
Tensor spin polarization induced by a curved freeze-out hypersurface

Zhong-Hua Zhang 1 and Xu-Guang Huang 1,2,3,*

1Physics Department and Center for Field Theory and Particle Physics, Fudan University,
Shanghai 200438, China

2Key Laboratory of Nuclear Physics and Ion-beam Application (MOE), Fudan University,
Shanghai 200433, China

3Shanghai Research Center for Theoretical Nuclear Physics, National Natural Science Foundation of China
and Fudan University, Shanghai 200438, China

(Received 10 October 2025; accepted 18 May 2026; published 15 June 2026)

We investigate how the curvature of the freeze-out hypersurface polarizes massive vector bosons in
relativistic heavy-ion collisions. Starting from the Proca Lagrangian and using the Wigner function
formalism, we perform a systematic gradient expansion to obtain a covariant spin-polarization tensor
expressed in terms of hydrodynamic fields and the curvature tensor of the freeze-out hypersurface. Analytic
results for Bjorken and Gubser flows show that curvature anisotropy generates a nonzero tensor
polarization. For ϕ meson, we estimate the curvature contribution to its spin alignment as
δΘyy ∼ −10−4 to −10−3. We also find that the curvature contribution grows as the system size decreases.

A rough estimate for central O-O collisions gives a spin alignment of order −10−2, suggesting that
spin-alignment measurements in such small systems may provide a clean probe of this geometric effect.

DOI: 10.1103/p2mw-b8kf

I. INTRODUCTION

The discovery of Λ hyperons’ spin polarization has made
spin a new tool to probe the properties of quark-gluon
plasma (QGP) in relativistic heavy-ion collisions. (See
Refs. [1–6] for reviews.) The global spin polarization of
various hyperons, measured by the STAR Collaboration
[7–10], matches predictions from the spin-thermal vorticity
coupling in statistical local equilibrium [11–13]. However,
this coupling fails to explain the local spin polarization
(azimuthal angle dependence) of Λ as reported by STAR
and ALICE Collaborations [14,15]. To reproduce the
experimental data, one needs to include other effects such
as the spin-thermal shear coupling [16–20] and other
hydrodynamic contributions at leading gradient [21–23].
Therefore, investigating spin polarization in QGP produced
by heavy-ion collisions requires a closer look at the local
equilibrium.
When describing spin polarization in relativistic fluids,

researchers often use the local equilibrium density operator
[24–26]. To determine this extended grand canonical
ensemble, we need the values of the conserved charges

(e.g., energy-momentum density) on a 3D hypersurface.
Most past theoretical works assume the major part of the
hypersurface is isochronic [16,22,27,28] (or nearly iso-
chronic [29]). But in numerical simulations, the hypersur-
face is chosen as the freeze-out hypersurface in order to
compare with the experimental data. Taking the Bjorken
expansion as an example [30], the freeze-out hypersurface
resembles an iso-proper-time surface, not an isochronic
one. Since the thermal current field βμðxÞ generally violates
the Killing equation ∂ðμβνÞ ¼ 0, the spin-thermal shear
coupling should depend on the hypersurface. We will
further explain this in the following.
Thus, there may appear a novel contribution to the spin

polarization due to the geometrical shape of the freeze-out
hypersurface. By analyzing the parity and time-reversal
properties of the gradient expansion [27,29], one can verify
that the vector spin polarization at leading order (the terms
proportional to thermal vorticity, thermal shear, etc.) would
not be affected by the curvature of the hypersurface. The
effect of the curvature would appear at the next-to-leading
order for vector polarization. (See a recent study of this
issue for fermions in Ref. [31].) To highlight how the shape
of hypersurfaces matters, we study the tensor spin polari-
zation of massive vector bosons, which, as we will show,
would be affected by the curvature at the leading order.
For the spin polarization of vector mesons, the STAR

Collaboration measured the global spin alignment of ϕ
[32], and ALICE observed the pT dependent spin align-
ment of J=ψ and D�þ [33–35]. These are all tensor
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polarizations. Understanding these experimental results
might require introduction of some novel mechanisms,
such as strong ϕ mean field [36–38], strong gluonic fields
[39,40], critical fluctuations [41], and others [42–48].
However, as a benchmark of the spin polarization, it is
important to first clarify the contributions of hydrodynamic
fields [27,28]. Previous studies adopted the ansatz that the
freeze-out hypersurface is mostly a hyperplane except for
the timelike edge [27,28], thus missing the possible geo-
metric effects due to the nontrivial shape of the freeze-out
hypersurface. In this paper, we demonstrate that the tensor
spin polarization induced by the curvature of the hyper-
surface is at the first order in gradient in hydrodynamic
fields, which are one order lower than the ones from purely
hydrodynamic fields [27,28].
The paper is organized as follows. In Sec. II, we discuss

the description of the spin state of massive bosons using
covariant vector and tensor. In Sec. III, we introduce the
local equilibrium density operator for spinful fluids and
perform the cumulant expansion. In Sec. IV, we evaluate
the Wigner function under the density operator with
Feynman rules. In Secs. V and VI, we simplify the
polarization tensor in Bjorken and Gubser flows to estimate
the magnitude. We summarize our main result and discuss
it briefly in Sec. VII.
Within this paper, we use the Minkowski metric

ημν ¼ diagð1;−1;−1;−1Þ and adopt natural units
kB ¼ c ¼ ℏ ¼ 1. In Minkowski spacetime, the Levi-
Civita tensor ϵμνρσ is normalized as ϵ0123 ¼ 1; in three
spacelike dimensions, ϵijk is normalized as ϵ123 ¼ 1. We
define the shorthand notations AðμνÞ ¼ ðAμν þ AνμÞ=2 and
A½μν� ¼ ðAμν − AνμÞ=2 for an arbitrary rank-2 tensor Aμν to
represent its symmetric and antisymmetric parts.

II. SPIN STATE OF A MASSIVE VECTOR BOSON

Let us briefly discuss how to describe the spin state of a
massive vector boson; more information can be found in
Ref. [27]. For neutral massive vector bosons,1 such as ϕ or
J=ψ mesons, their dynamics is governed by the Proca
Lagrangian

L ¼ −
1

4
FμνFμν þ 1

2
m2AμAμ ð1Þ

with Fμν ≡ ∂μAν − ∂νAμ the field tensor, m the mass of the
free vector bosons. The corresponding equations of motion
are the on-shell condition, ð∂2 þm2ÞAμ ¼ 0, and the
Lorentz condition, ∂μAμ ¼ 0. After quantization, the vector
field operator can be decomposed as

ÂμðxÞ ¼
X3
s¼1

Z
d3k
ð2πÞ3

1

2Ek
½âskϵμsðkÞe−ik·x þ â†sk ϵ

μ�
s ðkÞeik·x�

ð2Þ

with k0 ¼ Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
following the on-shell condi-

tion, ϵsðkÞ the spin polarization vectors, and âsk and â†sk the
annihilators and creators for a vector boson with momen-
tum k and polarization index s. The annihilators and
creators follow the commutation relation

½âsk; â†s
0

k0 � ¼ ð2πÞ3ð2EkÞδð3Þðk − k0Þδss0 : ð3Þ

The polarization vector ϵsðkÞ is defined by ϵμsðkÞ ¼ ½k�μνeνs,
where eνs ¼ ηνs and [k] is a standard Lorentz transformation
from the rest frame of the particle to the frame in which the
particle’s four-momentum is k. For simplicity, we choose
the standard Lorentz transformation [k] as a pure Lorentz
boost LðkÞ defined by

L0
0ðkÞ ¼ Ek=m; L0

iðkÞ ¼ Li
0ðkÞ ¼ ki=m;

Li
jðkÞ ¼ δij − kikj=½mðEk þmÞ�:

