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Gravitational waves from gauge quanta produced during inflation
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A fast-rolling axion can transfer its kinetic energy to a gauge field via the Chern-Simons coupling,

leading to copious production of gauge quanta, which can act as a source of gravitational waves (GWs)
with potentially observable amplitudes. In this work, we investigate GW production in a spectator axion
model when strong backreaction is taken into account. We find that decreasing the decay constant of the

axion enhances GW production. Since the initial value of the axion is larger than its quantum fluctuations,
such a condition imposes a lower bound on the axion dacay constant, which sets an upper bound on the
amplitude of the energy spectrum of GWs. As a result, the amplitude of the predicted GW energy spectrum

is lower than 107" in the nHz to mHz frequency range.

DOI: 10.1103/p1xn-9y3c

I. INTRODUCTION

Inflation provides a compelling extension to the standard
big bang cosmology, addressing key issues such as the
horizon, flatness, and monopole problems [1-5]. In this
framework, the early universe underwent a brief period of
exponential expansion, smoothing out inhomogeneities and
laying down the nearly scale-invariant spectrum of primor-
dial perturbations observed in the cosmic microwave back-
ground (CMB). The standard single-field slow-roll inflation
predicts both curvature and tensor perturbations originating
from quantum vacuum fluctuations, each exhibiting a nearly
scale-invariant spectrum [6—11]. The tensor perturbations are
commonly referred to as primordial gravitational waves
(GWs). Since the tensor spectrum depends solely on the
energy scale of inflation as H?/M), it provides unique
insights into the physics of the early Universe [12-15].
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Current constraints from CMB polarization experiments,
particularly the latest Planck [16—18] and BICEP/Keck data
[19,20], have set stringent upper bounds on the tensor-to-
scalar ratio, r < 0.034 at 95% CL [21]. However, the red-
tilted spectral characteristic, in conjunction with the current
observational constraints at CMB scales, places it beyond the
reach of both current and future GW instruments.
Nevertheless, GWs produced through alternative mecha-
nisms, such as those sourced by amplified perturbations
[22-36], remain accessible to observational probes. These
GW signals represent promising targets for current and next-
generation observatories operating across a broad frequency
range, from nano-Hertz (nHz) to kilo-Hertz (kHz), such as
EPTA [37-39], NANOGrav [40,41], SKA [42,43], LISA
[44], Taiji [45], LIGO [46], and Virgo [47].

To generate detectable GWs sourced from amplified
perturbations, special mechanisms, such as tachyonic insta-
bility or parametric resonance, are typically required
[48-54]. Among the various models proposed, Chern-
Simons coupling yFF during inflation has emerged as a
particularly promising candidate. This mechanism exploits
the coupling between a rolling axionlike field and a gauge
field, where the axionlike field acts either as the inflaton or as
a spectator [48-52,55-69]. As demonstrated in multiple
studies, the axion’s transient rolling motion induces
tachyonic instability in one helicity mode of the gauge field,
leading to exponential amplification of its fluctuations. These
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excited gauge fields subsequently source chiral GW's through
quadratic terms in the energy-momentum tensor. Since the
excited gauge quanta are massless, their quadrupole moment
is not suppressed as it would be if sourced by massive
particles [23]. To generate GWs at small scales without
violating constraints from large-scale observations, these
models typically introduce a brief fast-roll phase, usually
lasting less than a few e-foldings, during the middle of
inflation [63,70]. By appropriately selecting the inflationary
potential, the generated GWs can reach the sensitivity of
current or future detectors, while simultaneously maintaining
consistency with existing observational constraints at large
scales [71-82].

