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Rovibrational transitions in the hydrogen and antihydrogen molecular ions Hþ
2 and H̄−

2 offer the
possibility of testing Lorentz and CPT symmetry to extremely high precision, in principle attaining
Oð10−17Þ. In this paper, the third in a series, we give a comprehensive derivation of the rovibrational
spectrum of Hþ

2 and H̄−
2 in the standard model extension (SME), an effective quantum field theory

incorporating Lorentz andCPT violation. New developments described here include a complete analysis of
the molecular dynamics from first principles in terms of the spherical tensor representation of the SME
couplings, the systematic extension of our previous results to the nonminimal SME, a full description of the
quantum number dependence of the rovibrational energy levels in the spherical tensor formalism with both
high and low background magnetic fields, and an extended discussion of sidereal and annual variations of
transition frequencies arising from both rotations and Lorentz boosts. The resulting sensitivity of the
rovibrational spectrum to an extended range of SME couplings, together with the ability to isolate
their individual effects using the quantum number dependence of the transition frequencies, enhances
the opportunities to detect Lorentz and CPT symmetry breaking through rovibrational spectroscopy
of Hþ

2 and H̄−
2 .

DOI: 10.1103/p2bd-m44y

I. INTRODUCTION

Lorentz invariance and CPT symmetry are fundamental
elements of the local relativistic quantum field theories that
provide our modern understanding of elementary particle
physics. It is therefore important to find ways to test
them experimentally at the highest levels of precision
[1]. Rovibrational spectroscopy of the hydrogen and anti-
hydrogen molecular ions Hþ

2 and H̄−
2 is an especially

promising direction, offering the possibility of direct tests
of Lorentz and CPT symmetry at precisions potentially of
Oð10−17Þ [2].
This paper is the third in a series [3,4] (referred to from

now on as Papers 1 and 2) in which we study the rovibra-
tional spectrum of Hþ

2 and H̄−
2 in an effective theory of

Lorentz and CPT violation, the standard model extension
(SME) [5]. New developments here include a full derivation
of the molecular dynamics from first principles in terms of

the spherical tensor representation of the SME couplings,
the systematic extension of our previous results to the
non-minimal SME [6], a full description of the quantum
number dependence of the rovibrational energy levels in
the spherical tensor formalism at both high and low
background magnetic fields, and an extended discussion
of sidereal and annual variations of transition frequencies
arising from both rotations and Lorentz boosts.
Significant advances in experimental techniques have

allowed rapid progress in the rovibrational spectroscopy
of Hþ

2 in RF traps, with current measurements already
achievingOð10−12Þ precision [7]. In parallel, recent develop-
ments toward transporting antiprotons away from the CERN
AD/ELENA facility to a dedicated off-site spectroscopy
laboratory, together with progress in understanding routes
to synthesize H̄−

2 [8–10] and the increasing precision
achieved by the ALPHA collaboration in 1S-2S spectros-
copy of atomic antihydrogen [11,12], are opening a path
toward future rovibrational spectroscopyof H̄−

2 . Thiswould
enable direct high-precision tests ofCPT by comparison of
the spectra of Hþ

2 and H̄−
2 in a common experiment.

The SME Lagrangian [5] is parametrized by a set of
Lorentz tensor couplings to operators formed from the
standard model fields, in contrast to the scalar couplings of
conventional Lorentz-invariant QFTs, viz.
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LSME ¼ 1

2

X
w

Z
d4x
h
ψ̄ðiγμ∂μ −mwÞψ − awμ ψ̄γμψ þ icwμνψ̄γμ∂νψ þ awμνλψ̄γ

μ
∂
ν
∂
λψ

− bwμ ψ̄γ5γμψ þ idwμνψ̄γ5γμ∂νψ −
1

2
Hw

μνψ̄σ
μνψ þ 1

2
igwμνλψ̄σ

μν
∂
λψ þ…

i
þ H:c: ð1:1Þ

where w denotes the particle type, so here the sum is over
the electron and the two protons in the molecular ion. The
dots represent further couplings to higher-dimensional,
nonrenormalizable operators, of which awμνλ is the first
example. The a, b and g couplings also violate CPT
symmetry, while c, d and H are Lorentz violating but
preserve CPT. It is often useful to think of these couplings
as VEVs of vector and tensor fields, perhaps of some more
fundamental theory.

To analyze atomic and molecular systems, we need the
nonrelativistic Hamiltonian derived from this, and in this
paper we use from the outset the very convenient formalism
(see [6] for an extensive description) in which the couplings
are represented as spherical tensors. This is especially well-
suited to the symmetries of atoms and molecules and makes
the extension to the nonminimal SME, including non-
renormalizable operators, particularly natural. This
Hamiltonian, for para-Hþ

2 , may be written as

HSME ¼ −
X
njm

pn
eYjmðp̂eÞVeNR

njm −
X
njm

pn
1Yjmðp̂1ÞVpNR

njm −
X
njm

pn
2Yjmðp̂2ÞVpNR

njm − σrHEL
X
njm

pn
eYjmðp̂eÞT eNR ð0BÞ

njm

þ σ�HEL
X
njm

pn
e�1Yjmðp̂Þ

�
�T eNRð1BÞ

njm þ iT eNRð1EÞ
njm

�
; ð1:2Þ

where σr;�HEL denote the components of the electron spin in
the helicity frame (HEL) associated with its momentum.
The notation follows that of [6]—σrHEL denotes the spin
component along the momentum direction, while σ�HEL are
the spin components in the transverse directions. See
Ref. [6] for further details. Here, sYjm are the spin-weighted
spherical harmonics, defined in Sec. III. The dictionary
relating the spherical and Lorentz tensor couplings is given
in [6] and Paper 2, with further identities shown here where
necessary.
The breaking of Lorentz invariance means that frames of

reference play an important rôle in our analysis. First of these
is the reference frame (MOL) aligned with the molecular
axis. This is used to analyse the electron dynamics, which in
the standard Born-Oppenheimer framework determines the
inter-nucleon potential. A notable point here is that even in
the electron 1sσg ground state, the molecule only has
cylindrical and not full spherical symmetry, which results
in sensitivity to the electron spherical tensor couplings Ve

njm

and T e
njm with j ≠ 0. Our results for the rovibrational

energies themselves are then calculated in the EXP frame,
with quantization axis aligned with the backgroundmagnetic
field. An important rôle is also played by a solar-centred
frame (SUN), which has become the standard in which to
compare constraints on the SME couplings arising from
different experiments [13]. This frame is also the basis for
our discussion of transition frequency variations from
rotations and Lorentz boosts.
In Papers 1 and 2 we have given an extensive description

in the Born-Oppenheimer framework of how the

rovibrational energies are determined from the SME-
modified internucleon potential VMðRÞ þ Ve

SMEðR;SÞ,
described in Sec. II, together with the direct nucleon
(proton) contribution ΔEn

SME. The rovibrational energy
spectrum is expressed as an expansion in powers of
ðvþ 1

2
Þ and NðN þ 1Þ as follows:

EvNMJ
¼Ve

SMEþð1þδeSMEþδnSMEÞ
�
vþ1

2

�
ω0

− ðx0þxeSMEþxnSMEÞ
�
vþ1

2

�
2

ω0

þðB0þBe
SMEþBn

SMEÞNðNþ1Þω0

− ðα0þαeSMEþαnSMEÞ
�
vþ1

2

�
NðNþ1Þω0þ���

ð1:3Þ

where ω0 is the fundamental vibration frequency. Each
coefficient of ω0 is an expansion in powers of a small
parameter λ, parametrically of Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

me=mp

p Þ, with the
leading terms in the coefficients x0, B0, α0 being of order
λ; λ; λ2, respectively. In the rest of this paper, we calculate
these coefficients in terms of the spherical tensor couplings
as perturbations on the hyperfine-Zeeman energy levels for
para-Hþ

2 , determining their dependence on the rovibrational
and spin quantum numbers and their magnetic field
dependence for both high and low fields. This means
our results may be applied directly both to current
measurements with Hþ

2 in low-field RF traps [7] and future
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experiments with H̄−
2 , and Hþ

2 , confined in Penning
traps [14].
A new feature in this work is the extended discussion of

daily (sidereal) variations due to the Earth’s rotation, for
which spherical tensor formalism is especially well suited,
and sidereal and annual variations due to Lorentz boosts
with both the Earth’s rotational and orbital velocities.
Here, the spherical tensor formalism is not in itself
sufficient and we have to calculate directly with the
Lorentz tensor couplings, but here we exhibit the dic-
tionary to translate these variations back in terms of the
spherical tensor couplings. This reveals a sensitivity to
further SME couplings with different values of both n
and j quantum numbers, emphasizing the need to exploit
these variations and not rely purely on time-averaged
measurements.
One of the initial objectives of this paper was to bring

together the approach of Papers 1 and 2 with the work [15]
(see also [16]). This reference addresses the same topics,
though in less generality and keeping only some of the
leading terms in the rovibrational energies. This means that
the sensitivity to several SME couplings is not present in
the results quoted there. On the other hand, [15] provides
detailed explicit formulas for the frequency and rotational
variations of a specific experimentally important rovibra-
tional transition in Hþ

2 , which we have checked are in
agreement with the general results given here. Other earlier
work on rovibrational spectroscopy and the SME includes
[17] and [18], the latter having particularly influenced
Paper 1.
The paper is organized as follows. Section II gives

a brief review of the modifications to the Born-
Oppenheimer approximation applied to the SME. Our
main analysis of the internucleon potential and rovibra-
tional energy levels is given in Secs. III A, III B and IV, for
the electron spin-independent and spin-dependent cou-
plings and the proton couplings respectively. These results
are quoted in the EXP frame, and translated to the SUN
frame in Sec. V, where transition frequency variations due
to rotations and Lorentz boosts are described. Section VI
presents a brief summary and outlook on future work,
while three Appendixes provide further technical details
of our calculations.

II. BORN-OPPENHEIMER ANALYSIS
IN THE SME

We begin with a brief recap of the Born-Oppenheimer
analysis incorporating Lorentz and CPT violation
described in Papers 1 and 2. In this approximation, the
full Schrödinger equation is factorized into an “electron
Schrödinger equation,” which determines the inter-nucleon
potential VMðRÞ, and a “nucleon Schrödinger equation”
from which we find the rovibrational energy eigenstates.
We restrict here to the experimentally relevant para-Hþ

2 ,
where the total nucleon spin is 0 and the rotational angular

momentum quantum number N is even. As always the
electron is taken in the 1sσg ground state.
Factorizing the full wave function into electron and

nucleon parts as1

ΨðR; r;MsÞ ¼ ΦðRÞψðr;RÞjMsi; ð2:1Þ

the electron Schrödinger equation including the SME
Hamiltonian is

�
−

1

2μ̂
∇2

r þ VmolðR; r1e; r2eÞ þ H̃e
SMEðp; SÞ

�
ψðr;RÞjMsi

¼ EeðR; SÞψðr;RÞjMsi; ð2:2Þ

where we understand p → −i∇r, and VmolðR; r1e; r2eÞ is
the electrostatic potential binding the molecule. Here, the
electron SME Hamiltonian H̃e

SMEðp; SÞ also contains a
contribution from the spin-independent proton SME cou-
plings, as explained in Papers 1 and 2 and here in Sec. IV.
This effect is included in the full internucleon potential by
the substitution given in (4.10).
The eigenvalues define the internucleon potential,

EeðR; SÞ ¼ VMðRÞ þ Ve
SMEðR; SÞ; ð2:3Þ

where

Ve
SMEðR; SÞ ¼

Z
d3rψ�ðr;RÞH̃SMEðp; SÞψðr;RÞ; ð2:4Þ

is the expectation value of H̃SMEðp; SÞ in the electron 1sσg
state. It depends on the expectation values hpapbi of the
electron evaluated in the MOL frame.
Inserting into the nucleon Schrödinger equation this

gives

�
−

1

2μ
∇2

R þ VMðRÞ þ Ve
SMEðR; SÞ þHp

SMEðPÞ
�

×ΦvNMN
ðRÞjMSi

¼ EvNMNMS
ΦvNMN

ðRÞjMSi; ð2:5Þ

with P ¼ −i∇R. Here,

EvNMNMS
¼ ẼvNMNMS

þ ΔEn
SME; ð2:6Þ

with ẼvNMNMS
found by setting ΦvNMN

ðRÞ ¼
1
RϕvNMN

ðRÞYNMN
ðθ;ϕÞ and solving the 1-dim rovibrational

equation

1For kinematics and notation, see Paper 1 and Sec. IV here.
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�
−

1

2μ

d2

dR2
þ 1

2μR2
NðN þ 1Þ þ VMðRÞ þ Ve

SMEðR; SÞ
�

× ϕvNMN
ðRÞjMSi

¼ ẼvNMNMS
ϕvNMN

ðRÞjMSi; ð2:7Þ

where,

Ve
SMEðR; SÞ ¼ hNMN jVe

SMEðR;SÞjNMNi; ð2:8Þ

together with,

ΔEn
SME ¼ hvNMN jHp

SMEjvNMNi: ð2:9Þ

In the following two Sections, we evaluate the SME
contribution Ve

SMEðRÞ to the internucleon potential in the
hyperfine-Zeeman states and find the corresponding shifts
in the rovibrational energy levels, then construct the direct
proton contribution ΔEn

SME.

