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Under certain conditions, the oscillating inflaton condensate filling the Universe after inflation can
fragment and form so-called oscillons. These long-lived solitonlike field configurations can dominate the
Universe for several e-folds of expansion, leading to an early matter-dominated phase preceding the
standard radiation era. In this paper we show how the rapid final decay of the oscillons leads to an enhanced
production of induced gravitational waves, whose energy density can saturate the observational bound
on the effective number of relativistic species. We leverage this bound to constrain the inflaton mass,
cubic, and quartic self-coupling in generic models that admit oscillon formation, providing novel and
complementary constraints in regions of parameter space that are inaccessible with cosmic microwave
background observations alone.
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I. INTRODUCTION

The idea of cosmic inflation was originally introduced to
address questions not answered in the standard big bang
model, like the absence of magnetic monopoles, or the flat-
ness and horizon problems [1–5]. Furthermore, its incar-
nation in terms of a quantum field slowly rolling down its
potential offers a natural explanation for the origins of the
spectrum of temperature anisotropies observed in the
cosmic microwave background (CMB) [6–9] and the large
scale structure of the Universe [10–15].
Although the paradigm of single-field, slow-roll inflation

has been successful in providing a unified solution to these
problems, the nature of the hypothetical inflaton field and
the precise shape of its potential are still unknown. Further-
more, the dynamics during reheating, i.e., the transition
from inflation to the subsequent era of radiation domina-
tion, is largely unconstrained by current data. In fact, over a
hundred different models for the inflaton potential have

been proposed and there exists a large variety of different
reheating expansion histories that are all compatible with
current data [16,17]. It is therefore crucial to look for
observable signatures that might help distinguish between
different models.
In this paper we focus on models in which the potential

features a quadratic minimum that “opens up” toward the
wings. These properties are favored by observations, as
many of the models that best fit the latest CMB data are
precisely of this type [7,9,18]. If the potential is shallower
than quadratic, the inflaton condensate filling the Universe
after inflation can fragment, and long-lived, nonlinear field
configurations known as oscillons can form via parametric
self-resonance [19–24]. They are localized, pseudostable,
nontopological solitonlike objects, and can be thought of as
spherical bubbles where the scalar field undergoes large
amplitude oscillations on the inside. While inside the
bubble the field probes the nonlinear part of the potential,
outside it oscillates around the quadratic minimum
with small amplitude. Oscillons are not protected by any
conserved charge, but they can persist for millions or more
oscillations, which comes about as a dynamical balance
between attractive self-interactions and dissipative forces.
Their surprisingly long lifetimes and (classical and quan-
tum) decay rates have been investigated both analytically
and numerically, see, e.g., [20,25–32]. Curiously, oscillons
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might also act as seeds for primordial black hole (PBH)
formation [33,34].
Importantly, the violent fragmentation of the inflaton

condensate is accompanied by the generation of gravita-
tional waves (GWs), which may serve as a direct probe of
this elusive epoch of the Universe’s history. In particular, a
stochastic GW background is sourced by the large inho-
mogeneities in the scalar field energy density generated
during the preheating phase [35,36], and the presence
of oscillons may leave distinct imprints in the GW spec-
trum [37–41]. Further, the formation of any cosmological
solitons leads to a “universal” gravitational wave signature
due to the isocurvature perturbation associated with their
number density fluctuations [42,43].
If oscillons do form abundantly and live long enough,

they can come to dominate the postinflationary universe
and lead to an early matter-dominated era [24,44–46]. As
their final decay to (scalar) radiation is almost instanta-
neous [32,47], such a scenario involves a sudden transition
from matter domination to radiation domination, leading to
an enhanced production of induced gravitational waves
(GWs) through the so-called “Poltergeist”mechanism [48].
Reference [49] studied the enhanced production of GWs
after oscillon decay from adiabatic curvature perturbations,
assuming a scale-invariant power spectrum generated dur-
ing inflation, while Ref. [50] calculated the enhanced GWs
due to the Poisson fluctuations of generic cosmological
solitons.
In this paper, we compute the enhanced induced GWs

due to the number density fluctuations of oscillons in
several well-motivated inflationary models. By directly
linking the GW signal to the parameters of the inflaton
potential and applying the observational bound on the
effective number of relativistic speciesΔNeff to the induced
GW amplitude, we demonstrate a novel way to constrain
inflationary physics. The structure of the paper is as
follows. We give a general discussion of oscillon formation
and their properties in Sec. II, introducing also the specific
models we consider in the following. In Sec. III we discuss
the evolution of perturbations in the early matter-dominated
phase driven by the domination of oscillons. The enhanced
induced GWs sourced by these scalar perturbations are
discussed in Sec. IV. Using these results, we derive novel
constraints on the inflaton potential in Sec. V. We close
with a summary and conclusions in Sec. VI.

II. NONLINEAR DYNAMICS AFTER INFLATION

After slow-roll inflation ends, the inflaton field starts
oscillating coherently about the minimum of its potential. If
the inflaton couples (strongly) to other fields, this con-
densate eventually fragments and decays into daughter
particles of those fields in a process known as preheating
[51–53]. If instead the coupling to other fields is not too
strong and the self-coupling of the field is large enough,
the condensate may instead fragment into quasistable or

transient lumps of the inflaton field itself [22,23,45,54].
As we are interested in studying the effects of oscillon
formation, we will impose that the inflaton couples only
weakly to standard model (SM) fields, in order to avoid
rapid decay of the condensate to SM particles before any
oscillons can form. Oscillon formation and decay in the
presence of a coupling to additional matter fields has been
studied in, e.g., [55–58]. In the following Section, we
provide a short overview of properties of inflaton oscillons.

A. Conditions for oscillon formation

Generally speaking, oscillons can form from a scalar
field of mass m coherently oscillating in a potential of
the form,

VðϕÞ ¼ 1

2
m2ϕ2 þ VnlðϕÞ; ð1Þ

where the “nonlinear” part of the potential Vnl has a
minimum at the origin Vnlð0Þ ¼ 0 and “opens up” toward
the wings [20–22,24]. This condition means VnlðϕÞ < 0 for
some range of ϕ, which entails an attractive self-interaction
of the field, which can counterbalance dissipative effects
and sustain the localized overdensity inside the oscillon.
The case of a minimum at a nonzero field value ϕ0 can be
treated with a simple field redefinition, ϕ → ϕ̃ ≔ ϕ − ϕ0.
For a broad class of models one can expand VnlðϕÞ near

the minimum as

Vnlðϕ ≪ MÞ ≈ gϕ3 − λϕ4 þ � � � ; ð2Þ

with

g ¼ cg
m2

M
and λ ¼ cλ

m2

M2
; ð3Þ

where cg and cλ are nondimensional Oð1Þ numbers that
depend on the specific potential. Here,M denotes the scale
where the potential turns over from the slow-roll regime at
large ϕ to the quadratic regime near the minimum. For
potentials that are symmetric about the minimum, we have
cg ¼ 0. The condition VnlðϕÞ < 0 for having an attractive
self-interaction then translates to λ > 0. For asymmetric
potentials, the nonlinear part of the potential Vnl is negative
only toward one side of the minimum. In the case of cg > 0,
the attractive self-interaction arises from the asymmetric ϕ3

term, which becomes negative for ϕ − ϕ0 < 0 render-
ing Vnlðϕ < ϕ0Þ < 0.
From Eq. (3) we see that, if M becomes too large, we

have g, λ → 0 and VðϕÞ is effectively quadratic. In this case
the attractive self-interaction, which is crucial for long-
lived oscillons to form, is suppressed by inverse powers
of M. This indicates an upper bound on M, and indeed
from lattice simulations it is found that efficient oscillon
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formation requires M2 ≪ M2
Pl [24,45], see also [59,60] for

analytical conditions for inflaton fragmentation.
However,M should also not be too small, for the follow-

ing reason. Oscillons are produced from the backreaction of
an unstable mode, kun ∼m. If we wish to impose that the
process be classical, this means that the occupation number
of the unstable mode of the bosonic field ϕ should be large,
nðkunÞ ≫ 1. Backreaction takes place when the energy
density of the unstable mode becomes comparable to the
background energy density, that is ρ̄ ∼ ρðkunÞ ∼ k4unnðkunÞ.
Since ρ̄ ∼m2M2, imposing nðkunÞ ≫ 1 leads to the generic
condition for classicality, M2 ≫ m2. This condition trans-
lates to an upper bound on the strength of the self-
interaction, λ ≪ 1. In other words, in the regime of strong
self-coupling the classical treatment breaks down and
quantum backreaction has to be taken into account. The
theory becomes nonperturbative in this regime, hence
classical simulations of oscillons are no longer valid.

