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Tensor spin polarization induced by a curved freeze-out hypersurface
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We investigate how the curvature of the freeze-out hypersurface polarizes massive vector bosons in
relativistic heavy-ion collisions. Starting from the Proca Lagrangian and using the Wigner function
formalism, we perform a systematic gradient expansion to obtain a covariant spin-polarization tensor
expressed in terms of hydrodynamic fields and the curvature tensor of the freeze-out hypersurface. Analytic
results for Bjorken and Gubser flows show that curvature anisotropy generates a nonzero tensor
polarization. For ¢ meson, we estimate the curvature contribution to its spin alignment as
00y, ~ —107* to —1073. We also find that the curvature contribution grows as the system size decreases.

A rough estimate for central O-O collisions gives a spin alignment of order —1072, suggesting that
spin-alignment measurements in such small systems may provide a clean probe of this geometric effect.

DOI: 10.1103/p2mw-b8kf

I. INTRODUCTION

The discovery of A hyperons’ spin polarization has made
spin a new tool to probe the properties of quark-gluon
plasma (QGP) in relativistic heavy-ion collisions. (See
Refs. [1-6] for reviews.) The global spin polarization of
various hyperons, measured by the STAR Collaboration
[7-10], matches predictions from the spin-thermal vorticity
coupling in statistical local equilibrium [11-13]. However,
this coupling fails to explain the local spin polarization
(azimuthal angle dependence) of A as reported by STAR
and ALICE Collaborations [14,15]. To reproduce the
experimental data, one needs to include other effects such
as the spin-thermal shear coupling [16-20] and other
hydrodynamic contributions at leading gradient [21-23].
Therefore, investigating spin polarization in QGP produced
by heavy-ion collisions requires a closer look at the local
equilibrium.

When describing spin polarization in relativistic fluids,
researchers often use the local equilibrium density operator
[24-26]. To determine this extended grand canonical
ensemble, we need the values of the conserved charges
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(e.g., energy-momentum density) on a 3D hypersurface.
Most past theoretical works assume the major part of the
hypersurface is isochronic [16,22,27,28] (or nearly iso-
chronic [29]). But in numerical simulations, the hypersur-
face is chosen as the freeze-out hypersurface in order to
compare with the experimental data. Taking the Bjorken
expansion as an example [30], the freeze-out hypersurface
resembles an iso-proper-time surface, not an isochronic
one. Since the thermal current field 3, (x) generally violates
the Killing equation 9(,/,) =0, the spin-thermal shear
coupling should depend on the hypersurface. We will
further explain this in the following.

Thus, there may appear a novel contribution to the spin
polarization due to the geometrical shape of the freeze-out
hypersurface. By analyzing the parity and time-reversal
properties of the gradient expansion [27,29], one can verify
that the vector spin polarization at leading order (the terms
proportional to thermal vorticity, thermal shear, etc.) would
not be affected by the curvature of the hypersurface. The
effect of the curvature would appear at the next-to-leading
order for vector polarization. (See a recent study of this
issue for fermions in Ref. [31].) To highlight how the shape
of hypersurfaces matters, we study the tensor spin polari-
zation of massive vector bosons, which, as we will show,
would be affected by the curvature at the leading order.

For the spin polarization of vector mesons, the STAR
Collaboration measured the global spin alignment of ¢
[32], and ALICE observed the pr dependent spin align-
ment of J/y and D*T [33-35]. These are all tensor

Published by the American Physical Society


https://orcid.org/0009-0008-4235-5834
https://orcid.org/0000-0001-6293-4843
https://ror.org/013q1eq08
https://ror.org/013q1eq08
https://ror.org/01h0zpd94
https://ror.org/013q1eq08
https://crossmark.crossref.org/dialog/?doi=10.1103/p2mw-b8kf&domain=pdf&date_stamp=2026-06-15
https://doi.org/10.1103/p2mw-b8kf
https://doi.org/10.1103/p2mw-b8kf
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

ZHONG-HUA ZHANG and XU-GUANG HUANG

PHYS. REV. D 113, 116024 (2026)

polarizations. Understanding these experimental results
might require introduction of some novel mechanisms,
such as strong ¢ mean field [36-38], strong gluonic fields
[39,40], critical fluctuations [41], and others [42-48].
However, as a benchmark of the spin polarization, it is
important to first clarify the contributions of hydrodynamic
fields [27,28]. Previous studies adopted the ansatz that the
freeze-out hypersurface is mostly a hyperplane except for
the timelike edge [27,28], thus missing the possible geo-
metric effects due to the nontrivial shape of the freeze-out
hypersurface. In this paper, we demonstrate that the tensor
spin polarization induced by the curvature of the hyper-
surface is at the first order in gradient in hydrodynamic
fields, which are one order lower than the ones from purely
hydrodynamic fields [27,28].

The paper is organized as follows. In Sec. II, we discuss
the description of the spin state of massive bosons using
covariant vector and tensor. In Sec. III, we introduce the
local equilibrium density operator for spinful fluids and
perform the cumulant expansion. In Sec. IV, we evaluate
the Wigner function under the density operator with
Feynman rules. In Secs. V and VI, we simplify the
polarization tensor in Bjorken and Gubser flows to estimate
the magnitude. We summarize our main result and discuss
it briefly in Sec. VII.

Within this paper, we use the Minkowski metric

N, = diag(l,—1,—1,—1) and adopt natural units
kg =c=n=1. In Minkowski spacetime, the Levi-
Civita tensor e*° is normalized as €°'23 = 1; in three

spacelike dimensions, e”* is normalized as €' = 1. We
define the shorthand notations A¥*) = (A* + A%)/2 and
Al = (Am — A /2 for an arbitrary rank-2 tensor A* to
represent its symmetric and antisymmetric parts.

