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Conformal blocks in odd spacetime dimensions are not known in closed analytic form. To facilitate
efficient computations in the conformal bootstrap, we introduce GOBLOCKS: a novel conformal-block
generator implemented in the Go programming language, designed for rapid, on-the-fly, parallel evaluation
in general spacetime dimensions using recursive relations. The package supports both multipoint and
derivative-based bootstrap approaches and allows flexible control over accuracy and performance. We
benchmark GOBLOCKS against the SCALAR_BLOCKS package, finding significant speed improvements in
applications where computational speed and moderate accuracy are critical, but ultrahigh precision is not
essential. As an illustration, we apply GOBLOCKS to the mixed-correlator bootstrap of the three-dimensional
Ising model, formulated as a nonconvex optimization problem in a suitable truncation scheme. We
simultaneously optimize over external scaling dimensions and OPE CFT data. In addition, we discuss
how the approach scales as we increase the number of mixed correlators in more general OðNÞ vector
models.
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I. INTRODUCTION AND SUMMARY

The numerical conformal bootstrap has proven to be a
powerful nonperturbative tool for rigorously constraining
the space of conformal field theories (CFTs) [1]. When
multiple correlators are bootstrapped simultaneously, it can
determine CFT data with remarkable accuracy. The most
celebrated success of this approach is for the four-point
bootstrap of the three-dimensional Ising model [2–4],
which proceeds by scanning over spaces of linear func-
tionals (dual formulation), rather than directly solving the
crossing equations (primal formulation). While successful,
the linear-functional bootstrap relies crucially on certain
positivity assumptions. However, these assumptions are not
present in several interesting CFT contexts, e.g., in the
presence of defects [5], boundaries [6], at finite temperature
[7], and for the five-point bootstrap [8]. This has motivated
a revisit of the primal approach through truncations [9–15]
and other approximate, deep-learning-based methods [16].

At a technical level, both formulations require an
efficient computation of conformal blocks. In the
linear-functional approach, one fixes the dimensions of
external operators at each step and employs linear or
semidefinite programming tools such as SDPB [17].
These typically require expanding the blocks around the
crossing-symmetric point—where the OPE converges rap-
idly—in terms of rational approximations to very high
precision and evaluating derivatives up to some order. For
the bootstrap of four-point scalar correlators, the de facto
standard is SCALAR_BLOCKS [18], while blocks_3d [19]
provides blocks for correlators involving operators in
arbitrary Lorentz representations. These blocks are then
fed into semidefinite programming tools, like SDPB,
which typically require high numerical precision to
avoid numerical instabilities. We note that there are also
related multipoint approaches where the crossing equations
are evaluated on a discrete grid of points in the con-
formal cross-ratio plane, rather than through deriva-
tives [20,21].
In primal truncation schemes, one needs to optimise over

a high-dimensional space of CFT data that may include the
external scaling dimensions of the correlators as dynamical
variables. In even dimensions, where conformal blocks are
known in closed form, the analytic expressions can be used
directly for fast, on-the-fly evaluation. However, in odd
dimensions—such as the physically interesting case of 3D
—the SCALAR_BLOCKS package is prohibitively slow for
this purpose and alternative computational tools are
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needed.1 Often in these schemes, high numerical accuracy
in the conformal-block evaluation is not the primary
concern, as there are already other sources of systematic
and stochastic errors that need to be addressed. Despite
these shortcomings, there are examples where truncation
methods achieve high-accuracy predictions comparable to
state-of-the-art results, see, e.g., [22,23].
In this work, we develop efficient methods for conformal-

block evaluationwith generic parameters that include the sca-
ling dimensions of external operators.We present GOBLOCKS:
a fast, parallel, and flexible conformal-block generator
implemented in the Go programming language.2 We dem-
onstrate its use in both the multipoint and derivative-based
bootstrap of scalar correlation functions in D dimensions.
As an application, we demonstrate how GOBLOCKS per-

forms in a nonconvex optimization treatment of multiple
mixed correlators in the 3D Ising model. Optimization is
performed using the companion package BOOTSTOP-MULTI-

CORRELATOR, a multiobjective implementation of the boot-
strap stochastic optimizer, BOOTSTOP [12,13,23]. GOBLOCKS
includes a simple Python interface which, in principle, can be
usedwith any optimization tool independent of BOOTSTOP.We
also analyze the relative performance, stability, and computa-
tional trade-offs of the multipoint and derivative strategies.
The rest of this paper is organized as follows. Section II

provides an overview of GOBLOCKS, including its multi-
point and derivative formulations. It also discusses bench-
marking against SCALAR_BLOCKS in terms of accuracy and
runtime. Section III then summarizes the results of an
implementation of the package to the bootstrap of the
conformal data of the 3D Ising model, and remarks on the
scalability to other OðNÞ vector models. Section IV con-
cludes with a summary and avenues for future research.

II. OVERVIEW OF GOBLOCKS

The crossing equations that give rise to the conformal
bootstrap program for four-point correlators depend on the
conformal cross-ratio plane, parametrized by ðz; z̄Þ. There are
twomain approaches for the numerical implementation of the
bootstrap in the literature. The most popular method involves
computing derivatives of the crossing equations at the cross-
ing-symmetric point, which we call the derivative approach.
An alternative method involves working with the crossing
equations at specific points in the cross-ratio plane, which we
term the multipoint approach [20,21]. The numerical opti-
mization of CFT data in both approaches relies on the accurate
evaluation of conformal blocks.

The state-of-the-art method for the calculation of scalar
conformal blocks is SCALAR_BLOCKS, an efficient C++
implementation of the Zamolodchikov recursion relations
capable of producing conformal blocks with exceptional
precision [18]. This package computes derivatives of con-
formal blocks at the crossing-symmetric point z ¼ z̄ ¼ 1=2

∂
m
z ∂

n
z̄ g

Δij;Δkl

Δ;l ðz; z̄Þjðz;z̄Þ¼1
2
≈

rΔ0
Qκ;lðΔÞ

P
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whereΔij ≔ Δi − Δj andΔkl ≔ Δk − Δl denote differences
in scaling dimensions of scalar operators in the four-point
function hOiOjOkOli. The subscripts N and κ denote the
order of the r expansion and pole order, while l and Δ
represent the spin and dimension of the exchanged operator.
The functions QðΔÞ and PðxÞ are polynomials, with
x ≔ Δ − ðlþD − 2Þ, and r0 ≔ 3 − 2

ffiffiffi
2

p
the crossing-sym-

metric point in radial coordinates. This rational form allows
evaluation at arbitrary Δ without rerunning the recursion.
Three important parameters in SCALAR_BLOCKS are

max-derivs, order, and poles. The parameter
max-derivs encodes nmax, defined such that
mþ n ≤ 2nmax − 1. The parameter order, given by N
above, sets the maximum order of the r expansion along the
z ¼ z̄ diagonal. Similarly, the parameter poles specifies
how many poles to retain among those whose residues start
with rn, n ≤ κ. There is also a precision parameter,
which controls the numerical precision of the output and
calculations internal to SCALAR_BLOCKS. In this work,
precision is set to 64 unless otherwise stated. The
package returns the expansion coefficients of P and the
poles Δi, which can be used to construct PðxÞ and QðΔÞ,
rather than the derivatives of g directly.
In many applications, one needs to vary dynamically over

the unknown scaling dimensions of the external operators,
entering as extra parameters in the blocks. This requires
direct, repeated application of SCALAR_BLOCKS, which is
typically prohibitively slow. Since SCALAR_BLOCKS returns
the ingredients to assemble the conformal blocks, additional
processing needs to be performed to recover the blocks
themselves, introducing computational overhead.3

To circumvent this difficulty, a potential alternative
approximation of the blocks could use multilinear or
polynomial interpolation. These approaches precompute
block values on a fixed grid of scaling dimensions and
interpolate to estimate values at arbitrary points. While
interpolation is computationally efficient, its accuracy for
highly nonlinear functions, such as the conformal blocks, is
limited by the grid resolution, and increasing the resolution
to improve accuracy substantially increases memory
requirements. For a quantitative assessment of multilinear
and polynomial interpolation accuracy, see Appendix A.

1It should be emphasized that SCALAR_BLOCKS is a very efficient
tool for the dual formulation of the numerical conformal bootstrap,
where its output can be used directly. For the primal bootstrap,
additional processing must be performed on the output, as described
below.

2The package can be accessed from GitHub at https://github.co
m/xand-stapleton/goblocks [24].

3The package BOOTSTOP-MULTI-CORRELATOR includes an
efficient JAX implementation of the necessary processing steps.
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Fortunately, recursive relations for evaluating conformal
blocks can be iterated efficiently provided they are imple-
mented in a sufficiently performant language. To that end, we
developed GOBLOCKS, an efficient, parallel, multithreaded
block generator written in Go. The current implementation of
GOBLOCKS supports both multipoint and derivative
approaches, outlined in Secs. II A and II B, respectively.