Therefore, we can express the spin polarization vector in an
explicit way

ϵμsðkÞ ¼ eμs −
k · es
m

kμ þmeμ0
e0 · kþm

; with s ¼ 1; 2; 3;

where eμ0 ¼ ημ0 denotes the time direction. Based on the
above definition, we have the following completion and
orthonormal relations for the polarization vectors

X3
s¼1

ϵμsðkÞϵνsðkÞ ¼ −Δμν
ðkÞ ≡ −ημν þ kμkν

m2
; ð4Þ

ϵμsðkÞϵνrðkÞημν ¼ −δrs; ð5Þ

which show that three spacelike polarization vectors form a
complete orthonormal basis of the subspace orthogonal
to k.
We describe the spin polarization state by the so-called

spin density matrix. In a relativistic quantum field theory,
this matrix can be defined as [49]

ΘrsðkÞ ¼
Trðρ̂âs†k ârkÞP
tTrðρ̂ât†k âtkÞ

; ð6Þ

where k is the four-momentum of the particle in the
laboratory frame. We choose r and s to be 1,2,3, corre-
sponding to x, y, z, the indices of adjoint representation.
Spin density matrix ΘðkÞ is a 3 × 3 Hermitian matrix with
unit trace, which can be decomposed as

1We focus on neutral vector bosons in the paper, but all the
discussions can be straightforwardly extended to charged vector
bosons.
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ΘðkÞ ¼ 1

3
I þ 1

2

X
i

SiðkÞsi þ
X
ij

TijðkÞΣij; ð7Þ

where ðsiÞjk ≡ −iϵijk, the adjoint representation of SOð3Þ
fulfilling the commutation relation ½si; sj� ¼ i

P
k ϵ

ijksk,
and Σij ≡ sðisjÞ − s2δij=3. We can contract the polarization
vector and tensor from the spin density matrix

SiðkÞ ¼ trfsiΘðkÞg ¼ i
X
jk

ϵijkΘjkðkÞ; ð8Þ

TijðkÞ ¼ trfΣijΘðkÞg ¼ −ΘðijÞðkÞ þ
1

3
δij: ð9Þ

We should point out that the exact forms of ΘrsðkÞ and
ϵsðkÞ depend on the choice of the standard Lorentz
transformation [27]. To avoid this, we define the
Lorentz covariant spin polarization vector and polariza-
tion tensor

SμðkÞ≡X
i

SiðkÞϵμi ðkÞ; ð10Þ

T μνðkÞ≡X
ij

TijðkÞϵμi ðkÞϵνjðkÞ: ð11Þ

Considering the transformation of ΘrsðkÞ and ϵsðkÞ under
the little group preserving momentum k, it is straightfor-
ward to prove that the covariant spin polarization vector
and tensor are independent of the choice of the standard
Lorentz transform. (See Ref. [27].) It has been proved in
Ref. [49] (for the single-particle case) that SμðkÞ in
Eq. (10) is the expectation value of the operator defined
by the Pauli-Lubanski vector Ŵμ

Ŝμ ≡ −
1

m
Ŵμ ¼ −

1

2m
ϵμνρσ ĴνρP̂σ; ð12Þ

where Ĵνρ represents the angular momentum operator and
P̂σ the four-momentum operator. Similarly, we demon-
strate in Appendix A that T μνðkÞ defined by Eq. (11) is the
expectation value of the tensor operator

T̂ μν ≡ ŜðμŜνÞ þ 2

3

�
ημν −

1

m2
P̂μP̂ν

�
; ð13Þ

which is given by Ref. [50]. Equation (9) shows that the
spin alignment along a chosen quantization axis can
be directly obtained from the tensor polarization. In
particular, for a spatial axis a ¼ x, y, z, we express the
spin alignment by

δΘaaðkÞ≡ ΘaaðkÞ −
1

3
¼ −TaaðkÞ: ð14Þ

In particular, the spin alignment measured in experiments
[32–35] is δΘyyðkÞ. Using the covariant decomposition in
Eq. (11), this can be rewritten as

δΘaaðkÞ ¼ −ϵμaðkÞϵνaðkÞT μνðkÞ: ð15Þ

To calculate particle polarization in a relativistic fluid, it
is helpful to introduce the Wigner operator

Ŵμνðx; kÞ ¼
Z

d4yeik·yÂν

�
x −

y
2

�
Âμ

�
xþ y

2

�
θðk2Þθðk0Þ;

ð16Þ

where the Heaviside step function θ appears as we take the
particlelike branch of the Wigner operator with positive
energy. By plugging in the decomposition of the field
operator shown in Eq. (2), we obtain

Ŵμνðx; kÞ ¼
Z

d3p1
ð2πÞ3

d3p2
ð2πÞ3

ð2πÞ4
ð2Ep1Þð2Ep2Þ

X
r1r2

e−iðp1−p2Þ·x

× δ4
�
k −

p1

2
−
p2

2

�
âr2†p2 â

r1
p1ϵ

μ
r1ðp1Þϵν�r2 ðp2Þ:

ð17Þ

From the above expression, the Wigner operator fulfills the
Boltzmann equation [49]

kα
∂

∂xα
Ŵμνðx; kÞ ¼ 0 ð18Þ

as p1 and p2 lie on the mass shell during the integration and
therefore ðp1 þ p2Þ · ðp1 − p2Þ ¼ 0. Using Eq. (18), we
can extract a pair of creator and annihilator for the Wigner
operator by integration over a 3D hypersurface with proper
boundary conditions [49]

δðk2 −m2Þθðk0Þas†k ark ¼
1

π
ϵμrðkÞϵνsðkÞ

Z
dΣ · kŴμνðx; kÞ:

Therefore, the density matrix defined in Eq. (6) can be
expressed by a Cooper-Frye type formula [27,49]

ΘrsðkÞ ¼
ϵμrðkÞϵνsðkÞ

R
Σ dΣ · kWμνðx; kÞP

tϵ
μ
t ðkÞϵνt ðkÞ

R
Σ dΣ · kWμνðx; kÞ

ð19Þ

with the help of the Wigner function, which is defined by
the expectation value of the Wigner operator

Wμνðx; kÞ≡ Tr
�
ρ̂Ŵμνðx; kÞ�: ð20Þ

In general, the argument k in the Wigner function is not
necessarily on the mass shell, however, in Eq. (19), the
integration over Σ limits it to be on shell.
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In the following calculation, we focus on the projected
Wigner function, which can be decomposed into scalar,
vector, and tensor components

Wμν
⊥ ðx;kÞ≡Δμα

ðkÞΔ
νβ
ðkÞWαβðx;kÞ ¼ ð2πÞfðx;kÞ

×

�
−
1

3
Δμν

ðkÞ þ
i
2m

ϵμνρσkρSσðx;kÞ−Tμνðx;kÞ
�
:

ð21Þ

One may extract them from the Wigner function by

fðx; kÞ ¼ −
1

2π
Δμν

ðkÞWμνðx; kÞ; ð22Þ

Sμðx; kÞ ¼ −
i

ð2πÞfðx; kÞm ϵμναβkνWαβðx; kÞ; ð23Þ

Tμνðx; kÞ ¼ −
1

ð2πÞfðx; kÞW
hμνi
⊥ ðx; kÞ; ð24Þ

where Whμνi
⊥ ðx; kÞ denotes the symmetric and traceless part

of the projected Wigner function Whμνi
⊥ ¼ Δμα

ðkÞΔ
νβ
ðkÞ×

WðαβÞðx; kÞ − Δμν
ðkÞΔ

αβ
ðkÞWαβðx; kÞ=3. Plugging Eq. (19) into

Eq. (8) and using Eq. (10), we obtain

SμðkÞ ¼
R
dΣ · kfðx; kÞSμðx; kÞR

dΣ · kfðx; kÞ ; ð25Þ

where we have used the expression
P

ijk ϵ
ijkϵμi ϵ

ρ
jϵ

σ
k ¼

ϵνμρσkν=m. Similarly, we can use the tensor component of
theWigner function to express the spin polarization tensor in a
Cooper-Frye type formula

T μνðkÞ ¼
R
dΣ · kfðx; kÞTμνðx; kÞR

dΣ · kfðx; kÞ ð26Þ

to derivewhichwe substitute Eqs. (19) to (9) and use Eq. (11).
Inspired by Eq. (15), we introduce the phase-space spin
alignment

δΘaaðx; kÞ≡ −ϵμaðkÞϵνaðkÞTμνðx; kÞ: ð27Þ

While theobservableδΘaaðkÞ isobtainedonlyafter integrating
over the freeze-out hypersurface

δΘaaðkÞ ¼
R
dΣ · kfðx; kÞδΘaaðx; kÞR

dΣ · kfðx; kÞ : ð28Þ

Therefore, once Tμνðx; kÞ is known, one can directly infer the
corresponding phase-space spin alignment and then compare
with the experimental observable after the freeze-out average.