II. SPIN STATE OF A MASSIVE VECTOR BOSON

Let us briefly discuss how to describe the spin state of a
massive vector boson; more information can be found in
Ref. [27]. For neutral massive vector bosons,1 such as ¢ or
J/w mesons, their dynamics is governed by the Proca
Lagrangian

1 1
L=—FuF"+ EmZAﬂAM (1)

with F,, = d,A, — d,A, the field tensor, m the mass of the
free vector bosons. The corresponding equations of motion
are the on-shell condition, (0% + mZ)AM =0, and the
Lorentz condition, G”A” = 0. After quantization, the vector
field operator can be decomposed as

'We focus on neutral vector bosons in the paper, but all the
discussions can be straightforwardly extended to charged vector
bosons.

e‘”( ) —th+ Ahe‘”*(k)eik'x]

Mw

s=1

/ &k 1
(2)

with k° = E; = Vk*> + m? following the on-shell condl—
tion, ¢ (k) the spin polarization vectors, and a;, and ak the
annihilators and creators for a vector boson with momen-
tum k and polarization index s. The annihilators and
creators follow the commutation relation

a3 ] =

ag.ay ] = (2m)*(2E,) 80 (k — k)5 . (3)

The polarization vector ¢,(k) is defined by €% (k) = [k]* e,
where ¢4 = 1*, and [k] is a standard Lorentz transformation
from the rest frame of the particle to the frame in which the
particle’s four-momentum is k. For simplicity, we choose
the standard Lorentz transformation [k] as a pure Lorentz

boost L(k) defined by

L0 (k) = Ex/m,
L'j(k) =6, -

LO(k) = L'o(k) = k'/m,
k'k;/[m(Ey + m)].

Therefore, we can express the spin polarization vector in an
explicit way

k-es k' + meyg
m ey-k+m

s (k) = ek — , with s=1,2,3,

where ej = 77, denotes the time direction. Based on the
above definition, we have the following completion and
orthonormal relations for the polarization vectors

6/5(k)€l;(k)77;w = =0y, (5)

which show that three spacelike polarization vectors form a
complete orthonormal basis of the subspace orthogonal
to k.

We describe the spin polarization state by the so-called
spin density matrix. In a relativistic quantum field theory,
this matrix can be defined as [49]

Tr(ﬁ&fj ay)
S Tr(pay ay)’

where k is the four-momentum of the particle in the
laboratory frame. We choose r and s to be 1,2,3, corre-
sponding to x, y, z, the indices of adjoint representation.
Spin density matrix ©(k) is a 3 x 3 Hermitian matrix with
unit trace, which can be decomposed as

O,(k) = (6)

116024-2



TENSOR SPIN POLARIZATION INDUCED BY A CURVED ...

PHYS. REV. D 113, 116024 (2026)

O(k) = %I +%Z@i(k)si + Z‘z"f(k)zii, (7)

where (s');; = —ie'/*, the adjoint representation of SO(3)
fulfilling the commutation relation [s',s/] =i, eVksk,
and XV = slig/) — 5251 /3. We can contract the polarization

vector and tensor from the spin density matrix

©i(k) = tr{s'O(k)} =iy _e*® (k). (8)
Jjk

(k) = w{ZIO(K)) = -0 (K) + 3% (9)

We should point out that the exact forms of ©,,(k) and

€s(k) depend on the choice of the standard Lorentz

transformation [27]. To avoid this, we define the

Lorentz covariant spin polarization vector and polariza-
tion tensor

S(k) =y &' (k)el (k) (10)
T (k)= i(k)el (k)e! (k). (11)

Considering the transformation of ©,.,(k) and ¢,(k) under
the little group preserving momentum k, it is straightfor-
ward to prove that the covariant spin polarization vector
and tensor are independent of the choice of the standard
Lorentz transform. (See Ref. [27].) It has been proved in
Ref. [49] (for the single-particle case) that S¥(k) in
Eq. (10) is the expectation value of the operator defined
by the Pauli-Lubanski vector W*

- I . 1 A
S/‘E_EW/‘:_%eﬂyﬂﬁ‘]y/)PG’ (12)

where J up represents the angular momentum operator and

P, the four-momentum operator. Similarly, we demon-
strate in Appendix A that 7#*(k) defined by Eq. (11) is the
expectation value of the tensor operator

a2 1 oos
T =8U8) + 2 (v —— PPV, 13
+3(n e > (13)

which is given by Ref. [50]. Equation (9) shows that the
spin alignment along a chosen quantization axis can
be directly obtained from the tensor polarization. In
particular, for a spatial axis a = x, y, z, we express the
spin alignment by

30,(k) = Op0(k) ~3 = ~TU(K).  (14)

In particular, the spin alignment measured in experiments
[32-35] is 6@, (k). Using the covariant decomposition in
Eq. (11), this can be rewritten as

60,4 (k) = —€a(k)ez (k)T (k). (15)

To calculate particle polarization in a relativistic fluid, it
is helpful to introduce the Wigner operator

ﬁwwmz/fwwﬁQ—gmG+9mmam,
(16)

where the Heaviside step function € appears as we take the
particlelike branch of the Wigner operator with positive
energy. By plugging in the decomposition of the field
operator shown in Eq. (2), we obtain

o B d3p d3p (27‘[)4 —i(p1—pa)x
W (X, k) - / (277:)13 (27[)23 (2Ep|)(2EP2) Ze | |

rirn

p p AT Al ¥
x & <k - 31 - 72> apzjapl e (p1)es(pa)-
(17)

From the above expression, the Wigner operator fulfills the
Boltzmann equation [49]

a 0 = Uy _

k aan (x,k) =0 (18)
as p; and p, lie on the mass shell during the integration and
therefore (p, + p,) - (p1 — p2) = 0. Using Eq. (18), we
can extract a pair of creator and annihilator for the Wigner
operator by integration over a 3D hypersurface with proper
boundary conditions [49]

50 — m)O(R0)al af = ~ e (K)et (k) / dE - kW, (x.K).

1
b2

Therefore, the density matrix defined in Eq. (6) can be
expressed by a Cooper-Frye type formula [27,49]

R kW, ()
B Zteltl(k)elt/(k) fE dx - kW;w(x’ k)

©,,(k) (19)

with the help of the Wigner function, which is defined by
the expectation value of the Wigner operator

W (x, k) = Tr{pW*(x, k) }. (20)
In general, the argument k in the Wigner function is not

necessarily on the mass shell, however, in Eq. (19), the
integration over X limits it to be on shell.
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In the following calculation, we focus on the projected
Wigner function, which can be decomposed into scalar,
vector, and tensor components

WA (x, k) = A AL Woap(x, k) = (2) f (x, k)

1 v i vpo v
X {—gA’(’H —l—%e" "k, S, (x, k) =T+ (x,k)}.

