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Rovibrational transitions in the hydrogen and antihydrogen molecular ions Hj and Hj offer the
possibility of testing Lorentz and CPT symmetry to extremely high precision, in principle attaining
O(107'7). In this paper, the third in a series, we give a comprehensive derivation of the rovibrational
spectrum of H; and Hj in the standard model extension (SME), an effective quantum field theory
incorporating Lorentz and CPT violation. New developments described here include a complete analysis of
the molecular dynamics from first principles in terms of the spherical tensor representation of the SME
couplings, the systematic extension of our previous results to the nonminimal SME, a full description of the
quantum number dependence of the rovibrational energy levels in the spherical tensor formalism with both
high and low background magnetic fields, and an extended discussion of sidereal and annual variations of
transition frequencies arising from both rotations and Lorentz boosts. The resulting sensitivity of the
rovibrational spectrum to an extended range of SME couplings, together with the ability to isolate
their individual effects using the quantum number dependence of the transition frequencies, enhances
the opportunities to detect Lorentz and CPT symmetry breaking through rovibrational spectroscopy

of Hy and H3.

DOI: 10.1103/p2bd-m44y

I. INTRODUCTION

Lorentz invariance and CPT symmetry are fundamental
elements of the local relativistic quantum field theories that
provide our modern understanding of elementary particle
physics. It is therefore important to find ways to test
them experimentally at the highest levels of precision
[1]. Rovibrational spectroscopy of the hydrogen and anti-
hydrogen molecular ions Hj and Hg is an especially
promising direction, offering the possibility of direct tests
of Lorentz and CPT symmetry at precisions potentially of
010717 [2].

This paper is the third in a series [3,4] (referred to from
now on as Papers 1 and 2) in which we study the rovibra-
tional spectrum of Hy and H5 in an effective theory of
Lorentz and CPT violation, the standard model extension
(SME) [5]. New developments here include a full derivation
of the molecular dynamics from first principles in terms of
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the spherical tensor representation of the SME couplings,
the systematic extension of our previous results to the
non-minimal SME [6], a full description of the quantum
number dependence of the rovibrational energy levels in
the spherical tensor formalism at both high and low
background magnetic fields, and an extended discussion
of sidereal and annual variations of transition frequencies
arising from both rotations and Lorentz boosts.

Significant advances in experimental techniques have
allowed rapid progress in the rovibrational spectroscopy
of Hy in RF traps, with current measurements already
achieving O(10~'?) precision [7]. In parallel, recent develop-
ments toward transporting antiprotons away from the CERN
AD/ELENA facility to a dedicated off-site spectroscopy
laboratory, together with progress in understanding routes
to synthesize H; [8-10] and the increasing precision
achieved by the ALPHA collaboration in 15-2§ spectros-
copy of atomic antihydrogen [11,12], are opening a path
toward future rovibrational spectroscopy of H; . This would
enable direct high-precision tests of CPT by comparison of
the spectra of Hj and H; in a common experiment.

The SME Lagrangian [5] is parametrized by a set of
Lorentz tensor couplings to operators formed from the
standard model fields, in contrast to the scalar couplings of
conventional Lorentz-invariant QFTs, viz.

Published by the American Physical Society
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where w denotes the particle type, so here the sum is over
the electron and the two protons in the molecular ion. The
dots represent further couplings to higher-dimensional,
nonrenormalizable operators, of which ay , is the first

example. The a, b and g couplings also violate CPT
symmetry, while ¢, d and H are Lorentz violating but
preserve CPT. It is often useful to think of these couplings
as VEVs of vector and tensor fields, perhaps of some more

fundamental theory.
|

Hovp = =Y _piY BV = " pt¥ , (51)VIL —
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where aﬁa denote the components of the electron spin in
the helicity frame (HEL) associated with its momentum.
The notation follows that of [6]—o},g, denotes the spin
component along the momentum direction, while aﬁEL are
the spin components in the transverse directions. See
Ref. [6] for further details. Here, Y ;,, are the spin-weighted
spherical harmonics, defined in Sec. III. The dictionary
relating the spherical and Lorentz tensor couplings is given
in [6] and Paper 2, with further identities shown here where
necessary.

The breaking of Lorentz invariance means that frames of
reference play an important role in our analysis. First of these
is the reference frame (MOL) aligned with the molecular
axis. This is used to analyse the electron dynamics, which in
the standard Born-Oppenheimer framework determines the
inter-nucleon potential. A notable point here is that even in
the electron lso, ground state, the molecule only has
cylindrical and not full spherical symmetry, which results
in sensitivity to the electron spherical tensor couplings Vy,;,,
and 77, with j# 0. Our results for the rovibrational
energies themselves are then calculated in the EXP frame,
with quantization axis aligned with the background magnetic
field. An important role is also played by a solar-centred
frame (SUN), which has become the standard in which to
compare constraints on the SME couplings arising from
different experiments [13]. This frame is also the basis for
our discussion of transition frequency variations from
rotations and Lorentz boosts.

In Papers 1 and 2 we have given an extensive description
in the Born-Oppenheimer framework of how the

(1.1)

To analyze atomic and molecular systems, we need the
nonrelativistic Hamiltonian derived from this, and in this
paper we use from the outset the very convenient formalism
(see [6] for an extensive description) in which the couplings
are represented as spherical tensors. This is especially well-
suited to the symmetries of atoms and molecules and makes
the extension to the nonminimal SME, including non-

renormalizable operators, particularly natural. This
Hamiltonian, for para—H2+ , may be written as
¢ NR (0B)
Zpgyjm@2 n]m GHELZPC’ jm<pe njm
njm
(1.2)

|
rovibrational energies are determined from the SME-
modified internucleon potential Vy(R) + V§ye(R,S),
described in Sec. II, together with the direct nucleon
(proton) contribution AEgG,;. The rovibrational energy
spectrum is expressed as an expansion in powers of
(v+1) and N(N + 1) as follows:

1
Eonm, = Vv + (1 +05mE +5’§ME) (” +§> @

— (%0 + ¥§ve + Xsme) <7) +%> 2600

+ (Bo+ By + Béye) N (N + 1) wy

— (@0 + agye + d5ue) (U"‘%)N(N‘f‘ D+
(1.3)

where @, is the fundamental vibration frequency. Each
coefficient of @, is an expansion in powers of a small
parameter A, parametrically of O(y/m,/m,), with the
leading terms in the coefficients x,, By, & being of order
A A, A2, respectively. In the rest of this paper, we calculate
these coefficients in terms of the spherical tensor couplings
as perturbations on the hyperfine-Zeeman energy levels for
para-H;, determining their dependence on the rovibrational
and spin quantum numbers and their magnetic field
dependence for both high and low fields. This means
our results may be applied directly both to current
measurements with H2+ in low-field RF traps [7] and future
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experiments with Hy, and HJ, confined in Penning
traps [14].

A new feature in this work is the extended discussion of
daily (sidereal) variations due to the Earth’s rotation, for
which spherical tensor formalism is especially well suited,
and sidereal and annual variations due to Lorentz boosts
with both the Earth’s rotational and orbital velocities.
Here, the spherical tensor formalism is not in itself
sufficient and we have to calculate directly with the
Lorentz tensor couplings, but here we exhibit the dic-
tionary to translate these variations back in terms of the
spherical tensor couplings. This reveals a sensitivity to
further SME couplings with different values of both n
and j quantum numbers, emphasizing the need to exploit
these variations and not rely purely on time-averaged
measurements.

One of the initial objectives of this paper was to bring
together the approach of Papers 1 and 2 with the work [15]
(see also [16]). This reference addresses the same topics,
though in less generality and keeping only some of the
leading terms in the rovibrational energies. This means that
the sensitivity to several SME couplings is not present in
the results quoted there. On the other hand, [15] provides
detailed explicit formulas for the frequency and rotational
variations of a specific experimentally important rovibra-
tional transition in H;r , which we have checked are in
agreement with the general results given here. Other earlier
work on rovibrational spectroscopy and the SME includes
[17] and [18], the latter having particularly influenced
Paper 1.

The paper is organized as follows. Section II gives
a brief review of the modifications to the Bormn-
Oppenheimer approximation applied to the SME. Our
main analysis of the internucleon potential and rovibra-
tional energy levels is given in Secs. III A, III B and IV, for
the electron spin-independent and spin-dependent cou-
plings and the proton couplings respectively. These results
are quoted in the EXP frame, and translated to the SUN
frame in Sec. V, where transition frequency variations due
to rotations and Lorentz boosts are described. Section VI
presents a brief summary and outlook on future work,
while three Appendixes provide further technical details
of our calculations.

II. BORN-OPPENHEIMER ANALYSIS
IN THE SME

We begin with a brief recap of the Born-Oppenheimer
analysis incorporating Lorentz and CPT violation
described in Papers 1 and 2. In this approximation, the
full Schrédinger equation is factorized into an “electron
Schrodinger equation,” which determines the inter-nucleon
potential Vj,(R), and a “nucleon Schrodinger equation”
from which we find the rovibrational energy eigenstates.
We restrict here to the experimentally relevant para-H;,
where the total nucleon spin is 0 and the rotational angular

momentum quantum number N is even. As always the
electron is taken in the 1so, ground state.
Factorizing the full wave function into electron and
nucleon parts as'
Y(R,r;M,) = ®(R)y(r; R)|M,), (2.1)

the electron Schrodinger equation including the SME
Hamiltonian is

1 .
_Z_ﬁv'% + Vmol(Rv Tes r2€) + HgME(p;S) l//(l‘; R)|MS>

= E.(R.S)y(r;R)|M,), (2.2)
where we understand p — —iV,, and V (R, ri,, r5.) is
the electrostatic potential binding the molecule. Here, the
electron SME Hamiltonian Hy(p;S) also contains a
contribution from the spin-independent proton SME cou-
plings, as explained in Papers 1 and 2 and here in Sec. IV.
This effect is included in the full internucleon potential by
the substitution given in (4.10).
The eigenvalues define the internucleon potential,

E.(R.S) = Vy(R) + Viyg(R.S). (2.3)

where

Véue(R.S) = / Fry (R Hos (p:S)y (i R).  (2.4)

is the expectation value of Hgyg(p;S) in the electron lso,
state. It depends on the expectation values (p,p;) of the
electron evaluated in the MOL frame.

