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Resonant locking between binary systems induced by gravitational waves
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The interaction of gravitational waves (GWs) with matter is thought to be typically negligible in the
Universe. We identify an exception in the case of resonant interactions, where GWs emitted by a
background binary system, such as an inspiraling supermassive black hole (SMBH) binary, cause a
resonant response in a stellar-mass foreground binary and the frequencies of the two systems become, and
remain, synchronized. We point out that this previously unexplored dynamical phenomenon is not only
possible, but can lead to O(30) binary systems becoming resonantly locked in the host galaxy of merging

SMBHs of mass 108°~''M, each of which has a significantly reduced merger time. We predict O(10'°)
binary systems have been locked in the Universe’s history. Resonant locking could be detected through

anomalous inspiral of binary systems.

DOI: 10.1103/nzrc-wvvp

I. INTRODUCTION

The interaction of gravitational waves (GWs) with matter
has been of interest since its prediction by Einstein [1]. Bondi
[2,3] showed that GWs carry energy, and some of this energy
can be dissipated in matter that the GWs pass through. Such
dissipation can occur in an expanding Universe [4.,5], a
viscous fluid [6], radiation in the early Universe [7,8],
neutrinos and dark matter [9,10], galaxies and clusters
[11-13], accretion disks [14,15], oscillating stars [15-18],
binary systems [19-29], planets [30-32], spacecraft [33—41],
or crystals in laboratories [42]. Gravitational waves act as
periodic perturbations on astrophysical systems and, while
the associated dissipation is ordinarily negligible away from
resonance [13,19,20], the cumulative effect in resonance can
dramatically enhance the response [17,22,26,27,43,44].

Since it is known that Newtonian resonant perturbations
commonly produce resonantly locked configurations for
multiplanetary systems or moons in mean motion reso-
nance, we are motivated to investigate if a similar capture of
astrophysical systems into resonance is possible at a much
larger distance from the source—even in the wave zone,
defined as the region outside of one reduced GW wave-
length from the GW source. In particular, inspiraling
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supermassive black hole binaries (SMBHBs) are expected
to form in most galaxies following galaxy collisions [45]
whose GWs sweep through periods from thousands of
years to hours, or even minutes, until they merge. Almost
all binaries in the host galaxy will inevitably be in
resonance with these GWs at some point during the
SMBHB inspiral.

In this paper, we investigate the phenomenon of a stellar-
mass astrophysical binary system (“foreground, FG,
binary”) undergoing resonant locking (or frequency syn-
chronization) with the GWs emitted by an inspiraling
SMBHB (“background, BG, binary”). See Fig. 5 in the
Appendix for an illustration of the setup. We adopt
geometrized units: G = ¢ = 1.

II. EQUATION OF MOTION

Table I defines the binary parameters used in this work.
Since the BG binary is much more massive than the FG
binary, we neglect feedback effects. Subscripts “f” and “b”
denote quantities of the FG and BG binaries, respectively.
To leading order in wv¢/c, the equation for geodesic
deviation gives the relative force F' between the two FG
binary components [[46], Eq. (8.43)],

F' . M. o
— = 4 —ri = Ry (1)
P =R J

where dots (') represent time derivatives, commas do not
refer to partial differentiation, and R is the Riemann tensor
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TABLE I. Definitions of binary parameters and variables used
in this paper.

True anomaly.
Mean motion frequency.
Orbital velocity.
Orbital period.
Chirp mass.