B. Properties of individual oscillons

The energy contained in a single lump of the scalar field,
i.e., the mass of a single oscillon, is determined by the
inflaton mass and self-interaction as [61]

mosc ¼ αm
M2

m
; ð4Þ

where αm ∼Oð102–103Þ is a numerical coefficient that has
to be determined from simulations. We will fix αm ¼ 102 as
a benchmark for our plots. This scaling relation is expected
to be universal for large-amplitude oscillons, for which
the amplitude at the core is ϕcore ∼M (see, e.g., [32]). The
relation Eq. (4) can be understood by noting that the
radius for large-amplitude oscillons is approximately Rosc∼
0.1 m−1 (or at least Rosc ∝ m−1), implying that the mass of

an individual oscillon scales as mosc ∼ R3
osc × VðϕcoreÞ ∝

m−3 ×m2ϕ2
core and thus we obtain mosc ∝ M2=m.

In the following we will assume the same mass mosc
given by Eq. (4) for all oscillons. This is justified because
soon after their formation oscillons settle into a profile with
a fixed frequency, where the decay rate is exponentially
suppressed. This profile is an attractor and oscillons spend
most of their lifetime in this state [32], rendering the
oscillon mass function monochromatic.
In numerical simulations it is found that oscillons

typically persist for over a million oscillations

τosc ≳ 106m−1; ð5Þ

but the precise lifetime depends on the details of the
potential and can in fact be much longer, exceeding τosc ≳
6 × 108m−1 in some cases. Due to their nonlinear nature
and the importance of backreaction effects, the exact life-
times and decay rates have to be determined by numerical
simulations, see, e.g., [25–28,30–32] and in particular
[32,45,47,62] for the models that we consider in the
following. Note that the precise lifetimes also depend on
details like the initial oscillon radius and amplitude, and in
some cases only lower bounds on the lifetime have been
obtained. We will use the values provided in [32,45,47,62]
and listed in Table I below as benchmarks for our
calculations.

C. Inflationary potentials

As stated in the introduction, there exists a plethora of
models for inflation that satisfy current observational
constraints [16]. We restrict ourselves to a minimal setup
with a single inflaton field ϕ with canonical kinetic term.
We consider different classes of potentials VðϕÞ with
quadratic minima, which are theoretically well motivated

TABLE I. Comparison of different models within the classes Eqs. (6) to (8) for different values of n, q, and p for which results on
oscillon lifetimes are available from numerical simulations, see [32,45,47,62]. We assume the central values of Planck [6] for As, ns and
the upper bound on r to derive bounds on M and the resulting range of N�. We include bounds on M that would be set by a future
nonobservation of r. The number of e-folds of oscillon domination Nosc, cf. Eq. (16), is given forM ¼ 10−2MPl. Note that recent results
from the Atacama Cosmology Telescope (ACT) [8] point to a somewhat higher value of ns, which would slightly alter the numerical
values. The Hubble parameter at oscillon formation is given in terms of H̄f ¼ HfMPl=ðmMÞ for M ≪ MPl.

Model cg cλ r < 0.056 r < 10−3 τosc ¼ toscm Nosc N� H̄f

α-attractor T (n ¼ 1) 0 1=3 M < 12MPl M < 1.3MPl ≳3 × 106 7 57 1=
ffiffiffi
6

p
Axion monodromy (q ¼ 1) 0 1=8 M ≲MPl

a (ruled out) ∼3 × 108 11 71a
ffiffiffiffiffiffiffiffiffiffi
MPl

3
ffiffi
2

p
M

q
Logarithmic (q ¼ 0) 0 1=4 M < 3.2MPl M ≪ MPl ∼Oð1Þ × 108 9 29–44 0.415
Plateau (q ¼ −1) 0 3=8 M < 8.3MPl M < 0.018MPl ≳6 × 108 10 38–50 1=

ffiffiffi
3

p
Hilltop (p ¼ 4) 3=2 −17=8 M < 36MPl M < 8.5MPl ∼Oð1Þ × 105 4 54–86 1=ð4 ffiffiffi

2
p Þ

Hilltop (p ¼ 6) 5=2 −155=24 M < 51MPl M < 8.5MPl ∼Oð1Þ × 106 5 53–71 1=ð6 ffiffiffi
2

p Þ
Hilltop (p ¼ 8) 7=2 −105=8 M < 67MPl M < 9.3MPl ∼2 × 106 5 52–67 1=ð8 ffiffiffi

2
p Þ

aThe bound on r in the monodromy model implies M ≲MPl and N� ≳ 71. This corresponds to a rather large spectral index
ns ≈ 0.979, which is disfavored by Planck, but still within the error bars of the combined data with ACT [8].
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and among those that best fit current CMB data [7,16,18].
Interestingly, the latest Planck data [6,7] favors concave
potentials, V 00ðϕ�Þ < 0, which indicates a constant plateau
or power-law potential, Vðϕ ∼ ϕ�Þ ∼ ϕα with α≲ 1. This
implies that attractive self-interactions, as described in
Sec. II A, are present in the potential and inflation may
naturally be followed by a phase of oscillon domination
[24]. Here, ϕ� denotes the value of the inflaton field around
the time when CMB scales k� ∼ 10−3 Mpc−1 exit the
Hubble horizon.
The first family of models we consider is a hyperbolic

tangent potential of the form,

VðϕÞ ¼ m2M2

2
tanh2n

��jϕj
M

�
1=n
�
; ð6Þ

which asymptotes to a plateau at large field values,
Vðϕ ≫ MÞ ≈m2M2=2, for n > 0. This potential belongs
to the α-attractor T models [63,64], motivated by (super)
conformal field theory and supergravity considerations.
The parameter M is related to the original α parameter
via M ¼ ffiffiffiffiffiffi

6α
p

MPl.
Near the minimum, the nonlinear part of the potential

Eq. (6) behaves like VnlðϕÞ ∼ jϕj2þ2=n, indicating a more
complex structure in the general case than captured by
Eq. (2). We find that for n ¼ 1, the self-interaction is
quartic with cg ¼ 0 and cλ ¼ 1=3. In the case n ¼ 2, the
attractive self-interaction term is jϕj3 with cg ¼ −2=3, and
cλ ¼ −3=5. Note that due to the absolute value of ϕ in
Eq. (6) the lowest order is cubic even though VðϕÞ is
symmetric, and cg < 0.
The second class of potentials is given by

