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We analyze entanglement generated by the Schwinger effect using a mode-by-mode formalism for scalar
and spinor QED in constant backgrounds. Starting from thermal initial states, we derive compact, closed-
form results for bipartite entanglement between particle-antiparticle partners in terms of the Bogoliubov
coefficients. For bosons, thermal fluctuations enhance production but suppress quantum correlations: The
logarithmic negativity is nonzero only below a (mode-dependent) critical temperature Tc. At fixed T,
entanglement appears only above a critical field Eentang. For fermions, we observe a qualitatively different
pattern: The fermionic logarithmic negativity is nonvanishing at finite temperature, and is monotonically
suppressed by thermal noise. As a function of the electric field, it is nonmonotonic, featuring a temperature-
independent optimal field strength E� and decreasing on both sides of the maximum. We give quantitative
estimates for analog experiments, where our entanglement criteria convert directly into concrete temper-
ature and electric-field constraints. These findings identify realistic regimes where the quantum character of
Schwinger physics may be tested in the laboratory.

DOI: 10.1103/p4hy-cw4l

I. INTRODUCTION

The Schwinger effect—the spontaneous creation of
particle-antiparticle pairs from vacuum in the presence of
a strong electric field—is one of the most distinctive
predictions of quantum field theory under extreme con-
ditions. Originally formulated in the context of quantum
electrodynamics (QED) [1], it shares deep connections with
other interesting phenomena such as cosmological particle
production [2–4] and the Hawking effect [5,6]. These
processes not only signal an instability of vacuum, but
also imprint nontrivial quantum correlations in the created
particles, which can be used, in principle, to probe the
quantum nature of the underlying dynamics.
On the experimental side, there is growing interest in

experimentally probing nonperturbative effects in QED.

High-intensity laser facilities aim to reach the critical field
strength where vacuum pair production becomes
observable [7–9]. At the same time, analog experiments
have emerged as powerful tools to simulate aspects of
strong-field QED in condensed matter systems. The meso-
scopic Schwinger effect provides an excellent playground
to study properties of the (analog) Schwinger effect for
fermions, since a universal Schwinger conductance in
graphene was reported [10]. For bosons, magnetic inho-
mogeneities in chiral magnets have been proposed as a
route to Schwinger-like magnon production [11,12].1

The Schwinger effect at finite temperature has also been
studied extensively from the viewpoint of the thermal
effective action. For purely magnetic backgrounds, the
corresponding thermal effective action was studied for the
first time in Ref. [17]. Extensions to general constant
electromagnetic backgrounds were considered, for exam-
ple, in Refs. [18,19]. More recently, thermal Schwinger
pair production has been revisited within the worldline
formalism in Refs. [20–22], where one-loop thermal
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1For complementary perspectives on entanglement in
Schwinger pair creation in holographic setups, see [13,14],
building on the seminal proposals [15,16].
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corrections, threshold effects, the high-temperature (world-
line-sphaleron) regime, and extensions to coexistent elec-
tric and magnetic fields have been discussed.
In this work, we explore the Schwinger effect through

the lens of mode-by-mode entanglement, with the aim of
understanding it from a quantum information perspective.
We study both scalar and spinor QED in the external-field
approximation, and make use of the Gaussian formalism to
capture the structure of bipartite entanglement between
modes. This approach allows us to describe how particle-
antiparticle entanglement is generated during pair produc-
tion and to characterize the entanglement profile in
momentum space. We perform a systematic comparison
between the bosonic and fermionic cases, identifying both
qualitative and quantitative differences in their entangle-
ment profile.
Our analysis is performed in the external-field approxi-

mation, with the electromagnetic field treated as a pre-
scribed classical background and the charged sector
described by a quadratic Hamiltonian. We consider a
real-time evolution driven by the Hamiltonian and encoded
in a Bogoliubov transformation, from an initially unen-
tangled state, such as vacuum or a thermal state, to a final
state that generically contains particle-antiparticle entan-
glement. By construction, this framework does not include
thermal modifications of the electromagnetic background,
such as Debye screening, or the backreaction of the
produced charges on the external field. Our results should
therefore be interpreted as characterizing the charged
matter sector in prescribed backgrounds.
Building on this framework, we show that the particle-

antiparticle pairs generated via vacuum polarization nec-
essarily carry entanglement that cannot be reproduced by
classical stochastic processes or thermal noise. Moreover,
we quantify how much this entanglement degrades when
the initial state is thermal, identifying a critical temperature
above which the (bosonic) logarithmic negativity vanishes,
even though pair production persists. This provides an
operational criterion to distinguish the quantum nature of
the process. For fermions, we employ the fermionic
logarithmic negativity proposed in Refs. [23,24] and find
that entanglement is always present at finite temperature,
although it is strongly suppressed as thermal noise
increases.
At a fixed temperature, we also analyze entanglement in

terms of the electric field. For bosons, there is only
entanglement if the electric field is above a critical value
Eentang. For fermions, the pattern is different: The loga-
rithmic negativity is a nonmonotonic function of the
electric field, featuring a temperature-independent optimal
field strength E�, and decays for bigger and smaller values
of E. We also study a mechanism—valid for scalar fields—
to enhance entanglement by tuning the initial state.
Specifically, we show that by preparing the system in a
squeezed state, one can increase the quantum entanglement

produced during the pair creation process of bosons. This
provides a way to control quantum correlations in strong-
field pair production, with potential applications in analog
experiments.
The entanglement structure of pairs produced via the

Schwinger mechanism has been previously studied in
various settings, using different entanglement measures
such as the von Neumann entropy and bosonic logarithmic
negativity. Previous works have focused on both scalar and
spinor fields in constant or pulsed backgrounds at zero
temperature [25–28]. Related links between entropy pro-
duction and entanglement in electric-field quenches and
pulses have also been discussed recently [29,30], while the
interplay between entanglement and thermalization in the
massive Schwinger model has been recently explored in
Ref. [31]. In this work, we investigate how different input
states, such as thermal or single-mode squeezed states,
affect the entanglement generated in the Schwinger effect,
thus providing a broad analysis of the quantum nature of
the Schwinger process. Furthermore, we apply the fer-
mionic logarithmic negativity using the separability cri-
terion established in Ref. [23]. Beyond strong QED,
recent efforts in collider physics [32–34] and early
universe cosmology [35,36] have explored how entangle-
ment-based observables can be used to test quantum
correlations in fundamental processes. Similar ideas have
been recently discussed in the context of gravitational
radiation [37,38].
The outline of the article is as follows: In Sec. II, we

briefly review the Schwinger effect for both scalars and
fermions following a mode-by-mode approach in terms of
the Bogoliubov coefficients. This approach is particularly
useful for understanding quantum entanglement. We focus
on two cases: (i) constant electric field E⃗ and (ii) constant
and antiparallel electric and magnetic fields E⃗ and B⃗. We
then introduce the tools needed to quantify quantum
entanglement, including the Gaussian formalism, and the
definition of logarithmic negativity as our main measure of
entanglement in Sec. III. In Sec. IV, we present our main
results: a comparative study of scalar and spinor entangle-
ment in QED, the impact of thermal initial states, and the
identification of critical temperatures and electric-field
strengths above (or under) which entanglement vanishes
(for bosons) or is strongly suppressed (for fermions). We
also discuss how these findings can be used in future
experiments. Finally, we summarize our conclusions
in Sec. V.

II. SCHWINGER EFFECT

The instability of the quantum vacuum in strong electric
fields was first anticipated by Heisenberg and Euler
through an effective action approach for constant back-
grounds [39] (see Ref. [40] for scalar QED). Schwinger
later formalized this result using the modern language of
QED by computing the imaginary part of the one-loop
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effective action to evaluate the vacuum-persistence
amplitude [1],

jouth0j0iinj2 ¼ exp ð−2 ImΓÞ: ð1Þ

Its deviation from unity signals pair production from
vacuum. In 3þ 1 dimensions, the imaginary part of the
effective action for spinor QED in a constant, uniform
electric field reads2

2 ImΓ
VΔt

¼ ðeEÞ2
4π3

X∞
n¼1

1

n2
exp

�
−
nπm2

eE

�
; ð2Þ

with VΔt the spacetime volume, and e, m, E the particle
charge, mass, and the external-field strength, respectively.
This expression reveals the exponential suppression of the
process for subcritical fields and defines the natural scale
Ecrit ¼ πm2=e as the threshold where nonperturbative pair
production becomes significant (see Ref. [41] for a his-
torical perspective and Ref. [42] for a review on both
historical and technical aspects).
In what follows, we adopt the (equivalent) mode-

function viewpoint based on frequency mixing and
Bogoliubov transformations.3 By analyzing the frequency
mixing of solutions to the Klein-Gordon and Dirac
equations in time-dependent backgrounds, we can identify
the natural in and out mode bases and compute the
coefficients that relate them. This provides direct access
to the particle content of the theory and, crucially for our
purposes, to the quantum correlations between the pro-
duced pairs.
We consider the case of a constant and uniform electric

field along the z direction (E⃗ ¼ Eêz).
4 We treat two cases:

(i) no magnetic field (B⃗ ¼ 0⃗), and (ii) antiparallel magnetic
field (B⃗ ¼ −Bêz). We choose the gauge such that the vector
potential, in the two cases, reads

Aμ ¼

0
BBB@

0

0

0

Et

1
CCCA or Aμ ¼

0
BBB@

0

0

Bx

Et

1
CCCA: ð3Þ

We restrict ourselves to the case eE > 0 and eB > 0. In
what follows, we solve the Klein-Gordon and Dirac
equations in momentum space, identify the corresponding
in and out mode bases in each case, and compute the
Bogoliubov coefficients that relate them. Readers already
familiar with these techniques may wish to skip directly to
Sec. II C.

A. Bosons

Let us consider a massive charged scalar field ϕ
governed by the Klein-Gordon equation in the presence
of an electromagnetic background

ðDμDμ þm2Þϕ ¼ 0 with Dμ ¼ ∂μ þ ieAμ: ð4Þ

The appropriate inner product in the space of solutions
between two field configurations ϕ1 and ϕ2 is given by the
conserved symplectic form5

ðϕ1;ϕ2Þ ¼ i
Z

d3 xðϕ�
1∂tϕ2 − ϕ2∂tϕ

�
1Þ: ð5Þ

(i) Case B⃗ ¼ 0. We start first with the pure electric-field
case. We decompose the scalar field along its
momentum Fourier modes:

ϕðx⃗; tÞ ¼
Z

d3 k eik⃗·x⃗φk⃗ðuÞ; ð6Þ

and we introduce new variables

u ¼ kz þ eEtffiffiffiffiffiffi
eE

p and λk ¼
k2x þ k2y þm2

eE
: ð7Þ

In terms of the new variables, the equation for the
modes becomes

ð∂2u þ u2 þ λkÞφk⃗ðuÞ ¼ 0; ∀ k⃗: ð8Þ

The normalized solutions to this equation can be
expressed in terms of parabolic cylinder functions
DνðzÞ,

d�1ðλk; uÞ ¼ N λkD−1þiλk
2

ð�ð1þ iÞuÞ;
d�2ðλk; uÞ ¼ d�−1ðλk;�uÞ; ð9Þ

with

2Throughout this work, we choose units such that
ℏ ¼ c ¼ kB ¼ 1.

3See Refs. [43–48] for different aspects of the Schwinger effect
within this formalism, and Ref. [49] for a stochastic generaliza-
tion in the effective action formalism. See also Ref. [50] for an
exact WKB treatment of time-dependent electric fields. For a
detailed discussion of quantum field states and their statistical
properties in unstable-vacuum settings and critical potential steps,
see Refs. [51–53].

4Despite the electric field being constant, particle creation still
occurs: The time dependence of the problem is encoded in the
potential vector.

5The complex-conjugate field carries opposite charge and its
(natural) Klein-Gordon (KG) product uses D�

μ ¼ ∂μ − ieAμ. As a
result, if ϕ has positive KG norm, ϕ� has negative KG norm with
respect to the conjugate product (see Ref. [54] for further details).
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N λ ¼
e−

λπ
8

ð2πÞ3=2ð2eEÞ14 : ð10Þ

These solutions can be grouped in pairs to form a
complete basis. In particular, one can construct two
orthonormal sets of solutions that are well behaved
in the asymptotic past (u → −∞) and future
(u → þ∞) corresponding, respectively, to the in
and out bases:

Bin ¼ fBin
− ¼ d−1ðλk; uÞ; Binþ ¼ d2ðλk; uÞg

and Bout ¼ fBout
− ¼ d−2ðλk; uÞ; Boutþ ¼ d1ðλk; uÞg:

ð11Þ

Note that due to d�−1 ¼ d2, we have
Bin=out
þ

� ¼ Bin=out
− .