Total mass.
Reduced mass.
Symmetric mass ratio.
Separation vector.
Separation vector length.
Semi-major axis.
Eccentricity.
Inclination.
Longitude of the ascending node.
Argument of periapsis.
Longitude of periapsis.
Mean anomaly.
Phase of the GW.
Quadrupole moment.
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due to the BG binary. The lowest-order (quadrupole)
contribution to this force' is [29]

o = Al g (DDA + DIDAY)

1 . , 1 '
+ W I"?DjDk(ZAék _ Aék) + ﬁ I"f,iDthDleAéd,
(2)

where repeated indices are summed over, D' is the
vector pointing to the FG binary from the BG binary,

D = \/D'D;, and
vn 2oy 3 a3 3
AfP = bb+5Qbh+ﬁbe+ﬁbe+ﬁQbh’ (3a)
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III. TOY MODEL

For general D' the problem is analytically intractable. To
illustrate resonant locking, we briefly present a toy model
in the far-wave zone (D > %4, with A being the reduced
wavelength of the BG binary’s GWs), where the force
reduces to [19,20,26,27]

lHigher moments at fixed frequency are suppressed by powers
of v,/c.

Foo. My . 1.
— =P +—ri==h'rl 4
s f rg £ (4)

where h;; = 20; /D is the GW strain of the BG binary. In
the quadrupole approximation, y = 2¢. For simplicity, we
assume both binaries are circular.

IV. EVOLUTION OF THE FG BINARY

The rate of work done due to GW stimulated emission or
absorption is

E byl (5)

In Cartesian coordinates the GW perturbation is [47]

A, cos(yy)  Agsin(yy) O
hij= | Axsin(yp) —Apcos(yy) O], (6)
0 0 0

where A, , are the GW polarization amplitudes. For a
circular BG source [48]

A, = —Ay(1 4 cos? y), A, = =2Aycosy, (7)

where A, = 2./\/(2/ ’ nﬁ/ ?/D and y is the angle between the
BG binary’s orbital axis and D'.

We take D' to be along the positive Z axis, and the FG
binary’s orbit to be in an arbitrary plane

rt = O, () O (1) (ry cos(y), ry sin(¢pg). 0),  (8)

where O, (f3) are rotation matrices about the & axis by an
angle f. Averaging Eq. (5) over one FG orbit and keeping
secular resonant terms yields

Wow
4MYPn P n2A,

— Asin(2¢; — 2¢py, + 9), 9)

where A(1;, wg, ) and 9(i¢, wg, ) are given in Egs. (Al)
and (A2). The energy of the FG binary system is, to leading
order in the center-of-mass frame,

5/3 2/3
1 .Z_Mfﬂf:_Mf/ nf/

Ec = —u: , 10
f 2,Ur rs e 3 ( )
from Kepler’s third law. Thus, E; nlg/ 3 and
1w 3E 3 .
M f*—iEf. (11)

ng EE B M?/3n?/3

Let us decompose E; = Wgw + Lg, where [49]
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3R2M? 32
Ly = _gs—f - _?(nfo)loﬁ (12)
rsNg

is the FG binary’s own GW loss. This gives

M

- 24ATnE/ 3 sin(2¢h; — 2y + 9).

(13)

flf nf

_ 96./\/1?/3 1]/3
5

where the BG binary’s phase evolves as predicted by
general relativity (GR) [50]

-5/3

n 256 5/8

=g [ (15 0)
b

(14)
to leading post-Newtonian order, with ¢}, and ng} being
the initial phases and angular velocities, respectively.

Equations (13) and (14) give a closed description of the
FG binary’s evolution over time.

V. FORCED PENDULUM

Defining the relative phase 6 = 2¢; — 2¢h, + 9, neglect-
ing GW emission from the FG binary (since M; <« My)
and taking i, oy, and y fixed, Eq. (13) reduces to

0= _CA Sln(g) - CF, (15)

where

m M g 0 (16a)
D 9

Calt) = 484 D)

192 48, w3 (t
Cr(1) = —my (M = 75”;2(35 )0, (160)

Equation (15) is coincidentally the equation of motion of
a forced pendulum with amplitude C, and forcing Cg.

A pendulum admits two types of motion: rotation (27
cycles) and libration (oscillations about the stable equilib-
rium). Resonant locking corresponds to libration, where @
remains bounded as n, and n; increase synchronously.