VðϕÞ ¼ m2M2

q

��
1þ

�
ϕ

M

�
2
�

q=2
− 1

�
; ð7Þ

which is a generalization of the so-called axion mono-
dromy models [65–67]. For positive values q > 0, the
potential (7) has a power-law form at large field values,
Vðϕ ≫ MÞ ∼ ϕq, while for negative q < 0 it asymptotes to
a constant ∼m2M2=q. Near the minimum, the potential can
be expanded as in Eq. (2) with cg ¼ 0 and cλ ¼ ð2 − qÞ=8.
Intriguingly, the condition q < 2, necessary to allow for
the formation of oscillons, is imposed on the model by
observational data [7].
The last class we consider belongs to the so-called

hilltop (squared) models of inflation, and the potential is
of the form,

VðϕÞ ¼ m2M2

2p2

�
1 −

�
ϕ

M

�
p
�

2

; ð8Þ

which features a plateau (the “hilltop”) near the origin, and
a quadratic minimum around ϕ0 ¼ M. Such models are
theoretically attractive, as they appear commonly in particle
physics models that involve a phase transition and (sponta-
neous) symmetry breaking [4,5,68]. In Eq. (8), p is a
positive integer, and constraints from Planck and recent
ACT data favor p ≥ 4 [7,69]. Expanding the potential in
powers of ϕ̃ ¼ ðϕ −MÞ ≪ 1, we find cg ¼ ðp − 1Þ=2
and cλ ¼ ð−11þ 18p − 7p2Þ=24.
The potentials in Eqs. (6) and (7) belong to the class of

large-field models, where inflation happens at large field
values ϕ > M in a plateau or power-law regime of the
potential, whereas Eq. (8) represents a small field model,
where inflation takes place with the field near the origin
with ϕ < M. In Fig. 1 we illustrate some examples for
potentials of the different classes Eqs. (6) to (8), and in
Table I we list some representatives of each model for
which numerical results for oscillon lifetimes are available.
Let us note that oscillons may also form in asymmetric

potentials like the α-attractor E models [45,70]. This class

FIG. 1. Some representative examples of the potentials (6) to (8) for different values of n, q, and p, respectively. The dashed line marks
the quadratic minimum in the two cases. For a few examples, we also mark the field values ϕ� and ϕe, corresponding to scales that exit
the horizon N� e-folds before the end of inflation (at ϕe), with circles and stars, respectively. In order to fix ϕ� and ϕe for illustration
purposes, we chose M ¼ 0.1MPl for the T model (n ¼ 1), and M ¼ 2MPl for the plateau (q ¼ −1) and p ¼ 6 cases.
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of potentials includes the Starobinsky Rþ R2 model [1] as
a special case (for α ¼ 1) [64]. Interestingly, as discussed
above, for efficient oscillon production a sufficiently large
self-interaction is necessary, which implies α ≪ 1, such
that in the Starobinsky model itself no significant oscillon
formation is expected [70,71].
The latest CMB data [6–9] provides constraints on

the model parameters, in particular on the scale M. The
procedure of relating parameters in the potential to CMB
observables is illustrated in Appendix A. In all models
we find that the current Planck constraint, r≲ 0.056 [6],
corresponds to an upper bound on M that lies above the
Planck scale, see Table I. Future CMB experiments like
LiteBIRD or the Simons Observatory are expected to reach
sensitivities of r ∼Oð10−3Þ [72,73], which could push the
bound onM to OðMPlÞ. This means that a nondetection by
these experiments, placing an upper bound r < Oð10−3Þ,
would increasingly favor the parameter space where oscil-
lon formation is generically expected. This demonstrates
that with growing experimental sensitivity, the nontrivial
dynamics during reheating, involving e.g. an oscillon-
dominated epoch, have to be accounted for when assessing
the physical viability of inflationary models.

III. PERTURBATIONS IN THE OSCILLON-
DOMINATED UNIVERSE

Let us now discuss the evolution of scalar perturbations
after oscillons have formed. We provide some more details
on the calculations in Appendix B.
In numerical simulations it is found that oscillons can

come to dominate the Universe soon after their formation.
Generically, once the scalar condensate fragments, over
≳50% of the initial energy of the condensate is converted
into oscillons, with the remaining energy density in scalar
radiation [22–24]. As oscillons behave like nonrelativistic
matter, the subsequent expansion of the Universe makes
them completely dominant. For example, in the α-attractor
T model oscillons have been shown to become dominant
within one e-fold after formation and lead to a matter-
dominated phase, which can last several e-folds [44–46].
For our analytical estimates, we assume that oscillon

formation happens almost instantaneously at the time tf
when inflation ends,1 as determined by the condition on the
slow-roll parameter ϵV ≃ 1 given in Eq. (A2). After they
have formed, the population of oscillons can be treated as a
dustlike perfect fluid with characteristic density fluctua-
tions due to their discrete nature. Assuming the formation

process in real space can be considered as a set of
uncorrelated localized events, the initial power spectrum
of number density fluctuations is given by a Poisson distri-
bution. The assumption of an initially Poissonian spectrum
is directly supported by lattice simulations [61]. These
simulations show that the specific oscillon formation
sites are spatially uncorrelated, resulting in a characteristic
white-noise spectrum. The physical mechanism behind this
is that fragmentation is driven by the local, self-resonant
amplification of random vacuum fluctuations. At late times,
gravitational interactions between these localized individ-
ual objects lead to clustering and modify the power spec-
trum on small scales. We account for this gravitational
growth of density fluctuations in our analysis of cosmo-
logical perturbations as described in Appendix B. On scales
much larger than the mean separation of individual oscil-
lons, the local average density is additionally modulated by
the nearly scale-invariant primordial fluctuations, reflecting
the long-range correlations of the condensate. However,
because the induced GW signal wewill discuss in Sec. IV is
entirely dominated by the small-scale Poisson fluctuations
of the oscillon gas, we can safely neglect the large-scale tail
of the power spectrum.
For the density contrast δosc ¼ δρosc=ρosc (where ρosc and

δρosc are the energy density in oscillons and its perturba-
tion, respectively), the power spectrum2 is given by [74]

Pδosc;f ðkÞ ¼
2

3π

�
k
kosc

�
3

; ð10Þ

which is valid on scales k ≤ kosc and at the formation time
denoted by the subscript “f.” Here, k denotes the wave
number of a given Fourier mode, and the scale kosc
corresponds to the comoving mean separation of individual
oscillons. On smaller scales, k > kosc, the effective fluid
description breaks down. Note that many oscillons form
in each Hubble patch, such that kosc > kf with the scale
kf ¼ afHf corresponding to the horizon size at formation.3

Here, a denotes the scale factor of the Universe, and H is
the Hubble parameter.
Once oscillons become dominant, the total energy

density fluctuation is dominated by the density fluctuations
in the oscillon fluid. Then, the Poisson equation for the
gravitational potential Φ on subhorizon scales (k ≫ aH)
reads

1In practice it takes a few oscillation periods for the condensate
to fragment and form oscillons. However, because the oscillation
frequency of the condensate, ω ∼OðmÞ, is much larger than the
Hubble rate at the end of inflation, He ∼mM=MPl, given that
M ≪ MPl, oscillon formation typically completes within less
than one e-fold after inflation has ended [23,45,61], validating
our assumption He ≃Hf .