A. Multipoint approach

For the implementation of the multipoint approach, we
work in radial coordinates ðr; ηÞ, which are related to the
cross-ratios by

reiθ ¼ z

ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ2 ; η ¼ cos θ: ð2:2Þ

The conformal blocks in these coordinates can be written as

h
Δij;Δkl

Δ;l ðr; ηÞ ¼ r−Δg
Δij;Δkl

Δ;l ðr; ηÞ ¼ h̃
Δij;Δkl

l ðr; ηÞ

þ
X
i

c
Δij;Δkl

i

Δ − Δi
rnih

Δij;Δkl

Δiþni;li
ðr; ηÞ; ð2:3Þ

whereΔi are the positions of the poleswith associated datani,

li, and c
Δij;Δkl

i . There are three types of poles, with the
corresponding data summarized in Table 1 of [3]. The
function h̃ seeds the recursion with initial data, and can be
written in terms of aGegenbauer polynomial. See Eq. (4.6) of
[3] for a complete expression. To solve Eq. (2.3), we expandh
in a Taylor series in r around r ¼ 0 and compute the
coefficients order by order. At each order p, the contribution
from a pole with shift ni uses only coefficients at order
p − ni < p, which have already been determined exactly.4

The blocks are returned in terms of the following linear
combinations,which appear directly in the crossing equations

Fij;kl
�;Δ;lðu; vÞ ≔ v

ΔjþΔk
2 g

Δij;Δkl

Δ;l ðu; vÞ � u
ΔjþΔk

2 g
Δij;Δkl

Δ;l ðv; uÞ;
ð2:4Þ

where u ≔ zz̄ and v ≔ ð1 − zÞð1 − z̄Þ. These functions
depend on four scaling dimensions: Δij, Δkl, Δ̄jk ≔
ðΔj þ ΔkÞ=2, and Δ.
The multipoint algorithm consists of three steps: recur-

sion, block evaluation, and construction of F�. These steps
are depicted in Fig. 5 of Appendix B. In the recursion step,

the blocks h
Δij;Δkl

Δ;l are computed at a set of pole locations
given the external operator dimensions Δij and Δkl. This is
the most computationally intensive step. The evaluation
step then accepts a list of spins and scaling dimensions of
exchanged operators, and uses the recurse-step results to
compute the value of g for each operator. In the construction
step, the F� are constructed from Eq. (2.4). Since Eq. (2.4)
requires both gðu; vÞ and gðv; uÞ, the recursion step needs
to be run twice with different arguments. The algorithm
returns F� at the set of points in the z plane that were
requested.
Table I summarizes the parameters used by GOBLOCKS in

the multipoint approach. The parameters k_1_max and
k_2_max set the maximum number of Type I and Type II
poles for recursion, analogous to the poles parameter in
SCALAR_BLOCKS. The max_iterations parameter sets
the maximum Taylor order in the r-series expansion,5

playing a role analogous to the order parameter in
SCALAR_BLOCKS. The tol parameter enables early termi-
nation: if the maximum fractional contribution of the latest
Taylor term falls below tol, the series is considered
converged. To ensure robust convergence, the early termi-
nation check is deferred until a sufficient number of terms
have been computed. The parameter ell_max sets the
maximum spin included in the recursion; for optimal

TABLE I. Configuration parameters of GOBLOCKS using the multipoint and derivative approaches. The derivative approach shares all
the same parameters as the points approach, but has additional parameters controlling the number of derivatives computed and returned.

Parameter Approach Description

k_1_max Points, derivatives Maximum order of Type I poles
k_2_max Points, derivatives Maximum order of Type II poles
ell_min Points, derivatives Minimum spin in the recursion
ell_max Points, derivatives Maximum spin in the recursion
max_iterations Points, derivatives Maximum Taylor order (r-series)
tol Points Tolerance for early termination
n_max Derivatives Maximum derivative order
num_derivs_to_keep Derivatives Number of derivatives to return

4Alternatively, the recursion relation (2.3) can be solved
naïvely using a fixed-point scheme in which all r-orders are
iterated over simultaneously at each step. This technique was
employed in the original version of this work, but it produced
divergences at large jΔijj, jΔklj. Computing the coefficients
order-by-order in the r-series expansion instead determines each
coefficient exactly from previously fixed lower-order data,
removing the divergences. This also improves GOBLOCKS accu-
racy across the parameter space tested and yields speed gains. We
thank S. Rychkov for communication on this point.

5More specifically, the order is determined by
maxð2 × k 2 max; max iterationsÞ, which ensures all
pole types have contributed.
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accuracy, it should be set larger than the highest spin of
interest, since poles of spin l reference spins up to lþ kmax

1 .

B. Derivative approach

An alternative to the multipoint approach is to use
derivatives of the conformal blocks at the crossing-sym-
metric point, as in SCALAR_BLOCKS. Appendix C derives a
recursive formula for block derivatives with respect to ðr; ηÞ
at the crossing-symmetric point. Converting to derivatives
with respect to ðz; z̄Þ requires derivatives of r and η with
respect to ðz; z̄Þ, which are derived in Appendix D. The
derivative approach in GOBLOCKS returns derivatives of F�.
From Eq. (2.4), these derivatives can be written in terms of
derivatives of g as

∂
m
z ∂

n
z̄F

ij;kl
�;Δ;lðz; z̄Þ ¼ ð1� ð−1ÞmþnÞ

Xm
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Xn
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�
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pq ∂

m−p
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n−q
z̄ g

Δij;Δkl

Δ;l ðz; z̄Þ;

ð2:5Þ
where cαij≔ð−1Þiþj2iþj−2αð1þα−iÞið1þα−jÞj, with ðxÞn
the rising factorial. For the same number of constraints (i.e.,
points and derivatives), the runtimes of the multipoint and
derivative approaches are comparable when run with
identical shared hyperparameters (e.g., lmax; kmax

1;2 ).
6

The algorithmic flow of the derivative approach is depicted
in Fig. 6 of Appendix B. The recursion and evaluation steps
arevery similar to themultipoint approach. In the construction
of the F� derivatives, there is an additional step to convert
from derivatives of gwith respect to ðr; ηÞ to derivatives with
respect to ðz; z̄Þ. These steps involve combinatorial sums
whose cost grows steeply with n_max and introduce the
dominant computational cost in the derivative approach.
To mitigate this, the required combinatorial factors are

precomputed and cached, so that subsequent evaluations at
different operator dimensions are fast. GOBLOCKS also sup-
portsGPUaccelerationviaCUDAfor thematrix operations in
the conversion step, which typically becomes advantageous
when n_max is large.
Table I summarizes the parameters in the derivative

approach. This method shares all parameters with the
multipoint approach but introduces two new controls: the
maximum derivative order, n_max, and the number of
derivatives retained, num_derivs_to_keep. The maxi-
mum derivative order, n_max, is consistent with its usage in
SCALAR_BLOCKS. The parameter num_derivs_to_keep
governs the subset of computed derivatives that are returned,
directly impacting numerical accuracy. By selecting a
smaller subset for a fixed n_max, the retained derivatives
exhibit higher precision compared to retaining a larger set.

C. Accuracy

Wenext present a comparison of the accuracy of GOBLOCKS
and SCALAR_BLOCKS over a range of scaling dimensions. The
output from SCALAR_BLOCKS, computed with large parameter
values, serves as the reference for evaluating the accuracy of
GOBLOCKS. The parameters used for SCALAR_BLOCKS were
order ¼ 90, precision ¼ 90, poles ¼ 20, and
max−derivs ¼ 14. In practice, it is preferable to compare
the output of GOBLOCKS and SCALAR_BLOCKS using F�;Δ;l
rather than gΔ;l directly. This approach reduces noise in the
estimates, especially when g is small, and provides smoother
results for F and its derivatives.
Multipoint tests: Table II presents the percent errors of the

GOBLOCKS multipoint approach relative to SCALAR_BLOCKS

for various parameters. The comparison is performed at the
crossing-symmetric point z ¼ z̄ ¼ 1=2, theonlynonderivative
term returned by SCALAR_BLOCKS, corresponding to
m ¼ n ¼ 0. The results focus on Fþ;Δ;l from both methods.
The relative error is defined as the difference between
the two values, normalized by the value of Fþ;Δ;l from
SCALAR_BLOCKS. For each spin up to six, 1,000 points in
the ðΔij;Δkl; Δ̄jk;ΔÞ space were evaluated with
jΔijj; jΔklj ≤ 3.5. The table reports the error percentiles and
the mean. Across all parameters tested, the errors remain well
below a tenth of a percent. Increasing lmax significantly

TABLE II. Percent errors of the GOBLOCKS multipoint approach relative to SCALAR_BLOCKS for different parameters, defined in
Table I. Statistics are aggregated across all spins up to six and for 1,000 points in the ðΔij;Δkl; Δ̄jk;ΔÞ plane with jΔijj; jΔklj ≤ 3.5.