VI. RESONANT LOCKING IN THE TOY MODEL

Locking requires a transition from rotation to libration.
This process is governed by the phase-space structure of the
forced pendulum (Fig. 1). From Eq. (16), C,, Cg, and
Cr/Cp x n, grow with time causing the separatrix to
stretch vertically. Trajectories near it can be captured,
moving the pendulum into libration and hence leading to
locking. The initial phase 6, dictates proximity to the
separatrix at resonance, and a uniform 6, € [0, 2x) yields an
(approximately) uniform distribution between the inner and

x
A

T
L
™

Hsep
1k
Sl 4_\\/
—2m - 0
0
FIG. 1. Phase-space of the forced pendulum [Eq. (15)] with

Cr/Cx = 0.3. Closed librating contours are orange, open rotat-
ing contours are blue, the red separatrix separates these two
regions and the outer separatrices are black. We have normalized

0 to the separatrix height, Hep.

outer separatrices at @ = —z. This is illustrated in two
videos: one showing capture, linked here [51], and one
showing no capture, linked here [52].

Suppose the system enters libration at frequency ny, jock,
and reduced wavelength %, = 1/(2np10c), in the wave
zone. The FG binary will remain in the wave zone provided
D is fixed, and n; will oscillate about n;, provided
Cr < Cy. Since Cp/Cy  ny, libration will inevitably
end when Cg > C,, after which @ < 0 permanently and
the system resumes rotation. Thus, during locking,

C_ 4

_ 2D%]ock nb
Cyn 5A

ny = < 1, (17)

SA Myock -

where Dy = D/%. Since max(A) =1 for (y.x) €0, x),
we require Dy < 5/2. This contradicts the D > % limit,
confirming that a full EoM treatment in the D ~ % regime is
necessary. Nonetheless, this toy model is valuable for
qualitatively illustrating resonant locking.

VII. IMPLICATION: PRODUCING MERGING
SYSTEMS

Resonant locking increases n¢, reducing the FG binary’s
merger time. For the sake of the argument, consider A = 1.
The FG binary’s time to coalescence is [50]

5

-5/3 -8/3
=256Mf5/ n 3, (18)

tmerge,f (nf)

If locking starts at ngy,; and terminates at frequency n..,q
(where Cp = C,), then
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tmerge,f(nstart) _ <nend>8/3 _ <5) 8/3' (19)

[merge,f (nend) Pstart 2D7\
To illustrate how resonant locking can drive binaries toward
merger, consider a system with My = 40M, r; = 0.5 AU,
and Dy = 1, which gives D = 100 AU. During locking,
the orbital period goes from 7.24 to 2.90 days, and the
merger time is brought down from 5.76Ty to 0.507Ty,
where Ty is a Hubble time. Thus, binaries that would not
merge within 7y via GW emission alone can do so after
resonant locking with a faster-inspiralling BG binary. This
may have important implications for GW population-
synthesis models.

We now turn to the full treatment using the general force

in Eq. (2).

VIII. GENERAL EOM

When D ~ %, each term in Eq. (3) contributes approx-
imately equally, so the general expression is required. We
also include the FG binary’s orbit about the BG binary (the
“outer” orbit), giving a total of three intrinsic Euler angle
triplets (Q;,1;, w;) with i € {f,b,outer}. Orbital elements
are allowed to vary self-consistently via the Lagrange plane-
tary equations [LPEs; Eq. (A3) in Appendix and surrounding
text] under the influence of the full perturbing force—Eq. (2).
We focus on low-eccentricity systems (e < 0.1), leaving the
general eccentric case for future work.

This general treatment raises two questions: (1) Is
resonant locking still possible? (2) If so, how does capture
occur?