2The dimensionless power spectrum of a field X is defined by

PXðkÞδDðkþ k0Þ ¼ k3

2π2
hXkXk0 i: ð9Þ

3Note that this is opposite to the case of PBHs, where only in a
few Hubble patches a single PBH is formed and thus kPBH < kf
for the comoving mean PBH separation kPBH.
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Φ ≃
3

2

�
aH
k

�
2

δosc: ð11Þ

During matter domination Φ becomes constant, while
the density contrast grows linearly with the scale factor,
δosc ∝ a [75]. Let us emphasize here that the oscillon
number density fluctuations correspond to isocurvature
perturbations, meaning that initially the curvature pertur-
bation is zero. However, numerically one can check that a
curvature perturbation is quickly generated on super- and
subhorizon scales for isocurvature initial conditions when
β ≔ ρosc;f=ρf ≳ 1=2, see Fig. 4 in Appendix B.
Deep in the matter dominated phase, the constant plateau

value ΦMD ≡Φða ≫ afÞ is determined by the initial
amplitude of the isocurvature perturbation Sf , as well as
the initial energy fraction β. As explained in Appendix B,
we find a numerical fit for ΦMD by evolving the coupled
equations Eqs. (B6) and (B7) for Φ and S deep into the
matter-dominated phase. We obtain

ΦMD ≈ Sf ×

�
5ð4 − βÞ
4ð1 − βÞ þ

1

SðβÞ
�
k
kf

�
2
�

−1
: ð12Þ

In the k ≫ kf regime ΦMD scales as k−2, cf. Eq. (B11),
which follows directly from the Poisson equation (11). In
the superhorizon regime (k ≪ kf ) the scale-dependence
vanishes, see Eq. (B10). The suppression factor SðβÞ
quantifies the efficiency of the conversion of isocurvature
to curvature on subhorizon scales in dependence of the
initial energy fraction of the matter component β. For
1=2≲ β < 1 it is of order SðβÞ ∼Oð10−1 − 10−2Þ, and
we provide a numerical fit in Eq. (B12). The initial
amplitude of the isocurvature is proportional to the oscillon
number density fluctuations, Sf ∝ δosc, and given explicitly
in Eq. (B5).
Let us focus on the regime where k ∼ kosc > kf , which

gives the largest contribution to the induced GWs.
Combining Eqs. (10), (12), and (B5) we then find the
power spectrum of the curvature perturbation in the matter-
dominated epoch as

PΦMD
ðk ≫ kfÞ ≈ CðβÞ 2

3π

�
kf
kosc

�
4
�

k
kosc

�
−1
: ð13Þ

The β-dependent prefactor is defined in Eq. (B13) and is of
order CðβÞ ∼Oð10−1Þ for our values of interest.
Let us mention that the (nearly) scale-invariant curvature

perturbation generated during inflation could be accounted
for by adding a constant term ∼As to Eq. (13). This term
could become relevant on very large scales, k ≪ kf . The
enhanced generation of induced GWs from such a flat
spectrum in a similar setup has been studied in [49].
We can relate the relevant scales in the system to each

other to find

kosc
kf

¼
�
4πβ

MPl

mosc

MPl

Hf

�
1=3

; ð14Þ

and

kf
krh

≈
ffiffiffi
β

p �
1þ 3

2
toscHf

�
1=3

; ð15Þ

where in the second equality we assumed β > 1=2 and
approximated the background evolution to be that of a purely
matter-dominated universe throughout, i.e., aMD ∝ t2=3.
tosc ¼ τoscm−1 denotes the lifetime of the oscillons, and
krh is the scale corresponding to the horizon size at the time
of reheating, i.e., when the oscillons decay into radiation.
Equation (15) also provides an expression for the number

of e-folds from oscillon formation to decay, namely,

Nosc ¼ 2 ln

�
kf
krh

�
− lnðβÞ

≈
2

3
ln

�
1þ 3

2
toscHf

�
: ð16Þ

Inserting some typical numbers, as those provided in
Table I, we find that oscillons can persist for up to
Oð10Þ e-folds, depending on the values of the lifetime
tosc andM=MPl. Let us note here that during such a matter-
dominated phase density perturbations grow and can
become nonlinear, invalidating the use of linear cosmo-
logical perturbation theory. We provide an estimate of the
scale knl, beyond which nonlinearities become relevant
during the oscillon lifetime, in Appendix C.
Using Eq. (16) we can also illustrate the timescale

on which the oscillon decay takes place. For example,
in the hilltop model the decay happens on a timescale
Δτdecm ∼ 103, compared to a total lifetime of τoscm ∼ 106

for M ∼ 10−2MPl [62]. Using these values, the number
of e-folds from oscillon formation to decay is
around Nosc ∼ 5, while the final decay happens within
ΔNdec ∼ 10−3 e-folds, which shows that the approximation
of instantaneous decay is well justified.
Finally, the temperature of the radiation bath after

oscillon decay (i.e., the reheating temperature)4 is given by

Trh ≃

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
90

g�ðTrhÞπ2
s

β−5=2HfMPl

1þ 3
2
Hftosc

!
1=2

; ð17Þ

where g�ðTÞ denotes the number of relativistic degrees of
freedom at a given temperature T.

4Note that oscillons decay into scalar radiation, so we require a
(weak) coupling of the inflaton to SM fields to allow the scalar
radiation to decay into the SM radiation bath later.
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IV. GRAVITATIONAL WAVES INDUCED BY
OSCILLON DECAY

Large scalar density perturbations, such as the ones
associated with the oscillon number density perturbations
described above, can induce tensor perturbations, i.e.,
gravitational waves, at second order in cosmological
perturbation theory [76–80], see [81] for a recent review.
The sudden transition from oscillon (i.e., matter) domina-
tion to radiation domination leads to an enhanced produc-
tion of induced gravitational waves via the so-called
“poltergeist” mechanism [48,82]. Physically, this can be
understood as a consequence of the fact that during matter
domination the sound speed of perturbations vanishes,
cs ≃ 0, while at the same time density perturbations grow
linearly with the scale factor. After the sudden transition,
the overdensities are converted into large perturbations in
the radiation fluid, which start propagating with c2s ¼ 1=3,
leading to large anisotropies and velocity flows, which
backreact onto the metric to produce a loud GW signal.5

A very similar situation appears in the PBH reheating
scenario, where ultralight PBHs temporarily dominate
the early Universe before evaporating and reheating the
Universe via their Hawking radiation.6 The enhanced
induced GWs in this scenario have been first studied in
[74,84,86,87] and in the following we adopt the notation
and formalism developed in [84,85]. We provide some
more details on the calculation in Appendix D.
The dominant resonant contribution to the GW spectrum

is obtained as

ΩGW;resðkÞ ≈Ωpeak
GW;res

�
k
kosc

�
5

ΘuvðkÞ; ð18Þ

where the peak amplitude is given by

Ωpeak
GW;res ¼

CðβÞ2
3456π

csð1 − c2sÞ2
�
kf
krh

�
7
�

kf
kosc

�
: ð19Þ

The function ΘuvðkÞ, defined in Eq. (D4), acts as a smooth
cutoff for frequencies above the UV scale kosc. Using the
relations Eqs. (14) and (15) we can rewrite the peak
amplitude of the GW spectrum as