Parameters Error (%)

kmax
1;2 lmax 25% 50% 75% 90% Mean

10 10 5.517 × 10−6 1.875 × 10−4 9.039 × 10−3 1.241 × 10−1 8.157 × 10−2

10 16 1.220 × 10−8 4.839 × 10−8 1.159 × 10−6 1.837 × 10−5 2.077 × 10−5

10 20 4.588 × 10−9 1.165 × 10−8 2.744 × 10−8 6.375 × 10−8 4.190 × 10−8

16 10 5.517 × 10−6 1.875 × 10−4 9.039 × 10−3 1.241 × 10−1 8.157 × 10−2

16 20 1.687 × 10−12 1.520 × 10−11 1.174 × 10−9 1.914 × 10−8 2.539 × 10−8

20 20 1.551 × 10−12 1.505 × 10−11 1.174 × 10−9 1.914 × 10−8 2.539 × 10−8

6Empirically, for the same number of constraints, running on
x64 architectures appears to give a slight (approximately 25%)
performance advantage to the multipoint method over the
derivative approach. This has not been observed on ARM
architectures running MacOS.
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improves performance, but accuracy is relatively insensitive
to kmax1;2 .
As a complementary validation, we also compared the

output of GOBLOCKS against the closed-form 3F2 expression
for conformal blocks on the diagonal z ¼ z̄, which is valid for
Δij ¼ 0 and was derived in [20]. This provides an indepen-
dent cross-check using an exact analytic result.7We evaluated
F�;Δ;l for a grid of 36 parameter combinations: three values
of Δ̄jk while keeping Δij ¼ 0 (including the equal external-
dimension case Δi ¼ Δj ¼ Δk ¼ Δl), four spins l∈
f0; 1; 2; 4g, and three internal operator dimensions Δ∈
f1.5; 2.5; 4.5g, each at nine diagonal points in the range
z∈ ½0.3; 0.7�. All 324 comparisons for Fþ and all 288
nonvanishing comparisons for F− achieve relative errors
below10−5,withmedian errorsof5.0 × 10−9 and2.4 × 10−8,
respectively. The error scales with the distance from the
crossing-symmetric point, ranging from∼10−10 at z ¼ 1=2 to
∼10−7 at jz − 1=2j ¼ 0.2, and increases modestly with spin,
from ∼10−10 at l ¼ 0 to ∼10−8 at l ¼ 4.
As a further validation beyond the diagonal, we compared

the multipoint output of GOBLOCKS against a high-precision
Mathematica implementation of the same Zamolodchikov
recursion, which uses 200-digit working precision and the
order-by-order r-series approach. This comparison covers
complex z-points (with z̄ ¼ z�) and nonzero Δij < 3,
Δkl < 3, regimes inaccessible to the 3F2 formula. Across
a number of test points spanning the OPE convergence
region and a range of Δij, Δkl, all comparisons with
lmax ¼ 10 achieve relative errors below 10−3. Extending
to lmax ¼ 20 brings the most demanding tested cases (of
simultaneousΔij ¼ 3 andΔkl ¼ 3 at z ¼ 0.7) to∼4 × 10−7.

Derivative tests: Table III reports percent errors of the
GOBLOCKS derivative approach relative to SCALAR_BLOCKS

for different parameters. In this case, the errors are
aggregated across ∂z∂z̄Fþ;Δ;l and ∂z∂z̄F−;Δ;l. At
nmax ¼ 8, nderiv ¼ 21 derivatives can be supported at high
accuracy. The error beyond the 21st derivative increases
considerably. At nmax ¼ 9, 28 derivatives can be reasonably
supported. Although the performance of the derivative
approach is very good overall, it is inferior to the multipoint
approach. Increasing nmax while keeping the other param-
eters fixed allows more derivatives to be captured, but
generally comes at the price of worse performance overall.

D. Timing

In numerical computations, there is a natural trade-off
between speed and accuracy. The higher the accuracy one
wishes to achieve, the longer the block-evaluation time.
Quantifying this trade-off involves measuring accuracy as a
function of runtime, which requires a robust reference
standard. In this work, the benchmark is defined by the
output of SCALAR_BLOCKS evaluated at an order of 200.
This high-precision result is treated as ground truth for
systematic comparison, enabling both SCALAR_BLOCKS and
the GOBLOCKS derivative approach to be evaluated across a
range of parameter settings. All computations were per-
formed on an Intel Core i5-12400 processor running Arch
Linux with kernel version 6.17.
Each evaluation involved sampling 100 points in the

ðΔij;Δkl; Δ̄jk;ΔÞ parameter space with six different spins.
Parameters shared by both algorithms were set to the same
value. For example, poles in SCALAR_BLOCKS was
matched to k_1_max and k_2_max in GOBLOCKS, and
max-derivs was matched to n_max and num_der-
ivs_to_keep. The main parameters varied were order
in SCALAR_BLOCKS, and ell_max and tol in GOBLOCKS.
Fig. 1 presents the runtime of SCALAR_BLOCKS as a

function of the order parameter, with the shaded region

TABLE III. Percent errors of the GOBLOCKS derivative approach relative to SCALAR_BLOCKS for different parameters, defined in
Table I. The statistics are aggregated across all spins up to six and for 1,000 points in the ðΔij;Δkl; Δ̄jk;ΔÞ plane with jΔijj; jΔklj ≤ 3.5.
The statistics are also aggregated over errors for both Fþ and F−.

Parameters Error (%)

kmax
1;2 lmax nmax nderiv 25% 50% 75% 90% Mean

10 16 8 21 4.748 × 10−5 5.000 × 10−4 4.000 × 10−3 2.570 × 10−2 9.730 × 10−2

10 16 9 28 1.034 × 10−4 1.200 × 10−3 9.300 × 10−3 5.710 × 10−2 2.142 × 10−1

10 20 8 21 8.518 × 10−6 7.437 × 10−5 5.963 × 10−4 3.731 × 10−3 1.989 × 10−2

10 20 9 28 1.837 × 10−5 1.839 × 10−4 1.571 × 10−3 1.008 × 10−2 6.874 × 10−2

16 20 8 21 1.463 × 10−7 3.310 × 10−6 5.206 × 10−5 5.614 × 10−4 3.754 × 10−3

16 20 9 28 4.244 × 10−7 9.964 × 10−6 1.553 × 10−4 1.574 × 10−3 2.365 × 10−2

20 20 8 21 8.202 × 10−8 2.657 × 10−6 4.804 × 10−5 5.000 × 10−4 3.800 × 10−3

20 20 9 28 2.547 × 10−7 8.003 × 10−6 1.403 × 10−4 1.500 × 10−3 2.370 × 10−2

25 25 8 21 1.827 × 10−10 6.949 × 10−9 1.869 × 10−7 2.787 × 10−6 2.128 × 10−5

25 25 9 28 6.346 × 10−10 2.628 × 10−8 7.267 × 10−7 1.152 × 10−5 1.913 × 10−4

7The two methods use different normalization conventions,
related by FGOBLOCKS

� ¼ ð−1ÞlrΔ0 F3
F2

� . All errors were computed
after applying this rescaling.
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indicating the standard deviation across multiple runs. As
described previously, SCALAR_BLOCKS outputs expansion
coefficients for polynomials centred at the crossing-symmet-
ric point. To obtain the final block derivatives, further
processing is required. Derivatives of g are constructed using
Eq. (2.1), and then converted to derivatives of F� via

Eq. (2.5). This postprocessing was implemented in Python
using a multicore JAX backend. The figure displays runtimes
both with and without this postprocessing step. Without
postprocessing, SCALAR_BLOCKS produces expansion coef-
ficients in under a second for order up to 90. Including
postprocessing, runtimes increase substantially, making real-
time block evaluation impractical for some applications. In
subsequent runtime reports for SCALAR_BLOCKS, only the
unprocessed output times are shown, representing the abso-
lute lower bound for evaluation time.
Figure 2 shows the performance of GOBLOCKS derivatives

for varying hyperparameters for nmax ¼ 8. The parameters
kmax1;2 and lmax have the largest impact on overall accuracy.
Figure 2(a) shows the average associated deviation from
ground truth for varied lmax and fixed kmax1;2 ¼ 20. The devia-
tion is computed as theL2 norm of the element-wise difference
between the GOBLOCKS results and the benchmark, normalized
by the benchmark. Similarly, Fig. 2(b) presents the average
runtimeof GOBLOCKS for variedlmax and fixed kmax1;2 ¼ 20.We
stress that these configurations do not yield the best accuracy-
to-runtime proposition, but are instead intended to present an
example of how lmax affects runtime and block accuracy.
Figure 3 compares the average runtime of SCALAR_BLOCKS

and GOBLOCKS at fixed block accuracy. In practice, to achieve

FIG. 1. Runtime of SCALAR_BLOCKS as order varies, with and
without postprocessing to construct block derivatives and convert
to derivatives of F�. Without postprocessing, SCALAR_BLOCKS
runs in under a second for most order values. With post-
processing, the runtime can increase to two seconds.

(a) (b)

FIG. 2. Accuracy and runtime of GOBLOCKS with increasing lmax. (a) shows block accuracy varying from ∼20% to ∼4 × 10−5% as
lmax increases from 12 to 30 for fixed kmax

1;2 ¼ 20. (b) shows runtime as a function of lmax for fixed kmax
1;2 ¼ 20.

FIG. 3. Comparison of average runtimes between SCALAR_BLOCKS and GOBLOCKS for given accuracies with kmax
1;2 ¼ 10. Overall,

GOBLOCKS is approximately 4.6 times faster than SCALAR_BLOCKS between the 0.1% and 10% accuracy levels.
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the optimal accuracy-to-speed ratio, the parameters kmax
1;2 and

lmax must be tuned. To achieve the results stated in Fig. 3,
parameter values kmax1;2 ¼ 10 and lmax ¼ 16were used. Up to
the 10−4% accuracy level, wewere able to find combinations
of the triple kmax

1;2 ;lmax which were approximately 4.6 times
faster than SCALAR_BLOCKS. Hyperparameter searches for
higher accuracy levels were not performed. Appendix E
presents additional information on parameter tuning. The
reported GOBLOCKS runtime includes the additional step of
converting to derivatives of F�, while the SCALAR_BLOCKS

runtime reflects only the generation of raw output.
Applications requiring fully constructed derivatives of g or
F� would incur further significant processing time beyond
what is shown for SCALAR_BLOCKS.

III. APPLICATIONS

We will next demonstrate the utility of GOBLOCKS in
conformal bootstrap studieswithmultiple correlators, starting
with the 3D Ising model. We will also remark on applying
GOBLOCKS to other models in the OðNÞ vector series.

