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Low-energy multiphoton scattering at tree-level and one-loop order

in a homogeneous electromagnetic field
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We study low energy photons coupled to scalar and spinor matter in the presence of an arbitrary
homogeneous electromagnetic field in a first-quantized (worldline) approach. Utilizing a Fock-Schwinger
gauge for both the scattering photons and homogeneous background, simple compact expressions are
found for both the photon- and background-dressed effective action and propagator in scalar and spinor
quantum electrodynamics. The low-energy limit allows identification of the coupling of the scattering
photons as one of an effective homogeneous superposition of their field strengths, with amplitudes
following from application of a suitable linearization operator. To treat the linearization, several techniques
are employed, including a functional expansion based on the proper time formalism and worldline Green’s
functions, linearized vertex operators under a worldline path integral, and a matrix expansion in the field
strengths. We find, in particular, that a replacement rule converting scalar amplitudes to spinor amplitudes
at one-loop order can, surprisingly, be extended to tree level amplitudes in the low energy limit. Finally, we
discuss a novel worldline representation of the momentum space matter propagators, obtaining a suitable
worldline Green’s function for this path integral satisfying homogeneous Dirichlet boundary conditions
and momentum space vertex operators representing the scattering photons already in momentum space.
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I. INTRODUCTION

Quantum electrodynamics (QED) is recognized as a
theory producing among the most precise predictions of
physical phenomena—well exemplified by the famous
agreement of the perturbative calculation of the electron
anomalous magnetic moment (known analytically to 4 loop
order [1] and studied numerically at 5 loop order [2,3]) with
experimental observation. The study of photon scattering
amplitudes in QED goes back to its earliest days [4-11],
with revived interest due to the intentions of experimental
groups at existing and upcoming high-intensity laser
facilities and collider facilities [12-24] to measure phe-
nomena such as vacuum polarization, vacuum birefrin-
gence and particle pair creation, either the perturbative
Breit-Wheeler effect [25] or the nonperturbative Schwinger
effect (already anticipated by [26] and first calculated in
[27,28]), which derive from (classically absent) light-by-
light interactions (see also [29-37]). These processes
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expose the nonlinear behavior of the quantum theory of
electrodynamics [38], and are also relevant in various
astrophysical scenarios [39—47].

Despite the effort that has gone in to calculating on-shell
photon scattering amplitudes in QED, a general formula for
arbitrary numbers of photons with generic momenta and
massive fermions remains unknown even at one-loop order
(the current state of the artisup to N = 6 photons at one-loop
order for massless scalar QED [48-50] and N = 4 photons at
two-loop level in spinor QED [51-53]; see also [50]). There
are also several examples involving both matter and (gen-
erally fewer) photons on external legs [54—56]. One excep-
tion to this is the result that to one-loop the massless all-equal
and one-unequal helicity amplitudes vanish for N # 4
scattering photons [57]; results for the maximal-helicity-
violating (e.g., . ——+---+) cases are also known for
arbitrary multiplicity (e.g., [48]) in this massless limit. For
massive fermions, even the all-equal helicity amplitudes
remain uncomputed beyond the 2-loop N = 4 point ampli-
tude. Already the mathematical complexity of the Feynman
integrals required to compute these amplitudes is high, and
new techniques for their computation have had to be
developed [58,59]. The panorama is even more modest for
amplitudes in the presence of strong background fields,
such as in the context of “strong field QED” (SFQED).
Here explicit, exact results in a plane wave are limited to
N = 2 photons (‘“‘double Compton,” “double Breit-Wheeler,”
or “photon trident” at tree-level [60-74] and vacuum
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polarization / helicity flip at one-loop order [29,75-82]), with
integral representations for the one-loop photon splitting
(N = 3) process available in [83]. In a constant field, explicit
results are known in fact to order N = 3 photons at one-loop
order [84-89](with generating functions known for the
arbitrary multiplicity amplitudes—see below).

Significant simplifications occur, however, in the calcu-
lations for scattering of low-energy photon amplitudes.
Physically, this condition corresponds to w;/m < 1, where

k' = (w;, w;k;) is the momentum 4-vector of photon 7, and

% < 1 for i#j. Formally this is implemented by
projecting onto the contribution to the scattering amplitude
that is multilinear in the k;. In this case, it is possible to
obtain closed formulas for arbitrary multiplicity amplitudes
at one- and two-loop [90-92] order in vacuum, for all
photon helicity assignments (see also [93,94]). More
recently, it was possible to obtain a “master formula”
generating function for all-multiplicity amplitudes in a
constant electromagnetic background to one-loop order
[95,96]. The former results can conveniently be obtained by
expanding the effective action in a constant electromagnetic
background to fixed order in the background field and
following the recipe outlined in [90]. The latter were also
obtained by direct calculation using the worldline formal-
ism of quantum field theory [97,98], by expanding the
worldline vertex operator (representing the external photon
interactions) to linear order in momentum (see also [99]).

The first quantized worldline approach to QFT has
proven to be particularly useful for calculating high-
multiplicity amplitudes, since it has the advantage of
combining multiple Feynman diagrams related by permu-
tation of external legs [100,101]. This, combined with the
fact that virtual momenta are repackaged into global
propertime integrals, leads to compact master formulas
that better encapsulate physical information and gauge
structure. Indeed, for the four-photon light-by-light scatter-
ing process, the worldline formalism naturally provides a
particularly compact tensor decomposition [102,103]. In
recent years significant effort has been invested in devel-
oping worldline-specific techniques for calculating the
parameter integrals that arise in this formalism without
breaking them back into ordered sectors (essentially
Feynman parametrization) [99,104]. The worldline formal-
ism has found particular success applied to study processes
in constant electromagnetic backgrounds, such as the
effective action [93,105-110], propagator [111-113]
(where it confirmed and broadened the discovery of 1PR
contributions in homogeneous backgrounds [114,115]) and
scattering amplitudes [89,116-119]—see also a proper
time approach to studying the heat kernel expansion
[120,121]. More recently it has been extended to provide
a fresh approach to calculations in plane wave backgrounds
[78,100,101,116,122,123] and shockwaves [124,125].

In the present manuscript we aim to develop a general
approach to obtaining the low-energy limit of photon

scattering amplitudes, including in the presence of an
arbitrary homogeneous background electromagnetic field.
First we will show how the expansion of the effective action
with respect to a homogeneous component of a background
electromagnetic field contains the full information on the
low-energy photon amplitudes in the complement back-
ground. We will do this expansion in three ways: a direct
expansion of the proper-time representation of effective
action which simplifies the integral-structure of the result-
ing amplitudes, by employing the worldline representation
to expand in the scattering photons’ momenta (this sim-
plifies the Lorentz structure instead), and by directly
performing a power series expansion about the Lorentz
matrix form of the homogeneous photon field strength. We
also extend this technique to the previously overlooked
case of tree-level amplitudes, both in vacuum and in a
constant field.

Along the way, we will show how—in the special case of
low-energy scattering photons—it is possible to derive a
novel worldline representation of the momentum space
tree-level amplitudes that makes use of a coordinate space
path integral with Dirichlet boundary conditions. This is, to
the best of the authors’ knowledge, the first time such a path
integral representation has been presented (past efforts
involve Fourier transforming the position space master
formula), and the resulting worldline theory is of intrinsic
interest due to it having a nondiagonal kinetic operator.

This article is arranged as follows: in the following
section we examine the low energy limit of N-photon
scattering for the scalar effective action and propagator, and
show how the sum over N-photon field strengths are
represented by an effective homogeneous field. Further
we perform the expansion with respect to the N-photon
field strengths using the various techniques outlined above
for the effective action and propagator in coordinate space.
In Sec. III we do the same, however, for the case of spinors.
Then last in Sec. IV we look at the case of the momentum
space propagators. Nonessential calculations and properties
of operators and Green’s functions are included in an
appendix.

We work in (3 4 1)-dimensions throughout with mostly
minus signature, and natural units such that A =c = 1. A
matrix form in Lorentz indices is used that can be taken to
read F :=F*,; where ambiguous indices are written
explicitly. Our Clifford algebra is {y,.y,} = 2n,, for
Dirac equation (id, — m)y(x) = 0.

II. MASTER FORMULA IN SCALAR SFQED
A. Low-energy N-photon in a Fock-Schwinger gauge

To begin, let us first treat the case of a complex scalar
particle dressed with N photons in a background field with
arbitrary strength, in which the propagator in coordinate
space and one-loop effective action respectively are defined
as [98]
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D= (-ie)* ["ar [T atees T visL. ()

oy [*dT is 5
Iy[A] = (—ie) y T Dx(t)e H Vifil, (2)
i=1
with worldline action
T 1
S:—/ d‘r{mz—l-é—lﬁ—l-eA-x]. (3)
0

The path integral for the effective action is taken over
trajectories satisfying periodic boundary conditions,
x(0) = x(T), (PBC). For low-energy photons the vertices
take on a simplified form for both the effective action (as is
known [91,92]) and the propagator with a collective Fock-
Schwinger gauge choice. In anticipation of this simplifi-
cation we write for the scalar vertex, V[f], as a functional
over the field strength. A similar simplified form will
indeed also hold for the case of spinors in the spacetime
kernel for spinor QED in Sec. III.

Let us first illustrate the simplification for the effective
action. A low-energy approximation is justified when the
energy for each i photon is much smaller than the scalar or
spinor mass, m, i.e., w; <m Yi€[l,N] [91,92]. This
amounts to retaining only terms linear in photon momenta,
k;, on-shell. The effective action is gauge-independent,
therefore for the vertex we may select the standard
expansion of the photon gauge, in which

T T .
V[fl] = / dr a; - X = / dr & Xe’k'x. (4)
0 0

Then by virtue of the low-energy limit under periodic
boundary conditions one may find no boundary terms
contribute to the vertex by halving the above integral,
performing integration by parts on one half, and retaining
only terms linear in k;.