Inserting into the nucleon Schrodinger equation this
gives

1
_Zvlzi + Vi (R) + Ve (R; S) + Héyp (P)

X Dy, (R)| M)

= E,nutym; Pon,, (R)[ M), (2.5)
with P = —iVy. Here,

Eonmyms = Eonmomg + AESE, (2.6)
with  E,yyu, found by setting @,y (R) =

% Punn, (R)Y yu, (0. ¢) and solving the 1-dim rovibrational
equation

'For kinematics and notation, see Paper 1 and Sec. IV here.
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1 d&* N
2udR®>  2uR?
X ¢uNMN (R)|MS>

NN +1) + Vy(R) + Viye(R; S)

= E,nmymg@ovm, (R)|Ms)., (2.7)
where,
Vime(R:S) = (NMy|Viyp(R:S)INMy),  (2.8)
together with,
AEg = (v N My|Hgyp|v N My). (2.9)

In the following two Sections, we evaluate the SME
contribution V§z(R) to the internucleon potential in the
hyperfine-Zeeman states and find the corresponding shifts
in the rovibrational energy levels, then construct the direct
proton contribution AEgg.

III. ELECTRON SME COUPLINGS AND THE
INTERNUCLEON POTENTIAL

We now consider the construction of V§:(R), the
electron contribution to the inter-nucleon potential. (We
suppress the explicit dependence on the spin label from
now on for convenience and to match the notation in Paper
2.) We start here with the spin- independent couplings Vyjms

0B) TUB) and T )tothe

njm> < njm njm

leaving the spin-dependent T
following Subsection.

A. Electron spin-independent SME couplings

The results at O(p?) have already been derived using the
couplings ¢, and a,, appearing in the original SME
Lagrangian. Here, we instead start from the relativistic
expansion of the Hamiltonian expressed in terms of
spherical tensor couplings and extend the discussion to
include the leading terms arising at O(p*) in the non-
minimal SME. In this expansion, the SME Hamiltonian for
the electron is written in terms of nonrelativistic, spin-

independent couplings V¢I® as

eV __ e NR
HSME__§ :pn Jm(p vn/m’

njm

(3.1)

. The couplings Vfl}\fnR are

related in a nontrivial way to the original V7. the relations
being given explicitly in [6]. These are especially important
below when we consider various critical identities amongst
the nonrelativistic couplings. Also recall that the couplings
may be separated into CPT even (c¢Y}) and odd (a¢}R)

njm njm
components as follows:

with n summed over 0,2,4..

eNR _ .eNR _ eNR
anm - anm anjm .

(3.2)

In this form, the Hamiltonian H§y, is independent of the
frame, so we may consider it first in the MOL frame,
denoting the relevant couplings by ]A)Zﬁ,lf. The momentum
expectation values are then evaluated as in Paper 1 with the
familiar 1sc, electron wave functions.

It is very convenient in working with the spherical
tensors to introduce the Wigner matrices d’, (6), in terms
of which the spin-weighted spherical harmonics are

written as
2j+1
Y in0.0) =\ (@)™,

with the usual spherical harmonics corresponding to s = 0.
The necessary properties of the dfn ,,(6) in our conventions
are given in Sec. VI and Appendix A of Paper 2.

Using the explicit expressions for d2, and d%,, and
imposing cylindrical symmetry on the momentum expect-
ation values, we find in the MOL frame,

(3.3)

Vins(R) = Voo + (p*)Vsig"

m
-5 L B2 = 3p2) DR

1
P z&é‘*—iﬁ«p - 3p%p2)) VA

—30p2p2 + 35pH) VA + -
(3.4)

Note that in our previous work, we generally used the
notation (p*) = tr(p,p,) and ((p*> = 3p?)) = try(paps)-

The cylindrical symmetry of the molecule enforces m =
0 here, since the momentum expectation values correspond-
ing to m # 0 necessarily vanish. However, the absence of
spherical symmetry does allow V&L (R) to have contri-
butions from the couplings with j # 0, to this order YJS%R,
ViR and V4R,

In our previous work (Paper 1), we have evaluated
tr(p,py) and try(p,p;) as functions of R and found their
derivatives at the minimum R, of the internucleon potential,
as required to evaluate the rovibrational energies in the
form (1.3). The nonzero value of try(p,p,) arises because
the molecule only has cylindrical and not full spherical
symmetry. It is smaller, but of the same magnitude as
tr(p,pp) and cannot be neglected. For example, evaluated
at Ry, tr(p,p,) = 1.173 while try(p,p,) = 0.360 in units
of the Bohr radius squared.

In the next step we rewrite the SME couplings in the
EXP frame, with the quantization (z) axis aligned with the
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background magnetic field B. The transformation is given
in terms of the Wigner matrices by

A

3 J
anm’ - anmd

/ (0)e™?, (3.5)
where (0,¢) are the standard spherical polar angles
specifying the orientation of the MOL axes in the
EXP frame.

It follows immediately that

1 1
\/—4_”)/5(%“ + JT_ntr (PaPb)VEO

1
- EtrY<papb>VS§nl1{Y2m (0.0)

Vgl\‘jIE (R) = -

(PHVER

1
+_
Van

Following the discussion above, the next step is to take
the expectation values of the spherical harmonics in the
angular momentum states |[NMy) to find V§Y:(R) from
(2.8). In terms of Clebsch-Gordan coefficients,

(NMy|Y 4, (0, $)|NMy) = %Cx%x,zocxg,zo%o

= \/%CNMN, (3.7)
where,

N(N +1)-3M% (3.8)

Ny T ON—1)(2N +3)

1, ., 5 i1 NR This notation was used in our previous work. Here, we also
—5((p =3p*p2))Vigm You (0. 4) need the extension to j = 4,
1
+-={((Bp*=30p*p? +35p))\VeNRy, . (6,9)|. 3 .
g (Cr =30 SO an O D My 17 (0.8)NMy) = = O 1 €O
(3.6) 3
4
= bt (3.9)
Note that VEIR is usually neglected on the grounds that it is
unobservable. with
|
@) 3[BN(N +2)(N + 1)(N = 1) = 5(6N? + 6N — 5)M3, + 35M%/] (3.10)
C = — . .
NMy "~ 4 [(2N + 5)(2N +3)(2N = 1)(2N - 3)]
The special case N = 2 is of current experimental interest, so we note here the special cases”
! 2
oy =5 (2= M3), (3.11)
and
1
Chyn, = 5em (712 = 155M3, + 35M%). (3.12)

252

These results are directly applicable in the strong magnetic field limit, where |v N M; M s) are the appropriate “Zeeman”
eigenstates. Recall that M; = My + M is a good quantum number for all magnetic fields as the operator J, commutes with
the full hyperfine-Zeeman Hamiltonian. This is the case of most interest for H5 where it is envisaged spectroscopy will be
carried out in Penning traps [14]. In this limit, we find V&V (R) evaluated in the states M;, Mg = £1 is

1 V5
Vgllj/[E:t(R) = —\/—4—” [V&%R + tr<PuPb>V§(§\(I)R - TtrY<paph>cNMﬁF%V§§\(I)R

V5 3 4
PV = 520" = 3022 ear, =y VAR + 5 (30t = 30p2p2 + 35pH)) ey, ViR,

5 : (3.13)

For large, but finite, B fields, the coefficients acquire corrections, but only of O(1/B)?; these are calculated in Appendix A.

These expressions appear in [15], Eq. (27), in the discussion of proton couplings.
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On the other hand, precision spectroscopy of Hj is already being carried out in RF traps at extremely small magnetic
fields [7] where, as discussed in Paper 2, the relevant “hyperfine” eigenstates are |[vNJM ;) where J = N + S is the total
molecular angular momentum. Here,

WNJIM,) = ZC}’VAIII/IJN,%MS‘UNMN M), (3.14)
Mg

with J = N i% and M; =—J,...J —1,J as usual. We therefore need,
Véne(R) = (0 N J' M, |Veue(R) v N T M), (3.15)

where, for each M, this is a 2 x 2 matrix with rows/columns signifying J',J = N + %

At this point, we refer to Paper 2 and Appendix A, which describe the hyperfine-Zeeman Hamiltonian and its
diagonalization for nonvanishing magnetic fields, in order to find the SME perturbed energy eigenvalues. The eigenvalues
may be written as

1 V5 R .
V%Ei(R) = _\/—4—71 VS(I)\(I)R + tr<Pan>V§(I)\(I)R - TtrY<Pan>C1j\E/MJ (B)VZ%R
NG N 3 A4
+ (PR =5 {(p* = 302p2) 2, (B + ¢ (Bp* = 30p7p2 +35p1))2yy, (B)VAR | (3.16)

with the coefficients,

(N +3)? - M3IM,

1 [ 1
& (B) = N+~ ) -3M3| +24 3.17
€, (B) (2N +1)(2N +3) ( +2>(N+2> 3 ’_+ (2N+1)3(2N—1)(2N+3)B’ (3.17)
and
1 [ 1 1 T [(N+1)2-M3 M,
ey (B) = N—= ~) —3M%| —24 2 ! . 1
€, (B) (2N - 1)(2N + 1) ( 2) <N+2> 3 /] (2N+1)3(2N—1)(2N+3)B (3.18)
Here, we have introduced the notation
1
=  —---- B .1
B Ce(va) (ge+gm(v’N)):uB (3 9)

for the expansion parameter, where ¢, (v, N), g,, g,,(v, N) are coefficients in the hyperfine-Zeeman Hamiltonian.
At O(p*), citing only the terms independent of B for simplicity, we find

s _ 3 3(2N +5)(2N +3)(2N + 1)(2N — 1) — 40(12N? + 24N — 1)M7 + 560M; (3.20)
My 64 (2N +5)(2N + 3)(2N — 1)(2N - 3) ‘
and
s _ 332N +3)2N + (2N - 1)(2N - 3) - 40(12N? — 13)M?3 + 560M% (3.21)
NM; 64 (2N +3)(2N + 1)(2N - 1)(2N - 3) ’ ‘

using results from Appendix B.
In the presently relevant experimental case with N = 2, these expressions simplify at zero magnetic field to’

For N = 2, these factors have been given in [15], Eq. (11). To compare, the dictionary for our notations is,

a2 = |2 a? = [t B PN C N B SN O3
e = Vg B T\ gt S T e By T

Note that 6;2: vanishes for both allowed values M; = 1/2 or 3/2.
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1
ey, = 0 —— (35— 12M3),
1
A aM2 22
€am, = 50 20> 4. 52
and
@;j); -3 (567 — 760M7 + 112M%),
_ 1
@g‘j&] =50~ 40M3 + 16M%). (3.23)

The formulas (3.13) and (3.16) for V&Y. (R) form the
starting point to express the rovibrational energies as a
function of its derivatives with respect to R, as shown in
Paper 1. Keeping terms up to O(4%), we have the SME
contributions,

1 1\2
EsNm e = Vertes T s (” +2> o — XV <U +2> @
1
X N(N + Dy + ... (3.24)

where [with all derivatives evaluated at the minimum R of
the original internucleon potential V,(R)], |

1

Vil = |- ViR = 2.346m V53R
1
e = = [3.000m, VK
1
B, = ,1\/—4_” [2.002mevg(§gR

¥ = A \/IE [4.887m, VK

- 0.195V/5¢%,, (B)m

—

V///

1
v |:V§ME Vﬁ/] VgME:|’

5§ME = 5 Vf\’l

1 1 ,
BgME = ’1‘/_5(4 {R_o VgME] ) (3-25)

and similar, much lengthier, expressions for agy; and xgyp
(see Paper 1).

