. (E34) and get the expression

for i (nT) as

& sin*(Nd)

A(NT) = o sin?(d)

(Im (X,(T)))*.  (E36)

cos(d) = Re(XX(T)). (E37)
This is of the same form as Eq. (30) of [10]. This expression
for 7, (NT) matches n.(z) from Eq. (2.31) at integer
multiples of 7. As shown in [24], we want to convert
i (NT) to the continuous function 7i,.(7) in Eq. (2.33). This
is because we want to focus only on the long period of n,(7)
to study the filling of ¥ modes, and 7, provides a numeri-
cally stable approximation for n,(z), without any of the
‘spiky” short period behavior of n,(7). We can then do this
by considering 7 = NT and comparing sin’>(Nd) with
sin?(v,7). There are infinitely many solutions which will
satisfy this, but we shall choose the following [instead of
cos (v, T) = —Re(XX(T)), which was the case in [24] ]:

cos (v, T) = [Re(XL(T))|. (E38)
This is done to ensure that v, is always the lowest
frequency, in order to match the low-frequency pattern
followed by n,(7), irrespective of the sign of Re(X(T)).
This gives us the formula for v, from Eq. (2.34).

APPENDIX F: BACKREACTION

In Sec. II C, we mentioned that we neglect backreaction
for our analysis. Here, we show that for the range of ¢
values that we consider, the energy transferred into the
fermions is a very small fraction of the energy of the
inflaton field, justifying neglecting backreaction. We can
write an integral similar to the one in Eq. (2.38) to describe
the total comoving energy density accumulated in the
fermions produced [24]. We approximate the energy
density per mode of the fermions by Q, from Eq. (3.2)
and approximate the occupancy of the x modes by F,/2,
with F, described in Eq. (2.34). Then, the ratio of the total
comoving energy density in the fermions to that of the
inflaton field is given by

42 ~
Py _ 22 dxk>Q, F,., (F1)
py T

where p, = igog /4. We have used the time average of Q.
and 71, and hence, the ratio in Eq. (F1) is also independent
of time. Guided by cosmic microwave background obser-
vations [24,41] of the amplitude of the power spectrum of
scalar density perturbations Ag, we set A = 10713, We then
calculate this ratio for three different ¢ values and obtain

TABLE L. Three g values and the p,,/p,, ratios they correspond
to, for A = 1013,

q Pyl Py
107 1.2 x 10712
10° 1.8 x 107!
10° 5.9 x 10

the corresponding fractions for the comoving energy
density of the inflaton field transferred into the produced
fermions, as shown in Table I.

We numerically fit these values and obtain an approxi-
mate parametric estimate for the ratio. The estimate will be
different for different values of A, and we also account for
this in the following equation:

Py —15 A 12
—~ (4.0 x 10 . F2
Py ( x ) x <10_13> <4 ( )

Based on this, we find that less than 1% of the energy of the
inflaton is transferred into the fermions for ¢ < 10'°,
assuming A = 10713, We focus on much smaller g values
in our analysis, justifying neglecting backreaction.

In [16], backreaction was analyzed for fermionic pre-
heating with a m>¢? inflaton potential and it was found,
from the fraction of the energy density in the produced
fermions, that backreaction effects are not relevant
for ¢ < 108

APPENDIX G: RESONANCE PEAKS FOR
FERMIONS WITH A ¢¢yy COUPLING

As further justification for our energy conservation
arguments from Sec. III and the relation Eq. (3.5), we
apply our analysis to the case of production of light
fermions (m,, ~0) with the same A¢* inflaton potential
but with a h;¢¢yy coupling between the inflaton and
fermions, where /; is now a dimensionful coupling. The
description of fermion production for this case and the
equations representing the number density will be exactly
the same as the ones in Sec. II, with the only differences
being how the mode equation and the coupling parameter
are defined. Similar to Eq. (2.14), the mode equation for the
case with a h;¢p¢yy coupling can first be written in
conformal variables as

Xy (n) + [k + (hyo(n)p(n))> = i(2hy ()@’ (1)1 Xy () =0.
(G1)

We can write this mode equation in dimensionless variables
by using the transformations from Eq. (2.27) for most of the
variables, with the exception of the coupling parameter.
Instead of g from Eq. (2.27), we define ¢, as
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g = 1%
P

. (G2)

We can then write the mode equation for this scenario in
dimensionless variables as

Xe(1) + (2 +q,f*(2) = 2iy/q1f (1) (7)) X (1) =0. (G3)
And we can write its ‘frequency’ as
Q1) = /K + q1f* (7). (G4)

Here f(z) is the same Jacobi elliptic function from
Eq. (2.6). F, is defined the same way as in Eq. (2.34)
but it is now computed by numerically solving the mode
equation of Eq. (G3).