III. ELECTRON SME COUPLINGS AND THE
INTERNUCLEON POTENTIAL

We now consider the construction of Ve
SMEðRÞ, the

electron contribution to the inter-nucleon potential. (We
suppress the explicit dependence on the spin label from
now on for convenience and to match the notation in Paper
2.) We start here with the spin-independent couplings Vnjm,

leaving the spin-dependent T ð0BÞ
njm , T ð1BÞ

njm and T ð1EÞ
njm to the

following Subsection.

A. Electron spin-independent SME couplings

The results at Oðp2Þ have already been derived using the
couplings cμν and aμνλ appearing in the original SME
Lagrangian. Here, we instead start from the relativistic
expansion of the Hamiltonian expressed in terms of
spherical tensor couplings and extend the discussion to
include the leading terms arising at Oðp4Þ in the non-
minimal SME. In this expansion, the SME Hamiltonian for
the electron is written in terms of nonrelativistic, spin-
independent couplings VeNR

njm as

HeV
SME ¼ −

X
njm

pnYjmðp̂ÞVeNR
njm ; ð3:1Þ

with n summed over 0; 2; 4…. The couplings VeNR
njm are

related in a nontrivial way to the original Ve
njm, the relations

being given explicitly in [6]. These are especially important
below when we consider various critical identities amongst
the nonrelativistic couplings. Also recall that the couplings
may be separated into CPT even (ceNRnjm ) and odd ðaeNRnjm Þ
components as follows:

VeNR
njm ¼ ceNRnjm − aeNRnjm : ð3:2Þ

In this form, the HamiltonianHe
SME is independent of the

frame, so we may consider it first in the MOL frame,
denoting the relevant couplings by V̂eNR

njm . The momentum
expectation values are then evaluated as in Paper 1 with the
familiar 1sσg electron wave functions.
It is very convenient in working with the spherical

tensors to introduce the Wigner matrices djm0mðθÞ, in terms
of which the spin-weighted spherical harmonics are
written as

sYjmðθ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jþ 1

4π

r
djmsðθÞeimϕ; ð3:3Þ

with the usual spherical harmonics corresponding to s ¼ 0.
The necessary properties of the djm0mðθÞ in our conventions
are given in Sec. VI and Appendix A of Paper 2.
Using the explicit expressions for d2m0 and d4m0, and

imposing cylindrical symmetry on the momentum expect-
ation values, we find in the MOL frame,

Ve V
SMEðRÞ ¼ −

1ffiffiffiffiffiffi
4π

p
�
V̂eNR
000 þ hp2iV̂eNR

200

−
1

2

ffiffiffi
5

p
hðp2 − 3p2

zÞiV̂eNR
220

þ hp4iV̂eNR
400 −

1

2

ffiffiffi
5

p
hðp4 − 3p2p2

zÞiV̂eNR
420

þ 3

8
hð3p4 − 30p2p2

z þ 35p4
zÞiV̂eNR

440 þ � � �
�
:

ð3:4Þ

Note that in our previous work, we generally used the
notation hp2i ¼ trhpapbi and hðp2 − 3p2

zÞi ¼ trYhpapbi.
The cylindrical symmetry of the molecule enforces m ¼

0 here, since the momentum expectation values correspond-
ing to m ≠ 0 necessarily vanish. However, the absence of
spherical symmetry does allow VeV

SMEðRÞ to have contri-
butions from the couplings with j ≠ 0, to this order V̂eNR

220 ,
V̂eNR
420 and V̂eNR

440 .
In our previous work (Paper 1), we have evaluated

trhpapbi and trYhpapbi as functions of R and found their
derivatives at the minimumR0 of the internucleon potential,
as required to evaluate the rovibrational energies in the
form (1.3). The nonzero value of trYhpapbi arises because
the molecule only has cylindrical and not full spherical
symmetry. It is smaller, but of the same magnitude as
trhpapbi and cannot be neglected. For example, evaluated
at R0, trhpapbi ¼ 1.173 while trYhpapbi ¼ 0.360 in units
of the Bohr radius squared.
In the next step we rewrite the SME couplings in the

EXP frame, with the quantization (z) axis aligned with the
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background magnetic field B. The transformation is given
in terms of the Wigner matrices by

V̂njm0 ¼ V̂njmd
j
mm0 ðθÞeimϕ; ð3:5Þ

where ðθ;ϕÞ are the standard spherical polar angles
specifying the orientation of the MOL axes in the
EXP frame.
It follows immediately that

VeV
SMEðRÞ ¼ −

�
1ffiffiffiffiffiffi
4π

p VeNR
000 þ 1ffiffiffiffiffiffi

4π
p trhpapbiVeNR

200

−
1

2
trYhpapbiVeNR

22m Y2mðθ;ϕÞ þ
1ffiffiffiffiffiffi
4π

p hp4iVeNR
400

−
1

2
hðp4 − 3p2p2

zÞiVeNR
42m Y2mðθ;ϕÞ

þ 1

8
hð3p4 − 30p2p2

z þ 35p4
zÞiVeNR

44m Y4mðθ;ϕÞ
�
:

ð3:6Þ

Note that VeNR
000 is usually neglected on the grounds that it is

unobservable.

Following the discussion above, the next step is to take
the expectation values of the spherical harmonics in the
angular momentum states jNMNi to find VeV

SMEðRÞ from
(2.8). In terms of Clebsch-Gordan coefficients,

hNMN jY2mðθ;ϕÞjNMNi ¼
ffiffiffiffiffiffi
5

4π

r
CNMN
NMN;20

CN0
N0;20δm0

≡
ffiffiffiffiffiffi
5

4π

r
cNMN

; ð3:7Þ

where,

cNMN
¼ NðN þ 1Þ − 3M2

N

ð2N − 1Þð2N þ 3Þ : ð3:8Þ

This notation was used in our previous work. Here, we also
need the extension to j ¼ 4,

hNMN jY4mðθ;ϕÞjNMNi ¼
3ffiffiffiffiffiffi
4π

p CNMN
NMN;40

CN0
N0;40δm0

≡ 3ffiffiffiffiffiffi
4π

p cð4ÞNMN
; ð3:9Þ

with

cð4ÞNMN
¼ 3

4

½3NðN þ 2ÞðN þ 1ÞðN − 1Þ − 5ð6N2 þ 6N − 5ÞM2
N þ 35M4

N �
½ð2N þ 5Þð2N þ 3Þð2N − 1Þð2N − 3Þ� : ð3:10Þ

The special case N ¼ 2 is of current experimental interest, so we note here the special cases2

c2MN
¼ 1

7
ð2 −M2

NÞ; ð3:11Þ

and

cð4Þ2MN
¼ 1

252
ð72 − 155M2

N þ 35M4
NÞ: ð3:12Þ

These results are directly applicable in the strong magnetic field limit, where jvNMJ MSi are the appropriate “Zeeman”
eigenstates. Recall thatMJ ¼ MN þMS is a good quantum number for all magnetic fields as the operator Jz commutes with
the full hyperfine-Zeeman Hamiltonian. This is the case of most interest for H̄−

2 where it is envisaged spectroscopy will be
carried out in Penning traps [14]. In this limit, we find VeV

SMEðRÞ evaluated in the states MJ;MS ¼ � 1
2
is

VeV
SME�ðRÞ ¼ −

1ffiffiffiffiffiffi
4π

p
h
VeNR
000 þ trhpapbiVeNR

200 −
ffiffiffi
5

p

2
trYhpapbicNMJ∓1

2
VeNR
220

þ hp4iVeNR
400 −

ffiffiffi
5

p

2
hðp4 − 3p2p2

zÞicNMJ∓1
2
VeNR
420 þ 3

8
hð3p4 − 30p2p2

z þ 35p4
zÞicð4ÞNMJ∓1

2

VeNR
440

i
: ð3:13Þ

For large, but finite, B fields, the coefficients acquire corrections, but only ofOð1=BÞ2; these are calculated in Appendix A.

2These expressions appear in [15], Eq. (27), in the discussion of proton couplings.
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On the other hand, precision spectroscopy of Hþ
2 is already being carried out in RF traps at extremely small magnetic

fields [7] where, as discussed in Paper 2, the relevant “hyperfine” eigenstates are jvNJMJi where J ¼ N þ S is the total
molecular angular momentum. Here,

jvN JMJi ¼
X
MS

CJMJ

NMN;
1
2
MS
jvNMN MSi; ð3:14Þ

with J ¼ N � 1
2
and MJ ¼ −J;…J − 1; J as usual. We therefore need,

VeV
SMEðRÞ ¼ hvN J0 MJjVeV

SMEðRÞjvN JMJi; ð3:15Þ
where, for each MJ, this is a 2 × 2 matrix with rows/columns signifying J0; J ¼ N � 1

2
.

At this point, we refer to Paper 2 and Appendix A, which describe the hyperfine-Zeeman Hamiltonian and its
diagonalization for nonvanishing magnetic fields, in order to find the SME perturbed energy eigenvalues. The eigenvalues
may be written as

VeV
SME�ðRÞ ¼ −

1ffiffiffiffiffiffi
4π

p
�
VeNR
000 þ trhpapbiVeNR

200 −
ffiffiffi
5

p

2
trYhpapbiĉ�NMJ

ðBÞVeNR
220

þ hp4iVeNR
400 −

ffiffiffi
5

p

2
hðp4 − 3p2p2

zÞiĉ�NMJ
ðBÞVeNR

420 þ 3

8
hð3p4 − 30p2p2

z þ 35p4
zÞiĉð4Þ�NMJ

ðBÞVeNR
440

�
ð3:16Þ

with the coefficients,

ĉþNMJ
ðBÞ ¼ 1

ð2N þ 1Þð2N þ 3Þ
��

N þ 1

2

��
N þ 3

2

�
− 3M2

J

�
þ 24

½ðN þ 1
2
Þ2 −M2

J�MJ

ð2N þ 1Þ3ð2N − 1Þð2N þ 3ÞB; ð3:17Þ

and

ĉ−NMJ
ðBÞ ¼ 1

ð2N − 1Þð2N þ 1Þ
��

N −
1

2

��
N þ 1

2

�
− 3M2

J

�
− 24

½ðN þ 1
2
Þ2 −M2

J�MJ

ð2N þ 1Þ3ð2N − 1Þð2N þ 3ÞB: ð3:18Þ

Here, we have introduced the notation

B ¼ 1

ceðv; NÞ ðge þ gmðv; NÞÞμBB ð3:19Þ

for the expansion parameter, where ceðv; NÞ; ge; gmðv; NÞ are coefficients in the hyperfine-Zeeman Hamiltonian.
At Oðp4Þ, citing only the terms independent of B for simplicity, we find

ĉð4ÞþNMJ
¼ 3

64

3ð2N þ 5Þð2N þ 3Þð2N þ 1Þð2N − 1Þ − 40ð12N2 þ 24N − 1ÞM2
J þ 560M4

J

ð2N þ 5Þð2N þ 3Þð2N − 1Þð2N − 3Þ ð3:20Þ

and

ĉð4Þ−NMJ
¼ 3

64

3ð2N þ 3Þð2N þ 1Þð2N − 1Þð2N − 3Þ − 40ð12N2 − 13ÞM2
J þ 560M4

J

ð2N þ 3Þð2N þ 1Þð2N − 1Þð2N − 3Þ ; ð3:21Þ

using results from Appendix B.
In the presently relevant experimental case with N ¼ 2, these expressions simplify at zero magnetic field to3

3For N ¼ 2, these factors have been given in [15], Eq. (11). To compare, the dictionary for our notations is,

αð2Þ3
2
MF

¼
ffiffiffiffiffi
5

4π

r
ĉ−2MJ

; αð2Þ5
2
MF

¼
ffiffiffiffiffi
5

4π

r
ĉþ2MJ

; αð4Þ3
2
MF

¼ 3ffiffiffiffiffi
4π

p ĉð4Þ−2MJ
; αð4Þ5

2
MF

¼ 3ffiffiffiffiffi
4π

p ĉð4Þþ2MJ
:

Note that ĉð4Þ−2MJ
vanishes for both allowed values MJ ¼ 1=2 or 3=2.
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ĉþ2MJ
¼ 1

140
ð35 − 12M2

JÞ;

ĉ−2MJ
¼ 1

20
ð5 − 4M2

JÞ; ð3:22Þ

and

ĉð4Þþ2MJ
¼ 1

432
ð567 − 760M2

J þ 112M4
JÞ;

ĉð4Þ−2MJ
¼ 1

64
ð9 − 40M2

J þ 16M4
JÞ: ð3:23Þ

The formulas (3.13) and (3.16) for VeV
SME�ðRÞ form the

starting point to express the rovibrational energies as a
function of its derivatives with respect to R, as shown in
Paper 1. Keeping terms up to Oðλ2Þ, we have the SME
contributions,

EeV
vNMJ� ¼VeV

SME�þδeVSME�

�
vþ1

2

�
ω0−xeVSME�

�
vþ1

2

�
2

ω0

þBeV
SME�NðNþ1Þω0−αeVSME�

�
vþ1

2

�
×NðNþ1Þω0þ… ð3:24Þ

where [with all derivatives evaluated at the minimum R0 of
the original internucleon potential VMðRÞ],

δeSME ¼ 1

2

1

V 00
M

�
Ve00
SME −

V 000
M

V 00
M
Ve0
SME

�
;