III. LOCAL EQUILIBRIUM DENSITY OPERATOR
AND ITS EXPANSION

For a relativistic fluid that has reached local thermal
equilibrium, we express its density operator by [24–26]

ρ̂LE ¼ 1

ZLE
exp

�
−
Z
Σ
dΣμðyÞ

×

	
T̂μνðyÞβνðyÞ −

1

2
ŜμρσðyÞΩρσðyÞ


�
; ð29Þ

where ZLE is the partition function playing the role of
normalization factor ensuring Trρ̂LE ¼ 1, dΣμ denotes
dΣnμ with dΣ the measure of the hypersurface Σ and nμ
the normal vector, βν ¼ uν=T represents the thermal
current, and Ωρσ is the spin potential. In this paper, we
treat the spin potential as an independent hydrodynamic
field that manipulates the spin of particles in the relativistic
fluid described by spin hydrodynamics [51–58]. Since the
density operator at local equilibrium depends on the choice
of pseudo-gauge [22,23,59], we choose the energy-momen-
tum tensor and spin tensor in Eq. (29) to be the canonical
currents defined by

T̂μν ¼ −F̂μρ
∂
νÂρ − ημν

�
−
1

4
F̂ρσF̂

ρσ þ 1

2
m2ÂρÂ

ρ

�
;

Ŝμρσ ¼ −F̂μρÂσ þ F̂μσÂρ:

We should emphasize that the density operator
defined by Eq. (29) depends on the choice of the 3D
hypersurface Σ. Typically, it is chosen to be Σeq, where
the fluid truly reaches local thermodynamic equilibrium.
The difference between the density operators at Σeq and
at Σ comes from the dissipative effects, which should be
considered when dealing with a realistic fluid (e.g.,
QGP produced by relativistic heavy ion collision). As
for the spin, dissipative effects also contribute to spin
polarization [60,61]. However, this paper only focuses
on the nondissipative contributions to spin polarization
of particles at ΣFO, where spin freezes out. Therefore, in
the following, we choose the Σ ¼ ΣFO as the hyper-
surface in Eq. (29).
When evaluating the expectation value of a local

operator in the fluid, the gradient expansion has been
frequently used when dealing with spin polarization
[11,16,22,23,27–29,62]. Specifically, we evaluate the
ensemble average by

OðxÞ ¼ Tr
�
ρ̂LEÔðxÞ� ¼ 1

ZLE
Tr
�
eÂþB̂ÔðxÞ�; ð30Þ

where we introduce

Â ¼ −P̂μβμðxÞ; ð31Þ
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B̂ ¼ −
Z
ΣFO

dΣμðyÞ
	
T̂μνðyÞΔβνðyÞ −

1

2
ŜμρσðyÞΩρσðyÞ




ð32Þ

with P̂μ ¼ R
ΣFO

dΣνT̂
νμ the momentum tensor and

ΔβμðyÞ ¼ βμðyÞ − βμðxÞ. We adopt the power-counting
rules by ΔβμðyÞ ∼ ΩρσðyÞ ∼Oð∂Þ, which is implied by
the magnitude of hyperon polarization in the heavy ion
collision experiments [7–10]. Based on the rules, we
expand the exponential expression up to the first order
of the gradient

eÂþB̂ ¼ eÂ
�
1þ

Z
1

0

dλe−λÂB̂eλÂ þOð∂Þ2
�
:

Substituting the above expression into Eq. (30), we obtain

OðxÞ ¼ Oð0ÞðxÞ þOð1ÞðxÞ þOð∂Þ2; ð33Þ

where

Oð0ÞðxÞ ¼ hÔðxÞi0 ≡ TrfeÂÔðxÞg=TreÂ; ð34Þ

Oð1ÞðxÞ ¼ hB̂1ÔðxÞi0;c ð35Þ

with

B̂1 ¼
Z

1

0

dλ
Z
Σ
dΣμðyÞ

	
−∂αβνðxÞðy − xÞαT̂μνðy − iλβðxÞÞ

þ 1

2
ΩρσðxÞŜμρσðy − iλβðxÞÞ




and hB̂1ÔðxÞi0;c ¼ hB̂1ÔðxÞi0 − hB̂1i0hÔðxÞi0 the con-
nected part of the correlator. These expressions imply that
the gradient expansion is valid, namely jOð1ÞðxÞj ≪
jOð0ÞðxÞj, only if the coefficients in Eq. (32) are small
enough within the correlated region of the operators. Let us
take the thermal current as an example. The Taylor
expansion of βνðyÞ around x works only if jβj=j∂βj ≫ l,
where jβj=j∂βj stands for the typical length of the variation
of the thermal current and l stands for the correlation length
of T̂μνðy − iλβðxÞÞ and ÔðxÞ.
When evaluating Oð1ÞðxÞ, we need to calculate an

integral over the hypersurface Σ. However, we only need

to consider a small region around x during the integration,
since Eq. (35) contains only the connected correlation,
whose contribution can be ignored in the region far beyond
the correlation length. Such a claim allows us to perform
the integral over an imaginary hypersurface whose point is
close to the real hypersurface within the neighborhood of x.
We assume the 3D hypersurface Σ can be described as

the zero set of an analytic function FðxÞ

FðxÞ ¼ 0; ∀ x∈Σ: ð36Þ

In the following, we consider point x belonging to the
spacelike part of the surface. By the definition of “space-
like,” we have

∂FðxÞ
∂xμ

∂FðxÞ
∂xμ

> 0:

Therefore, we can define the timelike normal vector by
nμ ¼ vμ=v, where vμðxÞ ¼ ∂FðxÞ=∂xμ and v ¼ ffiffiffiffiffiffiffiffiffi

v · v
p

. We
also choose the orientation such that n0 > 0; if this
condition is not met, one may simply replace FðxÞ by
−FðxÞ. When evaluating Oð1ÞðxÞ, the integration over Σ
receives relevant contributions only from a small neighbor-
hood of x within the correlation length l. Therefore, it is
sufficient to approximate the hypersurface locally around x.
For this purpose, we choose a local Lorentz frame at x such
that nμðxÞ ¼ ð1; 0Þ. In this frame, since Σ is spacelike at x,
one has ∂0FðxÞ ≠ 0, and thus by the implicit function
theorem the hypersurface can be solved locally as

y0 ¼ ϕðyÞ; FðϕðyÞ; yÞ ¼ 0

in a neighborhood of x. Differentiating FðϕðyÞ; yÞ ¼ 0with
respect to yi, we obtain

0 ¼ ∂FðyÞ
∂y0

∂ϕðyÞ
∂yi

þ ∂FðyÞ
∂yi

����
y0¼ϕðyÞ

: ð37Þ

In this frame, since the tangent plane of Σ at x is orthogonal
to ð1; 0Þ, the first spatial derivatives of ϕ vanish at x,
namely, 0 ¼ ∂ϕ=∂yijy¼x. Based on Eq. (37), this expression
implies ∂iFðxÞ ¼ 0 in the rest frame of nμðxÞ.
Differentiating Eq. (37) once more with respect to yj,
we obtain