(ii) Case B⃗kE⃗. We must solve again the Klein-Gordon
equation (4), but now consider the background with
electric and magnetic fields. In this case, we decom-
pose the field by performing a Fourier transform in
the transverse coordinates y⃗ ¼ ðy; zÞ and expand the
x dependence in terms of Hermite polynomials:

ϕðx; y⃗; tÞ ¼
Z

d2k eik⃗·y⃗
X
l∈N

e−
η2

2HlðηÞφk⃗;lðuÞ; ð12Þ

where we have introduced the new variables

u ¼ kz þ eEtffiffiffiffiffiffi
eE

p ; η ¼ ky þ eBxffiffiffiffiffiffi
eB

p ;

λl ¼
m2 þ ð2lþ 1ÞeB

eE
: ð13Þ

The equation of motion for the modes reads

ð∂2u þ u2 þ λlÞφk⃗;lðuÞ ¼ 0; ∀ k⃗; ∀ l; ð14Þ

which has the same structure as the one encountered
in the pure electric-field case with the replacement
λk → λl. Therefore, we find the two same bases of
solutions as in the pure electric-field case (with
λk → λl),

Bin ¼ fBin
− ; Binþg and Bout ¼ fBout

− ; Boutþ g: ð15Þ

B. Fermions

A massive charged Dirac spinor ψ obeys the equation of
motion

ðiγμDμ −mÞψ ¼ 0 with Dμ ¼ ∂μ þ ieAμ: ð16Þ

We work in the Dirac representation of the gamma
matrices. The inner product between two solutions of
the Dirac equation is given by

ðψ1;ψ2Þ ¼
Z

d3xψ†
1ðx⃗; tÞψ2ðx⃗; tÞ: ð17Þ

Unlike the bosonic case, and for the sake of brevity, we do
not treat here the B⃗ ¼ 0 configuration separately, since the
Bogoliubov coefficients can be obtained from the case with
antiparallel E⃗ and B⃗ fields in the limit B → 0. More details
can be found in Appendix A. We proceed by decomposing
the spinor field into Fourier modes along the y and z
directions, and expanding its x dependence in terms of
Hermite polynomials6:

ψðx; y⃗; tÞ ¼
Z

d2k eik⃗·y⃗
X
l∈N

e−
η2

2HlðηÞ

0
BBB@ψ1ðk⃗; l; uÞ

0
BBB@

1

0

1

0

1
CCCAþ ψ2ðk⃗; l; uÞ

0
BBB@

1

0

−1
0

1
CCCAþ ψ3ðk⃗; l; uÞ

0
BBB@

0

1

0

−1

1
CCCAþ ψ4ðk⃗; l; uÞ

0
BBB@

0

1

0

1

1
CCCA
1
CCCA;

ð18Þ

where we introduced the new variables

u¼ kz þ eEtffiffiffiffiffiffi
eE

p ; η¼ ky þ eBxffiffiffiffiffiffi
eB

p ; and λl ¼
m2 þ 2leB

eE
:

ð19Þ

To find solutions, we solve the second order
differential equation for an auxiliary spinor F, namely,

ð=D2þm2ÞFðp⃗;l;uÞ¼0, with Fðp⃗;l;uÞ¼P4
i¼1Fiðp⃗;l;uÞêi

and with êi as in (18). From this ansatz, we deduce a
solution to the Dirac equation ψ ¼ ði=DþmÞF ¼P

4
i¼1 ψ iðp⃗; l; uÞêi. After some algebra, one can find

the two following orthonormal bases of solutions

6The parameter l of the Hermite polynomials is often called
“Landau level” (for instance, in [44]).
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corresponding to the in and out solutions that are well
behaved in the asymptotic past and future, respectively:

Bin ¼ fUL
in; U

R
in; V

L
in; V

R
ing

and Bout ¼ fUL
out; UR

out; VL
out; VR

outg; ð20Þ

where

UL
in=outðk⃗; l; uÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðlþ 1Þ

p
N lþ1L1=2ðk⃗; l; uÞ;

UR
in=outðk⃗; l; uÞ ¼ N lR1=2ðk⃗; l; uÞ; ð21Þ

VL
in=outðk⃗; l; uÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðlþ 1Þ
λlþ1

s
N lþ1L−2=−1ðk⃗; l; uÞ;

VR
in=outðk⃗; l; uÞ ¼

ffiffiffiffi
2

λl

s
N lR−2=−1ðk⃗; l; uÞ ð22Þ

with the normalization constant given by

N l ¼
1

4π5=4
e−

λlπ
8ffiffiffiffiffiffiffiffiffiffiffiffiffi

eE2ll!
p ; ð23Þ

and where the Li and Ri functions are defined from the
newly defined parabolic functions Si as

Liðk⃗; l; uÞ ¼ ði=DþmÞSiðλlþ1; uÞ

0
BBB@

1

0

1

0

1
CCCA;

Riðk⃗; l; uÞ ¼ ði=DþmÞSiðλl; uÞ

0
BBB@

0

1

0

−1

1
CCCA ð24Þ

with i ¼ f�1;�2g and

S�1ðλ; uÞ ¼ D−1þiλ
2
ð�ð−1þ iÞuÞ;

S�2ðλ; uÞ ¼ D−iλ
2
ð�ð1þ iÞuÞ: ð25Þ

Unfortunately, the L and R solutions are neither spin nor
helicity nor chirality eigenstates. However, in the massless
limit (m ¼ 0), they become eigenstates of chirality: The L
modes are left-handed (γ5L ¼ −L), while the R modes are
right-handed (γ5R ¼ þR). This property will prove useful
when discussing the emergence of the chiral anomaly.

C. Bogoliubov coefficients

We now turn to the Bogoliubov transformations that
relate the in and out solutions. We begin with the scalar
case. The set of in solutions fBin

− ; Binþg can be written in

terms of the out solutions fBout
− ; Boutþ g through the

Bogoliubov transformation

Bin
−ðλ; uÞ ¼ αλBout

− ðλ; uÞ þ βλBoutþ ðλ; uÞ;
Binþðλ; uÞ ¼ α0λB

outþ ðλ; uÞ þ β0λB
out
− ðλ; uÞ; ð26Þ

where

αλ ¼
ffiffiffiffiffiffi
2π

p
e−λπ=4−iπ=4

Γð1
2
þiλ

2
Þ ;

βλ ¼ ie−λπ=2;
and

α0λ ¼ α�λ ;

β0λ ¼ β�λ
ð27Þ

are the well-known Bogoliubov coefficients that can be
computed as inner products of the in and out solutions
[55].7 Using the fact that jΓð1

2
þ iλ

2
Þj2 ¼ π

coshðλπ
2
Þ, one can

verify that

jαλj2 − jβλj2 ¼ 1; jα0λj2 − jβ0λj2 ¼ 1;

and αλβ
0�
λ − α0�λ βλ ¼ 0;

which ensures that the operators in (28) and (29) satisfy the
canonical commutation relations. The solutions indexed by
“þ” are positive energy solutions, while the solutions
indexed by “−” are negative energy solutions. When the
field operator ϕ̂ is expanded in the in and out bases Bin=out,
its coefficients with respect to the positive energy solutions
in the in and out bases are identified with the annihilation
operator at early and late times, respectively, and its
coefficients with respect to the negative energy solutions
are accordingly identified with the creation operators. This
way, it is easily found that the in and out annihilation
and creation operators are related by the Bogoliubov
transformation.
In the B ¼ 0 case, we have 

âoutðk⃗Þ
b̂†outð−k⃗Þ

!
¼
 
αλk βλk
β0λk α0λk

! 
âinðk⃗Þ
b̂†inð−k⃗Þ

!
; ð28Þ

while in the B⃗kE⃗ case, we have 
âoutðk⃗; lÞ
b̂†outð−k⃗; lÞ

!
¼
 
αλl βλl
β0λl α0λl

! 
âinðk⃗; lÞ
b̂†inð−k⃗; lÞ

!
: ð29Þ

Let us move now to the spinor case. Just as in the scalar
case, the relationship between the in and out bases comes
from the relationship between the different Si functions. In

the B⃗kE⃗ case, we find the following Bogoliubov

7See Ref. [56] for a detailed computation of the Bogoliubov
coefficients in the constant E-background case, and for interest-
ing remarks on different gauge choices, the relationship with
cosmological particle production, and connection to effective
action methods.
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transformations between the creation and annihilation operators at early and late times (in agreement with Refs. [57,58])

0
BBBBBB@

ûL;outðk⃗; lÞ
v̂†L;outð−k⃗; lÞ
ûR;outðk⃗; lÞ
v̂†R;outð−k⃗; lÞ

1
CCCCCCA

¼

0
BBBBBB@

αðLÞl βðLÞl 0 0

β0ðLÞl α0ðLÞl 0 0

0 0 αðRÞl βðRÞl

0 0 β0ðRÞl α0ðRÞl

1
CCCCCCA

0
BBBBBB@

ûL;inðk⃗; lÞ
v̂†L;inð−k⃗; lÞ
ûR;inðk⃗; lÞ
v̂†R;inð−k⃗; lÞ

1
CCCCCCA
; ð30Þ

where the Bogoliubov coefficients read (see, for example,
Ref. [58] for a detailed derivation)

αðLÞl ¼
ffiffiffiffiffiffiffiffi
λlþ1π

p
Γð1−iλlþ1

2
Þ e

−λlþ1π=4;

βðLÞl ¼ e−λlþ1π=2;

α0ðLÞl ¼ α�ðLÞl ;

β0ðLÞl ¼ −β�ðLÞl ;
ð31Þ

αðRÞl ¼
ffiffiffiffiffi
λlπ

p
Γð1−iλl

2
Þ e

−λlπ=4;

βðRÞl ¼ e−λlπ=2;

α0ðRÞl ¼ α�ðRÞl ;

β0ðRÞl ¼ −β�ðRÞl :
ð32Þ

Using jΓð1 − iλ
2
Þj2 ¼ λπ

2 sinhðλπ
2
Þ, we can verify that we have

jαlj2 þ jβlj2 ¼ 1; jα0lj2 þ jβ0lj2 ¼ 1;

and αlβ
0�
l þ α0�l βl ¼ 0:

Note that everything happens as if our spinor ψ̂ was
composed of two scalars: ûL and ûR, each of them evolving
with its pair of Bogoliubov coefficients ðαðLÞ; βðLÞÞ and
ðαðRÞ; βðRÞÞ. Note also that the Bogoliubov coefficients
depend solely on the parameter λ, which enables us to
easily switch from the B⃗ ¼ 0 case where λ ¼ λk for both R
and L fermions to the B⃗kE⃗ case where λ ¼ λl for R
fermions and λ ¼ λlþ1 for L fermions.
To connect this picture to the effective action language,

we show in Appendix A how to obtain the vacuum-
persistence amplitude from the Bogoliubov coefficients
for the case B⃗kE⃗.

III. QUANTUM ENTANGLEMENT

As we are interested in quantifying the amount of
entanglement in the Schwinger effect, both for bosons
and fermions, we provide a pedagogical presentation of the
tools and formalism we leverage from quantum information
theory. We begin by defining some of the most popular
entanglement and correlations quantifiers we use in our
calculations, more specifically, entanglement entropy, log-
arithmic negativity, and mutual information, and then we
illustrate how to compute the entanglement in some
specific cases of interest.

A. Quantifying entanglement

Consider a quantum state described by the density matrix
ρ̂, acting on some Hilbert spaceH, which admits a partition
H ¼ HA ⊗ HB. We say the state ρ̂ is separable if and only
if it can be written as

ρ̂ ¼
X
i¼1

pi ρ̂
ðiÞ
A ⊗ ρ̂ðiÞB ; ð33Þ

where ρ̂ðiÞA and ρ̂ðiÞB are density matrices acting on HA and
HB, respectively, and 0 ≤ pi ≤ 1; ∀ i. If a state ρ̂ cannot
be written as in (33), then it is said to be entangled.
Quantifying the amount of entanglement in quantum

states is a topic of central interest in quantum information
theory, and there exists a whole program of entanglement
quantification with several measures [59] being employed
for this task. The most widely known among them is the
von Neumann entropy of the reduced state computed by
SV ¼ −TrA½ρ̂Alog2ρ̂A�, with ρ̂A ¼ TrBρ̂, where TrB denotes
the partial trace over subsystem B, while TrA in the entropy
formula denotes the ordinary trace over the Hilbert space of
subsystem A. For a pure bipartite state, one equivalently has
SVðρ̂AÞ ¼ SVðρ̂BÞ. This measure, however, is limited to the
cases where the total state ρ̂ is pure. This is rarely the case
in real-life setups since pure states are associated with
isolated systems. In realistic frameworks, systems are
always exposed, to some degree, to noise resulting from
interactions between the system of interest and its envi-
ronment, i.e., the set of undesired degrees of freedom.
We are interested in incorporating the effect of noise

modeled as thermal fluctuations in our study of entangle-
ment in the Schwinger effect. To this end, we employ the
logarithmic negativity LN [60], which is based on the
Peres-Horodecki or positivity of the partial transposition
(PPT) criterion [61,62] for bosonic systems. According to
this criterion, a state ρ̂ is separable only if the partially
transposed density operator ˆ̃ρ ¼ IA ⊗ TBðρ̂Þ is positive
semidefinite; i.e., ˆ̃ρ ≥ 0, where TB is the operation of
transposition with respect to the B-sector (the criterion is
invariant under the choice of the sector with respect to
which one transposes). From the latter, it follows that a state
is entangled if there exists at least one negative eigenvalue
of ˆ̃ρ. The violation of the PPT criterion is, thus, a sufficient
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condition for entanglement, but not a necessary one, in
general.8 However, we are interested in the scenario where
each of the subsystems is made of a single degree of
freedom (or mode), for which the PPT is both necessary
and sufficient.
Finally, the logarithmic negativity is defined by

LN ¼ log2

�X
i

jλ̃ij
�
; ð34Þ

where λ̃i are the eigenvalues of ˆ̃ρ.
This PPT prescription does not directly apply to fer-

mionic systems, where the associated operators satisfy
anticommutation relations rather than commutation rela-
tions. In particular, it was shown [23] that using logarithmic
negativity for fermionic quantum states based on the PPT
criterion discussed in the previous paragraph, which we
may also refer to as bosonic PPT, one fails to capture some
of the fermionic quantum correlations. The criterion was
extended for fermionic systems in [23], where the fer-
mionic partial transposition was introduced, and according
to which the fermionic logarithmic negativity was defined
to quantify the amount of entanglement in fermionic states.
Furthermore, it was shown in [24] that it is an entanglement
monotone under local operations and classical communi-
cation. The result of the fermionic partial transposition
compared to the bosonic one is the introduction of phases in
some of the density matrix elements (see Sec. IV B 3 for the
details and Ref. [64] for an example in 1þ 1.). Finally, to
compute entanglement in the fermionic system, we make
use of (34) but applied to the density matrix transformed
under the fermionic partial transposition.