(21)
One may extract them from the Wigner function by

i AP

f(x’ k) = _2” (k)W/w(x’ k)’ (22)

S”(x, k) = - €ﬂyaﬁkyW(z/}(x’ k)’ (23)

(27)f (x, k)m

1

L wmiy
e L W, (24

T (x, k) = —

where Wi’"’) (x, k) denotes the symmetric and traceless part

of the projected Wigner function W<f”> = A/(‘Z’) A’(’f)x

W (o) (x, k) = A’(‘;)Ag’f)wa,,(x, k)/3. Plugging Eq. (19) into

Eq. (8) and using Eq. (10), we obtain

AT kf (xS (x, k)

G e S VIEN IR

(25)

where we have used the expression ), e*efelef =
€"#r°k,/m. Similarly, we can use the tensor component of
the Wigner function to express the spin polarization tensor in a
Cooper-Frye type formula

[ dE - kf(x k)T (x, k)
 [dZ kf(xk)

TH (k) (26)

to derive which we substitute Egs. (19) to (9) and use Eq. (11).
Inspired by Eq. (15), we introduce the phase-space spin
alignment

604 (x. k) = —ea(k)eq (k)T (x. k). (27)

While the observable 50 ,,, (k) is obtained only after integrating
over the freeze-out hypersurface

[ AZ - kf(x, k)60, (x, k)
90uu (k) = [d= - kf(x,k)

(28)

Therefore, once T, (x, k) is known, one can directly infer the
corresponding phase-space spin alignment and then compare
with the experimental observable after the freeze-out average.

III. LOCAL EQUILIBRIUM DENSITY OPERATOR
AND ITS EXPANSION

For a relativistic fluid that has reached local thermal
equilibrium, we express its density operator by [24-26]

. 1
PLE = Zexp{—/dz,,(y)
LE z

x [T"”(y)ﬁu(y) - %3”””@)9/)0()’)] } (29)

where Z;g is the partition function playing the role of
normalization factor ensuring Trp g =1, d%, denotes
dZn, with dX the measure of the hypersurface X and n,
the normal vector, f, = u,/T represents the thermal
current, and €, is the spin potential. In this paper, we
treat the spin potential as an independent hydrodynamic
field that manipulates the spin of particles in the relativistic
fluid described by spin hydrodynamics [51-58]. Since the
density operator at local equilibrium depends on the choice
of pseudo-gauge [22,23,59], we choose the energy-momen-
tum tensor and spin tensor in Eq. (29) to be the canonical
currents defined by

. s IO B
T = —FA, - <— 3 Fof? 4 EmZA,,A/’>,

g0 = —fwAc 4 oo,

We should emphasize that the density operator
defined by Eq. (29) depends on the choice of the 3D
hypersurface Z. Typically, it is chosen to be X, where
the fluid truly reaches local thermodynamic equilibrium.
The difference between the density operators at X, and
at X comes from the dissipative effects, which should be
considered when dealing with a realistic fluid (e.g.,
QGP produced by relativistic heavy ion collision). As
for the spin, dissipative effects also contribute to spin
polarization [60,61]. However, this paper only focuses
on the nondissipative contributions to spin polarization
of particles at g, where spin freezes out. Therefore, in
the following, we choose the X = Xpy as the hyper-
surface in Eq. (29).

When evaluating the expectation value of a local
operator in the fluid, the gradient expansion has been
frequently used when dealing with spin polarization
[11,16,22,23,27-29,62]. Specifically, we evaluate the
ensemble average by

00 = Tr{puedl)} = 5

Tr{eAMBO(x)},  (30)

where we introduce

A=—Prg,(x), (31)
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B [ am, 0|1 0)8,0) =5 ()9 0)
(32)

with P+ = Jeo dx, T the momentum tensor and
Ap,(y) = p.(y) = B.(x). We adopt the power-counting
rules by AB,(y) ~Q,,(y) ~O(d), which is implied by
the magnitude of hyperon polarization in the heavy ion
collision experiments [7-10]. Based on the rules, we
expand the exponential expression up to the first order
of the gradient

S ! S
eAMB = A (1 + / die ™ Be* + (9(0)2).
0

Substituting the above expression into Eq. (30), we obtain

O(x) = 00(x) + 0W(x) + 0(9)?, (33)

where
0 (x) = (0(x)) = Tr{eAO(x)}/Treh,  (34)
0 (x) = (B,0(x)),, (35)

with

Br—Aﬂuédaooﬁ¢muxy—wﬁwo—mmm>

1 o
52053 = 29(2)
and (B,0(x))y,, = (B10(x)y — (B1)o(0(x)), the con-
nected part of the correlator. These expressions imply that
the gradient expansion is valid, namely |OW)(x)| <«
|0 (x)|, only if the coefficients in Eq. (32) are small
enough within the correlated region of the operators. Let us
take the thermal current as an example. The Taylor
expansion of f,(y) around x works only if |f|/[0p| > I,
where |f3|/|df| stands for the typical length of the variation
of the thermal current and / stands for the correlation length
of T"(y — i}f(x)) and O(x).

When evaluating O(V)(x), we need to calculate an

integral over the hypersurface ~. However, we only need
|

L OF ¢ PF op op

Y

to consider a small region around x during the integration,
since Eq. (35) contains only the connected correlation,
whose contribution can be ignored in the region far beyond
the correlation length. Such a claim allows us to perform
the integral over an imaginary hypersurface whose point is
close to the real hypersurface within the neighborhood of x.

We assume the 3D hypersurface X can be described as
the zero set of an analytic function F(x)
V xeX. (36)
In the following, we consider point x belonging to the
spacelike part of the surface. By the definition of “space-
like,” we have

OF (x) oF (x)
ox#

> 0.