On the other hand, the produced gauge quanta can
backreact on the axion field through the Chern-Simons
coupling. If the backreaction is strong, it decelerates the
axion and suppresses both particle and GW production
[74,83-85]. Typically, achieving sensitivity required by
next-generation detectors necessitates the production of a
substantial amount of gauge quanta, rendering backreaction
effects non-negligible. To accurately study the dynamics in
the strong backreaction regime, numerical techniques are
essential [74,86-99]. Our previous work has shown that
increasing the maximum amplitude of the GW spectrum
requires enhancing the slope of the potential while keeping
the coupling constant moderately small [85]. This paper
extends our previous analysis to a more realistic scenario,
in which the axion is treated as a spectator field with a
cosine potential. Such a potential commonly arises in string
theory-inspired axion models [79,88,100-106]. To enhance
GW production, a sharper axion potential is required.
However, if the potential is too sharp, the distance between
the initial value of the axion field and the peak of the
potential becomes smaller than the quantum fluctuation.
We find that, due to this constraint, the maximum achiev-
able slope of the potential is limited, which in turn bounds
the maximal amplitude of the generated GWs.

This paper is organized as follows. In Sec. II, we describe
the action employed in this work, which consists of an
inflaton with an E-model potential, a spectator axionlike field
with a cosine potential, and a gauge field coupled to the axion
field via a Chern-Simons term ;% )(F "F,,. We then discuss
the dynamics of this system and examine the influence of
model parameters, with particular emphasis on the strong
backreaction regime. In Sec. III, we numerically study the
maximum GW energy spectrum as a function of the parameter
fa, finding that a smaller f, can slightly enhance the
spectrum. In Sec. IV, we analyze how the initial value of
the axion field relates to the peak position of the GW
spectrum. We also derive a constraint on the minimum
allowable value of f, by requiring that the distance between
the initial axion value and the peak of the potential be larger
than the quantum fluctuation.

Throughout this paper, we adopt natural units with
fi=c=1, and define the reduced Planck mass as

M, = (87G)~"/2. The symbol ¢ denotes cosmic time, while
7 denotes conformal time. A dot, as in ¢ = d¢/dt, indicates a
derivative with respect to cosmic time, and a prime, as in
¢’ =d¢p/dz, indicates a derivative with respect to con-
formal time.

II. DYNAMICS

In this work, we consider a realistic model consisting of
an inflaton, a spectator axion, and a gauge field coupled to
the axion via a Chern-Simons term. The action is given by

/d“x\/”( —MR —lamp 0, — V(o) —iF"”FﬂU

- 3020~ UL = 2P E ) m

where ¢ is the inflaton, y is a axionlike field, ¥, = d,A, —
d,A, is the field strength of a U(1) gauge field and Frvo=

] 3 . . . . .
ENa M, is its dual, with the totally antisymmetric

tensor 7#** defined such that #°'?* = 1. The parameter f,
is the decay constant of the axion y and has mass dimension
one, while the parameter a is dimensionless and controls
the coupling strength. Throughout this paper, we use
the spatially flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric ds*=—dr*+a?(t)dx*>=a?*(7)(—d7>+dx?).
In this paper, we assume that the inflaton drives a phase
of slow-roll inflation, with its potential chosen to be
consistent with current CMB observations. A representa-
tive example is the potential from the E-model class
of a-attractor models [107,108], given by V(¢) =

Voll —exp (=), with Vo= 1578 x 10-10M%,

and a, = 1.8. The potential of the axion takes the
following form,

i)

which commonly arises in string-inspired axion models
[79,88,100-106]. We set the parameter A such that
A* = 0.01V,, thereby ensuring that the axion remains a
spectator and does not affect the inflationary dynamics.

From the Lagrangian Eq. (1) combined with the
spatially flat FLRW metric, we can obtain the background
equations,

1

2= 3M2p, (3)
a 1 /[/a\? 1
(= N o 4
a+2<a> oM “)
$+3Hp+V,=0, (5)
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)’(’+3H)'(+U%:fg<E-B>. (6)

a

Here, E and B denote the electric and magnetic fields
associated with the gauge field, defined by [48,49,74]

Ei(1) = —A;/a, (7)
B;(t) = €;30;A/a’. (8)

The angle bracket (---) in Eq. (6) denotes the ensemble
average of the fields, which can be computed by evaluating
the vacuum average of the corresponding field operators.
We will give their explicit expressions in the next section.
The averaged terms encode the backreaction of the quan-
tum field on a classic background. The total energy density
p and pressure P are given by

