
Analytic derivation of the GW spectrum from bubble collisions
in an FLRW universe

Masaki Yamada
Department of Physics, Tohoku University, Sendai 980-8578, Japan

(Received 29 September 2025; accepted 12 December 2025; published 13 January 2026)

We generalize the analytic formula for the gravitational-wave spectrum from bubble collisions during a
cosmological first-order phase transition, under the thin-wall and envelope approximations, by incorpo-
rating the effect of cosmic expansion in the FLRW metric. Along with presenting the complete analytic
expression and corresponding numerical results, we also derive simplified formulas valid in the large- and
small-k limits, as well as in the Minkowski limit. The latter expansion reveals that the Minkowski
approximation breaks down for β=H� ≲ 10, where β denotes the inverse duration of the phase transition
and H� the Hubble parameter at its completion. Furthermore, the next-to-leading-order term contributes
about a 10% correction for β=H� ∼ 140, a typical value for the electroweak phase transition.
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I. INTRODUCTION

Cosmological first-order phase transitions (FOPTs) are
compelling targets for gravitational-wave (GW) astronomy.
As the universe expands and cools, a hot plasma may
undergo a phase transition driven by physics beyond the
Standard Model, often associated with the dynamics of a
scalar field and spontaneous symmetry breaking [1–4].
FOPTs proceed via the nucleation of bubbles of the true
vacuum that expand, collide, and stir the surrounding
plasma. Because the relevant length scales can be macro-
scopic, the associated out-of-equilibrium dynamics can
source a stochastic GW background potentially observable
with current and planned detectors [5–15]. The resulting
GW signal carries information about the underlying par-
ticle-physics scales and couplings, offering a unique
window into sectors that may be otherwise inaccessible
to terrestrial experiments.
Three mechanisms mainly contribute to the GW spec-

trum produced by a FOPT: (i) collisions of scalar-field
bubble walls (often modeled with the thin-wall/envelope
approximation), (ii) long-lived acoustic (sound-wave)
modes in the plasma, and (iii) magnetohydrodynamic
turbulence. When friction between bubble walls and the
ambient plasma is significant, most of the released vacuum
energy goes into bulk fluid motion, and the sound-wave
contribution typically dominates [16–20]. Quantitative
predictions in this regime rely on large-scale numerical

simulations, which are computationally costly and make it
difficult to map spectral features across wide regions of
parameter space. In contrast, when the interaction with the
plasma is sufficiently weak, the bubble walls “run away,”
accelerating toward the speed of light. In this regime the
GW signal is dominated by the scalar-field (bubble-wall)
contribution, which admits controlled semianalytic treat-
ments and substantially reduces numerical cost [21–32].
Recent interest has focused on supercooled FOPTs,

which arise naturally in theories with approximate con-
formal symmetry (e.g., a dilatonlike or dark-sector scalar)
[33–37] (see also Refs. [38–43]). Such transitions may
occur in a hidden sector that is decoupled from the visible
plasma, making the runaway-bubble scenario particularly
well motivated. An important complication for supercooled
transitions is that their characteristic duration can be
comparable to the Hubble time, so that cosmic expansion
can noticeably modify both the amplitude and the spectral
shape of the resulting GW background. In this situation,
formulas in Minkowski spacetime become inadequate,
and a treatment that consistently incorporates the expand-
ing Friedmann-Lemaître-Robertson-Walker (FLRW) back-
ground is required.
In this work, we extend the analytic bubble-collision

GW formula of Ref. [27] from Minkowski spacetime to
an expanding FLRW universe, under the thin-wall and
envelope approximations.1 Throughout, we neglect the
backreaction of the transition on the background expansion
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1Related recent work investigates gravitational effects on
bubble-driven fluid profiles and acoustic GW production when
the mean bubble spacing is a non-negligible fraction of the
Hubble radius [44,45]. These effects become especially relevant
for finite-width sound shells.
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(i.e., the bubble energy density remains subdominant), but
we fully include (i) the time-dependent nucleation rate, (ii) a
possible time-dependent vacuum energy, and (iii) the effects
of the scale factor on bubble growth and GW propagation.2

Our formulation is naturally expressed in conformal time
and comoving coordinates; the resulting expressions closely
parallel those in Minkowski spacetime, with physical
lengths, times, and parameters replaced by their conformal
counterparts. Importantly, we do not assume radiation
domination: the formula applies to an arbitrary expansion
history and to a generic nucleation history.
The extended formula makes several consequences

transparent. We derive controlled asymptotics in the small-
and large-wavenumber limits, which clarify how the
spectral slopes are deformed by expansion.3 The resulting
integrals are numerically well behaved, so multidimen-
sional integrations can be performed efficiently. In addition,
we develop a systematic expansion around the Minkowski
limit in powers of the small parameter ϵ≡H=β, quantify-
ing the leading corrections due to cosmic expansion. We
also compute the full spectrum numerically and compare it
with the asymptotic expressions, delineating the domain of
validity of the Minkowski approximation and identifying
when next-to-leading-order terms in ϵ become non-
negligible. These results provide a fast and flexible way
to explore the GW phenomenology of runaway, super-
cooled transitions across broad classes of hidden-sector
models and cosmological backgrounds.
This paper is organized as follows. In Sec. II, we clarify

the definitions of the physical quantities and parameters
used throughout this work, emphasizing which of them can
be time dependent in an expanding background. In Sec. III,
we derive analytic expressions for the GW spectrum. There
are two distinct contributions, called single-bubble and
double-bubble contributions. While the latter is typically
subdominant, we derive formulas for both. In Sec. IV, we
analyze the asymptotic regimes at large/small wavenum-
bers and simplify the analytic formula accordingly. In
Sec. V, we perform an expansion around the Minkowski
limit, which clarifies when the calculation in Minkowski
spacetime is justified and when its approximation is
violated. In Sec. VI, we present numerical results for
several scenarios, focusing especially on the radiation-
dominated epoch, and compare them with the asymptotic
formulas. In Sec. VII, we show how the peak amplitude

depends on the nucleation history and demonstrate that the
GWamplitude admits an upper bound even for supercooled
transitions. Finally, Sec. VIII concludes.

II. ASSUMPTIONS AND APPROXIMATIONS

We consider GW emission from a FOPT in an FLRW
universe. The spacetime metric is given by

ds2 ¼ a2ðτÞ½−dτ2 þ ðδij þ 2hijÞdxidxj�; ð2:1Þ

where aðτÞ is the scale factor, τ is the conformal time,
and hij denotes the tensor perturbations. The tensor
perturbations satisfy the transverse-traceless conditions
∂ihij ¼ hii ¼ 0. We treat hij as a small perturbation around
the FLRW background and compute its spectrum generated
by vacuum-bubble collisions. Throughout this paper, we

adopt the Fourier transformation conventions
R
d3x eik⃗·x⃗

and
R
d3k=ð2πÞ3 e−ik⃗·x⃗, where k denotes the comoving

momentum.
We consider a scenario in which the universe is initially

trapped in a false vacuum at high temperature and under-
goes a FOPT as the temperature falls below a critical value.
This transition proceeds via the nucleation of bubbles
of true vacuum, which subsequently expand and collide
until the entire universe transitions to the true vacuum state.
Throughout this work, we assume that the velocity of the
bubble walls is as high as the speed of light.
We define the bubble nucleation rate per unit comoving

volume per unit conformal time as

Γ̃ðτÞ≡ a4ðτÞΓðτÞ; ð2:2Þ

where Γ is the nucleation rate per unit physical volume per
unit physical time.
The probability that a given spatial point remains in

the false vacuum at conformal time τ is given by
P1ðτÞ ¼ e−I1ðτÞ, where

I1ðτÞ ¼
Z

τ

0

dτ0
4π

3
ðτ − τ0Þ3Γ̃ðτ0Þ: ð2:3Þ

We define the time of bubble collision, τ�, as the moment
when the false-vacuum survival probability becomesOð1Þ,
i.e., when I1ðτ�Þ ¼ 1. The Hubble parameter and con-
formal Hubble parameter evaluated at τ ¼ τ� are denoted
by H� and H� (¼ aðτ�ÞH�), respectively.
We quantify the (conformal) growth rate of the true

vacuum fraction at τ ¼ τ� by

β̃≡ −
d lnP1

dτ
ðτ�Þ ¼

dI1
dτ

ðτ�Þ: ð2:4Þ

We also define β≡ β̃=aðτ�Þ, which corresponds to the
inverse of the (physical) duration of the phase transition.

2A closely related study [46] also extends analytic formulas to
an FLRW background. They find that Minkowski assumptions
can overestimate GW amplitudes for small β=H. Their analysis,
however, implicitly adopts specific time dependences for the
vacuum energy and nucleation rate. Moreover, their definition of
α (vacuum-to-total energy ratio) is not tied to an explicit time
slice, which becomes crucial when the transition duration
approaches the Hubble time.

3See also Ref. [47] for analytical study of the asymptotic
behavior in a Minkowski background.
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In particular, the ratio β̃=H� (equivalently, β=H�) character-
izes the rapidity of the phase transition relative to the
Hubble expansion rate. In the limit β̃=H� ≫ 1, one expects
the effect of Hubble expansion to be negligible.
We denote the difference in energy density between the

false vacuum and the true vacuum (or, more precisely,
the potential energy at the tunneling point) by ρ0ðτÞ.
We consider the general case where ρ0 exhibits time
dependence.
We define a parameter α� as the ratio of the energy

density of the false vacuum to that of background compo-
nents in the universe ρtotðτÞ ð¼ 3H2ðτÞM2

PlÞ at τ ¼ τ�,

α� ≡ ρ0ðτ�Þ
ρtotðτ�Þ

: ð2:5Þ

Note that this ratio is generally time dependent; we there-
fore specify its value at τ ¼ τ� by introducing the notation
α�. This parameter characterizes the typical magnitude of
the energy density released during the phase transition.4

Throughout this paper, we neglect the backreaction of
bubble nucleation on the metric and approximate the
background spacetime as a homogeneous and isotropic
FLRW universe. This approximation is justified when
α� ≪ 1.5

Let us comment on a possible cosmological scenario in
which α� ≪ 1 while the phase transition is strongly super-
cooled. Such a situation can naturally occur when the
bubble-nucleation sector remains completely decoupled
from the visible Standard Model (SM) sector throughout
the transition. Denoting the plasma energy densities of the
SM sector and the bubble-nucleation sector by ρSM and
ρb;rad, respectively, we consider the hierarchy ρb;rad ≪ ρ0 ≪
ρSM (≃ρtot) as illustrated schematically in Fig. 1. The
condition ρ0 ≪ ρSM ensures that the total energy density is
dominated by SM radiation, yielding α� ≃ ρ0=ρSM ≪ 1.
This justifies neglecting the backreaction of bubble nucle-
ation on the background metric. Meanwhile, within the
bubble-nucleation sector, the requirement ρb;rad ≪ ρ0

implies that the transition is supercooled and that the latent
heat is sufficiently large, leading to a prolonged phase
transition. See also footnote 4. Although this provides a
concrete realization of the conditions required for our
analysis, the calculation that follows does not rely on this
specific scenario. We simply assume that the backreaction
of bubble nucleation on the metric is negligible.
The stochastic GW spectrum can be calculated as (see

the Appendix)

ΩGWðτ; kÞ≡ 1

ρtotðτÞ
dρGWðτ; kÞ

d ln k

¼ κ2ðτ�Þα2�
�
H�
β̃

�
2
�
a4ðτ�Þρtotðτ�Þ
a4ðτÞρtotðτÞ

�
Δðk; β̃Þ;

ð2:7Þ

where the function Δ is given by6

Δðk; β̃Þ¼ 3

4π2
β̃2k3

κ2ðτ�Þρ20ðτ�Þ
Z

∞

0

dτx

Z
∞

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3

×cosðkðτx−τyÞÞΠðτx;τy;kÞ: ð2:8Þ

FIG. 1. Schematic illustration of the hierarchy among energy
densities. The SM energy density ρSM (≃ρtot) dominates the total
energy of the universe and determines the Hubble expansion rate.
The vacuum energy in the bubble-nucleation sector ρ0 is much
smaller than ρSM, ensuring α� ≪ 1. However, within the bubble-
nucleation sector, ρ0 dominates over its plasma energy ρb;rad,
allowing the phase transition to be strongly supercooled.