Vifil = [ degx) - fie3(e) + O ()

where [ := i[ki'e¥ — kV¢!|. We emphasize f; is real in
Minkowski space.

The path integral for the propagator is over trajectories
with fixed end points. If we repeat the previous calculation
using the same gauge choice in (4) for these open lines,
we would find a boundary contribution already at zeroth
order in photon energy, being ¢ - (x’ — x), which is incon-
venient from the perspective of later calculations. However,
we will later corroborate our results by comparing with an
expansion of the propagator dressed to all orders in a
homogeneous background field; since we shall take this
background field in Fock-Schwinger gauge, it is convenient

to adopt this gauge field choice also for the scattering
photons

- 1

—Zm(x—.?C)D(X—.?C)D]...(X—.%)U”

n=0
ik, ...iky, s (6)

all(x) =

where X is a chosen reference point. In the low-energy limit
the gauge field reads

4,(0) = =3 = 3 @

where for any reference point we again see the vertex
operator for the open line is linear in the field strength tensor

VIF] = [ de5 (a0 =) 30 + O, (®)

0

With PBC one can see the term with X vanishes making the
connection to the loop vertex in (5 ).1 We remark that a Fock-
Schwinger gauge choice will affect the functional form of the
photon-dressed propagator due to gauge covariance; how-
ever, the gauge invariance of scattering amplitudes is, via the
Ward identity, protected after LSZ reduction.

For both the scalar propagator and effective action (we will
also find similarly for the case of spinors) the low-energy
limit of the N-photon vertices can be recast into an effective
interaction resembling that of a homogeneous field. This is to
be expected; in the low energy limit the photon wavefronts
should vary infinitely slowly, projecting onto the constant
crossed field limit of a plane wave. Indeed one may
suggestively reexponentiate the worldline vertices—as is
done in string theory—via a linearization operator to find a
coupling to an effective homogeneous field coupling

N

[(=ie)"Vifi] = exp {—ie /OT dm-x]

i=1

.9

linN

where a := >V | a; is the sum over all N-photon fields given
by the respective Fock-Schwinger gauge choice, (7), and
linN is the linearization operator serving to take only the
multilinear contribution in each of the N f; (or ¢;), e.g.,
J1f2lima = f1f2 but fiali =0 or 1fj, = 0. Thus the
evaluation of the effective action and propagator to one-loop
for an arbitrary background with N-photons in the low-
energy limit is tantamount to evaluating one with both the
background field plus a homogeneous field, a, and then

'Here we are providing the details behind the assertion that
there are no boundary terms when the vertex operator is taken
from the dynamical photon field in Fock-Schwinger gauge that
was first made in Chapter 3 of [126]: since the boundary terms are
pure gauge we may as well take the vertex operator with X = 0
when calculating amplitudes.
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applying the linearization operator:
Dy'[A] = D**[A + ]|y, Tw[A] = T[A + dlljy.  (10)

(Here ' =T, and D¥* = Df‘)/" are the effective action and
propagator dressed by the external fields whose path integral
representation omits the product of vertex operators). It is
worth emphasizing again that the above holds for arbitrary A
coupled to any number of external a; photons, and that one
need only evaluate the one-loop/line path integral without
vertex insertions, and expand in accordance with the lineari-
zation operator.

We will, however, now specialize to the case of a
homogeneous background field, with similar Fock-
Schwinger gauge, (7), so that the combined field is
homogeneous. This affords a simplification we use to
highlight the merit of the low-energy photon approach,
making otherwise intractable higher multiplicity calcula-
tions achievable.

B. Effective action

Now we wish to verify that the low-energy tree-level
(resp. one-loop) amplitudes in the homogeneous back-
ground field can be obtained—analogously to in vacuum—
from expanding the propagator (effective action) in a
“strong” constant background, A, plus a “weak” constant
fluctuation, a, in the fluctuation field.

We start with the one-loop effective action in scalar
QED. In a homogeneous background field the worldline
action is quadratic in x and thus the path integral (see (2))
may be exactly evaluated as

dr
(47)°T3

rm+4_4w/m e TK[A +a), (1)
0

where V, is a spacetime volume factor associated to the
zero mode of the worldline kinetic operator. K is a
functional determinant factor arising from quadratic fluc-
tuations. Taking also the background field in Fock-
Schwinger gauge, so that A,(x) = —1F,, (x — %), this
functional determinant has a well-known solution under
PBC orthogonal to the zero mode [106] on [0, T], being

Det™2[02 — 2e(F + f)0,]
Der (23

_ det {smh(Z + Z):|
Z+z

K[F+f] = (12)

(13)

where the matrices Z := ¢FT and z := efT.

In order to apply the linearization operator in (10), it is
convenient to first expand in powers of z. We can readily
achieve this by expanding within the functional determi-
nant form of (12). To expand in the fluctuation we use the

familiar “In Det = Tr In” relation and factorise the strong
background part

Det2[0? — 2¢(F + f)0,]
Det2[02 — 2¢F0,]

KIF + f] = K[F] (14)

_ K[F}e—%Trln[l—Ze(af—ZeFé,)"fé,]. (15)

The logarithm supplies us with a suitable mechanism for
expansion in f, where the Green’s function in functional

form appears as
7 > (16)

For G dependent only on the background field, F, we will
further for brevity take G(z, 7’|F) =: G(z, 7). The inverse of
the operator is to be taken on the space of periodic functions
orthogonal to the zero mode (with goj = QTJ», Gio = Gir
and [{ dr;,G;; =0, [I dr;G;; = 0), so that it coincides with
the worldline Green’s function in a homogeneous back-
ground field [106], and in Minkowski spacetime is given by

G(z.7|F) = <T

53 - ZeFf)T

gij -

T z o
1= ~2Gij _ 7. , 17
277 ( sinh(Z) ”> (17)

where we have written for brevity G;; := G(z;,7;), with
Lorentz indices still implicit. The free Green’s function is
G;j = |t; —7;| = T™'(z; — 7;)*. We remark that the Green’s
functions are understood in the distributional sense, and
this implies therein that sgn’(r; —7;) = 1. The Green’s
function satisfies (07 — 2¢F9,)G;; = 26;; —2/T.

Using the PBC Green'’s function, exponential corrections
to the functional determinant can be written by expanding
the logarithm in (15)

o (<ie)"

K[F + f] = K[Fle2ant 5 1, (18)

where we have recovered the exponent in [95]:
noorr ) . .
) — l"H/ deite(Giy - f - Gos - foo G - f). - (19)
=10

The multilinear contribution to the effective action is then
determined through application of the linearization oper-
ator, (10), onto just K[F + f] as Ky[F] = K[F + f]|y-
We remark that although the logarithm has been expanded
to infinite order, after acting with the linearization operator,
the summation will truncate as » ., — >V . Let us
record the first two leading order corrections at order N = 1
and N = 2.
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Kl = kP (20)
_ i) o [L 2y 4 70
KolF] = - KIF) L(I P+ T Lm, 21)

where we have left the linearization operator explicit. Its
action which may be trivially determined by just summing
over the symmetric combinations of f; (c.f. the following
subsection).

At this point let us remark for the purpose of verification
to previous literature [95], that one may reexpress the right-
hand side of the above if we now specialise f = Y ¥, fx
and discard contributions not multilinear in the f; follow-
ing our low-energy prescription to obtain

n

T : . .
H/ dritr(Gio - fi, - Goz-- S, G fi))s

(n) — n
T Z ni 11,

{il -”in}
(22)

in which the sum goes over trace-inequivalent orderings of
the field strength tensors in the product.

1. Worldline photon vertices

Let us now demonstrate that the same structure follows
from a formal worldline path integral evaluation. Although
this has been shown for the effective action in [95], we will
extend their work to the case of open lines and momentum
space calculations later, so we take this opportunity to present
the calculation in our notation. To do so let us expand path
integral trajectory in the effective action, (2), about a string-
inspired loop center, x(7) = xy + ¢(7), where g(z) obeys
PBC and as is usual x) = 7! [T dzx(z). For the simple case
of the effective action in a homogeneous field x, dependence
disappears from the integrand leaving the volume factor, V,,
and only periodic ¢ dependence in the path integral

—im®T
o €
Iy[A] = —i dT ———=K[F
v ’V“A @z )

x <—ie>N<ﬁV[ 1) (23)

where we define for generic BCs the following worldline
expectation value

_ /' Dq() Oe' o del=ki*=g-eF-4]

(0) N —
[ Da(ege e

(24)

This implies that G;; = —i(q(7;)q(z;))ppc- The vertices for
the effective action are those defined in (5) with x(z) — ¢(z)
owing the simplicity of the PBC. Indeed, comparing (23) with
(11) we find

KN[F}=K[F1<—ie>N<HV[f,-1> @)

PBC

We then verify the leading photon insertions at order N = 1
and N = 2. We may readily confirmthe N = 1 contribution as

e

KilF) = 5K1F] [ dnw(@u £, (26)

For N = 2, upon performing the Wick contraction we likewise
find that

2

K,[F] :%K[F] ATdflde Btr(gn (G - f2)

+“<glz‘f2'gzl'f1)]- (27)

These agree with the expressions for K [F] and K,[F] given
in (20) and (21).

2. Parameter integrals and matrix expansion

The expanded exponent in (19) is compact yet contains
all information for arbitrary multiplicity of low-energy
photon couplings. We now show how to perform the
parameter integrals in a way complimentary to [95]—they
used a matrix decomposition for a specific configuration of
(anti)parallel fields; we however, keep our homogeneous
field arbitrary. And, at the same time demonstrate an
equivalent expansion resulting in a recursive evaluation.
To maintain a compact final form, we wish to keep the field
dependence explicit and under a trace.