A. 3D Ising model

The 3D Ising model is one of the most extensively
studied CFTs in the conformal bootstrap literature. In [3],
the model was analyzed using multiple correlators involv-
ing the lowest-lying Z2-odd and Z2-even scalars, σ and ϵ:
hσσσσi, hσσϵϵi, hϵϵϵϵi, and hσϵσϵi. The system of result-
ing crossing equations is explicitly given by

0 ¼
X
Oþ

λ2σσOF
σσ;σσ
−;Δ;lðu; vÞ ð3:1Þ

0 ¼
X
Oþ

λ2ϵϵOF
ϵϵ;ϵϵ
−;Δ;lðu; vÞ ð3:2Þ

0 ¼
X
O−

λ2σϵOF
σϵ;ϵσ
−;Δ;lðu; vÞ ð3:3Þ

0 ¼
X
Oþ

λσσOλϵϵOF
σσ;ϵϵ
∓;Δ;lðu; vÞ �

X
O−

ð−1Þlλ2σϵOFϵσ;σϵ
∓;Δ;lðu; vÞ:

ð3:4Þ

In the linear-functional approach, all five crossing
equations can be combined into a single matrix equation
which is analyzed using semidefinite programming

methods. This approach yields highly precise values for
the dimensions of the lowest-lying scalars, Δσ ¼
0.51820ð14Þ and Δϵ ¼ 1.4127ð11Þ. Achieving high-preci-
sion results requires fine control over the accuracy of the
conformal blocks, which SCALAR_BLOCKS provides.
In contrast, GOBLOCKS is better suited for situations

where such high precision is not essential. This includes the
case of truncation methods [9–14]. These methods typically
recast the crossing equations as a nonlinear optimization
problem, aiming to minimize a nonconvex loss function
over a set of variables subject to constraints. In this section
we present results obtained by treating the mixed correlator
bootstrap of the 3D Ising model in this nonlinear opti-
mization context, using GOBLOCKS for fast online compu-
tation of conformal blocks. Our main goal is not to produce
new results in the 3D Ising model, but to exhibit the
performance of GOBLOCKS in a realistic application.
Truncation methods require the specification of a list of

operators that are included in the optimization, called the
spin partition. In the reported application, our spin partition
consisted of the 18 stable operators with Δ ≤ 8 identified
in [25]. Table IV lists these operators, grouped by Z2 parity
and spin. In the mixed-correlator bootstrap, each Z2-even
operator O appears in the σ × σ and ϵ × ϵ OPEs with
independent coefficients λσσO and λϵϵO, contributing three
free parameters ðΔO; λσσO; λϵϵOÞ. Each Z2-odd operator
appears in the σ × ϵ OPE, contributing two free parameters
ðΔO; λσϵOÞ for a total of 47 optimization variables. Note that
all scaling dimensions, including those of the external
operators σ and ϵ and of the stress tensor Tμν, are treated as
free parameters in the optimization.
The OPE coefficients for this system of equations can be

modeled in several ways. We used the following three
combinations: λσσO and λϵϵO for the Z2-even spectrum, and
λσϵO for the Z2-odd spectrum. This approach minimizes the
number of optimization variables without introducing extra
constraints, while allowing all variables to also take negative
values.Othermodeling strategies for theOPEcoefficientswere
explored, but performance was similar. The loss function used
in the optimization step was defined as the sum of the vector
norms of Eqs. (3.1)–(3.4), while the ground-truth values
against which we compare the optimization results are taken
from [25]. Constraints were also imposed to ensure the scaling
dimensions of operators for each spin were ordered. The OPE
equality λσσϵ ¼ λσϵσ was enforced.

TABLE IV. Spin partition used in the search for the truncated 3D Ising spectrum, consisting of the 18 stable operators withΔ ≤ 8 from
[25]. Each Z2-even operator contributes three optimization variables ðΔ; λσσO; λϵϵOÞ and each Z2-odd operator contributes two,
ðΔ; λσϵOÞ, giving 47 optimizable variables in total.

Z2-even Spectrum Z2-odd Spectrum

Number 1 2 3 4 5 6 7 8 9 10 11 1 2 3 4 5 6 7
Name ϵ ϵ0 Tμν T 0

μν Cμνρσ σ σ0

Spin 0 0 0 0 2 2 2 4 4 4 6 0 0 2 2 3 4 5
Num Vars 3 3 3 3 3 3 3 3 3 3 3 2 2 2 2 2 2 2
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In addition to the GOBLOCKS parameters discussed in
Sec. II, other block-related parameters influence the accu-
racy of the optimization. For the multipoint approach, both
the number and placement of sampled points in the
complex z plane are important, and naïvely sampling
points near the crossing-symmetric point leads to poor
performance. Diagnostics using the known spectrum from
Table 2 of [25] were used to select an effective set of 100
sampling points, shown in Fig. 4. With this choice, the total
crossing violation was of the order of 10−2.
As with the multipoint approach, the normalization of

conformal blocks by derivative order ðm; nÞ is crucial for
accuracy in the derivative approach. The absolute values of
block derivatives can vary widely. Without normalization
by a factor appropriate to the derivative order, the total
crossing violation becomes large. In the following experi-
ments, derivative terms were normalized by a factor of
4mþnm!n!, which ensures that each derivative order con-
tributes comparably to the crossing violation. With this
normalization, the total crossing violation on the known
spectrum was again on the order of 10−2.
Table V presents estimates of the scaling dimensions and

OPE coefficients for the lowest-lying scalar operators σ and
ϵ using the multipoint approach. The nonconvex optimi-
zation was carried out with PyGMO [26] using the interior-
point (IPOPT) algorithm, subject to specified bounds for
each search variable. Two sets of bounds were used.
Narrow bounds restrict the search to within 25% of the
scaling dimensions and OPE coefficients of all the oper-
ators in the spectrum (12.5% on either side of the true
values). Wide bounds allow up to 100% variation from the
true values. In a realistic search scenario, such as that of
[23], a successful strategy involves starting with very wide

bounds and reducing them sequentially around the mean
values of the CFT data with some tolerance.
The table reports the unweighted mean and standard

deviation (encoding the stochastic spread) over 100 experi-
ments, as well as the mean and standard deviation weighted
by the inverse loss returned by the optimizer. Each experi-
ment took approximately three days and required only
modest resources: approximately 8 GB RAM and 6 CPU
cores. In practice, many experiments may be parallelized
naïvely and run synchronously in an array on an HPC
cluster.8 To produce OPE coefficients consistent with the
conventions in [25], the output of GOBLOCKS had to be
multiplied by 4Δð2νÞl=ðνÞl, where ν ≔ ðD − 2Þ=2.
With narrow search bounds, the estimates forΔσ, λσσϵ, and

λσϵσ are accurate to three decimal places compared to those
of [25], while the remaining parameters in Table V are
accurate to within one or two decimal places. The standard
deviations are small, and the true values fall within these
intervals. Weighting the results by the inverse loss further
improves the estimates, indicating that the loss function
effectivelymodels the problem and is sensitive to the z-point
sampling. When the bounds are widened, the estimates
become less accurate, but Δσ and Δϵ remain within approx-
imately 2% and 5% of their true values, demonstrating that
the algorithm can reliably explore a large search space.
Table VI presents estimates of the conformal data using

the derivative approach in GOBLOCKS. The results are
comparable to—though slightly less accurate than—those
from the multipoint approach. With narrow bounds, the
estimates for Δσ, λσσϵ, and λσϵσ are accurate to within two
decimal places. This experiment employed nmax ¼ 8 and
lmax ¼ 6 with a population size of 1,000. When the search
bounds were widened, the scaling dimensions remained
accurate to within 5% of their true values, using nmax ¼ 9
and lmax ¼ 10. Higher values of these parameters are
required for broader search regions. Alternative normal-
izations of the derivative orders can be used to mitigate
bias, but some choices significantly degrade performance.
For example, another normalization resulted in Δσ ¼
0.5147 and Δϵ ¼ 1.3690. Notably, the unweighted results
outperform the weighted ones, suggesting the loss function,
which depends on the chosen normalization, is not yet
optimally tuned for this problem.
Similar results have been obtained for the 3D Ising

model in the past (see, e.g., [10]) using truncation methods
in the derivative approach. Note, however, that the details
of the truncation scheme and the input assumptions in [10]
were different.

B. Scaling up in the OðNÞ model series

The multicorrelator numerical bootstrap in the linear-
functional approach has been extended beyond the Ising

FIG. 4. Sampled points in the complex z plane. This subset of
points results in a scalar crossing violation of order 10−2 when
evaluated on the 18 stable operators of the 3D Ising model with
dimensions Δ ≤ 8, as reported in [25].

