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We generalize the analytic formula for the gravitational-wave spectrum from bubble collisions during a
cosmological first-order phase transition, under the thin-wall and envelope approximations, by incorpo-
rating the effect of cosmic expansion in the FLRW metric. Along with presenting the complete analytic
expression and corresponding numerical results, we also derive simplified formulas valid in the large- and
small-k limits, as well as in the Minkowski limit. The latter expansion reveals that the Minkowski
approximation breaks down for /H, < 10, where 8 denotes the inverse duration of the phase transition
and H, the Hubble parameter at its completion. Furthermore, the next-to-leading-order term contributes
about a 10% correction for f/H, ~ 140, a typical value for the electroweak phase transition.
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I. INTRODUCTION

Cosmological first-order phase transitions (FOPTs) are
compelling targets for gravitational-wave (GW) astronomy.
As the universe expands and cools, a hot plasma may
undergo a phase transition driven by physics beyond the
Standard Model, often associated with the dynamics of a
scalar field and spontaneous symmetry breaking [1-4].
FOPTs proceed via the nucleation of bubbles of the true
vacuum that expand, collide, and stir the surrounding
plasma. Because the relevant length scales can be macro-
scopic, the associated out-of-equilibrium dynamics can
source a stochastic GW background potentially observable
with current and planned detectors [5—15]. The resulting
GW signal carries information about the underlying par-
ticle-physics scales and couplings, offering a unique
window into sectors that may be otherwise inaccessible
to terrestrial experiments.

Three mechanisms mainly contribute to the GW spec-
trum produced by a FOPT: (i) collisions of scalar-field
bubble walls (often modeled with the thin-wall/envelope
approximation), (ii) long-lived acoustic (sound-wave)
modes in the plasma, and (iii) magnetohydrodynamic
turbulence. When friction between bubble walls and the
ambient plasma is significant, most of the released vacuum
energy goes into bulk fluid motion, and the sound-wave
contribution typically dominates [16-20]. Quantitative
predictions in this regime rely on large-scale numerical

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

2470-0010,/2026/113(2)/023517(25)

023517-1

simulations, which are computationally costly and make it
difficult to map spectral features across wide regions of
parameter space. In contrast, when the interaction with the
plasma is sufficiently weak, the bubble walls “run away,”
accelerating toward the speed of light. In this regime the
GW signal is dominated by the scalar-field (bubble-wall)
contribution, which admits controlled semianalytic treat-
ments and substantially reduces numerical cost [21-32].

Recent interest has focused on supercooled FOPTs,
which arise naturally in theories with approximate con-
formal symmetry (e.g., a dilatonlike or dark-sector scalar)
[33-37] (see also Refs. [38—43]). Such transitions may
occur in a hidden sector that is decoupled from the visible
plasma, making the runaway-bubble scenario particularly
well motivated. An important complication for supercooled
transitions is that their characteristic duration can be
comparable to the Hubble time, so that cosmic expansion
can noticeably modify both the amplitude and the spectral
shape of the resulting GW background. In this situation,
formulas in Minkowski spacetime become inadequate,
and a treatment that consistently incorporates the expand-
ing Friedmann-Lemaitre-Robertson-Walker (FLRW) back-
ground is required.

In this work, we extend the analytic bubble-collision
GW formula of Ref. [27] from Minkowski spacetime to
an expanding FLRW universe, under the thin-wall and
envelope approximations." Throughout, we neglect the
backreaction of the transition on the background expansion

'Related recent work investigates gravitational effects on
bubble-driven fluid profiles and acoustic GW production when
the mean bubble spacing is a non-negligible fraction of the
Hubble radius [44,45]. These effects become especially relevant
for finite-width sound shells.
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(i.e., the bubble energy density remains subdominant), but
we fully include (i) the time-dependent nucleation rate, (ii) a
possible time-dependent vacuum energy, and (iii) the effects
of the scale factor on bubble growth and GW propagation.2
Our formulation is naturally expressed in conformal time
and comoving coordinates; the resulting expressions closely
parallel those in Minkowski spacetime, with physical
lengths, times, and parameters replaced by their conformal
counterparts. Importantly, we do not assume radiation
domination: the formula applies to an arbitrary expansion
history and to a generic nucleation history.

The extended formula makes several consequences
transparent. We derive controlled asymptotics in the small-
and large-wavenumber limits, which clarify how the
spectral slopes are deformed by expzslnsion.3 The resulting
integrals are numerically well behaved, so multidimen-
sional integrations can be performed efficiently. In addition,
we develop a systematic expansion around the Minkowski
limit in powers of the small parameter ¢ = H/f, quantify-
ing the leading corrections due to cosmic expansion. We
also compute the full spectrum numerically and compare it
with the asymptotic expressions, delineating the domain of
validity of the Minkowski approximation and identifying
when next-to-leading-order terms in e become non-
negligible. These results provide a fast and flexible way
to explore the GW phenomenology of runaway, super-
cooled transitions across broad classes of hidden-sector
models and cosmological backgrounds.

This paper is organized as follows. In Sec. I, we clarify
the definitions of the physical quantities and parameters
used throughout this work, emphasizing which of them can
be time dependent in an expanding background. In Sec. III,
we derive analytic expressions for the GW spectrum. There
are two distinct contributions, called single-bubble and
double-bubble contributions. While the latter is typically
subdominant, we derive formulas for both. In Sec. IV, we
analyze the asymptotic regimes at large/small wavenum-
bers and simplify the analytic formula accordingly. In
Sec. V, we perform an expansion around the Minkowski
limit, which clarifies when the calculation in Minkowski
spacetime is justified and when its approximation is
violated. In Sec. VI, we present numerical results for
several scenarios, focusing especially on the radiation-
dominated epoch, and compare them with the asymptotic
formulas. In Sec. VII, we show how the peak amplitude

’A closely related study [46] also extends analytic formulas to
an FLRW background. They find that Minkowski assumptions
can overestimate GW amplitudes for small #/H. Their analysis,
however, implicitly adopts specific time dependences for the
vacuum energy and nucleation rate. Moreover, their definition of
a (vacuum-to-total energy ratio) is not tied to an explicit time
slice, which becomes crucial when the transition duration
ap}groaches the Hubble time.

See also Ref. [47] for analytical study of the asymptotic
behavior in a Minkowski background.

depends on the nucleation history and demonstrate that the
GW amplitude admits an upper bound even for supercooled
transitions. Finally, Sec. VIII concludes.

II. ASSUMPTIONS AND APPROXIMATIONS

We consider GW emission from a FOPT in an FLRW

universe. The spacetime metric is given by

ds* = a*(7)[—d7* + (5;; + 2h;;)dx'dx’],  (2.1)
where a(z) is the scale factor, 7 is the conformal time,
and h;; denotes the tensor perturbations. The tensor
perturbations satisfy the transverse-traceless conditions
0;h;j = h;; = 0. We treat h;; as a small perturbation around
the FLRW background and compute its spectrum generated
by vacuum-bubble collisions. Throughout this paper, we
adopt the Fourier transformation conventions [ d3x e’*¥
and [d’k/(2x)® e*¥, where k denotes the comoving
momentum.

We consider a scenario in which the universe is initially
trapped in a false vacuum at high temperature and under-
goes a FOPT as the temperature falls below a critical value.
This transition proceeds via the nucleation of bubbles
of true vacuum, which subsequently expand and collide
until the entire universe transitions to the true vacuum state.
Throughout this work, we assume that the velocity of the
bubble walls is as high as the speed of light.

We define the bubble nucleation rate per unit comoving
volume per unit conformal time as

['(z) = a*(1)T(2), (2.2)
where I" is the nucleation rate per unit physical volume per
unit physical time.

The probability that a given spatial point remains in
the false vacuum at conformal time 7 is given by
P(7) = e719), where

I(z) = /0 Tdf/‘g—”(f—rfﬁr(a). (2.3)

We define the time of bubble collision, z,, as the moment
when the false-vacuum survival probability becomes O(1),
i.e., when I,(z,) = 1. The Hubble parameter and con-
formal Hubble parameter evaluated at 7 = 7, are denoted
by H, and H, (= a(r,)H,), respectively.

We quantify the (conformal) growth rate of the true
vacuum fraction at 7 = 7, by

dnP, dI,

dr (T*) = E(T*)

p

(2.4)

We also define = f/a(z,), which corresponds to the
inverse of the (physical) duration of the phase transition.
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In particular, the ratio 3/, (equivalently, #/H ) character-
izes the rapidity of the phase transition relative to the
Hubble expansion rate. In the limit #/7, > 1, one expects
the effect of Hubble expansion to be negligible.

We denote the difference in energy density between the
false vacuum and the true vacuum (or, more precisely,
the potential energy at the tunneling point) by pg(7).
We consider the general case where p, exhibits time
dependence.

We define a parameter a, as the ratio of the energy
density of the false vacuum to that of background compo-
nents in the universe py(7) (= 3H?*(t)M3) at 7 = 7,,

pO(T*)
Prot (T*) .

(2.5)

o

Note that this ratio is generally time dependent; we there-
fore specify its value at 7 = 7, by introducing the notation
a,. This parameter characterizes the typical magnitude of
the energy density released during the phase transition.”