To begin, we will need to employ the following identities
for dual field strength F** = 1 ¢#%F ;. and likewise for £,
(these incidentally hold for arbitrary field in (3 + 1)-
dimensions)

Ff—fF - _IfF’

and their transposes, and the following corollaries:

Ff+fF =2  (28)

[F>.f1=[F*.f]=FfF-FfF, (29)
{F*+ F2.f} = 41 ;;F = 21 1 F, (30)

where the Lorentz invariants read I;p = % fu " and
Ip=—1f"F,.

Let us show how the above identities aid in the
evaluation of the parameter integrals in (19). First we write
for an f insertion

1 ~ -
=-({f,F* + F? P+ ———, (31
f=3 WP APy P4 ) g ()
where we can now see that the anticommutator part,
according to (30), commutes with all other F and F
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dependent elements under the trace of (19). Then for the
anticommutator part of (31) we can simplify one parameter
integral according to

T . - .
/ dr’ T {f’ F2+F2}‘g1’1”
0
. / d0Gos -G [21,5F — 1pF). (32)
0

After performing many such operations (for anticommu-
tator insertions) one will be left with a number of folded
integrals involving G, which we elaborate on below.

The other set of integrals we will encounter after
applying (31) involve the commutator. Fortunately, one
may show that the following identity holds for such cases:

~2[G.er. {eF. f}].
(33)

T . ~ .
62/ dv TT"[f’F2+F2]'g¢’
0

in effect reducing the rank of the Green’s functions from
two to one. The above can be proven by first applying
the defining differential equation, and its cousin fol-
lowing from the time translational symmetry of the world-
line action, i.e., (02 —2eF0,)G,, = 25(t —7') —2/T and
G.v(0% + 2eFo,) = 25(t — ©) — 2/T and the periodic
BC properties of G, to find

T - i
A dTgr’r ! arz[f’ €F] ’ grr” = [ T’T”’f] (34)
Then using the above, (29), and the fact that [f, F?] =
F[f,F] +[f.F]F, one arrives at (33).

In [95], the background field was chosen to consist of
antiparallel electric and magnetic fields to facilitate evalu-
ation of the parameter integrals entering Z) leading to a
closed form expression. This, however, complicates the
Lorentz structure of the result and required various pro-
jection operators to arrive at closed form results for the
parameter integrals. We take an alternative route here,
which is closer to worldline calculations in vacuum and
simplifies the Lorentz structure (at the cost of complicating
the parameter integrals where they do not appear under a
trace). We claim that application of the above manipula-
tions allow all parameter integrals to be reduced to ones
over “closed cycles” of G

n T . . .
= H/) dT,-glz : g23 MEERE gnl (35)
=1

that, crucially, are factorized from the remaining Lorentz
tensors (again, this holds under the trace). This is remi-
niscent of the worldline calculation of the finite-energy
amplitudes in vacuum, but holds here only in the low

energy limit. Before showing this, let us provide a formula
for n > 1 such parameter integrals. Since

1 1 (ae>n—1 1 (36)
[0, —2¢F]"  (n—=1)!\2F) 0, —2¢F’

and using that

1 e_Z'Grr’ 1 ©

== 2eli+1-G/1Z (37
Z sinh(Z) z+; ¢ (37)

gff
one may readily find that

S f’>=‘%(%)"

n—1 .
< 2]+1 G ]) e[2j+1—G”/]-eFT‘

1
[0, — 2eF ]"

(38)

Although a closed form solution for this series seems
difficult, we can make progress for the functional trace,

T = / de(z
0

Since only even powers of G(z,7) survive, we have
¢ — cosh(eFT), 7 = T[-L: — coth(eFT)] so that

FTI)! <%) " [ﬁ - coth(eFT)] . (40)

2i'l

[0, — 2¢F]" i (39)

Jn =

We provide a closed form expression for this derivative in
Appendix C.

It remains, then, to prove the claim that the parameter
integrals in Z) can indeed be reduced to a product of the
cycle integrals of 7(") and some (potentially complicated)
function of the various field strength tensors. To do this we
proceed by induction on n. For n = 1 there is nothing to do.
For the base case n = 2, Egs. (32) and (33) exhibit the fact
that the dependence on photon field strength can be
separated from a one- or two-cycle of G(s)

:—tr< / dr, / d12g12 g21 (205 F — 1 ¢ F]- f)
1 )
+tf</0 dﬁm‘[gnv{eﬂf}]'§> (41)

A little further rearrangement finds
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{f,F2+F2}‘f]

1 [T ) .
AL —_—/ dr,drot -Gy, - .
2 ), 9n Tt |G- O FEy )

! G B
+T/) dTItr{m'[{Z’f}a(zz-f-zz).f]]’
(42)

where we remark that [(F? + F?)%],, = (I35 + 41%:)1
commutes with f. For later reference, we now pause to
apply (40) or (C5) to arrive at the following compact form
for the resulting parameter integrals

70 _ T? [sinh‘z(Z)—Z‘z

—t =
Y2
T2 Z ' —cothZ
(2% + 77)?

Supposing, then, that the factorization of cycle integrals

holds at order 1, we consider Z"+!) and apply the results
(32) and (33) to, say, the variable 7

+1
L) _ ] /dﬂr 2UgpF 1y F
Y

~{f,22+22}-f]

[Zﬂ{Zﬁ] (43)

-g'n-f-...-f-g'm,l)
n+l
/ thf( Gnir2:{eF. f}]-

-chf_nf) (44)

F21 B2 +F2

Now, the first line on the right-hand side (rhs) has already
factorized into some Lorentz tensors multiplied by a cycle
with only n photon field strength tensors so can be reduced
to fully factorized form by the inductive hypothesis. For the
second line on the rhs we expand the commutator and use
cyclicity of the trace to obtain two contributions under the
trace

{ f} f’gn+l,2

—{eF.f}-

F2 f g23 f

F2 + F2 n+1,2 fg23 C f (45)

In both cases, the parameter integrals are again of order n
and so can be reduced by assumption. Hence the result is
proved and, in principle, the problem of calculating the low
energy amplitudes is solved by this procedure and the
evaluation of the 7" in Appendix C. It should be noted
that the same approach also proves the factorization into
cycles for spinor QED, presented below.

Let us now present an entirely different expansion, which
in turn illustrates the evaluated form of the parameter
integrals. Since the scattering photon fields and background
field superpose we can avoid a functional expansion by
instead performing a power series expansion about f in (12)

K[F + f] = e/ K[F], (46)

1
Ky[F| = ﬁ(f : aF)NK[F”linN’ (47)
where here f-0F = f,w ar,,

mined that all N corrections can be encapsulated in an
exponential term, 7 ("), Thus, to make the connection to our
previous findings it is convenient to reexpress this expansion
using di Bruno’s formula such that

[ ]e ZZn 1ji€

. Above, however, we deter-

K[F+ f] = =2 s

where now we can identify

(Y e

—le

Although this can be evaluated recursively, a straight-
forward power series expansion is inhibited because
[f - 0rg(F), F] # 0. Order by order, however, it is possible,
and it is particularly simple for Z(!); this is because of the
cyclicity of the trace with only one insertion of f. First, let us
write

i [sinh(Z) z

M =t -0 .
|z ! ¥ sinh(Z)

(50)

To analyse the matrix derivative under the trace let us
consider a suitable power expansion of the matrix function
g(F(x)) = > % a,F(x)", alongside an arbitrary function
h(F(x)). Using cyclicity it is straightforward to show that

wlh(F(x))oxg(F(x))] = t[h(F(x))0,F(x)g (F(x))], (51)

where ¢'(F(x)) = 0,9(q)|,~r With g a scalar weighted
function or otherwise commutable matrix. Let us show
how the matrix derivative acts for our purposes with a few
simple examples: f - 0pF = f, f - 0pF = fiof- Oplsp = Iyy,
etc. Then we find the first order correction to be

T = —iTtr[(coth(Z) — Z71) f]. (52)

This agrees with (20) (we recall J 1) given above) and
confirms the known result [95,96] when converted to
Minkowski spacetime.

Determining the higher orders of Z(™ can also be
achieved, however to apply the same principles as
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employed to find Z() we must first reduce the f under the
trace to linear order. We accomplish this by employing the
identities shown above in (29)—(30). Let us show the
procedure for 7). We insert (F? + F?)/(F? + F?) under
the trace in (52), and apply cyclicity of the trace to form the
anticommutator on the LHS of (30). This then commutes
with F, so we may apply the same steps leading to Z(!) in
(52), but for Z(). This approach extends to higher orders.
Let us show the explicit form of Z(?) as

oL 1

-1
B trm {(Z - COth(Z))
x {21,;‘,?13 — I F 4205 f = Lyef

_ (2UypF = 1;¢F)(2Ff + 2F f)
F? + F? ]

+ eT(=Z7% + sinh™(Z)) (21 ;p F — 1 1 F) f}. (53)

Higher orders increase in complexity for our case of a
generic constant field, and showing their form for the
coming cases is not illuminating. However, the recursion
relation is readily applicable. One need only insert again
(F? + F?)/(F? + F?) under the trace, and use (30). Then
since all the elements under the trace commute, we can
straightforwardly take the f - dr derivative.

To make the connection to (43) as presented from the
parameter integral approach, we can use the above (53),
rearranging terms; however, in practice it is simplest to
keep all Lorentz structures under the trace. To show the
comparison, let us rework Z(?), but instead of using the
Lorentz invariants in (30) we use the anticommutation
relation directly. To begin we write Z(2) using the above
principles as

T2 Z~l —cothZ -

t _ V72 4+ 72
P e A

N Z ' —cothZ
(22 +27)?