:_¢2 ;(+V()+U(;() <E2+Bz> 9)

1., 1
P=_¢ +5i°—

PSR V@) - UG + (BB, (10

Ulx) +

From the action (1), the gauge field action in the
Coulomb gauge Ay(z,x) = 0 can be expressed as

1
SEM _5/d1d3x<A;A/ aAaA + )(s,jkAaAk>
(11)

We then decompose gauge field in the Fourier space as

fa

N d3k A
A(t,x) :/We]k'xf“i(hk)
/2 mzeﬂfﬂ (k)AM(t,k)a’ (k) +H.c., (12)
ﬂ'

where 1 = -+, — denotes the polarization index, k = k/k is
a unit vector with the same direction of the wave vector k,
and k= |k| is the norm. Here, ¢/(k) is the circular
polarization vector basis that satisfies

&l(/z) and &j(lz) are annihilation and creation operators
satisfying standard commutation relations,

[0, (k). a}, (k)] = 8,,,6°

)k —K'), (15)

[a} (k). a}, (k)] = [, (k). ay (k)] = 0. (16)

Varying the action Eq. (1) with respect to (A*(z,k))* yields
the following equation of motion (EoM) in Fourier space
[49,74],

A= (2, k) + (k2 ¥ %k;{'(f))Ai(T, k) =0. (17)

The initial condition of the mode function A*(z,k) is
determined by the Bunch-Davies vacuum,

1
A*(x, k)| _jes1 = \/—flze

The term (a/f,)ky'(z) in Eq. (17) arises from the Chern-
Simons interaction. Without loss of generality, we focus on
the case ¥/ <0 in this work. When the term (k*+
(a/fa)ky'(t)) become negative, the mode function
A~ (z,k) undergoes tachyonic instability and grow expo-
nentially [55,109]. Consequently, the amplified polariza-
tion component A~ (z, k) serves as the main source of GWs.
This parity violation is also imprinted on the sourced GWs
[110-113]. Using the definitions of E and B, one can then
compute the ensemble averages in Egs. (6), (9), and (10) as

- 42/1/ dkk3%|Aﬂ(k)|2, (19)

ik (18)

(E-B) =

, (20)

1 S dA% (k)|
= dkk?| ——~
271'2614;;/0 d
1 o0
= WZA dkk*|A* (k) 2. (21)
A=+

To numerically solve the background equations (3)—(6) and
the gauge field equation (17), we implemented a C program
utilizing the Runge-Kutta algorithm. In our program, we
evolve the background quantities alongside multiple dis-
crete gauge modes A*(r,k) with varying momenta k
simultaneously. At each iteration, we first compute the
integrals specified in Egs. (19)-(21) with rectangular
method, where only these modes which experience
tachyonic instability are used. Moreover, we evolve the
gauge field with the 2nd-order Runge-Kutta algorithm and
the background with the 4th-order Runge-Kutta algorithm.

Generally, the evolution can be divided into three stages:
(i) Initially, the axion rolls from the peak of the potential.
During this stage, the dynamics are well described by the
slow-roll approximation. Since the axion moves slowly, the
production of gauge quanta remains weak throughout this
phase. (ii) As the axion leaves the slow-roll regime, it enters
a fast-roll phase. In this stage, the gauge quanta begin to
grow exponentially, and the backreaction becomes increas-
ingly significant. (iii) Once the backreaction becomes
comparable in magnitude to the slope of the potential,
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the system enters the strong backreaction region. The
backreaction decelerates the axion, resulting in suppressed
particle production and a subsequent weakening of the
backreaction. As the axion accelerates again, this cycle
repeats, leading to an oscillatory axion velocity.