8All the computations reported here were carried out on the
Apocrita HPC cluster at Queen Mary University of London [27].
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model in the OðNÞ vector model series (see, e.g., [28,29]).
Higher values of N introduce a significant increase in
compute requirements. For example, the three main searches
in theOð3Þ bootstrap of [29] together required approximately
3 million CPU-hours. It is interesting to ask how things scale
up in a truncation scheme. In this section we discuss the
computational complexity involved when extending the use
of GOBLOCKS to the Oð2Þ and Oð3Þ vector models.
Recall that in the derivative approach to GOBLOCKS, there

are three major computational steps: recursion, evaluation,
and conversion (see Fig. 6). The recursion step is fast
(∼50 ms for n max ¼ 8) and its runtime is independent of
Δij and Δkl. The conversion step dominates for large
n_max on the first call, but its cost is amortized through
caching. Alternatively, GOBLOCKS supports independent
cache building, preventing potentially memory-intensive
processes being called at runtime, and thus allowing cluster
resources to be tuned without exceeding allocation limits
on the first call. The evaluation and conversion steps scale
linearly with the number of exchanged operators, but are
much less computationally expensive. Conversion to deriv-
atives of Fþ must be computed separately from derivatives
of F−, as they involve different derivative orders ðm; nÞ.
The total computation time for a single GOBLOCKS call is
the sum of these steps. Further optimization is possible
across multiple calls, such as during an optimization over
different operators and representations. From Eq. (2.1), g
depends only on the differences Δij and Δkl, not on the
dimensions of the individual external operators. This allows
us to reuse the recursion results when these differences

coincide, reducing the total number of recurse steps
required. The number of evaluate and convert steps remains
unchanged, as they depend on the individual operator
dimensions and spins.
The structure of the crossing equations directly deter-

mines the number of computational steps per optimizer
iteration. For each distinct pair of external operator
differences Δij;Δkl where blocks are evaluated, add one
recurse and one evaluate step. For every unique combina-
tion of Δij;Δkl, and F�, add a convert step.
In the Ising model, Eq. (3.1) to Eq. (3.4) yield five unique

Δij;Δkl permutations: three from the first three equations
and two from the last. Only three recurse steps are needed,
since hσσσσi, hϵϵϵϵi, and hσσϵϵi correspond toΔij¼0¼Δkl

and hence the same conformal block g. There are seven
unique Δij;Δkl and F� combinations: three from the first
three equations and four from the last. The total runtime per
optimizer step is 3trecurse þ 5tevaluate þ 7tconvert. If the recurse
step dominates and its runtime is given by Fig. 3, each step
takes 3 × 0.035 ¼ 0.105 s.
The same estimates can be applied to the Oð2Þ and Oð3Þ

models. In the Oð2Þ case, operators fall into irreducible
representations (irreps) of Oð2Þ ≅ Uð1Þ × Z2. Beyond the
trivial 0þ and sign 0− representations, there is an infinite
family of two-dimensional irreps labeled by q, spanned by
states with Uð1Þ charge �q exchanged by Z2. In general,
irreps are labeled ðl�;q�Þ, where l� denotes spin and
spatial parity, and q� denotes the q irrep and its Z2 parity.
There are 22 crossing equations, as given in Eq. (17) of
[28]. The number of computational steps can be directly

TABLE VI. Estimates of the scaling dimensions and OPE coefficients of σ and ϵ in the 3D Ising model using the derivative approach.
Both experiments consisted of 100 runs with a population size of 1,000. The narrow bounds used the parameters nmax ¼ 8 and lmax ¼ 6,
while wide bounds used nmax ¼ 9 and lmax ¼ 10.

Narrow bounds Wide bounds

Variable Truth Weighted Unweighted Weighted Unweighted

Δσ 0.5181 0.5173� 0.0020 0.5188� 0.0041 0.5168� 0.0220 0.5287� 0.0340
Δϵ 1.4126 1.4006� 0.0215 1.4167� 0.0437 1.3419� 0.2293 1.4556� 0.3120
λσσϵ 1.0519 1.0569� 0.0163 1.0522� 0.0349 1.1212� 0.1302 1.0865� 0.1783
λϵϵϵ 1.5324 1.5131� 0.0379 1.5143� 0.0605 1.4334� 0.2495 1.3789� 0.2663
λσϵσ 1.0519 1.0559� 0.0155 1.0452� 0.0319 1.0938� 0.1653 1.0116� 0.2265

TABLE V. Estimates of the scaling dimensions and OPE coefficients of σ and ϵ in the 3D Ising model using the multipoint approach.
Narrow bounds correspond to searching within 25% of the true values for all data, while wide bounds correspond to 100%. Both
experiments consisted of 100 runs with a population size of 10,000.

Narrow bounds Wide bounds

Variable Truth Weighted Unweighted Weighted Unweighted

Δσ 0.5181 0.5180� 0.0015 0.5186� 0.0035 0.5275� 0.0221 0.5332� 0.0245
Δϵ 1.4126 1.4105� 0.0198 1.4178� 0.0455 1.4836� 0.3073 1.5572� 0.3286
λσσϵ 1.0519 1.0520� 0.0141 1.0483� 0.0367 1.0382� 0.2015 1.0084� 0.2148
λϵϵϵ 1.5324 1.5244� 0.0263 1.5217� 0.0617 1.3994� 0.2703 1.3728� 0.3166
λσϵσ 1.0519 1.0516� 0.0133 1.0451� 0.0333 0.9967� 0.2300 0.9443� 0.2442
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read off from the V⃗ vectors for each irrep in that equation.
Table VII summarizes the steps per irrep in the various
crossing channels. In total, there are 24 recurse and evaluate
steps, and 43 convert steps. The 24 recurse steps reduce to
10 due to redundancies. Assuming the recurse step domi-
nates, the total runtime is 10 × 0.035 ¼ 0.35 s.
For theOð3Þ, or Heisenberg, model, irreducible represen-

tations are also labeled byq�. There are 28 crossing equations
given inEq. (14) of [29],with V⃗ vectors provided in a separate
notebook. Table VIII lists the number of processing steps per
representation. Theminimal number of recurse steps required
is 11, only one more than in theOð2Þmodel, yielding a best-
case runtime of 0.55 s. The computational complexity of the
Oð3Þmodel is comparable to that ofOð2Þ, particularly when
redundancies in g are taken into account.
The following points warrant special mention. First,

these estimates do not account for scaling with the number
of operators in the truncation. Both the evaluate and convert
steps scale with this number and should be included in
realistic runtime estimates. In the Ising model, most
computation time is spent in the recurse step. Second, this
analysis applies only to the derivative approach in
GOBLOCKS. In the points approach, there is no convert
step, but recurse and evaluate must be performed twice,
once for gðu; vÞ and once for gðv; uÞ, for each z point.
Despite this, the points approach is significantly faster than
the derivatives approach, so actual runtimes can be much
lower, even when accounting for the additional recursions.

IV. OUTLOOK

In this work we introduced GOBLOCKS, a fast, parallel,
and flexible conformal block generator supporting both

multipoint and derivative-based bootstrap strategies. The
GOBLOCKS package is designed for scenarios where com-
putational speed and moderate accuracy are critical, but
ultrahigh precision is not essential. In such contexts, the
widely used SCALAR_BLOCKS package can become a
computational bottleneck.
The first part of this study benchmarked GOBLOCKS

against existing methods in terms of both speed and
accuracy. The multipoint approach in GOBLOCKS achieves
agreement with SCALAR_BLOCKS at the crossing-symmetric
point to within an average percent error as low as 2.5 ×
10−8 and agreement with exact analytic expressions along
the z̄ ¼ z diagonal at median 5 × 10−9. Overall, for block
accuracies below 10−4%, and likely even higher, GOBLOCKS
is able to attain up to a five-fold speed increase over the
SCALAR_BLOCKS benchmark.
In the second part, GOBLOCKS was applied in directly

solving for the CFT data of the 3D Ising model with hard
truncation, formulated as a nonconvex optimization prob-
lem. With narrow parameter bounds around the state-of-
the-art numerical solution, the optimizer recovered most
low-lying CFT data to within three decimal places. For
wider bounds, the optimizer achieved results within 2%–
5% of the true values, demonstrating the robustness of the
approach. The computational scaling was further analyzed
by quantifying the number of steps required per optimizer
iteration in the Oð2Þ and Oð3Þ models. The algorithm
exhibits favorable scaling, with both models requiring only
about 0.5 seconds per step using the derivative approach.
The multipoint approach is substantially faster, offering
even lower runtimes with similar accuracy.
The multipoint and derivative approaches to conformal-

block evaluation in GOBLOCKS offer complementary

TABLE VII. The number of recurse, evaluate, and convert steps needed for the Oð2Þ model by representation. Assuming the total
runtime is dominated by the recurse step, the best case total time per optimizer step is ∼0.5 seconds. Recurse depends only on the
differences of the external dimensions Δij and Δkl, meaning some computations can be reused; naïve and best refer to the number of
steps both without and with reuse, respectively.

Representations

Steps ðlþ; 0þÞ ðl−; 0−Þ ðl�; 1Þ ðlþ; 2Þ ðl−; 2Þ ðl�; 3Þ ðlþ; 4Þ Naïve Best

Recurse 6 3 6 4 2 2 1 24 10
Evaluate 6 3 6 4 2 2 1 24 24
Convert 11 6 10 7 3 4 2 43 43

TABLE VIII. The number of recurse, evaluate, and convert steps needed for the Oð3Þ model broken out by representation. Assuming
the total runtime is dominated by the recurse step, the total time per optimizer step is of the order of 0.55 seconds.