To complete the determination of the contributions to
the rovibrational energies from the SME, we need the
expectation values of the momenta in (3.13), (3.16) and
their R derivatives. This calculation was carried out in
detail for the terms of O(p?) in Paper 1, Appendix A,
and numerical results were presented there. This can be
repeated in exactly the same way for the O(p*)
expectation values. However, at this point in the
experimental program it is probably excessive to present
these here, so we content ourselves with noting that
compared to the O(p?) expectation values, they will be
parametrically suppressed by O(1/a3) = O(a’m?),
where a; is the Bohr radius. Their importance therefore
depends on the relative magnitude of the n =4 SME
couplings V{I® compared to the n = 2 couplings V55K,
which in this context should be viewed as a priori
unknown.

Showing just the terms up to O(p?), we find from (3.16)
for weak magnetic fields,”

+0.360v/5¢8,,, (Bym VAR + }
— 0.817V/5¢5,,, (B)m VAR + ] :

— 0.336v/5¢5,,, (B)m, VAR + ]

e NR
v220 . ] ’

1
@ = 72— 6456m, VENR = 0.285V/5¢ 5y, (Bym VENR + .| (3.26)
Var
with analogous results for strong fields from (3.13) with cNM - CIT/M,:Fl' Note that meVEijR and the coefficients

SV -+~ are dimensionless. We are using atomic units here (see Paper 1) in which all energies are given in units of the

Rydberg energy Ry.

“There i is a significant sign error in the analogous expressions in Paper 1. This originates in Eq. (4.23) where the sign of the coefficient

of the tryE

term should be reversed. This is propagated through Sec. VI, espemally (6.8), which should be compared with the

correspondlng expressions here, and Sec. 7, especially (7.1), where the same sign error affects the coefficient of all terms with

(NR

IRe — gNRe). This sign error is repeated in Paper 2 in the numerical results in Egs. (7.6) and (7.10), although all algebraic expressions
in this paper are correct. These are now corrected in the arXiv versions of the papers.
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B. Electron spin-dependent couplings

We now come to the electron spin-dependent couplings. The nonrelativistic SME Hamiltonian is in this case [6],

N NR(0B A NR(1B .reNR(IE
Hgl,\Z/I—E = _GrHELanij(p>Tftjm o) + GjH:ELaniIij (p) (inljm e + lTnjm < )) ’

njm

where the spins are given in the helicity frame (HEL)
associated with the electron momentum. The Tlrfﬁn are
combinations of the equivalent CPT violating and con-

serving couplings,

TNR _ _ H\R

njm n]m njm’

(3.28)

respectively, for each of the (0B), (1B) and (1E) type
couplings. We only require [6] those with n =0,2,4...
and j=(n+1),(n—1),... >0 for the (0B) couplings
[>1 for (IB)] and j=n,(n—2),...>1 for the
(1E) type.

Now, while the couplings in the full relativistic theory
are independent, those in the nonrelativistic approxima-
tion (3.27) are not, but rather satisfy some identities that
will be important in our analysis. Specifically, we can
show”

NR(1B NR(0B
Tom(z ):Tomg )’ (3‘29)

and

NR(1B 2__NR(0B
723;15 )= \/;723;75 )-

Note that these identities are not restricted to the mini-
mal SME.

The first step is to rewrite the Hamiltonian (3.27) entirely
in the MOL frame. This means transforming the spin

(3.30)

SFrom the relations (112) in [6], we can reexpress the

following special cases of the nonrelativistic couplings g, j}fn in
(d)

terms of the fully relativistic g, . as follows (d is the dimension

njm
of the operator),
NR 0B) Z (d)(0B) NR(1B)
Olm m gOlm - gOlm ’
d.even
SROB) d—s (d)(0B) 3 NR(1B)
2zm =3 E m 923m Egzsm ,
d.even

after a short calculation, reflecting the fact that the putative
couplings gm),fllB) and g(z‘;z,(lw) are not permitted by the restric-

tions n>2, j=(n—-1),(n—=3),... 21 on the relativistic
couplings gffj-z,(,lB). See [6], Table III. Similar results hold for
the H)R . The particle-type label w on the couplings is omitted

here for clarity.

(3.27)

njm

variables from the original helicity frame as presented in
[6]. The transformations are given in terms of the Wigner
matrices by

oHEL = 6. ,(0)e 7, (3.31)
where " denotes the MOL frame variables and (0, ¢) the
direction of the electron momentum in the MOL frame.
Together with the definition (3.3) of the spin-weighted

spherical harmonics, we can rewrite (3.27) in the MOL
frame as

Hgl,\Z/IVE__Z n /2-]+1 i(m— s¢ Odj TGNR(OB)

njm

+0s(d dm | +d} d{nl)?—el'\m(m>

njm
+ay(dl Ly, - dhdh )T (332)

This expression is simplified using special cases
of the following relations for products of Wigner
matrices,

j+1
J J _ Js'+s ~JIm'+m 3]
ds’m’(e)dsm(g) - Z st jscjm jmds +sm+m(6)
J=lj=1]
(3.33)
and exploiting the useful relations
&, ==yy""d =d . (3.34)

The calculation is described in detail for the minimal
SME in Appendix A of Paper 2 and will not be repeated
here.® Also, to keep the presentation relatively simple, we

only quote results here up to O(p?) for the spin-dependent

contributions. We find, including the nonminimal f;%“,f

couplings but without at this stage applying the identities
(3.29) and (3.30),

SThe calculation of the 7° ;gf E) coupling presented in

Paper 2 is unnecessarily complicated and is greatly simplified
by using the identity d!, = (—1)*"'d', _, before applying
(3.33).
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” N 5 ¢NR(0B) eNR(1B) 2 N 5 ¢eNR(0B) 4-eNR(1B
HS{/IE: Y00<9’¢)65( ) C(l)os lm(TOlm +270]m ) - \/;Y20(67¢) ( ) C%Os lm(T()lm( )_TOIM( >)
A ae oe 2 A oe oe
+p2YOO(9’¢)6s(_ ) C(l)ovlm<TZi\Llj(OB>+272{\Inl:(lB)) —\/;P2Y20(9v¢>5s(_ ) C%Ov1m<Tzi\Inlj o) 72?2;(13))
A e 3 A
—\/EPZYQO(Q’¢)Us(—l)sc%gsamsz;f(lE)+\/;P2Y20(‘97¢)0s(— ) Cl $.3m

e (0. 2"6 2 A~ ~e 0, 3’\(3 1
X <72§In§ B)+2\/;72§5<13> —§P2Y40(9,¢)0s(— ) Cl 5,3m X nglnl:( » 572;1:( Y . (3-35)

Notice the important simplification at this point that the “unnatural” terms proportional just to Y, and p>Y 4, vanish by
virtue of the identities (3.29) and (3.30). This just leaves the familiar combinations p?Yy, = \/%trpa Pb

and p*Y5y = \é—\/_trYpapb

The next step is to write the remaining Clebsch-Gordan coefficients in more manageable form. We need,’

1 1
( 1) C(l)ov Im — _7§5smv ( ) C%Os Im — _%Ysm?
1 2
1c®  =——T 1c ., = —\/x . 3.36
( ) 1—s.2m \/§ sm> ( ) 1—s,3m 7 sm ( )

So finally, now applying the identities (3.29) and (3.30), the spin-dependent nonminimal SME Hamiltonian can be written
in the MOL frame up to O(p?) as

e 1 e e
Hél?/;E = \/4_ﬂ' |:\/_0' 5smT()1Nrr1} (98) + trpapb <\/§ O (7-211\;1} 9%) + 2T2IIjnR lB >
I A ¢NR(0B) 4-eNR(1B) \/7 ¢NR(0B) \/§ .A-¢NR(1E)
trypapy| —=8.Y, (T s ) X, T V25 Toid . (337
+ WypaPp (2\/36‘ 21m 2m 66 23m + 2 smt4 20 ( )

With the Hamiltonian specified in the MOL frame, we can use the expectation values tr(p,p;) and try(p,p;) of the
electron momenta evaluated in Paper 1, exploiting the cylindrical symmetry of the Hy and H molecular ions. Then, we
need to express H¢l . in terms of the EXP frame couplings.

The spins and couplings are transformed from the MOL to EXP frames by

= Usd;sl (9)8_”(/),
Toim = T ojmd., (0)e™™?, (3.38)

where now the angles (6, ¢) describe the orientation of the molecular axis relative to the EXP frame, whose z axis is aligned

with the background magnetic field. Notice especially the importance of including all the T njm couplings here, not simply
those with m = 0.

The techniques required for the conversion are similar to those described above for the spin-independent couplings and
the derivation has been carried through in the minimal SME sector in Paper 2. Here, we simply quote the result, as always
interpreting the expectation value of H¢J . in the electron lso, state as a contribution V¢T:(R) to the internucleon potential,

"We use the notation from Paper 2 for T, and Y, and also define the new matrix X, arising in the nonminimal sector as,

1 0 0 1 0 0 1
T,.=(0 -1 0], Yo.=10 1 0 |, Xpu=10 .
0 0 0 0 -2 0

8For 5 = 0, the coefficient of 750" %)

S = O

&vo o
[[S1o8)

has previously appeared in Eq. (132) of [17].
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3 . 1 ¢ e 1 s
Viie(R) = _\/E[O'mTOII\Ini{(OB) +§tr<papb>6m (Tsz(OB 2T R0B) )] + \/Etrﬂpapb)ffs(—l)
x DG YO, D) (T =T - \/ 30 (Paps)os (1) DS CH, o Vo (6. 4T 35
2\/’\/’trY<papb ZCI s3mY2M(9 ¢) ;S;?OB) (339)

We emphasize here how the sensitivity of the rovibrational energies to the nonminimal couplings 7° ;%R(OB) arises only with
try(p.py), again reflecting the fact that the molecular ion only has cylindrical symmetry. This explains their absence in the
corresponding energy formulas quoted in [15].