In our previous study [85], we found that for a linear
potential in the strong backreaction regime, increasing the
slope of the potential enhances gauge quanta production,
whereas increasing the coupling constant suppresses it.
This behavior arises because strong backreaction occurs
when the slope term in Eq. (6) becomes comparable to the
backreaction term, leading to the condition

A4
~U, =~ 27 sin (2) (22)

where we define @ = a/ f, and treat it as an independent
variable with respect to f,. Since (E-B) characterizes
particle production, satisfying the condition (22) implies
that increasing A*/(2f,) enhances particle production,
while increasing & suppresses it. The influence of « is
illustrated in Fig. 1, which shows the maximum value of the
spectrum k|A~(k)|? at the end of inflation as a function of a.
For o <30, the system lies in the weak backreaction
regime, and the maximum value of the spectrum
k|A~(k)|* increases exponentially. Beyond this threshold,
the system enters the strong backreaction regime, and the
maximum value becomes slightly suppressed.

From Eq. (22), it may appear that increasing V,, and thus
H?, would enhance the production of gauge quanta and
consequently lead to stronger GW signals. However, this is
not necessarily the case. According to Eq. (19), the factor
k/a effectively reduces to H near horizon crossing, which
provides the dominant contribution to the integral.
Therefore, increasing V, also increases this factor, which
in turn suppresses particle production. On the other hand,
the GW power spectrum in Eq. (30) contains a factor of H?,
so increasing V|, directly amplifies the amplitude of the GW

a(E - B)

1011 4
1010 4
£
2 100
<
x
108
107 4
1'0 2’0 3’0 4’0 5’0 6’0 7’0 8’0 9’0 1(’)0 liO
a
FIG. 1. Maximum value of the spectrum k|A~(k)|? at the end of

inflation as a function of « in the case of f, = 0.08.

spectrum. Our numerical results show that these two effects
approximately cancel each other, resulting in a GW
spectrum that remains nearly unaffected by changes in V.

III. AMPLITUDE OF THE GW ENERGY
SPECTRUM

The tensor perturbation of the FLRW metric are

ds? = a*(z)[—de* 4 (8;; + h;j(7.x))dx,dx;],  (23)
where h;; is traceless h; = 0 and transverse 0h;; = 0. The
EoM of h;; obeys
w2 an, — 2o, mTEM 24
o2y T Ak = T T (24)

P

where IT;;/" = T, — FTL,;IT™ is the traceless and trans-
verse projector, with IT;; = &;; — 0,0;/A. Tja! denotes the
spatial component of the energy-momentum tensor of the
gauge field, given by T = —a*(E;E; + B;B)) + (---)5;;.
The 6;; term vanishes upon contraction with the projection
operator and thus does not contribute to the GW source. We
then decompose h;; in Fourier space as

3
hij(z, x) = / (;)’;; (7.k)
/Wﬂz (V2 (R)el (k) ()

x h*(z,k)e*~ + H.c.), (25)

where ef(l}) is the circular polarization vector basis
defined earlier. We introduce the projection operator
I (k) =€ F(k)ei (k), such that h*(k) = H?;(k)hij(k).
Equation (24) can be decomposed into a vacuum part
and a sourced part. The vacuum part satisfies the standard
Bunch-Davies initial condition and has no source term,
while the sourced part satisfies homogeneous initial con-
ditions and can be solved using the Green’s function
method. From this point forward, we focus solely on the
sourced component and denote it by 4*. The solution to the
sourced part of Eq. (24) in Fourier space is given by

. 2H? [ d*q
hi(fz—’k) = ——/_ dT/Gk(T, T/)T/2/<2ﬂ_)3/2 H;}tn(k)

x [A}(g, 7)A}, (k — q,7)
- 8labQuAb (qv T/)emcd(kc - qc)Ad(k —q, T/)L

(26)

where the Green’s function is given by
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Gule, ?) = # (1 + K222') sin(k(z = 7))
—k(t=7)cos(k(z=7))|®(r=7). (27)

The power spectrum of the tensor modes is defined by

(hij(k,T)hy; (K, 7)) = %Ph(k, )8k + k), (28)