Be
SME ¼ λ

1

V 00
M

�
1

R0

Ve0
SME

�
; ð3:25Þ

and similar, much lengthier, expressions for αeSME and x
e
SME

(see Paper 1).
To complete the determination of the contributions to

the rovibrational energies from the SME, we need the
expectation values of the momenta in (3.13), (3.16) and
their R derivatives. This calculation was carried out in
detail for the terms of Oðp2Þ in Paper 1, Appendix A,
and numerical results were presented there. This can be
repeated in exactly the same way for the Oðp4Þ
expectation values. However, at this point in the
experimental program it is probably excessive to present
these here, so we content ourselves with noting that
compared to the Oðp2Þ expectation values, they will be
parametrically suppressed by Oð1=a20Þ ¼ Oðα2m2

eÞ,
where a0 is the Bohr radius. Their importance therefore
depends on the relative magnitude of the n ¼ 4 SME
couplings VeNR

4j0 compared to the n ¼ 2 couplings VeNR
2j0 ,

which in this context should be viewed as a priori
unknown.
Showing just the terms up to Oðp2Þ, we find from (3.16)

for weak magnetic fields,4

VeV
SME� ¼ 1ffiffiffiffiffiffi

4π
p

h
−VeNR

000 − 2.346meVeNR
200 þ 0.360

ffiffiffi
5

p
ĉ�NMJ

ðBÞmeVeNR
220 þ…

i
;

δeVSME� ¼ 1ffiffiffiffiffiffi
4π

p
h
3.009meVeNR

200 − 0.817
ffiffiffi
5

p
ĉ�NMJ

ðBÞmeVeNR
220 þ…

i
;

BeV
SME� ¼ λ

1ffiffiffiffiffiffi
4π

p
h
2.002meVeNR

200 − 0.336
ffiffiffi
5

p
ĉ�NMJ

ðBÞmeVeNR
220 þ…

i
;

xeVSME� ¼ λ
1ffiffiffiffiffiffi
4π

p
h
4.887meVeNR

200 − 0.195
ffiffiffi
5

p
ĉ�NMJ

ðBÞmeVeNR
220 þ…

i
;

αeVSME� ¼ λ2
1ffiffiffiffiffiffi
4π

p
h
6.456meVeNR

200 − 0.285
ffiffiffi
5

p
ĉ�NMJ

ðBÞmeVeNR
220 þ…

i
; ð3:26Þ

with analogous results for strong fields from (3.13) with ĉ�NMJ
→ c�

NMJ∓1
2

. Note that meVeNR
2jm and the coefficients

δeVSME�;… are dimensionless. We are using atomic units here (see Paper 1) in which all energies are given in units of the
Rydberg energy RH.

4There is a significant sign error in the analogous expressions in Paper 1. This originates in Eq. (4.23) where the sign of the coefficient
of the trYẼe

ij term should be reversed. This is propagated through Sec. VI, especially (6.8), which should be compared with the
corresponding expressions here, and Sec. 7, especially (7.1), where the same sign error affects the coefficient of all terms with
ðcNR e

220 − aNR e
220 Þ. This sign error is repeated in Paper 2 in the numerical results in Eqs. (7.6) and (7.10), although all algebraic expressions

in this paper are correct. These are now corrected in the arXiv versions of the papers.
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B. Electron spin-dependent couplings

We now come to the electron spin-dependent couplings. The nonrelativistic SME Hamiltonian is in this case [6],

He T
SME ¼ −σrHEL

X
njm

pnYjmðp̂ÞT eNRð0BÞ
njm þ σ�HEL

X
njm

pn
�1Yjmðp̂Þ

�
�T eNRð1BÞ

njm þ iT eNRð1EÞ
njm

�
; ð3:27Þ

where the spins are given in the helicity frame (HEL)
associated with the electron momentum. The T NR

njm are
combinations of the equivalent CPT violating and con-
serving couplings,

T NR
njm ¼ gNRnjm −HNR

njm; ð3:28Þ

respectively, for each of the ð0BÞ, ð1BÞ and ð1EÞ type
couplings. We only require [6] those with n ¼ 0; 2; 4…
and j ¼ ðnþ 1Þ; ðn − 1Þ;… ≥ 0 for the ð0BÞ couplings
[≥ 1 for ð1BÞ] and j ¼ n; ðn − 2Þ;… ≥ 1 for the
ð1EÞ type.
Now, while the couplings in the full relativistic theory

are independent, those in the nonrelativistic approxima-
tion (3.27) are not, but rather satisfy some identities that
will be important in our analysis. Specifically, we can
show5

T NRð1BÞ
01m ¼ T NRð0BÞ

01m ; ð3:29Þ

and

T NRð1BÞ
23m ¼

ffiffiffi
2

3

r
T NRð0BÞ

23m : ð3:30Þ

Note that these identities are not restricted to the mini-
mal SME.
The first step is to rewrite the Hamiltonian (3.27) entirely

in the MOL frame. This means transforming the spin

variables from the original helicity frame as presented in
[6]. The transformations are given in terms of the Wigner
matrices by

σHELs0 ¼ σ̂sd1ss0 ðθÞe−isϕ; ð3:31Þ

where ˆ denotes the MOL frame variables and ðθ;ϕÞ the
direction of the electron momentum in the MOL frame.
Together with the definition (3.3) of the spin-weighted
spherical harmonics, we can rewrite (3.27) in the MOL
frame as

He T
SME ¼ −

X
njm

pn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jþ 1

4π

r
eiðm−sÞϕ

h
σ̂sd1s0d

j
m0T̂

eNRð0BÞ
njm

þ σ̂sðd1s;−1djm;−1 þ d1s1d
j
m1ÞT̂ eNRð1BÞ

njm

þ σ̂sðd1s;−1djm;−1 − d1s1d
j
m1ÞiT̂ eNRð1EÞ

njm

i
: ð3:32Þ

This expression is simplified using special cases
of the following relations for products of Wigner
matrices,

dj
0
s0m0 ðθÞdjsmðθÞ ¼

Xjþ1

J¼jj−1j
CJs0þs
j0s0;jsC

Jm0þm
j0m0;jmd

J
s0þs;m0þmðθÞ;

ð3:33Þ

and exploiting the useful relations

djm0m ¼ ð−1Þm0−mdjmm0 ¼ dj−m−m0 : ð3:34Þ

The calculation is described in detail for the minimal
SME in Appendix A of Paper 2 and will not be repeated
here.6 Also, to keep the presentation relatively simple, we
only quote results here up to Oðp2Þ for the spin-dependent
contributions. We find, including the nonminimal T̂ eNR

23m
couplings but without at this stage applying the identities
(3.29) and (3.30),

5From the relations (112) in [6], we can reexpress the
following special cases of the nonrelativistic couplings gNRnjm in
terms of the fully relativistic gðdÞnjm as follows (d is the dimension
of the operator),

gNRð0BÞ01m ¼
X
d;even

md−3
w gðdÞð0BÞ01m ¼ gNRð1BÞ01m ;

gNRð0BÞ23m ¼ 3
X
d;even

md−5
w gðdÞð0BÞ23m ¼

ffiffiffi
3

2

r
gNRð1BÞ23m ;

after a short calculation, reflecting the fact that the putative
couplings gðdÞð1BÞ01m and gðdÞð1BÞ23m are not permitted by the restric-
tions n ≥ 2, j ¼ ðn − 1Þ; ðn − 3Þ;… ≥ 1 on the relativistic
couplings gðdÞð1BÞnjm . See [6], Table III. Similar results hold for
the HNR

njm. The particle-type label w on the couplings is omitted
here for clarity.

6The calculation of the T̂ eNRð1EÞ
22m coupling presented in

Paper 2 is unnecessarily complicated and is greatly simplified
by using the identity d1s;1 ¼ ð−1Þs−1d1−s;−1 before applying
(3.33).
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HeT
SME ¼Y00ðθ;ϕÞσ̂sð−1ÞsC00

1−s;1m

�
T̂ eNRð0BÞ

01m þ2T̂ eNRð1BÞ
01m

�
−

ffiffiffi
2

5

r
Y20ðθ;ϕÞσ̂sð−1ÞsC20

1−s;1m

�
T̂ eNRð0BÞ

01m − T̂ eNRð1BÞ
01m

�

þp2Y00ðθ;ϕÞσ̂sð−1ÞsC00
1−s;1m

�
T̂ eNRð0BÞ

21m þ2T̂ eNRð1BÞ
21m

�
−

ffiffiffi
2

5

r
p2Y20ðθ;ϕÞσ̂sð−1ÞsC20

1−s;1m

�
T̂ eNRð0BÞ

21m − T̂ eNRð1BÞ
21m

�

−
ffiffiffi
2

p
p2Y20ðθ;ϕÞσ̂sð−1ÞsC20

1−s;2miT̂
eNRð1EÞ
22m þ

ffiffiffi
3

5

r
p2Y20ðθ;ϕÞσ̂sð−1ÞsC20

1−s;3m

×

�
T̂ eNRð0BÞ

23m þ2

ffiffiffi
2

3

r
T̂ eNRð1BÞ

23m

�
−
2

3
p2Y40ðθ;ϕÞσ̂sð−1ÞsC40

1−s;3m×

�
T̂ eNRð0BÞ

23m −
ffiffiffi
3

2

r
T̂ eNRð1BÞ

23m

�
: ð3:35Þ

Notice the important simplification at this point that the “unnatural” terms proportional just to Y20 and p2Y40 vanish by
virtue of the identities (3.29) and (3.30). This just leaves the familiar combinations p2Y00 ¼ 1ffiffiffiffi

4π
p trpapb

and p2Y20 ¼ −
ffiffi
5

p
2

1ffiffiffiffi
4π

p trYpapb.

The next step is to write the remaining Clebsch-Gordan coefficients in more manageable form. We need,7

ð−1ÞsC00
1−s;1m ¼ −

1ffiffiffi
3

p δsm; ð−1ÞsC20
1−s;1m ¼ −

1ffiffiffi
6

p Ysm;

ð−1ÞsC20
1−s;2m ¼ −

1ffiffiffi
2

p Tsm; ð−1ÞsC20
1−s;3m ¼ −

ffiffiffi
2

7

r
Xsm: ð3:36Þ

So finally, now applying the identities (3.29) and (3.30), the spin-dependent nonminimal SME Hamiltonian can be written
in the MOL frame up to Oðp2Þ as8

He T
SME ¼ −

1ffiffiffiffiffiffi
4π

p
� ffiffiffi

3
p

σ̂sδsmT̂
eNRð0BÞ
01m þ trpapb

�
1ffiffiffi
3

p σ̂sδsmðT̂ eNRð0BÞ
21m þ 2T̂ e NRð1BÞ

21m Þ
�

þ trYpapb

�
1

2
ffiffiffi
3

p σ̂sYsm

�
T̂ eNRð0BÞ

21m − T̂ eNRð1BÞ
21m

�
−

ffiffiffi
7

6

r
σ̂sXsmT̂

eNRð0BÞ
23m þ

ffiffiffi
5

p

2
σ̂sTsmiT̂

eNRð1EÞ
22m

��
: ð3:37Þ

With the Hamiltonian specified in the MOL frame, we can use the expectation values trhpapbi and trYhpapbi of the
electron momenta evaluated in Paper 1, exploiting the cylindrical symmetry of the Hþ

2 and H̄−
2 molecular ions. Then, we

need to express He T
SME in terms of the EXP frame couplings.