4Note that α� is not identical to the latent heat. It may be
defined by

αb ¼
Z

dτ
dP1ðτÞ
dτ

ρ0ðτÞ
ρb;radðτÞ

; ð2:6Þ

with ρb;rad being the energy density of radiation in the bubble-
nucleation sector. This quantity can be much larger than unity and
hence we can consider runaway bubbles even for the case with
α� ≪ 1, assuming ρtot ≫ ρb;rad.

5If α� is of order 0.01 or larger, some regions remain in the
false vacuum and undergo eternal inflation in the case of
β̃=H� ≃ 3. From the perspective of an external observer, these
regions appear as black holes. In Ref. [48], we discussed that this
mechanism leads to overproduction of black holes when
α� ≳ 0.01.

6In Refs. [27,29], the integration range of τ is restricted to a
finite interval in order to explicitly specify the time at which the
bubble nucleation rate turns on and off. In our case, the nucleation
rate can be time dependent, and the finiteness of the active period
can be implemented directly in the nucleation rate itself, for
example by inserting a theta function. With this treatment, the
integration domain for τ in the formula of Eq. (2.8) can safely be
taken from 0 to ∞. Moreover, as discussed around Eq. (6.3), the
factor P2 defined below ensures that the effective GW source
remains finite.
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The efficiency factor κ quantifies the fraction of vacuum
energy converted into the energy of the bubble wall, and
may in general depend on time. The function Π can be
expressed in terms of the energy-momentum tensor Tkl as

a2ðτxÞa2ðτyÞΠðτx; τy; kÞ

¼ Kij;klðk̂ÞKij;mnðk̂Þ
Z

d3 r eik⃗·r⃗hTklTmniðτx; τy; r⃗Þ;

ð2:9Þ

where the two-point correlation function of the energy-
momentum tensor is defined by

hTklTmniðτx; τy; r⃗Þ≡ hTklðτx; x⃗ÞTmnðτy; y⃗Þi; ð2:10Þ

with r⃗≡ x⃗ − y⃗. Here, Kij;kl denotes the transverse-traceless
projection operator [see Eq. (A3)], and the hat notation b•
indicates a unit vector in the direction of •!.
The energy-momentum tensor is evaluated for bubble

walls. We consider a thin-shell bubble wall with an
infinitesimal comoving width lB.

7 We ultimately take the
limit lB → 0 in our expressions. To begin, let us consider
the energy-momentum tensor of an uncollided bubble wall
nucleated at xn ≡ ðτn; x⃗nÞ, which is given by

TB
ijðx; xnÞ ¼ a2ðτxÞρBðx; xnÞ dðx − xnÞi dðx − xnÞj; ð2:11Þ

where x≡ ðτx; x⃗Þ and ρBðx; xnÞ denotes the energy density
at point x due to the bubble wall nucleated at xn. The source
of the energy for the bubble wall arises from the false
vacuum energy density multiplied by the volume swept out
by the bubble per unit time,

1

aðτÞ
dEB

dτ
¼ 4πa2ðτÞr2Bðτ; τnÞκðτÞρ0ðτÞ; ð2:12Þ

where rBðτ; τnÞ ¼ τ − τn is the comoving radius of
the bubble. The energy density of the bubble wall is then
given by ρBðx; xnÞ ¼ EB=ð4πa3ðτxÞr2Bðτx; τnÞlBÞ or more
explicitly

ρBðx;xnÞ ¼
�
ρBðτx; τnÞ rBðτxÞ< jx⃗− x⃗nj< rBðτxÞ þ lB
0 otherwise

;

ð2:13Þ

where

ρBðτ; τnÞ≡ 1

4πa3ðτÞr2Bðτ; τnÞlB
×
Z

τ

τn

dτ0 4πa3ðτ0Þr2Bðτ0; τnÞκðτ0Þρ0ðτ0Þ: ð2:14Þ

The total energy-momentum tensor of the system
becomes more intricate due to bubble collisions. In the
following section, we analytically compute its correlation
function under the envelope approximation. Figure 2
illustrates schematic configurations of bubbles at different
times in this approximation. We may evaluate the corre-
lation function between the points x and y, or between x
and y0. The points x and y lie within the world volume of
the same bubble, while y0 lies within that of a different
bubble. The contribution from x and y is referred to as the
single-bubble contribution, whereas that from x and y0 is
the double-bubble contribution. Note that the single-bubble
contribution is also relevant (and indeed dominant) for the
GW source, since even the region inside a single bubble
loses spherical symmetry once collisions with other bub-
bles occur.

FIG. 2. Schematic illustration of bubbles under the envelope approximation at different times. Points x and y lie within the world
volume of the same bubble, while point y0 lies within that of a different bubble. The correlation function between x and y corresponds to
the single-bubble contribution, whereas that between x and y0 corresponds to the double-bubble contribution.

7This width can in general be time dependent, but our final
expressions remain unchanged in the limit lBðτÞ → 0 for all τ.
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III. ANALYTIC DERIVATION OF GW SPECTRUM
IN AN EXPANDING UNIVERSE

We now derive an analytic expression for the GW
spectrum in an expanding universe. The calculations in
this section largely parallel those presented in Refs. [27,29],
with the replacement of physical time by conformal time.
Accordingly, we omit detailed derivations and instead
summarize the key steps and main results.

A. Notations and definitions

We begin by specifying the notations and conventions
used throughout our calculations. See also Fig. 3 for a
schematic illustration of the relevant variables. These var-
iables follow the original work, except that here we employ
conformal variables. This choice is justified because the
essential features, such as the causal structure and angular
relations, remain unchanged under conformal rescaling.
We denote four-component comoving coordinates as

x ¼ ðτx; x⃗Þ; y ¼ ðτy; y⃗Þ: ð3:1Þ

We also define

xþ δ≡ ðτx þ lB; x⃗Þ; yþ δ≡ ðτy þ lB; y⃗Þ; ð3:2Þ

and

r⃗≡ x⃗ − y⃗; r≡ jr⃗j: ð3:3Þ

Hereafter, we use the index i to generically denote any of
the points x, y, xþ δ, and yþ δ. We further define

riðτÞ≡ τi − τ; ð3:4Þ

τxy ≡ τx þ τy − r

2
: ð3:5Þ

When performing integrals over τx and τy, we change
variables as

T ≡τxþτy
2

; τd≡τx−τy⇔ τx¼T þτd=2; τy¼T −τd=2:

ð3:6Þ

We denote

Si ≡ ðpast light cone for point iÞ; ð3:7Þ

Vi ≡ ð4-volume region inside SiÞ; ð3:8Þ

Vxy ≡ Vx ∪ Vy: ð3:9Þ

Furthermore,

δVx ≡ Vxþδ − Vx; δVy ≡ Vyþδ − Vy; ð3:10Þ

δVxy ≡ δVx ∩ δVy; ð3:11Þ

δVðyÞ
x ≡ δVx − Vyþδ; δVðxÞ

y ≡ δVy − Vxþδ; ð3:12Þ

where A − B denotes the region of the four-volume A that
lies outside B.
Denoting a constant-time hypersurface at a conformal

time τ by Στ, we define a sphere and its center as

CiðτÞ≡ Sx ∩ Στ; ð3:13Þ

Oi ≡ center of CiðτÞ: ð3:14Þ

Note that riðτÞ defined in Eq. (3.4) represents the radius of
CiðτÞ. Let QiðτÞ be an arbitrary point on CiðτÞ (which is
denoted as Pi in Ref. [27]). We then define the unit vector

niðτÞ≡ unit vector fromOi toQiðτÞ
≡ ðsin θi cosϕi; sin θi sinϕi; cos θiÞ; ð3:15Þ

where in the second line, niðτÞ is parametrized using
the azimuthal and polar angles ðϕi; θiÞ relative to the
direction r⃗.

FIG. 3. Schematic illustration of variables. Left: causality of points x and y on a one-dimensional slice. Right: unit vectors on a two-
dimensional slice of a constant-time hypersurface Στ.
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Next, let QðτÞ denote an arbitrary point on the inter-
section CxðτÞ ∩ CyðτÞ (which is denoted as P in Ref. [27]).
We define

ni×ðτÞ≡ unit vector fromOi toQðτÞ
≡ ðsin θi× cosϕi×; sin θi× sinϕi×; cos θi×Þ: ð3:16Þ

In particular, the polar angles θx× and θy× satisfy

cos θx×ðτÞ ¼ −
r2 þ r2xðτÞ − r2yðτÞ

2rrxðτÞ
;

cos θy×ðτÞ ¼
r2 þ r2yðτÞ − r2xðτÞ

2rryðτÞ
; ð3:17Þ

(see the right panel of Fig. 3).

B. False-vacuum probability

Using the notation introduced above, the probability of
finding a spatial point x⃗ in the false vacuum at time τx is

given by P1ðxÞ ¼ e−I1ðxÞ, where

I1ðxÞ ¼
Z
Vx

d4z Γ̃ðτÞ ¼
Z

τx

0

dτ
4π

3
r3xðτÞΓ̃ðτÞ: ð3:18Þ

Due to translational symmetry, the spatial dependence is
trivial, and the result reduces to Eq. (2.3), as expected.
Thus, we may simply write P1ðxÞ ¼ P1ðτÞ ¼ e−I1ðτÞ.
The probability that a pair of spatial points x⃗ and y⃗

remain in the false vacuum at times τx and τy, respectively,
is given by P2ðx;yÞ¼e−I2ðx;yÞ with I2ðx;yÞ¼

R
Vxy

d4zΓ̃ðzÞ.
The integral over Vxy can be evaluated by decomposing the
integration domain into the regions τ < τxy and τ ≥ τxy. For
τ < τxy, the integration domain at fixed τ corresponds to the
region enclosed by the blue circles shown in the right panel
of Fig. 3. For τ ≥ τxy, the relevant domain reduces to the
past light cone of x and/or y, since in this regime Vx and Vy

no longer overlap. We thus obtain

I2ðx; yÞ ¼
Z
Vxy

d4z Γ̃ðzÞ ð3:19Þ

¼
Z

τxy

0

dτ Γ̃ðτÞ π
3
½r3xðτÞð2þ cos θx×ðτÞÞð1 − cos θx×ðτÞÞ2 þ r3yðτÞð2 − cos θy×ðτÞÞð1þ cos θy×ðτÞÞ2�

þ
Z

τx

τxy

dτ
4π

3
r3xðτÞΓ̃ðτÞ þ

Z
τy

τxy

dτ
4π

3
r3yðτÞΓ̃ðτÞ ð3:20Þ

¼
Z

τxy

0

dτ
π

3
Γ̃ðτÞ

�ðrþ 2ðT − τÞÞ2
4r

ð3τ2d − r2 þ 4rðT − τÞÞ
�
þ
Z

τx

τxy

dτ
4π

3
Γ̃ðτÞðT þ τd=2 − τÞ3

þ
Z

τy

τxy

dτ
4π

3
Γ̃ðτÞðT − τd=2 − τÞ3; ð3:21Þ

where we have used Eq. (3.17).8 This expression depends
only on τx, τy, and r (or equivalently on T , τd, and r), so
that we denote it compactly as P2ðx; yÞ ¼ P2ðτx; τy; rÞ ¼
e−I2ðτx;τy;rÞ. Note that we implicitly assume τxy ≥ 0,
τxy ≤ τx, and τxy ≤ τy in the above expression. These
conditions can be rewritten as jτdj ≤ r ≤ 2T . This is
sufficient for our purpose, since P2 contributes only within
this domain.