. r [sinh‘Q(Z)—Z‘2

(—{f. 2>+ 2%}f - 0,(2* + 27)
+a%¢mﬂﬂ@W+?m} (55)

Then we make use of yet another useful identity,
{F,f} = {F, f}, found from (28), and consequently f -
0,(Z% +7%) =2{F,f} to find that Z(?) does indeed
reproduce (43). In the form of (43) one may more readily
make the connection to the expression found in [95,96],
once continued to Euclidean spacetime.

C. Propagator

We now address the scalar propagator dressed by low
energy photons. The master formula we will obtain is of
particular interest for its connection to tree-level scattering
observables at arbitrary multiplicity. As before we need the
propagator evaluated for homogeneous fields, that we split
into a superposition of two fields. The exact propagator in a
constant background is well-known [27]; let us present it in
proper time form, after integrating over trajectories in (1),
and solution as

! ©o dT : J
Dxx[A + Cl] — —l/ C_lszKxx[F-f—f], (56)

0 (471'T)2

2 2
v L A (Ff)x

K*[F + f] = K[F + fle
= K[F —|—f]e_%x—‘(zﬂ)'coth(z-&—z)w_’ (57)

where x_ := x’ — x. In the worldline formalism the expo-
nent comes from completing the square in the worldline
action, requiring the Green’s function in an arbitrary
homogeneous field background on the Hilbert space of
functions obeying Dirichlet boundary conditions, denoted
DBC (note the normalization),

7 >, (58)

cf., (16). We further adopt the usual notation of "A(z,7') =
9,A(r,7') and °A(7') = [{ drA(z, ) (and likewise for the

right-hand side), keeping implicit where appropriate the
proper time arguments. With Minkowski space metric it is

convenient to express A = A(z;,7;) in terms of the string-
ij

inspired Green’s function, viz.

1
0> —2¢(F + f)o,

AweIF ) = (s

28 =G = Gio = Yoj + Yoo- (59)
ij

where zeroes here indicate that, e.g., G(7,0) = G(z,7 — 0).
As before we must decompose f into a sum over external
low-energy photon field strengths, f;; here now in addition
to a determinant as we just treated with the effective action,
we must also deal with the expansion of the exponent
involving the Green’s function.

Let us first treat the determinant. This is similar to (12),
but is evaluated on the space of functions with DBCs. This
is known, however, to take the same value as the determi-
nant under PBCs. For considering (19), observe that the
replacement of G, = G j— Gio is possible under the trace,

*Here we have chosen to use Fock-Schwinger gauge “instan-
taneously” centred at the reference point * = x, the initial point of
a given worldline as in [112]—see the Appendix for a more
thorough discussion.
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since fOT dr;G,y = 0. Hence one may replace g with 2°A
ij

in (19) correctly reproducing the determinant but under
Dirichlet BCs. Thus K[F + f] in (57) is indeed given
by (18).

For the expansion of the additional exponential depend-
ing on the end points of propagation, we rewrite the
operator in (58) as

1 1 1

2 —2e(F+f)9, 1- 2e 5 0,02 — 2eF0, (60)
T T '\ 2 Fa T

then perform a geometric series expansion in f to find

A(r,7|F+ f) = A(r,7) + Z(—ie)”é(”)(r, ), (61)

é(ﬂ)(T,T’):(Zi)”ﬂ/ driAzi - f A f oAy,
(62)

where we have abbreviated A(z, 7'|F) = A(r, 7).

Gathering both the expanded determinant and exponent
carrying the dependence on propagator end points we can
write for the worldline kernel

KP4 f] = KPS

n ENOER .
Xeﬁ [21 CA°Z+z°A° z+Zn] ie)"(Z+z)-° A <Z+Z)i| x_

(63)

Then from an operational standpoint to compute D}‘\;X[A]
and hence K§*[F] = K**[F + f]|jv one need only trun-
cate the sum in the exponent to N, ie., Y., — >N
Then take all combinations of N powers of f, recalling that
z = efT. Let us show this for the first order correction to
the kernel as

K{(F) = =S ROFZe0| o (64)
7¥x(1) = 7(1) — gk RTf-°A°-Z—iZ-° AV . 7] x_.
(65)
And the second order correction becomes
' (—ie)® Uy X2
K5 [F] = ~—K“*[F] |5 (22 + 7@ 1| (66)
4 2 lin2

:Z'x’x(Z) — I(z) - X_ " [szf ' Oé c f

+2Tf - Oé(1>° L7 —iZ Ao

Z)-x_. (67)

For completeness, in Appendix A we provide explicit
expressions for the multilinear expansion of (63) for arbitrary
photon multiplicity, N. In the following subsection we will
verify these results using the path integral approach.

1. Worldline photon vertices

Here we show how the additional end point contributions
arise from the perspective of the photon vertex operators for
open lines. We begin by writing the following expression
for the scalar propagator in coordinate space from (2)

DxN’x[A] _ (—ie)N/ dTe—zm T 14T
0

VIfil,

% Dq(z_)e—ij:-df( +5q-F-g—5x_-F-q)
DBC pale]

(68)

where we have decomposed the arbitrary trajectory x(z)
into a straight-line and a fluctuation part x(7) = x + x_ % +
q(z) with DBC on ¢(r) and used the Fock-Schwinger
gauge, (7), with reference point X = x being one of the
worldline end points. After expanding about the straight
line, the scalar vertex operators, (8), are expressed in terms
of the fluctuation as

V] J:[df

where we used the short notation ¢; = ¢(z;). This can be
recast as a worldline expectation value

o [e dT
ID}YV [A] - _l/)' (47[T)2

1 .
zi(ql"fi’%_?x—‘fi'%)’ (69)

eim T KXX[F], (70)

N (C ”HVf,> ,

DBC
(71)

where Wick contraction of fields inside the expectation
value are determined according to (¢*(7)q*(7))ppc =
2iA*(z,7'), since the function on the rhs inverts the kinetic

operator in the worldline path integral.

To corroborate that we obtain the same result as with the
previous method, let us consider the one photon amplitude
(corresponding to the lowest order); to do that, we use (71)
with N = 1. The first order correction becomes K7}*[F] =

—ie K“[F]Ixx( ) where
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2 ) T
YA[p — —iz/ % drx_-F~q>
K¥*[F] = K[Fle 4<e o )
x'x(1) r . e
7, = ; dry[2itr("Arr - f1)
_Fx—'(Tffélo ZAZ-CA - fi A 2) - x,
(73)

which is in agreement with (65) the trace matches the first
order contribution from expanding the functional determi-
nant and the second line corresponds with the expansion of
the exponential carrying the dependence on the end points).

To proceed with higher orders we introduce a new
notation: we denote an ordered cycle by

T x(n) Ix/x(n)(fil ’fiz’

ivis...iy

fi,)- (74)

where each instance of f in Z} """ is replaced with the
specific f; in the order given. Then the N = 2 case can be
expressed as
x'x (_ie)z x X x(1) x"x(1 x'x(2 X' x(2
K3 [F] :TK [F][Il ( )Iz : )+IIZ( : +I21( )]
(75)

with, explicitly,

7" =4 / L drde (D £ B - £
ij 0 217 it 2t J

i
Fx_.fi. A fix_

4i T
+Fx_.fl..é‘n,.fj. éT/.Z.x_

+

4i . . Ao
+Fx_.z. éf.fi. é‘r‘r"fj' ér/.z.x_}’

(76)

which is fully in agreement with (67) (as before the terms
involving traces correspond to the expansion of the func-
tional determinant whereas those with end point dependence
match with the expansion of the exponential there; the first
term in (75) contains cross terms from these expansions).

2. Matrix expansion

As performed in the previous section for the effective
action, we may also achieve a matrix expansion of the
propagator via a Taylor series in the superposition of
scattering and background fields. The expansion takes
the same form as on the loop in (46), but with

K[F + f] = K**[F + f], where we write

Kx/x {F+f] _ Kx/x [F]ez;‘;l [(7;1)”_’[(”)—4"Tf':!rx7~ZCOth(Z)‘x7:| (77)

with Z(") given by (49). However, in addition to the
determinant factor we must also expand the exponential
factor depending on the end points. We again Lorentz
decompose the exponent by writing

1 z?
x_-Zcoth(Z)-x_ = x2 Etr {Mcoth(z)z]

1
+x -Z%x_~tr [mcoth(Z)Z} .
(78)

where we have made use of projection operators with
respect to Z, first finding the magnitude of the eigenvalues
of Z, extracting the Lorentz scalars involving x_ and then
reassembling the eigenvalues into their matrix form; see
[127] for details on formulas and projection operators.
To determine the contribution for one photon, we
factorise K¥*[F] as in (65), arriving straightforwardly at

1
x(l) — () 4 _—_f. . .
A A +2€Tf Opx_-Zcoth(Z) -x_ (79)

_Zf - x_ 1
_zm . * 2f i [zz 7 coth(Z)Z}
x2 /? VARV AE YA
+ Ztr {m COth(Z)Z <2 7f + Z f
Z(Z*+ 7%) x_-Z%-x_ [ coth(Z2)Z
" sinh(2z) | )] T3 [(z2 L2y
L. P72 222+ 77
. <_2Z T =7 i@z “ >] (80)

where Z(!) is given in (52). Here too, for the propagator,
higher order expressions are conceptually simple to pro-
duce, but result in larger expressions; therefore we confine
our attention to just the first order case here. The various
traces above can be easily taken with application of
projection operators as in [127]. To arrive at the above
from (73), one must complete the parameter integrals, then
use projection operators to rewrite the remaining expres-
sion in terms of x2 and x_ - Z2 - x_ as done in (78). This
completes our discussion of the scalar propagator in
position space—we will return to the momentum space
propagator and its connection to scattering amplitudes later
after turning to the more physical theory of spinor matter.