The spins and couplings are transformed from the MOL to EXP frames by

σ̂s0 ¼ σsd1ss0 ðθÞe−isϕ;
T̂ njm0 ¼ T njmd

j
mm0 ðθÞe−imϕ; ð3:38Þ

where now the angles ðθ;ϕÞ describe the orientation of the molecular axis relative to the EXP frame, whose z axis is aligned
with the background magnetic field. Notice especially the importance of including all the T̂ njm couplings here, not simply
those with m ¼ 0.
The techniques required for the conversion are similar to those described above for the spin-independent couplings and

the derivation has been carried through in the minimal SME sector in Paper 2. Here, we simply quote the result, as always
interpreting the expectation value ofHe T

SME in the electron 1sσg state as a contribution V
e T
SMEðRÞ to the internucleon potential,

7We use the notation from Paper 2 for Tsm and Ysm and also define the new matrix Xsm arising in the nonminimal sector as,

Tsm ¼
0
@ 1 0 0

0 −1 0

0 0 0

1
A; Ysm ¼

0
@ 1 0 0

0 1 0

0 0 −2

1
A; Xsm ¼

0
@ 1 0 0

0 1 0

0 0
ffiffi
3
2

q
1
A:

8For s ¼ 0, the coefficient of T̂ eNRð0BÞ
230 has previously appeared in Eq. (132) of [17].
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Ve T
SMEðRÞ ¼ −

ffiffiffiffiffiffi
3

4π

r �
σmT

eNRð0BÞ
01m þ 1

3
trhpapbiσm

�
T eNRð0BÞ

21m þ 2T eNRð1BÞ
21m

��
þ

ffiffiffiffiffi
1

10

r
trYhpapbiσsð−1Þs

×
X
M

C2M
1−s;1mY2Mðθ;ϕÞ

�
T eNRð0BÞ

21m − T eNRð1BÞ
21m

�
−

ffiffiffi
1

2

r
trYhpapbiσsð−1Þs

X
M

C2M
1−s;2mY2Mðθ;ϕÞiT eNRð1EÞ

22m

−
1

2
ffiffiffi
5

p 7ffiffiffi
6

p trYhpapbiσsð−1Þs
X
M

C2M
1−s;3mY2Mðθ;ϕÞT eNRð0BÞ

23m : ð3:39Þ

We emphasize here how the sensitivity of the rovibrational energies to the nonminimal couplings T eNRð0BÞ
230 arises only with

trYhpapbi, again reflecting the fact that the molecular ion only has cylindrical symmetry. This explains their absence in the
corresponding energy formulas quoted in [15].
We can now impose the simplification discussed in Paper 2 that allows us to restrict to the EXP frame couplings with

m ¼ 0 only. The argument is that the hyperfine-Zeeman interactions do not mix states with different values of MJ. Any
matrix element of Ve T

SMEðRÞ which is off-diagonal in MJ is therefore of OðSMEÞ and therefore contributes to energy levels
only at OðSMEÞ2, which we neglect. Imposing ΔMJ ¼ 0 on the matrix elements of Ve T

SMEðRÞ implies the constraint
M þ s ¼ 0 in (3.39), and since M ¼ −sþm this in turn requires m ¼ 0.
Inserting the required Clebsch-Gordan coefficients9 we find, effectively,

VeT
SMEðRÞ¼−

ffiffiffiffiffiffi
3

4π

r �
σ0T

eNRð0BÞ
010 þ1

3
trhpapbiσ0

�
T eNRð0BÞ

210 þ2T eNRð1BÞ
210

��
þ

ffiffiffiffiffi
1

15

r
trYhpapbiσ0Y20ðθ;ϕÞ

×

�
T eNRð0BÞ

210 −T eNRð1BÞ
210 þ3

2

ffiffiffi
7

6

r
T eNRð0BÞ

230

�
−

1

2
ffiffiffi
5

p trYhpapbi
�
σ1Y2−1ðθ;ϕÞ

�
T eNRð0BÞ

210 −T eNRð1BÞ
210

−
ffiffiffi
7

6

r
T eNRð0BÞ

230 −
ffiffiffi
5

p
iT eNRð1EÞ

220

�
þσ−1Y21ðθ;ϕÞ

�
T eNRð0BÞ

210 −T eNRð1BÞ
210 −

ffiffiffi
7

6

r
T eNRð0BÞ

230 þ
ffiffiffi
5

p
iT eNRð1EÞ

220

��
: ð3:40Þ

The final step in calculating the required rovibrational energies in the weak magnetic field regime is to find VeT
SMEðRÞ by

taking the matrix elements of (3.40) in the hyperfine states jvNJMJi as in (3.15). Since this now also involves the spin
operators σs, the calculation is much more intricate, but all the required steps have already been set out in Paper 2
(Eqs. (5.12)–(5.17)) and wewill only quote the result here. For a given value ofMJ, the states with J ¼ N � 1

2
are mixed and

Ve T
SMEðRÞ is best presented as a 2 × 2 matrix with rows/columns representing J0; J ¼ N � 1

2
,

Ve T
SMEðRÞ ¼

ffiffiffiffiffiffi
3

4π

r �
α β

β� δ

�
: ð3:41Þ

After some calculation, we find

α ¼ −2
1

2N þ 1
MJT

eNRð0BÞ
010 − trhpapbi

2

3

1

2N þ 1
MJ

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�
þ trYhpapbi

1

ð2N þ 1Þð2N − 1Þð2N þ 3Þ

×

"
−
2

3
Nð2N − 1ÞMJ

�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
þ
�
3N2 þ 6N þ 5

4
− 5M2

J

�
MJ

ffiffiffi
7

6

r
T eNRð0BÞ

230

#
ð3:42Þ

and

9For M ¼ −s, the Clebsch-Gordan coefficients appearing in (3.39) are,

ð−1ÞsC2−s
1−s;10 ¼ −

1ffiffiffi
2

p ;−
1ffiffiffi
2

p ;

ffiffiffi
2

3

r
; ð−1ÞsC2−s

1−s;20 ¼ −
1ffiffiffi
2

p ;
1ffiffiffi
2

p ; 0;

ð−1ÞsC2−s
1−s;30 ¼ −

1ffiffiffi
7

p ;−
1ffiffiffi
7

p ;

ffiffiffi
3

7

r
; for s ¼ 1;−1; 0 respectively:

GRAHAM M. SHORE PHYS. REV. D 114, 065006 (2026)

065006-10



δ ¼ 2
1

2N þ 1
MJT

eNRð0BÞ
010 þ trhpapbi

2

3

1

2N þ 1
MJ

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�
− trYhpapbi

1

ð2N þ 1Þð2N − 1Þð2N þ 3Þ

×

"
−
2

3
ðN þ 1Þð2N þ 3ÞMJ

�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
þ
�
3N2 −

7

4
− 5M2

J

�
MJ

ffiffiffi
7

6

r
T eNRð0BÞ

230

#
ð3:43Þ

while,

Reβ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Nþ1

2

�
2

−M2
J

s  
2

1

2Nþ1
T eNRð0BÞ

010 þ trhpapbi
2

3

1

2Nþ1

�
T eNRð0BÞ

210 þ2T eNRð1BÞ
210

�
þ trYhpapbi

×
1

ð2Nþ1Þð2N−1Þð2Nþ3Þ

"
−
1

6
ð2N−1Þð2Nþ3Þ

�
T eNRð0BÞ

210 −T eNRð1BÞ
210

�
−
�
N2þN−

3

4
−5M2

J

� ffiffiffi
7

6

r
T eNRð0BÞ

230

#!
:

ð3:44Þ
The coupling T eNRð1EÞ

230 drops out from Re β.10 This leaves just three independent SME couplings contributing to

Ve T
SMEðRÞ at Oðp2Þ, including the non-minimal coupling T eNRð0BÞ

230 , in line with the analysis in Paper 2 using the Lorentz
tensor couplings of (1.1).
We can now summarize our results for the eigenvalues Ve T

SME�ðRÞ in a concise form suitable for reading off the
contributions of the spin-dependent SME couplings to the rovibrational energies. For weak magnetic fields, applying the
methods of Appendix A, and using the notation (3.19) for the expansion parameter, we find11:

Ve T
SME�ðRÞ ¼

ffiffiffiffiffiffi
3

4π

r  
ê�NMJ

ðBÞT eNRð0BÞ
010 −

1

3
trhpapbif̂�NMJ

ðBÞ
�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

−
1

3
trYhpapbif̂Y�NMJ

ðBÞ
�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
þ

ffiffiffi
7

6

r
trYhpapbif̂X�NMJ

ðBÞT eNRð0BÞ
230

!
; ð3:45Þ

where

ê�NMJ
ðBÞ ¼∓ 2

2N þ 1
MJ ∓ 8

ð2N þ 1Þ3
��

N þ 1

2

�
2

−M2
J

�
B; ð3:46Þ

f̂�NMJ
ðBÞ ¼ � 2

2N þ 1
MJ �

8

ð2N þ 1Þ3
��

N þ 1

2

�
2

−M2
J

�
B; ð3:47Þ

while

f̂YþNMJ
ðBÞ ¼ 2N

ð2N þ 1Þð2N þ 3ÞMJ −
2

ð2N þ 1Þ3
��

N þ 1

2

�
2

−M2
J

�
B; ð3:48Þ

f̂Y−NMJ
ðBÞ ¼ −

2ðN þ 1Þ
ð2N − 1Þð2N þ 1ÞMJ þ

2

ð2N þ 1Þ3
��

N þ 1

2

�
2

−M2
J

�
B; ð3:49Þ

and

f̂XþNMJ
ðBÞ ¼ 1

4

12N2 þ 24N þ 5 − 20M2
J

ð2N þ 1Þð2N − 1Þð2N þ 3ÞMJ þ
ð2N − 1Þð2N þ 3Þ − 20M2

J

ð2N þ 1Þ3ð2N − 1Þð2N þ 3Þ
��

N þ 1

2

�
2

−M2
J

�
B; ð3:50Þ

10Recall from Paper 2 that in calculating the eigenvalues of the combined hyperfine-Zeeman and SME perturbations, only the
combination Re β ¼ 1

2
ðβ þ β�Þ occurs. The full expression is quoted in Appendix A, (A5) and the simplification for weak magnetic

fields in (A6).
11In this paper, we are using a self-consistent notation where hatted coefficients refer to the weak magnetic field regime with states

jvNJMJi, while unhatted coefficients refer to the strong field regime with states jvNMJMSi. This means that the hatted f̂NMJ

coefficients in (3.47), (3.48) and (3.49) here are identical to the corresponding unhatted fNMJ
in Paper 2.
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f̂X−NMJ
ðBÞ ¼ −

1

4

12N2 − 7 − 20M2
J

ð2N þ 1Þð2N − 1Þð2N þ 3ÞMJ −
ð2N − 1Þð2N þ 3Þ − 20M2

J

ð2N þ 1Þ3ð2N − 1Þð2N þ 3Þ
��

N þ 1

2

�
2

−M2
J

�
B: ð3:51Þ

Notice that in all cases, the OðBÞ correction vanishes for the unmixed, or stretched, states with MJ ¼ �ðN þ 1
2
Þ.

For large magnetic fields, we repeat this analysis taking the matrix elements of Ve T
SMEðRÞ in (3.40) in the basis states

jvNMJMSi. Some intermediate details are given in Appendix A. Here, we simply present the result for the eigenvalues
Ve T
SME�ðRÞ. This takes the same form as above,

Ve T
SME�ðRÞ ¼

ffiffiffiffiffiffi
3

4π

r  
e�NMJ

T eNRð0BÞ
010 −

1

3
trhpapbif�NMJ

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

−
1

3
trYhpapbifY�NMJ

ðBÞ
�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
þ

ffiffiffi
7

6

r
trYhpapbifX�NMJ

ðBÞT eNRð0BÞ
230

!
; ð3:52Þ

with coefficients,

e�NMJ
¼∓1; ð3:53Þ

f�NMJ
¼ �1; ð3:54Þ

fY�NMJ
ðBÞ ¼∓cNMJ∓1

2
� 3

½ðN þ 1
2
Þ2 −M2

J�
ð2N − 1Þð2N þ 3ÞMJ

1

B
; ð3:55Þ

fX�NMJ
ðBÞ ¼ � 1

2
cNMJ∓1

2
� ½ðN þ 1

2
Þ2 −M2

J�
ð2N − 1Þð2N þ 3ÞMJ

1

B
: ð3:56Þ

These coefficients, together with their weak-field counterparts, in principle allow constraints on the individual
components of the electron SME couplings T eNR

njm to be distinguished by measuring suitably chosen combinations of
transition frequencies.
In the same way as for the spin-independent couplings, we can calculate the contribution of the internucleon potentials

Ve T
SME�ðRÞ in (3.45) and (3.52) to the rovibrational energies in the form,

Ee T
vNMJ� ¼ Ve T

SME� þ δe TSME�

�
vþ 1

2

�
ω0 − xe TSME�

�
vþ 1

2

�
2

ω0

þ Be T
SME�NðN þ 1Þω0 − αe TSME�

�
vþ 1

2

�
NðN þ 1Þω0 þ…: ð3:57Þ

Here, for weak magnetic fields, we find from (3.45),

Ve T
SME� ¼

ffiffiffiffiffiffi
3

4π

r �
2

α2
ê�NMJ

1

me
T eNRð0BÞ

010 − 0.782f̂�NMJ
me

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

− 0.240f̂Y�NMJ
meðT eNRð0BÞ

210 − T eNRð1BÞ
210 Þ þ 0.294

ffiffiffi
7

p
f̂X�NMJ

meT
eNRð0BÞ
230

�
; ð3:58Þ

while
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δe TSME� ¼
ffiffiffiffiffiffi
3

4π

r �
1.003f̂�NMJ

me

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

þ 0.545f̂Y�NMJ
me

�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
− 0.667

ffiffiffi
7

p
f̂X�NMJ

meT
eNRð0BÞ
230

�
;

Be T
SME� ¼ λ

ffiffiffiffiffiffi
3

4π

r �
0.667f̂�NMJ

me

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

þ 0.224f̂Y�NMJ
me

�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
− 0.275

ffiffiffi
7

p
f̂X�NMJ

meT
eNRð0BÞ
230

�
;

xe TSME� ¼ λ

ffiffiffiffiffiffi
3

4π

r �
1.629f̂�NMJ

me

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

þ 1.130f̂Y�NMJ
me

�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
− 1.384

ffiffiffi
7

p
f̂X�NMJ

meT
eNRð0BÞ
230

�
;

αe TSME� ¼ λ2
ffiffiffiffiffiffi
3

4π

r �
2.152f̂�NMJ

me

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

þ 0.195f̂Y�NMJ
me

�
T eNRð0BÞ

210 − T eNRð1BÞ
210

�
− 0.239

ffiffiffi
7

p
f̂X�NMJ

meT
eNRð0BÞ
230

�
; ð3:59Þ

all in atomic units, with meT eNR
2jm dimensionless and all

energies in units of RH. For clarity, we have omitted the
explicit B dependence in the notation for the coeffi-
cients here.
The analogous results for strong magnetic fields follow

in the same way from (3.52), with the substitution from
hatted to unhatted coefficients, f̂�NMJ

→ f�NMJ
etc.