Throughout this paper, we neglect the backreaction of
bubble nucleation on the metric and approximate the
background spacetime as a homogeneous and isotropic
FLRW universe. This approximation is justified when
a, < 1.7

Let us comment on a possible cosmological scenario in
which a, <« 1 while the phase transition is strongly super-
cooled. Such a situation can naturally occur when the
bubble-nucleation sector remains completely decoupled
from the visible Standard Model (SM) sector throughout
the transition. Denoting the plasma energy densities of the
SM sector and the bubble-nucleation sector by pgy and
Pr.rads Tespectively, we consider the hierarchy py, ;g << po <
psm (2po) as illustrated schematically in Fig. 1. The
condition p, < pgy ensures that the total energy density is
dominated by SM radiation, yielding a, =~ py/psm < 1.
This justifies neglecting the backreaction of bubble nucle-
ation on the background metric. Meanwhile, within the
bubble-nucleation sector, the requirement py .4 < po

“Note that a, is not identical to the latent heat. It may be
defined by

ab:/dePI(T) pO(T) (26)

dz Pb.rad (T) '

with py, .,q being the energy density of radiation in the bubble-
nucleation sector. This quantity can be much larger than unity and
hence we can consider runaway bubbles even for the case with
a, << 1, assummg Prot > Phrad-

’If , is of order 0.01 or larger, some regions remain in the
false vacuum and undergo eternal inflation in the case of
B/H, ~3. From the perspective of an external observer, these
regions appear as black holes. In Ref. [48], we discussed that this
mechanism leads to overproduction of black holes when
a, 2 0.01.

energy density

SM sector

plasma energy pPsMm = Ptot

a,l> 11

Bubble-nucleation sector

decoupled

vacuum energy po

ab>>1¢

plasma energy pPb,rad

FIG. 1. Schematic illustration of the hierarchy among energy
densities. The SM energy density pgy (=2p;o) dominates the total
energy of the universe and determines the Hubble expansion rate.
The vacuum energy in the bubble-nucleation sector p, is much
smaller than pgy, ensuring a,, < 1. However, within the bubble-
nucleation sector, p, dominates over its plasma energy pp rad,
allowing the phase transition to be strongly supercooled.

implies that the transition is supercooled and that the latent
heat is sufficiently large, leading to a prolonged phase
transition. See also footnote 4. Although this provides a
concrete realization of the conditions required for our
analysis, the calculation that follows does not rely on this
specific scenario. We simply assume that the backreaction
of bubble nucleation on the metric is negligible.

The stochastic GW spectrum can be calculated as (see
the Appendix)

1 dpgw(, k)
Q k)=
ow(z.k) Por(7)  dInk

(2.7)

where the function A is given by6

3 B3 Ja(z,)\?
471'21(2 T* /)0 T*/ / dT( a? T*) >

7, —7,) ) (7,7, k). (2.8)

A(k.p)=

x cos(k(

°In Refs. [27,29], the integration range of 7 is restricted to a
finite interval in order to explicitly specify the time at which the
bubble nucleation rate turns on and off. In our case, the nucleation
rate can be time dependent, and the finiteness of the active period
can be implemented directly in the nucleation rate itself, for
example by inserting a theta function. With this treatment, the
integration domain for 7 in the formula of Eq. (2.8) can safely be
taken from O to co. Moreover, as discussed around Eq. (6.3), the
factor P, defined below ensures that the effective GW source
remains finite.
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FIG. 2. Schematic illustration of bubbles under the envelope approximation at different times. Points x and y lie within the world
volume of the same bubble, while point y’ lies within that of a different bubble. The correlation function between x and y corresponds to
the single-bubble contribution, whereas that between x and y’ corresponds to the double-bubble contribution.

The efficiency factor x quantifies the fraction of vacuum
energy converted into the energy of the bubble wall, and
may in general depend on time. The function IT can be
expressed in terms of the energy-momentum tensor 7', as

a*(z,)a* (ty)1(z,. 7,. k)

= Kij,kl(I%)Kij,mn(lAc)/d3 reik4?<Tk1Tmn>(Tx’Ty77)7

(2.9)

where the two-point correlation function of the energy-
momentum tensor is defined by

<Tlemn> (Tx’ Ty, ?) = <Tkl(7x’ )_C))Tmn (Tw )7)>’ (2 10)
with 7 = X — y. Here, K| ;; denotes the transverse-traceless
projection operator [see Eq. (A3)], and the hat notation ®
indicates a unit vector in the direction of = .

The energy-momentum tensor is evaluated for bubble
walls. We consider a thin-shell bubble wall with an
infinitesimal comoving width [ 3.7 We ultimately take the
limit /3 — 0 in our expressions. To begin, let us consider
the energy-momentum tensor of an uncollided bubble wall
nucleated at x,, = (z,, X,), which is given by

_—

Tg‘(X;xn) = az(fx)pB(X;xnxx - xn)i(x - xn)jv (211)

where x = (7, X) and py(x; x,) denotes the energy density
at point x due to the bubble wall nucleated at x,,. The source
of the energy for the bubble wall arises from the false
vacuum energy density multiplied by the volume swept out
by the bubble per unit time,

"This width can in general be time dependent, but our final
expressions remain unchanged in the limit /z(z) — O for all z.

(2.12)

where rp(7;7,) =7—1, is the comoving radius of

the bubble. The energy density of the bubble wall is then

given by pg(x;x,) = E/(4na’(r,)ri(t,;1,)l5) or more

explicitly

pB(Tx;Tn) rB(Tx) < |)_C'_'fn| < rB(Tx> +lB

pe(x;x,) = {

0 otherwise
(2.13)
where
(55 :
,7,) =
P dra’(t)ry(z;7,)l
X /T dr’ 4na’ (7)) ry (v 7,)k(T)po (7). (2.14)

The total energy-momentum tensor of the system
becomes more intricate due to bubble collisions. In the
following section, we analytically compute its correlation
function under the envelope approximation. Figure 2
illustrates schematic configurations of bubbles at different
times in this approximation. We may evaluate the corre-
lation function between the points x and y, or between x
and y'. The points x and y lie within the world volume of
the same bubble, while y’ lies within that of a different
bubble. The contribution from x and y is referred to as the
single-bubble contribution, whereas that from x and y’ is
the double-bubble contribution. Note that the single-bubble
contribution is also relevant (and indeed dominant) for the
GW source, since even the region inside a single bubble
loses spherical symmetry once collisions with other bub-
bles occur.
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FIG. 3.
dimensional slice of a constant-time hypersurface Z..

III. ANALYTIC DERIVATION OF GW SPECTRUM
IN AN EXPANDING UNIVERSE

We now derive an analytic expression for the GW
spectrum in an expanding universe. The calculations in
this section largely parallel those presented in Refs. [27,29],
with the replacement of physical time by conformal time.
Accordingly, we omit detailed derivations and instead
summarize the key steps and main results.

A. Notations and definitions

We begin by specifying the notations and conventions
used throughout our calculations. See also Fig. 3 for a
schematic illustration of the relevant variables. These var-
iables follow the original work, except that here we employ
conformal variables. This choice is justified because the
essential features, such as the causal structure and angular
relations, remain unchanged under conformal rescaling.

We denote four-component comoving coordinates as

x= (.8 y=(5.9). (3.1)
We also define
x+6= (7, + 13, X), y+6= (1, +15.5). (3.2
and
F=X-Y, r=|7. (3.3)

Hereafter, we use the index i to generically denote any of
the points x, y, x + , and y 4+ 6. We further define
ri(t) =1 -1, (3.4)
T, t+71,—7r
Ty = % (3.5)
When performing integrals over z, and 7,, we change
variables as

Schematic illustration of variables. Left: causality of points x and y on a one-dimensional slice. Right: unit vectors on a two-

TE%, =1, —1,7, =T +1,/2, 1,=T —1,4/2.
(3.6)
We denote

S; = (past light cone for pointi), (3.7)
V; = (4-volume region inside S;), (3.8)
V=V, UV, (3.9)

Furthermore,
SVi=Ves—V. 8V,=V, -V,  (3.10)
8V, =6V, N6V, (3.11)

SV =6V, =V SV =6V, -V, (3.12)
where A — B denotes the region of the four-volume A that
lies outside B.

Denoting a constant-time hypersurface at a conformal
time 7 by X,, we define a sphere and its center as

Ci(r)=5.Nn%,. (3.13)

O; = center of C;(7). (3.14)
Note that r;(z) defined in Eq. (3.4) represents the radius of
C;(7). Let Q;(r) be an arbitrary point on C;(z) (which is
denoted as P; in Ref. [27]). We then define the unit vector

n;(t) = unit vector from O; to Q;(7)

= (sin 6; cos ¢;, sin 6; sin ¢;, cos 0;), (3.15)
where in the second line, n;(7) is parametrized using
the azimuthal and polar angles (¢;,0;) relative to the
direction 7.
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Next, let Q(r) denote an arbitrary point on the inter-
section C,(7) N Cy(z) (which is denoted as P in Ref. [27]).
We define

iy (7) = unit vector from O; to Q(7)

= (sin 6, cos ¢;y, sin G, sin ¢p;,,cos0;,).  (3.16)
In particular, the polar angles 6,, and 0, satisfy
2, 2 2
+r2(t) = 2
cos 0, (1) = — )~ 0 ,
2rr,(7)

r?+r(r) = ri(r)

0,5 (7) = J . 3.17

cos 0, (7) 20, (7) (3.17)

(see the right panel of Fig. 3).