0 ¼ ∂F
∂y0

∂
2ϕ

∂yi∂yj
þ ∂

2F
∂y0∂y0

∂ϕ

∂yi
∂ϕ

∂yj
þ ∂

2F
∂y0∂yi

∂ϕ

∂yj
þ ∂

2F
∂y0∂yj

∂ϕ

∂yi
þ ∂

2F
∂yi∂yj

����
y0¼ϕðyÞ

:

Evaluating this equation at y ¼ x, all terms containing first derivatives of ϕ vanish, and thus

∂i∂jϕðxÞ ¼ −
∂i∂jFðxÞ
∂0FðxÞ

:
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Since in the chosen frame n · ðy − xÞ ¼ y0 − x0, the Taylor
expansion yields

n · ðy − xÞ ¼ ϕðyÞ − ϕðxÞ

¼ −
1

2

∂i∂jFðxÞ
∂0FðxÞ

ðy − xÞiðy − xÞj þOðjy − xj3Þ:

ð38Þ

Expressing the above result in a covariant form, we obtain a
relation that holds in any reference frame

n · ðy − xÞ ¼ 1

2
Bμνðy − xÞμðy − xÞν þOðjy − xj3⊥Þ; ð39Þ

where jy − xj⊥ denotes the spatial distance between x and
y measured within the tangent hyperplane, namely,
ð−Δμν

ðnÞðy − xÞμðy − xÞνÞ1=2.2 Here BμνðxÞ is the curvature

tensor3 of Σ defined by

BμνðxÞ≡ −Δμα
ðnÞ

∂nνðxÞ
∂xα

¼ −
1

v
Δμρ

ðnÞΔ
νσ
ðnÞ

∂
2FðxÞ
∂xρ∂xσ

: ð40Þ

To derive the second equality, we use

∂αnνðxÞ ¼
1

v
½∂α∂νFðxÞ − nν∂αvðxÞ�:

Moreover, from the normalization condition nνnν ¼ 1, one
finds nν∂αnνðxÞ ¼ 0, which implies that ∂αnνðxÞ is tangent
to Σ with respect to the index ν. Therefore,

∂αnνðxÞ ¼ Δνσ
ðnÞ∂αnσðxÞ:

Using this relation, the second equality in (40) follows
immediately. It is straightforward to verify that Eq. (39)
reduces to Eq. (38) in the frame of nμðxÞ ¼ ð1; 0Þ, by
noticing that ΔðnÞ

μρ ðxÞ∂ρ → ð0; ∂Þ and v → ∂0FðxÞ.
Equation (39) shows that, up to quadratic order, the normal
displacement of the hypersurface away from its tangent
plane is fully characterized by BμνðxÞ. We can consider a
virtual hypersurface Σ0 determined by

n · ðy0 − xÞ ¼ 1

2
BμνðxÞðy0 − xÞμðy0 − xÞν; ∀ y0 ∈Σ0;

to replace the true hypersurface Σ as long as they are close
enough within the correlated region. See Fig. 1 for a sketch.
To be precise, we are assuming

jn · ðy0 − yÞj ≪ l; for ȳ0ν ¼ ȳν;

within the neighborhood of x, jy − xj⊥ ∼ l. Here, y0 ∈Σ0,
y∈Σ. We define ȳ as the projection of y onto the tangent
plane PðxÞ, given by

ȳμ ¼ xμ þ Δμν
ðnÞðy − xÞν;

while ȳ0 denotes the projection of y0 onto PðxÞ. For an
analytic hypersurface, this should be true as long as l is
small enough. In the following, we take this assumption
and do not distinguish between Σ and Σ0.

IV. WIGNER FUNCTION AND SPIN
POLARIZATION AT LOCAL EQUILIBRIUM

To evaluate the Wigner operator, we use the expansion
discussed in the previous section. Using the commutation
relation Eq. (3), it is straightforward to obtain

�
âr†k â

s
q



0
¼ ð2EkÞð2πÞ3δð3Þðk − qÞδrsnBðβðxÞ · kÞ:

Decomposing the Wigner operator into creator and anni-
hilator [see Eq. (17)], we derive

Wμν
ð0Þðx;kÞ¼−ð2πÞθðk0Þδðk2−m2ÞΔμν

ðkÞnBðβðxÞ ·kÞ; ð41Þ

where nBðβðxÞ · kÞ denotes the Bose-Einstein distribution
in the rest frame of βμðxÞ, namely, 1=ðeβðxÞ·k − 1Þ.
Therefore, the scalar distribution reads

fðx; kÞ ¼ 3δðk2 −m2Þθðk0ÞnBðβðxÞ · kÞ þOð∂Þ ð42Þ

at the leading order.
In the following, we demonstrate the calculation

under the scenario that nμðxÞ ¼ ð1; 0Þ. Making such an

FIG. 1. Sketch of Σ and Σ0 in the local rest frame of nμðxÞ. PðxÞ
stands for the tangent plane of the hypersurface at point x. y is a
point on Σ; y0 is a point on Σ0; ȳ is a point on the tangent plane.
Since Σ and Σ0 are close enough within the correlated region, we
do not distinguish between Σ and Σ0 in the following. During the
variable substitution, ȳðyÞ is chosen to be a function of y so that
ðy − ȳÞμ ∝ nμ.

2ΔðnÞ is the projection tensor defined by ΔðnÞ
μν ¼ ðημν − nμnνÞ.

3Curvature tensor B depends on how the 3D hypersurface is
embedded in the higher-dimensional space, in this paper, the
Minkowski space-time. It differs from an intrinsic curvature
tensor like the Riemann curvature tensor.
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assumption will simplify our demonstration while keeping its generality. This is because both the Wigner operator and the
element in the density operator are Lorentz covariant. Therefore, if nμðxÞ does not meet the criteria, one may calculate
the Wigner function in a frame where nμðxÞ ¼ ð1; 0Þ, then perform a Lorentz transformation to obtain the final result in the
original global frame.
Now, let us consider the first-order result. To avoid repetition, we only exhibit the calculation of the first part of Eq. (35),

the part induced by the energy-momentum tensor, that is

Wμν
ð1ÞjTðx; kÞ ¼ −∂αβσðxÞ

Z
1

0

dλ
Z
Σ
dΣρðyÞðy − xÞα

D
T̂ρσðy − iλβðxÞÞŴμνðx; kÞ

E
0;c
: ð43Þ

To evaluate the integration over Σ, we perform the variable substitution y → ȳ and rewrite the integral as an integration over
the tangent plane PðxÞ, as illustrated in Fig. 1. Accordingly, we make the replacements

Z
Σ
dΣμðyÞ →

Z
PðxÞ

d3ȳ½nμðxÞ − BμνðxÞðȳ − xÞν�;

ðy − xÞα → ðȳ − xÞα þ n · ðy − ȳÞnα;
T̂μνðyÞ → T̂μνðȳÞ þ n · ðy − ȳÞðn · ∂ÞT̂μνðȳÞ þ � � �

with

n · ðy − ȳÞ ¼ n · ðy − xÞ ¼ 1

2
Bμνðȳ − xÞμðȳ − xÞν:

During the calculation, we disregard the items represented by the ellipsis, since we assume that jn · ðy − xÞj is small within
the correlated region of operators. Expressly, we assume the curvature of the hypersurface is slight enough to satisfy
jκ̄j ≪ 1=l with κ̄ ¼ ðBμνBμνÞ1=2 the quadratic mean of the main curvatures. With this substitution, we derive