(Wt (k, D)= (K 13

7)) = Pii(k, 7)ok + k'), (29)

which immediately gives P, = P,/ + P;,. Now we can
evaluate the GW power spectra by applying Wick’s
theorem at the end of the inflation as

473
Pi= g [ [ w0 -0 P ey a0
A [ 482, g VA Ak ) + = g4~ A (@ K= )P, 30

where u =cos6, 7., denotes the time at the end of
inflation, and we only retain the enhanced mode A~ (k).
The two norms of the polarization vector can be computed
via the following property,

—AND-0\2
@k = (F50) e

Then one can compute today’s energy density of the
stochastic GW background, which is related to the GW
power spectrum at the end of inflation by [114]

Q, oh?

Qo oh? =
gw.0 24

(Pth (Tend’ k) + ,PZ (Tend’ k)) (32)
Here, Q, y ~4.15 x 1075 /h? denotes the current fraction of
the radiation energy density to the total energy density of

the Universe.

1x107"°

0.07 0.08 0.09 0.10 0.11 0.12
fa [Mp]

FIG. 2. Maximum value of the GW spectrum ng.ohz as a
function of f,. For each value of f,, we scan the parameter space
of a to determine the maximum spectrum. Since y initially
follows an attractor solution, the result is not sensitive to the
initial value of y.

Since GWs are sourced by the gauge quanta, the
dependence of their energy spectrum on the model param-
eters is similar to that of the gauge field. That is, to obtain a
larger energy spectrum, one needs to decrease f, and
choose an appropriate value of a. If « is too small, it cannot
generate a sufficient amount of gauge quanta, while an
excessively large a will suppress their production. In
principle, a is a model-dependent parameter, and its value
can range from O(1) to O(100) [115]. Additionally, the
condition f, < 1 should be satisfied from the perspective of
string theory or effective field theory [116]. Figure 2 shows
the maximum value of the GW spectrum for varying f,. For
each value of f,, we scan the parameter space of a to
identify the maximum GW signal. The parameters used in
the numerical computation safely satisfy the aforemen-
tioned constraints. Since y initially follows an attractor
solution, our results are not sensitive to its initial value. The
results indicate that a smaller f, leads to a larger Q,, o,
although the order of magnitude remains approximately
unchanged, with Q,, oh* ~ 10717,

IV. INITTIAL CONDITION OF THE AXION

An observable GW signal must satisfy two basic require-
ments: (i) its maximum energy spectrum must reach the
sensitivity of the observational instrument, and (ii) the
corresponding peak frequency must lie within the instru-
ment’s most sensitive frequency range. In the previous
section, we discussed the maximum GW energy spectrum,
which addresses the first requirement. In this section, we
focus on how the initial value of the axion influences the peak
frequency, which is relevant to the second requirement.

In Sec. II, we discussed the three stages of the system’s
dynamics. Initially, the axion slowly rolls from the peak of
the potential. It then undergoes a fast-roll phase, during
which gauge quanta are exponentially produced; these
quanta also source GWs. Finally, the production of gauge
quanta becomes strong enough to slow down the axion
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field, and the system enters the strong backreaction regime.
Typically, the total e-folding number during the slow-roll
phase spans several dozen, while the fast-roll and strong
backreaction phases each last less than a few e-foldings.
The e-folding number N at which a mode k exits the
horizon and the corresponding frequency of that mode f =
k/(2r) are related by [109]

Ny—N=417-In{ ——2—
P ! (0.05 Mpc—1>

+1n<10({HZ> —m(%), (33)

P

where the subscript p denotes the CMB pivot scale, and H y
represents the Hubble parameter at e-folding number N.
Typically, N, ~ 60 and k;, ~ 0.05, Mpc~!. Due to the slow-
roll nature of the background, we have Hy ~H
Therefore, the above equation simplifies to

p*

]
19.3 — N_ln<100 HZ). (34)

Equation (33) also implies AN = —A In(f).