B. False-vacuum probability

Using the notation introduced above, the probability of
finding a spatial point X in the false vacuum at time t, is
|

L(x,y) = /V d*z1(z)

given by P,(x) = e~/1(), where

1(x) = /V T = /O de " AT (e).

Due to translational symmetry, the spatial dependence is
trivial, and the result reduces to Eq. (2.3), as expected.
Thus, we may simply write P,(x) = P;(z) = e~ 1(?).

The probability that a pair of spatial points X and y
remain in the false vacuum at times 7, and 7, respectively,
is given by P, (x,y) =e209) with I,(x,y) =Jy d*zI(2).
The integral over V, can be evaluated by decomposmg the
integration domain into the regions 7 < 7, and 7 > 7,,. For
7 < 1y,, the integration domain at fixed z corresponds to the
region enclosed by the blue circles shown in the right panel
of Fig. 3. For 7 > 7,,, the relevant domain reduces to the
past light cone of x and/or y, since in this regime V, and V,
no longer overlap. We thus obtain

(3.18)

(3.19)

_ A " a4 () g [13(2)(2 + €08 0, (7)) (1 = €08 B, (7))% + 13 (2) (2 — €08 O, (7)) (1 + c0s O, (7))?]

+ / dr%”rz(f)f@ N / dr%”r ()

xy

(3.20)

Ty T ~ r —17))? Tx T ~
:A gt [Hza;r))(yg_rum(f—f))} +/ df%r(f)gﬂd/z_,)a

. / df%”f(r)(f —14/2 - 1),

where we have used Eq. (3.17).® This expression depends
only on 7,, 7,, and r (or equivalently on T, 74, and r), so
that we denote it compactly as P,(x,y) = Py(7, 7y, 7) =
e~h=nr) Note that we implicitly assume 7, >0,
Ty <17, and 7,, <7, in the above expression. These
conditions can be rewritten as |ry| < r <27. This is
sufficient for our purpose, since P, contributes only within
this domain.

C. Single-bubble spectrum

According to Refs. [27,29], the correlation of the energy-
momentum tensor at points x and y consists of two distinct
contributions. The first corresponds to the case in which
both x and y lie on the world volume of a single bubble

¥Note that when x and y are exchanged, one simultaneously
has 7 — —F7, implying that cos 6, <> —cos6,,.

(3.21)

wall, realized when a bubble nucleates at a point Q (see the
right panel of Fig. 3), or more precisely, within the region
oV,y,. We denote quantities associated with this contribu-
tion using the superscript (s).

The product of the energy-momentum tensors
Ty(74. X)T,(7y,y) from the single-bubble contribution
becomes nonzero only when both points x and y remain in the
false vacuum, while the shifted points x 4+ 6 and y + § enter
the true vacuum due to the same single bubble. Taking the
ensemble average (-), which is performed with respect to the
stochastic nature of the bubble nucleation rate, the correlation
of the energy—momentum tensor (2.10) is evaluated as

(TiT )9 (717, 7)
— Py(tntr) A () T (i)

(3.22)
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—

where 7% (x; x,,) is given by Eq. (2.11). In the notation introduced above, (x — x,,); appearing in Eq. (2.11) can be written as
(=nyx);. Decomposing the integration over 6V, into the integration over 7, and over 6V,, N X, , we obtain

<Tlemn> (‘> (Txv T ‘A 7) f\y ~
N2 = e / dr, 1'(z,)pp (7. 7,)pp(7y:70) / Pz (N (@) imns (3:23)
a*(zy)a (Ty) 0 oV, N,

where

(N (@)t = ()i (s )i (P ) (1) - (3.24)

The integration domain 5V, N X, corresponds to the intersection of the two circle boundaries in the right panel of Fig. 3,
integrated over the azimuthal angle ¢, with “radius” r, sin 6,.,.. The intersection of the two circle boundaries forms a diamond-
shaped area near the point Q for finite /5, whose area is /3/ sin(x — 0, + 0,,) = [3r,/(rsin6,,). Thus we obtain

ror
/ d3z (NX (Tn))klmn = e
SV, ,NZ

n

A Ao (N (50)) i (3.25)

r

where we implicitly assume |z, —7,| < r < 7, 4 7, so that 6V,, N X, is nonempty.
We now evaluate Eq. (2.9) by substituting Eq. (3.23). The projection operator acts on (N, ), such as
1

2 2
reryly wly

p A K 10 RV 1 (B (V' () e = s [80 +%(1 = (7 B2 +5 (1= (- RPPS | (326)
with
So = rrySiSin (3.27)
Sy = reryAcCyn (1Ese + 1385x) = 27,y 53834 (3.28)
Sy = rery[rery (1963, = Tt + ) +3) = 8Cuu €y (risiu + 135550 (3.29)

Here, we have adopted abbreviated notations for simplicity: r,(z,) = ry, 1,(7,) = 1y, €080, (7,) = s, 5iN O, (7,,) = 5,

c0s 0y, (7,) = ¢y, and sin O, (7,) = s,,. Since the 7 dependence enters only through (7 - k)? and (7 - k)* in Eq. (3.26), we
can evaluate the Fourier integrals in Eq. (2.9) using

/ Br e’ = / " dranrjo(kr), (3.30)
0

=1 A o0 i (k

/d3re’k"2(1—(?~k)2):A dr4ﬂrzjll(€rr), (3.31)
-_1 N ) i (k

/d3r (= (k) = A drdnr® ’;{grg), (3.32)

where j;(x) are the spherical Bessel functions. Using these identities and noting |7, — 7,| < r < 7, + 7,, we finally obtain

— w o Appp(taT)pe(nyiT) [ Ji(kr) Ja(kr)
M0 ) = 40° [ drrPa(ssr) [ (o) 2 oty + 145008, + B s,

‘Tx_ )"

(3.33)
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or equivalently,

(k. ) = 352K / dz, / dr, < (a(T’)>3cos(k(Tx—ry)) /| " dr Py (07, )

T*) T, =Ty |

[ e ) s )5 U]

from Eq. (2.8), where S; are defined in Egs. (3.27)-(3.29) together with Eq. (3.17).
It may be convenient to rewrite the integral in terms of 7 and 7,4, as

) ) T +7y o0 2T 2T
/ drx/ dry/ dr — 2/ dT/ d‘td/ dr, (3.35)
0 0 [t—1,] 0 0 7

where we used the fact that the integrand is an even function of z,.

D. Double-bubble spectrum

The other contribution arises when the points x and y lie on the world volumes of two different bubble walls, realized

when bubbles nucleate at points Q, and Q, (see the right panel of Fig. 3), or more precisely, within the regions 6\/9 ) and

6V§,x ). We denote the quantities associated with this contribution by the superscript (d).

The product of the energy-momentum tensors Ty(7,,X)T,,,(zy,y) from the double-bubble contribution becomes
nonzero when both points x and y remain in the false vacuum, while the shifted points x + § and y + 6 enter the true vacuum
due to two different bubbles. Taking the ensemble average, the correlation of the energy-momentum tensor is evaluated as

(TuT )\ (1.7, 7) / =\ Thxx,) =y Dan(y3 )
_ P ) i d4 F kI\">¥n / d4 ) F , mn\J»>».Jn
(12 (Tx)az (Ty) 2 (Tx Ty V) 5V£_~V) Xn (Txn) a2 (Tx) 5V§f‘) Yn (T)n) a2 (Ty)

Tyy ~ N
= PZ(T T} ’ r) / denF(Txn)pB (Tx’ Txn) / : d3xn (nx)k(nx)l
0 svYnx

Txn

< [T ety [ ), e (3.36)
0 svinx

y Tyn

where we denote x, = (z,.X,) and y, = (7y,,y,) as the integration variables. Here, the dots represent the contribution

fromz,,,7,, > 7,,, which does not affect the GW emission since (SV)(;V ’n %, and 5V§,X 'n X, , are spherically symmetric in

that regime and thus yield no transverse-traceless component. For the same reason, we focus on the regime
|ty —7y| <r <1, +17,. The integrals over X, and y, can be performed as follows:

cos 0

Lo @ nd, =t [ d cososin’ 00, + (3eos’ 0, 1)
svVng -1

Txn

2 1
= nlyr? [<§ +cos b, — 50033 Gxx> 8;j + (cos® 0, — cos 6?“)?,»?’]-] , (3.37)

[sv@ nE

1
d*y,(ny);(ny); = zrlBrg/ d cos @, [sin” 0, 8;; + (3cos? O, — 1)77]
i €08 6y

Tyn

2 1
= —nlpr} [<§ + cos O,y — gcos3 ny> 8;j + (cos® 0, — cos Gy,x)?,»?j] ) (3.38)

Acting the projection operator in Eq. (2.9), only the term proportional to 7;7; contributes to the transverse-traceless part of
the energy-momentum tensor. We therefore obtain
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<Tlemn><d) (Txv Tyv 7) _ 1

7 7 (d) (d) a7
Kij,kl(k)Kij,mn(k) a2(1x)a2(1y) §P2(Tx’ Tyv r)Dx (TX’ Ty’ r)D)’ (T)C’Ty’ r)(l - (r . k)2)2’ (339)
where we define
DY (z,,7,,r) = / Pty D (20) 22 i (4 1) (COS® Oy (200) — €08 Oy (7,0, (3.40)
0
D\ (z,,7,,7) = / it P (e,) 22 (1, 7,0) (008 0, (1) — c08® 0, (1,,). (3.41)
0
The Fourier transform in Eq. (2.9) can be carried out explicitly using Eq. (3.32), yielding the final result
(@ B e, () (d) Ja(kr)
9z, 7, k) = 16z dr r°Py(t,, 7y, 1) Dy (7, 7y, 1) Dy (7, 7y, r)W, (3.42)
‘TX_T)" r
or equivalently,
120%k3 [e o a(ry)a(ry)\?
AD (K, B) = p. /0 drx/o dr, (W cos(k(z, —7,))
T +7y D](Cd) s , D(d) s Tys i (k
X/ ’ drr2 PZ(Tvayr) (Tx Zy r) 2)’ (TX T,V r).]2g ;)’ (343)
e, *(z.)p5(7.) k*r

from Eq. (2.8). Equations (3.34) and (3.43) represent
additive contributions to the GW spectrum. They provide
analytic expressions for the GW spectrum in an expanding
universe, valid for general functions py(z) and a(z). These
expressions can be evaluated numerically, for example,
using a Monte Carlo algorithm. The numerical results will
be presented in Sec. VI.