()x,,

Therefore, we can define the timelike normal vector by
n = v# /v, where v,(x) = 0F (x)/ox* and v = \/v - v. We
also choose the orientation such that n° > 0; if this
condition is not met, one may simply replace F(x) by
—F(x). When evaluating O'))(x), the integration over X
receives relevant contributions only from a small neighbor-
hood of x within the correlation length /. Therefore, it is
sufficient to approximate the hypersurface locally around x.
For this purpose, we choose a local Lorentz frame at x such
that n#(x) = (1,0). In this frame, since X is spacelike at x,
one has 0yF(x) # 0, and thus by the implicit function
theorem the hypersurface can be solved locally as

W=0¢0). Fl$p).y) =0

in a neighborhood of x. Differentiating F(¢(y),y) = 0 with
respect to y’, we obtain

OF(y) 0p(y) , OF(y)

0= g a
dyo ay' ay'

. (37)
W=¢(y)

In this frame, since the tangent plane of X at x is orthogonal
to (1,0), the first spatial derivatives of ¢ vanish at x,
namely, 0 = d¢p/ 0y’ |y:x. Based on Eq. (37), this expression
implies 0,F(x) =0 in the rest frame of n*(x).
Differentiating Eq. (37) once more with respect to y/,
we obtain

*F op O°F

“ a0 ay'ay’ ' 909y ay’ oy

9y 9y’ ay/

0y00y/ day! ' dyoy/ O—gly)

Evaluating this equation at y = x, all terms containing first derivatives of ¢ vanish, and thus

aiaj¢(x) =

0,0;F (x)
F(x)

116024-5
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Since in the chosen frame n - (y — x) = y° — x0, the Taylor
expansion yields

n-(y—x) =¢(y) —p(x)
10,0;F (x)

= (y_

3 9y O =)+ Oy )

(38)

Expressing the above result in a covariant form, we obtain a
relation that holds in any reference frame

ne (=) = 3By =y =2 + Oy =2fl). (39)

where |y — x|, denotes the spatial distance between x and
y measured within the tangent hyperplane, namely,

(A (= x), (- x),)"/2.? Here B*(x) is the curvature

tensor” of X defined by

v 2
B (x) = =AY on'(x) _ _Lpw e OF ()

(n) ox% v (n)=(n) ox”0x°

(40)
To derive the second equality, we use

0,1 (x) = % [0,0°F(x) — n*d,v(x)].

Moreover, from the normalization condition n,n* = 1, one
finds n,d,n"(x) = 0, which implies that d,n"(x) is tangent
to X with respect to the index v. Therefore,

0 1" (x) = AT Oy (x).

Using this relation, the second equality in (40) follows
immediately. It is straightforward to verify that Eq. (39)
reduces to Eq. (38) in the frame of n#(x) = (1,0), by
noticing that AU (x)? > (0,0) and v — A,F(x).
Equation (39) shows that, up to quadratic order, the normal
displacement of the hypersurface away from its tangent
plane is fully characterized by B, (x). We can consider a
virtual hypersurface X' determined by

1
n-(y —x)= EBW(X)(y’ — Xy =x)r, VYV yex,

to replace the true hypersurface X as long as they are close

enough within the correlated region. See Fig. 1 for a sketch.
To be precise, we are assuming

A is the projection tensor defined by A}w = (M — )

*Curvature tensor B depends on how the 3D hypersurface is
embedded in the higher-dimensional space, in this paper, the
Minkowski space-time. It differs from an intrinsic curvature
tensor like the Riemann curvature tensor.

t

4 .
0"
K
K
K

FIG. 1. Sketch of X and X' in the local rest frame of 1, (x). P(x)
stands for the tangent plane of the hypersurface at point x. y is a
point on X; y’ is a point on ¥'; y is a point on the tangent plane.
Since X and ¥’ are close enough within the correlated region, we
do not distinguish between X and ¥’ in the following. During the
variable substitution, y(y) is chosen to be a function of y so that

(y=9),xn

In-(y =y <l fory, =73,

within the neighborhood of x, |y — x|, ~I. Here, y €%,
y € X. We define y as the projection of y onto the tangent
plane P(x), given by

=+ A (=),

while ' denotes the projection of y' onto P(x). For an
analytic hypersurface, this should be true as long as [ is
small enough. In the following, we take this assumption
and do not distinguish between X and X'.

IV. WIGNER FUNCTION AND SPIN
POLARIZATION AT LOCAL EQUILIBRIUM

To evaluate the Wigner operator, we use the expansion
discussed in the previous section. Using the commutation
relation Eq. (3), it is straightforward to obtain

(& ay), = (2E,) 27)°8) (k — q)5™ np (B(x) - k).
Decomposing the Wigner operator into creator and anni-
hilator [see Eq. (17)], we derive
Wi (k) = —(2m)0(K)S(K2 —m2) ALY mp (B(x) &), (41)
where ng(f(x) - k) denotes the Bose-Einstein distribution
in the rest frame of f,(x), namely, 1/(e/®*—1).
Therefore, the scalar distribution reads

Fr k) = 3506 = m2)0(K)ng (B(x) - k) + O3)  (42)
at the leading order.

In the following, we demonstrate the calculation
under the scenario that n,(x) = (1,0). Making such an

116024-6
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assumption will simplify our demonstration while keeping its generality. This is because both the Wigner operator and the
element in the density operator are Lorentz covariant. Therefore, if n,(x) does not meet the criteria, one may calculate
the Wigner function in a frame where n,(x) = (1,0), then perform a Lorentz transformation to obtain the final result in the

original global frame.
Now, let us consider the first-order result. To avoid repetition, we only exhibit the calculation of the first part of Eq. (35),
the part induced by the energy-momentum tensor, that is

Winle(xo) = =) [ i [ a0 = (1 - i) ) (43)

To evaluate the integration over X, we perform the variable substitution y — y and rewrite the integral as an integration over
the tangent plane P(x), as illustrated in Fig. 1. Accordingly, we make the replacements

/Z d3,(y) — / AT = Bl =)

(y=x)*=>F=-x)*+n-(y-y)n*
™(y) > T"F) +n-(y=3)(n-0)T"(F) + -

with

) 1 o
n-(y=y)=n-(y=x) =3B, (5 -x)QF -2
During the calculation, we disregard the items represented by the ellipsis, since we assume that |z - (y — x)| is small within

the correlated region of operators. Expressly, we assume the curvature of the hypersurface is slight enough to satisfy
k| < 1/1 with k = (B,,B*)"/? the quadratic mean of the main curvatures. With this substitution, we derive