B. Gaussian formalism of continuous variable systems

Continuous variable systems are those whose observ-
ables possess a continuous spectrum, such as the harmonic
oscillator. Upon quantization, the states of such systems are
elements of an infinite-dimensional Hilbert space, and,
hence, computing entanglement in such systems amounts
to manipulating infinite-dimensional density matrices.
Gaussian systems, however, such as those generated by
quadratic Hamiltonians, enjoy a drastic simplification:
They are fully characterized by their first and second
moments, whose size depends on the number of degrees
of freedom. We now briefly review the Gaussian formalism
and how to employ it to compute entanglement. Given that
we are interested in the mode of pairwise entanglement, we
will restrict the discussion to the case of 2 degrees of
freedom. A pedagogical reference for the Gaussian state

formalism and entanglement in Gaussian states can be
found in [65].
Consider a system of two modes, for which one can

associate the ladder operators fâ1; â†1; â2; â†2g. From them,
one can define the Hermitian “position” and “momentum”
operators

x̂J ¼
âJ þ â†Jffiffiffi

2
p ; p̂J ¼ −i

âJ − â†Jffiffiffi
2

p ; J ¼ 1; 2 ð35Þ

that satisfy the canonical commutation relations
½x̂J; p̂J0 � ¼ iδJJ0 . One can further define the vector of
operators R̂ ¼ ðx̂1; p̂1; x̂2; p̂2Þ⊤. By means of this vector,
the commutation relations can be compactly written in the
matrix form

½R̂; R̂⊤� ¼ iΩ; where Ω ¼

0
BBB@

0 1 0 0

−1 0 0 0

0 0 0 1

0 0 −1 0

1
CCCA: ð36Þ

Any density operator ρ̂ can be uniquely reconstructed
knowing all its moments. For a Gaussian state ρ̂, it
suffices to know the first and second moments. Those
are defined by

μ ¼ Tr½R̂ ρ̂�; ð37Þ

σ ¼ Tr½fR̂ − μ; R̂⊤ − μ⊤gρ̂�; ð38Þ

where f·; ·g is the anticommutator. In the definitions of the
covariance matrix σ, we subtracted μ to remove any
redundant information tied to first moments, and we took
the anticommutator to remove the state-independent con-
tribution of the commutator. The importance of realization
in this formalism is that all the information about the
infinitely dimensional ρ is uniquely encoded in the pair of
finite-dimensional matrices ðμ; σÞ. In particular, all infor-
mation about correlations and entanglement are exclusively
contained in σ.
As a simple demonstration, we show how the mean

number of quanta, the von Neumann entropy, the mutual
information, and the logarithmic negativity can be effi-
ciently computed for Gaussian states.
First, the average particle number contained in the state

of the Jth degree of freedom is given by

hâ†JâJi ¼
1

4
Tr½σred;J� þ

1

2
μ⊤red;Jμred;J −

1

2
; ð39Þ

where “red” indicates the reduced subspace of the full μ σ,
i.e., the quantities obtained by tracing out the rest of the
degrees of freedom. Notice that (39) can be generalized for
a system containing N degrees of freedom by replacing the

8It has been shown that the violation of the PPT criterion is
both a necessary and sufficient condition for systems with
Hilbert-space dimensions 2 × 2 and 2 × 3 [62], as well as for
Gaussian continuous variable systems in which one subsystem is
made of a single degree of freedom or the state is isotropic [63].
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1=2 term at the end withN=2. The von Neumann entropy of
the Jth mode is given by

SV;J ¼
νJ þ 1

2
log2

�
νJ þ 1

2

�
−
νJ − 1

2
log2

�
νJ − 1

2

�
; ð40Þ

where νJ is the positive-definite symplectic eigenvalue
of σ, i.e., the positive9 eigenvalues of the matrix iΩσ. The
latter can easily be extended to evaluate the entropy of a
system comprised of N degrees of freedom by computing
the right-hand side of (40) for each of the N-positive-
definite symplectic eigenvalues and then taking the sum
of them.
To quantify the total number of correlations, both

quantum and classical, one can evaluate the mutual
information. This is readily computed utilizing the von
Neumann entropy. For example, for the system of 2 degrees
of freedom defined in this subsection,

Minfo ¼ SV;1 þ SV;2 − SV;12; ð41Þ

where SV;1 and SV;2 are the von Neumann entropies of each
of the two subsystems, i.e., computed by the means of their
reduced density matrices, while SV;12 is the von Neumann
entropy of the full system, and thus, is computed from the
symplectic eigenvalues of the total covariance matrix.
Now, let us turn our attention to the logarithmic

negativity. Simon extended the PPT criterion to two-mode
continuous variable Gaussian systems [66]. The key step
toward computing entanglement is the operation of the
partial transposition. In terms of a 4 × 4 covariance matrix
σ, the partial transposition reads [65]

σ̃ ¼ TσT; where T ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

1
CCCA: ð42Þ

Recall that a signal of entanglement is the existence of a
negative eigenvalue of the partially transposed density
matrix. At the level of the covariance matrix, this is
equivalent to the existence of at least one symplectic
eigenvalue of σ̃ smaller than 1, where the symplectic
eigenvalues ν̃i of σ̃ are the eigenvalues of the matrix
iΩσ̃. Finally, the logarithmic negativity measuring the
entanglement in the two-mode Gaussian system under
consideration is given by

LN ¼ maxf0;− log2 ν̃ming; ð43Þ

where ν̃min is the smallest positive, symplectic eigenvalue
of σ̃. Equation (43) ensures that LN > 0 when ν̃min < 1
and zero otherwise. As previously emphasized, for a
two-mode Gaussian state, such as in the bosonic
Schwinger effect, the violation of the PPT criterion is
both a necessary and sufficient condition. Hence, LN > 0
implies the existence of entanglement, while LN ¼ 0
guarantees its absence.
The Gaussian formalism can also be extended to the

fermionic case, although it is not necessary to compute the
entanglement quantifiers we study in this article. In
Appendix B, we provide a short operational approach to
the Gaussian formalism for fermions, parallel to what we
did in this section for bosons. In the following subsection,
we show, with an example, how to compute the most
relevant objects for fermionic systems from the density
matrix.

C. Example: A two-level bipartite system

Before diving into our results on the Schwinger effect,
and for pedagogical purposes, let us first present the
equivalent of a two-mode squeezing operation for fermions
on general grounds. Consider the two-particle two-level
system, initially prepared in the vacuum state
jψiin ¼ j0i1 ⊗ j0i2, with the two sectors interacting for
a finite amount of time, inducing pair creation. In the
Heisenberg picture, this is described by the Bogoliubov
transformation

âout1 ¼ αâin1 þ βâin†2 ;

âout2 ¼ αâin2 − βâin†1 ; ð44Þ

with α; β∈C, jαj2 þ jβj2 ¼ 1, and the initial ladder oper-
ators âi annihilate the initial vacuum state, i.e., âij0ii ¼ 0,
i ¼ 1, 2. In full generality, the initial state j0iin can be
expressed in the out basis as

j0iin ¼ c00j0; 0iout þ c01j0; 1iout þ c10j1; 0iout
þ c11j1; 1iout: ð45Þ

In the out basis, the vacuum state j0iout is annihilated by
âouti , i ¼ 1, 2. Hence, solving (44) in terms of the in ladder
operators and plugging together with (45) into âini j0iin ¼ 0,
one finds c01 ¼ 0 ¼ c10 and c11 ¼ c00β=α�. Choosing
c00 ¼ α�, one can write the state j0iin in terms of the
out basis as10

j0iin ¼ α�j0; 0iout þ βj1; 1iout: ð46Þ

9The symplectic eigenvalues of a 2N × 2N covariance matrix
come inN pairs of a positive and a negative eigenvalue, which are
identical in absolute value. 10With the convention j11i ¼ â†2â

†
1j0i ¼ −â†1â

†
2j0i.
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The corresponding density matrix is

ρ̂ðoutÞ ¼

0
BBB@

jαj2 0 0 α�β�

0 0 0 0

0 0 0 0

αβ 0 0 jβj2

1
CCCA; ð47Þ

where ρ̂ðoutÞ can be derived from ρ̂ðinÞ through the matrix
implementation of Eq. (46),

ρ̂ðoutÞ ¼Mρ̂ðinÞM†; whereM¼

0
BBB@
α� 0 0 −β�
0 1 0 0

0 0 1 0

β 0 0 α

1
CCCA: ð48Þ

Using the definition of von Neumann entropy for the
reduced state in the previous subsection, one can compute
the amount of entanglement in state jψiout,

SV ¼ −jαj2log2jαj2 − jβj2log2jβj2
¼ −ð1 − jβj2Þlog2ð1 − jβj2Þ − jβj2log2jβj2: ð49Þ

Note that the entanglement vanishes in either of the limits
jβj → 0, jβj → 1, while it acquires its maximum value
(EV;max ¼ 1) for jβj ¼ 1=

ffiffiffi
2

p
, for which jψiout (46)

becomes a Bell state and is, hence, maximally entangled.
Let us now consider the scenario where the two particles

are initially in a thermal state of temperature T. The two
reduced states are not entangled and are given by

ρ̂i ¼
exp ð− ωi

T â†i âiÞ
Tr½exp ð− ωi

T â†i âiÞ�
¼ ð1 − fiÞj0ih0ji þ fij1ih1ji;

ð50Þ

where ωi is the energy of the ith particle, and fi ¼
ðeωi=T þ 1Þ−1 is the mean occupation number of the ith
particle. We consider f1 ¼ f2 ¼ f. The total state reads

ρ̂ðinÞ ¼

0
BBBB@

ð1 − fÞ2 0 0 0

0 fð1 − fÞ 0 0

0 0 fð1 − fÞ 0

0 0 0 f2

1
CCCCA: ð51Þ

The final density matrix reads

ρ̂ðoutÞ ¼

0
BBBB@

ð1 − fÞ2jαj2 þ f2jβj2 0 0 ð1 − 2fÞα�β�
0 fð1 − fÞ 0 0

0 0 fð1 − fÞ 0

ð1 − 2fÞαβ 0 0 f2jαj2 þ ð1 − fÞ2jβj2

1
CCCCA: ð52Þ

Since the total state is mixed, we cannot use von Neumann
entropy to quantify entanglement. Instead, one can use
fermionic logarithmic negativity. We do so directly in
Sec. IV B 3 to compute the entanglement in the
Schwinger effect.

D. Example: Two-mode squeezing for different
input states

The underlying canonical transformation associated with
bosonic particle creation in quantum field theory in curved
spacetime, such as the Schwinger [1], Hawking [5], and
Unruh effects [67], and particle creation in cosmology
[3,68], is a two-mode squeezing. It is thus essential to
review this transformation under the Gaussian state for-
malism and apply the tools laid down in the previous
subsection to quantify entanglement for different input
states of interest such as vacuum, thermal, and squeezed
states. All of them are nondisplaced, and hence, we will
consider μ ¼ 0 for the remaining of the paper.