Wμν
ð1ÞjTðx; kÞ ¼

Z
1

0

dλ
Z
PðxÞ

d3ȳ
�
−nρð∂αβσÞðȳ − xÞαhT̂ρσðȳ − iλβÞŴμνðx; kÞi0;c

þ ð∂αβσÞBρτðȳ − xÞτðȳ − xÞαhT̂ρσðȳ − iλβÞŴμνðx; kÞi0;c
−
1

2
nρð∂αβσÞBτγðȳ − xÞαðȳ − xÞτðȳ − xÞγhðn · ∂ÞT̂ρσðȳ − iλβÞŴμνðx; kÞi0;c

−
1

2
nρnαð∂αβσÞBτγðȳ − xÞτðȳ − xÞγhT̂ρσðȳ − iλβÞŴμνðx; kÞi0;c þOð∂; κ̄2Þ

�
: ð44Þ

The technique to calculate these terms is demonstrated in Ref. [27]. Therefore, we only exhibit a simple example here.
Let us focus on the leading term in expression (44). Expressing the operators by creators and annihilators and using the

Wick theorem, we obtain

Wð1Þ
μν j∂βðx; kÞ ¼ −nρð∂αβσÞ

Z
1

0

dλ
Z
PðxÞ

d3ȳ
Y3
i¼0

�X
ai

Z
d3pi
ð2πÞ3

�

× ðȳ − xÞαð2πÞ4δð4Þ
�
k −

p0

2
−
p3

2

�
1

ð2Ep0Þð2Ep3Þ
eiðp0−p3Þ·x

×
h
tρσ;γ1γ2ðp1;−p2Þhâa1p1 âa0†p0 i0hâa2†p2 âa3p3 i0ϵa0�ν ðp0Þϵa1γ1 ðp1Þϵa2�γ2 ðp2Þϵa3μ ðp3Þe−iðp1−p2Þ·y

þ tρσ;γ1γ2ð−p1; p2Þhâa1†p1 âa3p3 i0hâa2p2 âa0†p0 i0ϵa0�ν ðp0Þϵa1�γ1 ðp1Þϵa2γ2 ðp2Þϵa3μ ðp3Þeiðp1−p2Þ·y
i
; ð45Þ

where
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tρσ;γ1γ2ðp1; p2Þ ¼
e−λðp1þp2Þ·β

ð2Ep1Þð2Ep2Þ
	
pρ
1p

σ
2η

γ1γ2 − pγ2
1 p

σ
2η

ργ1 −
1

2
ðp1 · p2Þηγ1γ2ηρσ þ

1

2
pγ2
1 p

γ1
2 η

ρσ −
1

2
m2ηγ1γ2ηρσ



: ð46Þ

The first step is to integrate over p0 and p3 with related delta functions then to integrate over ȳ by parts using

Z
PðxÞ

d3ȳ
Z

d3p1
ð2πÞ3

d3p2
ð2πÞ3 ðȳ − xÞαe−iðp1−p2Þ·ðy−xÞ ¼

Z
d3p1
ð2πÞ3

d3p2
ð2πÞ3 ð2πÞ

3δð3Þðp1 − p2ÞDαðp1;−p2Þ; ð47Þ

where

Dαðp1; p2Þ ¼ −
i
2
Δαμ

ðnÞ

�
∂

∂pμ
1

þ ∂

∂pμ
2

�
: ð48Þ

Then, we derive from Eq. (45) by integrating over p1, p2 and summing over ai

Wð1Þ
μν j∂βðx; kÞ ¼ −ð2πÞδðk2 −m2Þθðk0Þnρð∂αβσÞ

Z
1

0

dλDαðp1;−p2Þ
2Ek

ð2Ep1Þð2Ep2Þ

×Gμγ2ðp2Þ½tρσ;γ1γ2ðp1;−p2Þ þ tρσ;γ2γ1ð−p2; p1Þ�Gγ1νð−p1Þ
����
p1¼p2¼k

; ð49Þ

where G stands for the propagator

GμνðpÞ ¼ 2ðn · pÞnBðβ · pÞ
�
−ημν þ pμpν

m2

�
;

Gμνð−pÞ ¼ 2ðn · pÞ½1þ nBðβ · pÞ�
�
−ημν þ pμpν

m2

�
:

−nBð−xÞ ¼ 1þ nBðxÞ has been used to get the second equation. To obtain Eq. (49), we use the fact that Dα commute with
δð3Þðk − p1=2 − p2=2Þ and omit the off-shell term δ0ðk0 − EkÞ generated by Dα operating on δðk0 − Ep1=2 − Ep2=2Þ. In
some cases, the off-shell effect would contribute to the spin alignment [63]. However, as we consider the free particle,
although a local off-shell term appears in the Wigner function, it is natural that it disappears after we average it over the full
hypersurface. It thus does not contribute to ΘrsðkÞ.
Following a similar process, we derive the other terms of Wð1Þ

μν jT in Eq. (44), which are proportional to the curvature
tensor,

Wð1Þ
μν jB∂βðx; kÞ ¼ −ð2πÞδðk2 −m2Þθðk0Þð∂αβσÞ

Z
1

0

dλ

	
−BρτDαDτ þ 1

2
nρnαBτκ

×DτDκ þ 1

2
nρBτκDαDτDκð−iÞn · ðp1 − p2Þ



2Ek

ð2Ep1Þð2Ep2Þ

×Gμγ2ðp2Þ½tρσ;γ1γ2ðp1;−p2Þ þ tρσ;γ2γ1ð−p2; p1Þ�Gγ1νð−p1Þ
����
p1¼p2¼k

; ð50Þ

where Dμ is short for Dμðp1;−p2Þ. With the same assumptions, we evaluate the other terms of Wð1Þ
μν generated by the

correlator between the spin tensor and the Wigner operator

Wμν
ð1ÞjSðx; kÞ≡ΩρσðxÞ

Z
1

0

dλ
Z
Σ
dΣαðyÞhŜαρσðy − iλβðxÞÞŴμνðx; kÞi0;c ð51Þ

¼ Wμν
ð1ÞjΩðx; kÞ þWμν

ð1ÞjBΩðx; kÞ þOð∂; κ̄2Þ ð52Þ

with
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Wμν
ð1ÞjΩðx; kÞ ¼ ð2πÞδðk2 −m2Þθðk0Þnα

1

2
Ωρσ

Z
1

0

dλ
2Ek

ð2Ep1Þð2Ep2Þ

×Gμγ2ðp2Þ½sαρσ;γ1γ2ðp1;−p2Þ þ sαρσ;γ2γ1ð−p2; p1Þ�Gγ1νð−p1Þ
����
p1¼p2¼k

ð53Þ

and

Wμν
ð1ÞjBΩðx; kÞ ¼ ð2πÞδðk2 −m2Þθðk0Þ 1

2
Ωρσ

Z
1

0

dλ

×

	
−BατDτ þ 1

2
nαBτκDτDκð−iÞn · ðp1 − p2Þ



2Ek

ð2Ep1Þð2Ep2Þ

×Gμγ2ðp2Þ½sαρσ;γ1γ2ðp1;−p2Þ þ sαρσ;γ2γ1ð−p2; p1Þ�Gγ1νð−p1Þ
����
p1¼p2¼k

; ð54Þ

where

sαρσ;γ1γ2ðp1; p2Þ ¼ 2i
e−λβ·ðp1þp2Þ

ð2Ep1Þð2Ep2Þ
ðpα

1η
ργ1ησγ2 − pρ

1η
αγ1ησγ2Þ: ð55Þ

In the following, we exhibit the result of Wμν
ð1Þ by calculating Eqs. (49), (50), (53), and (54). We first evaluate the

derivatives with respect to p1 and p2, then assign p1 ¼ p2 ¼ k with kμ ¼ ðEk; kÞ, and integrate over λ at last. We should
emphasize that during the demonstration above, p1 and p2 should be taken as on-shell, specifically, p0

1 ¼ Ep1 and p
0
2 ¼ Ep2 .