The GW signal with momentum k primarily depends on
the production of gauge quanta with similar momentum (a
detailed analysis can be found in our previous work [85]).
Since the production of A~(k) mainly occurs near the
horizon-crossing time, denoted as N(k), the corresponding
generation of /;;(k) also takes place at that time. Moreover,
the peak of particle production coincides with the onset of
strong backreaction, which closely aligns with the moment
when the axion enters its fast-roll phase. Therefore, the
peak position of the GW spectrum is mainly determined by
the duration of the slow-roll stage: a longer slow-roll phase
results in a peak at higher frequency.

Due to quantum fluctuations, there exists an intrinsic
uncertainty in the initial value of the axion field. Therefore,
the initial value cannot be arbitrarily close to the peak of the
potential, which in turn constrains the possible position of
the GW spectrum peak. From the potential in Eq. (2), we
see that a smaller f, leads to a sharper potential peak,
corresponding to a shorter slow-roll duration. In other
words, although a smaller f, can slightly enhance the
maximum GW amplitude, it also restricts the allowed
frequency range for the GW peak. As we will show shortly,
for a given peak frequency, there exists a minimum value of
fa corresponding to it.

Using the slow-roll approximation and noting that the
backreaction is negligible at this stage, the EoM of the
axion field given in Eq. (6) reduces to

3Hy + U, = 0. (35)

Equation (35) admits an analytic solution [60] (note that
our convention is different from that of [60], as we define
dN = —Hdr)

A4 _
x(N) =2f, (ﬂ — arctan (em(l\’* N)> >, (36)

Without loss of generality, we assume that the axion
initially rolls from the left side of the peak position at
x/fa = 2r with a negative initial velocity, y;,; < 0. Here,
N, denotes the time when axion reaches the rapidest point
x/fa= %n of the potential, which can be considered as the
typical onset time of the fast-roll phase. By setting
N = N;,;, we can determine the distance between the initial
value y;,; and the position of the peak of the potential

A4

Ay =2xf, _)(<Nini) — 2fae_m(Ni"i_N*)

(37)

On the other hand, the uncertainty arising from quantum
fluctuations can be estimated by

H
i ~ \/ng(k) = 0

where we used Py, = (H/(27))>.

In this way, for a given frequency f,, one can compute
the corresponding N, and Ay;,; from Egs. (34) and (37),
respectively. As mentioned earlier, due to quantum fluc-
tuations, the initial value cannot be arbitrarily close to the
peak of the potential, which requires that Ay;.; > Jy;n;. This
condition, in turn, imposes a constraint on the minimal
value of the parameter f,

(38)

4
Zfae_“;\ng(Nim_N*) > E
27

(39)
Figures 3 and 4 present the resulting constraints on f, based
on the previous analysis, where the peak frequencies lie in
the nHz and mHz ranges, respectively. The blue curve is
plotted based on the left-hand side (lhs) of Eq. (39), while
the orange curve is plotted based on the right-hand side
(rhs) of Eq. (39). The physically allowed area, where
Ayini < OYini» 18 indicated by the shadow area. Our results
indicate that for GWs peaking in the nHz region, the
allowed values of f, satisfy f, > 0.0817, and for the mHz
region, f, > 0.111. Combining these with Fig. 2, we find
that the maximum allowed Qgw, is approximately
Qcw.o ~ 10719 in both cases. While such an amplitude is
insufficient to account for the recent pulsar timing array
(PTA) data, it remains potentially detectable by future mHz
experiments such as LISA and Taiji.
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FIG. 3. Constraint on the parameter f, for GW spectrum

peaking at nHz region. The corresponding e-folding number is
computed as N, = N, —15.37. The blue curve shows the
variation of Ay;,; with respect to the parameter f,, plotted based
on the lhs of Eq. (39). The orange curve represents the uncertainty
in the initial value of the axion due to the vacuum fluctuations,
OYini» plotted according to the rhs of Eq. (39). The shadow area
which lies above the orange curve is physically allowed region.
The black dashed line corresponds to f, = 0.0817 at which