Consider two modes of a field with their associate ladder
operators ðâin1 ; â†in1 Þ and ðâin2 ; â†in2 Þ. Working in the
Heisenberg picture, the two-mode squeezing transforma-
tion reads

âout1 ¼ αâin1 þ βâ†in2 ; ð53Þ
âout2 ¼ αâin2 þ βâ†in1 ; ð54Þ

where α; β∈C are the Bogoliubov coefficients satisfying
jαj2 − jβj2 ¼ 1. These are commonly expressed by means
of the squeezing intensity r and squeezing angle φ (both
being real parameters) as follows:

α ¼ cosh r; β ¼ eiφ sinh r: ð55Þ

Using Eq. (35), the definition of the vector R̂ and
the definition (38), it is a simple exercise to show that
the two-mode squeezing process implies the following
transformation of the covariance matrix:
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σout ¼ SsqσinS⊤sq; ð56Þ

where

Ssq ¼

0
BBBB@

cosh r 0 cosφ sinh r sinφ sinh r

0 cosh r sinφ sinh r − cosφ sinh r

cosφ sinh r sinφ sinh r cosh r 0

sinφ sinh r − cosφ sinh r 0 cosh r

1
CCCCA; ð57Þ

where σin and σout are the initial and final covariance
matrices, respectively. Note that Ssq is independent of the
state it acts on. All the information about the initial state is
encoded in σin.
We now study the entanglement generated in the two-

mode squeezing process for three different input states. We
begin by considering that both modes are initially in their
vacuum state. The corresponding initial covariance matrix
is the identity σin ¼ I4. Substituting into Eq. (56), one
obtains the evolved covariance matrix containing the
correlations of the two-mode squeezed vacuum state. To
compute entanglement, we plug the resulting covariance
matrix into (42) to obtain its partial transposition. Finally,
we compute the symplectic eigenvalue of the partially
transposed matrix and make use of (43) to compute the
amount of entanglement. The result is

Lvac
N ¼ 2

ln 2
r ≈ 2.89r: ð58Þ

Entanglement increases linearly with the squeezing strength.
As a next application, we consider both modes to be in a

thermal state of temperature T. Thermal states are mixed
states and can capture the effect of noise resulting from the
interaction between the system of interest with its envi-
ronment, which has a temperature T. The input covariance
matrix reads σin ¼ ð2nþ 1ÞI4, where n is the mean number
of quanta as a function of the frequency.11 Following the
same steps for the computation of logarithmic negativity,
one finds

Lth
N ¼ max f0;− log2 ½ð2nþ 1Þe−2r�g: ð59Þ

The latter is positive (thus resulting in an entangled final
state) only when

r >
1

2
lnð2nþ 1Þ: ð60Þ

The latter condition manifests the competition between the
squeezing process that generates the entanglement and the

thermal fluctuations degrading quantum correlations. For
the final state to be entangled, the squeezing strength r
needs to dominate the noise intensity n.
The example of the thermal input highlights a crucial

lesson: The nonclassical signal (entanglement) of genuine
quantum processes can be lost due to noisy inputs, hence
masking the “quantumness” of the process. Although one
could overcome this challenge by increasing the two-mode
squeezing parameter r, in several setups, there are physical
constraints limiting the value of r. For example, in the
Hawking effect, r depends on the Hawking temperature
which is very low for astrophysical black holes. In the
Schwinger effect, r depends on the strength of the electric
field, which is also physically constrained (see discussion
in Sec. IV C). Hence, to revive the quantum output of the
process, one may turn into modifying the input state.
Introducing nonclassicalities, i.e., features of states with
strong departure from their classical field theory descrip-
tion, in the input can amplify the amount of entanglement
produced during the two-mode squeezing process. One
such nonclassical state is the single-mode squeezed state.12

These are quantum states with uncertainty in one of their
quadrature operators, i.e., position or momentum, below
the uncertainty of the vacuum state, hence “squeezed,”
whereas the conjugate quadrature exhibits higher-than-the-
vacuum uncertainty, hence “antisqueezed.” Since noncom-
mutativity is a characteristic of quantum mechanics, giving
rise to an intrinsic uncertainty absent in classical mechan-
ics, the antisqueezing of a quadrature, which increases this
uncertainty, makes this nonclassical feature more promi-
nent. It is also worth mentioning that single-mode
squeezed states are not entangled; the squeezing is an
operation on a single mode (degree of freedom). The idea
of introducing nonclassical inputs to enhance the amount
of entanglement in particle creation processes was intro-
duced in [69,70] where it was shown that the use of a
single-mode squeezed state in the input can amplify the
amount of entanglement produced by the two-mode
squeezing process. In this paper, we apply the same
protocol for the Schwinger effect. The reason for using
a single-mode squeezed state in the input instead of, for

11Here we use n and not f since the system follows Bose-
Einstein statistics. 12Not to be confused with a two-mode squeezed state.
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example, other nonclassical inputs, such as a two-mode
squeezed state, is to avoid artificially introducing entan-
glement in the system.
It is now interesting to review the interplay between

noise and initial squeezing. To this end, let us consider the
following single-mode squeezed thermal state:

σin ¼ ð2nþ 1Þ

0
BBBB@

e2ξ1 0 0 0

0 e−2ξ1 0 0

0 0 e2ξ2 0

0 0 0 e−2ξ2

1
CCCCA; ð61Þ

where ξ1 and ξ2 are the squeezing amplitudes of each mode.
We have chosen the corresponding squeezing phases such
that the squeezing happens in the momentum sector of each
mode. Note that the latter state is generated by acting
ðSξ1 ⊕ Sξ2ÞσthðS⊤ξ1 ⊕ S⊤ξ2Þ, where σth ¼ ð2nþ 1ÞI4 is the
thermal state and

Sξi ¼
�
cosh ξi − cos θi sinh ξi − sin θi sinh ξi

− sin θi sinh ξi cosh ξi þ cos θi sinh ξi

�
;

i ¼ 1; 2 ð62Þ

is the single-mode squeezing symplectic matrix with
amplitude ξi and phase θi. The latter determines the
direction of the squeezing on the x̂i − p̂i plane and plays
no role in the discussion of the entanglement. Hence, we
choose θ1 ¼ θ2 ¼ π for convenience, resulting in (61).
Note that the single-mode squeezing (62) acts locally in the
space of modes and, hence, it does not result in mode
interactions, and consequently, it cannot produce entangle-
ment. Hence, the state (61) is separable.
Repeating the same procedure as before, one can obtain the

evolved covariance matrix, its partial transposition with its
symplectic eigenvalue, and, finally, the logarithmic negativity.
Since the final expression is rather cumbersome, we plotted it
below to illustrate the interplay of the several parameters. For
simplicity, we consider a symmetric single-mode squeezing,
i.e., ξ1 ¼ ξ2 ¼ ξ. We then study how the curve LNðnÞ
depends on the input squeezing strength ξ, keeping fixed
the two-mode squeezing strength value to r ¼ 1.
Figure 1 confirms the main point of the discussion in this

section: Entanglement decreases monotonically with n and
increases with ξ. In particular, notice that there is a cutoff
value of n after which entanglement vanishes. For the case
ξ ¼ 0, this value is given by (60). Introducing initial
squeezing, i.e., ξ ≠ 0, shifts this cutoff to larger values
of n. Hence, the entanglement produced during the
two-mode squeezing gains robustness against thermal
fluctuations. Let us also remark that in the absence of
the two-mode squeezing process, i.e., r ¼ 0, there is not
entanglement generated. This is crucial, as it emphasizes
that the initial squeezing ξ does not generate entanglement,

it rather amplifies it. The use of single-mode squeezed
states at the input provides a promising avenue for
experimental detection of the quantum features of particle
creation processes in the laboratory. We use this protocol
below to amplify the amount of entanglement in the
bosonic Schwinger effect.

IV. MAIN RESULTS

In this section, we present our main quantitative results
using the language and tools developed in the previous
sections. We present first the scalar case and then the spinor
case, analyzing how statistics (i.e., bosonic or fermionic)
affects both the number of created particles and the pattern
of quantum correlations.

A. Bosons

We consider a system that is initially at thermal equi-
librium at a temperature T (eventually letting T → 0 to
study the vacuum state). Since we want to study bipartite
correlations between a particle mode and its conjugate
antiparticle mode, we describe them jointly as a two-mode
sector ðIĪÞ, where Ī denotes the mode with opposite
momentum (and the same Landau/Hermite index when
E⃗kB⃗). The label I collects the quantum numbers of the
mode, namely,

I ¼ k⃗ when B⃗ ¼ 0; I ¼ ðk⃗; lÞ when E⃗kB⃗: ð63Þ

The initial state is described by the thermal density matrix

ρ̂ðinÞ ¼⊗
I
ρ̂ðinÞIĪ ; ρ̂ðinÞIĪ ¼ 1

ZIĪ

Xþ∞

n;n̄¼0

e−ωIðnþn̄Þ=T jn; n̄iðinÞIĪ hn;n̄jðinÞIĪ :

ð64Þ

FIG. 1. Logarithmic negativity vs the noise intensity parameter
n for the symmetric single-mode squeezed thermal state, with
ξ1 ¼ ξ2 ¼ ξ, after we evolve it with the two-mode squeezing
transformation. For the plot, we use the two-mode squeezing
strength value r ¼ 1, and we study different values of the input
squeezing strength ξ.
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Here, jn; n̄iðinÞIĪ denotes a Fock state with n particles of

momentum k⃗ and Hermite parameter l (or momentum k⃗ for
B⃗ ¼ 0), and n̄ antiparticles with momentum −k⃗ and the
same index l (or momentum −k⃗ for B⃗ ¼ 0). ZIĪ is the

normalized partition function [such that Trðρ̂ðinÞIĪ Þ ¼ 1], and
ωI is the one-particle energy

ω2
I ¼ m2 þ k2z þ k2⊥;

where k2⊥ ¼
�
k2x þ k2y if B ¼ 0;

ð2lþ 1ÞeB if B ≠ 0:
ð65Þ

A thermal state is Gaussian. We can therefore use the
formalism developed in Sec. III B and characterize it by its
first and second moments. For each two-mode sector, we
have

μðinÞIĪ ¼ 0 and σðinÞIĪ ¼ ð1þ 2nIÞI4
with nI ¼

1

eωI=T − 1
: ð66Þ

1. Number of created particles

This initial state contains an average number of hN̂ðinÞi
nonentangled particles described by the Bose-Einstein
statistics. For a given mode I (and its conjugate partner),

hN̂ðinÞ
I i ¼ nI; hN̂ðinÞ

Ī i ¼ nĪ ≡ nI: ð67Þ

Therefore, for the two-mode system we are analyzing we
find

hN̂ðinÞ
IĪ i ¼ nI þ nĪ ¼ 2nI: ð68Þ

This result can be obtained from the Gaussian formalism
that directly gives us the master formula to compute the
particle number. In this case, since N ¼ 2, we find

hN̂IĪi ¼
1

4
TrσIĪ þ

1

2
μ⊤IĪμIĪ − 1: ð69Þ

For the in state, μ and σ are given in (66).
To obtain the particle number for the out state, we shall

now transform the initial density matrix with the
Bogoliubov transformations given in Sec. II C. As these
transformations do not mix the different modes, we can
consider a fixed given pair ðIĪÞ, and all the formulas will be
equally applicable on all other modes. In terms of the
Gaussian formalism, it is enough to apply the Bogoliubov
transformation directly to the first and second moments

μðoutÞ
IĪ

¼ SμðinÞ
IĪ

; σðoutÞ
IĪ

¼ SσðinÞ
IĪ

S⊤; ð70Þ

where S is the two-mode squeezer matrix given in
Eq. (57) with r and φ fixed by the Bogoliubov coefficients
we computed in Sec. II ðαI ≡ αλI ; βI ≡ βλIÞ. More
explicitly,13

cosh r¼ jαIj; sinh r¼ jβIj; φ¼ argðβI α�I Þ: ð71Þ

After the Bogoliubov transformation (70), we can use
formula (69) for the out state. The average number of
particles and antiparticles reads

hN̂ðoutÞ
I i ¼ 1

2
hN̂ðoutÞ

IĪ i ¼ jβIj2 þ
jαIj2 þ jβIj2
eωI=T − 1

¼ nI þ jβIj2ð1þ 2nIÞ ¼
1

2
ðð1þ 2nIÞcosh2r− 1Þ:

ð72Þ

We note that for bosons we have thermal enhancement.
That is, the out number of particles is not increased by jβj2
but by ð1þ 2nIÞjβj2. It is convenient to explicitly define the
average difference

ΔNI ¼
1

2
ðhN̂ðoutÞ

IĪ i − hN̂ðinÞ
IĪ iÞ ¼ jβIj2

eωI=T þ 1

eωI=T − 1
: ð73Þ

Using (65) and (27), we can write this expression in terms
of electric and magnetic fields. The average number of
created particles with momentum ðkz; k⊥Þ thus reads

ΔNðkz;k⊥Þ ¼ exp

�
−π

m2þ k2⊥
eE

�
coth

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2þ k2z þ k2⊥

p
2T

!
;

ð74Þ

where k2⊥ ¼ k2x þ k2y if B ¼ 0 and k2⊥ ¼ ð2lþ 1ÞeB if
B ≠ 0. For example, if we want to look at the mode with
the lowest momenta, we set kz ¼ k⊥ ¼ 0 for the pure
electric case and kz ¼ l ¼ 0 if B ≠ 0, which
implies k2⊥ ¼ eB.
Rather than in the number of created particles, we might

be interested in their energy spectrum. For a given mode I
(with frequency ωI), the average energy increment per
mode reads

hΔEIi ¼ ωIΔNI ¼ ωIjβIj2
eωI=T þ 1

eωI=T − 1

¼ ωIjβIj2 coth
�
ωI

2T

�
: ð75Þ

13The parametrization of the two-mode squeezer assumes αI is
real, while the αI we computed for the Schwinger effect is not.
This is not a problem since we can always perform a rotation that
changes the phase of the Bogoliubov coefficients. This trans-
formation does not affect particle number or entanglement [71].
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Note that jβIj2 is independent of kz, which is because
we are working with a constant electric field, so modes
with any value of kz will eventually be produced. This
means that the energy spectrum behaves at high kz as
nðωÞ ∼ ω2 (without exponential suppression in kz),
which gives a divergent result for the average energy
density since we are considering particles that are
created for an infinitely long time.14 To get rid of this
problem, we can consider, for example, only particles
with no momentum along the z direction kz ¼ 0 and
find (in the B ¼ 0 case)

ΔE
L2

¼
Z
kz¼0

dkxdky
ð2πÞ2 ωk⃗jβλk⃗ j2 coth

�
ωk⃗

2T

�
≡
Z þ∞

m
dω uBðωÞ;

ð76Þ

where uBðωÞ is given by

uBðωÞ ¼
ω2

2π
e−π

ω2

eE coth
�
ω

2T

�
; ð77Þ

and is represented in Fig. 2.