However, when using a program package to assist in the calculation, e.g., FeynCalc [64–66], it is more convenient to regard
these two zero components as free variables while modifying Dαðp1; p2Þ as

−
i
2

�
½ηαμ − p̂α

1n
μ� ∂

∂pμ
1

þ ½ηαμ − p̂α
2n

μ� ∂

∂pμ
2

�
:

We present the result of the projected Wigner function by

Wμν
⊥ð1Þðx; kÞ ¼ Wμν

⊥ð1Þ
���
∂

ðx; kÞ þWμν
⊥ð1Þ

���
B∂
ðx; kÞ þOð∂; κ̄2Þ; ð56Þ

where

Wμν
⊥ð1Þj∂ðx; kÞ ¼ −ið2πÞδðk2 −m2Þθðk0ÞnBð1þ nBÞΔμρ

ðkÞΔ
νσ
ðkÞ
h
ϖρσðxÞ − Ξα½ρðξσ�αðxÞ þ δΩσ�αðxÞÞ

i
ð57Þ

with Ξμν ¼ ημν − k̂μnν, ϖμν ¼ ∂½νβμ� the thermal vorticity, ξμν ¼ ∂ðμβνÞ the thermal shear tensor, δΩμν ¼ Ωμν −ϖμν the net
spin potential, and

Wμν
⊥ð1ÞjB∂ðx; kÞ ¼ ð2πÞδðk2 −m2Þθðk0ÞnBð1þ nBÞ

Bαβ

2ðn · kÞ
	
ξρσ

�
ηρσ þ kρkσ

2m2

�

× ΞαμΞβν þ ðδΩρσ − ξρσÞΞαρΞβðμΔνÞσ
ðkÞ þ

�
Δμν

ðkÞ � � �
�


: ð58Þ

For simplicity, we have not displayed the terms proportional to ΔðkÞ
μν in Eq. (58). In the derivative expansion, these terms

contribute to the scalar distribution at Oð∂; κ̄Þ. According to Eq. (24), they would induce tensor polarization only at
subleading order.
Equation (57) has been obtained for a different scenario in Ref. [27]. SinceWμν

ð1Þj∂ is antisymmetric concerning μ and ν, it
would only contribute to vectorial spin polarization, not scalar distribution, nor tensor polarization. Wμν

ð1ÞjB∂ is symmetric

concerning the Lorentz indices; therefore, it would contribute to scalar and tensor distribution functions. Besides, up to the
leading order, the effect of curvature enters only if ξ ≠ 0 or Ω ≠ ϖ. We present a demonstration by turning off the thermal
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shear and the net spin potential and expanding the density operator up to Oð∂Þ

ρ̂LE ≈
1

Z
exp

�
−βðxÞ · P̂þ 1

2
ϖρσðxÞĴρσðxÞ

�
;

where ĴρσðxÞ is the total angular momentum with respect to point x, which is defined by

ĴρσðxÞ≡
Z
Σ
dΣμðyÞ

h
ðy − xÞρT̂μσðyÞ − ðy − xÞσT̂μρðyÞ þ ŜμρσðyÞ

i
:

Since the total angular momentum is defined by the integral of a conserved current, it does not depend on the geometry of
the hypersurface. Therefore, the effect of curvature disappears if the fluid reaches the global equilibrium.
By combining Eqs. (57) and (58) and applying Eqs. (23) and (24), we extract the spin polarization vector

Sμðx; kÞ ¼ −
1þ nB
3m

ϵμνρσkν½ϖρσ − Ξα½ρðξσ�α þ δΩσ�αÞ� þOð∂; κ̄2Þ ð59Þ

and the spin polarization tensor

Tμνðx; kÞ ¼ 1þ nB
6ðn · kÞBαβ

�
−ξρσ

�
ηρσ þ kρkσ

2m2

�	
ΞαμΞβν −

1

3
Δμν

ðkÞðηαβ þ k̂αk̂βÞ



þ ξρσ

	
ΞαρΞβðμΔνÞσ

ðkÞ −
1

3
Δμν

ðkÞΞ
αρΞβσ



− δΩρσΞαρΞβðμΔνÞσ

ðkÞ

�
þOð∂; κ̄2Þ: ð60Þ

These expressions describe the polarizations generated by
first-order hydrodynamic fields in ∂. Equation (60) presents
the tensor spin polarization induced by first-order hydro-
dynamic fields with a curved hypersurface. The curvature
appears at leading order. We treat curvature as an inde-
pendent order, since it is a general feature in our analysis. In
practice, the freeze-out hypersurface is often chosen as a
constant-T surface. For this case, the curvature is an Oð∂Þ
term. Therefore, tensor polarization in Eq. (60) is of the
order ofOð∂2Þ, same as the ones in Refs. [27,28]. However,
the curvature-related term is new and absent in prior
literature. This term originates from statistical effects and
depends on the definition of the local equilibrium on the
freeze-out hypersurface.

V. FREEZE-OUT IN BJORKEN EXPANSION

In the following, we estimate Eq. (60) in the flow with
Bjorken expansion [30]. Since in the Bjorken expansion,
the fluid preserves the longitudinal boost invariance, we
should expect the freeze-out to take place on a hypersurface
with a constant “proper time” τ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
, which is

described by

2FðxÞ ¼ gkμνxμxν − τ2f ¼ 0;

where gkμν ¼ diagð1; 0; 0;−1Þ. Based on FðxÞ, we have the
normal vector

nμ ¼ xμk=τf ð61Þ

with xkμ ¼ gkμνxν and the curvature tensor

Bμν ¼ ðnμnν − gμνk Þ=τf: ð62Þ

As hinted by Bjorken expansion, the fluid velocity is uμ ¼
xkμ=τ and the gradient of thermal velocity reads

∂μβν ¼
1

T

�
∂μuν −

uμuν
T

dT
dτ

�

with ∂μuν ¼ ðgkμν − uμuνÞ=τ and the cooling rate
dT=ðTdτÞ ¼ −c2s=τ, where cs is the speed of sound. The
cooling rate is obtained in Ref. [30] by using the ideal
hydrodynamic equation and assuming the zero chemical
potential, which is applicable for higher collision energy in
RHIC. Therefore, the thermal vorticity is zero, and the
thermal shear reads

ξμν ¼ 1

Tτ
½gμνk − ð1 − c2sÞuμuν�: ð63Þ

Plugging Eqs. (62) and (63) into Eq. (60) and turning the
net spin potential to zero, one can write out the tensor
polarization in Bjorken expansion. To estimate the result,
we take another primary assumption that the particle
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produced is static inside the fluid cell, namely, kμ ¼ muμ.
Then, we obtain

Tμνðx; kÞ ¼ −
ð1þ nBÞc2s
4mTfτf

Bhμνi; ð64Þ

where Tf is the temperature when the vector mesons freeze
out. Bhμνi implies that in this typical situation, the tensor
polarization comes from the anisotropy of the curvature of
the freeze-out hypersurface. By taking Tf to be 150 MeV,
τf to be 5 fm, and m to be ϕ meson’s mass 1019 MeV, we
estimate the magnitude of the spin alignment

δΘyyðx; kÞ ¼ −
ð1þ nBÞc2s
12mTfτ

2
f

∼ −10−4: ð65Þ

From the symmetry between x and y, we can also conclude
that δΘxx < 0, and thus, δΘzz > 0. Therefore, Eq. (64)
seems to imply that in this situation, the longitudinal
polarization state of a vector meson tends to align with
the direction where the curvature is greater than the
average, namely, the direction where the hypersurface
curves more toward the normal vector, in this case, z
direction. This leads to a smaller probability of longitudinal
polarization in the y direction, namely, δΘyy < 0.
It is useful to compare Eq. (65) with existing measure-

ments. Although the δΘyy signal of the ϕ meson can reach
∼0.03 at lower beam energies [32], the observed spin
alignment in collisions closer to the Bjorken assumptions,
namely higher-energy collisions, is much smaller, typically
at the ∼10−3 level. In this sense, the estimate in Eq. (65)
should be viewed only as a small negative baseline
contribution to the spin-alignment signal in high-energy
collisions.