Representations

Steps ðlþ; 0þÞ ðl−; 1þÞ ðl�; 1−Þ ðlþ; 2þÞ ðl−; 2þÞ ðl�; 2−Þ ðl−; 3þÞ ðl�; 3−Þ ðlþ; 4þÞ Naïve Best

Recurse 6 3 6 7 2 2 1 2 1 30 11
Evaluate 6 3 6 7 2 2 1 2 1 30 30
Convert 11 6 10 12 3 4 2 4 2 54 54
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trade-offs. The multipoint approach is five to ten times faster,
owing to the absence of a convert step, and in the 3D Ising
bootstrap it recovered Δσ, Δϵ and the leading OPE coef-
ficients to three decimal places with narrow search bounds,
compared to two decimal places for the derivative approach
under comparable conditions. However, each method intro-
duces its own source of tuning: the multipoint approach
requires a choice of sampling points in the z-plane to ensure
rapidOPE convergence [21],whereas the derivative approach
is sensitive to the normalization of derivative orders, with
suboptimal choices significantly degrading performance.
These tuning choices have a counterpart in interpolation-

based methods, where accuracy hinges on how the blocks
are sampled. In [30], the polynomial P of Eq. (2.1) is
approximated using optimal density nodes for the weight
μðΔÞ ≔ rΔ0 =Qκ;lðΔÞ, which improves accuracy against the
true blocks at low to intermediate scaling dimensions. The
technique requires only the ability to evaluate P at a chosen
set of scaling dimensions.While GOBLOCKS does not expose
this quantity directly, it could be modified to return it,
enabling an interpolated variant to be benchmarked against
SCALAR_BLOCKS. The same work also treats the optimal
estimation of functionals acting on the blocks, which arise in
the dual formulation of the bootstrap. There, interpolating
the analytically known optimal functional of the spin-two
gap problem, or dispersive functional, again yields
improved estimation. This is most relevant to the dual
bootstrap, whereas our applications target the primal boot-
strap, where the closest analogs are the choice of sampling
points and the normalization of derivative orders. A sys-
tematic study of how these parameters affect the recovery of
CFT data across models would be a natural next step.
The difficulties discussed above are well-known inherent

issues of the hard truncation approach, which we expect to
be mitigated in the future by more systematic, flexible and
reliable high-dimensional search strategies in the conformal
bootstrap, aiming not only to constrain low-lying CFT data,
but also to reconstruct full correlation functions. Conformal-
block evaluation tools, like SCALAR_BLOCKS and GOBLOCKS,
will be useful in such developments. In this context, it would
be interesting to explore novel methodologies that combine
the speed of GOBLOCKS with the high-precision of
SCALAR_BLOCKS (for instance, in potential variants of search
algorithms like the Navigator function [31]). It would also be
interesting to explore variants of GOBLOCKS itself beyond the
four-point scalar bootstrap, e.g., for higher-spin [19] or
higher-point [32] conformal blocks.
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DATA AVAILABILITY

Along with this paper, we have made two packages
publicly available: (1) GOBLOCKS, available at [24].
(2) BOOTSTOP-MULTI-CORRELATOR: The multiobjective
implementation of the bootstrap stochastic optimizer,
BOOTSTOP, available at [33].

APPENDIX A: INTERPOLATION SCHEMES
FOR CONFORMAL BLOCKS

A fast way of generating block derivatives at the cross-
ing-symmetric point involves pre-computing block values
with SCALAR_BLOCKS on a fixed grid of scaling dimen-
sions, followed by multilinear interpolation to estimate
values at arbitrary points in the space of scaling dimen-
sions. This method offers high speed and straightforward
implementation, though accuracy may degrade in regions
where the blocks exhibit significant variation or lack
smoothness. One practical realization employs a k − d tree
to identify the k nearest neighbors to a target point. The
corresponding F-block values, as defined in Eq. (2.5), are
then combined using weights inversely proportional to their
distances from the query location.
To assess the accuracy of multilinear interpolation, a

reference set of F-block values was generated on a new grid
of scaling dimensions with 100,000 points. For simplicity,
this grid was restricted to spin l ¼ 0. The interpolation
error was computed by comparing the interpolated F values
to these reference values. Table IX reports percentiles of the
average component error for various choices of the number
of neighbors k. The average component error is defined as
the mean relative error across all components of the F-
block derivatives. At the 25th percentile, errors remain
moderate, typically in the range of 14%–30%. At the 90th
percentile, errors increase substantially, reaching 200%–
300%. The lowest overall errors are observed for k ¼ 2
neighbors. Higher errors are expected for larger spin values.
The results show that, although multilinear interpolation

is computationally efficient, it does not provide sufficient
accuracy for most applications. The precomputed block
grid was sampled with a spacing of 0.1 in the scaling
dimensions, so the final optimization results are limited to
an accuracy of δΔ ¼ 0.1. Increasing the grid resolution can
improve accuracy, but this requires significantly more
memory to store and access the blocks, which
constrains the practical resolution achievable with this
approach.
Polynomial interpolation is an alternative to multilinear

interpolation. In this approach, the k nearest neighbors to a
query point x are identified and used to construct a design
matrix Xpoly, where each column represents a polynomial
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feature of degree up to n and each row corresponds to a
neighbor. The associated block values are collected in the
vector y. The interpolation coefficients β are obtained by
solving the ridge regression problem

ðXT
polyXpoly þ λIÞβ ¼ XT

polyy ðA1Þ

for a given regularization parameter λ. The interpolated block
value at the query point is then given by x⃗poly · β, where x⃗poly
is the vector of polynomial features evaluated at x.
Table X presents error statistics for the five best-perform-

ing parameter choices, ranked by the 90th percentile error.
Polynomial interpolation yields lower errors than multilin-
ear interpolation, though at the cost of increased runtime.
Despite this improvement, the error levels remain too high
for use in precision bootstrap analyses. These limitations
motivate the development of block representations that can
be evaluated directly at arbitrary query points, enabling
both speed and accuracy without relying on interpolation.
A more principled approach to interpolation is

developed in [30], where the nodes are placed not on a
uniform grid but at the optimal density for the weight
μðΔÞ ≔ rΔ0 =Qκ;lðΔÞ, improving accuracy against the true
blocks at low to intermediate scaling dimensions. This
targets directly the failure mode seen above, where a fixed
grid spacing both caps the achievable resolution and
forces errors to grow in regions of rapid block variation.
Adapting these node-placement strategies to the block
representations used here would be a natural way to recover
the speed of interpolation without the accuracy penalties
reported above.

APPENDIX B: ALGORITHMIC FLOW
OF GOBLOCKS

The package GOBLOCKS supports both multipoint and
derivative approaches. Figure 5 shows the algorithmic flow
of the multipoint approach, while Fig. 6 depicts the flow of
the derivative approach. In the multipoint approach, the
recursion step computes r-series coefficients sequentially
(each order depends on the previous ones), but the

TABLE IX. Percent errors of block derivatives for multilinear
interpolation as a function of the number of neighbors k.

Parameters Error (%)

k 25% 50% 75% 90%

1 19.32 42.28 91.97 195.26
2 14.34 32.67 71.61 167.86
4 14.22 32.12 75.61 188.50
8 20.28 44.84 105.06 257.85
16 30.39 66.65 154.56 374.81

TABLE X. Percent errors of block derivatives for polynomial
interpolation as a function of the number of neighbors k, degree
of the polynomial n, and regularization λ.

Parameters Error (%)

k n λ 25% 50% 75% 90%

16 2 0.001 9.55 21.38 51.71 136.40
8 2 0.001 11.09 25.12 59.17 144.31
8 3 0.100 10.04 24.00 59.63 150.38
16 3 0.100 9.83 22.12 56.04 151.84
2 2 0.001 15.59 32.89 68.88 155.14 FIG. 5. Schematic overview of multipoint block evaluation

steps.
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evaluation and F� construction steps are parallelized across
z-points. In the derivative approach, each successive
derivative order depends on all lower orders, further
limiting parallelization.

APPENDIX C: DERIVATION OF A RECURSIVE
RELATION FOR BLOCK DERIVATIVES

We wish to find a recursive relation for derivatives
of the conformal blocks ∂

m
r ∂

n
ηh

Δij;Δkl

l ðr; ηÞ given the
equation

h
Δij;Δkl

Δ;l ðr; ηÞ ¼ h̃
Δij;Δkl

l ðr; ηÞ þ
X
i

c
Δij;Δkl

i

Δ − Δi
rnih

Δij;Δkl

Δiþni;li
ðr; ηÞ;

ðC1Þ
where as in [3], we define

h̃
Δij;Δkl

l ðr; ηÞ

¼ l!
ð2νÞl

ð−1ÞlCν
lðηÞð1þ r2 þ 2rηÞαð1þ r2 − 2rηÞβ

ð1 − r2Þν ;

ðC2Þ

FIG. 6. Schematic overview of block derivative evaluation steps.

EFFICIENT CONFORMAL BLOCK EVALUATION WITH A NOVEL … PHYS. REV. D 114, 026020 (2026)

026020-13



with Cν
lðηÞ denoting the ordinary Gegenbauer polynomial, with ν ≔ ðD − 2Þ=2, and

α≔−
1

2
ð1þΔij−ΔklÞ; β≔−

1

2
ð1−ΔijþΔklÞ: ðC3Þ

The pole coefficients ci are defined in a table in [3], so we refer the reader there. The main tool in this calculation will be the
Leibniz theorem, which states

∂
m
r ∂

n
ηfðr; ηÞgðr; ηÞ ¼

Xm
i¼0

Xn
j¼0

�
m

i

��
n

j

�
∂
i
r∂

j
ηfðr; ηÞ∂m−i

r ∂
n−j
η gðr; ηÞ: ðC4Þ

Applying Eq. (C4) to the second term in Eq. (C1), we obtain

∂
m
r ∂

n
ηh

Δij;Δkl

Δ;l ðr; ηÞ ¼ ∂
m
r ∂

n
η h̃

Δij;Δkl

l ðr; ηÞ þ
X
i

c
Δij;Δkl

i

Δ − Δi

Xm
s¼0

Xn
t¼0

�
m
s

��
n
t

�
½∂m−s

r ∂
n−t
η ðrniÞ · ∂sr∂tηðhΔij;Δkl

Δiþni;li
ðr; ηÞÞ�: ðC5Þ

The sum over η collapses since ∂
m−s
r ∂

n−t
η rni ¼ ðniÞðm−sÞrni−mþsδn;t where ðaÞðbÞ denotes the falling factorial. Thus,

∂
m
r ∂

n
ηh

Δij;Δkl

Δ;l ðr; ηÞ ¼ ∂
m
r ∂

n
η h̃

Δij;Δkl

l ðr; ηÞ þ
X
i

c
Δij;Δkl

i

Δ − Δi

Xm
s¼0

�
m

s

�
½ðniÞðm−sÞrni−mþs · ∂sr∂nηðhΔij;Δkl

Δiþni;li
ðr; ηÞÞ�: ðC6Þ

In order to find the full derivative blocks, we first tackle ∂
m
r ∂

n
η h̃

Δij;Δkl

l ðr; ηÞ. In order to use Eq. (C4), we let
fðr; ηÞ ≔ f1ðr; ηÞfα2ðr; ηÞfβ3ðr; ηÞ, and gðηÞ ≔ Cν

lðηÞ, where

f1 ≔ ð1 − r2Þ−ν; f2 ≔ 1þ r2 þ 2rη; f3 ≔ 1þ r2 − 2rη: ðC7Þ

In order to calculate the ∂
m
r ∂

n
ηfðr; ηÞ part, we need to once again apply the Leibniz rule

∂
i
r∂

j
ηfðr; ηÞ ¼

X
i1þi2þi3¼i
j1þj2þj3¼j

i!
i1!i2!i3!

j!
j1!j2!j3!