! G 5 alTre(y — g Vi (x
winlien) = [Mai [ ) d3y{—n,)(0aﬂa)(y—X) (190 (5 — i2B) W (x, K)o,
+ (a(lﬂ{f)B/)T(.)_] _x)T()_] ) <Tp0-( M’ﬁ)W}w('x k)>
(0B Boy (5~ X)7(5 — (5 — ) (- 0)T7(5 — i2) W (5, ),

S Ouf) B (5 = 2)7 (5 = 2 (1775 — )W (e )+ O(0.% >} (44)

The technique to calculate these terms is demonstrated in Ref. [27]. Therefore, we only exhibit a simple example here.
Let us focus on the leading term in expression (44). Expressing the operators by creators and annihilators and using the
Wick theorem, we obtain

Wl(x ) = n0) [ [ yﬁO(Z / é;%)

1 .
v — a( 45(4) k_@_ﬁ = Lilpo=p3)x
x (¥ —x)%(27) < 2" 2)(2E,)2E,)¢

< [ronrs(pr = pa) i) o(a5 d5oels” (po)es (p1)E” (p2)ef (pa)e(rrmre)

.Y N T Aly ~dyT * * [ — .
(=, pa) a5 A a8 et (pO)elt” (P e (pa)el (ps)e ] (45)

where
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P0,Y172 e—i(PH‘Pz)'ﬁ P 00 V1Y Y2 106 2PV 1 Y172 P0 1 72 V1,00 1 22172 9PC
e (Phpz):m PPyttt = pypon '—E(PI'PZ)’?‘“’? +§P1Pz’7 —5”“7”77 . (46)
P P2

The first step is to integrate over p, and p; with related delta functions then to integrate over y by parts using

d’p; &p, : d’p; &p
By 5 — x)%e=i(p1=p2)-(y=x) :/ 1 2 272)363) (p, —p,)D%(py. —p>). 47
/P(x) y/ (2][)3 (2][)3 (y )C) e (271_)3 (27[)3( ﬂ) (.pl p2) (pl p2) ( )
where
i 0 0
D(py, py) = —= AM <—+—) 48

Then, we derive from Eq. (45) by integrating over p;, p, and summing over a;

2E,

(1) _ ' ipe
W,w |aﬁ(x, k) = —(27[)5(](2 - mz)e(ko)np(aaﬂa)A diD (P], _pZ) (2Ep1)(2Ep2)

, (49)

p1=p2=k

X Gy, (P2) 777172 (p1, =p2) + 7721 (=2, p1)]Gy, (= p1)

where G stands for the propagator

G"(p) =2(n-p)ng(f-p) (_’7/” + %)

G#(=p) = 2 p)1 + ol ) (- + 20,

—ng(—x) = 1 4+ ng(x) has been used to get the second equation. To obtain Eq. (49), we use the fact that D* commute with
83 (k —p,/2 —p,/2) and omit the off-shell term & (k — E;) generated by D* operating on §(k” — E, /2 — E, /2). In
some cases, the off-shell effect would contribute to the spin alignment [63]. However, as we consider the free particle,
although a local off-shell term appears in the Wigner function, it is natural that it disappears after we average it over the full
hypersurface. It thus does not contribute to ©,,(k).

Following a similar process, we derive the other terms of ij,)|T in Eq. (44), which are proportional to the curvature
tensor,

1 1
Wi [pap(x. k) = —(2m)3(K2 — m)0(K")(9,,) / di [—B,,,Dw 5By

2E,

1
D*D* + ~n,B, D*D*D*(—i)n - (p) = p3) | 5o
X +2np K ( l)n (pl p2):| (2Ep])(2Ep2)

. (50)

p1=p2=k

X Gy, (P2) 77172 (p1. =pa) + 77121 (= ps, p1)]G,, (= P1)

where D¥ is short for D¥(p,, —p,). With the same assumptions, we evaluate the other terms of W,(,},) generated by the
correlator between the spin tensor and the Wigner operator

WE (5, k) = 2,0 () / ‘i / A4 ()87 (3 — i2B(x)) WP (x. K)o (51)
= Wi} la(x. k) + Wi} pa(x. k) + O(0.%%) (52)

with
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1 1 2FE
Wihla(x k) = (27)6(k* — m*)0(K%)n, 5 Q / da k
0

2 e (2E,,)(2E,,)
X Gy, (P2)[s¥°772(py, —pa) + s¥711 (=pa, p1)]G,,(—P1) (53)
p1=p2=k
and
1 1
W (e ) = )5k = m2)O(K) 5.0, / i
0
1 2E,
_BarDT + _naBTKDTDK(_i>n : (pl - P2>:| AT N~ )
X Gy, (P2)[s¥712(py, —py) + s¥711 (= pa, p1)|G,,(=P1) : (54)
pi=p>=k
where

e~ (p1+p2)

SHO T2 (p17 pz) ) P — (panm’]ﬂo']/z _ pﬂﬂarlrlﬂrz)‘ (55)
(2EP|)(2EP2) : :

In the following, we exhibit the result of W’(‘;’) by calculating Egs. (49), (50), (53), and (54). We first evaluate the
derivatives with respect to p, and p,, then assign p; = p, = k with k¥ = (Ey, k), and integrate over A at last. We should

emphasize that during the demonstration above, p; and p, should be taken as on-shell, specifically, p1 = E, and p2 E,,

However, when using a program package to assist in the calculation, e.g., FeynCalc [64—66], it is more convement to regard
these two zero components as free variables while modifying D*(py, p,) as

! ap JZ 9 U _ HApp 4
5\ —pln]a + [ —pzn]a—pg-

We present the result of the projected Wigner function by

WG k) = W | k) Wi | (k) + 0(0.), (56)
where
WA Lo k) = =i2m)8(0k2 = )0k (1 + ) A AP [a,(x) = B (Epa(x) + 6Q1a(4))] (57)
withE,, =n,, — lAcﬂny, @,, = 0,p, the thermal vorticity, &, = 9(,f,) the thermal shear tensor, 6Q,, = Q,, — @, the net
spin potential, and
% k) = (27)8(k? 2o(k° 1 Bap P 4 Wi
(1l Ba(x, k) = (27)8(k= = m*)O(k")np( +ns)2( 1 15\ T
<EE 4 (00, B+ (s )] (58

For simplicity, we have not displayed the terms proportional to A,(ll,i) in Eq. (58). In the derivative expansion, these terms

contribute to the scalar distribution at O(9,x). According to Eq. (24), they would induce tensor polarization only at
subleading order.