In Secs. IV and V, we further simplify these equations
under certain limiting cases, such as the large- and small-k
limits and the Minkowski limit. In these regimes, the
integrals can be evaluated more easily, either numerically
or analytically.

IV. ASYMPTOTIC BEHAVIORS

In this section, we analyze the asymptotic behavior of
Egs. (3.34) and (3.43) in the limits of large and small k. The
integrals appearing in these expressions are significantly
simplified in these regimes due to the absence of oscillatory
terms. While the resulting expressions are strictly valid in
the asymptotic limits k > /3 and k < 3, we expect that the
full behavior is smoothly interpolated around k ~ f. This
|

suggests that these asymptotic results can also serve as
useful approximations for understanding the general
dependence of the overall GW amplitude on B/H..

A. Large k limit

For k> 77!, the integral over r is dominated by the
region r < 1/k < 7, since the Bessel function becomes
highly oscillatory for kr > 1. We also note that |z,| (< r) is
similarly small. To capture the behavior in this regime, we
rescale the small quantities by substituting r — er and
T, = €14, and expand the relevant expressions in powers of
the small parameter e. We set ¢ =1 at the end of the
calculation.

Furthermore, the phase transition occurs within a (con-
formal) time scale of order 1/B. This indicates that the
integral over 7, is dominated near (7 —7,) ~ 1/B. The
integrand can therefore be simplified under the condition
er < (T —1,) ~1/B, which corresponds to the limit
of k> p.

We eventually find that, in the expansion of the prob-
ability P,(z,, Ty, r)

2

T ~
Py(ty, 7y, 1) = e RT.TO) {1 - r(l + T—g) / dr (T —7)’T(r)e + O(€?)|, (4.1)
r 0
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with

T Ax hys
L(7T,7,0) = dr?(T —17)°I'(7). (4.2)
0
The O(e) term provides the leading contribution at this order to both the single- and double-bubble spectra.
1. Single-bubble contribution
We begin with the single-bubble spectrum,
3 Tty
)(k, ) = 3ﬁ2k3/ d‘L'X/ dr ( b (a() )) cos(k(z, —T‘,)>/ drrPy(ty,1,,7)
a T* ’ ‘T,X_T_vl
ooy les(rat)ps(tyin) . Jilkr) o Jalkr)
dr, T 2 kr)S S S| 43
) B S+ R + s )
|
The cosine terms in Sy, S;, S, can be expanded as pe(t7,)pp(Tyi ) = p3(Tiz,) + O(e?),  (4.9)
204(T — 2
cos O (1,) = — (T o)+ r
2T +74/2 —z,)r 5 5
T , T2/F rx(Tn)ry(Tn) - (T_ Tn) + 0(6 )7 (410)
d — T 2
=—-——-—“—¢+0(e), (44
r 2(T—Tn)€+ (). (44)
by 2T =) = a(rals,) = A(T)+ 0. (411)
08 Ty\Tn) = 2T —z4/2 —z,)r
2 . . .
_ T, = /T 2 Note that the leading term of the integrand in Eq. (4.3)
r * 2(T —,) e+0(€), (45) vanishes when 7, = 7,, ~ 7. Therefore, we may set the
upper limit of the 7, integration to 7, as long as we are
which yields interested only in contributions of order O(e).
In the large-k limit, it is convenient to change the order of
2\ 2 integration as
St = (T =5} (1-5) + 0@, @9
’ r

2\ 2 2
Si(tx 7y 70 1) = (T = 7,)° —IO(T—Z> +12<’—§> —2}
r r
+0(e), (4.7)
i 7\ 7
SZ(TX’T)“T }") (T_Tn) 35 p —30p+3

Additionally, we have

T+, 2T
/dr/dr/ dr—)/ dT/ dr/drd
|_T\‘

(4.12)

We then approximately extend the upper bound of the r
integral from 27 to oo, which is justified when the integral
is dominated by the regime 27 > r. Under this
assumption, the integrals over r and 7, can be carried
out analytically. Using these expressions, we can approxi-
mate the single-bubble spectrum as
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AW (k/J > 1)z3ﬁ2k3A°° dTAoo drr/_rdfd cos(kz) (%)61)2(%1},,@

T o Bpp(Tit,)pp(Tiz,) [ Ji(kr) Jz(kr)
) detten (TS B iknisy 12 + Rl

~ ﬁ A ® AT ¢ h(TT0) (%) ’ A T de(T = 22i(0)

T - ps(T57,)p5(T 5 7,)
y /0 ey (e, (T =, 2 P2 ST Sl 4 0, (4.13)

In the second line, the O(e°) terms vanish upon integration over r and 7,,. The resulting expression is proportional to k7!,
consistent with expectations from the literature. Moreover, the integral in Eq. (4.13) contains no oscillatory components,

making it straightforward to evaluate numerically once the functional forms of I'(z), a(z), and py(z) are specified.

2. Double-bubble contribution

We now turn to the double-bubble contribution,

@ (k, ) = 12i2k3 f" dz, Am dr, (W) ’ cos(k(z, - 7))

DS (2, 70, VDY (2 7y, 1) o (k)

T,
X / . drrPy(t,,1,,7) }(T*)po ) pEpeat (4.14)
By decomposing the cosine terms, we obtain
D)(Cd) (74, 7y, r)Dy) (T4 Tys 1)
= ”21%; /T—er/Z dz,, /T—er/Z Tny PB <T +— xn)pB (T -~ , Tyn)
0 0 2
[ T - - i =l )T —ae| vO@). @)

When we express the integral over z,,, as fOT dr,, — fg_er /2 dz,,, the latter integral does not contribute to the overall O(e')

correction, because the O(e®) term inside the square brackets in Eq. (4.15) contains a factor of (7 —1,,)> = O(e?).
Similarly, the integral over 7,,, can be written as [J dz,, up to corrections of O(e?). The pg(7 + ¢, 7,,)pp(T — ¢, 7,)
terms also do not contribute to the overall O(e') correction because

T T
A dr,,XA Az, [07pp(T . 7y,) - pp(T . 7y,) —pp(T . 7n) - 07pp(T 7y, )] (symmetric terms underz,,, <> 7,) =0.  (4.16)
Moreover, the O(e') term in the square brackets in Eq. (4.15) also does not contribute to the total O(e') term, owing to
T T
/ dr,, / A,y (Tyy — Tyy) X (symmetric terms under z,, <> 7,) = 0. (4.17)
0 0

Thus, we arrive at

— )

d d T T 2(2
D (z,, Ty,r)D§>(1 Ty, 1) = ,[zz%l dt,, | drnypB(T,rxn)pB(T’Tyn)d(dT

(T = 1)*(T = 1y)* + O(€).
(4.18)
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Therefore,

@ (k/f > 1) ﬂ2k3 / / dr (“m> cos(k(z, — 7))

a(z.)
Tty DY (4. Ty r)Dd (T4 7y, 7) jo(kr)
: /— drr Palt 1) K*(z.)p5(z.) e o)
(7)

= —1275°k /oo d’]’/Do drr? /rde (a ) cos(kty)Py(ty, 7y, 7)
0 0 —-r a\t )

(
x MT dr,,f(fn)(f—fn)ch”B(T In ;)] wal rG =) pakr) + O, (4.19)

(z.)po(z. kr?

where we change the integration domain as in Eq. (4.12) and then approximately extend the integration range of r according
to the discussion below Eq. (4.12). The leading O(e”) contribution cancels once again, making the O(¢) term in P, the
dominant contribution such as

D (k/p> 1) = 12805 / dT e (TT0) (“(T)) ’ / (T - 7)*T(7)
0

35k2 a(z,)
« { A " e, B(2,)(T —1z,)? (iB(’;B)(pTO( )))] ¢+ 0. (4.20)

This term scales as k=2, in agreement with results from Ref. [27].

B. Small & limit

We now consider the opposite limit, where £ is sufficiently small. As before, the integrals over 7, and r are typically
dominated by the region <1/p. For k < 3, we can approximate cos(kz,) ~ 1 and j,(kr)/(kr)" ~ \/z/(2"*'T'(n + 3/2)).