VI. FREEZE-OUT IN GUBSER EXPANSION

Gubser flow is an analytic solution to the conformal
invariant Navier-Stokes equation [67]. It possesses longi-
tudinal boost invariance and rotational symmetry about the
z axis (corresponding to the central collisions). However,
compared to the Bjorken flow, it lacks transverse transla-
tional symmetry, which accommodates the finite transverse
size in realistic collisions and thus qualitatively depicts the
radial flow.
Gubser flow contains a free parameter q, whose inverse

characterizes the transverse size of the system. In the
following, we adopt 1=q ¼ 4.3 fm, which is obtained by
estimating the gold-gold central collisions at RHIC energy
[67,68]. To cooperate with these symmetry properties, we
adopt a reference frame ðτ; η; ρ;ϕÞwith τ the “proper time”
defined in Sec. V, η the space-time rapidity, ρ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
the transverse radius, and ϕ the azimuthal angle. We follow
the result of inviscid fluid in Ref. [67]

T ¼ T̃0

τð1þ g2Þ1=3 ; ð66Þ

uμ ¼ 1þ q2τ2 þ q2ρ2

2qτ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2

p ∂xμ

∂τ
þ qρffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ g2
p ∂xμ

∂ρ
; ð67Þ

where

g ¼ 1 − q2τ2 þ q2ρ2

2qτ
;

and ∂xμ=∂τ and ∂xμ=∂ρ stand for unit vectors in τ and ρ
directions, namely,

∂xμ

∂τ
¼ 1

τ
xμk;

∂xμ

∂ρ
¼ 1

ρ
xμ⊥

with xμ⊥ ¼ gμν⊥ xν and gμν⊥ ¼ diagð0;−1;−1; 0Þ. According
to a quasirealistic estimation in Ref. [67], for gold-gold
collisions at RHIC energy, T̃0 ¼ 2.99. Letting q → 0

properly (keeping qT̃0 a constant), one would recover
the Bjorken flow.
If we assume the freeze-out temperature to be 150 MeV,

given by Eq. (66), qτ ∼ 0.91 in the paraxial region
(qρ ≪ 1) of the freeze-out hypersurface. Therefore, to
simplify the calculation, we focus on the paraxial region
of the hypersurface, and thus, we assume δτ̃ ¼ qτ − 1 and
δρ̃ ¼ qρ as small quantities δ ∼ 0.1 and continue our
calculation by performing these expansions. For example,
for temperature and fluid velocity, we have

T ¼ T̃0q

	
1 − δτ̃ þ 2

3
δτ̃2 −

1

3
δτ̃ðδτ̃2 − δρ̃2Þ



þOðδ4Þ;

uμ ¼
�
1þ 1

2
δρ̃2

�
∂xμ

∂τ
þ δρ̃

∂xμ

∂ρ
þOðδ4Þ:

Since we will use the second-order spatial derivative of the
temperature field, we have to expand it up to δ3.
With the equation of hypersurface, τ3ð1þ g2Þ ¼ const:;

we obtain

nμ ¼ ∂xμ

∂τ
−
2

3
δτ̃δρ̃

∂xμ

∂ρ
þOðδ3Þ;

and thus we obtain the curvature tensor

Bμν≡−Δμα
ðnÞ

∂nν

∂xα
¼1

τ
ðnμnν−gμνk Þ−2

3
qδτ̃gμν⊥ þOðδ2Þ: ð68Þ

As for the thermal shear tensor, we first calculate the
cooling rate

ðn · ∂ÞT
T

¼ −q
�
1 −

1

3
δτ̃

�
þOðδ2Þ
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and the kinetic shear ∂ðμuνÞ, then we have

ξμν ¼ 1

T

�
∂
ðμuνÞ − uðμnνÞ

ðn · ∂ÞT
T

�

¼ 1

T̃0

	
ημν þ δτ̃

�
gμν⊥ þ 2

3
nμnν

�

þOðδ2Þ: ð69Þ

As in the previous section, we assume kμ ¼ muμ. Plugging
Eqs. (68) and (69) into Eq. (60), we have

Tμνðx; kÞ ¼ −
1þ nB
6mT̃0

�
7

2
þ δτ̃

�
BhμνiðxÞ; ð70Þ

where Bhμνi implies that in the Gubser flow and with all
those assumptions, an anisotropic curvature would induce
tensor polarization. Using the definition of ϵyðkÞ, we obtain
the spin alignment measured in the y direction

δΘyyðx;kÞ ¼−
ð1þnBÞq
6mT̃0

�
7

6
−
29

18
δτ̃

�
∼−3× 10−3: ð71Þ

Therefore, similar to the Bjorken flow, in this situation, the
spin �1 state of a vector meson tends to align in the
direction with smaller curvature than the average. Thus, the
probability of longitudinal polarization in x and y directions
is lower than z.
Compared with the Bjorken estimate (65), the Gubser

estimate (71) is enhanced by the finite transverse size and
reaches the 10−3 level. Nevertheless, it remains negative
and is more appropriately regarded as a benchmark con-
tribution rather than a complete description of the data.
From Eq. (71), one can also observe a property by

choosing a system with a different size L, such as a lead-
lead collision or a slightly noncentral gold-gold collision.
Since 1=q depicts the typical transverse length of the
system, one should expect q ∼ L−1. And according to
Ref. [67], T̃0 ∼ ðdN=dηÞ1=3. Since dN=dη ∼ L3, we have
T̃0 ∼ L. From the leading term of Eq. (71), one finds
δΘyy ∼ L−2, implying a stronger curvature effect for a
smaller system. Based on this scaling, we can make a rough
estimate for central O-O collisions. Taking LAu∶ LO ∼ 2.5,
we obtain

δΘðOÞ
yy ∼ −10−2: ð72Þ

This estimate is negative and sizable, exceeding in magni-
tude the spin-alignment signal observed for the ϕ meson in
higher-energy Au-Au collisions, where the Gubser picture
is expected to be more relevant. If other contributions to
spin alignment, such as those from the ϕ mean field, do not
gain a comparable enhancement in high-energy O-O
collisions, the curvature-induced contribution may become
more prominent there. In this sense, spin-alignment mea-
surements in high-energy O-O collisions may provide a

relatively clean probe of the polarization induced by the
curvature of the freeze-out hypersurface.

VII. CONCLUSION AND DISCUSSION

In this work, we formulate a covariant description of spin
polarization for massive vector bosons using components
of the Wigner function, Sμðx; kÞ and Tμνðx; kÞ, defined in
Eqs. (22)–(24). For instance, the spin polarization tensor is
given by the traceless and symmetric part of the projected
Wigner function

Tμνðx; kÞ ¼ Whμνi
⊥ ðx; kÞ

Wρ
⊥ρðx; kÞ

: ð73Þ

By evaluating its average over the hypersurface via the
Cooper-Frye formula (26), we obtain the expectation value
of the spin polarization tensor (13). Our results show that
the curved freeze-out hypersurface significantly affects the
spin alignment of massive vector bosons in relativistic
fluids. We identify the curvature tensor Bμν defined in
Eq. (40) as a key contributor to the tensor polarization.
Specifically, curvature-induced contributions arise from
terms proportional to first-order hydrodynamic fields, such
as the thermal shear ξρσ and the net spin potential δΩρσ

Tμνðx; kÞ ¼ 1þ nB
6ðn · kÞBαβ

	
−ξρσ

�
ηρσ þ kρkσ

2m2

�
ΞαhμΞβνi

þ ξρσΞαρΞβhμΔνiσ
ðkÞ − δΩρσΞαρΞβðμΔνÞσ

ðkÞ



: ð74Þ

We estimate the tensor polarization for both Bjorken and
Gubser flows, revealing that anisotropic curvature induces
tensor polarization. Notably, the longitudinal polarization
state prefers to align with directions of greater curvature.
Consequently, the spin alignment along the y direction,
δΘyy, is negative and with a magnitude of 10−4–10−3.
Further analysis of the Gubser flow suggests that curvature
effects on spin alignment are more significant in systems
with smaller transverse sizes.
We stress that the above discussion applies specifically to

the spacelike freeze-out hypersurface. For implementation
in numerical simulations, future research must address the
timelike part of the freeze-out hypersurface. Additionally,
the above result depends on our choice of pseudo-gauge. In
particular, for the tensor polarization, we emphasize that the
results differ from the Belinfante pseudo-gauge even if we
neutralize the net spin potential, namely, setting the spin
potential to be the thermal vorticity. This occurs because
the canonical spin tensor for the vector boson is not fully
antisymmetric [59]. These issues will be considered in
future studies.
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APPENDIX A: SPIN POLARIZATION TENSOR