ð∂i1r ∂j1η f1ðrÞÞð∂i2r ∂j2η fα2ðr; ηÞÞð∂i3r ∂j3η fβ3ðr; ηÞÞ: ðC8Þ

Notice

∂
i
r∂

j
ηf1ðrÞ≕ϕði;jÞ

1 ðrÞ ¼
�
∂
i
rf1ðrÞ if j ¼ 0;

0 otherwise:
ðC9Þ

This equation is independent of the external scaling
dimensions and is solely dependent on the spacetime
dimension D. Since ν need not be an integer, one must
employ the Faà di Bruno formula. Let

hðuÞ ¼ u−ν; uðrÞ ¼ 1 − r2; ðC10Þ

such that ϕi;0
1 ðrÞ may be written as

∂
i

∂ri
ð1 − r2Þ−ν ¼ ∂

i

∂ri
hðuðrÞÞ: ðC11Þ

Using Faà di Bruno’s formula,

∂
i

∂ri
hðuðrÞÞ ¼

Xbi=2c
k¼0

hði−kÞðuÞ i!
k!ði − 2kÞ!

�
u00

2

�
k
ðu0Þi−2k:

ðC12Þ

The derivatives of h are

hðmÞðuÞ ¼ ð−1ÞmðνÞmu−ν−m; ðC13Þ

leading to

∂
i

∂ri
ð1 − r2Þ−ν ¼

Xbi=2c
k¼0

ð−1Þi−kðνÞi−kð1 − r2Þ−ν−iþk i!
k!ði − 2kÞ! ð−1Þ

kð−2rÞi−2k:
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The signs simplify to one, yielding

∂
i

∂ri
ð1 − r2Þ−ν ¼ i!

Xbi=2c
k¼0

ðνÞi−k
k!ði − 2kÞ! ð2rÞ

i−2kð1 − r2Þ−ν−iþk:

ðC14Þ

It should be noted that ϕði;jÞ
1 rapidly grows very large

[n20 ∼Oð1017Þ].
Turning to the fα2ðr; ηÞ and fβ3ðr; ηÞ components, we first

compute the η derivatives

∂
j
ηfα2ðr; ηÞ ¼ ðαÞðjÞð2rÞjðf2Þα−j ðC15Þ

∂
j
ηf

β
3ðr; ηÞ ¼ ðβÞðjÞð−2rÞjðf3Þβ−j: ðC16Þ

Suppressing the explicit ðr; ηÞ dependence on f2 for
notational brevity, consider

∂
i
r∂

j
ηfα2ðr; ηÞ≕ϕði;jÞ

2 ðr; ηÞ ¼ ðαÞðjÞ∂ir½ð2rÞjfα−j2 �

¼ ðαÞðjÞ2j
Xi

k¼0

�
i

k

�
½∂krrj · ∂i−kr fα−j2 �

¼ ðαÞðjÞ2j
Xi

k¼0

�
i

k

�
½ðjÞðkÞrj−k · ∂i−kr fα−j2 �

ðC17Þ

where to obtain the second line from the first we use a
special case of Eq. (C4), namely

∂
n
r ðfðrÞgðrÞÞ ¼

Xn
k¼0

�
n

k

�
∂
k
rfðrÞ∂n−kr gðrÞ: ðC18Þ

The last nontrivial term in Eq. (C17) is ∂i−kr fα−j2 . Since
the exponent is in general not an integer, we cannot use the
Leibniz rule, and thus must employ the Faà di Bruno
formula, which states

∂
a
rg1ðg2ðrÞÞ ¼

Xa
s¼1

gðsÞ1 ðg2ðrÞÞBa;sðgð1Þ2 ðrÞ;…; gða−sþ1Þ
2 ðrÞÞ;

ðC19Þ

where Ba;s is an ordinary Bell polynomial. Letting g1ðuÞ ≔
uα−j and g2 ≔ f2ðr; ηÞ, we may write

∂
i−k
r fα−j2 ðr; ηÞ ¼

Xi−k
s¼1

ðα − jÞðsÞfα−j−s2 ðr; ηÞ

× Bi−k;sðfð1Þ2 ðr; ηÞ;…; fði−k−sþ1Þ
2 ðr; ηÞÞ:

ðC20Þ

This simplifies further since there are only two nonzero r-
derivatives of f2ðr; ηÞ, namely

∂
a
rf2ðr; ηÞ ¼

8><
>:

2rþ 2η if a ¼ 1;

2 if a ¼ 2;

0 if a ≥ 3:

ðC21Þ

Using the definition of the Bell polynomial, ∂rf
α−j
2 may be

written as

∂
i−k
r fα−j2 ¼

Xi−k
s¼1

ðα − jÞðsÞfα−j−s2 ðr; ηÞ
X

j1þj2¼s
j1þ2j2¼i−k

ði − kÞ!
j1!j2!

ðf20ðr; ηÞÞj1
�
f200ðr; ηÞ

2!

�
j2 ðC22Þ

¼
Xi−k

s¼⌈i−k
2
⌉

ðα − jÞðsÞfα−j−s2 ðr; ηÞ ði − kÞ!
ð2s − iþ kÞ!ði − k − sÞ! ð2rþ 2ηÞ2s−iþk; ðC23Þ

where the second equality is realized by solving the simultaneous equations in the sum index. Hence, one arrives at an

expression for ϕði;jÞ
2 ðr; ηÞ, namely

ϕði;jÞ
2 ðr; ηÞ ¼ ðαÞðjÞ2j

Xi

k¼0

��
i

k

�
ðjÞðkÞrj−k

Xi−k
s¼⌈i−k

2
⌉

ðα − jÞðsÞfα−j−s2 ðr; ηÞ ði − kÞ!
ð2s − iþ kÞ!ði − k − sÞ! ð2rþ 2ηÞ2s−iþk

�
: ðC24Þ

Similar reasoning can be applied to f3ðr; ηÞ, resulting in analogs of Eqs. (C17) and (C23),

∂
i
r∂

j
ηf3ðr; ηÞ≕ϕði;jÞ

3 ðr; ηÞ ¼ ðβÞðjÞ∂ir
�ð−2rÞjfβ−j3

	 ¼ ðβÞðjÞð−2Þj
Xi

k¼0

�
i

k

��ðjÞðkÞrj−k · ∂i−kr fβ−j3

	
; ðC25Þ
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where

∂
i−k
r fβ−j3 ¼

Xi−k
s¼⌈i−k

2
⌉

ðβ − jÞðsÞfβ−j−s3 ðr; ηÞ ði − kÞ!
ð2s − iþ kÞ!ði − k − sÞ! ð2r − 2ηÞ2s−iþk: ðC26Þ

Combining the pieces,

ϕði;jÞ
3 ðr;ηÞ¼ð−2ÞjðβÞðjÞ

Xi

k¼0

��
i

k

�
ðjÞðkÞrj−k

Xi−k
s¼⌈i−k

2
⌉

ðβ−jÞðsÞfβ−j−s3 ðr;ηÞ ði−kÞ!
ð2s− iþkÞ!ði−k−sÞ!ð2r−2ηÞ2s−iþk

�
: ðC27Þ

We now turn to the Gegenbauer polynomial gðrÞ. Notice
that the Gegenbauer polynomial is independent of r,
meaning we only need to consider the m − i ¼ 0 contri-
bution. Using the identity

∂ηCλ
nðηÞ ¼ 2λCλþ1

n−1ðηÞ; ðC28Þ

we find by inspection

∂
n−j
η gðr; ηÞ ¼ ∂

n−j
η Cν

lðηÞ
¼ 2n−jðνÞn−jCνþn−j

l−nþj; ðC29Þ

where to denote the rising factorial we have used ðνÞj ≔
νðνþ 1Þ � � � ðνþ j − 1Þ as in Sec. II B.
Putting everything together,

∂
m
r ∂

n
η h̃

Δij;Δkl

l ¼ ð−1Þll!
ð2νÞl

∂
m
r ∂

n
ηðfðr; ηÞgðr; ηÞÞ

¼ ð−1Þll!
ð2νÞl

Xn
j¼0

�
n

j

�� X
i1þi2þi3¼m
j1þj2þj3¼j

m!

i1!i2!i3!
j!

j1!j2!j3!
ϕði1;j1Þ
1 ϕði2;j2Þ

2 ϕði3;j3Þ
3

�
½2n−jðνÞn−jCνþn−j

l−nþj�: ðC30Þ

In GOBLOCKS, Eq. (C6) is implemented with ∂
m
r ∂

n
η h̃

Δij;Δkl

l
defined in Eq. (C30).