We can now impose the simplification discussed in Paper 2 that allows us to restrict to the EXP frame couplings with

= 0 only. The argument is that the hyperfine-Zeeman interactions do not mix states with different values of M;. Any
matrix element of V¢ (R) which is off-diagonal in M, is therefore of O(SME) and therefore contributes to energy levels
only at O(SME)?, which we neglect. Imposing AM; =0 on the matrix elements of V[ (R) implies the constraint
M + s =0 in (3.39), and since M = —s + m this in turn requires m = 0.

Inserting the required Clebsch-Gordan coefficients’ we find, effectively,

3 e 1 e e 1
Vie(R) ==/ E[UOTO%NOB) +§tr<Papb>00 (TQ%R ©8) +272%R (8) )] +4/ E“Y(Papb)UoYzo(H,(ﬁ)
¢NR(0B eNR(1B) 3 [T, _eNR(0B 1 ¢NR(0B ¢NR(1B
X (sz ( )—7210 ( )+§\/%7230 ( )) ——2\@th<17an> |:0'1Y2—1(97¢) <7210 ( )—7210 "
7, _eNR(0B) eNR(1E) ¢NR(0B ¢NR(1B 7, -¢NR(0B) eNR(1E)
_\/; Too " =V/5i 7220 ) +0_1Y21(0,9) <7210 ( )_7210 ( )_\/; T30 ERVE 7220 )] (3.40)

The final step in calculating the required rovibrational energies in the weak magnetic field regime is to find VSME( ) by
taking the matrix elements of (3.40) in the hyperfine states [vNJM ) as in (3.15). Since this now also involves the spin
operators o, the calculation is much more intricate, but all the required steps have already been set out in Paper 2
(Egs. (5.12)—(5.17)) and we will only quote the result here. For a given value of M, the states with/ = N £ % are mixed and

V¢ Ee(R) is best presented as a 2 x 2 matrix with rows/columns representing J',J = N +1,

vgm:@( ) (341)

After some calculation, we find

1
2N+ 1)(2N = 1)(2N + 3)

1 ¢NR(OB 2 1 ¢NR(0B ¢NR(1B)
‘= 22N + 1MJTO]0 '~ t(paps)3 32N + 1MJ (TZIO )+ 2T 510 ) + try(paps) (

2 . e 5 7 e
x [—gN(ZN ~1)M, (72}3‘@3) — ToNROB)) ) <3N2 +6N 4 5M2> \&72;7;“03)] (3.42)

and

For M = —s, the Clebsch-Gordan coefficients appearing in (3.39) are,

1 1

1 1 2
-1 Ayc2—s — _ ,——, —, 1 YC2 S —,_,O,
( ) 1-5,10 \/z \/i 3 ( ) —520 — \/E \/E
(_l)xc2—s = _L —L § for s = 1, —1, Orespectivel
1-5,30 — \/,77 \/7, 77 ) ’ p y.
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1
(2N + 1)(2N = 1)(2N + 3)

2 e e 7 1 e
X [— SN+ DN +3)M, (75 - T5 ) + (31\12 - 5M§>MJ\/%723I\(I)R<OB)

1 NR(0B 2 1 NR(0B) NR(1B)
6:2—2N+1MJ’]'810()+tr<paph>32N+lMJ(Tglo ) T NR )—try<pupb>

(3.43)

while,

1\ 2 1 e 2 1 e e
Refp= (N +§> - Mj <2mTo%R<OB> paPs) 3o (TQ%R 08 porgi? ) +try(Paps)

1
"N+ 1)2N-1)2N +3)

1 ¢NR(0B eNR(1B 3 7 —eNR(0B
—g(zN—l)(2N+3)(T2w( )TN ))—<N2+N—Z—5M3>\/67230( >D
(3.44)

The coupling TN 230 drops out from Re ﬂ % This leaves just three independent SME couplings contributing to
Véls(R) at O(p?), including the non-minimal coupling 7230 ©8)
tensor couplings of (1.1).

We can now summarize our results for the eigenvalues V&Z.. (R) in a concise form suitable for reading off the
contributions of the spin-dependent SME couplings to the rovibrational energies. For weak magnetlc fields, applying the

methods of Appendix A, and using the notation (3.19) for the expansion parameter, we find'

, in line with the analysis in Paper 2 using the Lorentz

3 ~ e 1 i e e
Velies (R) = E(emw)%ﬁ’f“w’ =3 t0{paps) Fin, (B) (oo + 27530
1 Ayt ¢NR(0B) ¢NR(1B) 7 S ¢NR(0B)
- gtfy<Pan>fNMj<B) <T210 - TZIO ) + gth<Pan>fNM, (3)7230 ) (3-45)
where
N 2 8 N2
ey, (B) =FoN M F aviIe N+3) -M;|B (3.46)
fiu (B) =+ 2 M N4s B (3.47)
MAT T TN +177 T 2N + 1) 2 T '
while
2N 2 1\2
M,——— ) -M? 4
T, (B) = 2N +1)2N+3)" 7 (2N +1)? KNJ“z) J]B’ (348)
2(N +1) 2 1\2
=— My+——|(N+=) =M? 3.4
Fiin, (B) (2N —1)(2N + 1) s+ (2N + 1) K +2> ’}B’ (349)
and

1 12N? 24N + 5 - 20M5 (2N = 1)(2N + 3) = 20M3 N2
Tin, (B) = Z(2N+1)(2N—1)(2N+§)M’+(2N+1)3(2N—1)(2N+3{)K +§> _MJ]B’ (3:50)

""Recall from Paper 2 that in calculating the eigenvalues of the combined hyperfine-Zeeman and SME perturbations, only the
combination Re f =1 (ﬁ -+ f*) occurs. The full expression is quoted in Appendix A, (A5) and the simplification for weak magnetic
ﬁelds in (A6).

"In this paper, we are using a self-consistent notation where hatted coefficients refer to the weak magnetic field regime with states
|[vNJM ), while unhatted coefficients refer to the strong field regime with states |[UNM;My). This means that the hatted Vi NM,
coefficients in (3.47), (3.48) and (3.49) here are identical to the corresponding unhatted [y, in Paper 2.

065006-11



GRAHAM M. SHORE PHYS. REV. D 114, 065006 (2026)

o 1 12N? — 7 = 20M? 2N — 1)(2N + 3) — 20M?2 1
fNMA,(B) = ! ( )3( ) J) [(N

2
42N+ 1D2N-1)2N+3)" ' 2N+ 1)’ 2N -1)(2N +3 +§> —Mﬁ}[”- (3.51)

Notice that in all cases, the O(B) correction vanishes for the unmixed, or stretched, states with M; = +(N + 1).
For large magnetic fields, we repeat this analysis taking the matrix elements of V. (R) in (3.40) in the basis states
|UNM ;M ). Some intermediate details are given in Appendix A. Here, we simply present the result for the eigenvalues

Vélei (R). This takes the same form as above,

/3 NR(OB) 1 NR(0B) NR(1B)
Vgl\T/IEi(R) = E(@Tm,?—glo o _gtr<Pan>fﬁMj< 510 + 2’2'510 )

1 e 0 e 1 7 e 0
- gtrY<Pan>f1)\]/iE4,(B) (Tzfg)R( - Tzi\(l)R( B)> + \/%trY<Pan>f1)\(/ﬁ, (B)ng)m B)>’ (3.52)

with coefficients,

e, =F L. (3.53)
i, = %1, (3.54)

(N+3?-M3] 1

fii,(B) = :FCNMﬁ'i?’(zN—l)(zNH) 'B (3.55)
12 _ a2
fi, (B) = £3 e,y (g;,vjf))(z]vﬁg) E (3.56)

These coefficients, together with their weak-field counterparts, in principle allow constraints on the individual
components of the electron SME couplings 7° f,jlj}f to be distinguished by measuring suitably chosen combinations of
transition frequencies.

In the same way as for the spin-independent couplings, we can calculate the contribution of the internucleon potentials

Védes (R) in (3.45) and (3.52) to the rovibrational energies in the form,
eT eT e T 1 eT 12
Elvm,+ = Vimes T 05mes | v + 5 ) @0 = XsmE+ | Y +§ o)
1
+ BT N(N + Dy — a4l (v + 5) N(N + Day + ... (3.57)
Here, for weak magnetic fields, we find from (3.45),
Vel  — 3(2 pes 1 ,TeNR(OB) 07827+ T¢NR(0B) | . 7¢NR(1B)
sME: — \[ 17\ 2 NM, 010 -y fNMﬂ"e( 210 + 210 )
- ¢NR(0B ¢NR(1B) ¢NR(0B
- 0.240f{,f4,m€(7210 OB) _ NP 1 0.294v/7 X m T >>, (3.58)

while
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3 7 e e
S5l =\ m (1003, me (T 2753

+0.545] X, m (T;%RWB) _ TNROB) ) 0.6677/77%, m, S%R(OB))
Bes = i\/%(0-667]%1%w,me (T;\(])R ©8) 1 ZTEE)R (18) )

+ 0224y, me (Toig" ™ = T ") = 0.275V/77 i, m, ;%W”),
e = i\/%(l-@%‘izu,me (T $10°08) o7y iR 13)

+ 11307 iy, m (TZ{\(I)R(OB) - T;%R(IB ) - 1. 384ffNM,meT§§)R(OB)>,
Ay = A \/%(2-152%%%’% (T;\(J)R ©B) 4 ZTZE)R (1B) )

7¢NR(0B)

n 0-195%%4,%( <N

all in atomic units, with m,755% dimensionless and all
energies in units of Ry. For clarity, we have omitted the
explicit B dependence in the notation for the coeffi-
cients here.

The analogous results for strong magnetic fields follow
in the same way from (3.52), with the substitution from

hatted to unhatted coefficients, JA‘]%,MJ — f,%,M] etc.

IV. PROTON SME COUPLINGS AND
ROVIBRATIONAL ENERGIES

We now come to the proton sector of the SME and
calculate the dependence of the rovibrational energy levels
on the couplings V" jm- Since we only consider para-H
where the total proton spin I = 0, we may restrict here to
the spin-independent proton SME couplings alone.