1. Single-bubble contribution

For the single-bubble spectrum, we obtain

B 5 0 0 3 T +7y
AW (k/f < 1) =357k / dr, / dr, (M) / drr Py(7y,7y,7)
0 0 a (T* ) ‘Tvx _Ty ‘ ’

Ty - Bpg(tet,)pp(ty;T,) 1 1
dr. T rn > 7 — — . 421
XA T"“”mmmmwww%nF“é&+w& (421)

Here,

1
— (¢4 — 6731 + 61%). (4.22)

4
8 — (T —t)*+—(T —7,)%(2%2 -3 + 0

So+x Sl—i— 82 15 15

Since the integrand does not oscillate, the integrals can be easily evaluated numerically once the functional forms a(z),
po(7), and T'(7) are specified. As expected from the literature, the result scales as k°.

2. Double-bubble contribution

For the double-bubble contribution, we obtain

ﬂzk% (z,)\? [rtn D (z,, T, r)D (T,Ty,l")l
1) = [ [ (T ) e PR e

(4.23)

023517-12



ANALYTIC DERIVATION OF THE GW SPECTRUM FROM ...

PHYS. REV. D 113, 023517 (2026)

As expected from the literature, the result scales as k. Here, although the following expressions are not simplified within
this limit, we explicitly present them for the reader’s convenience:

D(d) (Tx’ Tys r) /T“ den l:‘(’L-xn)ﬂ:prB (T)m T
0

D§d) (Tm Ty, r) =~ A . dTy" f‘(Tyn)”prB (Ty’ Ty

Finally, let us emphasize that the expression in this
section does not contain oscillatory integrals, making it
numerically tractable once the functional forms of I'(7),
a(z), and py(r) are specified.

V. LARGE §/H, LIMIT (EXPANSION AROUND
THE MINKOWSKI LIMIT)

In this section, we derive analytic formulas in the
large f/H, limit,
approximation.

When the nucleation rate sharply increases around a
specific time z,, the phase transition completes within a
time scale of order 1//. A large value of 5/, thus implies
that the transition occurs rapidly compared to the Hubble
time, rendering the effect of cosmic expansion negligible.
Therefore, this limit can be interpreted as the Minkovwki
limit. We expand Egs. (3.34) and (3.43) in this limit
and present analytic expressions for several representative
cases.

To illustrate which terms can be simplified, let us for a

corresponding to the Minkowski

moment focus on the specific case I =Tyef” with
B/H. > 1, where T’y and ' are constants. Note first that
p ~p and log(f'*/(82l)) ~ B/H, = pr, in this case [see
Eq. (5.19)]. From Eq. (3.34), the integral over 7, is
dominated near the upper boundary of the domain,
7, =7, =7 —r/2, due to the exponential dependence
introduced by I. On the other hand, P,(z,, 7y, 1) is strongly
suppressed when 57 > log (8z1y/f*) (=fz,). Combining
these observations, the integral over 7 is dominated around
T ~7, and the relevant range of r is |r,| <r<1/p.
Assuming f/H, > 1 (or [y/p* < 1), we can expand
the integrand in terms of |z,|/7 and r/7 . This is analogous
to the large-k limit, except that S; cannot be expanded
as in Eq. (4.8), since 7 — 7,, can also be a small quantity
in the present case. In particular, we can approximate
a(zy)~a(T)~a(r,) at leading order. Moreover, the
integral over conformal time can be mathematically
extended to —oo instead of starting from O because the
nucleation rate is exponentially suppressed in the extended
domain. At leading order, this allows us to reproduce the
results of Ref. [27], as we explain in Sec. VB in more

(r2 — T%)(rz + Zrd(T - Txn>><r2 - 4(T - Txn>2)

, 4.24
4r3(27—|—’rd—21xn) ( )

(r2 - ng)(rz - 2Td(/T - Tyn))(r2 - 4<T - Tyn)z) )

4.25
4r3 (2T =1, - 21,,) (4.25)

detail. A similar approximation generally applies to other
forms of I'(z) as well.
To calculate the next-to-leading order term, we use

a(zy)a(zy) = a(T +14/2)a(T —14/2) ~a*(T)  (5.1)
~a’(t -7 @(z.)
~a(z,) [1 AT -x) aw] (52)
_ 2(z) {1 +§(T* )BcNL,}, (53)
where we define
enLL = _g‘:((:)) (5.4)

We also have

lB(pB():;OT(n)) % {1 - % (7, —1,) (3 @(z) +p6(TX)>] .

for (z, —7,) < 7,. This gives

pp (7P (Ty:7,)
r(ta)ry (2K p5(T)

o1 d(T)  p(T)
5 [l ‘2”"'”(3 o(T) *nﬁ(ﬂﬂ’ (36)
=51+ (T =)o) (5:7)
where we define
L 3dE)_ 1)
M=) e O

Here and hereafter, we take x to be constant and absorb its
time dependence into p,. These expansions are applicable
for any functional form of I'(z).
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To further simplify Egs. (3.34) and (3.43), we need to
specify the form of I'(z). In Sec. VA, we specifically
consider the case where I'(z) has a delta-functional
dependence, and calculate A®) up to the next-to-leading
order terms in the limit 7, /§ < 1. In Sec. V B, we instead
consider the case where T'(7) exhibits exponential depend-
ence, and compute A®) and A up to the next-to-leading
order terms in the same limit. We also derive their

asymptotic expressions for both large and small values
of k.

A. Case with delta-function nucleation rate

We first consider the case where the nucleation rate is
given by
F(T) = nnucé(r - Tnuc)’ (59)
where n,, represents the comoving number density of
nucleated bubbles, and 7,,. denotes the time of bubble
nucleation.” In this case, the function /(z) defined in
Eq. (2.3) becomes 47(7 — Tpye)*Myue/3, and hence the time
of the bubble collision [defined by I,(z,) = 1] and the
inverse duration of the phase transition [defined by
dl,/dr(z,)] are given by
|

3

47N e

1/3 3
Ty = Tue T+ ( ) = Thuc +§7 (510)

B = (36an,,)"". (5.11)

The integral over z,, in Eq. (3.34) can be evaluated using
the delta function, which contributes only when 7,0 < 7y,.
Also, the exponent of the probability, I,(7, 74, r), given by
Eq. (3.21), is computed as

I, = Idelta(Tv Tds 7‘)
/4

= nnucE(r + 2<T - Tnuc))2(37521 - + 47‘(7 - Tnuc))’

(5.12)

for 7., <7, without relying on any approximation.
Noting that 7,, =7 —r/2 and |7,/ <, the condition
Toue < Tyy implies 7,0 <7 and |7, < r <27 —27p,.
The integrals over 7, 74, and r in Eq. (3.35) are therefore
restricted to these domains.

We note that the difference between (7 — 7,,,.) and (7 —
7,) in the integrand plays a crucial role, since the integral is
dominated in the vicinity of 7 ~ 7,,.. We then obtain

5 ~ ©o ZT_ZTlmc 27’—2r,mc
AW (k/B) ~ 6p°k* / aT / dr, cos(kz,) / drr e~ len(T747)
TnuC 0 Td

(kr)

Ja(kr)

£ .
x?(’ [jo(kr)So—i-]l S+

kr

k2 r2

Sz] [1+3enis + (ena — ene)B(T — 7)), (5.13)

for the terms up to next-to-leading order in the expansion around the Minkowski limit, where /41, (7', 7,4, r) is given by Eq. (5.12).
Here, we use 7, = Ty + 3/ ~ Tyye at leading order. Equation (5.13) gives the expression for the case of (5.9) in the

limit #/H, > 1.

If we further take the large k limit with 7 — 7,,. ~ 1/ > 1/k and following a similar argument in Sec. IV A, we obtain

N AnfPn2,. [ .
AW (k/f> 1) = %/ dT e e TOO(T — 7, )1 4+ 3eniy + (entz = exe)B(T = )] (5.14)
1'(7/3)p 3r(8/3
= (47/1-k)ﬂ (1 + 3CNL1 + % (CNLZ - CNL1)> (515)
~ 009475% (1 + 3CNL1 + 3'791(CNL2 - CNLI))7 (516)

where I'(x) is the gamma function, and we use = (36zn,,.)"/? in the second line. On the other hand, in the small k limit

and following a similar argument in Sec. IV B, we obtain

3

N k
AW (k/p< 1)~ 0.1406E (14 3eny +3.833(enia — enit))-

(5.17)

’Concrete realizations of this type of transition can be found in Refs. [48,49].
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As a reference, in the radiation-dominated era with
constant pg, we obtain 3enp; + 3.791(eni2 — ONLL)
—0.94(H,/pB) and  3cnpy + 3.833(enin — oni)
—0.75(H,./f3). This indicates that the next-to-leading-order
terms introduce corrections of about 10% when
B/H* = O(10). We also note that 3¢y = —18(H,/p)
and 3.8(cnio — eniy) = 17(H, /B), which implies that the
expansion around the Minkowski limit breaks down for
B/H + <20, unless there are significant cancelations
between these terms. Such a situation is expected, for
example, in the case of an exponential nucleation rate, as
discussed in the next subsection.