Equation (57) has been obtained for a different scenario in Ref. [27]. Since W’( ”) |, is antisymmetric conceming uandvy, it
would only contribute to vectorial spin polarization, not scalar distribution, nor tensor polarization. W | po 1S symmetric

concerning the Lorentz indices; therefore, it would contribute to scalar and tensor distribution functlons Bemdes up to the
leading order, the effect of curvature enters only if £ # 0 or Q # @. We present a demonstration by turning off the thermal
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shear and the net spin potential and expanding the density operator up to O(9)

1
PLE ® 7 exp {—ﬂ(x)

N 1 N
T )

where J7°(x) is the total angular momentum with respect to point x, which is defined by

)= [ am [0 -xp ) - (=0 + 370

Since the total angular momentum is defined by the integral of a conserved current, it does not depend on the geometry of
the hypersurface. Therefore, the effect of curvature disappears if the fluid reaches the global equilibrium.
By combining Egs. (57) and (58) and applying Egs. (23) and (24), we extract the spin polarization vector

1
SH(x.K) = =L 1,0 — (& + 30)0)] + O(0,F) (59)

and the spin polarization tensor

14+n kP k°
T (x, k) = JBaﬂ{—gpg (nﬂ" +

6(n-k)

(k)

=au=pu 1w Q ray
) [: HEp —gA’('k)(n b+ k kﬂ)]

v)o 1 UV = — —_ —_ v)o .
+ &5 [E“f’Eﬂ(/‘A o _ 3 A% :aﬂzﬂff] - 59,,(,:fl/):/f<m<,2) } + 0(0,%%). (60)

These expressions describe the polarizations generated by
first-order hydrodynamic fields in d. Equation (60) presents
the tensor spin polarization induced by first-order hydro-
dynamic fields with a curved hypersurface. The curvature
appears at leading order. We treat curvature as an inde-
pendent order, since it is a general feature in our analysis. In
practice, the freeze-out hypersurface is often chosen as a
constant-7 surface. For this case, the curvature is an O(0)
term. Therefore, tensor polarization in Eq. (60) is of the
order of O(d?), same as the ones in Refs. [27,28]. However,
the curvature-related term is new and absent in prior
literature. This term originates from statistical effects and
depends on the definition of the local equilibrium on the
freeze-out hypersurface.

V. FREEZE-OUT IN BJORKEN EXPANSION

In the following, we estimate Eq. (60) in the flow with
Bjorken expansion [30]. Since in the Bjorken expansion,
the fluid preserves the longitudinal boost invariance, we
should expect the freeze-out to take place on a hypersurface
with a constant “proper time” 7 = v/’ —z?, which is
described by

2F(x) = glxix — 7 =0,

where g,lly = diag(1,0,0,—1). Based on F(x), we have the
normal vector

|
n* :xﬂ/rf (61)

with x;Ht = ,‘,‘Dx” and the curvature tensor

B* = (n*n* —gﬁ”)/rf. (62)

As hinted by Bjorken expansion, the fluid velocity is u, =

x,‘,‘ /7 and the gradient of thermal velocity reads

1 u,u, dT
0”/3D = ? (6”14,, - T E)

with  d,u, = (g,”w —u,u,)/t and the cooling rate
dT/(Tdr) = —c?/t, where c; is the speed of sound. The
cooling rate is obtained in Ref. [30] by using the ideal
hydrodynamic equation and assuming the zero chemical
potential, which is applicable for higher collision energy in
RHIC. Therefore, the thermal vorticity is zero, and the
thermal shear reads

T I VN (5

Tzl
Plugging Egs. (62) and (63) into Eq. (60) and turning the
net spin potential to zero, one can write out the tensor
polarization in Bjorken expansion. To estimate the result,
we take another primary assumption that the particle
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produced is static inside the fluid cell, namely, k, = mu
Then, we obtain

e

(1 +np)cs
T (x, k) = — S Blur), 64

where T'; is the temperature when the vector mesons freeze
out. By, implies that in this typical situation, the tensor
polarization comes from the anisotropy of the curvature of
the freeze-out hypersurface. By taking 7'; to be 150 MeV,
7y to be 5 fm, and m to be ¢ meson’s mass 1019 MeV, we
estimate the magnitude of the spin alignment

1+ ng)c? N

50, (x, k) = — ( —107*. (65)

1 2mTfT}

From the symmetry between x and y, we can also conclude
that 60,, <0, and thus, 60, > 0. Therefore, Eq. (64)
seems to imply that in this situation, the longitudinal
polarization state of a vector meson tends to align with
the direction where the curvature is greater than the
average, namely, the direction where the hypersurface
curves more toward the normal vector, in this case, z
direction. This leads to a smaller probability of longitudinal
polarization in the y direction, namely, 60,, < 0.

It is useful to compare Eq. (65) with existing measure-
ments. Although the 60,, signal of the ¢ meson can reach
~0.03 at lower beam energies [32], the observed spin
alignment in collisions closer to the Bjorken assumptions,
namely higher-energy collisions, is much smaller, typically
at the ~1073 level. In this sense, the estimate in Eq. (65)
should be viewed only as a small negative baseline
contribution to the spin-alignment signal in high-energy
collisions.

VI. FREEZE-OUT IN GUBSER EXPANSION

Gubser flow is an analytic solution to the conformal
invariant Navier-Stokes equation [67]. It possesses longi-
tudinal boost invariance and rotational symmetry about the
z axis (corresponding to the central collisions). However,
compared to the Bjorken flow, it lacks transverse transla-
tional symmetry, which accommodates the finite transverse
size in realistic collisions and thus qualitatively depicts the
radial flow.