Ωpeak
GW;res ¼

CðβÞ2β19=6
3456π

csð1 − c2sÞ2
�
1þ 3

2
toscHf

�
7=3

×

�
1

4π

mosc

MPl

Hf

MPl

�
1=3

; ð20Þ

in terms of the oscillon mass, lifetime, and time of
formation. In principle, these values are fixed for a given
inflationary model and thus one can use this GW spectrum
to directly probe the parameters of the inflaton potential.
Inserting the expression Eq. (4) for mosc and those for Hf
and tosc given in Table I, the dependence on m cancels out
and the amplitude of the spectrum is solely determined by
the scale M and the initial energy fraction β.
The low-frequency tail at k ≪ kosc scales linearly with k

and is given by

ΩGW;IRðkÞ ≈
c4sCðβÞ2
324π2

�
kf
kosc

�
8
�
kosc
krh

�
6 k
kosc

: ð21Þ

Using that the GW energy density redshifts as that of
radiation one can directly relate the GW spectral density in
the radiation epoch to the spectral energy density today, as
explicitly given in Eq. (D6).
The peak frequency fpeak ¼ kosc=ð2πÞ of the spectrum

today is given by

fpeak ¼
g�ðTrhÞ1=4

27=1251=4
ffiffiffi
3

p
π1=6

�
g�;sðT0Þ
g�;sðTrhÞ

�
1=3

T0

×

�
HfMPlβ

−5=2

m2
osc

�
1þ 3

2
toscHf

��1=6

; ð22Þ

where we used the relations Eqs. (14), (15), and (17). To
redshift the frequency to today we used entropy conserva-
tion, aTg�;sðTÞ1=3 ¼ const:, with the number of entropic
degrees of freedom g�;sðTÞ [75].
We plot the present day GW spectrum for some sample

values of M and different potentials in Fig. 2. See how for
larger values of M the peak amplitude increases, in some
cases breaking the bound from big bang nucleosynthesis
(BBN) (as discussed below). Inserting some benchmark
values into Eq. (22), we find that the peak frequency today
is of the order fpeak ≳Oð107Þ Hz, and could thus be a
target for future high frequency GW detectors such as

5Let us note here that in some models, oscillons decay into
scalar particles with momenta comparable to the rest massm [83].
Such quasirelativistic particles would give rise to a fluid with a
softer equation of state, 0 < w < 1=3. However, extending the
formalism to this case would require a dedicated reanalysis of the
induced GW kernel I2, which enters the tensor power spectrum
through Eq. (D2), for the Poltergeist mechanism with the
curvature transfer function for a generic perfect fluid background,
which is beyond the scope of the present paper. As a rough order-
of-magnitude estimate, we note that the cs-dependent prefactor
of Eq. (20) changes by ≲12% when varying w between
0.1≲ w≲ 1=3, indicating that the mechanism is robust against
small deviations of w from the exact radiation case w ¼ 1=3.

6A crucial difference between the oscillon and PBH scenarios
is that the initial energy density fraction of oscillons at formation
is Ωosc;f ∼Oð1Þ, compared to the PBH case where the initial frac-
tion is constrained to be ΩPBH;f ≪ 1 from induced GW over-
production [74,84,85]. A further difference lies in the details of
the decay mechanism, which in the case of PBHs proceeds through
the (almost) thermal emission of Hawking radiation. Oscillons on
the other hand spend most of their lifetime in a quasistable attractor
configuration, oscillating at a frequency ω2 < m2. Once ω
increases above a critical value ωcrit, this configuration ceases
to be a solution to the nonlinear equations of motion and the
oscillon becomes unstable and rapidly dissipates [32].
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resonant cavities, repurposed axion experiments using the
inverse Gertsenshtein effect, or next-generation laser inter-
ferometers [88–92]. Interestingly, the enhanced induced
GWs associated with the adiabatic, (nearly) scale-invariant
spectrum of perturbations from inflation peak at slightly
lower frequencies around∼kf and could therefore serve as a
complementary probe [49,85]. Note also how the peak
frequency shifts toward higher values upon decreasing M.
Unfortunately, this indicates that in large regions of the
parameter space compatible with BBN the peak frequency
falls above OðGHzÞ, making a direct detection extremely
challenging. Let us mention here also that the sensitivity
curve estimated in [88] might be regarded as very opti-
mistic, and the sensitivity of resonant cavities to stochastic
GW backgrounds (as compared to coherent, monochro-
matic signals) might be significantly reduced [90,93].

V. INDUCED GW CONSTRAINTS ON THE
INFLATON POTENTIAL

Even without immediate prospects for direct observa-
tion, we can use the constraint on the number of effective
relativistic degrees of freedom, ΔNeff < 0.30 [6], derived
from the CMB and BBN, to place bounds on the inflaton
model parameters. In terms of the energy density of
gravitational waves, the BBN bound can be written as [94]

A ×Ωpeak
GW;res ≲ 0.068; ð23Þ

where

A ¼
Z

kosc

0

d ln k

�
k
kosc

�
5

ΘuvðkÞ ≈ 0.23: ð24Þ

Using the expression Eq. (20), this bound can be used to
place constraints on the model parameters, such as the
inflaton mass m and the self-interactions g and λ.
The resulting parameter space in the ðm; gÞ and ðm; λÞ

planes is displayed in Fig. 3. The lower bound on λ in
Fig. 3(b) [corresponding to the upper bound on m in
Fig. 3(a)] reflects the bound onM stemming from the CMB
constraint on r listed in Table I for some of the models. The
lines converge aroundm ∼ 6 × 10−6MPl, as in this regime it
is M > MPl and the region of the potential probed by the
CMB approaches the same quadratic minimum indepen-
dent of M for all models. The boundary of the excluded
region at lower λ (higher m) marks the limit M > 0.05MPl
below which oscillon formation becomes efficient [24] and
the BBN constraint from GW overproduction becomes
relevant. Finally, the boundary at larger λ (lowerm) reflects
the bound set by Eq. (23).
In Fig. 5 we illustrate how the boundaries of the excluded

region shift upon varying our benchmark values for the
upper bound on M for oscillon formation, the oscillon
lifetime τosc, and their initial abundance β (which are all
model-dependent quantities). Also the coefficient αm,
which is related to the oscillon mass via Eq. (4), enters
the GWamplitude and introduces anOð1Þ uncertainty. The
resulting overall error bars emphasize the need for dedi-
cated lattice simulations to measure the model parameters
more precisely.
Observe how GWoverproduction strongly constrains the

viable parameter range for the combination of m and λ, in
particular. Importantly, for the monodromy potential of the
form Eq. (7) with q≳ −5 (including the logarithmic,
plateau, and axion monodromy models) we find that a
significant region of parameter space where λ < 1 is ruled
out. Taking into account also the projected constraints from
next-generation CMB experiments, we find that these
models will be confined to the strong-coupling regime at
λ > 1. Consequently, if one demands λ≲ 1 in order to have
a controlled, perturbative model, this class of potentials
would then come into conflict with observations. If one
allows large λ ≫ 1, the models may still be physically
viable, but in this case strong quantum backreaction
becomes important and needs to be taken into account
when simulating the reheating phase after inflation.
Allowing also larger negative values q≲ −5, allowed
regions with λ < 1 open up again.
Note also how the constraint in the ðm; gÞ plane is

weaker than the one on ðm; λÞ, which follows from the
relations Eq. (3). Recalling from the expression Eq. (20)
that the BBN bound can be recast as a bound on M, the
weaker dependence g ∝ M−1 compared to λ ∝ M−2 trans-
lates to a softer constraint. In either case, our results
demonstrate that induced GWs from oscillons provide a
novel tool to probe and constrain inflationary models in a
regime that is inaccessible by CMB observations alone.