III. MASTER FORMULAS IN SPINOR SFQED

For the case of spin 1/2 fermions, we should add the
contributions from the spin degrees of freedom factors. In
the worldline formalism these are represented by “spin
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factors” [128,129], described in more detail below. For the
effective action this leads to a proper time representation

. dTe—isz

Mt +a = 5V, [T O KelF £ 81

1 [tanh(Z + z)] , (82)

K. [F+ f] = det—=
splF 4 f] = det=5 1=~

with an additional factor of detz[cosh(Z + z)] entering the
matrix determinant from the spin factor

trPe_i%j;T dro" (Fu+fu) _ det%[cosh(Z +2)]  (83)

— edTrin[,+2e(F+f)] (84)
We have again written the determinant in its operator form
and used o = £ [y#, y*]. As before we will need a Green’s
function with which we can perform a suitable expansion.
As spin degrees of freedom obey antiperiodic boundary

conditions on the worldline, this is Gg(r,7|F)=:
Gr(7.7') =2(7|[0, + 2eF]~"|¢’), satistying Groy = —Gprv
and Gr,o = —Gr.r. Let us go ahead and provide its solution
as [130]
eZG(‘r.f)
Gr(r,7) =sgn(zr —17') cosh(Z) (85)
= e 7(=7)[sgn(z — 7') + tanh(Z)]. (86)

With the antiperiodic Green’s function we again expand the
logarithm in the weak field to obtain

1A
Det2 [a,_. + Ze(F + f)] _ e%Trln[l-&-Qe(aT-&-ZeF)"f]
Det[0, + 2¢F]

— e T (87)

’

where

Igvn) = (_i)nH/OTdTitr(gFlz fGrsfe G - f)
i=1
(88)

Written in the form above we can see that this respects the
loop replacement rule transforming between scalar and
spinor matter already at the level of the exponent (see
[97,98]), since we now acquire

w0 (i)

Ksp[F+f] = Ksp[F}ezn:I n [I(n)_I(Fn)]. (89)

So, to determine the spinor extension to the complex
scalar case one may simply replace Z() — T — 7\

This replacement rule usually holds in the worldline or
string-inspired setting only after expanding the exponent to
multilinear order in the field strength polarization vectors
(and carrying out an integration by parts). It holds here at
the level of the unexpanded exponent due to the projection
onto the low energy limit of the scattering photons. In this
sense the so-called “Q-representation” of the amplitudes
(see [98]) is the natural one for this expansion.

For the open line, we must also add the boundary
information corresponding to the spin degrees of freedom.
Indeed, the propagator can be compactly written in first
quantized form as [113,131]

S*A+a] = [-m—iD ) K*¥[A+ad],  (90)

where here D, = 9, + ie(A + a), and we have introduced
the propagator spacetime ‘kernel” for a second-order
formalism of the fermion degrees of freedom (see
[132,133]) which has proper time representation

x'x L[ dTe—isz -1 x'x
KA +a] = —i ; WSymb {KS'IF+ 11}
(91)
K’;;ﬁF%—f] _ KSP[F_|_f]e—ﬁx_-(ZJrz)vcoth(ZJrZ)-x_
« e—nrtanh(Z+z)n (92)

In the above we have introduced the inverse “symbol map”
which maps the Grassmann variables, 7* to antisymme-
trized products of y matrices, which produces the Dirac
matrix structure of the spinor propagator

Symb{yl . yrl} = (—=iv/2)mpr . g, (93)

where antisymmetrization includes the combinatorial factor
L. See [130] for further details including explicit formulas
for their operation in (3 + 1)-dimensions. The factor inside
the inverse symbol map is generated in the worldline
formalism from an operator inversion

e—rtanh(Z+2)n — e—ﬂ'(z+2)"7+TL2'7'<Z+Z)‘ °Gp° (Z+Z)'<Z+Z)"7. (94)

Again, our strategy is to expand the exponent in powers of
the dynamical photon field strength tensors. Doing this
effects the replacement

Gr(z.2|F + f) = Gr(r.7) + D _(—ie)"Gy (z.7).  (95)
n=1

n T
g@@» v) = (=i)" HA dviGpo - f - Gria- f oo Grae
i=1

(96)
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Using the above we can determine the expansion of the
proper time kernel as

/ / o (=ie)" i (n) _7(n)
K F+f]= Kévpx[F]eZn:I  (T-15)

I [2z- CATZAZ AT+ O (=ie) (Z+2)- T AN -(Z+z)} x

Xe

e—f7~z~f7+7%n- [2z- °Gp-Z+z°Gg -z+Z:°:1 (~ie)" (Z+2)- "G -(Z+z)} n

’

(97)

now ready for an expansion onto multilinear order.
Remarkably we see from (63), (97) that a replacement

rule persists even on the line, in the low-energy photon

limit. We see that in addition to the loop replacement rule

that 7" — 7 — T p, we have the following accompa-
nying rule on the line that incorporates the contribution
from the end points as well:

X PAMe L x_ s x . cAe ...x_—iTzr]...ogg')o...n,

(98)

oé(n)o - °A° and

(for the n =0 -case replace

° QEV") ° —°@Gy in (98) alongside introducing the additional
—n - z - i factor into the exponent.

As before we can readily determine the first few
corrections. The first order correction is

X' x ie X'x ' x X x(1
K IF) = - S K F) |00 -] | (99)
7 =1 1 2iTy - f o
2 o o
— g RITf G 24 Z- V. zl-n.  (100)

And the second order correction becomes

(—ie)?

ksslr] = T kg (101)
1 e X' x(1 x x'x(2
|:§(z' (1)—IF(>)2+I <2)_IF():| ) 2’

x'x 4 . o o
10 =1 4 S (13- G - f-2Tf -Gz

-z2-°GP" 7| . (102)
Again, in Appendix A we give the full expansion of (94)
suitable for projecting onto the multilinear contribution at
arbitrary multiplicity.

To convert these expressions into an expansion of
the spinor propagator proper, we return to (90) which
now contains two types of contributions. In analogy to
[130,132,133], we refer to the contributions in which all N

of the scattering photons’ field strength tensors are taken
from /C as the “leading contribution” and the contributions
in which one of the field strength tensors is taken from the
leading covariant derivative as the “subleading contribu-
tions,” which form the distinct parts of the decomposition

N
SV = =lm+ i(@y + iAWY + e di(x )R,

i=1

(103)

where in the Ky_; we omit photon i. In vacuum [132] and
in a plane wave background [130], the subleading terms do
not contribute to scattering amplitudes, as they do not
survive the LSZ reduction which extracts them from Sy,
once matter legs go on-shell. In the homogeneous fields
considered here, LSZ is troublesome as the fields do not
vanish (the gauge potential does not become constant)
asymptotically. Rather than performing LSZ, one may
truncate the external lines of the coordinate propagator
with asymptotic in and out wave functions in a constant
field to arrive at an amplitude as is done in the standard
approach to strong field QED. Therefore we halt at the
above form in the coordinate representation (but see the
momentum space formula below).

A. Worldline photon vertices

For completeness we also show how the contribution
from the spin factor can be obtained from low-energy
photon vertex operators in the worldline approach, which
are now augmented by the presence of the spin degrees of
freedom. We do this for the open line, since we can always
obtain the corresponding integrand for the one-loop ampli-
tudes by fixing x_ = 0 (and change the measure on the 7'
integral).

In analogy with the scalar case, for the spinor case we
start from the path integral expanded about the straight line

2

I 1A] = (ie) [ dreresis
0

x Dq(r)e_i Jo (é*‘%qf ~c}—%x,~F.q)
DBC

N
x 278Symb~! { A Dy @S [ [V i]},

i=1
(104)

where ABC stands for antiperiodic boundary condi-
tions. The corresponding action in the path integral over
Grassmann variables producing the Feynman spin factor
reads S, [F] =i [T dt(3w -y + ey, - F -y,), and for brevity
we write y, := y + 7. In the above the low-energy spinor
vertex operator is obtained by expanding the spinor vertex
operator given in [113,115,130] to linear order in the
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photon momentum (in fact the spin-coupling to the line
already starts at this order). Explicitly this leads to

VU] = VI - i A deyn(@) - fiowo(T). (105)

Similarly to the scalar case, the spinor propagator kernel
can be written as a worldline expectation value as

, dTe=m'T
V9A] = — ———> Symb~ LK [F 106
) = =i [T Sy KL (106
KS[F) = (~ie) VK[Fle~T
i—efrdfx_-F-q u
TG ) (AT )
i1 DBC,ABC

where we write for the antiperiodic Grassmann expectation
value

Jupe Dy ()OSl
fABC DI/I(T) eiSplFl 7

<O>ABC = (108)

with the basic rule for Wick contractions of Grassmann
fields being (y*()y* (7)) =1 G (7, 7).

We again focus on the one photon amplitude in the
spinor case, choosing N =1 in the expectation value
showed above, but this time we notice that, since scalar
and spinor variables do not mix, it is sufficient to focus only
on Wick contractions for the product of vertex operators
with Grassmann variables (the scalar part has been already
worked in the previous section). Hence, it is sufficient to
work with the spinor part: ([} dryy,(z1) - f1 -y, (71))a-
Computing the expectation value we arrive at the following

expression for the first order correction as K %[F] =

ie Trx'x X x(1 X' x
— kg I = T3] with

spl

, T _ _
vaf(l) = _i/o dei[te(Geyy - f1) = 2n-G1 - f1- Gy -l
(109)

where we have written G; == g — T~'G2, - Z and G/ = g —
T-'Z- °Gp; with g the flat Minkowski metric. And thus
confirming the first order expression found in (100), along
with Z¥*() already confirmed in (73).