For a single particle statíe in relativistic quantum
mechanics, the spin polarization vector SμðkÞ defined by
Eq. (10) is the expectation value of the vectorial spin
operator Ŝμ defined by Eq. (12), which has been proved in
Ref. [49]. In this appendix, we follow Ref. [49] to
demonstrate that for a single massive particle state,
T μνðkÞ defined by Eq. (11) is the expectation value of
the tensor spin operator T̂ μν defined by Eq. (13).
For a single massive particle, the eigenspace of the

momentum operator P̂μ is formed by jki that satisfy
P̂μjki ¼ kμjki, where kμ is on the mass shell, k0 ¼ Ek.

Noticing that ½Ŝμ; P̂ν� ¼ 0, we can restrict Ŝμ to the

eigenspace of P̂μ labeled by kμ. As Ŝ · P̂ ¼ 0, for all

the jki in the eigenspace, we have Ŝ · kjki ¼ 0. Hence, we
can conclude that

ŜðkÞ · k ¼ 0;

where ŜμðkÞ represents the restriction of Ŝμ mentioned

earlier. Therefore, we can decompose ŜμðkÞ by polarization
vectors ϵμi ðkÞ

ŜμðkÞ ¼
X3
i¼1

ŜiðkÞϵμi ðkÞ: ðA1Þ

Similarly, T̂ μν defined by Eq. (13) turns into

T̂ μνðkÞ ¼ ŜðμðkÞŜνÞðkÞ þ 2

3
Δμν

ðkÞ

after being restricted in the eigenspace, which can also be
decomposed by polarization vectors

T̂ μνðkÞ ¼
X
ij

�
ŜðiðkÞŜjÞðkÞ − 2

3
δij

�
ϵμi ðkÞϵνjðkÞ: ðA2Þ

Since ½P̂μ; ŜiðkÞ� ¼ 0, we can choose to diagonalize one
of ŜiðkÞ in the eigenspace of P̂μ. Instead, we choose the
adjoint basis, namely,

P̂μjk; ii ¼ kμjk; ii; ŜiðkÞjk; ii ¼ 0;

with i ¼ 1; 2; 3;

where we choose to characterize the eigenspace by the
longitudinal states of ŜiðkÞ. Since ŜiðkÞ are the generators
of the little group of massive particles, namely, the SUð2Þ
group, we have

hk; rjŜiðkÞjk; si ¼ ðsiÞrs; ðA3Þ

where si are defined by ðsiÞjk ¼ −iϵijk as we take the
adjoint representation here. Similarly, we obtain

hk; rj
	
ŜðiðkÞŜjÞðkÞ − 2

3
δij



jk; si

¼ ðsðisjÞÞrs −
2

3
δijδrs ¼ ðΣijÞrs ðA4Þ

for the tensor spin operator.
Let ρ̂ be the density operator of the single particle in the

Hilbert space, and its restriction to the eigenspace of P̂μ

labeled by kμ be Θ̂ðkÞ, which is precisely the spin density
operator of a particle with momentum k. Evaluating the
expectation value of T̂ μνðkÞ, we obtain

TrfΘ̂ðkÞT̂ μνðkÞg ¼
X
r;s

hk; rjΘ̂ðkÞjk; sihk; sjT̂ μνðkÞjk; ri

¼
X
r;s;i;j

ΘrsðkÞðΣijÞsrϵμi ðkÞϵνjðkÞ

¼
X
i;j

TijðkÞϵμi ðkÞϵνjðkÞ

where we utilize Eq. (9) in the last equation. Comparing
this with Eq. (11), we conclude that for a single particle
state, T μνðkÞ defined by Eq. (11) is the expectation value of
the tensor spin operator T̂ μν defined by Eq. (13).

APPENDIX B: GEOMETRIC INTERPRETATION
OF THE CURVATURE TENSOR

In this appendix, we clarify the geometric meaning of the
curvature tensor Bμν introduced in Eq. (40). More precisely,
Bμν is the extrinsic curvature tensor of the hypersurface Σ.
Its contraction with a unit tangent vector gives the normal
curvature of Σ in that direction. Its traceless part character-
izes the curvature anisotropy relevant for the tensor
polarization in Eq. (64) and Eq. (70).
To see these, let us consider a point x∈Σ and a unit

tangent vector ζμ at x, satisfying ζ · n ¼ 0 and ζ2 ¼ −1. To
characterize how the hypersurface bends along the direc-
tion ζμ, we consider the two-dimensional plane spanned by
ζμ and the hypersurface normal nμ. The intersection of this
plane with Σ defines a local curve through x, known as the
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normal section of Σ associated with ζμ. Since this is an
ordinary plane curve, its curvature can be defined in the
usual way. Let XμðsÞ denote this curve, parametrized by its
arc-length s, and let

tμðsÞ≡ dXμ

ds

be its unit tangent vector. At the point x, one has Xμð0Þ ¼
xμ and tμð0Þ ¼ ζμ. Because tμtμ is constant, one has
tμdtμ=ds ¼ 0, so dtμ=ds is orthogonal to tμ. For the normal
section, the relevant normal direction within the plane is
precisely the hypersurface normal nμ. Thus, the turning rate
of the tangent direction dtμ=ds is parallel to nμ. The
curvature of the normal section at x is the rate at which
the tangent direction turns toward the normal direction.
Therefore, the normal curvature of the normal section along
the tangent direction ζμ is given by

κðζÞ ¼ nμ
dtμ

ds

����
s¼0

: ðB1Þ

Since the curve lies on the hypersurface, its tangent
remains orthogonal to the hypersurface normal

nμðXðsÞÞtμðsÞ ¼ 0:

Differentiating this relation with respect to s and plugging
in Eq. (B1), we obtain

κðζÞ ¼ −ζμ
d
ds

nμðXðsÞÞ
����
s¼0

:

Using the chain rule, dnμðXðsÞÞ=ds ¼ tα∂αnμ, we arrive at

κðζÞ ¼ −ζαζμ∂αnμ: ðB2Þ

Finally, since ζμ is tangent to the hypersurface, one has

ζμΔðnÞ
μα ¼ ζα. And thus, with the definition (40), we obtain

κðζÞ ¼ Bμνζ
μζν: ðB3Þ

Therefore, the quadratic form defined by Bμν gives the
normal curvature of the hypersurface along the tangent
direction ζμ.
Since Bμν is symmetric and acts on the tangent space of

the hypersurface, its eigenvectors define the principal
directions, and the corresponding eigenvalues are the
principal curvatures. In particular,

Bμν ¼
X3
i¼1

κðζðiÞÞζðiÞμ ζðiÞν ;

where fζðiÞμg is an orthonormal basis of tangent space
formed by principal directions. The traceless part

Bμν −
1

3
ΔðnÞ

μν Bα
α ðB4Þ

therefore removes the isotropic average curvature and
isolates the directional dependence of the local bending,
namely the local curvature anisotropy. In Eq. (64), Bhμνi is
precisely the traceless tensor in (B4), since in the derivation
of Eq. (64) we have assumed kμ=m ¼ uμ, and for the
Bjorken flow one has uμ ¼ nμ. For the Gubser flow, by
contrast, uμ ¼ nμ þOðδÞ. Accordingly, the tensor Bhμνi
appearing in Eq. (70) reduces to (B4) in the limit δ → 0.
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