FIG. 2. Present day spectral energy density of gravitational
waves ΩGW;0ðfÞ induced after oscillon decay for some repre-
sentative models. We fixed β ¼ 0.8 and two illustrative values of
M shown with solid and dashed curves, respectively. The hori-
zontal red dashed line marks the (integrated) BBN bound on
ΔNeff , and the light gray curve indicates the projected sensitivity
of resonant cavities [88]. As a reference, the reheating temper-
atures corresponding to the displayed models all lie in the
range 9 × 1010 ≲ Trh½GeV�≲ 1 × 1013.
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On the one hand, our calculation may overestimate the
induced GWs, as we are assuming an exactly monochro-
matic mass function and an instantaneous final decay.
Although these assumptions are supported by results of
simulations, the oscillons may form with some initial mass
distribution, before they settle into the attractor solution at a
fixed frequency, and in reality the decay takes a finite
amount of time to complete. These effects may lead to a
suppression of the induced GWs, as the decay will not
happen exactly simultaneously everywhere and thus the
transition from matter to radiation domination will be
softened, see, e.g., [95–97] for studies investigating the
effects of a gradual transition.
On the other hand, our constraints can be viewed as

conservative, because we have not taken into account the
enhanced GWs produced from the scale-invariant curvature
power spectrum [49,85,86], the ones induced during the
matter dominated phase [74], or the GWs from preheating
and oscillon formation [37–41], which would all contribute
to Neff at BBN. Taking these into account as well would
tighten the bounds we derived. Furthermore, in several of
the models under consideration the oscillon lifetime is only
bounded from below, meaning that the bounds will actually
be stronger if the lifetime is significantly longer than the
benchmarks in Table I we have assumed.
Finally, we have cut off the density contrast power

spectrum Eq. (10) at the scale kosc, and in some cases the
density contrast δosc at the smallest scales near the peak
at kosc may become nonlinear before the oscillons decay,

as discussed in Appendix C. However, GW production will
likely continue in the nonlinear regime and thus further
contribute to Neff , see, e.g., [98,99].

VI. SUMMARY AND CONCLUSIONS

In this paper we have studied the induced GW spectrum
generated due to the rapid decay of oscillons after they have
dominated the postinflationary Universe for several e-folds
in an early matter-dominated phase. We have first discussed
several general properties of oscillons and discussed three
classes of potentials that sustain their production in Sec. II.
Table I summarizes key quantities for the models under
consideration. In Sec. III we discussed the spectrum of
isocurvature perturbations that arise due to the Poisson
noise associated with the discrete nature of the oscillons.
The key result of this part is the analytical expression for
the transfer function of the isocurvature induced curvature
perturbation ΦMD in Eq. (12). Section IV is devoted to the
discussion of the induced GW spectrum. We presented an
analytical expression for the resonant contribution to the
spectrum in Eq. (18) and expressed the peak amplitude
in terms of the oscillon parameters in Eq. (20). The spec-
trum today peaks at ultrahigh frequencies at or above
Oð107Þ Hz, making a direct detection challenging even for
future experiments. Importantly however, we found that the
peak amplitude can surpass the BBN bound, yielding a
novel way to constrain parameters of the inflaton potential
in previously unexplored regions of parameter space. The
resulting parameter space showing the allowed and ruled

FIG. 3. Here we show the allowed and excluded parameter space in the ðm; λÞ plane for the symmetric potentials Eqs. (6) and (7)
(α-attractor T model and generalized monodromy), and in the ðm; gÞ plane for the asymmetric hilltop potential Eq. (8). Each line marks
one specific model. The green shaded area is allowed parameter space, the red shaded region is ruled out by induced GWoverproduction
violating the BBN bound. The gray shaded area shows the forecasted constraint from next generation CMB missions (r < 10−3) and the
hatched area marks the strong-coupling region where λ > 1 and quantum backreaction has to be taken into account. We assume that
oscillon formation becomes efficient at M ≲ 0.05MPl [24]. We fixed β ¼ 0.8 in all cases, and for the generalized monodromy model
with q ¼ 5, 10 we conservatively assumed the same lifetime as for q ¼ 0. Varying these benchmark values shifts the boundary of the
region ruled out by the BBN constraint, as we illustrate in Fig. 5. For the α-attractor T model we explicitly vary N� to show the range of
variation within the observational error bars, and analogous uncertainties are present for all models. To avoid further clutter in the plot,
for the other models we fix the central value from Planck for ns [and thus N� via Eq. (A8)] and focus on the variation with the model
parameters q and p. The ACT-preferred higher value for ns [8] would mainly yield a shift toward larger values ofN�, with effects similar
to what is illustrated for the α-attractor model.
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out regions is displayed in Fig. 3. Our work demonstrates
how novel constraints on inflationary models can be derived
by using already existing data and accounting for the non-
trivial dynamics during postinflationary reheating.
As pointed out at the end of Sec. V, our analysis could be

extended by including other sources of GWs as well, which
will also contribute to Neff and thus tighten the constraints
we have derived. The understanding of the nonlinear
regime at the smallest scales is another important direction
for future work, which will most likely require numerical
simulations. Another relevant aspect to investigate in order
to derive accurate constraints is the dependence of our
constraints on experimental uncertainties, particularly
given the new results of ACT, although we do not expect
our main conclusions to be affected. Key questions that
need to be addressed with lattice simulations regard the
precise details of oscillon formation, lifetime, and decay.
In particular, the upper bound on M ≪ MPl, below which
oscillon formation becomes efficient and which sets the
boundary of the region ruled out by BBN, needs to be
determined more precisely. Also the oscillon lifetime, for
which in some models only lower bounds are available,
needs to be measured in dedicated simulations. This is true
also for the exact mass of individual oscillons, as well as the
initial distribution of oscillon masses and the details of the
final decay. We hope our results provide an incentive for
these questions to be answered in future work.
Let us conclude by emphasizing that, given the precision

of current and future CMB and GW data, a detailed
understanding of the postinflationary reheating dynamics
is becoming a crucial aspect in determining details of the
inflationary potential and constraining the microphysics
that set the initial conditions for the hot big bang.
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APPENDIX A: RELATING POTENTIAL
PARAMETERS TO CMB OBSERVABLES

To illustrate the procedure of relating parameters of the
inflationary potential to CMB observables, we will discuss
the α-attractor T model, Eq. (6) with n ¼ 1, in more detail.
This potential has the advantage that analytical relations for
all model parameters are available, while for other poten-
tials some of these have to be obtained numerically.

Within the slow-roll approximation we can find relations
between the model parameters m and M, and the observ-
ables As, ns, and r. The Friedmann and Klein-Gordon
equations read

3H2M2
Pl ≈ VðϕÞ; 3Hϕ̇þ VϕðϕÞ ≈ 0; ðA1Þ

where the dot denotes a derivative with respect to cosmic
time, ˙¼ d=dt, and Vϕ ≡ dV=dϕ.
As usual, we define the end of inflation as the moment

when the slow-roll condition is violated [75]. In the
slow-roll approximation, this corresponds to the potential
slow-roll parameter ϵV becoming order unity, i.e.,

ϵVðϕeÞ ¼
M2

Pl

2

�
VϕðϕÞ
VðϕÞ

�
2
����
ϕe

≃ 1: ðA2Þ

Solving the above equation for the value of the field at the
end of inflation, ϕe, we find

ϕe ¼
M
2
arcsinh

�
2
ffiffiffi
2

p MPl

M

�
; ðA3Þ

and with this we obtain the Hubble parameter at the end of
inflation

He ≃

ffiffiffiffiffiffiffiffiffiffiffiffi
VðϕeÞ
3M2

Pl

s
≈

mMffiffiffi
6

p
MPl

; ðA4Þ

where the first equality is for a general slow-roll potential,
and the second equality is for the α-attractor model for
which we took M ≪ MPl, as required for oscillon for-
mation. We assume that oscillons form around the time
when inflation ends and the inflaton starts oscillating at the
bottom of the potential, Hf ≈He.
For the number of e-folds we find