Confirmation of the N =2 case proceeds similarly.
Namely we find upon gathering the various Wick con-
tractions that the following structure emerges for the
worldline kernel

X' x (_ie)z x'x X' x(2 x'x(2 x'x(2
KspZ[F]: 4 Ksp [FMIIZ(>+IZI<)_IF1£)
x'x(2 X x(1 1 X x(1 X' x(1
_"Z’.F2§ ) + (Il ( )_IFl( ))(ZZ ( >_IF2( ))]’
(110)

where now the only new component to evaluate reads

'y T
I}Vméz) :A drydey[—tr(Grin - f2 - Grar - f1)

+47-Gl - f1-Gria-f2-Go- ), (111)
in agreement with (102). As anticipated, we see that with
the worldline path integral approach the replacement rule
from scalar to spinor low-energy N-photon coupling

insertion is manifest: for N = 2 above this is 1)16’2)6(2) —
717 — 7311 and likewise for 142, and in 7} —

7 — 755 and likewise for 1 — 2, going from scalar
in (75) to spinor, above in (110).

B. Parameter integrals and matrix expansion

The formulas provided in Sec. II B 2 can be used here too

(n)

so as to reduce the evaluation of 7’ to cycle integrals of

the form (but see [95] for a tensor decomposition of Z Ef))

noorr
jgr) = H/) drGrio - Gpas -
i1

which is proved by induction with only necessary changes
in the Green’s function. Evaluation of this integral is again
achieved by derivation

Gpas o (112)

jg):/)Td‘KT mﬂ (113)
= ﬁ (%f) " tanh(eFT), (114)

with J g) = Ttanh(eFT). An explicit formula for the
above derivative is given in Appendix C.

In the same way as was done for the complex scalar field
case we may also perform a matrix expansion. Let us write
the expanded worldline kernel, then, in the following form

/ _ (n)
Ky[F + f] = K [F 1e2n Rt

% CZ [ T n, 2 Ex_-Z-coth(Z)-x_ —&;7 -tanh(Z)- r]}

El

(115)

which immediately identifies
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i 1 0
70— _ <f F

n

trIn|cosh(Z)]. 116
o (22 enleomz)l. (116)
To take the matrix derivative for the 7 dependent portion we
must first decompose the term into its available Lorentz
invariants. Using projection operators we determine that

tanh(Z) - n=n-2Z 1tr Z_ wnh(z)
1 L VA

1 tanh(Z)} .

1
2ot |
2|72+ 72 Z

(117)

Let us show the first order correction from the above,

where K)S‘I')ﬁ [F] is given by (99). First let us evaluate prl) in

compact form as

I}” = —iTtrtanh(Z) - f]. (118)

Then we may evaluate entire first order contribution as
X' x 2i
720 = 70 ;lf -0pn-tanh(Z) -y (119)

TZ’tanh(Z) 7% . 372> +7°

F +”7 nr (ZZ+22)ZZ( Zf 7 f

Ttanh(Z)

(22 +7%)Z
322+ 72
-

N 2(2°+2?)
sinh(2Z)

—i(n-2° -n)tr[

2(2°+2%)
sinh(22)

f)] +in-(2sz+ZfZ)-ntr{
T tanh(Z), 5 -
(22+Z2)2 7 (22 +

(120)

which also gives an explicit form for the parameter integra-
tion. Higher orders may be found through recursively
applying the derivative operator, taking the steps outlined
in Sec. II B 2. And also, similar to the scalar propagator case,
to arrive at the above expression from (109), one should
compute the parameter integrals using the formulas pre-
sented above, and then use the projection operators to express
the result terms of - Z -y and - Z3 - .

IV. MOMENTUM SPACE FORMULAS

For the purpose of calculating scattering amplitudes with
external matter legs, it is of course more convenient to work
with the correlation functions in momentum space. In the
worldline formalism this is usually achieved by first
computing the path integral with vertex operator insertions
to obtain a master formula in position space, which is then
Fourier transformed to momentum space (see, for example,
[97,98,112,130,132,133]). Since the scattering photons’
field, a(x), appears already in the path integral exponent,

for plane wave states at arbitrary energies the transition to
momentum space is not immediate.

In the present case, however, the projection onto the low-
energy limit of the photon scattering amplitudes allows this
ordering to be reversed, so that we can first carry out the
Fourier transform, thereby obtaining path integral repre-
sentations of the dressed propagator directly in momen-
tum space.

Let us begin with the first approach—we take the Fourier
transform of the coordinate space propagator directly, viz.
DPP[A +a] = [ d*¥ d*xe!""¥~P¥)DY¥[A + a]. As before
we need only examine the case of superposed homogeneous
fields and then later implement the plane wave expansion
of the scattering photons and subsequent projection onto
the multilinear contribution. Starting with (68) without
vertices (N = 0) we compute the Fourier transform before
integrating out the fluctuations. After changing variables
to x; =3(x'+x) and x_ =x'—x and computing the
Gaussian integrals we find [using 3p/p =2x8(p' — p)l

DIPIA+ a] = —ib), A Y dTe TR [F 4 ], (121)

Dy(z)e Jo det+sa i
DBC
w P TH [} del2ep (Ff)g=5 [} deq(@)(F1)4(7)]

KPP[F + f] = (4T)?

(122)

Unusually for worldline calculations, this path integral
appears with a new nonlocal kinetic term—note that we
are still integrating over trajectories with homogeneous DBC
in coordinate space with the momenta appearing as param-
eters under the integral. Of course we may also perform the
Fourier transform after having integrated over trajectories
[i.e., from (56)] leading to the known result [112]

T tanh(Z+2)

KPP[F + f] = P~ 7= P det™"/?[cosh(Z + z)]. (123)

We shall show that (122) reproduces this in the following
section and develop a matrix expansion of (123) along similar
lines to our above work in position space. At this point we
remind the reader that the momentum space propagator can
take on different functional forms, connected to gauge choices
in the gauge covariant coordinate space propagator (the
holonomy factor interacts nontrivially with the Fourier
integrals). We explore this tangential point in the Appendix B.

For the spinor propagator “kernel” in momentum space,
ie, KPPA+a] = [d*x [ d*x'eP¥=PYCYY[A + a], we
will have by analogy with the scalar case (since the spinor
degrees of freedom do not couple to the initial and final
spacetime points)
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KPPIA + a] = —ib),, / ” dTe " TSymb~ ' {KLP[F + f1},
0

(124)

Dq(z)e”’ Ji astit+sa-(Fep)dl
DBC

 iPPTHi [ del2ep-(Ff)q=F [ d7a(x)-(F+17q(7)

KEV[F + f]:= (42T)?

XZ_Q/Dw(T)eiSSP[F]. (125)
A

Therefore in this section we confine our attention to the
scalar case, noting that the resulting formulas for spinors
follow with minimal modification.

To compute this path integral we need to study the
nondiagonal operator 7 associated to the nonlocal kinetic
term, defined with matrix elements

o A 4¢% .
22, 7|F) = (2|02 = 2eF0, — %th’) (126)

2 ! 4e? 2
= (02 —26F0,)5(1—T)—7F . (127)

The inverse of this operator, = = 771, satisfies the “posi-
tion-space” Green’s equation (there are no zero modes)

42

(0? —2eF0d,)=E(z,7) — TFZ “B(T)=6(r—17), (128)

where again we compactly write for the background field
case E(r,7|F)=:E(z,7’), and borrow the derivative and
integral notation introduced for A below (58). The Green’s

equation is solved by (see Appendix D)

B t) = A )+ A () D eAw)
— T3‘—' 1_% oéo'zz —

(129)
=A d 4 A° h °A(7 1

= A(e.) +254° (1) Z- k() “AF).  (130)

We also require the path integral normalization obtained
from the functional determinant (also in Appendix D)

) . L de?,
R[F] = Det# | — 2¢F0, — %FZ (131)

= ﬁ det™3(cosh(Z)).

(132)

With these results in hand, we now employ the path
integral representation of the momentum space propagator
to develop expansions in f of the background-dressed

propagators analogous to those in Secs. II and III. Let us
compute the Gaussian path integral in (122) to find

LeEe.

KPP [F + f] — K[F + f]eip2T+iT—4zp-(Z+z) =) (Z+z)-p’ (133)
where here 2(7, 7)) = E(r, 7/|Z + z). This already rederives
(123) once we use the formulas for integrals of E given in
Appendix D.

As before we may now formally exponentiate the func-
tional determinant factor

K[F +f]= Ig[F]e—%Trln{l—§[23f8,+#(ﬁ]"+fﬁ+fz)]}’ (134)

where at this stage Z = Z(F) depends only on the back-
ground field. The presence of terms both linear and
quadratic in F make a closed formula for the expansion
in the low energy field strength tensors more challenging
now; however we can provide results order by order.