Gubser flow contains a free parameter g, whose inverse
characterizes the transverse size of the system. In the
following, we adopt 1/g = 4.3 fm, which is obtained by
estimating the gold-gold central collisions at RHIC energy
[67,68]. To cooperate with these symmetry properties, we
adopt a reference frame (z, 7, p, ¢) with 7 the “proper time”
defined in Sec. V, 7 the space-time rapidity, p = /x> + y?
the transverse radius, and ¢ the azimuthal angle. We follow
the result of inviscid fluid in Ref. [67]

T,
Tr=——+, 66
T(1+g2)l/3 ( )

1+ ¢ aﬂ ox*
o +qr+qp X ap (67)

2qr \/1 TP’

where

1 -2+ ¢@p?
R
qr
and ox*/dr and dx*/dp stand for unit vectors in 7 and p
directions, namely,

oxt 1 oxH

1
e
or | p pt

with x| = ¢/"x, and ¢" = diag(0, -1, —1,0). According
to a quasirealistic estimation in Ref. [67], for gold-gold
collisions at RHIC energy, 7y = 2.99. Letting g — 0
properly (keeping g7, a constant), one would recover
the Bjorken flow.

If we assume the freeze-out temperature to be 150 MeV,
given by Eq. (66), gz ~0091 in the paraxial region
(gp < 1) of the freeze-out hypersurface. Therefore, to
simplify the calculation, we focus on the paraxial region
of the hypersurface, and thus, we assume 67 = gz — | and
0p = qp as small quantities 6 ~0.1 and continue our
calculation by performing these expansions. For example,
for temperature and fluid velocity, we have

2 1
T = Toq[1—5r+3 —55‘:(5 - 8p%)| +O(8*),
1 ox*
F=1+=0p* | — 6~— o(s*
u < +3 p) 5t o + O(8%).

Since we will use the second-order spatial derivative of the
temperature field, we have to expand it up to &°.

With the equation of hypersurface, 7°(1 + g*) = const.,
we obtain

oxt oxH
w2 2552 4 o5
=5 T3 0Tp G+ O,

and thus we obtain the curvature tensor

B = A””a n
() gx®

i(n w—g) - —q(w; +O?).  (68)

As for the thermal shear tensor, we first calculate the
cooling rate

(n -Ta)T _ _q<1 - %5%) +0(8)
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and the kinetic shear d,u,), then we have

= 1 k) — gy L )T
T T

_ TL [n"” g (gi + gnﬂnvﬂ LO@).  (69)

0

As in the previous section, we assume k, = mu,,. Plugging
Egs. (68) and (69) into Eq. (60), we have

T (x, k) = — 08 <Z + 5%) B (x),  (70)

- 6mT, \2

where B%) implies that in the Gubser flow and with all
those assumptions, an anisotropic curvature would induce
tensor polarization. Using the definition of €, (k), we obtain
the spin alignment measured in the y direction

(14+ng)g (7 29 __ B
50, (x,k)=——222 (2257 | ~=3x 1073, 71
b (:K) omT, \6 18" % (71)

Therefore, similar to the Bjorken flow, in this situation, the
spin +1 state of a vector meson tends to align in the
direction with smaller curvature than the average. Thus, the
probability of longitudinal polarization in x and y directions
is lower than z.

Compared with the Bjorken estimate (65), the Gubser
estimate (71) is enhanced by the finite transverse size and
reaches the 1073 level. Nevertheless, it remains negative
and is more appropriately regarded as a benchmark con-
tribution rather than a complete description of the data.

From Eq. (71), one can also observe a property by
choosing a system with a different size L, such as a lead-
lead collision or a slightly noncentral gold-gold collision.
Since 1/q depicts the typical transverse length of the
system, one should expect ¢~ L~'. And according to
Ref. [67], Ty ~ (dN/dn)'/3. Since dN/dn ~ L3, we have
Ty~ L. From the leading term of Eq. (71), one finds
00, ~ L2, implying a stronger curvature effect for a
smaller system. Based on this scaling, we can make a rough
estimate for central O-O collisions. Taking Ly, : Lg ~ 2.5,
we obtain

50\ ~ —1072. (72)

This estimate is negative and sizable, exceeding in magni-
tude the spin-alignment signal observed for the ¢ meson in
higher-energy Au-Au collisions, where the Gubser picture
is expected to be more relevant. If other contributions to
spin alignment, such as those from the ¢ mean field, do not
gain a comparable enhancement in high-energy O-O
collisions, the curvature-induced contribution may become
more prominent there. In this sense, spin-alignment mea-
surements in high-energy O-O collisions may provide a

relatively clean probe of the polarization induced by the
curvature of the freeze-out hypersurface.

VII. CONCLUSION AND DISCUSSION

In this work, we formulate a covariant description of spin
polarization for massive vector bosons using components
of the Wigner function, S#(x, k) and T#(x, k), defined in
Egs. (22)—(24). For instance, the spin polarization tensor is
given by the traceless and symmetric part of the projected
Wigner function

T (x, k) = W k) (73)

By evaluating its average over the hypersurface via the
Cooper-Frye formula (26), we obtain the expectation value
of the spin polarization tensor (13). Our results show that
the curved freeze-out hypersurface significantly affects the
spin alignment of massive vector bosons in relativistic
fluids. We identify the curvature tensor B,, defined in
Eq. (40) as a key contributor to the tensor polarization.
Specifically, curvature-induced contributions arise from
terms proportional to first-order hydrodynamic fields, such
as the thermal shear ,, and the net spin potential 5Q,,

1+n KK\ otumin

—aps vjo _ =ap=, v)o
+ 02 p_ﬁ(ﬂA(k) 89,2 P_ﬁ(#A(k)] . (74)

We estimate the tensor polarization for both Bjorken and
Gubser flows, revealing that anisotropic curvature induces
tensor polarization. Notably, the longitudinal polarization
state prefers to align with directions of greater curvature.
Consequently, the spin alignment along the y direction,
80,,, is negative and with a magnitude of 107*-1073.
Further analysis of the Gubser flow suggests that curvature
effects on spin alignment are more significant in systems
with smaller transverse sizes.