N� ¼
Z

te

t�
Hdt ≈

Z
ϕ�

ϕe

dϕ
1ffiffiffiffiffiffiffiffi

2ϵV
p

MPl

≈
M2

4M2
Pl

sinh2
�
ϕ�
M

�
for α-attractor; ðA5Þ

where ϕ� is the value of the field when CMB scales exit the
horizon. The second line demonstrates a characteristic
feature of the α-attractor T-model, namely that it allows
for the analytical inversion of it to obtain an expression
ϕ�ðN�Þ. Typically, such a relation has to be obtained
numerically.
For the amplitude of the scalar power spectrum at the

CMB pivot scale k� we obtain
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As ¼
1

8π2ϵVðϕ�Þ
H2�
M2

Pl

≈
N2�m2

6π2M2
Pl

for α-attractor; ðA6Þ

which is to be evaluated at the time of horizon crossing. The
tensor-to-scalar ratio is given by

r ¼ 16ϵVðϕ�Þ ¼
2

Asπ
2

H2�
M2

Pl

≈
2M2

N2�M2
Pl

for α-attractor: ðA7Þ

The last important inflationary observable is the scalar
spectral index ns, which can be computed as

ns ¼ 1 − 6ϵVðϕ�Þ þ 2ηVðϕ�Þ

≈ 1 −
2

N�
for α-attractor; ðA8Þ

where the second potential slow-roll parameter ηV is
defined as

ηV ¼ M2
Pl

VϕϕðϕÞ
VðϕÞ : ðA9Þ

A unique feature in the α-attractor model is that both free
parameters m and M can be fixed independently of each
other in terms of the observable parameters As, ns and r.
The relations derived above coincide with the ones given
in [40]. For the logarithmic, axion monodromy and plateau
potentials similar analytical relations can be obtained
under the assumption jϕ�j ≫ jϕej, and are provided in
the appendix of [49].
In the above we focused on the α-attractor model, which

allowed us to compute various quantities analytically. In
the general case, particularly when M ∼MPl, such accu-
rate analytical evaluations are not available for all the
other potentials considered in this paper. Therefore, for the
bounds provided in Table I and the parameter space plots
Figs. 3 and 6, we compute the above relations numerically.
The analytical approximations for M ≪ MPl serve as a
validation of the numerical implementation.
Our general strategy for a precise numerical treatment is

as follows. We first solve Eq. (A2) for ϕeðMÞ and Eq. (A8)
for ϕ�ðMÞ. Then, we insert the obtained numerical function
for ϕ�ðMÞ into the expression Eq. (A6) for As and solve
it for mðMÞ. For ns and As we fix the Planck central values
ns ≈ 0.965 and As ≈ 2.1 × 10−9 [6]. Finally, one can obtain
N�ðMÞ from Eq. (A5) by evaluating the integral and using
the numerical results for ϕeðMÞ and ϕ�ðMÞ.

APPENDIX B: EVOLUTION OF ISOCURVATURE
PERTURBATIONS

To study the evolution of density perturbations and
the generation of secondary gravitational waves we
employ linear cosmological perturbation theory, see, e.g.,
[11,75,100] for more details. We consider a perturbed
Friedmann-Lemaître-Robertson-Walker metric in the con-
formal Newtonian gauge taking the form

ds2 ¼ a2ðτÞ�−ð1 − 2ΦÞdτ2
þ ðð1þ 2ΦÞδij þ hijÞdxidxj

	
; ðB1Þ

where a is the cosmic scale factor in terms of conformal
time τ, Φ denotes the gravitational potential, hij are the
transverse-traceless tensor perturbations, and we neglect
vector perturbations and anisotropic stress. The (back-
ground) energy densities of oscillons (“osc”) and radiation
(“r”) evolve as

ρosc ¼ 3β

�
kf
af

�
2
�
a
af

�
−3
; ðB2aÞ

ρr ¼ 3ð1 − βÞ
�
kf
af

�
2
�
a
af

�
−4
; ðB2bÞ

where β ≔ ρosc;f=ρf is the energy fraction that is converted
into oscillons at the formation time denoted by the subscript
“f,” and kf is the scale that corresponds to the size of the
(comoving) Hubble horizon at formation, kf ¼ afHf . For
convenience, we set MPl ¼ 1 in this Appendix.
The isocurvature (or entropy) perturbation is defined in

terms of the density contrasts of the oscillon and radiation
components as

S ¼ δosc −
3

4
δr; ðB3Þ

where δX ¼ δρX=ρX for X∈ fosc; rg. The condition of
initial isocurvature, Φf ¼ 0, implies

δρosc;f þ δρr;f ¼ 0; ðB4Þ

which follows from the 00-component of the perturbed
Einstein equations, see, e.g., [100] and [101,102]. Then one
obtains for the initial amplitude of the isocurvature per-
turbation

Sf ¼
�
1þ 3

4

β

1 − β

�
δosc;f : ðB5Þ

From the perturbed Einstein equations and energy-
momentum conservation, one can find a closed system
of equations for Φ and S, given by
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Φ00 þ 3Hð1þ c2sÞΦ0 þ ðð1þ 3c2sÞH2 þ 2H0 þ c2sk2ÞΦ

¼ 1

2
a2c2sρoscS; ðB6Þ

and

S00 þ ð1þ ð3c2s − 1ÞÞHS0 −
1

3
k2ð3c2s − 1ÞS ¼ 3

2

c2s
a2ρr

k4Φ;

ðB7Þ

where 0≡ d=dτ, H≡ a0=a denotes the comoving Hubble
parameter, and the speed of sound is defined by

c2s ¼
4

3

ρr
3ρosc þ 4ρr

: ðB8Þ

In the superhorizon limit, k → 0, the system can be solved
analytically in terms of the scale factor χ ≔ a=af, yielding

Φðχ;k≪ kfÞ ¼
4ðβ− 1ÞSf

15ðβ− 4Þβ3χ3


β3ð3χ3 þ χ2 þ 4χ − 8Þ

− 2β2
�
15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðχ − 1Þ þ 1

p
þ 3χ2 þ 14χ − 32

�
þ 8β

�
10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðχ − 1Þ þ 1

p
þ 3χ − 13

�
− 48

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðχ − 1Þ þ 1

p
− 1
��

; ðB9Þ

which grows rapidly from ΦðafÞ ¼ 0 to the plateau value
ΦMD ¼ Φðχ ≫ 1Þ at late times. It is given by

ΦMDðk ≪ kfÞ ¼
4ð1 − βÞ
5ð4 − βÞ Sf ; ðB10Þ

which recovers the well known factor of 1=5 in the limit
β ≪ 1 [101,102]. The isocurvature perturbation remains
constant on superhorizon scales, Sðχ; k ≪ kfÞ ¼ Sf . Using
Eq. (B2) and the Friedmann equations, one can integrate
Eqs. (B6) and (B7) numerically also for small scales. We
set the initial conditions at the formation time ain ¼ af
where ΦðainÞ ¼ 0 and evolve them until some late time
aend ≫ af , when Φ has reached the plateau value ΦMD,
which we can then read out. We illustrate two examples for
the evolution of Φ in Fig. 4.
By scanning over a range of values for ðβ; k=kfÞ and

performing a fit to the obtained numerical data, we find that
ΦMD scales as

ΦMDðk ≫ kfÞ ≈ Sf × SðβÞ
�
k
kf

�
−2
; ðB11Þ

which is expected from the Poisson equation (11). We find
that the suppression factor SðβÞ is well approximated by
the fit

SðβÞ ≈ 1.48ð1 − 0.210βÞ × ð1 − βÞβ2; ðB12Þ

in the regime 1=2≲ β < 1. Equation (B12) vanishes as
β → 1 and recovers the ∝ β2 scaling, which is expected
from known analytical approximations for β≪1 [101,102].
By interpolating between the large- and small-k regimes of
ΦMD, Eqs. (B10) and (B11), respectively, we obtain the
result Eq. (12) quoted in the main text.
The full β dependence of the spectrum of ΦMDðk ≫ kfÞ

is given by the product of Eq. (B12) and the prefactor of
Eq. (B5) and is collected in