C. Single-bubble spectrum

According to Refs. [27,29], the correlation of the energy-
momentum tensor at points x and y consists of two distinct
contributions. The first corresponds to the case in which
both x and y lie on the world volume of a single bubble

wall, realized when a bubble nucleates at a point Q (see the
right panel of Fig. 3), or more precisely, within the region
δVxy. We denote quantities associated with this contribu-
tion using the superscript (s).
The product of the energy-momentum tensors

Tklðτx; x⃗ÞTmnðτy; y⃗Þ from the single-bubble contribution
becomes nonzero onlywhen both points x and y remain in the
false vacuum, while the shifted points xþ δ and yþ δ enter
the true vacuum due to the same single bubble. Taking the
ensemble average h·i, which is performed with respect to the
stochastic nature of the bubble nucleation rate, the correlation
of the energy–momentum tensor (2.10) is evaluated as

hTklTmniðsÞðτx; τy; r⃗Þ

¼ P2ðτx; τy; rÞ
Z
δVxy

d4xnΓ̃ðτnÞTB
klðx; xnÞTB

mnðy; xnÞ;

ð3:22Þ
8Note that when x and y are exchanged, one simultaneously

has r⃗ → −r⃗, implying that cos θx× ↔ − cos θy×.
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where TB
klðx; xnÞ is given by Eq. (2.11). In the notation introduced above, dðx − xnÞi appearing in Eq. (2.11) can be written as

ð−nx×Þi. Decomposing the integration over δVxy into the integration over τn and over δVxy ∩ Στn, we obtain

hTklTmniðsÞðτx; τy; r⃗Þ
a2ðτxÞa2ðτyÞ

¼ P2ðτx; τy; rÞ
Z

τxy

0

dτn Γ̃ðτnÞρBðτx; τnÞρBðτy; τnÞ
Z
δVxy∩Στn

d3z ðN×ðτnÞÞklmn; ð3:23Þ

where

ðN×ðτnÞÞklmn ≡ ðnx×Þkðnx×Þlðny×Þmðny×Þn: ð3:24Þ

The integration domain δVxy ∩ Στn corresponds to the intersection of the two circle boundaries in the right panel of Fig. 3,
integrated over the azimuthal angleϕx× with “radius” rx sin θx×. The intersection of the two circle boundaries forms a diamond-
shaped area near the point Q for finite lB, whose area is l2B= sinðπ − θx× þ θy×Þ ¼ l2Bry=ðr sin θx×Þ. Thus we obtain

Z
δVxy∩Στn

d3z ðN×ðτnÞÞklmn ¼
rxryl2B

r

Z
2π

0

dϕx×ðN×ðτnÞÞklmn; ð3:25Þ

where we implicitly assume jτx − τyj < r < τx þ τy so that δVxy ∩ Στn is nonempty.
We now evaluate Eq. (2.9) by substituting Eq. (3.23). The projection operator acts on ðN×Þklmn such as

rxryl2B
r

Z
2π

0

dϕx×Kij;klðk̂ÞKij;mnðk̂ÞðN×ðτnÞÞklmn ¼
πl2B
rrxry

�
S0 þ

1

2
ð1 − ðr̂ · k̂Þ2ÞS1 þ

1

8
ð1 − ðr̂ · k̂Þ2Þ2S2

�
; ð3:26Þ

with

S0 ¼ r2xr2ys2x×s2y×; ð3:27Þ

S1 ¼ rxry½4cx×cy×ðr2xs2x× þ r2ys2y×Þ − 2rxrys2x×s2y×�; ð3:28Þ

S2 ¼ rxry½rxryð19c2x×c2y× − 7ðc2x× þ c2y×Þ þ 3Þ − 8cx×cy×ðr2xs2x× þ r2ys2y×Þ�: ð3:29Þ

Here, we have adopted abbreviated notations for simplicity: rxðτnÞ≡ rx, ryðτnÞ≡ ry, cos θx×ðτnÞ≡ cx×, sin θx×ðτnÞ≡ sx×,
cos θy×ðτnÞ≡ cy×, and sin θy×ðτnÞ≡ sy×. Since the r̂ dependence enters only through ðr̂ · k̂Þ2 and ðr̂ · k̂Þ4 in Eq. (3.26), we
can evaluate the Fourier integrals in Eq. (2.9) using

Z
d3r eik⃗·r⃗ ¼

Z
∞

0

dr 4πr2j0ðkrÞ; ð3:30Þ

Z
d3r eik⃗·r⃗

1

2
ð1 − ðr̂ · k̂Þ2Þ ¼

Z
∞

0

dr 4πr2
j1ðkrÞ
kr

; ð3:31Þ

Z
d3r eik⃗·r⃗

1

8
ð1 − ðr̂ · k̂Þ2Þ2 ¼

Z
∞

0

dr 4πr2
j2ðkrÞ
k2r2

; ð3:32Þ

where jiðxÞ are the spherical Bessel functions. Using these identities and noting jτx − τyj ≤ r ≤ τx þ τy, we finally obtain

ΠðsÞðτx; τy; kÞ ¼ 4π2
Z

τxþτy

jτx−τyj
dr rP2ðτx; τy; rÞ

Z
τxy

0

dτn Γ̃ðτnÞ
l2BρBðτx; τnÞρBðτy; τnÞ

rxðτnÞryðτnÞ
�
j0ðkrÞS0 þ

j1ðkrÞ
kr

S1 þ
j2ðkrÞ
k2r2

S2

�
;

ð3:33Þ
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or equivalently,

ΔðsÞðk; βÞ ¼ 3β̃2k3
Z

∞

0

dτx

Z
∞

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3

cosðkðτx − τyÞÞ
Z

τxþτy

jτx−τyj
dr rP2ðτx; τy; rÞ

×
Z

τxy

0

dτn Γ̃ðτnÞ
l2BρBðτx; τnÞρBðτy; τnÞ

κ2ðτ�Þρ20ðτ�ÞrxðτnÞryðτnÞ
�
j0ðkrÞS0 þ

j1ðkrÞ
kr

S1 þ
j2ðkrÞ
k2r2

S2

�
; ð3:34Þ

from Eq. (2.8), where Si are defined in Eqs. (3.27)–(3.29) together with Eq. (3.17).
It may be convenient to rewrite the integral in terms of T and τd, asZ

∞

0

dτx

Z
∞

0

dτy

Z
τxþτy

jτx−τyj
dr → 2

Z
∞

0

dT
Z

2T

0

dτd

Z
2T

τd

dr; ð3:35Þ

where we used the fact that the integrand is an even function of τd.

D. Double-bubble spectrum

The other contribution arises when the points x and y lie on the world volumes of two different bubble walls, realized

when bubbles nucleate at points Qx and Qy (see the right panel of Fig. 3), or more precisely, within the regions δVðyÞ
x and

δVðxÞ
y . We denote the quantities associated with this contribution by the superscript (d).
The product of the energy-momentum tensors Tklðτx; x⃗ÞTmnðτy; y⃗Þ from the double-bubble contribution becomes

nonzero when both points x and y remain in the false vacuum, while the shifted points xþ δ and yþ δ enter the true vacuum
due to two different bubbles. Taking the ensemble average, the correlation of the energy-momentum tensor is evaluated as

hTklTmniðdÞðτx; τy; r⃗Þ
a2ðτxÞa2ðτyÞ

¼ P2ðτx; τy; rÞ
Z
δVðyÞ

x

d4xnΓ̃ðτxnÞ
TB
klðx; xnÞ
a2ðτxÞ

Z
δVðxÞ

y

d4ynΓ̃ðτynÞ
TB
mnðy; ynÞ
a2ðτyÞ

¼ P2ðτx; τy; rÞ
Z

τxy

0

dτxnΓ̃ðτxnÞρBðτx; τxnÞ
Z
δVðyÞ

x ∩Στxn

d3x⃗nðnxÞkðnxÞl

×
Z

τxy

0

dτynΓ̃ðτynÞρBðτy; τynÞ
Z
δVðxÞ

y ∩Στyn

d3y⃗nðnyÞmðnyÞn þ…; ð3:36Þ

where we denote xn ≡ ðτxn; x⃗nÞ and yn ≡ ðτyn; y⃗nÞ as the integration variables. Here, the dots represent the contribution

from τxn; τyn > τxy, which does not affect the GWemission since δVðyÞ
x ∩ Στxn and δV

ðxÞ
y ∩ Στyn are spherically symmetric in

that regime and thus yield no transverse-traceless component. For the same reason, we focus on the regime
jτx − τyj < r < τx þ τy. The integrals over x⃗n and y⃗n can be performed as follows:

Z
δVðyÞ

x ∩Στxn

d3x⃗nðnxÞiðnxÞj ¼ πlBr2x

Z
cos θx×

−1
d cos θx½sin2 θxδij þ ð3cos2 θx − 1Þr̂ir̂j�

¼ πlBr2x

��
2

3
þ cos θx× −

1

3
cos3 θx×

�
δij þ ðcos3 θx× − cos θx×Þr̂ir̂j

�
; ð3:37Þ

Z
δVðxÞ

y ∩Στyn

d3y⃗nðnyÞiðnyÞj ¼ πlBr2y

Z
1

cos θy×

d cos θy½sin2 θy δij þ ð3cos2 θy − 1Þr̂ir̂j�

¼ −πlBr2y
��

2

3
þ cos θy× −

1

3
cos3 θy×

�
δij þ ðcos3 θy× − cos θy×Þr̂ir̂j

�
: ð3:38Þ

Acting the projection operator in Eq. (2.9), only the term proportional to r̂ir̂j contributes to the transverse-traceless part of
the energy-momentum tensor. We therefore obtain
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Kij;klðk̂ÞKij;mnðk̂Þ
hTklTmniðdÞðτx; τy; r⃗Þ

a2ðτxÞa2ðτyÞ
¼ 1

2
P2ðτx; τy; rÞDðdÞ

x ðτx; τy; rÞDðdÞ
y ðτx; τy; rÞð1 − ðr̂ · k̂Þ2Þ2; ð3:39Þ

where we define

DðdÞ
x ðτx; τy; rÞ≡

Z
τxy

0

dτxn Γ̃ðτxnÞπr2xlBρBðτx; τxnÞðcos3 θx×ðτxnÞ − cos θx×ðτxnÞÞ; ð3:40Þ

DðdÞ
y ðτx; τy; rÞ≡

Z
τxy

0

dτyn Γ̃ðτynÞπr2ylBρBðτy; τynÞðcos θy×ðτynÞ − cos3 θy×ðτynÞÞ: ð3:41Þ

The Fourier transform in Eq. (2.9) can be carried out explicitly using Eq. (3.32), yielding the final result

ΠðdÞðτx; τy; kÞ ¼ 16π

Z
τxþτy

jτx−τyj
dr r2P2ðτx; τy; rÞDðdÞ

x ðτx; τy; rÞDðdÞ
y ðτx; τy; rÞ

j2ðkrÞ
k2r2

; ð3:42Þ

or equivalently,

ΔðdÞðk; βÞ ¼ 12β̃2k3

π

Z
∞

0

dτx

Z
∞

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3

cosðkðτx − τyÞÞ

×
Z

τxþτy

jτx−τyj
dr r2 P2ðτx; τy; rÞ

DðdÞ
x ðτx; τy; rÞDðdÞ

y ðτx; τy; rÞ
κ2ðτ�Þρ20ðτ�Þ

j2ðkrÞ
k2r2

; ð3:43Þ

from Eq. (2.8). Equations (3.34) and (3.43) represent
additive contributions to the GW spectrum. They provide
analytic expressions for the GW spectrum in an expanding
universe, valid for general functions ρ0ðτÞ and aðτÞ. These
expressions can be evaluated numerically, for example,
using a Monte Carlo algorithm. The numerical results will
be presented in Sec. VI.
In Secs. IV and V, we further simplify these equations

under certain limiting cases, such as the large- and small-k
limits and the Minkowski limit. In these regimes, the
integrals can be evaluated more easily, either numerically
or analytically.