Let us first expand the functional determinant. By
expanding the logarithm in the weak field and introducing
suitable resolutions of the identity we can produce the
contribution corresponding to insertions of scattering
photons. For example, at O(f) in the exponent we get
the following [reusing the notation E,, = E(z,7’)]

- ~ T = A rg.oome 2

K[F-f—f} _ K[F]ee“[j; dT(f'un)JF;sz = ]+O(f2). (135)
Next we expand the momentum dependent exponent of
(133). This involves a geometric series expansion in f for
the Green’s function Z(F + f) and a simple binomial
expansion for the polynomial operators sandwiching the

various E(F). We again restrict attention to the first order
correction. For the Green’s function this is

T
BE(r,7|F+ f)=E.y + 26[) doZ,, - f - B,y
46,_,0 o 2

(136)

Then using the above along with the expansion for the
determinant to O(f) in (135) we can readily find the N = 1
contribution as

4 T
KPP[F) :eKPP[F]{tr [ﬁf-z- °Ee +/ drffE”}
0

Sl =o T o e o
—I—Fp{Tf-Z-"n +/0 deZ-°B,-f-"B°,-Z

4
+FZ-OE°-f-Z-°E°-Z]-p}. (137)

We shall verify this result by a worldline calculation below
(one can, of course, compare this with a direct Fourier

096024-15



AHUMADA, COPINGER, and EDWARDS

PHYS. REV. D 112, 096024 (2025)

transform of the position space result, (65), where agree-
ment is found after substituting the explicit form of E from
(130) and using its integral properties in [(D12)].

A. Momentum space vertex operator

We are now well situated to derive the vertex operator for
low-energy photon scattering amplitudes already in
momentum space. In fact, to the best of the authors’
knowledge, this is the first time that a momentum space
vertex operator has been derived on the worldline using
Dirichlet boundary conditions (the obstacle to doing this
for finite external photon momenta is that the worldline
action ceases to be quadratic in the path integral variable); a
momentum space vertex operator has been considered for a
path integral with Neumann boundary conditions in [134].
Let us remark that the low-energy limit applies only to the
photons and not to the matter momenta, where we can take
p to be large.

To derive the vertex operator let us start from K77 [F + f]
before taking the path integral, (122). To derive the photon
vertex operators we wish to consider f = >V | f; and take
the part multilinear in the f;. To achieve this we first
linearize the term in the action that is quadratic in f, we do
this by introducing an auxiliary field, X(z), as in [135] so
we can rewrite

i Ji e [T aqe) - a () _ / DX (z)e" o #EFH1Q),

(138)

where Q := [I'drg(z), the Wick contractions for the
auxiliary field are defined by (X(7)X(7')) = 2i6(z —7’)
and its free path integral is normalized to unity. If we use
the above equation in the momentum space worldline
kernel, it is rewritten in terms of an expectation value of
new, momentum space vertex operators

KYF + f] = (~ie) R[FleT

X <eZie Jo damr-Fa ﬁ Ve [fi]> ,
i1

DBC.X

(139)

where the expectation values are taken with respect to both
q(7) and X(z). Here the low-energy vertices read

3We observe that, in this case, a valid integral representation
could be achieved by using an auxiliary variable, X (say).
However, we ascribe to the worldline philosophy that all degrees
of freedom should be represented by path integrals on equal
terms.

T/
Vefil ’=A dTi(EQi'fi"]i_zp'fi'Qi
1 2
+TX'fi'Q+F(]i'fi'Z'Q>- (140)

Of course, the zero background field limit, F — 0, yields a
new worldline path integral representation of the open line,
low-energy scattering amplitudes in vacuum.

Considering the basic Wick contraction of the fields in
momentum space (g*(7)¢"(7)) = 2i2"(r,7’), at order
N =1 the expectation value yields

K{"[F]
T
- —ieKPP[F]A dr[itr("Eyy - f1)

—FP'(Tfl'Eol'Z‘f'Z' ‘B f1TEL-Z)p

4 . -
+F/d72(ltr(2‘fl ':‘12)

_%p.Z.OEI.le.EOZ.Z.p)], (141)
in agreement with (137) and, therefore, the Fourier trans-
form of (73), which would be the usual way of arriving at
momentum space formulas in the worldline formalism.

For the spinor case, referring to (125), it is clear that we
only need to append the spin degrees of freedom contrac-
tions inside the symbol map. These were, however, already
worked out in (109), so it remains to take the linear part of
either the scalar or the spinor contributions. At higher order,
(e.g., N = 2) these contributions can mix: there will be a
second order contribution from the spin part, a second order
contribution from the scalar part, and the product of the first
order contributions from each part. The formalism pre-
sented here produces all such contributions via a worldline
path integral with vertex operator insertions.

B. Matrix expansion

The matrix expansion technique may be applied to the
momentum space propagator here without difficulty. Let us
see how this expansion looks like for the worldline kernel
(again here in this subsection we restrict our attention to the
case of scalars). Let us perform the Taylor expansion of the
exponent in (123) to find

o (fOp)" .

KPP[F + f] = KPP[Fledona =t {ir ™55 p—rinfcosh(2)]}
(142)

The expansion of the functional determinant factor is
essentially the same as for the spin contribution to the
effective action, so we do not require any new results here.
However to do the matrix derivative of the momentum
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dependent term we will require its Lorentz invariant
decomposition for factors with p. This can, of course,
be found using projection operators, as in Sec. I[I B 2, as

tanh(Z) ,1 7?> tanh(Z)
———p=p=tr =
z 2 | 22+72* Z
1 1 tanh(Z)
22 p)otr| s .
+(p 1!9)21‘[22+Z2 7 ]
(143)

So, for the N =1 insertion, performing the matrix
derivatives one may readily find an alternative representa-
tion of (141)

—ieT

K'P[F) = KPP[F|{=itrtanh(Z) - f] ~ (144)
TZ* tanh(Z) (. 7% . 37>+ Z7°
_”ztr[(z2+z~2)2 Z <27f_7f
2(2* + 72?) T  tanh(Z)
sinh(2Z) fﬂ _2(p'z'f'p)tr[zz+22 Z ]
3722+ 77

T tanh(Z) (. 5 ~
+ (P'ZZ‘P)tr{(Zz LAY Z (22f+7f

J

with higher orders obtainable by performing the steps as
outlined in Sec. II B 2. The advantage of this approach is
that the parameter integrals do not appear. Lastly, as before
one may arrive at the above expression from (141) by
computing the parameter integrals, and using projection
operators to rewrite the result in terms of p%, p-Z- f - p,
and p-Z%- p.

Finally, let us remark that the formulas derived for open
lines here correspond to photon-dressed correlation func-
tions. To convert these into scattering amplitudes is not
immediate due to the difficulty of defining asymptotic
states for an LSZ reduction in a constant background. To
compare to existing literature in the standard formalism one
could amputate with free propagators and the known form
of the (Volkov) wavefunctions for external matter in a
crossed constant field.

2(2* +7%)

 sinh(22) (143)

V. CONCLUSIONS

In this article, we have derived three different ways to
calculate the effective action and propagator in a homo-
geneous background electromagnetic field additionally
dressed by scattering photons in the low energy limit.
These are associated to one-loop (respectively tree-level)
photon scattering amplitudes in the constant background.
We did this for both scalar and spinor matter in SFQED,
and in both coordinate space and momentum space on the

line. We showed that in the low-energy photon limit both
the one-loop effective action and propagator can be related
to their counterparts dressed by a superposition of a
constant background field and constant field strengths
produced by the scattering photons. The study of the
scattering amplitudes is thus reduced to a multilinear
expansion of the dressed effective action or propagator
in the scattering photons.

For each case we developed a functional expansion
based on series representations of matrix elements asso-
ciated to first quantized operators that arise in the worldline
approach to QFT. This approach recovered existing results
for the low energy one-loop amplitudes for scalars and
spinors [95] and extends them to arbitrary background
configurations. For the propagator, we derived new com-
pact master formulas that include all possible contributions
from the expansion, which includes propagation end point
dependence. En route we also discover a replacement rule
from scalar to spinor quantities that extended to the open
line (that holds in the low-energy limit). To treat the
momentum space propagator case, we developed a novel
approach using a worldline path integral over trajectories
(with Dirichlet boundary conditions) for the momentum
space correlation function.

We also corroborated the expansions (up to order N = 2)
through a direct computation of the effective action and
propagator using the worldline formalism, with scattering
photons represented by vertex operator insertions under the
path integrals. Last, we presented a different but equivalent
way to evaluate the expansion recursively using standard
calculus, deriving formulas for a Taylor expansion of the
path integral determinant, obviating the difficulty of evalu-
ating parameter integrals for an arbitrary background field.
Of particular significance we show that it is possible to
evaluate the worldline parameter integrals in an arbitrary
homogeneous field by reducing them to familiar cycle
integrals; this required new identities and Lorentz invariants
obtained in terms of the field strength tensors and
their duals.

There are several avenues for future work. The closed-
form evaluation of the parameter integrals for arbitrary
multiplicity scattering off matter lines would be a naturally
mathematical line of inquiry generalizing existing studies
of worldline integrals in vacuum [99,136]. Closed form
expressions could provide access to important information
on the behavior of particle propagation and cascades in a
strong homogeneous background field. Selecting a specific
configuration for the electromagnetic field (parallel electric
and magnetic fields or constant cross fields) relative to on-
shell scattering photons could help simplify the tensor
structure of the results presented here, and shed further light
on the problem of scattering in this background [96]. A
merit of our low-energy approach is that higher-multiplicity
(e.g., > N = 4) tree-level scattering quantities are readily
available—as opposed to the difficulty of carrying out such
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calculations in the Furry picture at generic photon energy.
And it would be interesting to compare low-energy
scattering with high-powered laser observations in a
phenomenological setting, where vacuum birefringence,
photon splitting and general light-by-light interactions are
studied. Last, the evaluation of higher loop contributions to
the propagator, while technically more challenging, is of
high importance in SFQED in the context of the famous
Ritus-Narozhny conjecture [137,138]. It may be hoped that
the known efficiency of the worldline formalism will allow
easier access to higher loop calculations and their asymp-
totic behavior.
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VI. DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: EXPONENTIAL EXPANSION TO
MULTILINEAR ORDER

In this Appendix we record the explicit expressions for
the expansion of the propagator with respect to the field
strength tensors of the scattering photons. We provide these
expansions at the level of the exponent, with the under-
standing that a final projection onto the multilinear sector
needs to be implemented.