Figure 2 demonstrates locking is indeed possible for a
noncircular FG binary (initially e; = 0.1 and remains

6.5
6.0 3.24
55 3.29
- 3.20 A
I 5.0
>‘ T T T
3 100 150
£ 454
N
4.0 A
3.5 —— BG Binary
—— FG Binary
3.0

T T T T T
1000 1250 1500 1750 2000
Time (yr)

T T T
0 250 500 750

FIG. 2. 'We numerically integrate Eq. (A3) with the general force
[Eq. (2)] using initial conditions M, = 8.71 x 103My, Dy = 1,
€h0 = 0, (/)b,() =0, Tb$0 = Tf.() =2 yrs, ¢f$0 = 0.65x, ero = 0.1,
1t = 0, 154 = 0 and all other orbital elements are initially set to
zero. This gives Ty yer = 22.6 yr. The FG binary’s mean motion n;
remains trapped in resonance until decoupling at Ty ~ 1.11 yr.

approximately constant). Starting at resonance, n; oscillates
slowly about n,, due to secular terms, while faster oscil-
lations arise from nonsecular terms.

In fact, we have found that it is possible for locking to
begin in the near zone and persist as the FG binary moves
into the wave zone. This is shown in Fig. 6 and is discussed
further in the Appendix. However, since our primary
interest lies in GW-induced resonances, we confine our
study to the wave zone and defer an analysis of near-zone
resonances to future work.

We discuss below the conditions needed for generic FG/
BG/outer binary configurations to produce resonant lock-
ing like that shown in Fig. 2.

During locking, the GW must increase the FG binary’s
mean-motion frequency at the same rate that the BG
binary’s frequency changes, i.e. iy > 11p,. If this does not
occur, the GW will outrun the binary and resonance cannot
be sustained. Since the GW interaction strength varies
along the outer orbit, and the BG binary’s inspiral timescale
is much longer than 7', we must outer-orbit average. We
arrive at the condition

_ 3 _ 3 1 T outer
= Mg = 2 / ardr > iy, (20)
2ay 2a; Tower Jo

where a; comes from Eq. (A3a). Since the relative phase
between the FG binary and BG binary controls whether
energy is given or taken from the FG binary, we maximize
ing over the initial relative phase between the FG and BG
binaries. In other words, if, at resonance, there exists an
initial relative phase that satisfies Eq. (20), then locking is
possible.

27
33
29
3 /2
25
2
21 &
Ay T |§
17 %
13 =
/2 9
5
0 1
0 /2 T 3m/2 27
Louter
FIG. 3. Maximum value of 7/, when varying the relative

phase of the FG and BG binaries as a function of the inclinations
1 and 1y, relative to the BG binary for D = A. The hatched
regions represent the parameter space removed due to von Zeipel-
Lidov-Kozai (ZLK) oscillations. The condition for resonance
capture, 7ig/ny, > 1, is satisfied for all ; and 10,
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FIG. 4. Number of locked binary systems as a function of My,
using Eq. (26).

Note that while 7; can fall below 7, during parts of the
outer orbit, the slow drift of the GW frequency ensures the
system remains within the resonance bandwidth over one
outer orbital period and so it is the averaged rate of change
that governs locking. This condition is both sufficient and
necessary for resonant locking, provided the binary has a
suitable initial phase relative to the GW. To verify this
numerically, we randomly sampled system parameters and
found that all cases satisfying 7i1; > 7, indeed achieved
resonant locking, including extremal values where 71¢ /7y, is
close to unity and 7;/7, is much larger than unity.

Our system has 12 initial degrees of freedom (nine Euler
angles and three phases). To identify which are important
for low-eccentricity orbits, it is instructive to consider first
the circular case (¢ = 0), since our results remain essen-
tially unchanged for small e In this limit, only three
nondegenerate parameters affect the evolution: z; and 14y,
relative to the BG binary’s orbital plane, and the relative
phase A¢y = ¢ro — ¢ . Note that we must extend the
domain of inclinations from [0, 7) to [0,2x) in order to
absorb the degeneracies with longitudes Q.. and ;. The
inclinations also obey a (i, loyer) = (277 — 15, 270 — Loyier)
symmetry.

Resonant locking is possible if, for given 7 and 1y,
there exists a A¢h, such that 72z > 71,. This will of course
depend on Djy.