IV. ASYMPTOTIC BEHAVIORS

In this section, we analyze the asymptotic behavior of
Eqs. (3.34) and (3.43) in the limits of large and small k. The
integrals appearing in these expressions are significantly
simplified in these regimes due to the absence of oscillatory
terms. While the resulting expressions are strictly valid in
the asymptotic limits k ≫ β̃ and k ≪ β̃, we expect that the
full behavior is smoothly interpolated around k ∼ β̃. This

suggests that these asymptotic results can also serve as
useful approximations for understanding the general
dependence of the overall GW amplitude on β̃=H�.

A. Large k limit

For k ≫ τ−1� , the integral over r is dominated by the
region r≲ 1=k ≪ τ�, since the Bessel function becomes
highly oscillatory for kr ≫ 1. We also note that jτdj (≤ r) is
similarly small. To capture the behavior in this regime, we
rescale the small quantities by substituting r → ϵr and
τd → ϵτd, and expand the relevant expressions in powers of
the small parameter ϵ. We set ϵ ¼ 1 at the end of the
calculation.
Furthermore, the phase transition occurs within a (con-

formal) time scale of order 1=β̃. This indicates that the
integral over τn is dominated near ðT − τnÞ ∼ 1=β̃. The
integrand can therefore be simplified under the condition
ϵr ≪ ðT − τnÞ ∼ 1=β̃, which corresponds to the limit
of k ≫ β̃.
We eventually find that, in the expansion of the prob-

ability P2ðτx; τy; rÞ

P2ðτx; τy; rÞ ¼ e−I2ðT ;T ;0Þ
�
1 − r

�
1þ τ2d

r2

�Z
T

0

dτ πðT − τÞ2Γ̃ðτÞϵþOðϵ2Þ
�
; ð4:1Þ
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with

I2ðT ; T ; 0Þ ¼
Z

T

0

dτ
4π

3
ðT − τÞ3Γ̃ðτÞ: ð4:2Þ

The OðϵÞ term provides the leading contribution at this order to both the single- and double-bubble spectra.

1. Single-bubble contribution

We begin with the single-bubble spectrum,

ΔðsÞðk; βÞ ¼ 3β̃2k3
Z

∞

0

dτx

Z
∞

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3

cosðkðτx − τyÞÞ
Z

τxþτy

jτx−τyj
dr rP2ðτx; τy; rÞ

×
Z

τxy

0

dτn Γ̃ðτnÞ
l2BρBðτx; τnÞρBðτy; τnÞ

κ2ðτ�Þρ20ðτ�ÞrxðτnÞryðτnÞ
�
j0ðkrÞS0 þ

j1ðkrÞ
kr

S1 þ
j2ðkrÞ
k2r2

S2

�
: ð4:3Þ

The cosine terms in S0, S1, S2 can be expanded as

cos θx×ðτnÞ ¼ −
2τdðT − τnÞ þ r2

2ðT þ τd=2 − τnÞr

¼ −
τd
r
−

r − τ2d=r
2ðT − τnÞ

ϵþOðϵ2Þ; ð4:4Þ

cos θy×ðτnÞ ¼ −
2τdðT − τnÞ − r2

2ðT − τd=2 − τnÞr

¼ −
τd
r
þ r − τ2d=r
2ðT − τnÞ

ϵþOðϵ2Þ; ð4:5Þ

which yields

S0ðτx; τy; τn; rÞ ¼ ðT − τnÞ4
�
1 −

τ2d
r2

�
2

þOðϵ2Þ; ð4:6Þ

S1ðτx; τy; τn; rÞ ¼ ðT − τnÞ4
�
−10

�
τ2d
r2

�
2

þ 12

�
τ2d
r2

�
− 2

�
þOðϵ2Þ; ð4:7Þ

S2ðτx; τy; τn; rÞ ¼ ðT − τnÞ4
�
35

�
τ2d
r2

�
2

− 30
τ2d
r2

þ 3

�
þOðϵ2Þ: ð4:8Þ

Additionally, we have

ρBðτx; τnÞρBðτy; τnÞ ¼ ρ2BðT ; τnÞ þOðϵ2Þ; ð4:9Þ

rxðτnÞryðτnÞ ¼ ðT − τnÞ2 þOðϵ2Þ; ð4:10Þ

aðτxÞaðτyÞ ¼ a2ðT Þ þOðϵ2Þ: ð4:11Þ

Note that the leading term of the integrand in Eq. (4.3)
vanishes when τn ¼ τxy ≃ T . Therefore, we may set the
upper limit of the τn integration to T , as long as we are
interested only in contributions of order OðϵÞ.
In the large-k limit, it is convenient to change the order of

integration as

Z
∞

0

dτx

Z
∞

0

dτy

Z
τxþτy

jτx−τyj
dr →

Z
∞

0

dT
Z

2T

0

dr
Z

r

−r
dτd:

ð4:12Þ

We then approximately extend the upper bound of the r
integral from 2T to ∞, which is justified when the integral
is dominated by the regime 2T ≫ r. Under this
assumption, the integrals over r and τd can be carried
out analytically. Using these expressions, we can approxi-
mate the single-bubble spectrum as
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ΔðsÞðk=β̃ ≫ 1Þ ≃ 3β̃2k3
Z

∞

0

dT
Z

∞

0

dr r
Z

r

−r
dτd cosðkτdÞ

�
aðT Þ
aðτ�Þ

�
6

P2ðτx; τy; rÞ

×
Z

T

0

dτn Γ̃ðτnÞ
l2BρBðT ; τnÞρBðT ; τnÞ
ðT − τnÞ2κ2ðτ�Þρ20ðτ�Þ

�
j0ðkrÞS0 þ

j1ðkrÞ
kr

S1 þ
j2ðkrÞ
k2r2

S2

�

≃
4πβ̃2

k

Z
∞

0

dT e−I2ðT ;T ;0Þ
�
aðT Þ
aðτ�Þ

�
6
Z

T

0

dτðT − τÞ2Γ̃ðτÞ

×
Z

T

0

dτn Γ̃ðτnÞðT − τnÞ2
l2BρBðT ; τnÞρBðT ; τnÞ

κ2ðτ�Þρ20ðτ�Þ
ϵþOðϵ2Þ: ð4:13Þ

In the second line, the Oðϵ0Þ terms vanish upon integration over r and τd. The resulting expression is proportional to k−1,
consistent with expectations from the literature. Moreover, the integral in Eq. (4.13) contains no oscillatory components,
making it straightforward to evaluate numerically once the functional forms of Γ̃ðτÞ, aðτÞ, and ρ0ðτÞ are specified.

2. Double-bubble contribution

We now turn to the double-bubble contribution,

ΔðdÞðk; βÞ ¼ 12β̃2k3

π

Z
∞

0

dτx

Z
∞

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3

cosðkðτx − τyÞÞ

×
Z

τxþτy

jτx−τyj
dr r2P2ðτx; τy; rÞ

DðdÞ
x ðτx; τy; rÞDðdÞ

y ðτx; τy; rÞ
κ2ðτ�Þρ20ðτ�Þ

j2ðkrÞ
k2r2

: ð4:14Þ

By decomposing the cosine terms, we obtain

DðdÞ
x ðτx; τy; rÞDðdÞ

y ðτx; τy; rÞ

¼ π2l2B

Z
T −ϵr=2

0

dτnx

Z
T −ϵr=2

0

dτny ρB

�
T þ ϵτd

2
; τxn

�
ρB

�
T −

ϵτd
2

; τyn

�

×

�
−
τ2dðτ2d − r2Þ2

r6
ðT − τnxÞ2ðT − τnyÞ2 −

τdðτ2d − r2Þ3ðτnx − τnyÞ
2r6

ðT − τnxÞðT − τnyÞϵ
�
þOðϵ2Þ: ð4:15Þ

When we express the integral over τnx as
R
T
0 dτnx −

R
T
T −ϵr=2 dτnx, the latter integral does not contribute to the overall Oðϵ1Þ

correction, because the Oðϵ0Þ term inside the square brackets in Eq. (4.15) contains a factor of ðT − τnxÞ2 ¼ Oðϵ2Þ.
Similarly, the integral over τny can be written as

R
T
0 dτnx up to corrections of Oðϵ2Þ. The ρBðT þ ϵτd

2
; τxnÞρBðT − ϵτd

2
; τynÞ

terms also do not contribute to the overall Oðϵ1Þ correction because

Z
T

0

dτnx

Z
T

0

dτny½∂T ρBðT ;τxnÞ ·ρBðT ;τynÞ−ρBðT ;τxnÞ ·∂T ρBðT ;τynÞ�ðsymmetric terms underτxn↔ τynÞ¼0: ð4:16Þ

Moreover, the Oðϵ1Þ term in the square brackets in Eq. (4.15) also does not contribute to the total Oðϵ1Þ term, owing to

Z
T

0

dτnx

Z
T

0

dτnyðτnx − τnyÞ × ðsymmetric terms under τxn ↔ τynÞ ¼ 0: ð4:17Þ

Thus, we arrive at

DðdÞ
x ðτx; τy; rÞDðdÞ

y ðτx; τy; rÞ ¼ −π2l2B

Z
T

0

dτnx

Z
T

0

dτnyρBðT ; τxnÞρBðT ; τynÞ
τ2dðτ2d − r2Þ2

r6
ðT − τnxÞ2ðT − τnyÞ2 þOðϵ2Þ:

ð4:18Þ
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Therefore,

ΔðdÞðk=β̃ ≫ 1Þ ¼ 12β̃2k3

π

Z
∞

0

dτx

Z
∞

0

dτy

�
aðT Þ
aðτ�Þ

�
6

cosðkðτx − τyÞÞ

×
Z

τxþτy

jτx−τyj
dr r2 P2ðτx; τy; rÞ

DðdÞ
x ðτx; τy; rÞDðdÞ

y ðτx; τy; rÞ
κ2ðτ�Þρ20ðτ�Þ

j2ðkrÞ
k2r2

þOðϵ2Þ

¼ −12πβ̃2k3
Z

∞

0

dT
Z

∞

0

dr r2
Z

r

−r
dτd

�
aðT Þ
aðτ�Þ

�
6

cosðkτdÞP2ðτx; τy; rÞ

×

�Z
T

0

dτn Γ̃ðτnÞðT − τnÞ2
�
lBρBðT ; τnÞ
κðτ�Þρ0ðτ�Þ

��
2 τ2dðτ2d − r2Þ2

r6
j2ðkrÞ
k2r2

þOðϵ2Þ; ð4:19Þ

where we change the integration domain as in Eq. (4.12) and then approximately extend the integration range of r according
to the discussion below Eq. (4.12). The leading Oðϵ0Þ contribution cancels once again, making the OðϵÞ term in P2 the
dominant contribution such as

ΔðdÞðk=β̃ ≫ 1Þ ¼ 128π3β̃2

35k2

Z
∞

0

dT e−I2ðT ;T ;0Þ
�
aðT Þ
aðτ�Þ

�
6
Z

T

0

dτðT − τÞ2Γ̃ðτÞ

×

�Z
T

0

dτn Γ̃ðτnÞðT − τnÞ2
�
lBρBðT ; τnÞ
κðτ�Þρ0ðτ�Þ

��
2

ϵþOðϵ2Þ: ð4:20Þ

This term scales as k−2, in agreement with results from Ref. [27].