Starting from the worldline kernel, (63), we specialise
the external field strength tensor to f = > ¥_| f, and retain
only those contributions that could enter the multilinear
sector. Since we have already provided the expansion of the
determinant factor we present here the corresponding
expansion for the exponent carrying the end point
dependence:

bz
)x_—itgt Z{m)x e ZL)~f,~x,

o Z{k.il...i,,}(ze)h H

n T o . *A ©
P O N Y W PO N A

(A1)

where all sums go over all orderings of assigning unequal field strength tensors within the products.

Similarly, for the spin degrees of freedom, (94) is expanded as

bz
e—rtanh(Z+2)7 )= ETZ{H'? [frt2fe®Z2

erz Zn 12{1‘1....1’”}(_ )nH
Z{ml iney(78)" o[ 1fo dei-fi- "GS-

-tanh(Z
Se -

0 (T . :
,:lﬁ) deinZ-°Gry-fiy e

APPENDIX B: MOMENTUM SPACE
PROPAGATOR AND FOCK-SCHWINGER
GAUGES

The use of Fock-Schwinger gauge is particularly con-
venient in the worldline formalism, both in constant fields
[105,112,117] and in inhomogeneous fields [106,139,140].
In the constant field case the advantage is that the gauge
potential, A, (x) = =4 F,,(x — ) is linear in coordinates,
so that the action remains quadratic and the path integral is
Gaussian. Usually the reference point, %, where A, van-
ishes, is taken to be the loop centre of mass (respectively
initial point of the line) when calculating the effective
action (respectively matter propagator). This may appear
strange, since the loop centre of mass is integrated over, and
likewise for the propagator end points when transforming

.‘f.i” .g;M.Z"]+2_7?

iy GiySen

h(Z
“Dlg=e12Y 00 fie (A=) frn

ZZ

n= ]Z{]\ll....!n} " H; 1f drin-fi °Gri f’l .

fi’l .g;ll.ZA’]

liniv- (A2)

to momentum space. Hence both the effective action and
momentum space propagator so constructed receive con-
tributions from path integrals corresponding to different
choices of reference point, and hence different gauges. This
is not problematic, since the effective action (propagator)
are gauge (co)variant, and so physical observables are not
affected.

For completeness, let us present here the matter propa-
gator (we restrict to scalar QED in D =4) instead
calculated with a fixed reference point, X. In configuration
space, this is easily related to our results of the main text by
the gauge holonomy D¥*(3) = e“®™)D¥*(x), where
®(x',x) =3x_-F-(x—%). Note, then, that in contrast
to shifting between two constant reference points (e.g.,
X — /), this holonomy factor is quadratic in the end points.
Hence, a linear shift in the reference gauge already
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introduces a nonlinear variation in the momentum space
propagator

DV (%) = —ieip-+ /  AT(4xT) e T KPP+ [Z)
0

et [ i 222 2 b )
z
for p_ = p'—pand p, =1(p’' + p). Let us note that the
choice of a fixed reference point, X, also breaks the
translation invariance of the propagator, so we do not
obtain a momentum conserving S-function (except for in
the zero field limit). This should be restored for the
calculation of physical scattering amplitudes in this refer-
ence gauge.

To recover the more familiar worldline expression for the
propagator one may take the 2-way convolution of the
momentum space propagator with (the inverse) Fourier
transformed gauge holonomy factor. First, the Fourier
transform of the multiplicative gauge holonomy is

. 2T\ . . . -
e—le(l)(q/’ q) — (271.)4 det <7> elq_-x—Zqu+.Z l.q_' (B2)

Then, taking the 2-way convolution with the propagator
(B1) we obtain

[

with D74 given by (122), the usual worldline propagator. In
the above a momentum conserving §-function arose from
integrating over the sum of momenta, ¢g_, which couples to
the transfer of momenta p_, while the integral over g_ gives
only a normalizing matrix determinant.

d4q/ , . )
qu 1(2)e™*®(p' —q'.p — q) = D4,

(B3)

APPENDIX C: FUNCTIONAL TRACES

The derivatives in (40) can be calculated by appealing
to the derivative polynomials of the cotangent function
[141-143]

% coth(2) = €, (coth(2) )
C, (coth(Z)) = (=2)"(coth(Z) + Da, (%)
()
Wy = y " k! k, C3
(z) ;{k} Z (C3)

n
where { X

Note that these polynomials satisfy the recursion relation

} are the Stirling numbers of the second kind.

Cu(z) = (1 =2%)C, 4 (x) (C4)

with Cy(z) = z. With this we can write (with Z = e¢FT as
above)

g —n (="' _ Cy—i(coth(Z))

" (n—1)!

(C5)

For the antiperiodic Green’s function we will also need the
derivative polynomials for the hyperbolic tangent. These
turn out to be the same as for the hyperbolic cotangent,
since both satisfy the same recursion relation, so

0% tanh(Z) = C,(tanh(Z)). (C6)
Hence we can write for (114)
m_ T
Jr = (=1)""'C,- (tanh(Z)).  (C7)

APPENDIX D: OPERATORS, DETERMINANTS,
AND INVERSES

Here we derive the inverse and determinant corresponding
to the kinetic operators that appear in the worldline actions.
First we consider the better-known diagonal operator rel-
evant in position space, 53 —2eF 37. Its Green’s function for
string inspired boundary conditions (periodic in the space
orthogonal to the constant zero mode) in Minkowski
spacetime is calculated by expanding about the vacuum part
(see [98,105]),

G(r —7') = 2(z|(1 = 2eFo; ") 072|7) (D1)

=23 (2eF)"(z]o;* ™ |¢'). (D2)

[]s

3
Il
<

Using [98,105] that (z]0;"|¢') = =L 6"(z — 7')B, (]t — 7|

n!

for Bernoulli polynomials B,,, we get

X (2eFT)"
Goo =23 ZFT) s (o)

(n+2)! % (b3)

T? Z i, .

272 (1 sinh(Z) o ZG”/) ' (D4)
where the generating function for the Bernoulli polynomials
was employed. The Green’s function for DBC follows from
the identity (59). One of the reasons for deriving this here is
that we can use this Green’s function for an alternative
derivation of the path integral normalization obtained as the
functional determinant

Det[d? — 2¢F0 A 3 P
lne[T—A;T] =Tr 111[5% - 23Faf] = Tr ln[a"z']
Det[07]

- o .
Ny / dF'Tr[),(3 = 2¢F'9,)"]
0

(D5)
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F) (D6)

F T
:—etr/ dF’/ diG(z, 7
0 0

sint;(z)} o det [sinh(z)} . (D7)

=tr ln[

This result holds also for Dirichlet boundary conditions.

Now we turn to the nonlocal operator, 7. We solve (128)
by resumming a geometric series obtained by expanding
about the diagonal part of 7

R ~ 4t
E(z,7) = (z|[? - 2eF0, — %Fﬂ‘%’) (D8)
] ]
=(tl——— === ~|7') (D9)
Bl F°o; —2eFo,
4.
:é”,_f_ﬁéf.z. é‘c’
4 2 o 2 2
NP z °A (D10)
= 2 T3uf 1_%oé0,z2 =
A ) L A% (7). Z-tnh(Z) - °A(F). (D11
= (T,T)Jrﬁ'v (r)-Z-tanh(Z) - °A(7'), (DI1)

where we have used the fact that °A° = % (£ — coth(Z)).

It is easy to verify this function satisfies the associated

Green’s equation and Dirichlet boundary conditions.
Some useful integrals of this Green’s function are

derived from the corresponding results for A and G

E(r,7) = ‘Az, 7) +%'@ °(7) - Z - tanh(Z) - °A()

B (r, ) ="A%e, 7)) + %é °(r)-Z-tanh(Z) - ° A*(7)

4
°B(r) = (1 +F A -Zotanh(Z)> - A7)
tanh(Z
_ an ( ) OA(T/),
Z e
tanh(Z
OE'(T’) — anZ( )‘ oé.(T/)
cogo _ @nh(Z)
Z ~—
T? (tanh(Z
:_2<an ( )—1>. (D12)
47 z

It also has the following Lorentz properties

El(z,7) = B(7,7) (D13)
BEl(r,7) =B (7,7) (D14)
=1z, 7) = B(7, 1) (D15)
CEN)=E° (¢) (D16)
cEeT= °ge (D17)

(the corresponding identities for A and G were given
in [112]).

To calculate the path integral normalization we
adapt the method presented for the diagonal operator by
writing

| Det[0? — 2¢Fo, — % 2]
n ~ ~
Det[0? — 2¢F0,]

4>

1 4e2 .. . N .
:/ AITr | = 2 F2( = 2eF0, — < f2)~1|  (DI8)
0 T T

4¢2 1 T T
———tr/ d/l/ dr/ A7 (B o] 2. (D19)
T Jo 0 0

To find = with the shifted argument for F one need only
replace F? - AF? in (D10) (but leave the A unchanged).

Evaluating the parameter integrals leads to

4 1 4 272
——t Al A+ ———————— . (°A°)? | . Z%
T3r[) <v +T31—%°é°/1'22( = )>

(D20)
So that upon integrating over 1 we find
V4 Z
In|———=| = Indet . D21
n{tanh(Z)] nde Lanh(Z)] (b21)
Hence
Det[0? — 2eF0, — % |2
U0 = 2¢F0: =T F] _ jeicosh(z)]  (D22)

Det[d?]

as required.
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