B. Case with exponential nucleation rate
We now consider the case of an exponential nucleation
rate,
[(r) = Fpef”, (5.18)
where Ty and /' are constants. Note that the parameter /'

coincides with the one defined in Eq. (2.4) in the limit
|

Combining them, we obtain

~ ~ L) 27 2T
AW (k/B) ~ 6%k / aT / dr, cos(kz,) / drre
0 0 T4

Tyy - 1 ~
X / dTnF(Tn)§ (1 + envip(z.
0

—T) + enaB(T

where 3/H, > 1. In particular, we have

4

B/ M. = pr. ~log [8ﬂf

2]

] for B/H, > 1.  (5.19)

In the limit of large f3z,, we can approximately extend the
lower bound of the 7 integral in Eq. (3.21) from 0 to —co
because I" is exponentially suppressed in the extended
domain. This leads to the following expression:

Ih(y, 7y, 7) 7

~ S S
L(eg.r) = (P42 P02 = (dr 4 Pp = wp)e )
r

(5.21)

for large f/H,. In this limit, the dependence on 7T

for the single bubble contribution. The 7, integral can be evaluated, yielding

[1+ eni Bz

T/\'\' ~ 1
“dt,I(7,) =
JRCAYAF

1 _,/ ]z
9ﬁ ’ 22

T) + eniaP(T

1+ enLiBl(r.

factorizes.
~E T (wr)
i (k i (k
)] {jo(kr)So +J‘](<rr) Sy + fzﬁ};) S| (522
= ji(kr
; (kr
)) - (ﬁTd pr) + CNLzF (ﬂ’fd pr)). (5.23)

where we again extend the lower bound of the integral to —co because I is exponentially suppressed in the extended

(L)

domain. Here, the leading-order terms F;

Fi (eg,7) = 2(P2 = )2 (P2 + 6r + 12),

Fi(zq,r) = 2% = ) [-r2(°

F (zg,r) =

+Td(r +20r° + 180r% + 840r + 1680)],

+4r* +12r +24) +

[4(r +4r +20r% +72r + 144) —

are given by [27]

(5.24)

o3(r* + 1217 + 60r 4 120)], (5.25)
20272 (r* + 127 + 8472 4 360r + 720)

(5.26)
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and the next-to-leading order terms are given by

(NL)

Fy (g, r) = (P =22)%(r* + 12r° 4+ 60r + 120),

Fy 7 (zqor) = (2 = 1) [ (r*

+ 74(r° 4+ 22r* + 2607 + 19207 + 8400r + 16, 800)].

Then we note that the 7 dependence in the integrand

8”;57)1 (t4.7)] as well as T'(7).
The latter favors larger values of 7, whereas the
former induces a strong suppression once S7 = In(f*/
(82T yZ(z4.7))) = B/H, —InT(z, r). This implies two
consequences: (i) the integral over 7 is dominated near
this lower bound, and therefore ﬁ’]’ > 1 in the limit of large
B/H,; and (ii) the integral over 7, is strongly suppressed
when Z(z4, r) > 1. Since Z (4, r) contains a factor ePral?,
this further implies that the upper bound of the 7,
integration can be extended from 27 to oo, because the
additional region is exponentially suppressed. Similarly,
the upper bound of the r integration can be extended from
27 to oo, because the additional region is exponentially

contains a factor exp [—

suppressed by the factor e/ appearing in Eq. (5.23).

Once we approximately modify the integration domain,
the integral over 7 can be performed analytically by
making use of

+ 167 + 132r% + 600r + 1200) — r2(r* + 813 + 361> + 120r + 240)],

1
4[ (1P 4+ 6r* +36r° +192r% + 720r + 1440) — 2177

(5.27)

(5.28)

2(75 + 14r* 4 1327 4 86412 + 36007 + 7200)

(5.29)
|
” ® ~1)!
/ dYe‘XeY“Yg/ dY e=Xe'+nY — (n—1) . (5.30)
0 —% X"
/oo dY e X'y ~ /Do dY e XYy — _rg+logX
0 — 0 X )
(5.31)

with yr (=0.577) being the Euler’s constant, where we
extend the integration domain into the exponentially sup-
pressed region ¥ < 0. Recalling Eq. (5.19) in a large fr,
limit, we can also approximate

pr, +log (%fol(rd, r)) ~logZ. (5.32)

We then obtain

e /2 cos(kz,)
/ﬂ 5 ﬂ3/ drd/ drr ﬂr“Z

(kr)
Z]z r|: +CNL1(YE+10gI(Td, ))) L(ﬂfdaﬁr)—i_cNLZF (ﬂz‘d,ﬂr)]

(5.33)

where we use ' ~ J3 at the leading order. Equation (5.33) is an analytic formula for the case with the exponential nucleation
rate, including the next-to-leading order correction from the expansion of the universe. The leading order term reproduces

the existing formula in Ref. [27].
For the double bubble contribution, we have

Tyy

Dﬁd) (T2 Ty, r) = nKkpo(z.) /

—o0

_ mpole) PP

6 ﬁ7 r3

a mipo(z.,) e
D )(rx,ry, r) e 7,

dr, T(ty,)rs [1 + % cNLZBrx} (cos O,y — cos O,y ), (5.34)
- - 1 - -
I'(7) <GL(ﬁ7d’ﬁr) +§CNL2GNL(ﬂTd’ﬂr)>7 (5.35)
- - 1 - -
I'(7) (GL(—ﬁTd,ﬁ”) +§cNL2GNL<_ﬂTd’ﬂr)>7 (5.36)
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in the Minkowski limit, where we again extend the lower bound of the integral to —co and define

Gy (g, r)=(r? - 13)[r3 +2r + 74(r? + 6r + 12)], (5.37)
1
G (4, 1) = 5 (rr =) [P (r+14)* + 6r(r+74)> + 12(r* + 4rry + 3) + 96174). (5.38)
By applying a similar argument to A®), we finally obtain
AW (& / " / e cos(kzy) (k)
967rﬁ3 d . [}2 FAT2 K272
~ ~ 1 ~ ~
L\PT4s NL2UNL PT4as L\=P%q A ENL2ONL =Py . .
G (B Br) + 5 exaGna (B, Br) ) ( Gu(=Bea. Br) + 3 exuaGra (P B (5.39)

Equations (5.33) and (5.39) provide the expressions for the nucleation rate of Eq. (5.18) in the limit 3/H, > 1.

Furthermore, in the large-k limit, all the integrals in
Egs. (5.33) and (5.39) can be evaluated analytically or
numerically, yielding

AW (k/p>1) 23’%0 +7ecnL +5eni2),  (5.40)
ﬂZ
(k/ﬁ > 1)~ 352 (1 +4eni)- (5.41)

The leading terms agree with those in Ref. [27] within a
precision of approximately 5%. In the small-k limit, we
obtain

N K
AG) (k/p< 1)~ 02792? (14 0.2608cy;; +6.679¢x12),
(5.42)
- K3
D(k/p< 1)~ 0.1028F (14 5.636cn12).  (5.43)

The leading terms agree with those in Ref. [27], within a
precision of approximately 10%, which falls within the
numerical precision reported in that work. Note that our
results can be used for arbitrary functions of a(z) and py (7).

As a reference, in the radiation-dominated era with
constant p,, we obtain ypcn; + Senio = 11H,/f and
0.2608¢y; + 6.679¢xn1o ~ 12H, /B, and the next-to-
leading order terms introduce corrections of about 10%
when f/H, ~ 120. This also implies that the expansion
breaks down for #/H, < 12 in this case.

VI. NUMERICAL RESULTS

In this section, we present the behavior of the GW
spectrum evaluated from Eqgs. (3.34) and (3.43) without
relying on approximations and check the consistency with

the results of asymptotic formula. We specifically consider
the case of a radiation-dominated epoch, where

a(r)/a, = t/t,, and assume «(7)py(z) = kpy = (const.).
In this case, we obtain
oy _Kkpolr=n) (11 (7,
pB(T’ Tn) - lB |:6 + 10 T
1 (t,\2 1 [7,\3
ra(2) ()] e

We consider the delta-function bubble nucleation rate in
Sec. VI A, and the exponential nucleation rate in Sec. VI B.

The multidimensional numerical integrations (3.34)
and (3.43) were performed using the Vegas algorithm [50]
as implemented in the CcUBA library [51]. Vegas is a
Monte Carlo algorithm that employs importance sampling
to reduce variance. The calculations were carried out using
the Mersenne Twister pseudorandom number generator,
with a requested relative accuracy of 3 x 1073,

A. Case with delta-function nucleation rate

First, we consider the delta-functional nucleation rate
given by Eq. (5.9),
f(T) = Nued(T = Toue)- (6.2)
In this case, the time of the bubble collision and the inverse
duration of the phase transition are given by Egs. (5.10) and
(5.11). Figure 4 shows ﬁ’r* (blue solid curve) as a function
of Bt,,.. The dashed line indicates the asymptotic behavior
in the limit of large fz,,., given by fr, = B, while the
dot-dashed line corresponds to the asymptotic behavior in
the limit of small fz,,., given by pr. = 3.
Before presenting the results of numerical calculations,
we discuss the parameter dependence of the GW spectrum.
The theory contains two free parameters: n,,. and 7,,.
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FIG. 4. pr, (blue solid curve) as a function of fz,,. for the case
of a delta-function nucleation rate. The dashed and dot-dashed
lines represent the asymptotic forms for large and small values of

Poue, Tespectively. Note that 7, = H,,.

Consequently, the GW spectrum depends on k, n,,., and
Tnue- Using Eqgs. (5.10) and (5.11), the parameters n,,,. and
Thue Can be rewritten in terms of § and 7,. After rescaling
the dimensionful parameters, we find that a single param-
eter can be trivially factored out, and the quantity A()
depends only on the combinations k/f and fr..