2. Critical field for particle creation

At fixed temperature, inverting Eq. (74) gives the electric
field needed to produce an average of ΔN particles with
momentum ðkz; k⊥Þ,

EðTÞ
ΔN ¼ πm2

e

�
1þ k2⊥=m2

ln coth ω
2T − lnΔN

�
: ð78Þ

In particular, if we fix ΔN ¼ e−1 and work in the low-
momentum regime (we assume here B⃗ ¼ 0, so we can fix
kz ¼ k⊥ ¼ 0), we find, at zero temperature,

Ecrit ≡ Eð0Þ
e−1

¼ π
m2

e
; ð79Þ

in agreement with the standard result, and its generalization
at finite temperature

EðTÞ
crit ¼

πm2

e

�
1

1þ ln coth m
2T

�
≈

T≫m

πm2

e lnð2Tm Þ
: ð80Þ

This shows that for bosons in the high-temperature regime,
the critical electric field decreases logarithmically with the
temperature (in other words, it is easier to create a pair).
Conversely, for fixed electric field, inverting Eq. (74) gives

TΔN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2z þ k2⊥

p
2 tanh−1

�
1
ΔN exp ð−π

m2þk2⊥
eE Þ

� : ð81Þ

Setting, for instance, ΔN ¼ 1 gives the temperature T1

required to observe an average one pair of created particles
for a given electric fieldE, or theminimum temperature such
thatwe still have reasonably high chances of observing a pair.
As an example, for very low energy modes ωk ≃m and for
very weak electric fields eE ≪ m2, we have T1 ≃ m

2
eπm

2=eE.

3. Quantum signal of the Schwinger effect

Now, we turn our attention to the quantum aspects of the
Schwinger effect. In particular, employing logarithmic
negativity as a suitable entanglement measure, we quantify
the amount of entanglement produced and study how it
depends on several model parameters.
To compute the logarithmic negativity, we follow

the steps given in Sec. III B. Recall the formula
LN ¼ maxf0;− log2 ν̃ming, where ν̃min is the smallest
positive symplectic eigenvalue of the partially transposed
4 × 4 covariance matrix σ̃ defined in Eq. (42). We want to
focus on the out state, so we use the covariance matrix
given in Eq. (70). It is not difficult to find

ν̃min ¼ e−2rð1þ 2nIÞ ¼ ð1þ 2nIÞ
�
jβIj −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jβIj2

q �
2

;

ð82Þ

where we have used 0 < jβIj < 1. Therefore, in terms of T
and βI , we directly find

LN ¼ 1

lnð2Þmax

�
0;− ln

�
eωI=T þ 1

eωI=T − 1

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jβIj2

q
− jβIj

�
2
��

: ð83Þ

FIG. 2. Energy density uBðωÞ as expressed in (77).

14For a time-dependent electric field, we would obtain a
kz-dependent β coefficient that vanishes at jkzj → þ∞. This
is, for instance, the case for a pulsed electric field (see, for
example, Ref. [26] or Ref. [72] in 1þ 1). In the literature, for the
case with constant E, a cutoff in the longitudinal momentum kz,
namely, 0 < kz < eEΔt, is used. This cutoff has been verified
numerically in Ref. [44].
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In Fig. 3, we present in a phaselike diagram the logarithmic
negativity as a function of βI and T.
It is easy to see that the higher jβIj is, the more entangled

the system and the higher the temperature, the lower the
entanglement. Furthermore, for a given pair ðIĪÞ there is
entanglement (in the sense LN > 0) if and only if ν̃min < 1,
or, equivalently,

jβIj2>
1

e2ωI=T −1
; i:e:;

T
ωI

<
Tc

ωI
¼ 2

lnð1þjβIj−2Þ
: ð84Þ

We also note that the higher ωI is, the higher the critical
temperature is. For a given pair ðIĪÞ, the critical temper-
ature to have entanglement in terms of electric and
magnetic fields reads

Tc ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2z þ k2⊥

p
ln
�
1þ exp

�
π

m2þk2⊥
eE

�� : ð85Þ

For a given mode, Tc increases monotonously with the
electric field E, reaching a constant value when E → ∞,
namely,

Tc ¼
E→∞

2

lnð2Þω ¼ Tmax; ð86Þ

which corresponds to the limit jβIj2 → 1.

4. Critical field for entanglement

We can do a similar analysis aiming to find a critical
electric field for entanglement. The critical value is given
by the condition (84). To have an entangled pair ðIĪÞ with
frequency ωI at a given temperature T < Tmax, the electric

field should be higher than a critical value E > Eentang,
where

eEðIÞ
entang ¼ π

m2 þ k2⊥
lnðe2ω=T − 1Þ : ð87Þ

Some comments need to be made. First, we recall that the
critical field is mode dependent. Furthermore, at zero
temperature T → 0, eEentang → 0 independent of ωI . In
other words, any nonzero field produces a nonzero squeez-
ing, and the pair is entangled. On the other hand, for
T → TmaxðωÞ, eEentang → ∞. For a fixed k⊥ and fixed T,
there exists a value of jkzj above which there is entangle-
ment (LN > 0). The reason is that the entanglement thresh-
old (Tmax) depends on ωI while jβIj is independent of kz.15
If one wishes to create entanglement, then the minimum

value required for the intensity of the electric field is given
by Ek⊥¼0

entang:

Eentang ¼
πm2

e lnðe2m=T − 1Þ ; ð88Þ

which should be compared to the critical electric field for
particle creation (80), as in Fig. 4. We see that at low
temperatures T ≪ m it is easier to create entanglement than
to create an average of ΔN ¼ e−1 particles (Ecrit > Eentang),
while at high temperatures T → Tmax, it becomes the
opposite.

(a) (b)

FIG. 3. (a) Phase diagramlike representation of the logarithmic negativity of bosons. We clearly see that there exists a temperature
Tc=ω above which there cannot be any entanglement because jβj cannot be higher than 1. (b) Same for different values of squeezing; the
shaded areas correspond to regions where LN > 0.

15We note that this property is characteristic of the con-
stant electric-field case. For example, for a Sauter pulse, βI
depends on kz.
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5. Initial squeezed state

We now present a strategy to amplify the amount of
entanglement produced in the bosonic Schwinger effect. In
particular, we consider an initial single-mode squeezed
thermal state at temperature T as introduced in Sec. III D. In
this case, the first and second moments are

μðinÞIĪ ¼ 0 and σðinÞIĪ ¼ ð1þ 2nIÞ
 
SξS⊤ξ 0

0 SξS⊤ξ

!
; ð89Þ

where Sξ is given in Eq. (62) with θ ¼ π and where we have
used the same squeezing parameter ξ > 0 for the two
modes of the pair. The out state is given, as before, by the
transformation in Eq. (70). In this case, the average number
of created particles with momentum ðkz; k⊥Þ reads

ΔNI ¼ sinh2 rð2nI þ 1Þ coshð2ξÞ

≡ jβIj2 coth
�
ω

2T

�
coshð2ξÞ: ð90Þ

This result must be compared with the thermal one given in
Eq. (73). At fixed T, we can compute the electric field
required to observe an average of ΔN ¼ e−1 particles with
momentum ðkz; k⊥Þ. For low-momentum pairs (we choose
B⃗ ¼ 0 so that kz ¼ k⊥ ¼ 0 is the lowest energy mode), we
obtain the critical field

EðT;ξÞ
crit ¼ πm2

e

�
1

1þ ln coth m
2T þ lnðcoshð2ξÞÞ

�
; ð91Þ

¼
T→0

πm2

e
1

1þ ln coshð2ξÞ ¼
ξ→∞

πm2

e
1

2ξ
: ð92Þ

An initial squeezed state thus reduces the critical electric
field required to observe particle production. This is due to
the stimulated character of the process. To obtain the
critical electric field to have entanglement at a given

temperature T < Tmax, we have to look at the logarithmic
negativity LN ¼ 1

ln 2
maxf0;− ln ν̃ming. The critical electric

field to have entanglement EðT;ξÞ
entang is given by the implicit

equation

ν̃minðEentang;T; ξÞ ¼ 1: ð93Þ

In Fig. 5, we represent the critical electric fields for relevant
particle production and to have entanglement as a function
of the temperature for different values of ξ.

6. Mutual information

To quantify the total amount of correlations in the
Schwinger effect in each mode pair, we compute the
mutual information shared between a given mode I and
its partner Ī (particle/antiparticle pair). The mutual infor-
mation is defined in (41). To compute SV;12 we use the out
covariance matrix of the total system, while to compute
SV;1 and SV;2 we use the reduced covariance matrix of the
subsystem corresponding to mode I (describing particles),
i.e., the upper-left 2 × 2 block of the full covariance matrix,
or the lower-right 2 × 2 block for the mode Ī (describing
antiparticles)

σðinÞI ¼ ð1þ 2nIÞI2 ¼ σðinÞĪ ;

σðoutÞI ¼ ð1þ 2nIÞ coshð2rÞI2 ¼ σðoutÞĪ ;

and Ω2 ¼
�

0 1

−1 0

�
; ð94Þ

where we again used nI ¼ nĪ . We use Eq. (40) to compute
the von Neumann entropies. To this end, we need to find the

FIG. 4. Critical electric fields as expressed in Eqs. (80) and
(88). The shaded area corresponds to the region where the system
is entangled. Above T ¼ Tc, no entanglement is possible.

FIG. 5. Critical electric fields Ecrit and Eentang as expressed in
(91) and (93) in the k⃗ ¼ 0 mode. The shaded areas correspond to
the regions where the system is entangled and are evaluated
numerically. We see, as already explained in Sec. III D, that the
squeezing increases the entanglement and thus decreases the
minimum electric field for entanglement Eentang. The squeezing
also stimulates the pair production, thus reducing the minimum
electric field for particle creation Ecrit.
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(positive) eigenvalue of the symplectic covariance matrix iΩσ and insert it into (40). The relevant symplectic value for the
full system ð12Þ≡ ðIĪÞ reads

νIĪ ¼ 1þ 2nI; ð95Þ

while for the subsystems 1 (I) and 2 (Ī), we find

νI ¼ νĪ ¼
�
2jβIj2 þ 1

�
eωI=T þ 1

eωI=T − 1
¼ coshð2rÞð1þ 2nIÞ: ð96Þ

Therefore, using Eqs. (40) and (41), the mutual information of the out state reads (in terms of jβIj and T)

Minfo ¼
2

lnð2Þ
�
jβIj2

eωI=T þ 1

eωI=T − 1
ln

�
eωI=T þ jβIj2ð1þ eωI=TÞ
1þ jβIj2ð1þ eωI=TÞ

�

þ 1

1 − e−ωI=T
ln ð1þ jβIj2ð1þ e−ωI=TÞÞ− 1

eωI=T − 1
ln ð1þ jβIj2ð1þ eωI=TÞÞ

�
: ð97Þ

For bosons, the mutual information decreases smoothly
with noise (i.e., with T) and increases with jβIj2, or,
equivalently, with the electric field E. Contrary to the
logarithmic negativity, the mutual information is a con-
tinuous function that does not have a cutoff.

B. Fermions

Following the previous section, we now consider a Dirac
field initially in thermal equilibrium at temperature T (we
may later take T → 0 to recover vacuum). It is described by
the density matrix

ρ̂ðinÞ ¼ ⊗
I
ðρ̂ðin;RÞIĪ ⊗ ρ̂ðin;LÞIĪ Þ; ð98Þ

where

ρ̂ðin;iÞIĪ ¼ 1

ZðiÞ
IĪ

X1
n;n̄¼0

e−ω
ðiÞ
I ðnþn̄Þ=T jn; n̄iðin;iÞIĪ hn; n̄jðin;iÞIĪ ; ð99Þ

with i ¼ ðR;LÞ, and where I ¼ ðk⃗; lÞ when E⃗kB⃗ and I ¼ k⃗

when B⃗ ¼ 0. The initial density matrix ρ̂ðin;iÞIĪ is given in

Eq. (51). As for the scalar case, the frequency ωðiÞ
I of a

mode I depends on the magnetic field as follows:

ωðiÞ
I ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2z þ k2⊥

q
;

where k2⊥ ¼

8><
>:

k2x þ k2y if B ¼ 0;

2leB for typeR if B ≠ 0;

2ðlþ 1ÞeB for typeL if B ≠ 0:

ð100Þ

In what follows, we study the number of created particles as
well as the entanglement profile of this system. From now
on, we omit the superindex ðiÞ. All the results presented
below are valid for the two types of modes (L and R).