B. Small k limit

We now consider the opposite limit, where k is sufficiently small. As before, the integrals over τd and r are typically
dominated by the region ≲1=β̃. For k ≪ β̃, we can approximate cosðkτdÞ ≈ 1 and jnðkrÞ=ðkrÞn ≈

ffiffiffi
π

p
=ð2nþ1Γðnþ 3=2ÞÞ.

1. Single-bubble contribution

For the single-bubble spectrum, we obtain

ΔðsÞðk=β̃ ≪ 1Þ ≃ 3β̃2k3
Z

∞

0

dτx

Z
∞

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3
Z

τxþτy

jτx−τyj
dr rP2ðτx; τy; rÞ

×
Z

τxy

0

dτn Γ̃ðτnÞ
l2BρBðτx; τnÞρBðτy; τnÞ

rxðτnÞryðτnÞκ2ðτ�Þρ20ðτ�Þ
�
S0 þ

1

3
S1 þ

1

15
S2

�
: ð4:21Þ

Here,

S0 þ
1

3
S1 þ

1

15
S2 ¼

8

15
ðT − τnÞ4 þ

4

15
ðT − τnÞ2ð2τ2d − 3r2Þ þ 1

30
ðτ4d − 6τ2dr

2 þ 6r4Þ: ð4:22Þ

Since the integrand does not oscillate, the integrals can be easily evaluated numerically once the functional forms aðτÞ,
ρ0ðτÞ, and Γ̃ðτÞ are specified. As expected from the literature, the result scales as k3.

2. Double-bubble contribution

For the double-bubble contribution, we obtain

ΔðdÞðk=β̃ ≪ 1Þ ¼ 12β̃2k3

π

Z
∞

0

dτx

Z
∞

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3
Z

τxþτy

jτx−τyj
dr r2 P2ðτx; τy; rÞ

DðdÞ
x ðτx; τy; rÞDðdÞ

y ðτx; τy; rÞ
κ2ðτ�Þρ20ðτ�Þ

1

15
:

ð4:23Þ
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As expected from the literature, the result scales as k3. Here, although the following expressions are not simplified within
this limit, we explicitly present them for the reader’s convenience:

DðdÞ
x ðτx; τy; rÞ ¼ −

Z
τxy

0

dτxn Γ̃ðτxnÞπlBρBðτx; τxnÞ
ðr2 − τ2dÞðr2 þ 2τdðT − τxnÞÞðr2 − 4ðT − τxnÞ2Þ

4r3ð2T þ τd − 2τxnÞ
; ð4:24Þ

DðdÞ
y ðτx; τy; rÞ ¼ −

Z
τxy

0

dτyn Γ̃ðτynÞπlBρBðτy; τynÞ
ðr2 − τ2dÞðr2 − 2τdðT − τynÞÞðr2 − 4ðT − τynÞ2Þ

4r3ð2T − τd − 2τynÞ
: ð4:25Þ

Finally, let us emphasize that the expression in this
section does not contain oscillatory integrals, making it
numerically tractable once the functional forms of Γ̃ðτÞ,
aðτÞ, and ρ0ðτÞ are specified.

V. LARGE β̃=H� LIMIT (EXPANSION AROUND
THE MINKOWSKI LIMIT)

In this section, we derive analytic formulas in the
large β̃=H� limit, corresponding to the Minkowski
approximation.
When the nucleation rate sharply increases around a

specific time τ�, the phase transition completes within a
time scale of order 1=β̃. A large value of β̃=H� thus implies
that the transition occurs rapidly compared to the Hubble
time, rendering the effect of cosmic expansion negligible.
Therefore, this limit can be interpreted as the Minkovwki
limit. We expand Eqs. (3.34) and (3.43) in this limit
and present analytic expressions for several representative
cases.
To illustrate which terms can be simplified, let us for a

moment focus on the specific case Γ̃ ¼ Γ̃0eβ̃
0τ with

β̃=H� ≫ 1, where Γ̃0 and β̃0 are constants. Note first that
β̃0 ≃ β̃ and logðβ̃04=ð8πΓ̃0ÞÞ ≃ β̃=H� ¼ β̃τ� in this case [see
Eq. (5.19)]. From Eq. (3.34), the integral over τn is
dominated near the upper boundary of the domain,
τn ≃ τxy ¼ T − r=2, due to the exponential dependence
introduced by Γ̃. On the other hand, P2ðτx; τy; rÞ is strongly
suppressed when β̃T ≳ log ð8πΓ̃0=β̃

4Þ (≃β̃τ�). Combining
these observations, the integral over T is dominated around
T ∼ τ� and the relevant range of r is jτdj ≤ r≲ 1=β̃.
Assuming β̃=H� ≫ 1 (or Γ̃0=β̃

4 ≪ 1), we can expand
the integrand in terms of jτdj=T and r=T . This is analogous
to the large-k limit, except that Si cannot be expanded
as in Eq. (4.8), since T − τn can also be a small quantity
in the present case. In particular, we can approximate
aðτxÞ ≈ aðT Þ ≈ aðτ�Þ at leading order. Moreover, the
integral over conformal time can be mathematically
extended to −∞ instead of starting from 0 because the
nucleation rate is exponentially suppressed in the extended
domain. At leading order, this allows us to reproduce the
results of Ref. [27], as we explain in Sec. V B in more

detail. A similar approximation generally applies to other
forms of Γ̃ðτÞ as well.
To calculate the next-to-leading order term, we use

aðτxÞaðτyÞ ¼ aðT þ τd=2ÞaðT − τd=2Þ ≃ a2ðT Þ ð5:1Þ

≃ a2ðτ�Þ
�
1þ 2ðT − τ�Þ

a0ðτ�Þ
aðτ�Þ

�
ð5:2Þ

¼ a2ðτ�Þ
�
1þ 1

3
ðτ� − T Þβ̃cNL1

�
; ð5:3Þ

where we define

cNL1 ≡ −
6

β̃

a0ðτ�Þ
aðτ�Þ

: ð5:4Þ

We also have

lBρBðτx; τnÞ
rxðτnÞκρ0ðτÞ

≃
1

3

�
1 −

1

4
ðτx − τnÞ

�
3
a0ðτxÞ
aðτxÞ

þ ρ00ðτxÞ
ρ0ðτxÞ

��
;

ð5:5Þ

for ðτx − τnÞ ≪ τx. This gives

l2BρBðτx; τnÞρBðτy; τnÞ
rxðτnÞryðτnÞκ2ρ20ðT Þ

≃
1

9

�
1 −

1

2
ðT − τnÞ

�
3
a0ðT Þ
aðT Þ þ

ρ00ðT Þ
ρ0ðT Þ

��
; ð5:6Þ

≃
1

9
½1þ ðT − τnÞβ̃cNL2�; ð5:7Þ

where we define

cNL2 ≡ −
3

2β̃

a0ðτ�Þ
aðτ�Þ

−
1

2β̃

ρ00ðτ�Þ
ρ0ðτ�Þ

: ð5:8Þ

Here and hereafter, we take κ to be constant and absorb its
time dependence into ρ0. These expansions are applicable
for any functional form of Γ̃ðτÞ.
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To further simplify Eqs. (3.34) and (3.43), we need to
specify the form of Γ̃ðτÞ. In Sec. VA, we specifically
consider the case where Γ̃ðτÞ has a delta-functional
dependence, and calculate ΔðsÞ up to the next-to-leading
order terms in the limitH�=β̃ ≪ 1. In Sec. V B, we instead
consider the case where Γ̃ðτÞ exhibits exponential depend-
ence, and compute ΔðsÞ and ΔðdÞ up to the next-to-leading
order terms in the same limit. We also derive their
asymptotic expressions for both large and small values
of k.

A. Case with delta-function nucleation rate

We first consider the case where the nucleation rate is
given by

Γ̃ðτÞ ¼ nnucδðτ − τnucÞ; ð5:9Þ

where nnuc represents the comoving number density of
nucleated bubbles, and τnuc denotes the time of bubble
nucleation.9 In this case, the function I1ðτÞ defined in
Eq. (2.3) becomes 4πðτ − τnucÞ3nnuc=3, and hence the time
of the bubble collision [defined by I1ðτ�Þ ¼ 1] and the
inverse duration of the phase transition [defined by
dI1=dτðτ�Þ] are given by

τ� ¼ τnuc þ
�

3

4πnnuc

�
1=3

¼ τnuc þ
3

β̃
; ð5:10Þ

β̃ ¼ ð36πnnucÞ1=3: ð5:11Þ

The integral over τn in Eq. (3.34) can be evaluated using
the delta function, which contributes only when τnuc < τxy.
Also, the exponent of the probability, I2ðT ; τd; rÞ, given by
Eq. (3.21), is computed as

I2 ¼ IdeltaðT ; τd; rÞ
¼ nnuc

π

12r
ðrþ 2ðT − τnucÞÞ2ð3τ2d − r2 þ 4rðT − τnucÞÞ;

ð5:12Þ

for τnuc < τxy without relying on any approximation.
Noting that τxy ¼ T − r=2 and jτdj ≤ r, the condition
τnuc < τxy implies τnuc < T and jτdj < r < 2T − 2τnuc.
The integrals over T , τd, and r in Eq. (3.35) are therefore
restricted to these domains.
We note that the difference between ðT − τnucÞ and ðT −

τ�Þ in the integrand plays a crucial role, since the integral is
dominated in the vicinity of T ≈ τnuc. We then obtain

ΔðsÞðk=β̃Þ ≃ 6β̃2k3
Z

∞

τnuc

dT
Z

2T −2τnuc

0

dτd cosðkτdÞ
Z

2T −2τnuc

τd

dr r e−IdeltaðT ;τd;rÞ

×
Γ̃0

9

�
j0ðkrÞS0 þ

j1ðkrÞ
kr

S1 þ
j2ðkrÞ
k2r2

S2

�
τn¼τnuc

½1þ 3cNL1 þ ðcNL2 − cNL1Þβ̃ðT − τnucÞ�; ð5:13Þ

for the termsup to next-to-leadingorder in the expansion around theMinkowski limit,where IdeltaðT ; τd; rÞ is givenbyEq. (5.12).
Here, we use τ� ¼ τnuc þ 3=β̃ ≃ τnuc at leading order. Equation (5.13) gives the expression for the case of (5.9) in the
limit β̃=H� ≫ 1.
If we further take the large k limit with T − τnuc ∼ 1=β̃ ≫ 1=k and following a similar argument in Sec. IVA, we obtain

ΔðsÞðk=β̃ ≫ 1Þ ≃ 4πβ̃2n2nuc
9k

Z
∞

τnuc

dT e−IdeltaðT ;0;0ÞðT − τnucÞ6½1þ 3cNL1 þ ðcNL2 − cNL1Þβ̃ðT − τnucÞ� ð5:14Þ

¼ Γð7=3Þβ̃
4πk

�
1þ 3cNL1 þ

3Γð8=3Þ
Γð7=3Þ ðcNL2 − cNL1Þ

�
ð5:15Þ

≃ 0.09475
β̃

k
ð1þ 3cNL1 þ 3.791ðcNL2 − cNL1ÞÞ; ð5:16Þ

where ΓðxÞ is the gamma function, and we use β̃ ¼ ð36πnnucÞ1=3 in the second line. On the other hand, in the small k limit
and following a similar argument in Sec. IV B, we obtain

ΔðsÞðk=β̃ ≪ 1Þ ≃ 0.1406
k3

β̃3
ð1þ 3cNL1 þ 3.833ðcNL2 − cNL1ÞÞ: ð5:17Þ

9Concrete realizations of this type of transition can be found in Refs. [48,49].
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As a reference, in the radiation-dominated era with
constant ρ0, we obtain 3cNL1 þ 3.791ðcNL2 − cNL1Þ ≃
−0.94ðH�=β̃Þ and 3cNL1 þ 3.833ðcNL2 − cNL1Þ≃
−0.75ðH�=β̃Þ. This indicates that the next-to-leading-order
terms introduce corrections of about 10% when
β̃=H� ¼ Oð10Þ. We also note that 3cNL1 ¼ −18ðH�=β̃Þ
and 3.8ðcNL2 − cNL1Þ ≃ 17ðH�=β̃Þ, which implies that the
expansion around the Minkowski limit breaks down for
β̃=H �≲20, unless there are significant cancelations
between these terms. Such a situation is expected, for
example, in the case of an exponential nucleation rate, as
discussed in the next subsection.