In the nonrelativistic approximation, the SME
Hamiltonian for the two protons, with momenta p; and

D2, is

Hyg = —ZP?ij(Pl

njm

V pNR

njm

V pNR

njm

Zpgyjm(Pz

njm

(4.1)

with the sum running over n = 0, 2,4, .... This expression
is frame independent, and we immediately interpret it in the
EXP frame.

The momenta p;, p, and the electron momentum p, are
most conveniently reexpressed in terms of the relative
momentum P of the two protons, the momentum p of the
electron relative to the molecule center of mass c¢.m., and
the c.m. momentum P, ,, of the molecule. The momentum

¢NR(1B)
— Ty

) 0.239V7 1% m T in. °B>>, (3.59)

|

P is defined with a reduced mass y = m,/2 and p with
ft =2mym,/(2m, + m,). Details are given in Paper 1.
Setting P, ,, to zero, the relations we need here are simply,

1

pr=P—-_p, )2

1
= -P—_p.
5 p

: (4.2)

The momentum-independent term in HE,. is evidently
just the constant

VpNR

000 (43)

Hygln—o = —L
SME In= \/4—71_
and is usually considered unobservable and therefore

neglected. At O(p?), recalling the restrictions j = n,
n—2,... >0 on the spherical tensors [6],

1 NR
-(pt+ P3)—=Vho

Jin

HgME|n=2 =

= (P}Y2n(B1) + P3Yan(B2) VAR, (44)
Now, from (4.2),
2 2 S
p1+p5; =2P +§p, (4.5)

where, crucially, the mixed terms involving P - p cancel. In
the Born-Oppenheimer analysis, this means that, as already
described in Paper 1, the electron Schrédinger equation
receives an extra contribution from the proton SME
couplings.
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To recover the equivalent split for the j = 2 couplings,
we need the following key result:

1 .
7p2Y2m(p)'

p%YZm(ﬁl) + p%YZm(ﬁ2) = 2P2Y2m(i,) + 2

(4.6)
To establish this, we use the explicit form of the spherical
harmonics for each m to write the lhs in terms of Cartesian
components of p; and p,, then reconstruct the rhs following
their reexpression in terms of P and p using (4.2).

At this point, however, the second term is still expressed
in the EXP frame. Using the transformation (3.5) of the
spherical tensors under rotations together with the expres-
sion (3.3) of the spherical harmonics in terms of Wigner
matrices, we note that this term is invariant, so we can
rewrite it in terms of MOL frame couplings and momenta,

4.7)

~ “yp NR
P2Y o (Bexe) Voot = P>Y o (BrioL) Vions -

In this form we can take the expectation values of the
momentum factors in the lso, state, where cylindrical
symmetry restricts to m = 0, leaving

e 1[5 .
<P2Y20(PMOL>>V52T)R =73 EtrY<Pan>V521?)R’ (4.8)

The total contribution at O(p?
equation is therefore

) to the electron Schrodinger

1
2V

Comparing with (3.4), the effect of these terms on the
rovibrational energy levels is therefore included simply by

substituting VIR with

1 .
(tr<Pan>V200 _5\/§trY<papb>ngN0R>' (4.9)

2jm 2jm (410)

1
PeNR — 1eNR | P NR
2jm T3
in (3.13) and (3.16). This is the equivalent of the result
initially found in terms of Lorentz tensor SME couplings in
Paper 1. [Notice the absence of explicit factors of m, and
m,, in (4.10), compatible with the identifications of the
CPT even and odd components ¢5;, and aj;,, in
Sec. 7 there.]
The remaining terms in the proton SME Hamiltonian,
expressed in the EXP frame, are then simply

pNR

2
H gME | n=02— " —\/4_;1 Vooo

1 .
—op2 (\/—4_”125’0“31‘ +Y,, (P)vggf) . (4.11)

and we recall from the discussion in the previous Section
that only the m = 0 components contribute at O(SME).
The corresponding rovibrational energies follow by taking
the expectation values first in the Zeeman states [vNM ;M s)
appropriate for high magnetic fields and then in the
hyperfine states [vNJM) relevant at weak fields.

The expectation values of the spherical harmonic Y, (P)
in these states are the same as already encountered for the
electron couplings. In the Zeeman states,

N /5
<UNMNM/S|Y20(P)|UNMNMS> = ECNMN(SMSM’S’

(4.12)
and we find
0 2 AR >
AESMEiln:O.Z = _\/—4—71]/000 —2(vN|P*|[vN)
pNR 5
\/—Vzoo dn 1-ENM, TS szo )
(4.13)

up to O(P?), with the ¢y, coefficients in (3.8).

For the hyperfine states, the expectation values at fixed
M ; are nondiagonal in the 2 x 2 sector with J',J = N :l:%
and we need,

(ONJ'M Y (P)|[vNIM,)
J M JM
~—Va ZCNM,/V 1M Cyn, M ENMy-

Finding the eigenvalues in exactly the same way as
described for the electron (see Appendix A) therefore gives

(4.14)

n 2 NR
AESMEi|n:0,2 = _EV(I;OO -

1 5
X <\/I7;V§OIER + \/4 CNM,( )nglgR)’
(4.15)

2(vN|P?|vN)

with the same coefficients EﬁMJ (B) introduced in (3.17)
and (3.18).

The next step is to evaluate the expectation value
(vN|P?|vN) of the proton momentum in the spin-indepen-
dent rovibrational states |vN). These states are constructed
in a systematic perturbation expansion about the simple
harmonic oscillator (SHO) states found by expanding about
the minimum R, of the internucleon potential V,,(R). The
details of this derivation are presented in a self-contained
way in Appendix C. The results are expressed in a form
directly matching the expression in (1.3) for the full
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rovibrational energy spectrum, i.e. an expansion in (v + %)
and N(N+1) with coefficients parametrized by
A~ /m,/m,. We find,

1 1
(vN|P?|vN) =5, {(1} +§) +N(N+1)2

3/ RV 1
= - D2+ ...
+2<3+ v ) (7 N(N+1)22+

1 1
= 5m,g [(v +5) +N(N+1)A-3.405

X <v+%)N(N+1)/12+...],

where w, is the frequency of the unperturbed SHO
oscillations, given in terms of the Rydberg constant
by @y~ Ry\/m,/m,,.

Together, (4.16) with (4.14) or (4.15) give the proton
contributions at O(P?) to the components 62y, By and
agye in the rovibrational energy levels.

Now we have seen how to reformulate the derivation of
the proton SME couplings to the rovibrational energies at
O(P?) entirely within the spherical tensor formalism, we
are equipped to extend the analysis to the nonminimal
SME, incorporating effects at O(P*) and the associated
nonminimal couplings. At O(P*), the SME Hamiltonian is

(4.16)

1 NR A NR
Higli—a = —p1 (\/—4—71 Vioo + You(B1) Vi

+ Y4m(131)V£41j1R) —(P1 = p2). (4.17)

At this point we would hope to make the change of
variables from p;, p, to P, p with identities analogous to
(4.6) above. However, even for the simplest case, the
coefficient of V400 , we encounter a difficulty. From the
definitions (4.2) we immediately find,

1
pl+p3 =2P*+ P2p*+ (P-p)? +§p4, (4.18)
so the mixed terms involving both P and p do not cancel.

This spoils the clean separation of the total Schrodinger

"To match with the corresponding expression in terms of
Lorentz tensor couplings in the minimal SME, the dictionary is,

1 1 5 1
pNR _ P PNR
Vazx Vo' =73, 2 wEs. \/Evm C 3md z trvE.
with [19],
1
Ep = 1, (Clj + 26005ij> + m127(3(10,'j + 610005”‘).

equation into electron and proton parts, which underpins
the simple Born-Oppenheimer split. We can try different
strategies to evaluate these mixed terms, but no sufficently
simple results emerge for our present purpose. Systematic
improvements on the basic Born-Oppenheimer have been
the subject of extensive theoretical work in atomic physics;
for a review, see e.g. [20]. These terms nevertheless only
give contributions suppressed by powers of 4 relative to the
leading power in the individual coefficients xgys, By,
adye in the r0V1brat10nal energy expansion (1.3) so may be
consistently neglected."” In this leading approximation, we
therefore simply consider

pél‘ij(ﬁl) + ngjm(ﬁ) = 2P4ij(i)) + ...

and take,

(4.19)

HIS7ME|n=4

1 .
=-2p4 <\/—4—” z[:(il)R + YZm(P)VAIZQI:InR + Y4m( )Vﬁ\r]nR>
(4.20)
The corresponding energies are found as usual by taking
expectation values in either the Zeeman or hyperfine states for
strong or weak magnetic fields respectively. Again, the
expectation values of the spherical harmonics yield coeffi-
cients already evaluated for the electron couplings, so we can
immediately write the final results. For strong magnetic fields,

1
AE§ygs|n—s = ~2(oN|P*[0N) (TE Vi

/5 R, 3 NR
+ ECNM,q:%szo + [in NMJ:FlV‘I:“O ’
(4.21)

while for weak fields,

n 1 NR
AESMEi|n:4 = —2<UN|P4|UN> (\/—4—7[V£00

/5 3
+ i CNM,V420 \/— NM,V440 )

(4.22)

with the coefficients quoted in (3.10) and (3.20), (3.21).
The momentum expectation value is evaluated in
Appendix C, where we show

PTo estimate the size of the neglected terms, note that (p?) ~
Rym, while (P?) ~ Ry /m,m,, so they will give corrections
suppressed by O(/m,/m,)~ A to the leading terms quoted
below separately for each coefficient gy, By, @gyg. --- in the
expansion of the rovibrational energy.
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(vN|P*|oN) = ~m?, 23 v+l 2+1
P 2 4
3 RV
——N(N+1)(3- A2
gV )< Vi,
1
+2(U+§>N(N—|—l>/1+... . (4.23)
where the ... denote terms of lower order in A that should be

dropped for consistency given the initial approximation in
(4.19). Notice the different orders in A of these terms
compared with their equivalents in the expectation value
(vN|P?|vN) in (4.16).

Together, (4.23) with (4.21) or (4.22) give the proton
contributions to the components x¢y;z, Béyp and agyg in
the rovibrational energies at O(P*). Notice there is no
contribution to 8%y in this case.

These O(P*) contributions to the rovibrational energy
coefficients provide sensitivity to the nonminimal SME
couplings VEOI;R, Vfg:)R nd VLIEI)R
these, as well as vg’olg and V220 , may be achieved by
measurements of spectral transitions corresponding to
states with different rovibrational quantum numbers
(v,N) through the leading terms in (4.16) and (4.23)
and, crucially, through discriminating the different spin

Individual constraints on

components Vn Jm by exploiting the quantum number
dependence of the ¢ and ¢ coefficients.