IV. PROTON SME COUPLINGS AND
ROVIBRATIONAL ENERGIES

We now come to the proton sector of the SME and
calculate the dependence of the rovibrational energy levels
on the couplings Vp

njm. Since we only consider para-Hþ
2

where the total proton spin I ¼ 0, we may restrict here to
the spin-independent proton SME couplings alone.
In the nonrelativistic approximation, the SME

Hamiltonian for the two protons, with momenta p1 and
p2, is

Hp
SME ¼ −

X
njm

pn
1Yjmðp̂1ÞVpNR

njm −
X
njm

pn
2Yjmðp̂2ÞVpNR

njm

ð4:1Þ

with the sum running over n ¼ 0; 2; 4;…. This expression
is frame independent, and we immediately interpret it in the
EXP frame.
The momenta p1, p2 and the electron momentum pe are

most conveniently reexpressed in terms of the relative
momentum P of the two protons, the momentum p of the
electron relative to the molecule center of mass c.m., and
the c.m. momentum Pc:m: of the molecule. The momentum

P is defined with a reduced mass μ ¼ mp=2 and p with
μ̂ ¼ 2mpme=ð2mp þmeÞ. Details are given in Paper 1.
Setting Pc:m: to zero, the relations we need here are simply,

p1 ¼ P −
1

2
p; p2 ¼ −P −

1

2
p: ð4:2Þ

The momentum-independent term in Hp
SME is evidently

just the constant

Hp
SMEjn¼0 ¼ −

2ffiffiffiffiffiffi
4π

p VpNR
000 ; ð4:3Þ

and is usually considered unobservable and therefore
neglected. At Oðp2Þ, recalling the restrictions j ¼ n;
n − 2;… ≥ 0 on the spherical tensors [6],

Hp
SMEjn¼2 ¼ −ðp2

1 þ p2
2Þ

1ffiffiffiffiffiffi
4π

p VpNR
200

−
�
p2
1Y2mðp̂1Þ þ p2

2Y2mðp̂2Þ
�
VpNR
22m : ð4:4Þ

Now, from (4.2),

p2
1 þ p2

2 ¼ 2P2 þ 1

2
p2; ð4:5Þ

where, crucially, the mixed terms involving P · p cancel. In
the Born-Oppenheimer analysis, this means that, as already
described in Paper 1, the electron Schrödinger equation
receives an extra contribution from the proton SME
couplings.
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To recover the equivalent split for the j ¼ 2 couplings,
we need the following key result:

p2
1Y2mðp̂1Þ þ p2

2Y2mðp̂2Þ ¼ 2P2Y2mðP̂Þ þ
1

2
p2Y2mðp̂Þ:

ð4:6Þ

To establish this, we use the explicit form of the spherical
harmonics for each m to write the lhs in terms of Cartesian
components of p1 and p2, then reconstruct the rhs following
their reexpression in terms of P and p using (4.2).
At this point, however, the second term is still expressed

in the EXP frame. Using the transformation (3.5) of the
spherical tensors under rotations together with the expres-
sion (3.3) of the spherical harmonics in terms of Wigner
matrices, we note that this term is invariant, so we can
rewrite it in terms of MOL frame couplings and momenta,

p2Y2mðp̂EXPÞVpNR
22m ¼ p2Y2mðp̂MOLÞV̂pNR

22m : ð4:7Þ

In this form we can take the expectation values of the
momentum factors in the 1sσg state, where cylindrical
symmetry restricts to m ¼ 0, leaving

hp2Y20ðp̂MOLÞiV̂pNR
220 ¼ −

1

2

ffiffiffiffiffiffi
5

4π

r
trYhpapbiV̂pNR

220 : ð4:8Þ

The total contribution at Oðp2Þ to the electron Schrödinger
equation is therefore

−
1

2

1ffiffiffiffiffiffi
4π

p
�
trhpapbiV̂pNR

200 −
1

2

ffiffiffi
5

p
trYhpapbiV̂pNR

220

�
: ð4:9Þ

Comparing with (3.4), the effect of these terms on the
rovibrational energy levels is therefore included simply by
substituting VeNR

2jm with

ṼeNR
2jm ≡ VeNR

2jm þ 1

2
VpNR
2jm ; ð4:10Þ

in (3.13) and (3.16). This is the equivalent of the result
initially found in terms of Lorentz tensor SME couplings in
Paper 1. [Notice the absence of explicit factors of me and
mp in (4.10), compatible with the identifications of the
CPT even and odd components c̃e2jm and ãe2jm in
Sec. 7 there.]
The remaining terms in the proton SME Hamiltonian,

expressed in the EXP frame, are then simply

Hp
SMEjn¼0;2 ¼−

2ffiffiffiffiffiffi
4π

p VpNR
000

− 2P2

�
1ffiffiffiffiffiffi
4π

p VpNR
200 þY2mðP̂ÞVpNR

22m

�
; ð4:11Þ

and we recall from the discussion in the previous Section
that only the m ¼ 0 components contribute at OðSMEÞ.
The corresponding rovibrational energies follow by taking
the expectation values first in the Zeeman states jvNMJMSi
appropriate for high magnetic fields and then in the
hyperfine states jvNJMJi relevant at weak fields.
The expectation values of the spherical harmonic Y20ðP̂Þ

in these states are the same as already encountered for the
electron couplings. In the Zeeman states,

hvNMNM0
SjY20ðP̂ÞjvNMNMSi ¼

ffiffiffiffiffiffi
5

4π

r
cNMN

δMSM0
S
;

ð4:12Þ

and we find

ΔEn
SME�jn¼0;2 ¼ −

2ffiffiffiffiffiffi
4π

p VpNR
000 − 2hvNjP2jvNi

×

�
1ffiffiffiffiffiffi
4π

p VpNR
200 þ

ffiffiffiffiffiffi
5

4π

r
cNMJ∓1

2
VpNR
220

�
;

ð4:13Þ

up to OðP2Þ, with the cNMN
coefficients in (3.8).

For the hyperfine states, the expectation values at fixed
MJ are nondiagonal in the 2 × 2 sector with J0; J ¼ N � 1

2

and we need,

hvNJ0MJjY20ðP̂ÞjvNJMJi

¼
ffiffiffiffiffiffi
5

4π

r X
MS

CJ0MJ

NMN;
1
2
MS
CJMJ

NMN;
1
2
MS
cNMN

: ð4:14Þ

Finding the eigenvalues in exactly the same way as
described for the electron (see Appendix A) therefore gives

ΔEn
SME�jn¼0;2 ¼ −

2ffiffiffiffiffiffi
4π

p VpNR
000 − 2hvNjP2jvNi

×

�
1ffiffiffiffiffiffi
4π

p VpNR
200 þ

ffiffiffiffiffiffi
5

4π

r
ĉ�NMJ

ðBÞVpNR
220

�
;

ð4:15Þ

with the same coefficients ĉ�NMJ
ðBÞ introduced in (3.17)

and (3.18).
The next step is to evaluate the expectation value

hvNjP2jvNi of the proton momentum in the spin-indepen-
dent rovibrational states jvNi. These states are constructed
in a systematic perturbation expansion about the simple
harmonic oscillator (SHO) states found by expanding about
the minimum R0 of the internucleon potential VMðRÞ. The
details of this derivation are presented in a self-contained
way in Appendix C. The results are expressed in a form
directly matching the expression in (1.3) for the full
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rovibrational energy spectrum, i.e. an expansion in ðvþ 1
2
Þ

and NðN þ 1Þ with coefficients parametrized by
λ ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me=mp

p
. We find,

hvNjP2jvNi¼ 1

2
mpω0

��
vþ1

2

�
þNðNþ1Þλ

þ3

2

�
3þR0V 000

M

V 00
M

��
vþ1

2

�
NðNþ1Þλ2þ…

�

¼ 1

2
mpω0

��
vþ1

2

�
þNðNþ1Þλ−3.405

×

�
vþ1

2

�
NðNþ1Þλ2þ…

�
; ð4:16Þ

where ω0 is the frequency of the unperturbed SHO
oscillations, given in terms of the Rydberg constant
by ω0 ∼ RH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me=mp

p
.

Together, (4.16) with (4.14) or (4.15) give the proton
contributions at OðP2Þ to the components δnSME, B

n
SME and

αnSME in the rovibrational energy levels.12

Now we have seen how to reformulate the derivation of
the proton SME couplings to the rovibrational energies at
OðP2Þ entirely within the spherical tensor formalism, we
are equipped to extend the analysis to the nonminimal
SME, incorporating effects at OðP4Þ and the associated
nonminimal couplings. At OðP4Þ, the SME Hamiltonian is

Hp
SMEjn¼4 ¼ −p4

1

�
1ffiffiffiffiffiffi
4π

p VpNR
400 þ Y2mðp̂1ÞVpNR

42m

þ Y4mðp̂1ÞVpNR
44m

�
− ðp1 → p2Þ: ð4:17Þ

At this point we would hope to make the change of
variables from p1, p2 to P, p with identities analogous to
(4.6) above. However, even for the simplest case, the
coefficient of VpNR

400 , we encounter a difficulty. From the
definitions (4.2) we immediately find,

p4
1 þ p4

2 ¼ 2P4 þ P2p2 þ ðP · pÞ2 þ 1

8
p4; ð4:18Þ

so the mixed terms involving both P and p do not cancel.
This spoils the clean separation of the total Schrödinger

equation into electron and proton parts, which underpins
the simple Born-Oppenheimer split. We can try different
strategies to evaluate these mixed terms, but no sufficently
simple results emerge for our present purpose. Systematic
improvements on the basic Born-Oppenheimer have been
the subject of extensive theoretical work in atomic physics;
for a review, see e.g. [20]. These terms nevertheless only
give contributions suppressed by powers of λ relative to the
leading power in the individual coefficients xnSME, B

n
SME,

αnSME in the rovibrational energy expansion (1.3) so may be
consistently neglected.13 In this leading approximation, we
therefore simply consider

p4
1Yjmðp̂1Þ þ p4

2Yjmðp̂Þ ¼ 2P4YjmðP̂Þ þ… ð4:19Þ
and take,

Hp
SMEjn¼4

¼−2P4

�
1ffiffiffiffiffiffi
4π

p VpNR
400 þY2mðP̂ÞVpNR

42m þY4mðP̂ÞVpNR
44m

�
þ…

ð4:20Þ
The corresponding energies are found as usual by taking
expectationvalues in either the Zeeman or hyperfine states for
strong or weak magnetic fields respectively. Again, the
expectation values of the spherical harmonics yield coeffi-
cients already evaluated for the electron couplings, so we can
immediatelywrite the final results. For strongmagnetic fields,

ΔEn
SME�jn¼4 ¼ −2hvNjP4jvNi

 
1ffiffiffiffiffiffi
4π

p VpNR
400

þ
ffiffiffiffiffiffi
5

4π

r
cNMJ∓1

2
VpNR
420 þ 3ffiffiffiffiffiffi

4π
p cð4Þ

NMJ∓1
2

VpNR
440

!
;

ð4:21Þ
while for weak fields,

ΔEn
SME�jn¼4 ¼ −2hvNjP4jvNi

 
1ffiffiffiffiffiffi
4π

p VpNR
400

þ
ffiffiffiffiffiffi
5

4π

r
ĉ�NMJ

VpNR
420 þ 3ffiffiffiffiffiffi

4π
p ĉð4Þ�NMJ

VpNR
440

!
;

ð4:22Þ
with the coefficients quoted in (3.10) and (3.20), (3.21).
The momentum expectation value is evaluated in

Appendix C, where we show

12To match with the corresponding expression in terms of
Lorentz tensor couplings in the minimal SME, the dictionary is,

1ffiffiffiffiffi
4π

p VpNR
200 ¼ −

1

3m2
p
trEp

ij;

ffiffiffiffiffi
5

4π

r
VpNR
220 ¼ 1

3m2
p
trYE

p
ij;

with [19],

Ep
ij ¼ −mp

�
cij þ

1

2
c00δij

�
þm2

pð3a0ij þ a000δijÞ:

13To estimate the size of the neglected terms, note that hp2i ∼
RHme while hP2i ∼ RH

ffiffiffiffiffiffiffiffiffiffiffiffimemp
p , so they will give corrections

suppressed by Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me=mp

p Þ ∼ λ to the leading terms quoted
below separately for each coefficient xnSME, B

n
SME, α

n
SME,… in the

expansion of the rovibrational energy.
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hvNjP4jvNi ¼ 1

4
m2

pω
2
0

"
3

2

��
vþ 1

2

�
2

þ 1

4

�

−
3

8
NðN þ 1Þ

�
3 −

R0V 000
M

V 00
M

�
λ2

þ 2

�
vþ 1

2

�
NðN þ 1Þλþ…

#
; ð4:23Þ

where the… denote terms of lower order in λ that should be
dropped for consistency given the initial approximation in
(4.19). Notice the different orders in λ of these terms
compared with their equivalents in the expectation value
hvNjP2jvNi in (4.16).
Together, (4.23) with (4.21) or (4.22) give the proton

contributions to the components xnSME, B
n
SME and αnSME in

the rovibrational energies at OðP4Þ. Notice there is no
contribution to δnSME in this case.
These OðP4Þ contributions to the rovibrational energy

coefficients provide sensitivity to the nonminimal SME
couplings VpNR

400 , VpNR
420 and VpNR

440 . Individual constraints on
these, as well as VpNR

200 and VpNR
220 , may be achieved by

measurements of spectral transitions corresponding to
states with different rovibrational quantum numbers
ðv; NÞ through the leading terms in (4.16) and (4.23)
and, crucially, through discriminating the different spin
components VpNR

njm by exploiting the quantum number
dependence of the c and ĉ coefficients.