B. Case with exponential nucleation rate

We now consider the case of an exponential nucleation
rate,

Γ̃ðτÞ ¼ Γ̃0eβ̃
0τ; ð5:18Þ

where Γ̃0 and β̃0 are constants. Note that the parameter β̃0

coincides with the one defined in Eq. (2.4) in the limit

where β̃=H� ≫ 1. In particular, we have

β̃=H� ¼ β̃τ� ≃ log

�
β̃04

8πΓ̃0

�
for β̃=H� ≫ 1: ð5:19Þ

In the limit of large β̃τ�, we can approximately extend the
lower bound of the τ integral in Eq. (3.21) from 0 to −∞
because Γ̃ is exponentially suppressed in the extended
domain. This leads to the following expression:

I2ðτx; τy; rÞ ≃
8πΓ̃ðT Þ

β̃4
Iðτd; rÞ; ð5:20Þ

Iðτd; rÞ ¼
�
ðeβ̃τd=2 þ e−β̃τd=2Þ− 1

4r
ð4rþ r2β̃− τ2dβ̃Þe−β̃r=2

�
;

ð5:21Þ

for large β̃=H�. In this limit, the dependence on T
factorizes.

Combining them, we obtain

ΔðsÞðk=β̃Þ ≃ 6β̃2k3
Z

∞

0

dT
Z

2T

0

dτd cosðkτdÞ
Z

2T

τd

dr r e
−8πΓ̃ðT Þ

β̃4
Iðτd;rÞ

×
Z

τxy

0

dτnΓ̃ðτnÞ
1

9
½1þ cNL1β̃ðτ� − T Þ þ cNL2β̃ðT − τnÞ�

�
j0ðkrÞS0 þ

j1ðkrÞ
kr

S1 þ
j2ðkrÞ
k2r2

S2

�
; ð5:22Þ

for the single bubble contribution. The τn integral can be evaluated, yielding

Z
τxy

0

dτn Γ̃ðτnÞ
1

9
½1þ cNL1β̃ðτ� − T Þ þ cNL2β̃ðT − τnÞ�

X2
i¼0

jiðkrÞ
ðkrÞi Si

¼ 1

9β̃9r4
Γ̃ðT Þe−β̃r=2

X2
i¼0

jiðkrÞ
ðkrÞi ðð1þ cNL1β̃ðτ� − T ÞÞFðLÞ

i ðβ̃τd; β̃rÞ þ cNL2F
ðNLÞ
i ðβ̃τd; β̃rÞÞ; ð5:23Þ

where we again extend the lower bound of the integral to −∞ because Γ̃ is exponentially suppressed in the extended

domain. Here, the leading-order terms FðLÞ
i are given by [27]

FðLÞ
0 ðτd; rÞ ¼ 2ðr2 − τ2dÞ2ðr2 þ 6rþ 12Þ; ð5:24Þ

FðLÞ
1 ðτd; rÞ ¼ 2ðr2 − τ2dÞ½−r2ðr3 þ 4r2 þ 12rþ 24Þ þ τ2dðr3 þ 12r2 þ 60rþ 120Þ�; ð5:25Þ

FðLÞ
2 ðτd; rÞ ¼

1

2
½r4ðr4 þ 4r3 þ 20r2 þ 72rþ 144Þ − 2τ2dr

2ðr4 þ 12r3 þ 84r2 þ 360rþ 720Þ
þ τ4dðr4 þ 20r3 þ 180r2 þ 840rþ 1680Þ�; ð5:26Þ
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and the next-to-leading order terms are given by

FðNLÞ
0 ðτd; rÞ ¼ ðr2 − τ2dÞ2ðr3 þ 12r2 þ 60rþ 120Þ; ð5:27Þ

FðNLÞ
1 ðτd; rÞ ¼ ðr2 − τ2dÞ½τ2dðr4 þ 16r3 þ 132r2 þ 600rþ 1200Þ − r2ðr4 þ 8r3 þ 36r2 þ 120rþ 240Þ�; ð5:28Þ

FðNLÞ
2 ðτd; rÞ ¼

1

4
½r4ðr5 þ 6r4 þ 36r3 þ 192r2 þ 720rþ 1440Þ − 2r2τ2dðr5 þ 14r4 þ 132r3 þ 864r2 þ 3600rþ 7200Þ

þ τ4dðr5 þ 22r4 þ 260r3 þ 1920r2 þ 8400rþ 16; 800Þ�: ð5:29Þ

Then we note that the T dependence in the integrand

contains a factor exp ½− 8πΓ̃ðT Þ
β̃4

Iðτd; rÞ� as well as Γ̃ðT Þ.
The latter favors larger values of T , whereas the
former induces a strong suppression once β̃T ≳ lnðβ̃4=
ð8πΓ̃0Iðτd; rÞÞÞ ≃ β̃=H� − ln Iðτd; rÞ. This implies two
consequences: (i) the integral over T is dominated near
this lower bound, and therefore β̃T ≫ 1 in the limit of large
β̃=H�; and (ii) the integral over τd is strongly suppressed
when Iðτd; rÞ ≫ 1. Since Iðτd; rÞ contains a factor eβ̃τd=2,
this further implies that the upper bound of the τd
integration can be extended from 2T to ∞, because the
additional region is exponentially suppressed. Similarly,
the upper bound of the r integration can be extended from
2T to ∞, because the additional region is exponentially
suppressed by the factor e−β̃r=2 appearing in Eq. (5.23).
Once we approximately modify the integration domain,

the integral over T can be performed analytically by
making use of

Z
∞

0

dY e−Xe
YþnY ≃

Z
∞

−∞
dY e−Xe

YþnY ¼ ðn − 1Þ!
Xn ; ð5:30Þ

Z
∞

0

dY e−Xe
YþYY ≃

Z
∞

−∞
dY e−Xe

YþYY ¼ −
γE þ logX

X
;

ð5:31Þ

with γE (≃0.577) being the Euler’s constant, where we
extend the integration domain into the exponentially sup-
pressed region Y < 0. Recalling Eq. (5.19) in a large β̃τ�
limit, we can also approximate

β̃τ� þ log

�
8π

β̃4
Γ̃0Iðτd; rÞ

�
≃ log I : ð5:32Þ

We then obtain

ΔðsÞðk=β̃Þ ≃ k3

12πβ̃3

Z
∞

0

dτd

Z
∞

τd

dr r
e−β̃r=2 cosðkτdÞ

β̃r4I

×
X2
i¼0

jiðkrÞ
ðkrÞi

h
ð1þ cNL1ðγE þ log Iðτd; rÞÞÞFðLÞ

i ðβ̃τd; β̃rÞ þ cNL2F
ðNLÞ
i ðβ̃τd; β̃rÞ

i
; ð5:33Þ

where we use β̃0 ≃ β̃ at the leading order. Equation (5.33) is an analytic formula for the case with the exponential nucleation
rate, including the next-to-leading order correction from the expansion of the universe. The leading order term reproduces
the existing formula in Ref. [27].
For the double bubble contribution, we have

DðdÞ
x ðτx; τy; rÞ ≃ πκρ0ðτ�Þ

Z
τxy

−∞
dτxn Γ̃ðτxnÞr3x

�
1þ 1

2
cNL2β̃rx

�
ðcos3 θx× − cos θx×Þ; ð5:34Þ

¼ πκρ0ðτ�Þ
6

e−β̃r=2

β̃7r3
ΓðT Þ

�
GLðβ̃τd; β̃rÞ þ

1

2
cNL2GNLðβ̃τd; β̃rÞ

�
; ð5:35Þ

DðdÞ
y ðτx; τy; rÞ ≃

πκρ0ðτ�Þ
6

e−β̃r=2

β̃7r3
ΓðT Þ

�
GLð−β̃τd; β̃rÞ þ

1

2
cNL2GNLð−β̃τd; β̃rÞ

�
; ð5:36Þ
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in the Minkowski limit, where we again extend the lower bound of the integral to −∞ and define

GLðτd; rÞ≡ ðr2 − τ2dÞ½r3 þ 2r2 þ τdðr2 þ 6rþ 12Þ�; ð5:37Þ

GNLðτd; rÞ≡ 1

2
ðr2 − τ2dÞ½r2ðrþ τdÞ2 þ 6rðrþ τdÞ2 þ 12ðr2 þ 4rτd þ τ2dÞ þ 96τd�: ð5:38Þ

By applying a similar argument to ΔðsÞ, we finally obtain

ΔðdÞðk=β̃Þ ≃ k3

96πβ̃3

Z
∞

0

dτd

Z
∞

τd

dr
e−β̃r cosðkτdÞ

β̃2r4I2

j2ðkrÞ
k2r2

×

�
GLðβ̃τd; β̃rÞ þ

1

2
cNL2GNLðβ̃τd; β̃rÞ

��
GLð−β̃τd; β̃rÞ þ

1

2
cNL2GNLð−β̃τd; β̃rÞ

�
: ð5:39Þ

Equations (5.33) and (5.39) provide the expressions for the nucleation rate of Eq. (5.18) in the limit β̃=H� ≫ 1.

Furthermore, in the large-k limit, all the integrals in
Eqs. (5.33) and (5.39) can be evaluated analytically or
numerically, yielding

ΔðsÞðk=β̃ ≫ 1Þ ≃ β̃

3πk
ð1þ γEcNL1 þ 5cNL2Þ; ð5:40Þ

ΔðdÞðk=β̃ ≫ 1Þ ≃ 4β̃2

35k2
ð1þ 4cNL2Þ: ð5:41Þ

The leading terms agree with those in Ref. [27] within a
precision of approximately 5%. In the small-k limit, we
obtain

ΔðsÞðk=β̃≪ 1Þ≃ 0.2792
k3

β̃3
ð1þ 0.2608cNL1 þ 6.679cNL2Þ;

ð5:42Þ

ΔðdÞðk=β̃ ≪ 1Þ ≃ 0.1028
k3

β̃3
ð1þ 5.636cNL2Þ: ð5:43Þ

The leading terms agree with those in Ref. [27], within a
precision of approximately 10%, which falls within the
numerical precision reported in that work. Note that our
results can be used for arbitrary functions of aðτÞ and ρ0ðτÞ.
As a reference, in the radiation-dominated era with

constant ρ0, we obtain γEcNL1 þ 5cNL2 ≃ 11H�=β̃ and
0.2608cNL1 þ 6.679cNL2 ≃ 12H�=β̃, and the next-to-
leading order terms introduce corrections of about 10%
when β̃=H� ∼ 120. This also implies that the expansion
breaks down for β̃=H� ≲ 12 in this case.

VI. NUMERICAL RESULTS

In this section, we present the behavior of the GW
spectrum evaluated from Eqs. (3.34) and (3.43) without
relying on approximations and check the consistency with

the results of asymptotic formula. We specifically consider
the case of a radiation-dominated epoch, where
aðτÞ=a� ¼ τ=τ�, and assume κðτÞρ0ðτÞ ¼ κρ0 ¼ ðconst:Þ.
In this case, we obtain

ρBðτ; τnÞ ¼
κρ0ðτ − τnÞ

lB

�
1

6
þ 1

10

�
τn
τ

�

þ 1

20

�
τn
τ

�
2

þ 1

60

�
τn
τ

�
3
�
: ð6:1Þ

We consider the delta-function bubble nucleation rate in
Sec. VI A, and the exponential nucleation rate in Sec. VI B.
The multidimensional numerical integrations (3.34)

and (3.43) were performed using the Vegas algorithm [50]
as implemented in the CUBA library [51]. Vegas is a
Monte Carlo algorithm that employs importance sampling
to reduce variance. The calculations were carried out using
the Mersenne Twister pseudorandom number generator,
with a requested relative accuracy of 3 × 10−3.