V. FRAME TRANSFORMATIONS AND
TRANSITION FREQUENCY VARIATIONS

In the SME, Lorentz symmetry is broken because the
vector and tensor couplings (which may be usefully
thought of as VEVs of fields in some more fundamental
theory) take on fixed, nonzero values. Unlike the familiar
case of QFTs with scalar couplings, this means that in the
SME the results of physical measurements depend on the
frame of reference of the experiment.

This has two immediate consequences. First, in compar-
ing the results of experiments at different locations and
orientations, we need to make an appropriate Lorentz
transformation (rotation or boost) to change the frame of
reference of the individual experiments. Second, measure-
ments in the same experiment at a fixed location on Earth
will experience daily (sidereal) and annual variations as the
frame of reference of the experiment changes as the Earth
rotates and orbits the Sun.

To compare the results of different experiments, or the
same experiment performed at different times, it is conven-
ient to refer the couplings to a standard frame [13]. It has
become established practice to use a solar-centred frame
(SUN), defined by an orthornormal set of basis vectors e;
with the Z axis aligned with the Earth’s rotation axis and the
X axis with the vernal equinox. This implies that ey, ey lie in

the plane of the Earth’s equator, making an angle of = 23°
with the orbital plane. Where necessary, the origin of the
time coordinate T is chosen as the vernal equinox in 2000.

In practice it is convenient to introduce one further
frame, a standard laboratory frame (LAB). The LAB frame
is defined locally with basis vectors e; with the z axis
pointing vertically to the zenith at the location of the
experiment and the x axis pointing south. The relation of
the e, and e, axes in the LAB and SUN frames is given by
the colatitude y of the laboratory.

A. Rotations and daily (sidereal) variations

Since our results for the energy levels are given in terms
of couplings in EXP frame coordinates, we need to convert
to the standard SUN frame in two stages, first re-expressing
in terms of the LAB frame then a further rotation from LAB
to SUN. We illustrate this transformation for a generic spin-
independent coupling V), ;,,,, dropping all other labels since
the rotation is entirely determined by the SO(3) indices
(j. m). The results for the spin-dependent couplings 7, ,,,
of all types, are identical.

To transform from EXP to LAB, we need the angle ¢ of
the magnetic field measured anticlockwise from due south,
and its angle € measured from the local vertical. The
couplings transform with the Wigner matrices as (following
our notation so far, couplings with no superscript are in the
EXP frame),

Vi = ViABemb gl (9).

njm

(5.1)

Combining with a further rotation to the SUN frame we can
show (nontrivially, since in both cases the angular momen-
tum operators defining the Wigner matrices are to be taken
in the initial frame [21]), that

m'" ()() lm”(/)d] " /(9),

where wg, is the Earth’s angular rotation frequency corre-
sponding to a sidereal day and with T'g, being local sidereal
time in the LAB frame.

Next, we use the Wigner matrix addition theorem'* to
show,

— VSUN imwgTg 1/
anm’ - anm ee EBdm

(5.2)

“The standard form for the addition theorem for the little
Wigner matrices d’ . is [21]

—imadj

df;m” (/}1) —im’ q)dm”m’ (ﬁZ) mm’ (ﬂ) e—im’y7

with

cota = cos f3; cot g + sin B cot B, (sinp) !,

cos ff = cos 3 cos ff, — sin 3 sin f3, cos ¢,

coty = cos f, cotp + sin f3, cot B (sin )7L

Also note the useful relation &/, ,(—0) = d’, (0).

m'm
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Vyjm = VoNeimwsTeta gl (9)eimr  (5.3)

where here,
cos 9 = cos y cos @ — sin y sin @ cos ¢, (5.4)
cota = cos y cotgh + siny cotf (singp)~!,  (5.5)

with an identical formula for coty with y, € interchanged.
Next, recalling that only couplings with m = 0 in the
EXP frame appear in the energy levels, we only need

wNR __ y)wNRSUN jj im(wgTg+a
anO *vnjm dm0(19)€ (@oTo )’

wNR _ 7 wNRSUN j/ im(wgTg+a
Tho =Tim dyo(9)e (@oTerta),

(5.6)
where we restore the full notation, with w = e, p. These
expressions are to be inserted into the formulas for the
internucleon potential and energy levels to give our final
results in the standard SUN frame.

We see immediately that rovibrational transition frequen-
cies measured at different times during the Earth’s daily
rotation will show a time variation. Moreover, this depends

NR _ i NR SUN
Vo = doo(t‘?)VLf,-o

+ 3 dl o9 (cos(m(w@TeB +a))ReV

on all the azimuthal components of the couplings, not just
m = 0. This is quite natural in a Lorentz violating theory—
measurements taken with a different orientation of the
experiment will be sensitive to different components of a
background Lorentz vector or tensor, such as the effective
SME couplings.

In principal, the dependence of these variations on the
couplings with different values of m can be isolated since
they vary according to different harmonics of the rotation
frequency, arising from the exp(im(wgTq + @)) factor.

Notice also that the orientation of the magnetic field also
introduces a constant, experiment-specific, phase into the
variation. This will not be important in analyzing time
variations in a single experiment, since only time
differences will matter, but could be relevant in comparing
results from experiments with different magnetic field
orientations or in different laboratories, since according
to (5.5) the phase a depends on ¢, 6 and y.

We can make (5.6) more explicitly tailored to exper-
imental measurements by rewriting entirely in terms of real
quantities. Using the relations V), ;) = (=1)myr. and

j i njm
dé—m)O = (=1)"d’,, (5.6) becomes,

ANESUN — sin(im (g T + @) Im VN SUN). (5.7)

njlm| nj|m|

Finally, to illustrate how these time variations enter our final results, we quote here the explicit example of the proton
contribution to the energy levels, up to O(P?) and for weak fields, written out fully in terms of SUN frame couplings [see

(4.15)]":

2
o p NR SUN
AE‘gMEj:|n:0,2 - \/4_]_[]}000

—2(vN|P?|vN) ﬂ;vzoo

1 | ,NRSUN

5, 1
+y EC?\E/M,(B) <—§(1 — 3c0s?9) Vi

1 /3
) \/; sin 29 <cos(w$T@ + a)Re VOR SUN _ sin(wgTg + a) Im Vé’zI\IIRSUN)

1 f3
+5 \/Esin%l(cos 2(wgTe + a)Re VINRSUN _in 2(wg T + ) Im vg’gRS“N)ﬂ . (5.8)

All the other expressions for energy levels in the paper can be expanded out in the same way showing the dependence on
all the azimuthal components of the spherical tensor couplings at fixed rank j. As we now show, consideration of the effects
of Lorentz boosts also exposes a time-dependence on couplings of different rank.

SThe corresponding expressions for many of the leading terms for a particular experimentally important transition frequency are
tabulated in [15] and may be derived directly from the more general results given here.
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B. Lorentz boosts

The energy levels will also experience variations due to
Lorentz boosts arising from the motion of the laboratory in
the SUN frame. These are of two types, daily (sidereal)
variations determined by the Earth’s rotational velocity vg
and annual variations governed by the orbital velocity vg,.
Here [17], taking ¢ =1,

vE = 'UE(— Sin Cl)e;T@ eX + COS Cl)eT@ ey), (59)

while

Vg = Vg (sinQgT ey — cos Qg T(cosney + sinney)).
(5.10)

These velocities are small, with vz = O(107°) and
vg = O(107*), so we may consider the corresponding
Lorentz boosts to O(v) only (i.e. set the relativistic y
factors to 1).

Now, while the spherical tensor formalism used here for
the SME couplings is extremely convenient in considering

1 NR SUN

\/—4—7[ €000

/3
NRSUN  _
Ecllmzo,l,—l = 2crz,

1

= mycrr,

NR SUN _

w

while more generally,

NRSUN __ m
Coom o Cikcrks

w

(5.12)

where C'7 are the expansion coefficients for the product of
two vectors in spherical harmonics given in [22].16 Recall

"The Clx are defined from the expansion
PPk = P*(36;x + CixYay). Explicitly,
100 0 0 -1
Rr |2 2w .
C9K: E\/% 010 > C}K: E 0 0 i s
00 -2 -1i 0
I =i 0
2z .
Ci = - -1o
0 00

_ﬂ(CTX - iCTY),
1 3
\/4—7[0200 = 3 cxk + ECTT ,

5 1
\/ Eclz\%SUN I — (exx + cyy = 2¢zz2),

the effects of rotations, it is not well suited to analyse
Lorentz boosts. In particular, spherical tensors V,;,, char-
acterized by the same (j, m) labels may have quite different
transformations under Lorentz boosts, since they only
distinguish the rotational properties of their constituent
4-vectors and tensors in the fundamental theory. For
example, even if we consider the simplest case of the
YR — MR gNR couplings, we find different transfor-

njm njm njm
: : NR NR
mation properties under boosts for the c,;, and a,j,
separately.

We therefore need to re-express the spherical tensor
couplings in their original Lorentz tensor form to
study the effects of Lorentz boosts. We illustrate this
first by evaluating the Lorentz boost transformations
of the c\RSUN couplings, which are related to the
original ¢, tensor couplings. This demonstrates most
of the general features in considering boosts with the
spherical tensors.

First we need a more complete dictionary of the
equivalence of the spherical and Lorentz tensor couplings
than given in Paper 2. In the SUN frame, we find [6]

ﬂ(CTX +icry),

(5.11)

|
that here m,, denotes the mass of the particle of type
w = e, p. We have omitted the matching label w on the
SME couplings to avoid overburdening the notation.
Under a Lorentz boost the transformations of the
spherical tensors entering the energy level formulas are,

1
\/—4_7[5C(];I(§)SUN = 2mWU]CTJ, (513)
1 NR SUN o) J
\/—4_”56'200 = W?) Cry,s (514)
and
5 NR SUN 2 J VA
Eéczzo =3 (v'ery —3v%cry). (5.15)

Now, since in this paper we are expressing everything in
the spherical tensor formalism, the next step is to rewrite
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these in terms of the ¢NRSUN couplings. First, writing the

velocity in the SUN frame in its spherical vector form with
components vy = vy, Uy, 1] = :F% (vy £ ivy), we find
using (5.11),

SchRSUN — —\/gmwvmcll\lllinSUN, (5.16)
5CNRSUN:_ 5 LU CNRSUN (517)
200 2 /3my, " m
and
1 1
SAREN = e (BN — 30N, (5.18)
For the velocities in (5.9), (5.10) we have,
i .
Veo =0, Vg, =—=vge™le  (m==%l), 5.19
EO E NG E ( ) ( )
and
Vgo = —sinn cosQg T,
i . )
Vo =——r| (1 +cosn)e™ !’ —(1—cos e‘””Q@T},
on =575 (1-+cosn)e" 7~ (1~cosn)
(m==+1). (5.20)

It follows that for sidereal variations, the nonisotropic term
in (5.18) does not contribute.