1. Number of created particles

Fermions at an initial temperature T are described by the
Fermi-Dirac statistics

hN̂ðinÞ
I i ¼ fI ¼ hN̂ðinÞ

Ī i with fI ¼
1

eωI=T þ 1
: ð101Þ

Or, equivalently, for the pair particle/antiparticle

hN̂ðinÞ
IĪ i ¼ 2fI: ð102Þ

The in density matrix in the out basis fj00i; j01i;
j10i; j11ig reads (as before, we label it as ρ̂ðoutÞ)

ρ̂ðoutÞIĪ ¼

0
BBBB@

ð1 − fIÞ2jαIj2 þ f2I jβIj2 0 0 ð1 − 2fIÞα�Iβ�I
0 fIð1 − fIÞ 0 0

0 0 fIð1 − fIÞ 0

ð1 − 2fIÞαIβI 0 0 ð1 − fIÞ2jβIj2 þ f2I jαIj2

1
CCCCA: ð103Þ
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It can be also useful to give the density matrix of the reduced systems in the out basis (with only particles or only
antiparticles), it reads

ρ̂ðoutÞI ¼ TrĪ½ρ̂ðoutÞIĪ � ¼
� ð1 − fIÞ2jαIj2 þ f2I jβIj2 þ fIð1 − fIÞ 0

0 ð1 − fIÞ2jβIj2 þ f2I jαIj2 þ fIð1 − fIÞ

�
ð104Þ

and ρ̂ðoutÞĪ ¼ ρ̂ðoutÞI . The average number of particles (and of
antiparticles) of a given type (R or L) and in a given mode I
(Ī) is given by

hN̂ðoutÞ
I i ¼ jβIj2þ

1− 2jβIj2
1þ eωI=T

¼ fI þjβIj2ð1− 2fIÞ: ð105Þ

In this case, we see that contrary to the scalar case, fewer
than jβIj2 particles have been created. This is logical
because the number of particles in a given mode is limited
to one due to the Pauli exclusion principle. The particles
already present initially in the thermal state thus decrease
the number of particles that can be created. It is convenient

to define explicitly the differenceΔNI ¼ hN̂ðoutÞ
I i − hN̂ðinÞ

I i.
In terms of electric and magnetic fields, the number of
created particles reads (for both L and R type)

ΔNðkz;k⊥Þ ¼ exp

�
−π

m2þ k2⊥
eE

�
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2þ k2z þ k2⊥

p
2T

!
:

ð106Þ

We recall that for the B ¼ 0 case k2⊥ ¼ k2x þ k2y, while for
the case with a magnetic field k2⊥ ¼ 2leB for the R-type
particles and k2⊥ ¼ 2ðlþ 1ÞeB for the L-type particles. So
this formula is valid for all cases and particle types.
For completeness, we can also compute the average

created energy in mode I of frequency ωI. The average
energy increment per mode reads

hΔEIi ¼ ωIΔNI ¼ ωIjβIj2
eωI=T − 1

eωI=T þ 1
¼ ωIjβIj2 tanh

�
ωI

2T

�
;

ð107Þ

and as in the scalar case, integrating ΔEI over the modes I
gives a spectrum that diverges at high energies due to the
independence of βI in kz. Just as we did in the scalar case,
we can simply integrate over kx and ky at kz ¼ 0 (in the

B⃗ ¼ 0 case) to find

ΔE
L2

¼
Z
kz¼0

dkxdky
ð2πÞ2 ωk⃗jβλk⃗ j2 tanh

�
ωk⃗

2T

�
¼
Z þ∞

m
dω uFðωÞ;

ð108Þ

where uFðωÞ is given by

uFðωÞ ¼
ω2

2π
e−π

ω2

eE tanh

�
ω

2T

�
; ð109Þ

and is represented in Fig. 6.

2. Critical field for particle creation

As in the scalar case, we can compute the electric field
needed to produce an average of ΔN particles with
momentum ðkz; k⊥Þ. Inverting (106), we find

EðTÞ
ΔN ¼ πm2

e

�
1þ k2⊥=m2

ln tanh ω
2T − lnΔN

�
: ð110Þ

Furthermore, we can define the critical electric field for
particle creation as the minimum electric field such that
ΔN > e−1. We thus have e−πm

2=eE tanhðm
2TÞ > e−1, which

gives

EðTÞ
crit ¼

πm2

eð1þ ln tanhðm
2TÞÞ

: ð111Þ

As in the scalar case, we recover the well-known Ecrit ¼
πm2=e in the T → 0 limit, but contrary to that case,
the critical electric field here increases with the temper-
ature, reaching an infinite value Ecrit → þ∞ when
T → Tmax ¼ m

2arctanhðe−1Þ.

FIG. 6. Energy density uFðωÞ as expressed in (109). Contrary
to the scalar case, the higher the temperature, the less energy is
produced from the electric field. At a fixed value of T, however,
both bosonic and fermionic spectra have the same shape, with a
smooth peak that appears at high electric field.
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For a fixed electric field, Eq. (106) can be also inverted to
obtain the required temperature to observe an average of
ΔN particles (with ΔN between zero and 1) with a given
momentum (and/or Hermite number) I,

TΔN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2z þ k2⊥

p
2 coth−1 ð 1

ΔN exp ð−π
m2þk2⊥
eE ÞÞ

: ð112Þ

3. Quantum signal of the Schwinger effect

We proceed with logarithmic negativity to evaluate the
amount of entanglement produced. For fermions, we use
directly the defining equation given in (34), since the
density matrix is finite, namely, LN ¼ log2ð

P
i jλ̃ijÞ where

jλ̃ij are the eigenvalues of the absolute value of the partially
“time reversed” density matrix

ffiffiffiffiffiffiffi
ˆ̃ρ ˆ̃ρ†

p
. We focus directly on

the out basis. In our case, ρðoutÞIĪ is given in (103), and ˆ̃ρIĪ is
obtained as follows: If the components of the density
matrix in the Fock basis fjijihkljgi;j;k;l¼0;1 are ρijkl, then the

components of ˆ̃ρIĪ are ð−1Þϕijklρkjil where ϕijkl is a phase
that depends on the occupation numbers i, j, k, l as follows:

ϕijkl ¼
ðiþ kÞ½mod 2�

2
þ ðiþ kÞðjþ lÞ: ð113Þ

That is, we exchange the upper-right and lower-left 2 × 2
blocks in (103) and give them an additional �i factor
and get

ˆ̃ρðoutÞ ¼

0
BBBB@

ð1 − fIÞ2jαIj2 þ f2I jβIj2 0 0 0

0 fIð1 − fIÞ −ið1 − 2fIÞαIβI 0

0 −ið1 − 2fIÞα�Iβ�I fIð1 − fIÞ 0

0 0 0 ð1 − fIÞ2jβIj2 þ f2I jαIj2

1
CCCCA: ð114Þ

Its absolute value is

j ˆ̃ρðoutÞj≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ˆ̃ρðoutÞ ˆ̃ρðoutÞ†

q
¼

0
BBBB@

ð1 − fIÞ2jαIj2 þ f2I jβIj2 0 0 0

0 sI 0 0

0 0 sI 0

0 0 0 ð1 − fIÞ2jβIj2 þ f2I jαIj2

1
CCCCA ð115Þ

with sI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2I ðfI − 1Þ2 þ jαIj2jβIj2ð1 − 2fIÞ2

p
.

The eigenvalues of j ˆ̃ρðoutÞj can then be summed to yield the (fermionic) logarithmic negativity:

LN ¼ log2ðTrj ˆ̃ρðoutÞjÞ ¼
1

lnð2Þ ln ðf
2
I þ ð1 − fIÞ2 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2I ð1 − fIÞ2 þ ð1 − 2fIÞ2jαIj2jβIj2

q
Þ: ð116Þ

More explicitly, in terms of ωI , T, and jβIj2,

LN ¼ 1

lnð2Þ ln
�
1þ e2ωI=T þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2ωI=T þ ðe2ωI=T − 1Þ2jβIj2ð1 − jβIj2Þ

q �
−

2

lnð2Þ lnð1þ eωI=TÞ: ð117Þ

In Fig. 7, we plot LN as a function of ω and T in a phaselike
diagram.
Contrary to the bosonic case, the logarithmic neg-

ativity for fermions does not display a temperature
cutoff. As discussed in Sec. III, this behavior relies on
using the fermionic definition of logarithmic negativity
based on partial time reversal, which provides a well-
behaved entanglement quantifier for fermionic systems
[23]. By contrast, if one applies the usual bosonic
partial transpose to the same fermionic density matrix,

one generally obtains a different quantity that can
display, for example, spurious critical temperatures,
reflecting the fact that the bosonic prescription is not
a good entanglement measure for fermionic systems. In
what follows, we will study the general behavior of LN
and some limiting cases.
First, we note that, at fixed jβIj, the logarithmic neg-

ativity decreases as T increases. In particular, for high
temperatures we find that the logarithmic negativity
decreases quadratically with the temperature, namely,
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LN ¼ ð1 − jβIj2ÞjβIj2
lnð2Þ

ω2

T2
þO

�
ω4

T4

�
: ð118Þ

On the other hand, the logarithmic negativity at fixed jβIj
reaches its maximum at T ¼ 0 (or fI ¼ 0),

Lð0Þ
N ¼ lnð1þ 2jβIj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jβIj2

p
Þ

lnð2Þ : ð119Þ

At fixed T (or fixed fI), we find that the logarithmic
negativity has a maximum at jβIj2 ¼ 1=2,

LðmaxÞ
N ¼ ln ð2þ 4fIðfI − 1ÞÞ

lnð2Þ

¼ 1

lnð2Þ ln
�
1þ tanh2

�
ωI

2T

��
: ð120Þ

Note that LðmaxÞ
N reaches its maximum value at T ¼ 0,

namely, Lðmax;0Þ
N ¼ 1. This is expected, since entanglement

is bounded by the finite local Hilbert-space dimension [24].
In addition, we also note that LN goes to zero for jβIj2 →

0 and for jβIj2 → 1.16 When jβIj approaches either of these
two limiting values, the logarithmic negativity goes as

LN ¼ ð1 − 2fIÞ2
fIð1 − fIÞ lnð2Þ

u2I þOðu4I Þ

¼ 2

lnð2Þ
�
cosh

�
ωI

T

�
− 1

�
u2I þOðu4I Þ; ð121Þ

where u2I ¼ jβIj2 for the limit jβIj2 → 0 and u2I ¼
ð1 − jβIj2Þ for jβIj2 → 1.

4. Optimal field for entanglement

As in the scalar case, it is interesting to analyze the
logarithmic negativity in terms of the electric field. In this
context, we easily see that at fixed T, there is a value of the
electric field for which the entanglement is maximal, i.e.,

LN ¼ LðmaxÞ
N . This value is obtained for jβIj2 ¼ 1=2.

Therefore, the field that maximizes entanglement reads

eE� ¼
πðm2 þ k2⊥Þ

ln 2
: ð122Þ

This critical value is independent of T; however, it gives

smaller values of LðmaxÞ
N as T increases. For E > E� or E <

E� the fermionic logarithmic negativity is always smaller

than LðmaxÞ
N .

5. Finite-resolution criterion

We now explore benchmark values of the electric field
and temperature leading to a value for the logarithmic
negativity above a detectability threshold ϵ, i.e., LN > ϵ.
This lower bound is operationally motivated by experi-
mental uncertainties in the construction of the density
matrix. Our objective is to formulate analytical expressions
that an experimenter could directly use to assess entangle-
ment detectability, given the minimum value of logarithmic
negativity that can be resolved, and determine the range of
temperatures and electric fields needed for such a detection.
For illustration purposes, in Appendix C, we demonstrate
how a lower bound ϵ in logarithmic negativity detection can
emerge given the error δ in determining the density matrix
elements.
In what follows, we will use the following condition for

the logarithmic negativity:

LN > ϵ; ð123Þ

with 0 < ϵ ≪ 1 to define effective critical scales for T and
E by solving LN ¼ ϵ.

(i) Fixed E. At fixed jβIj2 (or fixed E), the condition
(123) defines an effective critical temperature,

TcðϵÞ ¼
ω

ln
�
1þ2ϵ=2gðϵÞ
1−2ϵ=2gðϵÞ

�

with gðϵÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ϵ − 1

2ϵ − 1þ 4ð1 − jβIj2ÞjβIj2
s

: ð124Þ

Requiring TcðϵÞ to be real and positive, namely

2ϵ=2gðϵÞ < 1, gives ϵ < Lð0Þ
N (i.e., ϵ should be

smaller than the maximum value allowed at fixed

FIG. 7. Phaselike diagram representation of the logarithmic
negativity of fermions. Contrary to the bosonic case, as long as
jβj > 0 there exists no temperature above which the logarithmic
negativity vanishes.

16Note that LN is invariant under the change
jβIj2 → ð1 − jβI j2Þ.
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jβIj, which is obtained in the zero-temperature limit),

with Lð0Þ
N given in Eq. (119). For very small ϵ, we find

TcðϵÞ ¼
ωI

2

2L
ð0Þ
N − 1ffiffiffiffiffiffiffiffiffiffiffiffi
lnð2Þϵp þOðϵÞ: ð125Þ

As expected, for ϵ → 0, Tc → ∞.
(ii) Fixed T. At fixed T, the condition given in Eq. (123)

results in the following condition for the electric-
field strength:

E−ðϵÞ < E < EþðϵÞ; ð126Þ

where

eE�ðϵÞ ¼
πðm2 þ k2⊥Þ
− ln jβ�j2

with

jβ�ðϵÞj2 ¼
1

2
� 2ϵ=2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð2ϵ − 1Þ coth2

�
ω

2T

�s
:

ð127Þ

Imposing the square root to be real requires

ϵ < LðmaxÞ
N , which is equivalent to demanding that

the error ϵ lies below the maximum negativity at
fixed T, which is given in Eq. (120). For ϵ → 0, one
recovers eE− → 0 and eEþ → ∞, consistent with
LN → 0 as jβIj2 → 0 or 1.

In this sense, TcðϵÞ is the maximum temperature for
which the entanglement of a given mode remains detectable
(i.e., LN > ϵ) at fixed field strength, while E�ðT; ϵÞ delimit
the field window where entanglement remains detectable at
fixed temperature. Operationally, a claim of entanglement
detection requires working below Tc and within the
window E−ðϵÞ < E < EþðϵÞ; outside this region the state
may still be weakly entangled but below the experimental
sensitivity encoded in ϵ.