For the purpose of illustration, we treat P, rather than
pr., as a free parameter in this subsection. Note that z, can
be expressed in terms of Sz, via Eq. (5.10). In Fig. 5, we
plot the values of A®) (solid) and A (dashed) as functions
of k/p for Pry. = 0.1 (blue), 0.5 (orange), 1 (green), 2
(brown), and 10 (red). The yellow and magenta dot-dashed
lines indicate the asymptotic behaviors for the leading
result in the Minkowski limit, given by Eqs. (5.16)
and (5.17), respectively. The full numerical results are
in agreement with these asymptotic forms in the limits
k/p <1 and k/f > 1. It is also evident that the double-
bubble contribution is significantly smaller than the single-
bubble contribution, as in the Minkowski case.

We also find that the shape of the spectrum from a single
bubble, A®), remains nearly identical across all cases,
differing mainly in the overall amplitude by a small
amount. These results suggest that the GW spectrum
depends primarily on the ratio k/f and only weakly on
Proue (Or equivalently, pr.), as discussed in Ref. [52].

Figure 6 shows the GW amplitude from the single-
bubble contribution at small and large wave numbvers,
illustrating consistency with the asymptotic results dis-
cussed in Secs. IV and V. We consider two representative
cases: k/f =0.01 (left panel) and 8.0 (right panel),
corresponding to small and (moderately) large wavenum-
bers, respectively. The solid blue curve represents the full
numerical result, while the red dotted curve shows the
result obtained using the small (left panel) or large (right
panel) wave number limits described in Sec. IV. In the left

A(S,d)

ki/p

FIG.5. GW spectra A (solid curves) and A@) (dashed curves)
as functions of &/ /~)’ for fj’rnuc = 0.1 (blue), 0.5 (orange), 1 (green),
2 (brown), and 10 (red), in the case of delta-function nucleation
rate. The dot-dashed lines represent the asymptotic behavior
corresponding to the leading-order result in the Minkowski limit,
as derived in Egs. (5.16) and (5.17).

panel, the two curves are nearly indistinguishable, indicat-
ing excellent agreement at sufficiently small wave numbers
relative to §. In the right panel, although k/f is not
extremely large, the results agree within approximately 5%.
Although the agreement improves further at larger wave
numbers, the computational cost of full numerical calcu-
lations increases significantly in that regime.

The green dashed curve in Fig. 6 shows the result
obtained using the expansion around the Minkowski limit
up to next-to-leading-order terms, combined with the
large—or small-wave number limits. The corresponding
formulas are given in Eqs. (5.16) and (5.17). This
figure demonstrates that the asymptotic formulas in the
Minkowski limit reproduce the full numerical results to
within about 5% accuracy for fz,,. = 10.

Although the inclusion of the next-to-leading-order term
leads to larger deviations at Prowe < 10 compared with the
leading-order case, it provides a better fit for fz,,. = 30.
This suggests that next-to-next-to-leading-order terms
become relevant around fz,,. = O(10) and that the expan-
sion breaks down below this regime. A likely explanation is
a nontrivial cancelation among different contributions
within the next-to-leading-order terms for this specific
case, as discussed at the end of Sec. VA.

B. Case with exponential nucleation rate

Next, we consider the nucleation rate given by
Eq. (5.18),
['(z) = Tyel. (6.3)

Even though the nucleation rate diverges in the limit
7 — o0, we do not need to introduce an ad hoc cutoff
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FIG. 6. Amplitude of the single-bubble contribution A®) for k/p = 0.01 (left panel) and 8.0 (right panel) as a function of jz,,. in the
case of a delta-function nucleation rate. The red dotted curves represent the results obtained using the large- and small-k limits discussed
in Sec. IV. In the left panel, the blue solid curve completely overlaps with the red dotted curve. The green dashed curves correspond to
the analytic next-to-leading order results in the large /7, limit, as discussed in Sec. VA.

for the 7 integral in Eq. (3.34). As the transition approaches
completion, P, decays exponentially to zero, effectively
shutting off the GW source. In contrast, we should note that
the exponential nucleation rate does not vanish in the limit
7— 0. In cases where fr, is relatively small, bubble
nucleation may predominantly occur before the exponential
dependence becomes significant. This can be examined by
computing 7z, from the condition /;(z,) =1 using
Eq. (2.3), and checking whether the exponential depend-
ence dominates the integral. We find that the exponential
behavior becomes dominant only if fz, > 10.

Figure 7 shows the behavior of 3/ (orange curve) and
pr. (blue curve) as functions of I'y/f"*. The dashed line
corresponds to # = f'. As indicated by the dot-dashed line,
we observe that fH, (= fjz,) asymptotically approaches 4
in the limit of large ['y/f"*. The dotted curve represents the
approximation given in Eq. (5.19).

10—

102 £

- 10"%

10°

107 1072 10 107 102 10° 10% 108
f0/5/4

FIG.7. B/ (orange curve) and fz, (blue curve) as functions of
I'y/p'*. The dashed and dot-dashed lines indicate the asymptotic
values, while the dotted curve represents the approximation given
in Eq. (5.19).

In addition to the wave number k, there are two free
parameters in this case: [, and j'. However, either
parameter can be eliminated by rescaling all dimensionful
quantities according to their mass dimensions with respect
to f (g, k—-pk r—-r/f, T—->T/p, and
[, — p'*T)). Furthermore, the free parameters can be
expressed in terms of p and 7,, as defined by Egs. (2.3)
and (2.4). These observations imply that the resulting GW
spectrum depends only on the combinations k/f and fr,.
For the purpose of numerical evaluation, we treat [\,/f* as
a free parameter (instead of §z,) and present the results in
terms of k/p.

Figure 8 shows the spectra from the single-bubble
contribution (solid) and the double-bubble contribution
(dashed). We consider values of T'y/#* equal to 10715
(blue), 107! (orange), 107 (green), and 10! (brown). Note
that the parameter I'y//'* can be expressed in terms of fr,

A(S,d)

ki p

FIG. 8. Same as Fig. 5 but for the case with an exponential
bubble nucleation rate. We take I'y/f* = 101> (blue), 107!
(orange), 1077 (green), and 10! (brown). The dot-dashed lines
show the asymptotic behavior of the leading-order result in the
Minkowski limit, as derived in Egs. (5.40) and (5.42).
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(= B/H.,), as shown in Fig. 7, and we find fr, = 31, 22,
13, and 4.1, respectively.

The dot-dashed lines indicate the analytic results for
the asymptotic behavior in the Minkowski limit, as derived
in Egs. (5.40) and (5.42). The agreement is not exact even
for Ty/p'* = 107'5, corresponding to fr+ = 31. This is
consistent with the fact that the next-to-leading-order term
contributes a factor of ~11/fz, ~ 0.4, indicating that the
large f/H, expansion already breaks down in these
examples.

Nevertheless, we emphasize that all results exhibit
similar amplitudes, including the case with §/H, ~4.1.
This universality, up to an O(1) factor, is discussed
in Ref. [52].

VIL. IMPLICATIONS FOR GW OBSERVATIONS

For readers’ convenience, here we briefly explain the
relation between physical parameters and conformal
parameters utilized throughout this paper.

Specifically, we consider the scenario with a delta-
function nucleation rate in the radiation-dominated epoch.
The nucleation rate per unit physical volume and time is
given by,

F(t) = %5(1‘ - tnuc) (71)
=T66(t — toue), (7.2)

where Iy is defined by the second line. In the radiation-
dominated epoch, the nucleation time is given by

1

e = =———- 7.3
nuc 2H,. ( )

The Hubble parameter relates to the radiation temperature as

100 GeV f, PN gy
T ~ e N N
- © <6.9 % 10714 GeV) (100> (7.4)

with g, being the effective relativistic degrees of freedom,

(36aT)/3

2
H, = H,., 7.5
<(367IF0)‘/3 + 3Hnuc> * 7:3)
and
a(tnuc) _ (367TF0)1/3 (7 6)
a(t,)  (36aTy)"/? 4+ 3H, '

Using Eqs. (5.10) and (5.11), the ratio /H., (= B/ H, = pz.)
can be expressed in terms of [y and H . as

1078 ,
LISA
10—8 L ET i
LVK

.................................... . SEEE
10-10| |
z 10721 SKA 8 oo 1
g L N o ]
107141 1
1 [ DECIGO 1
107161 .

L BBO

-18

107 107® 107 107* 10 10° 10> 10* 10°
fIHz]

FIG.9. GW spectra for the cases with f/H, —3 = 0.01, 0.1, 1,
10, and 10% (from left to right). We take H,,. = 10~"3 GeV
(dashed) and 10° GeV (solid), assuming a delta-function nucle-
ation rate during the radiation-dominated epoch. We set @, = 0.1.
The horizontal dashed line denotes the upper bound on the peak
amplitude. The lightly shaded regions indicate projected sensi-
tivities. The red-shaded region is excluded by the LIGO/Virgo
third observational run (LV O3) data [53,54].

36xL,)!/3
Hﬁ:%ﬂ. (7.7)

These quantities are useful to calculate the GW spectrum via
Egs. (A17) and (A18).