V. FRAME TRANSFORMATIONS AND
TRANSITION FREQUENCY VARIATIONS

In the SME, Lorentz symmetry is broken because the
vector and tensor couplings (which may be usefully
thought of as VEVs of fields in some more fundamental
theory) take on fixed, nonzero values. Unlike the familiar
case of QFTs with scalar couplings, this means that in the
SME the results of physical measurements depend on the
frame of reference of the experiment.
This has two immediate consequences. First, in compar-

ing the results of experiments at different locations and
orientations, we need to make an appropriate Lorentz
transformation (rotation or boost) to change the frame of
reference of the individual experiments. Second, measure-
ments in the same experiment at a fixed location on Earth
will experience daily (sidereal) and annual variations as the
frame of reference of the experiment changes as the Earth
rotates and orbits the Sun.
To compare the results of different experiments, or the

same experiment performed at different times, it is conven-
ient to refer the couplings to a standard frame [13]. It has
become established practice to use a solar-centred frame
(SUN), defined by an orthornormal set of basis vectors eI
with the Z axis aligned with the Earth’s rotation axis and the
X axis with the vernal equinox. This implies that eX, eY lie in

the plane of the Earth’s equator, making an angle of η ¼ 23°
with the orbital plane. Where necessary, the origin of the
time coordinate T is chosen as the vernal equinox in 2000.
In practice it is convenient to introduce one further

frame, a standard laboratory frame (LAB). The LAB frame
is defined locally with basis vectors ei with the z axis
pointing vertically to the zenith at the location of the
experiment and the x axis pointing south. The relation of
the ez and eZ axes in the LAB and SUN frames is given by
the colatitude χ of the laboratory.

A. Rotations and daily (sidereal) variations

Since our results for the energy levels are given in terms
of couplings in EXP frame coordinates, we need to convert
to the standard SUN frame in two stages, first re-expressing
in terms of the LAB frame then a further rotation from LAB
toSUN. We illustrate this transformation for a generic spin-
independent coupling Vnjm, dropping all other labels since
the rotation is entirely determined by the SOð3Þ indices
ðj; mÞ. The results for the spin-dependent couplings T njm,
of all types, are identical.
To transform from EXP to LAB, we need the angle ϕ of

the magnetic field measured anticlockwise from due south,
and its angle θ measured from the local vertical. The
couplings transform with the Wigner matrices as (following
our notation so far, couplings with no superscript are in the
EXP frame),

Vnjm0 ¼ VLAB
njm e

imϕdjmm0 ðθÞ: ð5:1Þ
Combining with a further rotation to the SUN frame we can
show (nontrivially, since in both cases the angular momen-
tum operators defining the Wigner matrices are to be taken
in the initial frame [21]), that

Vnjm0 ¼ VSUN
njm eimω⊕T⊕djmm00 ðχÞeim00ϕdjm00m0 ðθÞ; ð5:2Þ

where ω⊕ is the Earth’s angular rotation frequency corre-
sponding to a sidereal day and with T⊕ being local sidereal
time in the LAB frame.
Next, we use the Wigner matrix addition theorem14 to

show,

14The standard form for the addition theorem for the little
Wigner matrices djmm0 is [21]

djmm00 ðβ1Þe−im00φdjm00m0 ðβ2Þ ¼ e−imαdjmm0 ðβÞe−im0γ;

with

cot α ¼ cos β1 cotφþ sin β1 cot β2ðsinφÞ−1;
cos β ¼ cos β1 cos β2 − sin β1 sin β2 cosφ;

cot γ ¼ cos β2 cotφþ sin β2 cot β1ðsinφÞ−1:

Also note the useful relation djmm0 ð−θÞ ¼ djm0mðθÞ.
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Vnjm0 ¼ VSUN
njm eimðω⊕T⊕þαÞdjmm0 ðϑÞeim0γ; ð5:3Þ

where here,

cosϑ ¼ cos χ cos θ − sin χ sin θ cosϕ; ð5:4Þ

cot α ¼ cos χ cotϕþ sin χ cot θ ðsinϕÞ−1; ð5:5Þ

with an identical formula for cot γ with χ, θ interchanged.
Next, recalling that only couplings with m ¼ 0 in the

EXP frame appear in the energy levels, we only need

VwNR
nj0 ¼ VwNRSUN

njm djm0ðϑÞeimðω⊕T⊕þαÞ;

T wNR
nj0 ¼ T wNRSUN

njm djm0ðϑÞeimðω⊕T⊕þαÞ; ð5:6Þ

where we restore the full notation, with w ¼ e; p. These
expressions are to be inserted into the formulas for the
internucleon potential and energy levels to give our final
results in the standard SUN frame.
We see immediately that rovibrational transition frequen-

cies measured at different times during the Earth’s daily
rotation will show a time variation. Moreover, this depends

on all the azimuthal components of the couplings, not just
m ¼ 0. This is quite natural in a Lorentz violating theory—
measurements taken with a different orientation of the
experiment will be sensitive to different components of a
background Lorentz vector or tensor, such as the effective
SME couplings.
In principal, the dependence of these variations on the

couplings with different values of m can be isolated since
they vary according to different harmonics of the rotation
frequency, arising from the expðimðω⊕T⊕ þ αÞÞ factor.
Notice also that the orientation of the magnetic field also

introduces a constant, experiment-specific, phase into the
variation. This will not be important in analyzing time
variations in a single experiment, since only time
differences will matter, but could be relevant in comparing
results from experiments with different magnetic field
orientations or in different laboratories, since according
to (5.5) the phase α depends on ϕ; θ and χ.
We can make (5.6) more explicitly tailored to exper-

imental measurements by rewriting entirely in terms of real
quantities. Using the relations Vnjð−mÞ ¼ ð−1ÞmV�

njm and
djð−mÞ0 ¼ ð−1Þmdjm0, (5.6) becomes,

VwNR
nj0 ¼ dj00ðϑÞVwNRSUN

nj0

þ
Xj
jmj¼1

djjmj0ðϑÞ
�
cosðmðω⊕T⊕ þ αÞÞReVwNRSUN

njjmj − sinðmðω⊕T⊕ þ αÞÞ ImVwNRSUN
njjmj

�
: ð5:7Þ

Finally, to illustrate how these time variations enter our final results, we quote here the explicit example of the proton
contribution to the energy levels, up to OðP2Þ and for weak fields, written out fully in terms of SUN frame couplings [see
(4.15)]15:

ΔEn
SME�jn¼0;2 ¼ −

2ffiffiffiffiffiffi
4π

p VpNRSUN
000

− 2hvNjP2jvNi
"

1ffiffiffiffiffiffi
4π

p VpNRSUN
200 þ

ffiffiffiffiffiffi
5

4π

r
ĉ�NMJ

ðBÞ
�
−
1

2
ð1 − 3cos2ϑÞVpNR

220

−
1

2

ffiffiffi
3

2

r
sin 2ϑ

�
cosðω⊕T⊕ þ αÞReVpNRSUN

221 − sinðω⊕T⊕ þ αÞ ImVpNRSUN
221

�

þ 1

2

ffiffiffi
3

2

r
sin2ϑ

�
cos 2ðω⊕T⊕ þ αÞReVpNRSUN

222 − sin 2ðω⊕T⊕ þ αÞ ImVpNRSUN
222

��#
: ð5:8Þ

All the other expressions for energy levels in the paper can be expanded out in the same way showing the dependence on
all the azimuthal components of the spherical tensor couplings at fixed rank j. As we now show, consideration of the effects
of Lorentz boosts also exposes a time-dependence on couplings of different rank.

15The corresponding expressions for many of the leading terms for a particular experimentally important transition frequency are
tabulated in [15] and may be derived directly from the more general results given here.
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B. Lorentz boosts

The energy levels will also experience variations due to
Lorentz boosts arising from the motion of the laboratory in
the SUN frame. These are of two types, daily (sidereal)
variations determined by the Earth’s rotational velocity vE
and annual variations governed by the orbital velocity v⊕.
Here [17], taking c ¼ 1,

vE ¼ vEð− sinω⊕T⊕ eX þ cosω⊕T⊕ eYÞ; ð5:9Þ

while

v⊕ ¼ v⊕ðsinΩ⊕T eX − cosΩ⊕Tðcos η eY þ sin η eZÞÞ:
ð5:10Þ

These velocities are small, with vE ¼ Oð10−6Þ and
v⊕ ¼ Oð10−4Þ, so we may consider the corresponding
Lorentz boosts to OðvÞ only (i.e. set the relativistic γ
factors to 1).
Now, while the spherical tensor formalism used here for

the SME couplings is extremely convenient in considering

the effects of rotations, it is not well suited to analyse
Lorentz boosts. In particular, spherical tensors Vnjm char-
acterized by the same ðj; mÞ labels may have quite different
transformations under Lorentz boosts, since they only
distinguish the rotational properties of their constituent
4-vectors and tensors in the fundamental theory. For
example, even if we consider the simplest case of the
VNR
njm ¼ cNRnjm − aNRnjm couplings, we find different transfor-

mation properties under boosts for the cNRnjm and aNRnjm
separately.
We therefore need to re-express the spherical tensor

couplings in their original Lorentz tensor form to
study the effects of Lorentz boosts. We illustrate this
first by evaluating the Lorentz boost transformations
of the cNRSUN

njm couplings, which are related to the
original cμν tensor couplings. This demonstrates most
of the general features in considering boosts with the
spherical tensors.
First we need a more complete dictionary of the

equivalence of the spherical and Lorentz tensor couplings
than given in Paper 2. In the SUN frame, we find [6]

1ffiffiffiffiffiffi
4π

p cNRSUN
000 ¼ mwcTT;ffiffiffiffiffiffi

3

4π

r
cNRSUN
11m¼0;1;−1 ¼ 2cTZ; −

ffiffiffi
2

p
ðcTX − icTYÞ;

ffiffiffi
2

p
ðcTX þ icTYÞ;

1ffiffiffiffiffiffi
4π

p cNRSUN
200 ¼ 1

3mw

�
cKK þ 3

2
cTT

�
;

ffiffiffiffiffiffi
5

4π

r
cNRSUN
220 ¼ −

1

3mw
ðcXX þ cYY − 2cZZÞ; ð5:11Þ

while more generally,

cNRSUN
22m ¼ 1

mw
Cm
JKcJK; ð5:12Þ

where Cm
JK are the expansion coefficients for the product of

two vectors in spherical harmonics given in [22].16 Recall

that here mw denotes the mass of the particle of type
w ¼ e; p. We have omitted the matching label w on the
SME couplings to avoid overburdening the notation.
Under a Lorentz boost the transformations of the

spherical tensors entering the energy level formulas are,

1ffiffiffiffiffiffi
4π

p δcNRSUN
000 ¼ 2mwvJcTJ; ð5:13Þ

1ffiffiffiffiffiffi
4π

p δcNRSUN
200 ¼ 5

3mw
vJcTJ; ð5:14Þ

and

ffiffiffiffiffiffi
5

4π

r
δcNRSUN

220 ¼ −
2

3mw
ðvJcTJ − 3vZcTZÞ: ð5:15Þ

Now, since in this paper we are expressing everything in
the spherical tensor formalism, the next step is to rewrite

16The Cm
JK are defined from the expansion

pJpK ¼ p2ð1
3
δJK þ Cm

JKY2mÞ. Explicitly,

C0
JK ¼

ffiffiffiffiffi
2π

15

r ffiffiffi
2

3

r 0
B@
1 0 0

0 1 0

0 0 −2

1
CA; C1

JK ¼
ffiffiffiffiffi
2π

15

r 0
B@

0 0 −1

0 0 i

−1 i 0

1
CA;

C2
JK ¼

ffiffiffiffiffi
2π

15

r 0
B@

1 −i 0

−i −1 0

0 0 0

1
CA:
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these in terms of the cNRSUN
njm couplings. First, writing the

velocity in the SUN frame in its spherical vector form with
components v0 ¼ vZ; vm¼�1 ¼∓ 1ffiffi

2
p ðvX � ivYÞ, we find

using (5.11),

δcNRSUN
000 ¼ −

ffiffiffi
3

p
mwvmcNRSUN

11m ; ð5:16Þ

δcNRSUN
200 ¼ −

5

2
ffiffiffi
3

p 1

mw
vmcNRSUN

11m ; ð5:17Þ

and

δcNRSUN
220 ¼ 1ffiffiffiffiffi

15
p 1

mw

�
vmcNRSUN

11m − 3v0cNRSUN
110

�
: ð5:18Þ

For the velocities in (5.9), (5.10) we have,

vE0¼ 0; vEm¼−
iffiffiffi
2

p vEeimω⊕T⊕ ; ðm¼�1Þ; ð5:19Þ

and

v⊕0¼−sinη cosΩ⊕T;

v⊕m¼
i

2
ffiffiffi
2

p
h
ð1þcosηÞeimΩ⊕T−ð1−cosηÞe−imΩ⊕T

i
;

ðm¼�1Þ: ð5:20Þ

It follows that for sidereal variations, the nonisotropic term
in (5.18) does not contribute.
We immediately see from (5.17), (5.18) that the Lorentz

boost has introduced a sensitivity to a new set of spherical
tensor couplings, in this case cNRSUN

11m , which did not appear
in the original energy level formulas. The numerical factors
are largely specific to the cNRSUN

njm couplings, but we can
understand the qualitative features that determine which
couplings arise. First, they must satisfy the angular
momentum addition rules for the combination of the
couplings with the ð1; mÞ components of the vector vm.
Then, the n label must change by �1 to maintain the
matching with the power of jpjn in the nonrelativistic
Hamiltonian defining the couplings. Finally, the range of
allowed j is further constrained by the restrictions j ¼
n; n − 2;… ≥ 0 on the cNRnjm couplings [6]. Taken together,

these constraints explain the occurrence of the cNRSUN
11m

coupling in the boosts of cNRSUN
200 and cNRSUN

220 . The non-
isotropy of cNRSUN

220 is apparent in the independent presence
of cNRSUN

110 in (5.18).
Once again, as in (5.8) for ΔEn

SME�, these transforma-
tions should be inserted into the expressions for the energy
levels to see the effect of the boost-induced sidereal or
annual variations, which may in principle be used to isolate
the dependence on the extra couplings cNRSUN

11m .