CðβÞ ¼ SðβÞ2 ×
�
1þ 3

4

β

1 − β

�
2

: ðB13Þ

APPENDIX C: NONLINEAR SCALES

During the oscillon-dominated period, density perturba-
tions grow with the scale factor as δosc ∝ a, indicating that
for a long enough oscillon lifetime density fluctuations can
become nonlinear and thus violate the validity of linear
perturbation theory. In order to estimate the scale, beyond
which nonlinearities can arise, we define knl such that at the
time of oscillon decay, trh, the density contrast reaches
unity at that scale, δoscðknl; trhÞ ¼ 1 [86]. We can then use
the Poisson equation Eq. (11) evaluated at the reheating
time and at knl to find

ΦMDðknlÞ ¼
3

2

�
krh
knl

�
2

: ðC1Þ

FIG. 4. Evolution of the gravitational potential Φ as a function
of the number of e-folds since the time of oscillon formation,
N − Nf , with isocurvature initial conditions and for initial energy
density fraction β ¼ 0.8. With solid lines we show the result of
numerical integration of Eqs. (B6) and (B7) for two modes that
are initially sub- (k=kf ¼ 103) and superhorizon (k=kf ¼ 10−3).
The initial conditions are set at the time of formation,Φf ¼ 0, and
we fixed Sf ¼ 1 for the plot. The dotted and dashed lines
superimposed on the numerical solution represent the analytical
approximations (B9) and (B11) for the super- and subhorizon
regimes, respectively. See how the potential is quickly generated
on both scales and approaches the plateau value fast.
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Then, we use the relations Eqs. (14) and (15) to express knl
in term of kosc and model parameters. As a rough estimate
for the (generally scale-dependent) initial value of the
isocurvature perturbation Sf we use Eq. (B5) and take
δosc;f ∼ P1=2

δosc;f
from Eq. (10). Inserting typical values for the

models under consideration, one can then numerically
solve for knl=kosc. The results are rather sensitive to the
precise numerical values and we cannot make a general
statement. For the models with the longest oscillon life-
times (e.g., the axion monodromy potential), and for large
values β ∼ 0.9 andM ∼ 10−2MPl, the nonlinear scale can be
as low as knl ∼ 10−2kosc, meaning that in these cases we
are extrapolating linear perturbation theory into the non-
linear regime at the smallest scales ∼kosc. In contrast,
for models that yield shorter lifetimes (like the hilltop
model with p ¼ 4), and for smaller values of β ∼ 0.5 and
M ≲ 10−3MPl, we find knl ≳ kosc, indicating that all scales
that we are considering remain in the linear regime for these
cases.
Let us mention also that, although δosc may become order

unity, the gravitational potential always remains small,
ΦMD ≪ 1, due to the k2 suppression in the Poisson
equation. Therefore, one may argue that the use of linear
perturbation theory to estimate the induced GWs sourced
by Φ is justified, and the possible appearance of non-
linearities in δosc should not affect any of our main
conclusions.

APPENDIX D: SCALAR INDUCED
GRAVITATIONAL WAVES

In the computation of the scalar induced GWs we closely
follow the formalism laid out in [81,84,85] and we refer the
interested reader to these references for more details.

The induced GW spectral energy density is given by the
power spectrum of tensor modes as

ΩGWðkÞ ¼
k2

12H2
Phðk; τÞ; ðD1Þ

which should be evaluated at a time τ > τrh when the
generation is completed and all tensor modes are deep
inside the horizon and behave as free GWs. The (oscil-
lation-averaged) tensor spectrum Phðk; τÞ in turn is com-
puted as a convolution of the tensor modes’ Green’s
function with a source, which contains the quadratic scalar
perturbations (i.e., the gravitational potential Φ computed
in Appendix B). The tensor power spectrum generated in
the radiation era right after oscillon decay can then be
written as [80,84]

Ph;RDðk; τ; x ≫ 1Þ ≈ c4s
2048

x8rh
x̄2

Z
∞

0

dv
Z

1þv

j1−vj
du

×
�
4v2 − ð1þ v2 − u2Þ2�2I2

× ðx̄; u; vÞPΦðukÞPΦðvkÞ; ðD2Þ

where x̄ ¼ x − xrh=2 with x ¼ kτ, xrh ¼ 2k=krh, and
c2s ¼ 1=3 in radiation domination. For the scalar power
spectrum PΦ we substitute Eq. (13) in the GW kernel. It is
well known that there is a resonant production of secondary
GWs when the sum of the two momenta of the scalar
modes matches that of the tensor mode, which happens at
csðuþ vÞ ≃ 1 [81]. For frequencies near this resonance one
can analytically find the dominant contribution to the

kernel I2, which is given explicitly by [84,85]

I2
resðu; vÞ ¼

1

32
Ci
�jð1 − csðuþ vÞÞjxrh=2

�
2: ðD3Þ

Inserting Eq. (D3) into Eq. (D2), one can analytically
evaluate the integrals to obtain the result given in Eq. (18).
The function Θuv, which appears due to momentum

FIG. 5. Here we show the shift of the parameter space
boundaries upon varying the threshold value for efficient oscillon
formation between 0.01 ≤ Mtr½MPl� ≤ 0.1 (gray shaded area,
left), the initial abundance 0.5 ≤ β ≤ 0.9 (blue shaded), and
the oscillon lifetime 107 ≤ τosc ≤ 109 (gray shaded, right). The
benchmark values shown in Fig. 3(b) are marked with dash-
dotted lines. For the sake of clarity of presentation we only
illustrate three example models, but similar ranges of variation
apply for the other models.

FIG. 6. The parameter space for the asymmetric hilltop poten-
tial Eq. (8) in the ðm; λÞ plane with the same specifications as in
Fig. 3. Note that λ is negative and we plot the absolute value.
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conservation and the cutoff we impose on the power
spectrum Eq. (10) at kosc, is given by

ΘuvðkÞ ¼
Z

s0

−s0
ds

ð1 − s2Þ2
ð1 − c2ss2Þ

; ðD4Þ

with s0 as defined in [48,84,85].
The dominant contribution to the low-frequency tail

stems from large momenta u ∼ v ≫ 1 and is given by

I2
IRðu; vÞ ¼

1

8

�
Ciðxrh=2Þ2 þ ðπ=2 − Siðxrh=2ÞÞ2

�
; ðD5Þ

with the sine and cosine integrals Si and Ci, respectively.
Once the tensor modes are deep inside the horizon, they

behave as classical GWs and their energy density redshifts
like that of radiation, ρGW ∝ a−4. We can then directly
relate the GW spectral density in the radiation era (denoted
by RD) to the spectral energy density today as [48]

ΩGW;0ðfÞh2 ≈ 0.387

�
g�ðTRDÞ
106.75

�
−1=3

Ωr;0h2

×ΩGW;RDðfÞ; ðD6Þ

where we used entropy conservation and g�;sðTRDÞ ¼
g�ðTRDÞ. The energy density fraction of radiation today
is approximately Ωr;0h2 ≈ 4.18 × 10−5 [6].
The spectral energy density of a stochastic GW back-

ground is related to the (dimensionless) characteristic strain
hc by [89]

ΩGWðfÞ ¼
4π2

3H2
0

f2h2cðfÞ; ðD7Þ

which we use to transform the sensitivity curve of the
resonant cavity experiment proposed in [88] for Fig. 2.
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