Figure 9 shows the GW spectrum for the cases with
p/H, -3 =001, 0.1, 1, 10, and 102 (from left to right).
We adopt a representative value of a, = 0.1, though
dependence on a, is straightforward. We take H,, =
10713 GeV (dashed) and 103 GeV (solid), corresponding
to nucleation temperatures 7T (f,,)~ 100 GeV and
10'9 GeV, respectively. As I'y decreases, 3/ H, approaches
its asymptotic value of 3, at which the GW amplitude
saturates, as shown by the horizontal red dashed line.

If the nucleation temperature and the duration of the
phase transition are properly interpreted regarding
the parameters for the nucleation rate, results for an
exponential nucleation rate are qualitatively similar.
However, in such cases, the peak amplitude should be
scaled by approximately a factor of 1/3 — 1/2, by compar-
ing Figs. 5 and 8.

We include projected sensitivity curves from future GW
experiments. Power-law-integrated sensitivity curves for
forthcoming experiments are indicated by lighter shaded
regions, following Ref. [55]. These upcoming experiments
include SKA [5], LISA [6], DECIGO [7,8], BBO [9],
Einstein Telescope [10,11], Cosmic Explorer [12], and
aLIGO + aVirgo + KAGRA (LVK) [13,14,56,57]. The
densely shaded red region is excluded by data from the
advanced LV O3 [53,54]. For a strongly supercooled phase
transition, the GW amplitude can reach the projected
sensitivity of future experiments, including LVK.
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VIII. DISCUSSION AND CONCLUSION

We have extended the analytic formula for the GW
spectrum generated by bubble collisions during a FOPT,
taking into account the expansion rate of the FLRW universe.
The effects of cosmic expansion appear through several
factors, including the change in the physical volume of the
false vacuum, the vacuum energy density (or latent heat), and
the redshift of the energy density and frequency of both
bubble walls and GWs. The general analytic formula can be
derived in parallel with the original work, once the physical
quantities are replaced by their conformal counterparts.

The analytic formula allows for expansions in certain
limits, such as the large—and small-wave number limits and
the Minkowski limit, by expanding the integrand in terms
of small parameters. We provide simplified analytic expres-
sions in these asymptotic regimes, which show good
agreement with our full numerical results as well as existing
results in the literature. These formulas for the large—and
small-wave number limits are useful for estimating the GW
spectrum for a general nucleation rate, since they involve
nonoscillatory integrals that can be evaluated much more
easily than the original oscillatory expressions.

The expansion around the Minkowski limit (or large
p/H, expansion) is calculated up to next-to-leading-order
terms for both the delta-function and exponential nuclea-
tion rates. In the latter case, the next-to-leading-order term
yields about a 10% correction for f/H, ~ 140, which is a
typical value for an electroweak phase transition if it
proceeds as a first-order phase transition. If one aims to
determine the peak amplitude of the GW spectrum with
precision, the correction remains non-negligible even for
such a large value of /H,.

In contrast, our numerical results show that, even in the
supercooled regime with /H, = O(1), the overall ampli-
tude does not change by more than an O(1) factor, once the
(B/H,)~? dependence is factored out under the appropriate
definition of f, as discussed in the companion paper [52].

Finally, we comment on the differences from a related
work [46], where a similar analytic calculation in the
FLRW universe was performed. The differences are three-
fold: (i) the form of the bubble energy density, p(x), was
valid only for a very specific time dependence of the false
vacuum energy [see their Eq. (3.4) and our Eq. (2.14)];
(i1) the nucleation rate was assumed to take only the
exponential form in their Eq. (3.7), and the expansion
history was assumed to be that of the radiation-dominated
era; and (iii) the definition of a, the ratio between vacuum
and radiation energy densities, was not specified around
their Eq. (3.26), even though the ratio is time dependent.
Point (iii) is crucial for interpreting their calculation, since
the ratio is strongly time dependent. For example, the ratio
scales as a o a*(t) for a constant false vacuum energy
during the radiation-dominated era. Moreover, we note that
their definition of AF does not include a factor of (8/H., ).
Consequently, if we denote their result as AF (o« Qgw/a?)

and ours as A (x Qgw(f/H,)?/a?), the two differ by a
factor of (8/H,)*(a/a,)?. With our definition of a,, A1
changes only by a factor of a few for any #/H,. By contrast,
if @ is defined at a different time, AF can vary much more
significantly due to the factor (a/a,)?. A naive expectation
is that, in their calculation, a is evaluated at a time differing
by the duration of the phase transition, 5! 1% This modifies
a by a factor of order (a/a,)* x(a/a(r,))®~1+
80O(H,/p) for p/H,> 1. Because of this prefactor,
80O(H,/f) can still be of order unity even when
H./p = O(10). We expect that this explains why their
AF appears strongly suppressed for /H, < O(10). The
same reasoning may also apply to their ratio AF/AM (see
Fig. 5 of their paper), where AM is evaluated in the
Minkowski background.
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APPENDIX: GRAVITATIONAL WAVES
AT PRESENT

The tensor perturbation £;; obeys the equation of motion

"

_ - a _ N =
i (z,k) + (kz —;) hij(t.k) =8rGa’ (0)I1;;(z,k),  (Al)

where we define h;; = a(r)h;; and k> = k*. The term
a"(z)/a(r) vanishes during the radiation-dominated epoch
and is also negligible for modes well inside the Hubble
horizon, where a”/a ~ a>H?* < k>.

The transverse-traceless part of the anisotropic stress I1;;
is computed from the energy-momentum tensor as

-

a? (T>Hij(7v k) = Kij,kl(i‘)Tkl(T, ];) (A2)

where K;;; is the projection onto the transverse-traceless
part,

"Note that their n, is not identical to our z,.
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The solution to the equation of motion is formally (l_‘)> _ 8nG / Tend dt' @3 (1) 08 (k(Tang — 7))L, (7 ,;)
en 1] ’ ’
0

given by k
(A7)
}_z,»»t,l_c> —SIZG/TdT/a3T/G 7,7 H,»»T’,l?, A5 - 872G [t -
(K 0 (@)G(m. DM ). (&) B;(k) = ”T/ " e (1) sin(k(ten — 7))T;(7, F).
0
N\ ot / : > . (AS)
where Gy (z,7") = sin(k(z — 7’))/k is the Green’s function.

When the source becomes negligible for 7 > 7.4, the

solution can be expressed as We define the power spectra as

L L (ij(z. )'(2.4)) = (22)*69 (k = §) Py (.k).  (A9)
hij(z. k) = Aj;(k) sin(k(z = 7ena)) e
- _ 35G) (k7
+ B;j(k) cos(k(t = 7epq)),  for 7> 74, (A6) <Hll(Tx’k)H (7y.9)) = (27)°6 (k g (zy.7y.k). (A10)
By substituting Eq. (A6) into Eq. (A9) and using Eq. (A10),

where the coefficients are given by we obtain
|

Py (Tona. k) = 327°G? / = e, / ™ dr, a¥(2,)d (z,) cos(k(z, — 7,))T1(z,. 7. k), (Al1)
0 0 i

where the result is averaged over the oscillation period.
The energy density of stochastic GWs can be expressed as

U Jdhy, _ dhy;
pon(t) = g (G0 )

1 1./ =\ 7./ =
_WUIU(T’ X)hi;(z, %))

3
- 87‘[Gil4(7,') / (gﬂ'];?’ Pi(e.k). (812

where we have used the condition k/a > H for sub-Hubble modes in the second line. Here, the angle brackets (- - -) denote
an ensemble average, typically interpreted as a spatial or statistical average over the stochastic background of GWs. The
spectrum of the density parameter for GWs is then given by

1 dpgw
Pror(7) dInk
2Gk3 Ten Ten,
_ / "y / ! dry () (z,) cos(k(r, — 7,)) (10,7, ). (A13)

,0 tot

Qaw(7. k) =

It is often convenient to factor out certain dependences, yielding

Qow(e. ) = K2(z,) (%)(%)A(kﬂ) (A14)

where « is the efficiency factor, @, (assumed < 1) is defined by Eq. (2.5), and

Ak, ) = 473” fﬁ: B / / ( =) (;y)>3cos(k(fx—T),))n(rx,fy,k). (A15)
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In the main part of this paper, we take 7.,y — oo for
notational ~ simplicity. We note that the ratio
a*(7,)pii(7)/(a*(7)pi (7)) equals unity during the radi-
ation-dominated epoch. However, we do not assume this
throughout the paper unless explicitly stated.

The present-day GW spectrum can be obtained by
accounting for the redshift after production. Suppose that
the GWs are generated during the radiation-dominated
epoch. The scale factor evolves according to

(22

a(z.)
a(z)

f

and

Qawh? = 1.67 x 107 ( I

100

-2 _4
—1.67 x 1052z )2A (2= (T ) (=)
X107 (e Jas <H> <100 100

s

vos () (7)

I

T, -1
(lOOGeV) . (Al6)

a(r.)
a(r)

g*S
100

=8.0x 10_16<

)—%

where T, denotes the temperature at 7 = 7z, and 7 is the
present conformal time. The effective relativistic degrees
of freedom for entropy and energy density are denoted
by g., and g,. The physical frequency and GW amplitude at
present are given by

o=

T* G s _%
G V77 Al7
107 Gev> (100) (100) (A17)
Gus \ 7
106) QGwh2|T:‘[e“d
4 (AI8)

Here, we note that f,/f = k/(2z) and f/H, = p/H.,. If GWs are produced before reheating, additional dilution and
redshift factors should be incorporated into the above expressions.
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