We immediately see from (5.17), (5.18) that the Lorentz
boost has introduced a sensitivity to a new set of spherical
tensor couplings, in this case CTFMSUN, which did not appear
in the original energy level formulas. The numerical factors
are largely specific to the cIj}}nSUN couplings, but we can
understand the qualitative features that determine which
couplings arise. First, they must satisfy the angular
momentum addition rules for the combination of the
couplings with the (1,m) components of the vector v,,.
Then, the n label must change by +1 to maintain the
matching with the power of |[p|" in the nonrelativistic
Hamiltonian defining the couplings. Finally, the range of
allowed j is further constrained by the restrictions j =
n,n—2,...>0onthe cNR couplings [6]. Taken together,

njm
these constraints explain the occurrence of the ¢NRSUN

coupling in the boosts of cNRSUN and ARSUN. The non-

isotropy of ¢)5SUN is apparent in the independent presence

of AARSUN in (5.18).

Once again, as in (5.8) for AEY,,, these transforma-
tions should be inserted into the expressions for the energy
levels to see the effect of the boost-induced sidereal or
annual variations, which may in principle be used to isolate

the dependence on the extra couplings ¢)RSUN,

The obvious question now is whether the same results
apply also to the corresponding CPT odd couplings

alRSUN which so far we have treated together in the
coupling VR SUN However, here the answer is no. These

couplings arise from a different tensor a,,, in the funda-
mental Lagrangian. This is of rank 3 compared to the rank 2
¢,y and the couplings therefore have quite different Lorentz
transformations.

In this case, comparing the nonrelativistic Hamiltonian
with the fundamental Lagrangian, and focusing just on the
dimension 5 a,,; couplings (i.e. ignoring the dimension
3 a,), we can show,

1

\/anoo

NRSUN _ 2
= myarrr,

3
\/ Eall\ll%ns:%'?ll,—l =-3myarrz. 3myarr_, —3m,arr,
1
in a?oROSUN =arrr +argk,
5
\/ Ealz\%SUN =—(arxx +aryy —2arzz). (5.21)
while more generally,
aAARSUN = 3™ ar ., (5.22)
with C7 as above. Here, we define arry =
% (arrx £ iarry).
The Lorentz boosts give,
1 NR SUN 2,7
Eéaooo = 3mw1) arry, (523)
1
\/—4_”5(12N(}§)SUN = SUjaTTJ + ’UJ(IJKK, (524)
and
5 . NRSUN J J
Eéazﬂ) = —211 arry — U Ajgg
+ 3’UJGJZZ + 6UZClT7'2. (525)

Reexpressing in spherical tensor form we immediately
find

NRSUN _ NR SUN
6aOOOSU —\/gmwvmanmsu . (5.26)

Compared to 5c)KSUN, the boost for adRSUN has an extra
type of term proportional to the purely space components
a; x of the fundamental tensor. In general, writing these in
spherical tensor form involves the couplings a}RSUN with
j =1, 3. This case is simplified, however, since we only
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require the couplings with contracted indices and we can
straightforwardly check,

i(aNRSUN 1 aNRSUN)
A7 3lm m 2 11m m=0.1.—1

3 3 3
== AKKZ> = AKkK—» — = 4gK+-
Sm,, Sm,, Sm,,

(5.27)

Then, collecting terms,

Sa NRSUN _ 5 SUN+ 1

= ——m,,V a
200 \/_ w%m 31m
3 < 2m2,

We therefore find a contribution in which » has increased
by 1. This is due to the rank of the underlying fundamental

|
\/_ / aNR SUN [~ ( NRSUN _
33m a31m

amSUN). (5.28)

2 Aim

NRSUN> _ 3

Lorentz coupling. The allowed (j,m) labels on the cou-
plings are constrained by the angular momentum addition
rules as before.

Turning finally to saY5SUN, we also encounter a non-
isotropic tensor coupling a;,,. Inspection of the matching
conditions from the Hamiltonians shows that this also
involves the j = 3 couplings a}xSUN. After some further
calculation we find

/7 NRSUN /2 NRSUN _ NR SUN
_“330 + ( asyo 572 4110 )
H)

= —m—azzz’ (5-29)

w

while

:l:—azz:,:, (m = :l:l) (530)
m

w

NRSUN

Then, from (5.25) and collecting terms, we can write the Lorentz boost for the coupling a5, S,

21 NRSUN _

NRSUN _
Oaysy = m,v,, <

This is to be compared with the corresponding result (5.18)
for the Lorentz boost of ¢X3SUN, the key difference being
the appearance of couplings with n = 3.

Evidently, we can continue to evaluate the Lorentz boosts
for all the spherical tensor couplings appearing in the
relations for the energy levels. Each must be evaluated
separately since the underlying fundamental Lorentz tensors
will be different in each case. The general principles and all
the rules governing which couplings can appear are the same
as demonstrated above for the cNJRSUN and aNJRSUN cou-
plings and we will not quote all of these explicitly here.

The key implication for a future program of high-
precision spectroscopy is that the SME predicts sidereal,
and annual, variations of transition frequencies which,
although suppressed by O(vg) or O(vg), depend on extra
spherical tensor couplings with n and j differing by 1
compared to those which would appear in time-averaged
measurements.

VI. OUTLOOK

In this paper, extending the work presented in Papers 1
and 2, we have provided a comprehensive account of the
effect of the Lorentz and CPT violating interactions in the

2 \f
5033m 3 5
1>\/7 NR SUN
3 aszsp

NR SUN
A31m +2

1

NR SUN
mW al]m ))

2 /3 1

2 (e ))
|

SME on the rovibrational spectrum of the molecular ions
H; and H;. The description has been entirely in terms of
the spherical tensor representation of the couplings, which
is the most natural framework to include the nonrenorma-
lizable operators in the nonminimal SME.

We have given our results as perturbations on the full
hyperfine-Zeeman spectrum, for both large and small
background magnetic fields. This makes them directly
applicable both to current high-precision spectroscopy of
H; using low-field RF traps [7] and to future spectroscopy
of its antimatter counterpart Hg , which will be performed in
a high magnetic field on molecular ions confined in a
Penning trap [14].

The effects of the Lorentz and CPT violating inter-
actions involving the proton are calculated directly in
perturbation theory. For the electron interactions, their
direct effect is to modify the internucleon potential.
Following Paper 1, we showed how a detailed analysis
of the molecular dynamics, noting particularly the lack of
full spherical symmetry of the molecule even in its 1so,
electron ground state, allows this to be translated into
changes to the rovibrational energy levels. We also noted
how in the Born-Oppenheimer framework, the proton SME

(5.31)
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couplings also feed into the inter-nucleon potential, and
subsequently the rovibrational spectrum, via (4.10).

In both cases, we quoted the changes to the rovibrational
energy levels in complete generality, giving the dependence
of the SME contributions on the quantum numbers (v, N)
and spin M of the hyperfine-Zeeman levels at high and
low magnetic field.

We then described the importance of looking for daily
(sidereal) and annual variations of the transition frequencies
induced by rotations and Lorentz boosts in this Lorentz
noninvariant theory. These variations are especially sig-
nificant as they depend on further components of the SME
couplings characterized by different (njm) labels, which
would not be present in single or time-averaged
measurements.

All this establishes the theoretical basis to interpret, and
guide, experimental searches for Lorentz and CPT viola-
tion in hydrogen and antihydrogen molecular ion
spectroscopy.

Rovibrational spectroscopy of Hj at O(107'?) has
already been carried out [7] with the possibility of
eventually attaining precisions as high as O(1077).
Meanwhile, the success of the ALPHA collaboration in
high-precision spectroscopy of atomic antihydrogen, espe-
cially the 1S-2S transition [11,12], together with the recent
achievement of BASE-STEP in transporting antiprotons
away from the electromagnetically noisy environment of
the CERN AD/ELENA facility, has opened an increasingly
clear path towards future high-precision spectroscopy
of H.

An important element in achieving such precisions in
molecular ion spectroscopy is to put together combinations
of specific rovibrational transitions chosen so as to cancel
the systematic shifts due to less precisely controllable
effects such as the linear and quadratic Zeeman shifts,
the electric quadrupole shift, and dependence on the
hyperfine spin structure [23]. Each of these has a distinctive
dependence on the v, N and M ; quantum numbers [24-26],
ultimately determined, like the SME contributions, by
combinations of Clebsch-Gordan coefficients.

This raises a serious question for the design of exper-
imental protocols to search for Lorentz and CPT violation.
Inspection of the quantum number dependence of our
results for the SME contributions, encoded in the cyy,,

enm,» and fyy, coefficients, shows that in selecting
|

1
A=
2Nce(v,N) + N

1
D=—(N+1)c.,(v.N) = ——
5 (N Dee(v, N) =50

2

1 2
(N+—) — M3 (e + g (0. N) igB.

combinations of transition frequencies that cancel the
systematic shifts listed above, sensitivity to some or all
of the SME couplings could be lost. In the most unfav-
orable case, an extremely precise transition frequency
combination may be entirely insensitive to CPT violation.

An important next step is therefore to use our results to
analyze in detail possible specific combinations of rovibra-
tional transition frequencies that minimize sensitivity to
precision-limiting systematic effects while maintaining
maximum sensitivity to potential sources of Lorentz and
CPT violation. This analysis will be presented in forth-
coming work.
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APPENDIX A: HYPERFINE-ZEEMAN
HAMILTONIAN AND EIGENVALUES OF

Vime (R)

The hyperfine-Zeeman Hamiltonian may be written as

Hyps+Hz = c,(v.N)N - S

+ gepsB - S — g (v. N)upB - N,  (Al)
where the couplings ¢, (v,N) and g,,(v, N) depend on the
rovibrational state. Its expectation value in the states
|UNJM ) can be written for fixed M; (which remains a
good quantum number in the presence of the applied
magnetic field B) as a 2 x 2 matrix with rows/columns
corresponding to J,J' = N £ 1 as follows,

B

A
(oNJ'M;|Hyps + Hz|oNIM ;) = <B D

) @)

with

(90 —2Ng,,(v.N))ugBM,,

(ge + 2(N + l)gm<va))ﬂBBMJv

(A3)
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With the matrix elements V§,z(R) in the same states

written as
a p
Vime(R) = < )

o (A4

the SME contributions to the combined eigenvalues are
given by (Paper 2, footnote 9),

1 1 1
a+ 6
2( )+ 2 (A—D)? + 4B?