A. Case with delta-function nucleation rate

First, we consider the delta-functional nucleation rate
given by Eq. (5.9),

Γ̃ðτÞ ¼ nnucδðτ − τnucÞ: ð6:2Þ

In this case, the time of the bubble collision and the inverse
duration of the phase transition are given by Eqs. (5.10) and
(5.11). Figure 4 shows β̃τ� (blue solid curve) as a function
of β̃τnuc. The dashed line indicates the asymptotic behavior
in the limit of large β̃τnuc, given by β̃τ� ¼ β̃τnuc, while the
dot-dashed line corresponds to the asymptotic behavior in
the limit of small β̃τnuc, given by β̃τ� ¼ 3.
Before presenting the results of numerical calculations,

we discuss the parameter dependence of the GW spectrum.
The theory contains two free parameters: nnuc and τnuc.
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Consequently, the GW spectrum depends on k, nnuc, and
τnuc. Using Eqs. (5.10) and (5.11), the parameters nnuc and
τnuc can be rewritten in terms of β̃ and τ�. After rescaling
the dimensionful parameters, we find that a single param-
eter can be trivially factored out, and the quantity ΔðiÞ

depends only on the combinations k=β̃ and β̃τ�.
For the purpose of illustration, we treat β̃τnuc, rather than

β̃τ�, as a free parameter in this subsection. Note that β̃τ� can
be expressed in terms of β̃τnuc via Eq. (5.10). In Fig. 5, we
plot the values ofΔðsÞ (solid) andΔðdÞ (dashed) as functions
of k=β̃ for β̃τnuc ¼ 0.1 (blue), 0.5 (orange), 1 (green), 2
(brown), and 10 (red). The yellow and magenta dot-dashed
lines indicate the asymptotic behaviors for the leading
result in the Minkowski limit, given by Eqs. (5.16)
and (5.17), respectively. The full numerical results are
in agreement with these asymptotic forms in the limits
k=β̃ ≪ 1 and k=β̃ ≫ 1. It is also evident that the double-
bubble contribution is significantly smaller than the single-
bubble contribution, as in the Minkowski case.
We also find that the shape of the spectrum from a single

bubble, ΔðsÞ, remains nearly identical across all cases,
differing mainly in the overall amplitude by a small
amount. These results suggest that the GW spectrum
depends primarily on the ratio k=β̃ and only weakly on
β̃τnuc (or equivalently, β̃τ�), as discussed in Ref. [52].
Figure 6 shows the GW amplitude from the single-

bubble contribution at small and large wave numbvers,
illustrating consistency with the asymptotic results dis-
cussed in Secs. IV and V. We consider two representative
cases: k=β̃ ¼ 0.01 (left panel) and 8.0 (right panel),
corresponding to small and (moderately) large wavenum-
bers, respectively. The solid blue curve represents the full
numerical result, while the red dotted curve shows the
result obtained using the small (left panel) or large (right
panel) wave number limits described in Sec. IV. In the left

panel, the two curves are nearly indistinguishable, indicat-
ing excellent agreement at sufficiently small wave numbers
relative to β̃. In the right panel, although k=β̃ is not
extremely large, the results agree within approximately 5%.
Although the agreement improves further at larger wave
numbers, the computational cost of full numerical calcu-
lations increases significantly in that regime.
The green dashed curve in Fig. 6 shows the result

obtained using the expansion around the Minkowski limit
up to next-to-leading-order terms, combined with the
large–or small–wave number limits. The corresponding
formulas are given in Eqs. (5.16) and (5.17). This
figure demonstrates that the asymptotic formulas in the
Minkowski limit reproduce the full numerical results to
within about 5% accuracy for β̃τnuc ≳ 10.
Although the inclusion of the next-to-leading-order term

leads to larger deviations at β̃τnuc ≲ 10 compared with the
leading-order case, it provides a better fit for β̃τnuc ≳ 30.
This suggests that next-to-next-to-leading-order terms
become relevant around β̃τnuc ¼ Oð10Þ and that the expan-
sion breaks down below this regime. A likely explanation is
a nontrivial cancelation among different contributions
within the next-to-leading-order terms for this specific
case, as discussed at the end of Sec. VA.

B. Case with exponential nucleation rate

Next, we consider the nucleation rate given by
Eq. (5.18),

Γ̃ðτÞ ¼ Γ̃0eβ̃
0τ: ð6:3Þ

Even though the nucleation rate diverges in the limit
τ → ∞, we do not need to introduce an ad hoc cutoff

FIG. 5. GW spectraΔðsÞ (solid curves) andΔðdÞ (dashed curves)
as functions of k=β̃ for β̃τnuc ¼ 0.1 (blue), 0.5 (orange), 1 (green),
2 (brown), and 10 (red), in the case of delta-function nucleation
rate. The dot-dashed lines represent the asymptotic behavior
corresponding to the leading-order result in the Minkowski limit,
as derived in Eqs. (5.16) and (5.17).

FIG. 4. β̃τ� (blue solid curve) as a function of β̃τnuc for the case
of a delta-function nucleation rate. The dashed and dot-dashed
lines represent the asymptotic forms for large and small values of
β̃τnuc, respectively. Note that τ� ¼ H�.
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for the τ integral in Eq. (3.34). As the transition approaches
completion, P2 decays exponentially to zero, effectively
shutting off the GW source. In contrast, we should note that
the exponential nucleation rate does not vanish in the limit
τ → 0. In cases where β̃τ� is relatively small, bubble
nucleation may predominantly occur before the exponential
dependence becomes significant. This can be examined by
computing τ� from the condition I1ðτ�Þ ¼ 1 using
Eq. (2.3), and checking whether the exponential depend-
ence dominates the integral. We find that the exponential
behavior becomes dominant only if β̃τ� ≳ 10.
Figure 7 shows the behavior of β̃=β̃0 (orange curve) and

β̃τ� (blue curve) as functions of Γ̃0=β̃
04. The dashed line

corresponds to β̃ ¼ β̃0. As indicated by the dot-dashed line,
we observe that β̃H� (¼ β̃τ�) asymptotically approaches 4
in the limit of large Γ̃0=β̃

04. The dotted curve represents the
approximation given in Eq. (5.19).

In addition to the wave number k, there are two free
parameters in this case: Γ̃0 and β̃0. However, either
parameter can be eliminated by rescaling all dimensionful
quantities according to their mass dimensions with respect
to β̃0 (e.g., k → β̃0k, r → r=β̃0, T → T =β̃0, and
Γ̃0 → β̃04Γ̃0). Furthermore, the free parameters can be
expressed in terms of β̃ and τ�, as defined by Eqs. (2.3)
and (2.4). These observations imply that the resulting GW
spectrum depends only on the combinations k=β̃ and β̃τ�.
For the purpose of numerical evaluation, we treat Γ̃0=β̃

04 as
a free parameter (instead of β̃τ�) and present the results in
terms of k=β̃.
Figure 8 shows the spectra from the single-bubble

contribution (solid) and the double-bubble contribution
(dashed). We consider values of Γ̃0=β̃

04 equal to 10−15

(blue), 10−11 (orange), 10−7 (green), and 101 (brown). Note
that the parameter Γ̃0=β̃

04 can be expressed in terms of β̃τ�

FIG. 7. β̃=β̃0 (orange curve) and β̃τ� (blue curve) as functions of
Γ̃0=β̃

04. The dashed and dot-dashed lines indicate the asymptotic
values, while the dotted curve represents the approximation given
in Eq. (5.19).

FIG. 6. Amplitude of the single-bubble contribution ΔðsÞ for k=β̃ ¼ 0.01 (left panel) and 8.0 (right panel) as a function of β̃τnuc in the
case of a delta-function nucleation rate. The red dotted curves represent the results obtained using the large- and small-k limits discussed
in Sec. IV. In the left panel, the blue solid curve completely overlaps with the red dotted curve. The green dashed curves correspond to
the analytic next-to-leading order results in the large β̃=H� limit, as discussed in Sec. VA.

FIG. 8. Same as Fig. 5 but for the case with an exponential
bubble nucleation rate. We take Γ̃0=β̃

04 ¼ 10−15 (blue), 10−11

(orange), 10−7 (green), and 101 (brown). The dot-dashed lines
show the asymptotic behavior of the leading-order result in the
Minkowski limit, as derived in Eqs. (5.40) and (5.42).
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(¼ β̃=H�), as shown in Fig. 7, and we find β̃τ� ¼ 31, 22,
13, and 4.1, respectively.
The dot-dashed lines indicate the analytic results for

the asymptotic behavior in the Minkowski limit, as derived
in Eqs. (5.40) and (5.42). The agreement is not exact even
for Γ̃0=β̃

04 ¼ 10−15, corresponding to β̃τ� ¼ 31. This is
consistent with the fact that the next-to-leading-order term
contributes a factor of ≃11=β̃τ� ∼ 0.4, indicating that the
large β̃=H� expansion already breaks down in these
examples.
Nevertheless, we emphasize that all results exhibit

similar amplitudes, including the case with β̃=H� ≃ 4.1.
This universality, up to an Oð1Þ factor, is discussed
in Ref. [52].

VII. IMPLICATIONS FOR GW OBSERVATIONS

For readers’ convenience, here we briefly explain the
relation between physical parameters and conformal
parameters utilized throughout this paper.
Specifically, we consider the scenario with a delta-

function nucleation rate in the radiation-dominated epoch.
The nucleation rate per unit physical volume and time is
given by,

ΓðtÞ ¼ nnuc
a3ðtnucÞ

δðt − tnucÞ ð7:1Þ

≡ Γ0δðt − tnucÞ; ð7:2Þ

where Γ0 is defined by the second line. In the radiation-
dominated epoch, the nucleation time is given by

tnuc ¼
1

2Hnuc
: ð7:3Þ

The Hubble parameter relates to the radiation temperature as

T� ≃ 100 GeV

�
H�

6.9 × 10−14 GeV

�
1=2

�
g�
100

�
−1=4

; ð7:4Þ

with g� being the effective relativistic degrees of freedom,

H� ¼
� ð36πΓ0Þ1=3
ð36πΓ0Þ1=3 þ 3Hnuc

�
2

Hnuc; ð7:5Þ

and

aðtnucÞ
aðt�Þ

¼ ð36πΓ0Þ1=3
ð36πΓ0Þ1=3 þ 3Hnuc

: ð7:6Þ

Using Eqs. (5.10) and (5.11), the ratio β=H� (¼ β̃=H� ¼ β̃τ�)
can be expressed in terms of Γ0 and Hnuc as

β

H�
¼ ð36πΓ0Þ1=3

Hnuc
þ 3: ð7:7Þ

These quantities are useful to calculate the GW spectrum via
Eqs. (A17) and (A18).
Figure 9 shows the GW spectrum for the cases with

β=H� − 3 ¼ 0.01, 0.1, 1, 10, and 102 (from left to right).
We adopt a representative value of α� ¼ 0.1, though
dependence on α� is straightforward. We take Hnuc ¼
10−13 GeV (dashed) and 103 GeV (solid), corresponding
to nucleation temperatures TðtnucÞ ∼ 100 GeV and
1010 GeV, respectively. As Γ0 decreases, β=H� approaches
its asymptotic value of 3, at which the GW amplitude
saturates, as shown by the horizontal red dashed line.
If the nucleation temperature and the duration of the

phase transition are properly interpreted regarding
the parameters for the nucleation rate, results for an
exponential nucleation rate are qualitatively similar.
However, in such cases, the peak amplitude should be
scaled by approximately a factor of 1=3 − 1=2, by compar-
ing Figs. 5 and 8.
We include projected sensitivity curves from future GW

experiments. Power-law-integrated sensitivity curves for
forthcoming experiments are indicated by lighter shaded
regions, following Ref. [55]. These upcoming experiments
include SKA [5], LISA [6], DECIGO [7,8], BBO [9],
Einstein Telescope [10,11], Cosmic Explorer [12], and
aLIGOþ aVirgoþ KAGRA (LVK) [13,14,56,57]. The
densely shaded red region is excluded by data from the
advanced LV O3 [53,54]. For a strongly supercooled phase
transition, the GW amplitude can reach the projected
sensitivity of future experiments, including LVK.