In the toy model discussed above, only a single reso-
nance appeared, at n; = n,. Now that we allow the FG
binary to orbit the BG binary, we get a total of five distinct
resonances at 1 = ny + kngye for ke {-2,-1,0,1,2}.°
These resonances do not overlap and their strengths depend
on the Euler angles. Figure 3 shows the maximum of 7 /i,
across all five resonances, when A is varied, as a function

*We confirm using numerical simulations as in Fig. 2.

3Allowing the FG binary to orbit the BG binary introduces
new terms proportional to cos(2(¢; — ¢y + kpouer)), Where
ke{-2,-1,0,1,2}, when expanding Eq. (2).

of 1,,r and z; for Dy = 1. We find values between 1.7 and
35, implying that locking can occur for any orbital
configuration at this distance. It is around Dy 2 2, however,
that 7i¢ /7, < 1 everywhere (the exact distance depends on
1; and 1,,,—see Appendix Fig. 7).

The remaining challenge is resonance capture: acquiring
the phase needed for locking. In our toy circular-restricted
model [Eq. (15)], a FG binary with a suitable initial relative
phase could lock with the GWs by crossing the separatrix.
In the general treatment, however, variations in the FG
binary’s longitude of periapsis, @ = @ + €, inhibit sepa-
ratrix crossing and thus resonance capture.

We identify two mechanisms that can lead to locking, both
confirmed numerically. One is separatrix crossing with the
additional requirement that the outer orbit’s separation
distance, a,,.;, must be decreasing. Specifically we require
Gouter/ douter = P/ 1. Once captured, locking can persist
even if ag,. stops decreasing. A dynamical process that
could cause such behavior of @, is the “tidal” disruption of
awide triple near the periapsis of its eccentric orbit around the
BG, thus depositing the inner binary of the triple, the FG
binary, on a more tightly bound orbit about the BG binary
than it originally was. We leave this mechanism for
future work.

The second mechanism is getting kicked into resonance
via dynamical scattering encounters—the primary process
we consider next. The nature of these encounters of course
depends on the binary’s astrophysical environment.

IX. POSTMERGER GALAXIES

Since capture is probabilistic, resonant locking is most
effective in dense environments containing many stellar-
mass binary objects (SmBOs) around a strong GW source.
A natural setting is in the bulge of a postgalaxy merger,
where the SMBHB forms our BG binary and the surround-
ing smBOs act as FG binaries (see Appendix for details of
the galaxy/bulge model). As the SMBHB inspirals, it
sweeps through almost all relevant frequencies, giving
each smBO an opportunity to be captured. We model
the kicks from scattering encounters and estimate the
resulting number of resonantly locked systems.

X. KICKED INTO RESONANCE
BY DYNAMICAL ENCOUNTERS

Dynamical encounters, which represent the dominant
noise source in galactic bulges, can knock the FG binary
either info resonance or knock it out of resonance.
Although the aforementioned separatrix approach is not
strictly valid in our full treatment, we will apply it here as it
provides a transparent and intuitive framework for gaining

*This was verified numerically, and is identical to the condition
that the separatrix increases in both height and width in the
D > % regime.
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an order-of-magnitude estimate of this stochastic capture
rate. We note that the resonances in this general treatment
are of similar strength to, and are sometimes stronger than,
the resonance in the toy model and hence our estimate is a
conservative underestimate.