The obvious question now is whether the same results
apply also to the corresponding CPT odd couplings
aNRSUN
njm which so far we have treated together in the

coupling VNRSUN
njm . However, here the answer is no. These

couplings arise from a different tensor aμνλ in the funda-
mental Lagrangian. This is of rank 3 compared to the rank 2
cμν and the couplings therefore have quite different Lorentz
transformations.
In this case, comparing the nonrelativistic Hamiltonian

with the fundamental Lagrangian, and focusing just on the
dimension 5 aμνλ couplings (i.e. ignoring the dimension
3 aμ), we can show,

1ffiffiffiffiffiffi
4π

p aNRSUN
000 ¼m2

ωaTTT;ffiffiffiffiffiffi
3

4π

r
aNRSUN
11m¼0;1;−1¼−3mwaTTZ; 3mwaTT−; −3mwaTTþ;

1ffiffiffiffiffiffi
4π

p aNRSUN
200 ¼ aTTT þaTKK;ffiffiffiffiffiffi

5

4π

r
aNRSUN
220 ¼−ðaTXXþaTYY −2aTZZÞ; ð5:21Þ

while more generally,

aNRSUN
22m ¼ 3Cm

JKaTJK; ð5:22Þ

with Cm
JK as above. Here, we define aTT� ¼

1ffiffi
2

p ðaTTX � iaTTYÞ.
The Lorentz boosts give,

1ffiffiffiffiffiffi
4π

p δaNRSUN
000 ¼ 3m2

wvJaTTJ; ð5:23Þ

1ffiffiffiffiffiffi
4π

p δaNRSUN
200 ¼ 5vJaTTJ þ vJaJKK; ð5:24Þ

and

ffiffiffiffiffiffi
5

4π

r
δaNRSUN

220 ¼ −2vJaTTJ − vJaJKK

þ 3vJaJZZ þ 6vZaTTZ: ð5:25Þ

Reexpressing in spherical tensor form we immediately
find

δaNRSUN
000 ¼

ffiffiffi
3

p
mwvmaNRSUN

11m : ð5:26Þ

Compared to δcNRSUN
200 , the boost for aNRSUN

200 has an extra
type of term proportional to the purely space components
aIJK of the fundamental tensor. In general, writing these in
spherical tensor form involves the couplings aNRSUN

3jm with
j ¼ 1, 3. This case is simplified, however, since we only
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require the couplings with contracted indices and we can
straightforwardly check,

ffiffiffiffiffiffi
3

4π

r �
aNRSUN
31m −

1

2m2
w
aNRSUN
11m

�
m¼0;1;−1

¼−
3

5mw
aKKZ;

3

5mw
aKK−; −

3

5mw
aKKþ: ð5:27Þ

Then, collecting terms,

δaNRSUN
200 ¼ 5ffiffiffi

3
p mwvm

�
aNRSUN
31m þ 1

2m2
w
aNRSUN
11m

�
: ð5:28Þ

We therefore find a contribution in which n has increased
by 1. This is due to the rank of the underlying fundamental

Lorentz coupling. The allowed ðj; mÞ labels on the cou-
plings are constrained by the angular momentum addition
rules as before.
Turning finally to δaNRSUN

220 , we also encounter a non-
isotropic tensor coupling aJZZ. Inspection of the matching
conditions from the Hamiltonians shows that this also
involves the j ¼ 3 couplings aNRSUN

33m . After some further
calculation we find

ffiffiffiffiffiffi
7

4π

r
aNRSUN
330 þ

ffiffiffiffiffiffi
3

4π

r �
aNRSUN
310 −

1

2m2
w
aNRSUN
110

�

¼ −
1

mw
aZZZ; ð5:29Þ

while

ffiffiffi
3

p ffiffiffiffiffiffi
7

4π

r
aNRSUN
33m þ

ffiffiffiffiffiffi
3

4π

r �
aNRSUN
31m −

1

2m2
w
aNRSUN
11m

�
¼ � 3

mw
aZZ∓; ðm ¼ �1Þ: ð5:30Þ

Then, from (5.25) and collecting terms, we can write the Lorentz boost for the coupling aNRSUN
220 as,

δaNRSUN
220 ¼ mwvm

 ffiffiffiffiffi
21

5

r
aNRSUN
33m −

2

3

ffiffiffi
3

5

r �
aNRSUN
31m þ 1

2m2
w
aNRSUN
11m

�!

− 3mwv0

 �
1ffiffiffi
3

p − 1

� ffiffiffi
7

5

r
aNRSUN
330 −

2

3

ffiffiffi
3

5

r �
aNRSUN
310 þ 1

2m2
w
aNRSUN
110

�!
: ð5:31Þ

This is to be compared with the corresponding result (5.18)
for the Lorentz boost of cNRSUN

220 , the key difference being
the appearance of couplings with n ¼ 3.
Evidently, we can continue to evaluate the Lorentz boosts

for all the spherical tensor couplings appearing in the
relations for the energy levels. Each must be evaluated
separately since the underlying fundamental Lorentz tensors
will be different in each case. The general principles and all
the rules governing which couplings can appear are the same
as demonstrated above for the cNRSUN

njm and aNRSUN
njm cou-

plings and we will not quote all of these explicitly here.
The key implication for a future program of high-

precision spectroscopy is that the SME predicts sidereal,
and annual, variations of transition frequencies which,
although suppressed by OðvEÞ or Oðv⊕Þ, depend on extra
spherical tensor couplings with n and j differing by 1
compared to those which would appear in time-averaged
measurements.

VI. OUTLOOK

In this paper, extending the work presented in Papers 1
and 2, we have provided a comprehensive account of the
effect of the Lorentz and CPT violating interactions in the

SME on the rovibrational spectrum of the molecular ions
Hþ

2 and H̄−
2 . The description has been entirely in terms of

the spherical tensor representation of the couplings, which
is the most natural framework to include the nonrenorma-
lizable operators in the nonminimal SME.
We have given our results as perturbations on the full

hyperfine-Zeeman spectrum, for both large and small
background magnetic fields. This makes them directly
applicable both to current high-precision spectroscopy of
Hþ

2 using low-field RF traps [7] and to future spectroscopy
of its antimatter counterpart H̄−

2 , which will be performed in
a high magnetic field on molecular ions confined in a
Penning trap [14].
The effects of the Lorentz and CPT violating inter-

actions involving the proton are calculated directly in
perturbation theory. For the electron interactions, their
direct effect is to modify the internucleon potential.
Following Paper 1, we showed how a detailed analysis
of the molecular dynamics, noting particularly the lack of
full spherical symmetry of the molecule even in its 1sσg
electron ground state, allows this to be translated into
changes to the rovibrational energy levels. We also noted
how in the Born-Oppenheimer framework, the proton SME
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couplings also feed into the inter-nucleon potential, and
subsequently the rovibrational spectrum, via (4.10).
In both cases, we quoted the changes to the rovibrational

energy levels in complete generality, giving the dependence
of the SME contributions on the quantum numbers ðv; NÞ
and spin MJ of the hyperfine-Zeeman levels at high and
low magnetic field.
We then described the importance of looking for daily

(sidereal) and annual variations of the transition frequencies
induced by rotations and Lorentz boosts in this Lorentz
noninvariant theory. These variations are especially sig-
nificant as they depend on further components of the SME
couplings characterized by different ðnjmÞ labels, which
would not be present in single or time-averaged
measurements.
All this establishes the theoretical basis to interpret, and

guide, experimental searches for Lorentz and CPT viola-
tion in hydrogen and antihydrogen molecular ion
spectroscopy.
Rovibrational spectroscopy of Hþ

2 at Oð10−12Þ has
already been carried out [7] with the possibility of
eventually attaining precisions as high as Oð10−17Þ.
Meanwhile, the success of the ALPHA collaboration in
high-precision spectroscopy of atomic antihydrogen, espe-
cially the 1S–2S transition [11,12], together with the recent
achievement of BASE-STEP in transporting antiprotons
away from the electromagnetically noisy environment of
the CERNAD/ELENA facility, has opened an increasingly
clear path towards future high-precision spectroscopy
of H̄−

2 .
An important element in achieving such precisions in

molecular ion spectroscopy is to put together combinations
of specific rovibrational transitions chosen so as to cancel
the systematic shifts due to less precisely controllable
effects such as the linear and quadratic Zeeman shifts,
the electric quadrupole shift, and dependence on the
hyperfine spin structure [23]. Each of these has a distinctive
dependence on the v,N andMJ quantum numbers [24–26],
ultimately determined, like the SME contributions, by
combinations of Clebsch-Gordan coefficients.
This raises a serious question for the design of exper-

imental protocols to search for Lorentz and CPT violation.
Inspection of the quantum number dependence of our
results for the SME contributions, encoded in the cNMJ

,
eNMJ

, and fNMJ
coefficients, shows that in selecting

combinations of transition frequencies that cancel the
systematic shifts listed above, sensitivity to some or all
of the SME couplings could be lost. In the most unfav-
orable case, an extremely precise transition frequency
combination may be entirely insensitive to CPT violation.
An important next step is therefore to use our results to

analyze in detail possible specific combinations of rovibra-
tional transition frequencies that minimize sensitivity to
precision-limiting systematic effects while maintaining
maximum sensitivity to potential sources of Lorentz and
CPT violation. This analysis will be presented in forth-
coming work.

ACKNOWLEDGMENTS

I am grateful to Stefan Eriksson for many interesting
discussions on the potential of antihydrogen molecular ion
spectroscopy, and to the Higgs Centre for Theoretical
Physics at the University of Edinburgh for hospitality.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: HYPERFINE-ZEEMAN
HAMILTONIAN AND EIGENVALUES OF

Ve
SMEðRÞ

The hyperfine-Zeeman Hamiltonian may be written as

HHFS þHZ ¼ ceðv; NÞN · S

þ geμBB · S − gmðv; NÞμBB · N; ðA1Þ

where the couplings ceðv; NÞ and gmðv; NÞ depend on the
rovibrational state. Its expectation value in the states
jvNJMJi can be written for fixed MJ (which remains a
good quantum number in the presence of the applied
magnetic field B) as a 2 × 2 matrix with rows/columns
corresponding to J; J0 ¼ N � 1

2
as follows,

hvNJ0MJjHHFS þHZjvNJMJi ¼
�
A B

B D

�
; ðA2Þ

with

A ¼ 1

2
Nceðv; NÞ þ 1

2N þ 1
ðge − 2Ngmðv; NÞÞμBBMJ;

D ¼ −
1

2
ðN þ 1Þceðv; NÞ − 1

2N þ 1
ðge þ 2ðN þ 1Þgmðv; NÞÞμBBMJ;

B ¼ −
1

2N þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N þ 1

2

�
2

−M2
J

s
ðge þ gmðv; NÞÞμBB: ðA3Þ
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With the matrix elements Ve
SMEðRÞ in the same states

written as

Ve
SMEðRÞ ¼

�
α β

β� δ

�
; ðA4Þ

the SME contributions to the combined eigenvalues are
given by (Paper 2, footnote 9),

Ve
SME�ðRÞ ¼

1

2
ðαþ δÞ � 1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA −DÞ2 þ 4B2

p
× ððA −DÞðα − δÞ þ 2Bðβ þ β�ÞÞ: ðA5Þ

In the case considered here, the off-diagonal element B is
proportional to the magnetic field, so in the small-field
regime where we can neglect terms of OðμBB=ceÞ2, we
have the simple forms,

Ve
SMEþðRÞ ¼ αþ 2

B
A − D

Reβ;

Ve
SME−ðRÞ ¼ δ − 2

B
A − D

Reβ: ðA6Þ

From above, we find at OðBÞ,

B
A − D

¼ −
2

ð2N þ 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N þ 1

2

�
2

−M2
J

s
B; ðA7Þ

where we define

B ¼ 1

ceðv; NÞ ðge þ gmðv; NÞÞμBB: ðA8Þ

This allows the OðBÞ corrections to the results quoted in
the text for Ve

SME�ðRÞ to be read off directly. For example,
to calculate the B dependence of the coefficients ĉ�NMJ

ðBÞ
in (3.17), (3.18) in the text, we apply this formula to the
coefficient of VeNR