We stress that the above discussion applies specifically to
the spacelike freeze-out hypersurface. For implementation
in numerical simulations, future research must address the
timelike part of the freeze-out hypersurface. Additionally,
the above result depends on our choice of pseudo-gauge. In
particular, for the tensor polarization, we emphasize that the
results differ from the Belinfante pseudo-gauge even if we
neutralize the net spin potential, namely, setting the spin
potential to be the thermal vorticity. This occurs because
the canonical spin tensor for the vector boson is not fully
antisymmetric [59]. These issues will be considered in
future studies.
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APPENDIX A: SPIN POLARIZATION TENSOR

For a single particle statfe in relativistic quantum
mechanics, the spin polarization vector S#(k) defined by
Eq. (10) is the expectation value of the vectorial spin
operator S defined by Eq. (12), which has been proved in
Ref. [49]. In this appendix, we follow Ref. [49] to
demonstrate that for a single massive particle state,
TH (k) defined by Eq. (11) is the expectation value of

the tensor spin operator 7" defined by Eq. (13).
For a single massive particle, the eigenspace of the

momentum operator 13” is formed by |k) that satisfy

P,|k) = k,|k), where k, is on the mass shell, k* = E,.
Noticing that [Sﬂ,f’y} =0, we can restrict S’M to the
eigenspace of IA’M labeled by k,. As S-P =0, for all

the |k) in the eigenspace, we have S - k|k) = 0. Hence, we
can conclude that

S(k) -k =0,

where Sﬂ(k) represents the restriction of Sﬂ mentioned

earlier. Therefore, we can decompose S (k) by polarization
vectors € (k)

80 =38 (e (k). (A1)

Similarly, 7% defined by Eq. (13) turns into

" A 2
=S¥ (k)8 (k) += A"

’j’ﬂv(k) 3 0

after being restricted in the eigenspace, which can also be
decomposed by polarization vectors

» S0 - 2 e
T (k) = Z <5< (k)& (k) — 39 f) el (k)es(k).  (A2)
ij
Since [P#, &' (k)] = 0, we can choose to diagonalize one
of S'(k) in the eigenspace of P,. Instead, we choose the
adjoint basis, namely,

Pk iy =k, ki),  S'(k)|k i) =0,

with i=1,2,3,

where we choose to characterize the eigenspace by the
longitudinal states of S’ (k). Since (k) are the generators
of the little group of massive particles, namely, the SU(2)
group, we have

(k. r|S' (k) Ik, s) = (s) (A3)

rs?

where s' are defined by (s'); = —ie”* as we take the

adjoint representation here. Similarly, we obtain
$6(0&) (k) — 2 i
(k,r|| SV (k)S” (k) —géf |k, s

. 2 . y
- (S<lsj>)r5 - 551/5” = (Zu)rs (A4)
for the tensor spin operator.
Let p be the density operator of the single particle in the

Hilbert space, and its restriction to the eigenspace of 13/4
labeled by k, be O(k), which is precisely the spin density
operator of a particle with momentum k. Evaluating the
expectation value of 7%*(k), we obtain

Tr{O(K) T (k)} =Y (k. r|®(k) k. s) (k. s| T (k) |k, T)

= >0 ()(), €l (k)e (k)

7,8,0,j

= ST (ke (k)

where we utilize Eq. (9) in the last equation. Comparing
this with Eq. (11), we conclude that for a single particle
state, 7+¥(k) defined by Eq. (11) is the expectation value of

the tensor spin operator 7** defined by Eq. (13).

APPENDIX B: GEOMETRIC INTERPRETATION
OF THE CURVATURE TENSOR

In this appendix, we clarify the geometric meaning of the
curvature tensor B, introduced in Eq. (40). More precisely,
B,, is the extrinsic curvature tensor of the hypersurface X.
Its contraction with a unit tangent vector gives the normal
curvature of X in that direction. Its traceless part character-
izes the curvature anisotropy relevant for the tensor
polarization in Eq. (64) and Eq. (70).

To see these, let us consider a point x €X and a unit
tangent vector (¥ at x, satisfying £ -n = 0 and {> = —1. To
characterize how the hypersurface bends along the direc-
tion ¥, we consider the two-dimensional plane spanned by
¢* and the hypersurface normal »n*. The intersection of this
plane with X defines a local curve through x, known as the
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normal section of X associated with {#. Since this is an
ordinary plane curve, its curvature can be defined in the
usual way. Let X#(s) denote this curve, parametrized by its
arc-length s, and let

ax#
t”(s) = K

be its unit tangent vector. At the point x, one has X*(0) =
x* and #(0) = {#. Because #'t, is constant, one has
t,dt* /ds = 0, so di* /ds is orthogonal to #. For the normal
section, the relevant normal direction within the plane is
precisely the hypersurface normal n*. Thus, the turning rate
of the tangent direction dr*/ds is parallel to n*. The
curvature of the normal section at x is the rate at which
the tangent direction turns toward the normal direction.
Therefore, the normal curvature of the normal section along
the tangent direction {* is given by

dt
=n,—| .
U
ds s=0

x(¢) (B1)

Since the curve lies on the hypersurface, its tangent
remains orthogonal to the hypersurface normal

n,(X(s))t(s) = 0.

Differentiating this relation with respect to s and plugging
in Eq. (B1), we obtain

d
() = 0 LX)

Using the chain rule, dn,(X(s))/ds = t*d,n,, we arrive at

k() = =% 0,n,,. (B2)

Finally, since {* is tangent to the hypersurface, one has
C"A,(,'&) = {,. And thus, with the definition (40), we obtain

k() = B, LM, (B3)
Therefore, the quadratic form defined by B,, gives the
normal curvature of the hypersurface along the tangent
direction {¥.

Since B, is symmetric and acts on the tangent space of
the hypersurface, its eigenvectors define the principal
directions, and the corresponding eigenvalues are the
principal curvatures. In particular,

3

B = x(cgle.

i=1

where {¢()*} is an orthonormal basis of tangent space
formed by principal directions. The traceless part

1\ pa
B/u/_gAle a

(B4)
therefore removes the isotropic average curvature and
isolates the directional dependence of the local bending,
namely the local curvature anisotropy. In Eq. (64), By, is
precisely the traceless tensor in (B4), since in the derivation
of Eq. (64) we have assumed k*/m = u”, and for the
Bjorken flow one has u* = n*. For the Gubser flow, by
contrast, u* = n* + O(5). Accordingly, the tensor By,
appearing in Eq. (70) reduces to (B4) in the limit 6 — 0.
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