APPENDIX D: DERIVATIVES OF r, η
WITH RESPECT TO z; z̄

GOBLOCKS computes derivatives with respect to the
radial coordinates r, η. In order to use the results in the
nonconvex optimization problem arising from the primal
formulation (or compare with SCALAR_BLOCKS), one must
transform derivatives to z; z̄ coordinates. In this Appendix
we derive the necessary transformation formulas.
Define

ϕðzÞ ≔ z

ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ2 ðD1Þ

and denote the radial coordinates as

ηðz; z̄Þ ≔ ϕðzÞ þ ϕðz̄Þ
2rðz; z̄Þ ; rðz; z̄Þ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕðzÞϕðz̄Þ

p
: ðD2Þ

In order to simplify calculations, define

ϕ1ðz; z̄Þ ≔
ffiffiffi
z

p ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þffiffiffī
z

p ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ ; ðD3Þ

ϕ2ðz; z̄Þ ≔
ffiffiffiffiffi
zz̄

p

ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þ ; ðD4Þ

ϕ3ðz; z̄Þ ≔
ffiffiffi
z

p ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þ; ðD5Þ

allowing one to write

ηðz;z̄Þ¼1

2
ðϕ1ðz; z̄Þþϕ1ðz̄;zÞÞ; rðz;z̄Þ¼ϕ2ðz; z̄Þ; ðD6Þ

and

ϕ1ðz; z̄Þ ¼
ϕ3ðz; z̄Þ
ϕ3ðz̄; zÞ

: ðD7Þ

Our aim is to calculate ∂m∂nrðz; z̄Þ, ∂m∂nηðz; z̄Þ, where
∂m ≔ ∂

m

∂zm, and ∂n ≔
∂
n

∂z̄n. Focus first on the constituents of the
η derivatives

∂nϕ3 ¼
ffiffiffi
z

p �
δn;0 þ ∂n

ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p 	
: ðD8Þ

Noticing that

∂nð
ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þ ¼ ð−1Þnð1=2ÞðnÞð1 − z̄Þ12−n; ðD9Þ
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the derivative becomes

∂nϕ3ðz; z̄Þ ¼
ffiffiffi
z

p ðδn;0 þ ð−1Þnð1=2ÞðnÞð1 − z̄Þ12−nÞ: ðD10Þ

Taking the derivative with respect to z, this becomes

∂m∂nϕ3ðz;z̄Þ¼ð1=2ÞðmÞz
1
2
−mðδn;0þð−1Þnð1=2ÞðnÞð1− z̄Þ12−nÞ:

ðD11Þ

In order to obtain the full ηðz; z̄Þ derivative, one must
consider the derivative ∂m∂nðϕ3ðz;z̄Þ

ϕ3ðz̄;zÞÞ, where it is convenient
to utilize the Leibniz rule, namely

∂m∂n½fðz;z̄Þgðz;z̄Þ�

¼
Xm
i¼0

Xn
j¼0

�
m

i

��
n

j

�
∂i∂jfðz;z̄Þ∂m−i∂n−jgðz;z̄Þ: ðD12Þ

In this case, one can identify fðz; z̄Þ ≔ ϕ3ðz; z̄Þ and
gðz; z̄Þ ≔ ϕ−1

3 ðz̄; zÞ. We turn our attention now to
∂m−i∂n−jgðz; z̄Þ. In order to calculate

∂a∂bϕ
−1
3 ðz̄; zÞ; ðD13Þ

consider simply the z̄ derivatives first

∂bϕ
−1
3 ðz̄; zÞ ¼ ð1þ ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ−1∂bz̄−1

2

¼ ð−1=2ÞðbÞð1þ
ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ−1z̄−ð12þbÞ; ðD14Þ

before taking z derivatives,

ð−1=2ÞðbÞ∂a½ð1þ
ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ−1�z̄−ð12þbÞ: ðD15Þ

The last derivative ∂a½ð1þ
ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ−1� can be simplified by
employing the Faà di Bruno formula Eq. (C19). Let
g1ðuÞ ≔ ð1þ uÞ−1 and g2ðzÞ ≔

ffiffiffiffiffiffiffiffiffiffi
1 − z

p
. The derivatives

of g1ðuÞ and g2ðzÞ are

gðsÞ1 ðuÞ ¼ ð−1Þss!ð1þ uÞ−ð1þsÞ;

gðsÞ2 ðzÞ ¼ ð−1Þsð1=2ÞðsÞð1 − zÞ12−s: ðD16Þ

The final formula is thus

ψa;bðz̄; zÞ ≔ ∂a∂bϕ
−1
3 ðz̄; zÞ ¼ ψ̃aðzÞ½z̄−ð12þbÞð−1=2ÞðbÞ�;

ðD17Þ

where ψ̃aðzÞ is defined such that

ψ̃0ðzÞ ≔ ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ−1;

ψ̃a≥1ðzÞ ≔
Xa
s¼1

ð−1Þss!ð1þ g2ðzÞÞ−ð1þsÞBa;sðgð1Þ2 ðzÞ;…; gða−sþ1Þ
2 ðzÞÞ; ðD18Þ

and Ba;sðxÞ are generalized exponential Bell polynomials.
Combining results,

∂m∂nϕ1ðz; z̄Þ ¼
Xm
i¼0

Xn
j¼0

�
m

i

��
n

j

�
ð1=2ÞðiÞz12−iðδj;0 þ ð−1Þjð1=2ÞðjÞð1 − z̄Þ12−jÞψm−i;n−jðz̄; zÞ ðD19Þ

and one can realise a formula for the tower of η derivatives
by noting that

∂m∂nηðz; z̄Þ ¼
1

2
ð∂m∂nϕ1ðz; z̄Þ þ ∂m∂nϕ1ðz̄; zÞÞ: ðD20Þ

We can now turn to the r derivatives. One begins by
writing

rðz; z̄Þ ¼ f1ðz; z̄Þf2ðzÞf3ðz̄Þ; ðD21Þ

where

f1ðz; z̄Þ ≔ ðzz̄Þ12 ðD22Þ

f2ðzÞ ≔ ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ−1 ðD23Þ

f3ðz̄Þ ≔ ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þ−1: ðD24Þ

Using the Leibniz formula once more,

∂m∂nrðz; z̄Þ ¼
X

m1þm2þm3¼m
n1þn2þn3¼n

m!

m1!m2!m3!

n!
n1!n2!n3!

ð∂m1
∂n1f1ðz; z̄ÞÞð∂m2

∂n2f2ðzÞÞð∂m3
∂n3f3ðz̄ÞÞ: ðD25Þ
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Consider first ∂m1
∂n1f1ðz; z̄Þ

∂m1
∂n1f1ðz; z̄Þ ¼ ∂m1

∂n1ðzz̄Þ
1
2

¼
Xm1

m¼0

Xn1
n¼0

�
m1

m

��
n1
n

�
∂m∂nðz12Þ∂m1−m∂n1−nðz̄

1
2Þ: ðD26Þ

The innermost double derivatives of the z; z̄ terms may be
realized as

∂m∂nðz12Þ ¼ δn;0ð1=2ÞðmÞz
1
2
−m ðD27Þ

∂m1−m∂n1−nðz̄
1
2Þ ¼ δm1−m;0ð1=2Þðn1−nÞz̄

1
2
−n1þn: ðD28Þ

Combining with Eq. (D26),

∂m1
∂n1ðzz̄Þ

1
2 ¼ ð1=2Þðm1Þð1=2Þðn1Þz

1
2
−m1 z̄

1
2
−n1 : ðD29Þ

Then, focusing our attention on the f2ðzÞ and f3ðz̄Þ
derivatives, we notice that

∂m2
∂n2f2ðzÞ ¼ δn2;0∂m2

�ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z

p Þ−1	 ¼ δn2;0ψ̃m2
ðzÞ
ðD30Þ

and

∂m3
∂n3f3ðz̄Þ ¼ δm3;0∂n3

�ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þ−1	 ¼ δm3;0ψ̃n3ðz̄Þ:
ðD31Þ

The final formula for the r derivatives is then

∂m∂nrðz; z̄Þ ¼
X

m1þm2¼m
n1þn2¼n

m!n!
m1!m2!n1!n2!

ð1=2Þðm1Þð1=2Þðn1Þz
1
2
−m1 z̄

1
2
−n1 ψ̃m2

ðzÞψ̃n2ðz̄Þ: ðD32Þ

APPENDIX E: TUNING GOBLOCKS FOR OPTIMAL
PERFORMANCE

As discussed in Sec. II D, the performance of GOBLOCKS
is predominantly controlled by kmax

1;2 and lmax. In the
absence of a canonical strategy for configuring these
parameters, it is useful to tune them in order to minimize
the runtime for a desired level of block accuracy. This is
particularly relevant when calling GOBLOCKS many times,
as, e.g., in the process of solving the crossing equations via
stochastic optimization. To some tolerance, there exists an
equivalence class of combinations of kmax

1;2 ;lmax resulting in
a given level of performance. Awell-motivated technique to

find the optimal parameter combination is to perform a
Bayesian sweep in the space of configurations.
Alternatively, one may adopt a naïve approach and set
each of the aforementioned parameter to a common value.
Figure 7 presents block accuracies for various parameters
compared to those evaluated with SCALAR_BLOCKS at
varying orders, for common values of kmax

1;2 and lmax. We
stress that while the hyperparameter combinations depicted
in Fig. 7 are likely suboptimal, for a band of accuracies,
there exist parameter combinations where GOBLOCKS is
more computationally efficient than SCALAR_BLOCKS.
Despite this, for large nmax and high block accuracies,
SCALAR_BLOCKS offers better performance.
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