6. Axial anomaly

As a sanity check, it is worth reproducing the axial
anomaly. In the configuration E⃗kB⃗, the Bogoliubov coef-
ficients for Dirac fermions differ by one Landau level
between the two chiral sectors, namely,

jβðRÞl j2 ¼ exp

�
−π

m2 þ 2leB
eE

	
;

jβðLÞl j2 ¼ exp

�
−π

m2 þ 2ðlþ 1ÞeB
eE

	
; ð128Þ

where we have recovered the notation introduced in Sec. II,

We note that jβðLÞl j2 ¼ jβðRÞlþ1j2 for all l ≥ 0.

For a fixed longitudinal momentum kz, the mean number
of created pairs in each chiral family is given in Eq. (106).
The chiral difference summed over Landau levels then
reads

X∞
l¼0

ðΔNR − ΔNLÞ ¼ jβRð0Þj2 tanh
 
ωðRÞð0; kzÞ

2T

!

¼ exp
�
−π

m2

eE

	
tanh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2z

p
2T

!
:

ð129Þ

In the massless limit, ΔNR and ΔNL actually correspond
to the number of right-chiral and left-chiral particles,
respectively, so that the total axial charge by unit length
reads

Δn5 ¼
2

L

Z
dkydkz
ð2πÞ2

X
l≥0

ðΔNR − ΔNLÞ

¼ lim
Δt→∞

2eB
Z

eEΔt

0

dkz
ð2πÞ2 tanh

�jkzj
2T

�
¼ e2EB

2π2
Δt;

ð130Þ

where we used that for a constant electric field E acting
during a limited time Δt, the momentum kz is restricted toR dkz

2π → jeEj
2π Δt, therefore,

∂0j05 ¼
Δn5
Δt

¼ e2

2π2
EB; ð131Þ

which is compatible with the axial anomaly [73] and agrees
with the well-known independence of the anomaly at
thermal equilibrium [74,75].
In terms of entanglement, it is interesting to note that the

fermionic logarithmic negativity exhibits different magni-
tudes in the two chiral sectors because their effective
frequencies differ by one Landau level. In particular,

ðωðLÞ
l Þ2 ¼ k2z þm2 þ 2ðlþ 1ÞeB > ðωðRÞ

l Þ2
¼ k2z þm2 þ 2leB: ð132Þ

More concretely, the fermionic logarithmic negativity

satisfies LðLÞ
N ðlÞ ¼ LðRÞ

N ðlþ 1Þ mode by mode. Therefore,
when comparing the two sectors at fixed Landau level l, LN
can be parametrically different in the L andR sectors for the
same external parameters. Operationally, if one imposes a
finite experimental threshold LN > lnð1þ ϵ2Þ= ln 2, it is
possible to have entanglement above threshold in one chiral
sector while it lies below threshold in the other.17

17See Ref. [76] for a detailed analysis of an entanglement
asymmetry in the massless Schwinger model in 1þ 1.
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7. Mutual information

As in the bosonic case, we can also compute the mutual
information shared between particles of a given type (L orR)
and of a given mode (I) and its antiparticle counterpart (Ī).
Themutual information is defined in Eq. (41) as in the scalar
case and can be computed directly from the densitymatrix or
from the covariance matrix using the (fermionic) Gaussian
formalism. In Appendix B, we show how this result can be
computed using the Gaussian formalism for fermions, while
in this subsection we use the density matrix formalism.

To this end, we take the defining formula of the von
Neumann entropy SV ¼ −Tr½ρ̂ log2 ρ̂� and compute the
appropriate traces using the explicit representation of the
density matrices in a given basis (we use the out basis
fj00i; j01i; j10i; j11ig for the two-mode system and
fj0i; j1ig for the reduced systems). The components of

ρ̂ðoutÞIĪ are given in Eq. (103), while ρ̂ðoutÞI and ρ̂ðoutÞĪ are given
in Eq. (104). After some algebra, we get, in terms of jβIj, ωI
and T,

Minfo ¼
2

lnð2Þð1þ e−
ωI
T Þ

 �
jβIj2

1 − e−2
ωI
T

1þ e−
ωI
T

− 1

�
ln

�
1 − jβIj2

1 − e−2
ωI
T

1þ e−
ωI
T

�

−
�
jβIj2

1 − e−2
ωI
T

1þ e−
ωI
T

þ e−
ωI
T

�
ln

�
e−

ωI
T þ jβIj2

1 − e−2
ωI
T

1þ e−
ωI
T

�
−
ωI

T
e−

ωI
T

!
: ð133Þ

The mutual information for fermions presents some simi-
larities and some differences with respect to the scalar case
(97). It is a smooth function that decreases as the thermal
noise increases. However, it is not a monotonically increas-
ing function in jβIj, but has a maximum at jβIj2 ¼ 1=2. As
wewill see in the subsequent discussion, this value of jβIj is
associated with a value of the external electric field E� for
which the mutual information (as well as the logarithmic
negativity) is maximal.

C. Connection to experiment

In vacuum QED, the relevant scale for the Schwinger
effect is the Schwinger field ES ¼ m2

ec3

eℏ ≈ 1.3 × 1018 V=m,
which corresponds to an intensity of IS ≈ 1029 W=cm2.
Current state-of-the-art lasers can reach intensities up to
I ≈ 1023 W=cm2 (see, for example, Refs. [77,78]), i.e.,
E ≈ 1015 V=m, still several orders of magnitude below
ES.

18 Therefore, a direct observation of vacuum pair
creation remains beyond present capabilities. In this
regime, it is also not meaningful to discuss pair entangle-
ment: Measurements capture total production and current,
not correlations of specific pairs. This motivates the search
for analog realizations where the same physics can be
probed under experimentally accessible conditions.
In the mesoscopic Schwinger effect, an applied electric

field in graphene induces electron-hole pair production, the
solid-state analog of vacuum pair creation. In this context,
our formulas directly apply with the replacementsmc2 → Δ
(the effective gap, i.e., the minimum energy scale that
appears in the channel due to its finite size) and c → vF

(the Fermi velocity), with the caveat that the experiment is
effectively in 1þ 2 rather than 1þ 3 dimensions. This
dimensionality change does not alter the mode-by-mode
analysis we use, but it does affect integrated quantities
such as the total current (see Ref. [82] for explicit results in d
dimensions). Universal one-dimensional Schwinger
conductance was recently reported [10], consistent with
electron-hole pair production in graphene. For the
effective gap values quoted in the experiment, namely,
Δ≲ 0.2 eV, the associated Schwinger field is ES ¼
Δ2=eℏvF ≈ 6 × 107V=m, which, as discussed, is experi-
mentally accessible. The same experimental setting is also
promising for probing entanglement. Focusing on the low-
est-energy mode (k⊥ ¼ 0 and ω ¼ Δ), the fermionic log-
arithmic negativity does not exhibit a sharp critical
temperature, but it is smoothly suppressed as T=ω increases.
In practice, entanglement detection is limited by experi-
mental resolution, so it is natural to adopt an operational
criterion LN > Lmin

N ðϵÞ as discussed around (123) that will
give an operational window for entanglement detection
E−ðϵÞ < E < EþðϵÞ centered on the optimal value E⋆≈
2.7 × 108V=m. At room temperature T ¼ 300 K and for
ϵ ¼ 10−2, one finds E− ≈ 1.7 × 107 V=m and Eþ ≈ 1.26 ×
1013 V=m so that ES would fit within the right window.
However, it is important to note that, at present, the

experimental observable is the conductance, which inte-
grates contributions from all modes. This quantity reflects
the presence of pair production but is not sensitive to the
quantum correlations between electron-hole partners. To
access entanglement, one would need to design observables
sensitive to correlations. This makes the mesoscopic plat-
form both a confirmation of Schwinger physics and a
promising starting point for future tests of its genuinely
quantum character.

18Various schemes (e.g., pulse shaping or dynamical assis-
tance) have been proposed to enhance strong-field signatures, but
even optimistic projections remain below ES (see, e.g., [79–81]).
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Finally, we would like to briefly mention an experimen-
tal possibility to detect the analog Schwinger effect for
bosons. In Refs. [11,12], it has been proposed that magnetic
inhomogeneities in chiral magnets can trigger magnon-
antimagnon pair production in close analogy to electron-
positron creation in vacuum. In this mapping, the role of the
electric field is played by the external magnetic profile,
while magnons take the place of charged particles (i.e., the
formulas above for pure electric field E can be used with
the replacements eE → μeff∇B with μeff the effective
magnetic moment of a magnon, mec2 → Δ with Δ the
magnon gap set by the experiment, and c → vm with vm the
spin-wave velocity). In this setting, the protocol we have
outlined in Sec. IVA 5 to maximize entanglement through
squeezed initial states could also be implemented. In fact,
proposals to engineer squeezed magnon states already exist
in related cavity platforms [83], suggesting that this route
might provide a realistic option to test quantum correlations
in a bosonic analog of the Schwinger mechanism.

V. CONCLUSIONS

In this article, we have analyzed pair creation in strong-
field QED from a quantum information perspective, focus-
ing on entanglement for scalar and spinor fields in constant
backgrounds. Working mode by mode, and using Gaussian
tools when required, we derived closed-form expressions
for particle production, logarithmic negativity, and mutual
information starting from thermal initial states.
For bosons, thermal fluctuations enhance particle produc-

tion through the Bose factor cothðω=2TÞ [see Eq. (74)].
However, the quantum character of the process—captured by
the logarithmic negativity—survives only below a (mode-
dependent) critical temperature Tc as we show in Eq. (85).
Analogously, at a fixed temperature, we found that the
bosonicpairsare entangledonly ifE > Eentang with thecritical
field given in Eq. (87). We also discussed how to enhance
entanglement by means of an initial squeezed state.
For fermions, Pauli blocking competes with pair crea-

tion, producing the characteristic tanhðω=2TÞ in the par-
ticle number [see Eq. (106)]. Entanglement exhibits a
qualitatively different pattern with respect to the scalar
case: The logarithmic negativity is a smooth function of T
and jβIj2 (which is constrained between 0 and 1). It is
monotonically suppressed as T increases, and, at fixed T, it
reaches its maximum at jβIj2 ¼ 1=2, which defines a
temperature-independent optimal field E ¼ E� [see
Eq. (122)]. For experimental purposes, one may nonetheless
introduce an operational thresholdLN > ϵ, which induces an
effective entanglement window E−ðϵÞ < E < EþðϵÞ and a
corresponding temperature scale TcðϵÞ [see Eq. (123) and
the subsequent discussion]. As a consistency check, we
reproduced the axial anomaly and commented on the
entanglement differences between the two sectors (L and R).
Finally, we discussed the implications for near- and

midterm experiments. In vacuum QED, the Schwinger

scale ES ¼ m2
ec3=eℏ is not yet accessible, but analog

experiments operate in regimes where our mode-by-mode
criteria and thresholds are, in principle, applicable. Beyond
constant fields, our formulas could be applied directly to
pulsed profiles once the corresponding Bogoliubov coef-
ficients are given.
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APPENDIX A: DETAILS FOR FERMIONS

In this Appendix, we give some details for fermions that
are complementary to the analysis in Sec. II.

1. Spinor solutions for B = 0

Here we study in detail the spinor solutions for the B⃗ ¼ 0
case. The mode expansion given in (18) can be still used
with the replacementZ

d2k eik⃗·y⃗
X
l∈N

e−
η2

2HlðηÞ →
Z

d3 k eik⃗ x⃗; ðA1Þ

and the variables

u ¼ kz þ eEtffiffiffiffiffiffi
eE

p ; λk ¼
k2x þ k2y þm2

eE
: ðA2Þ

Following the same strategy as in the B⃗kE⃗ case, it is
possible to find two bases of solutions that are well behaved
in the asymptotic past and future, respectively,
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Bin ¼
n
UL

in; U
R
in; V

L
in; V

R
in

o
and Bout ¼

n
UL

out; UR
out; VL

out; VR
out

o
; ðA3Þ

where

UL
in=outðk⃗; uÞ ¼ N λk L1=2ðk⃗; uÞ;

UR
in=outðk⃗; uÞ ¼ N λk R1=2ðk⃗; uÞ; ðA4Þ

VL
in=outðk⃗; uÞ ¼

ffiffiffi
2

p
N λk L−2=−1ðk⃗; uÞ;

VR
in=outðk⃗; uÞ ¼

ffiffiffi
2

p
N λk R−2=−1ðk⃗; uÞ; ðA5Þ

and with the normalization constant being

N λk ¼
1

ð2πÞ3=2
e−

λkπ
8ffiffiffiffiffiffiffiffi

4eE
p ; ðA6Þ

and where

Liðk⃗; uÞ ¼ ðALðk⃗Þ þ BLði∂u − uÞÞSiðλk; uÞ; ðA7Þ

Riðk⃗; uÞ ¼ ðARðk⃗Þ þ BRði∂u − uÞÞSiðλk; uÞ; ðA8Þ

with i ¼ f�1;�2g and

ALðk⃗Þ ¼

0
BBB@

m

−kx − iky
m

kx þ iky

1
CCCA; BL ¼

0
BBBB@

ffiffiffiffiffiffi
eE

p

0

−
ffiffiffiffiffiffi
eE

p

0

1
CCCCA;

ARðk⃗Þ ¼

0
BBBB@

kx − iky
m

kx − iky
−m

1
CCCCA; BR ¼

0
BBBB@

0ffiffiffiffiffiffi
eE

p

0ffiffiffiffiffiffi
eE

p

1
CCCCA: ðA9Þ

To find the relationship between the in and out bases, we
follow the strategy given in Sec. II C, and find exactly
Eqs. (31) and (32) with the replacements λl → λk
and λlþ1 → λk.