We can apply a similar energy conservation argument
based on the perturbative description of the process ngp —
WY as the one described in Sec. IIl. We can then find a
semianalytic relation that can predict the locations of
resonance peaks for this case, using the time average of
Q,(7) from Eq. (G4), represented by Q,(q,). As described
in Eqgs. (3.3) and (3.4), the integrals over internal spacetime
points that appear in the amplitude for the process ngp —
WYY yield a term of the form:

5 1y + K3) / def(eyredns,(GS)

where we have used the large 7 approximation for the
accumulated phase of the fermion-antifermion pair. We can
provide a simple qualitative explanation of the relevant
physics by looking at the lowest order term in the
expansion of f(z) from Eq. (2.7):

VNG 272
T T

cos (w,7) = (ei®o® + e77),  (G6)
where w,, = 27/T. Plugging this term into the amplitude of

Eq. (GY) yields a term that gives the relation from Eq. (3.4).

1.0~

—-q=0.01
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FIG. 16. Feynman diagrams describing the perturbative process
ngp — PW¥. Shown first is the diagram for n = 2 (left), which is
the same for both small and large ¢, values. For small ¢;, shown
then is a representative diagram for n = 4 (middle). For large ¢,
shown is the diagram for n = 6 (right).

As done before, we can then qualitatively explain the
resonance structure for this case using Feynman diagrams.

For small values of ¢, Q,(q,) ~ k and relevant diagrams
are of the form of the left and middle ones in Fig. 16.
Clearly, for each subsequent addition of a ¢* vertex to the
n = 2 case (left diagram of Fig. 16), the number of external
@ increases by 2. This implies that n must be even, i.e.,
n = 2[, where [ = 1,2,3.... Hence, for small values of ¢,
resonance peaks of F, should be present whenever « is an
even multiple of z/T. This is exactly what we observe for
g; = 0.01 in the left plot of Fig. 17, where we show the
locations of the resonance peaks corresponding to [ = 1,
2, 3.

For large values of g, the relevant diagrams are of the
form of the left and right ones in Fig. 16. Diagrams with an
odd number of fermion propagators will have zero ampli-
tude based on the arguments in Sec. III. Thus, at large ¢,
naively we would expect resonance peaks only for
Q.(q;) = (41 +2)x/T. However, peaks at all even multi-
ples of z/T again appear; e.g., for Q.(q,) = 4x/T the
diagram corresponding to n = 6 is relevant, as if we plug
Eq. (G6) into Eq. (G5) for n = 6, we still obtain three
energy conservation relations corresponding to resonance
peaks:

. _q =100
0.8/ i
0.6
04
00 : L | l .
~o 1 2 3 4 5 6 8

FIG.17. F, (in blue) for ¢ = 0.01 (left) and g = 100 (right). Dashed vertical lines represent the locations of first few resonance peaks,

found using Eq. (G8).
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2 - ¥
QK(ql):7’ QK(Q1>:?’

(G7)

The first two of these relations correspond respectively to
moving either one or two of the inflatons in the right
diagram of Fig. 16 from the initial to the final state. For the
case involving a A¢* potential, an additional contribution to
these peaks comes from the higher-order terms in the series
expansion of the Jacobi elliptic function described
in Eq. (2.7).

Hence, resonance peaks are present whenever Q,(gq;) is
an even multiple of z/T for all ¢, in this model and we
arrive at a semianalytic relation that predicts the locations
of resonance peaks for all ¢, values:

Qk(ql):;(Zl), where [=1,2.3,.... (G8)

Here, Qy(g,) sets a bound for the smallest / value that is
possible for a particular ¢;. Similar to Eq. (3.7), this

smallest accessible [ value can be obtained as follows:

lo(q1) = E <Qo(¢l1)§)-‘-

Using these, we find the locations of the first four resonance
peaks with ¢g; = 100 and they are approximately consistent
with what we observe for the numerically evaluated F, as
shown in the right plot of Fig. 17. In Fig. 17, it also appears
that the bulk region vanishes for large ¢, but exploring why
this happens is beyond the scope of this work.

Finally, we also analyze the scenario with a h,¢pyy
coupling for a m?¢@? inflaton potential and find that the
relation in Eq. (G8) works for that case as well. For small ¢,
values however, the higher resonance peaks (with [ > 2)
vanish as only the left diagram of Fig. 16 contributes. The
higher resonance peaks appear again for large g, values
since the same arguments we gave above for the case with a
A¢* potential are still applicable for the m?¢? scenario.

(G9)
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