ini = Dfini-

1074

10*5 B

10—5 4
10—7 B

1078 4

10-11 ]
10—12 4
10—13 4
— DXini

10-14 4
0 —— OXini

10715

0.07 0.08 0.09 0.10 0.11 0.12
fa [Mpil

FIG. 4. Constraint on the parameter f, for GW spectrum
peaking at mHz region. The corresponding e-folding number
is computed as N, = N, —29.19. The blue curve shows the
variation of Ay;.; with respect to the parameter f,, plotted based
on the lhs of Eq. (39). The orange curve represents the uncertainty
in the initial value of the axion due to the vacuum fluctuations,
OYini» plotted according to the rhs of Eq. (39). The shadow area
which lies above the orange curve is physically allowed region.
The black dashed line corresponds to f, = 0.111 at which

Kini = AYini-

V. CONCLUSIONS

In this work, we investigate the production of GWs from
a gauge field coupled to a spectator axion field through the

Chern-Simons interaction during inflation, with a particular
focus on the strong backreaction regime. The axion evolves
in a cosine potential, while inflation is driven by a back-
ground scalar field consistent with current CMB observa-
tions. The system’s dynamics can be divided into three
stages. Initially, the axion slowly rolls from the peak of the
potential; this stage typically lasts for several dozen e-
foldings. Then, the axion enters a fast-roll phase, during
which gauge quanta are exponentially produced and
subsequently source GWs. As the production of gauge
quanta becomes substantial, the backreaction grows strong
enough to decelerate the axion, suppressing further particle
production.The axion then accelerates again. This repeating
process results in an oscillating axion speed and a GW
spectrum with multiple peaks. We omit the axion inho-
mogeneous term throughout this work. This term has been
thoroughly investigated using lattice simulations near the
end of inflation in previous studies [93,95-98,117-119].
These works show that the inhomogeneous term can
suppress oscillatory behavior when the energy density of
the gauge field becomes comparable to the axion potential.
In contrast, our analysis focuses on the fast-roll stage,
where the energy density of the gauge field is always much
smaller than the axion potential. Therefore, the axion
inhomogeneous term is negligible in our case.

Since the maximum value of the GW energy spectrum is
mainly influenced by the dynamics following the slow-roll
phase of the axion—and the slow-roll stage is an attractor
solution—this result is not sensitive to the initial value of
the axion field. As expected, we find that a smaller value of
[ leads to a larger maximum GW amplitude. However, this
dependence is relatively weak, and within the parameter
range of interest, it does not significantly alter the order of
magnitude. Across the parameter space explored in this
study, we find that the maximum value of the GW energy
spectrum is approximately Q. oh* = 107",

On the other hand, due to quantum fluctuations, the
initial value of the axion field inherently carries an intrinsic
uncertainty, which prevents it from being arbitrarily close
to the peak of the potential and, in turn, constrains the
allowed duration of the slow-roll stage. Since f, controls
the sharpness of the potential, a smaller f, corresponds to a
shorter slow-roll phase. For a fixed peak frequency, by
requiring that the distance between the initial value and the
potential peak, Ay;., be larger than the quantum fluc-
tuation, we derive a constraint on f,, as given by Eq. (39).

We then apply this result to determine the lowest possible
value of f, for GW peaks appearing in the nHz and mHz
frequency ranges. The results are shown in Figs. 3 and 4.
We find that, despite the differences in frequency range, the
weak dependence of ng.oh2 on the parameter f, leads to a
similar maximum allowed GW energy spectrum in both
cases, namely Qg 0h? = 107'°. Consequently, given this
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amplitude, GW signals produced in this model with the
chosen parameters are unlikely to account for the recent
PTA results, but they may still be detectable by future
experiments targeting the mHz frequency range, such as
Taiji and LISA. It is possible to obtain stronger GWs and
potentially reach the PTA range with a larger A%, even after
accounting for the constraint from quantum fluctuations.
However, if A* becomes too large, for example
A* = 0.1V, it begins to affect the total number of e-folds
and shift the peak position of the GW spectrum. In this
case, more fine-tuning is required to achieve the desired
peak position, making the model less natural.
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