2. Vacuum persistence amplitude from
the Bogoliubov coefficients

As an illustration, we show here how the Schwinger
formula can be obtained from the Bogoliubov coefficients
for spinors in the case B⃗kE⃗. The Schwinger effect manifests
itself in the probability of observing the vacuum state at late
times when the system has been prepared in the vacuum
state at early times. If the vacuum-persistence probability is
different from (and less than) 1, it means that particles have
been created out of vacuum.
Since we work with fermions, the average number of

particles equals the probability of producing a pair
hNIi ¼ jβIj2 ¼ Pð1Þ. Therefore, we can compute the
vacuum-to-vacuum probability as Pð0Þ ¼ 1 − Pð1Þ for
each mode (for more details, see, for example, Ref. [55],
Chap. 2). Therefore, the vacuum-persistence amplitude
(taking into account all modes) reads

jinh0j0ioutj2 ¼
Y
k⃗

Y
l

ð1 − jβðRÞλl
j2Þð1 − jβðLÞλl

j2Þ

¼ exp
�

L2

ð2πÞ2
Z

d2k
X
l∈N

ðlnð1 − e−λlπÞ þ lnð1 − e−λlþ1πÞÞ
�

¼ exp

�
L2

ð2πÞ2
Z

d2k
X
l∈N

Xþ∞

n¼1

−1
n

ðe−nλlπ þ e−nλlþ1πÞ
�

¼ exp

�
−

L2

ð2πÞ2 e
2jEBj

Z
dxdt

Xþ∞

n¼1

1

n
exp

�
−nπ

m2

eE

�
coth

�
nπ

B
E

��

¼ exp

�
−

VΔt
ð2πÞ2 e

2jEBj
Xþ∞

n¼1

1

n
exp

�
−nπ

m2

eE

�
coth

�
nπ

B
E

��
;

where we used the changes of variables dky ¼ −eBdx and dkz ¼ −eEdt and thus,
R
dky ¼ jeBjL and

R
dkz ¼ jeEjΔt

where L ¼ V1=3. This result is in agreement with the standard formula [41,85].
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APPENDIX B: GAUSSIAN FORMALISM FOR
FERMIONS/DETAILS FOR FERMIONIC

SYSTEMS

Although the fermionic Gaussian formalism is not
needed for the observables discussed in this work, since
all relevant quantities can be directly computed from the
finite density matrix (see Sec. III C), it provides a compact
and parallel way to treat bosons and fermions in the same
language. We will give here an operational approach. For a
formal discussion, see, for example, Ref. [86]. As in the
scalar case, for a pair of fermionic modes, their respective
ladder operators fb̂1; b̂†1; b̂2; b̂†2g can be arranged in a four-
vector ψJ. After interaction, in the Heisenberg picture, the
ðinÞ and ðoutÞ operators are related by a Bogoliubov trans-
formation:

ψJ ¼

0
BBBBB@

b̂1;J

b̂†1;J

b̂2;J

b̂†2;J

1
CCCCCA; ψðoutÞ

J ¼ BJψ
ðinÞ
J ;

BJ ¼

0
BBBB@

αJ 0 0 βJ

0 α�J β�J 0

0 −βJ αJ 0

−β�J 0 0 α�J

1
CCCCA: ðB1Þ

It is often assumed that α is real, so that the Bogoliubov
coefficients are parametrized as

α ¼ cos s; β ¼ eiφ sin s; ðB2Þ

where s∈ ð0; π=2Þ. As in the scalar case, it is convenient to
work with the vector of operators R̂ ¼ ðx̂1; p̂1; x̂2; p̂2Þ⊤,
where x̂ and p̂ are defined as in (35). Contrary to the scalar
case, R now satisfies the anticommutation relation

fR̂; R̂⊤g ¼ I4; ðB3Þ

where I4 is the 4 × 4 identity matrix. The first moment μ
and the covariance matrix σ are accordingly defined by

μ ¼ hR̂i;
σ ¼ h½R̂ − μ; R̂⊤ − μ⊤�i: ðB4Þ

We note that for physical states μ ¼ 0 as discussed, for
example, in Ref. [24].
For our purposes, we focus on initial thermal states. It is

not hard to show that the first and second moments for each
two-mode sector ðIĪÞ read

μðin;iÞIĪ ¼ 0 and σðin;iÞIĪ ¼ ið1 − 2fðiÞI ÞΩ4

with fðiÞI ¼ 1

eω
ðiÞ
I =T þ 1

; ðB5Þ

where Ω4 is the fermionic symplectic form and with
i ¼ ðR;LÞ. From now on, we will omit the superindex ðiÞ
except when necessary. We can obtain the first two moments
of the out state from the Bogoliubov transformation

μðoutÞIĪ ¼ O μðinÞIĪ ; σðoutÞIĪ ¼ O σðinÞIĪ O⊤; ðB6Þ

where19

O¼

0
BBBB@

coss 0 cosφsins sinφsins

0 cos s sinφsins −cosφsins

−cosφsins −sinφsins coss 0

−sinφsins cosφsins 0 coss

1
CCCCA:

ðB7Þ
Therefore, the relationship between s and φ and our
Bogoliubov coefficients given in Eqs. (31) (for type L)
and (32) (for type R) is20

coss¼ jαIj; sins¼ jβIj; φ¼ argðβIα�I Þ: ðB8Þ

It is not difficult to see that σðoutÞI ¼ σðoutÞĪ ¼
ið1 − 2fIÞ cosð2sÞΩ2. The average number of particles
(and of antiparticles) of a given type (R or L) and
in a given mode I (Ī) can be obtained using

hN̂ðoutÞ
I i ¼ ½1þ iðσðoutÞI Þ12�=2. It gives

hN̂ðoutÞ
I i ¼ jβIj2 þ

1 − 2jβIj2
1þ eωI=T

¼ fI þ jβIj2ð1 − 2fIÞ

¼ 1

2
ð1 − ð1 − 2fIÞ cos 2sÞ: ðB9Þ

We can also compute the mutual information using the
Gaussian formalism. To this end, we first write the von
Neumann entropy in terms of the positive eigenvalues of
the covariance matrix σ, as we did for the scalar case. We
use SV ¼ ΣJhðνJÞ= lnð2Þ for the von Neumann entropy,
with h defined below and Eq. (41) for the mutual
information, with the only difference that now νJ represents
an eigenvalue of the covariance matrix σ itself and not of
the symplectic one (iΩσ). Let us denote f�νIg the two
eigenvalues of σI and f�νIĪg the four eigenvalues of σIĪ,

19O is derived from (B1) by simply applying a standard change
of basis fb̂; b̂†g → fx̂; p̂g.

20In our computation for the Schwinger effect, β is real and α is
complex, while in the standard derivation it is the other way
around. This is not a problem since the coefficients are related by
a simple rotation that does not change the final result.
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each of them with multiplicity 2. For the out state, we
obtain that the relevant (positive) eigenvalues are

νIĪ ¼ ð1− 2fIÞ; νI ¼ νĪ ¼ ð1− 2fIÞcosð2sÞ: ðB10Þ

Hence, the mutual information reads

Minfo ¼ 2

ln 2



hðð1 − 2fIÞ cosð2sÞÞ − hð1 − 2fIÞ

�
;

ðB11Þ

with hðxÞ ¼ − 1þx
2
ln 1þx

2
− 1−x

2
ln 1−x

2
, with 0 ln 0 ¼ 0. The

same result is obtained directly from the density matrix, as
we show in the main text (133).

APPENDIX C: OPERATIONAL LOWER BOUND
IN LOGARITHMIC NEGATIVITY

In this Appendix, we derive the error in determining the
logarithmic negativity given the experimental error δ in the
construction of the density matrix.
Consider a d × d density matrix ρ̂. Let ρ̂0 be the

reconstructed density matrix from an experiment that is
supposed to match ρ̂. Let δij be the error bars of the
(theoretically) expected density matrix elements, i.e.,

jρ̂ij − ρ̂0ijj ≤ δij for ði; jÞ∈ S; ðC1Þ
where S ¼ fði; jÞ∈ f1;…; dg2∶ ρ̂ij ≠ 0g, and let s ≤ d2

be the number of the nonzero elements of ρ̂ (and ρ̂0). For
simplicity, we assume that ρ̂0ij ¼ 0 whenever ði; jÞ ∉ S.
The logarithmic negativity LN measuring the entangle-

ment across a partition in the state ρ̂ is defined as

LNðρÞ ¼ log2 kρ̂PTk1: ðC2Þ
Here, ρ̂PT represents the partially transposed density matrix
for bosons and the partially time reversed density matrix for

fermions. jjX̂jj1 ≔ Tr
ffiffiffiffiffiffiffiffiffi
X̂†X̂

p
is the trace norm of the

operator X̂.
We are interested in the error in logarithmic negativity;

i.e., we want to find an upper bound in

jLNðρ̂Þ − LNðρ̂0Þj ¼ j log2 jjρ̂PTjj1 − log2 jjρ̂0PTjj1j

¼ 1

ln 2
j ln jjρ̂PTjj1 − ln jjρ̂0PTjj1j: ðC3Þ

Notice that from (C1) and assuming, for simplicity, a
uniform error across the nonzero entries, δij ¼ δ, we can
write

jρ̂PTij − ρ̂0PTij j ≤ δ: ðC4Þ

To start, it is easier to compute the Frobenius norm of the
partially transposed density matrix difference and then

relate this to the corresponding trace norms. The
Frobenius norm of an operator X̂ with matrix entries Xij is

jjX̂jj2 ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i;j

jXijj2
s

: ðC5Þ

Setting X̂ ¼ ρ̂PT − ρ̂0PT,

jjρ̂PT − ρ̂0PTjj2 ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i;j

jρ̂PTij − ρ̂0PTij j2
s

≤
ffiffiffi
s

p
δ; ðC6Þ

where we made use of the fact that ρ̂ and ρ̂0PT have s
nonzero entries.
Now, we want to connect the Frobenius norm to the trace

norm since it is the latter that enters in the definition of
logarithmic negativity (C2). To this end, we use the
inequality (3) of reference [87]

jjX̂jj1 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rankðX̂Þ

q
jjX̂jj2: ðC7Þ

For X̂ ¼ ρ̂PT − ρ̂0PT, with rankðρ̂PT − ρ̂0PTÞ ≤ d, we get

jjρ̂PT − ρ̂0PTjj1 ≤
ffiffiffi
d

p
jjρ̂PT − ρ̂0PTjj2: ðC8Þ

Thus, from (C6) and (C8), one finds

jjρ̂PT − ρ̂0PTjj1 ≤
ffiffiffiffiffi
sd

p
δ: ðC9Þ

Furthermore, the several norms obey the triangle inequality.
For instance, for the trace norm of two operators X̂; Ŷ, we
have

jjX̂ þ Ŷjj1 ≤ jjX̂jj1 þ jjŶjj1: ðC10Þ

Setting X̂ ¼ ρ̂PT and Ŷ ¼ ρ̂0PT − ρ̂PT, we find

jjρ̂0PTjj1 − jjρ̂PTjj1 ≤ jjρ̂PT − ρ̂0PTjj1: ðC11Þ

Similarly, setting X̂ ¼ ρ̂0PT and Ŷ ¼ ρ̂PT − ρ̂0PT, we find

jjρ̂PTjj1 − jjρ̂0PTjj1 ≤ jjρ̂PT − ρ̂0PTjj1: ðC12Þ

Combining the last two inequalities and applying (C9), one
finds���jjρ̂PTjj1 − jjρ̂0PTjj1

��� ≤ jjρ̂PT − ρ̂0PTjj1 ≤
ffiffiffiffiffi
sd

p
δ: ðC13Þ

Furthermore, one can show, e.g., using the mean value
theorem, that for two real numbers a, b, satisfying
1 ≤ a ≤ b,

ln b − ln a ≤ b − a: ðC14Þ
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Thus, setting a ¼ jjρ̂PTjj1 and b ¼ jjρ̂0PTjj1, expression
(C14) applied to (C3) results in

jLNðρ̂Þ − LNðρ̂0Þj ≤
1

ln 2

���jjρ̂PTjj1 − jjρ̂0PTjj1
���: ðC15Þ

Finally, combining (C13) with (C15), we obtain

jLNðρ̂Þ − LNðρ̂0Þj ≤
ffiffiffiffiffi
sd

p
δ

ln 2
: ðC16Þ

We define the threshold parameter

ϵðδÞ ≔
ffiffiffiffiffi
sd

p

ln 2
δ: ðC17Þ

Treating LNðρ̂Þ as the theoretically expected value and
LNðρ̂0Þ as the experimentally reconstructed one, we require

LNðρ̂Þ > ϵðδÞ ðC18Þ
to guarantee that LNðρ̂0Þ > 0. Hence, ϵðδÞ provides the
detection threshold for the theoretically expected logarith-
mic negativity.
For the out density matrix in the fermionic Schwinger

effect (103), there are only six nonzero elements of ρ̂.
Plugging d ¼ 4, s ¼ 6, we obtain

LNðρ̂Þ >
2
ffiffiffi
6

p

ln 2
δ ≈ 7.07δ: ðC19Þ
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