FIG. 9. GW spectra for the cases with β=H� − 3 ¼ 0.01, 0.1, 1,
10, and 102 (from left to right). We take Hnuc ¼ 10−13 GeV
(dashed) and 103 GeV (solid), assuming a delta-function nucle-
ation rate during the radiation-dominated epoch. We set α� ¼ 0.1.
The horizontal dashed line denotes the upper bound on the peak
amplitude. The lightly shaded regions indicate projected sensi-
tivities. The red-shaded region is excluded by the LIGO/Virgo
third observational run (LV O3) data [53,54].
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VIII. DISCUSSION AND CONCLUSION

We have extended the analytic formula for the GW
spectrum generated by bubble collisions during a FOPT,
taking into account the expansion rate of the FLRWuniverse.
The effects of cosmic expansion appear through several
factors, including the change in the physical volume of the
false vacuum, the vacuum energy density (or latent heat), and
the redshift of the energy density and frequency of both
bubble walls and GWs. The general analytic formula can be
derived in parallel with the original work, once the physical
quantities are replaced by their conformal counterparts.
The analytic formula allows for expansions in certain

limits, such as the large–and small–wave number limits and
the Minkowski limit, by expanding the integrand in terms
of small parameters. We provide simplified analytic expres-
sions in these asymptotic regimes, which show good
agreement with our full numerical results as well as existing
results in the literature. These formulas for the large–and
small–wave number limits are useful for estimating the GW
spectrum for a general nucleation rate, since they involve
nonoscillatory integrals that can be evaluated much more
easily than the original oscillatory expressions.
The expansion around the Minkowski limit (or large

β=H� expansion) is calculated up to next-to-leading-order
terms for both the delta-function and exponential nuclea-
tion rates. In the latter case, the next-to-leading-order term
yields about a 10% correction for β=H� ≃ 140, which is a
typical value for an electroweak phase transition if it
proceeds as a first-order phase transition. If one aims to
determine the peak amplitude of the GW spectrum with
precision, the correction remains non-negligible even for
such a large value of β=H�.
In contrast, our numerical results show that, even in the

supercooled regime with β=H� ¼ Oð1Þ, the overall ampli-
tude does not change by more than anOð1Þ factor, once the
ðβ=H�Þ−2 dependence is factored out under the appropriate
definition of β, as discussed in the companion paper [52].
Finally, we comment on the differences from a related

work [46], where a similar analytic calculation in the
FLRW universe was performed. The differences are three-
fold: (i) the form of the bubble energy density, ρðxÞ, was
valid only for a very specific time dependence of the false
vacuum energy [see their Eq. (3.4) and our Eq. (2.14)];
(ii) the nucleation rate was assumed to take only the
exponential form in their Eq. (3.7), and the expansion
history was assumed to be that of the radiation-dominated
era; and (iii) the definition of α, the ratio between vacuum
and radiation energy densities, was not specified around
their Eq. (3.26), even though the ratio is time dependent.
Point (iii) is crucial for interpreting their calculation, since
the ratio is strongly time dependent. For example, the ratio
scales as α ∝ a4ðtÞ for a constant false vacuum energy
during the radiation-dominated era. Moreover, we note that
their definition of ΔF does not include a factor of ðβ=H�Þ2.
Consequently, if we denote their result as ΔF (∝ ΩGW=α2)

and ours as ΔðiÞ (∝ ΩGWðβ=H�Þ2=α2�), the two differ by a
factor of ðβ=H�Þ2ðα=α�Þ2. With our definition of α�, ΔðiÞ
changes only by a factor of a few for any β=H�. By contrast,
if α is defined at a different time, ΔF can vary much more
significantly due to the factor ðα=α�Þ2. A naive expectation
is that, in their calculation, α is evaluated at a time differing
by the duration of the phase transition, β−1.10 This modifies
α by a factor of order ðα=α�Þ2 ∝ ða=aðτ�ÞÞ8 ∼ 1þ
8OðH�=βÞ for β=H� ≫ 1. Because of this prefactor,
8OðH�=βÞ can still be of order unity even when
H�=β ¼ Oð10Þ. We expect that this explains why their
ΔF appears strongly suppressed for β=H� ≲Oð10Þ. The
same reasoning may also apply to their ratio ΔF=ΔM (see
Fig. 5 of their paper), where ΔM is evaluated in the
Minkowski background.
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APPENDIX: GRAVITATIONAL WAVES
AT PRESENT

The tensor perturbation hij obeys the equation of motion

h̄00ijðτ; k⃗Þþ
�
k2−

a00

a

�
h̄ijðτ; k⃗Þ¼8πGa3ðτÞΠijðτ; k⃗Þ; ðA1Þ

where we define h̄ij ≡ aðτÞhij and k2 ¼ k⃗2. The term
a00ðτÞ=aðτÞ vanishes during the radiation-dominated epoch
and is also negligible for modes well inside the Hubble
horizon, where a00=a ∼ a2H2 ≪ k2.
The transverse-traceless part of the anisotropic stress Πij

is computed from the energy-momentum tensor as

a2ðτÞΠijðτ; k⃗Þ ¼ Kij;klðk̂ÞTklðτ; k⃗Þ; ðA2Þ

where Kij;kl is the projection onto the transverse-traceless
part,

Kij;klðk̂Þ ¼ Pikðk̂ÞPjlðk̂Þ −
1

2
Pijðk̂ÞPklðk̂Þ; ðA3Þ

Pijðk̂Þ≡ δij − k̂ik̂j: ðA4Þ

10Note that their η� is not identical to our τ�.
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The solution to the equation of motion is formally
given by

h̄ijðt; k⃗Þ ¼ 8πG
Z

τ

0

dτ0 a3ðτ0ÞGkðτ; τ0ÞΠijðτ0; k⃗Þ; ðA5Þ

where Gkðτ; τ0Þ ¼ sinðkðτ − τ0ÞÞ=k is the Green’s function.
When the source becomes negligible for τ > τend, the
solution can be expressed as

h̄ijðτ; k⃗Þ ¼ Aijðk⃗Þ sinðkðτ − τendÞÞ
þ Bijðk⃗Þ cosðkðτ − τendÞÞ; for τ ≥ τend; ðA6Þ

where the coefficients are given by

Aijðk⃗Þ ¼
8πG
k

Z
τend

0

dτ0 a3ðτ0Þ cosðkðτend − τ0ÞÞΠijðτ0; k⃗Þ;

ðA7Þ

Bijðk⃗Þ ¼
8πG
k

Z
τend

0

dτ0 a3ðτ0Þ sinðkðτend − τ0ÞÞΠijðτ0; k⃗Þ:

ðA8Þ

We define the power spectra as

hh̄0ijðτ; k⃗Þh̄0�ijðτ; q⃗Þi ¼ ð2πÞ3δð3Þðk⃗ − q⃗ÞPh̄0 ðτ; kÞ; ðA9Þ

hΠijðτx;k⃗ÞΠ�
ijðτy;q⃗Þi¼ð2πÞ3δð3Þðk⃗− q⃗ÞΠðτx;τy;kÞ: ðA10Þ

By substituting Eq. (A6) into Eq. (A9) and using Eq. (A10),
we obtain

Ph̄0 ðτend; kÞ ¼ 32π2G2

Z
τend

0

dτx

Z
τend

0

dτy a3ðτxÞa3ðτyÞ cosðkðτx − τyÞÞΠðτx; τy; kÞ; ðA11Þ

where the result is averaged over the oscillation period.
The energy density of stochastic GWs can be expressed as

ρGWðtÞ ¼
1

8πG

�
dhij
dt

ðt; x⃗Þ dhij
dt

ðt; x⃗Þ
	

≃
1

8πGa4ðτÞ hh̄
0
ijðτ; x⃗Þh̄0ijðτ; x⃗Þi

¼ 1

8πGa4ðτÞ
Z

d3k
ð2πÞ3 Ph̄0 ðτ; kÞ; ðA12Þ

where we have used the condition k=a ≫ H for sub-Hubble modes in the second line. Here, the angle brackets h� � �i denote
an ensemble average, typically interpreted as a spatial or statistical average over the stochastic background of GWs. The
spectrum of the density parameter for GWs is then given by

ΩGWðτ; kÞ≡ 1

ρtotðτÞ
dρGW
d ln k

¼ 2Gk3

πa4ðτÞρtotðτÞ
Z

τend

0

dτx

Z
τend

0

dτy a3ðτxÞa3ðτyÞ cosðkðτx − τyÞÞΠðτx; τy; kÞ: ðA13Þ

It is often convenient to factor out certain dependences, yielding

ΩGWðτ; kÞ ¼ κ2ðτ�Þα2�
�
H�
β̃

�
2
�
a4ðτ�Þρtotðτ�Þ
a4ðτÞρtotðτÞ

�
Δðk; β̃Þ; ðA14Þ

where κ is the efficiency factor, α� (assumed ≪ 1) is defined by Eq. (2.5), and

Δðk; β̃Þ ¼ 3

4π2
β̃2k3

κ2ðτ�Þρ20ðτ�Þ
Z

τend

0

dτx

Z
τend

0

dτy

�
aðτxÞaðτyÞ
a2ðτ�Þ

�
3

cosðkðτx − τyÞÞΠðτx; τy; kÞ: ðA15Þ
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In the main part of this paper, we take τend → ∞ for
notational simplicity. We note that the ratio
a4ðτ�Þρtotðτ�Þ=ða4ðτÞρtotðτÞÞ equals unity during the radi-
ation-dominated epoch. However, we do not assume this
throughout the paper unless explicitly stated.
The present-day GW spectrum can be obtained by

accounting for the redshift after production. Suppose that
the GWs are generated during the radiation-dominated
epoch. The scale factor evolves according to

aðτ�Þ
aðτ0Þ

¼ 8.0 × 10−16
�
g�s
100

�
−1
3

�
T�

100 GeV

�
−1
; ðA16Þ

where T� denotes the temperature at τ ¼ τ� and τ0 is the
present conformal time. The effective relativistic degrees
of freedom for entropy and energy density are denoted
by g�s and g�. The physical frequency and GWamplitude at
present are given by

f ¼ f�

�
aðτ�Þ
aðτ0Þ

�

≃ 1.65 × 10−5 Hz

�
f�
β

��
β

H�

��
T�

102 GeV

��
g�
100

�1
2

�
g�s
100

�
−1
3

; ðA17Þ

and

ΩGWh2 ≃ 1.67 × 10−5
�

g�
100

��
g�s
100

�
−4
3

ΩGWh2jτ¼τend

¼ 1.67 × 10−5κ2ðτ�Þα2�Δ
�

β

H�

�
−2
�

g�
100

��
g�s
100

�
−4
3

: ðA18Þ

Here, we note that f�=β ¼ k=ð2πβ̃Þ and β=H� ¼ β̃=H�. If GWs are produced before reheating, additional dilution and
redshift factors should be incorporated into the above expressions.
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