220 in VeV
SMEðRÞ where, taking out the

common factor 1
2

ffiffiffiffi
5
4π

q
trYhpapbiVeNR

220 , we have from Paper

2, Appendix B,

α¼ 1

ð2Nþ 1Þð2Nþ 3Þ
��

Nþ 1

2

��
Nþ 3

2

�
− 3M2

J

�
;

δ¼ 1

ð2N − 1Þð2Nþ 1Þ
��

N −
1

2

��
Nþ 1

2

�
− 3M2

J

�
;

β¼−6
1

ð2N − 1Þð2Nþ 1Þð2Nþ 3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Nþ 1

2

�
2

−M2
J

s
MJ;

ðA9Þ

and find

ĉþNMJ
ðBÞ¼ 1

ð2Nþ1Þð2Nþ3Þ
��

Nþ1

2

��
Nþ3

2

�
−3M2

J

�
;

þ24
½ðNþ 1

2
Þ2−M2

J�MJ

ð2Nþ1Þ3ð2N−1Þð2Nþ3ÞB; ðA10Þ

and

ĉ−NMJ
ðBÞ ¼ 1

ð2N − 1Þð2Nþ 1Þ
��

N −
1

2

��
Nþ 1

2

�
− 3M2

J

�

− 24
½ðNþ 1

2
Þ2−M2

J�MJ

ð2Nþ 1Þ3ð2N − 1Þð2Nþ 3ÞB: ðA11Þ

In the large magnetic field limit, the eigenstates of the
hyperfine-Zeeman Hamiltonian are jvNMJMSi (or equiv-
alently, jvNMNMSi since MJ ¼ MN þMS) so these are
the appropriate states to use for large fields. In this case the
matrix elements hHHFS þHZi are written for fixed MJ in
2 × 2 matrix form with M0

S;MS ¼ �1=2 as,

hvNMJM0
SjHHFS þHZjvNMJMSi ¼

�
A B

B D

�
; ðA12Þ

where now [see Paper 2, Eq. (5.26)],

A ¼ 1

2
ceðv; NÞ

�
MJ −

1

2

�
þ
�
1

2
ge − gmðv; NÞ

��
MJ −

1

2

��
μBB;

D ¼ −
1

2
ceðv; NÞ

�
MJ þ

1

2

�
−
�
1

2
ge þ gmðv; NÞ

��
MJ þ

1

2

��
μBB;

B ¼ 1

2
ceðv; NÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N þ 1

2

�
2

−M2
J

s
: ðA13Þ
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The matrix elements VeV
SMEðRÞ for the spin-independent couplings are of course diagonal in this basis, so we just have

VeV
SMEðRÞ ¼

�
α 0

0 δ

�
with the Oðp2Þ terms,

α ¼ −
1ffiffiffiffiffiffi
4π

p
�
trhpapbiVeNR

200 −
ffiffiffi
5

p

2
trYhpapbicNMJ−1

2
VeV
220

�
;

δ ¼ −
1ffiffiffiffiffiffi
4π

p
�
trhpapbiVeNR

200 −
ffiffiffi
5

p

2
trYhpapbicNMJþ1

2
VeV
220

�
: ðA14Þ

In this case, we find the magnetic field corrections of ðce=μBBÞ vanish, since β ¼ 0, but we can use the formula (A5) to
calculate the next order corrections. We find

cNMJ∓1
2
→ cNMJ∓1

2
∓ 3

2

½ðN þ 1
2
Þ2 −M2

J�MJ

ð2N − 1Þð2N þ 3Þ
�

ceðv; NÞ
ðge þ gmðv; NÞÞμBB

�
2

: ðA15Þ

For the spin-dependent couplings, the matrix elements of Ve T
SMEðRÞ in the states jvNMJMSi take the form, with matrix

rows/columns corresponding to MS ¼ � 1
2
,

Ve T
SMEðRÞ ¼

�
α β

β� δ

�
; ðA16Þ

with

α ¼ −T e NRð0BÞ
010 −

1

3
trhpapbi

�
T e NRð0BÞ

210 þ 2T e NRð1BÞ
210

�

þ 1

3
trYhpapbicNMJ−1

2

 
T e NRð0BÞ

210 − T e NRð1BÞ
210 þ 3

2

ffiffiffi
7

6

r
T e NRð0BÞ

230

!
; ðA17Þ

δ ¼ T eNRð0BÞ
010 þ 1

3
trhpapbi

�
T eNRð0BÞ

210 þ 2T eNRð1BÞ
210

�

−
1

3
trYhpapbicNMJþ1

2

 
T eNRð0BÞ

210 − T eNRð1BÞ
210 þ 3

2

ffiffiffi
7

6

r
T eNRð0BÞ

230

!
; ðA18Þ

β ¼ −trYhpapbi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN þ 1

2
Þ2 −M2

J

q
ð2N − 1Þð2N þ 3ÞMJ

×

 
T eNRð0BÞ

210 − T eNRð1BÞ
210 −

ffiffiffi
7

6

r
T eNRð0BÞ

230 −
ffiffiffi
5

p
iT eNRð1EÞ

220

!
: ðA19Þ

In this case, since β ≠ 0, there is a correction of Oð1=BÞ to the eigenvalues Ve T
SME�ðRÞ and we can again use the

formula (A6), but this time for small ce=μBB where we have from (A13),

B
A − D

¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N þ 1

2

�
2

−M2
J

s
1

B
þOð1=BÞ2: ðA20Þ

Together with the coefficients α, δ, β above, we find Ve T
SME�ðRÞ as given in the main text, (3.52).

APPENDIX B: CLEBSCH-GORDAN RELATIONS

Extending the set of identities given in Paper 2, Appendix B, to those required for the Oðp4; P4Þ SME contributions
considered here, we find
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X
MS

ðCNþ1
2
MJ

NMN;
1
2
MS
Þ2cð4ÞNMN

≡ ĉð4ÞþNMJ

¼ 3

64

3ð2N þ 5Þð2N þ 3Þð2N þ 1Þð2N − 1Þ − 40ð12N2 þ 24N − 1ÞM2
J þ 560M4

J

ð2N þ 5Þð2N þ 3Þð2N − 1Þð2N − 3Þ ;

X
MS

ðCN−1
2
MJ

NMN;
1
2
MS
Þ2cð4ÞNMN

≡ ĉð4Þ−NMJ

¼ 3

64

3ð2N þ 3Þð2N þ 1Þð2N − 1Þð2N − 3Þ − 40ð12N2 − 13ÞM2
J þ 560M4

J

ð2N þ 3Þð2N þ 1Þð2N − 1Þð2N − 3Þ ;

X
MS

C
Nþ1

2
MJ

NMN;
1
2
MS
C
N−1

2
MJ

NMN;
1
2
MS
cð4ÞNMN

¼ −
15

4

ð12NðN þ 1Þ − 17 − 28M2
JÞ½ðN þ 1

2
Þ2 −M2

J�MJ

ð2N þ 5Þð2N þ 3Þð2N þ 1Þð2N − 1Þð2N − 3Þ ; ðB1Þ

where cð4ÞNMN
, defined as

CNMN
NMN;40

CN0
N0;40 ¼ cð4ÞNMN

; ðB2Þ

is given explicitly by,

cð4ÞNMN
¼ 3

4

½3NðN þ 2ÞðN þ 1ÞðN − 1Þ − 5ð6N2 þ 6N − 5ÞM2
N þ 35M4

N �
½ð2N þ 5Þð2N þ 3Þð2N − 1Þð2N − 3Þ� : ðB3Þ

APPENDIX C: PROTON MOMENTUM
EXPECTATION VALUES

In the main text, we quote the expectation values
hvNjP2jvNi and hvNjP4jvNi as expansions in ðvþ 1

2
Þ

and NðN þ 1Þ, characterized by the small parameter
λ ∼Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

me=mp
p Þ. Here we briefly illustrate a general

method to find the expectation values of any operator in
these rovibrational states and apply it to the special case of
P2 and P4. The method is essentially described in
Appendix B of Paper 2, which we use extensively though
many of the results below are new.
The eigenstates jvNi of the proton Schrödinger equation

are found by expanding about the minimum R0 of the
internucleon potential, treating the angular momentum-
induced effective potential VNðRÞ as a perturbation. Recall
that VMðRÞ is obtained by solving the electron Schrödinger
equation, while VNðRÞ ¼ NðN þ 1Þ=2μR2. The expansion
parameter is λ ¼ 1=μω0R2

0.
The unperturbed states are therefore those of a SHO with

potential 1
2
μω2

0x
2, where x ¼ R − R0 and μω2

0 ¼ V 00
MðR0Þ.

The total perturbation, before including the SME, is δV ¼
δVM þ δVN where,

δVM ¼ 1

6
V 000
Mx

3 þ…

δVN ¼ λω0NðN þ 1Þ
�
−

x
R0

þ 3

2

x2

R2
0

þ…

�
: ðC1Þ

In what follows we present results up to second order in
perturbation theory, truncating the λ expansion at Oðλ2Þ.
Higher order terms are calculated in Paper 1.
First consider the expectation value hvNjP2jvNi. In the

nucleon Schrödinger equation the 3-dim momentum
squared P2 is represented as the Lapalacian acting on
the appropriate wave function, with

P2 → −∇2
R ¼ −

d2

dR2
þ NðN þ 1Þ 1

R2
0

¼ k2 þ NðN þ 1Þ 1

R2
0

�
1 − 2

x
R0

þ 3
x2

R2
0

þ…

�
; ðC2Þ

where we denote the 1-dim SHO momentum by
k ¼ −id=dx. We therefore need to find the expectation
values of the SHO operators k2, x and x2 in the states jvNi
up to second order in the perturbations δV. Taking
intermediate results from Paper 1, we find,

hk2i ¼ μω0

�
vþ 1

2

��
1þ 1

2
NðN þ 1Þ

�
3þ R0V 000

M

V 00
M

�
λ2
�
;

ðC3Þ
1

R3
0

hxi ¼ −
1

2
μω0

�
vþ 1

2

��
R0V 000

M

V 00
M

�
λ2; ðC4Þ

1

R4
0

hx2i ¼ μω0

�
vþ 1

2

�
λ2: ðC5Þ

GRAHAM M. SHORE PHYS. REV. D 114, 065006 (2026)

065006-24



Collecting terms, recalling μ ¼ 1
2
mp, and truncating at Oðλ2Þ gives17

hvNjP2jvNi ¼ 1

2
mpω0

��
vþ 1

2

�
þ NðN þ 1Þλþ 3

2

�
3þ R0V 000

M

V 00
M

��
vþ 1

2

�
NðN þ 1Þλ2 þ…

�
: ðC6Þ

The analysis of hvNjP4jvNi follows along the same lines, though is inevitably more complicated. Here, in the nucleon
Schrödinger equation,

P4 → ∇2
R∇2

R ¼ d4

dR4
− NðN þ 1Þ 1

R2

�
2
d2

dR2
−
4

R
d
dR

þ 6

R2

�
þ ðNðN þ 1ÞÞ2 1

R2

¼ k4 þ NðN þ 1Þ 1

R2
0

�
2

�
1þ 3

x2

R2
0

�
k2 þ 4

1

R0

�
1 − 3

x
R0

�
ik −

6

R2
0

�

þ ðNðN þ 1ÞÞ2 1

R4
0

þ… ðC7Þ

keeping only terms which give relevant contributions at the order considered here. Again working up to second order in
perturbation theory making extensive use of results from Paper 1, and truncating at Oðλ2Þ, we find

hk4i ¼ 3

2
ðμω0Þ2

��
vþ 1

2

�
2

þ 1

4

��
1þ NðN þ 1Þ

�
3þ R0V 000

M

V 00
M

�
λ2
�
; ðC8Þ

1

R4
0

hx2k2i ¼ 1

2
ðμω0Þ2

��
vþ 1

2

�
2

−
3

4

�
λ2; ðC9Þ

1

R3
0

hiki ¼ Oðλ3Þ; ðC10Þ

1

R4
0

hixki ¼ −
1

2
ðμω0Þ2λ2; ðC11Þ

in addition to those quoted above. Collecting all these terms, we obtain

hvNjP4jvNi ¼ ðμω0Þ2
"
3

2

��
vþ 1

2

�
2

þ 1

4

��
1þ NðN þ 1Þ

�
3þ R0V 000

M

V 00
M

�
λ2
�

þ 2

�
vþ 1

2

�
NðN þ 1Þλþ 3

��
vþ 1

2

�
2

−
3

4

�
NðN þ 1Þλ2 þ ðNðN þ 1ÞÞ2λ2 þ…

#
: ðC12Þ

Omitting the terms of OððNðN þ 1ÞÞ2 and Oððvþ 1
2
Þ2NðN þ 1ÞÞ, which do not contribute to χnSME, B

n
SME and αnSME, this is

the result quoted in the main text, (4.23). Notice the coefficient of NðN þ 1Þ which appears there. This arises because of
contributions from the Oð1Þ fractions which automatically accompany the terms of Oðvþ 1

2
Þ2.

17We have displayed here only the terms contributing to the coefficients δnSME, B
n
SME and α

n
SME in the rovibrational energy levels (1.3).

In particular we have omitted theOðλÞ terms proportional to ðvþ 1
2
Þ2 contributing to the xnSME coefficient; these depend on the third and

fourth derivatives of VM and are quoted in Paper 1.
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