X ((A=D)(a=26) +2B(f+ "))

V;MEi (R)
(A5)

In the case considered here, the off-diagonal element B is
proportional to the magnetic field, so in the small-field
regime where we can neglect terms of O(uzB/c,)?, we
have the simple forms,

B
Véue (R) = a+ 25— Rep,

B
2A—D

Veup (R) =6 — Rep. (A6)
From above, we find at O(B),

B ___ 2 N+12—M26 (A7)
A-D (2N +1)? 2 =

where we define

B=— ' (gt gu(v.N)usB.  (AB)

c.(v,N)

This allows the O(B) corrections to the results quoted in
the text for Vs, (R) to be read off directly. For example,
to calculate the B dependence of the coefficients &y,, (B)
in (3.17), (3.18) in the text, we apply this formula to the
coefficient of VSXR in VEY(R) where, taking out the

common factor % \/%trﬂ PaPp) VSR, we have from Paper

2, Appendix B,
|

A= ; (0. N) (M,—%) 4 Gge an (v, N)><
(M,+ ) ( Ge + gn(v. N)) <M,+;>)/43B,

1 1
Bzice(v N) <N—|— > - M3,

D 1
=——c
2 E

2

=GN TTIENT K“%) <N+%> ‘3M3]’
1

= av=nawen (V-2) (¥+3) -]

6 : N ’ MM
(2N -1)(2N +1)(2N +3) ( +§) et

ﬂ:_

(A9)
and find
S | ! 3 .
cNMJ(B)_(2N+1)(2N+3) KNW) <N+§> _3Mf]’
[(N+3)*-M35M,

T N PN D) N 13 (A10)
and
o B 1 1 I
CNMJ(B)‘<2N—1><2N+1>KN 2) (“2) 3”4

e oM,

(2N +1)3(2N—1)(2N +3)

In the large magnetic field limit, the eigenstates of the
hyperfine-Zeeman Hamiltonian are |oNM ;M) (or equiv-
alently, [UNMyMy) since M; = My + M) so these are
the appropriate states to use for large fields. In this case the
matrix elements (H ypg + H ) are written for fixed M in
2 x 2 matrix form with Mg, Mg = +1/2 as,

A B
ONMM s+ HypoMs) = (50 ). (A1)

where now [see Paper 2, Eq. (5.26)],
! B
2 HpD,

(A13)
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The matrix elements Vgl\‘j[E(R) for the spin-independent couplings are of course diagonal in this basis, so we just have
Veve(R) = <g g) with the O(p?) terms,
1 V5
= i [tr<Pan>V§(§)R - TtrY<papb>CNM,—%V52¥):| ;

_ 1 e NR \/§ eV
6= —\/—4—7[ [tf@aph)Vzoo - TUMPan)CNMﬁ%szo : (Al4)

In this case, we find the magnetic field corrections of (c,/pugB) vanish, since f# = 0, but we can use the formula (A5) to
calculate the next order corrections. We find

3[(N+14)*—M3M, (( c.(v,N) (Al5)

2
v, T M TS N Z 1) (2N + 3) ge+gm<v,N>>uBB>'

For the spin-dependent couplings, the matrix elements of V- (R) in the states [vNM ;M) take the form, with matrix

rows/columns corresponding to Mg = i%,

Viue(R) = (; {;) (A16)

with

¢NR(0B) 1 ¢ NR(0B) ¢ NR(1B)
a= =Ty, 08) _ gtr<Pan>(Tz1o ©8) 4 2T210 )
3
2

1 ¢ NR(0 ¢ NR(1
+ gtrY<pupb>cNM,—% <Tz1o 0% T 10 8 4

Ve Sééw’) , (A17)

(4 1 (4 4
5= Tho " +5telpaps) (Ton ™ + 27550

1 ¢NR(0B eNR(1B) 3 /7, _eNR(0B
—gtrY<Pan>CNM,+% <7210( >_T210( )“‘5 87230( )>’ (A18)

Y (N2 - M
B = —try(pars) QN—1)2N + 3)MJ

¢NR(0B ¢NR(1B 7, -¢NR(0B) eNR(1E)
X (TZI() ( )_7210 U8 _ \/; T 53 - V5i 7220 ) (A19)

In this case, since f3 # 0, there is a correction of O(1/B) to the eigenvalues Vi, (R) and we can again use the
formula (A6), but this time for small ¢,/ugB where we have from (A13),

B __1 N+12—M21+0(1/B)2 (A20)
A-D 2 2 B '

Together with the coefficients a, 8, # above, we find V.. (R) as given in the main text, (3.52).
APPENDIX B: CLEBSCH-GORDAN RELATIONS

Extending the set of identities given in Paper 2, Appendix B, to those required for the O(p*, P*) SME contributions
considered here, we find
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NHM; (o (4) A4+
Z<CNMN,%M5) My = CNMm,

Mg

_ 13(21\’ + 5)(2N + 3)(2]\] + 1)(2]\/ _ 1)

—40(12N? 4 24N — 1)M3 + 560M*%

64 (2N +5)(2N + 3)(2N — 1)(2N - 3) ’

Z CN——M, N
NMy 4 lM NM,

Mg

332N +3)(2N + 1)(2N — 1)(2N - 3)

—40(12N? = 13)M3 + 560M4

ZCN+2MJ ——MJ C(4)

NMy Mg~ NMy Mg ENMy —

where cz(\?z,,N, defined as

is given explicitly by,

T 64 (2N +3)(2N +1)(2N —1)(2N - 3) ’
15 (I2N(N +1) = 17 = 28M3)[(N +1)* - M3M, (B1)
4 (2N +5)(2N +3)(2N + 1)(2N —1)(2N = 3) °
C%%ﬁ,mc%&m = Cz(\?z)t/IN» (B2)
@  3[BN(N+2)(N+1)(N—1)—-5(6N*+ 6N —5)M3 + 35My] (83)

CNMy = 4

APPENDIX C: PROTON MOMENTUM
EXPECTATION VALUES

In the main text, we quote the expectation values
(vN|P*|uN) and (vN|P*|vN) as expansions in (v + 1)
and N(N + 1), characterized by the small parameter
A~O0(y/m,/m,). Here we briefly illustrate a general
method to find the expectation values of any operator in
these rovibrational states and apply it to the special case of
P> and P* The method is essentially described in
Appendix B of Paper 2, which we use extensively though
many of the results below are new.

The eigenstates |[vN) of the proton Schrédinger equation
are found by expanding about the minimum R, of the
internucleon potential, treating the angular momentum-
induced effective potential Vy(R) as a perturbation. Recall
that V;(R) is obtained by solving the electron Schrodinger
equation, while Vy(R) = N(N + 1)/2uR?. The expansion
parameter is A = 1/pw,R3.

The unperturbed states are therefore those of a SHO with
potential § uwjx?, where x = R — Ry and puw} = V}j;(Ry).
The total perturbation, before including the SME, is 6V =
oVy + 6V where,

1
5VM:5V§(,}x3+...
x  3x
SVy =AdwgN(N+ 1) ——+>=+...]. (Cl
v = dN V1) (= S ) (€

[(2N +5)(2N +3)(2N — 1)(2N - 3)]

In what follows we present results up to second order in
perturbation theory, truncating the A expansion at O(4?).
Higher order terms are calculated in Paper 1.

First consider the expectation value (vN|P?|vN). In the
nucleon Schrodinger equation the 3-dim momentum
squared P? is represented as the Lapalacian acting on
the appropriate wave function, with

2
P Vs e

FNN 1)

R3
N ) (12X 3 (C2)
B R} Ry "R} )

where we denote the I-dim SHO momentum by
k = —id/dx. We therefore need to find the expectation
values of the SHO operators k2, x and x? in the states |vN)
up to second order in the perturbations 6V. Taking
intermediate results from Paper 1, we find,

(k?) = pog <v + %) [1 + %N(N +1) (3 - RV‘:W)AZ} ,

(C3)
Rig<x> _ —%ﬂwo <v + 2) (RVY/”)/I ()
Rig<x2> ,ua)0<v + )a (C5)
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Collecting terms, recalling y = %m p»» and truncating at 0(2?) gives17

1 1 3 RV 1
(vN|P?|uN) = 2mpa)o[(v+2) +N(N + 1),1+5 (3 + ;’%M> <v+2)N(N+ D2+ ... (C6)

The analysis of (vN|P*|vN) follows along the same lines, though is inevitably more complicated. Here, in the nucleon
Schrodinger equation,

d* 1 & 4d 6 1
Pt 5 ViV2 = — — N (2 _*% )2
= VaVk = 5 N(N + )R2< e RdR+R2)+(N(N+ ) e
1 x2 1 X 6
_ 14 _ - 2 . e DA I A
=k +N(N+1)R% (2(1+3R3>k +4R0 (1 3R0>zk R%>
1
~|—(N(N+1))2R—g+... (C7)

keeping only terms which give relevant contributions at the order considered here. Again working up to second order in
perturbation theory making extensive use of results from Paper 1, and truncating at O(4%), we find

W) =30 (v+3) 3] [+ v e 3+ 2) 2). (c8)
71 028) = 50| (+3) =32 (c9)

s (10 = 0(), (10)

g (1) = = (o P2 )

in addition to those quoted above. Collecting all these terms, we obtain

3 12 1 RV
- ) 4= (1+NWV+1)(3 2
2 () o (oo n 5558 2)

+2<v+%>N(N+ 1)A+3[<u+1)2 —f—JN(N+ 122+ (N(N+1))%2% + ...

(vN|PY[oN) = (nas)?

5 . (C12)

Omitting the terms of O((N(N + 1)) and O((v + 4)>N(N + 1)), which do not contribute to y&, By and alyg, this is
the result quoted in the main text, (4.23). Notice the coefficient of N(N + 1) which appears there. This arises because of
contributions from the O(1) fractions which automatically accompany the terms of O(v + 1)

"We have displayed here only the terms contributing to the coefficients 63y, Béyr and gy, in the rovibrational energy levels (1.3).
In particular we have omitted the O(4) terms proportional to (v + 1)* contributing to the x%;; coefficient; these depend on the third and
fourth derivatives of V;,; and are quoted in Paper 1.
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