Consider an encounter between the FG binary and a
perturber of mass M,,, impact parameter b, and velocity v,
taken as the bulge velocity dispersion from the Mq\py—0

relation [[53], Eq. (7)],
1/4.38
> . @

There are two regimes to consider: slow encounters,
where (v/b)T; <y, and fast encounters, where
(v/b)T; >y, with y = O(1) (the exact value depends
on one’s definition of “fast” and “slow” and the results
are insensitive to it). During a slow encounter, the binary
rotates rapidly, and the work done by the perturbing star
averages to zero. Such encounters hence cannot push the
binary into/out of resonance. In the fast regime the phase
is effectively frozen during the interaction and the
perturber delivers a net kick, changing the FG binary’s
energy by [[54], Eq. (8.42)]

MSMBH

— 6 =200 km/s [ - SMBH__
vee m/s<3.08><1o81\4O

G*MM,r} _ GMAmimy”

AE
2v%b* Zn?/ 3p2p*

, (22)

where G is the gravitational constant. This can be
negative or positive depending on the phase. These fast
encounters are the ones relevant for kicks into resonance.

Further suppose that the FG binary is not in resonance
during a fast encounter and that 'y, (T, D, t) is the rate of
kicks that are just the right strength to knock the binary
system inside the separatrix. The probability density that
such a kick first occurs at time ¢ follows the exponential
density distribution of a Poisson process

t
Pinto(TﬁDv I, t) = Finto exXp |:_/ Iﬁintodl‘/:| s (23)
4

where ¢, (M,,) marks the time the FG binary first enters the
wave-zone; A(t;) = D. The full expression for I';,, is given
in Eq. (A12).

Resonance must then persist until natural decoupling, i.e.
until 72¢ /71y, drops below unity. We take this to be at D = 2%
(the exact distance depends on z; and 1., and typically lies
between 1.5% and 2.3%). If [, (2, D) is the rate of kicks
large enough to remove the binary from resonance (i.e. a
kick with 2An; > Hg,), the survival probability of a
system that was captured at time ¢ is

153
Paple = exXp |:_/ l—‘outdt/:| > (24)
t

where t, marks the time the FG binary naturally decouples,
defined implicitly through %(#,) = D/2. The full expres-
sion for I'y, is given in Eq. (A14).

Other dynamical processes, such as the ZLK effect
[55,56], can interfere with resonant locking and we must
thus constrain our parameter space. In particular, ZLK is
important for 40° < 1; — 1y ( mod 180°) < 140° [57] as it
induces eccentricity oscillations. We therefore exclude this
inclination range. Note, however, that ZLK oscillations do
not change the FG binary’s orbital frequency and will thus
not necessarily disrupt locking even if oscillations are large
—however, we leave this to future work. Assuming
inclinations are uniform in cos i, this removes 77.5% of
parameter space, so we multiply Pj,eq by 0.225.

Further, recall that in the general treatment, we
found nonoverlapping resonances at n; = ny, + kngye, for
ke{-2,-1,0,1,2}. We show in the Appendix, namely in
Fig. 8, that all five resonances are of similar strength.
Consequently, locking can occur in identical fashion at
each resonance. For concreteness, we also demonstrate that
resonant locking is possible at each resonance in Fig. 9.
Some (in fact, most) regions of (i, lyyer) SpPace are home to
multiple of these resonances [cf. Fig. 8(f)]. On average,
each configuration with iy — 1,,,( mod 180°) < 40°, or 1y —
Touter( MOd 180°) = 140° hosts 2.59 resonances.” We hence
multiply Pjogeq by 2.59.

The probability of being locked is therefore

1
Plocked<Tf’ D) =2.59 x0.225 / ’ PintOPstable dt’ (25)
A

which depends on the FG binary’s initial period and
distance from the SMBHB, the BG binary’s mass, and
the perturber mass, which we take to be the average star
mass (mgy,) = 0.3My [58].

XI. THE NUMBER OF GW LOCKED SYSTEMS

The cumulative number of binaries that lock and remain
locked until natural decoupling during a galaxy merger is

Nlocked o Tmax
— = Piocked(D. 3) fp (D) fr(T)dTdD,
Nyin 0 ST

(26)

where A(T) = ¢T/(4x), fp(D) is the radial distribution,
fr(T) is the period distribution, and Ny, = 0.25N i 1S
the number of binaries in the bulge [59,60] where N, =
Mbulge/<mstar> and Mbulge comes from the Mbulge_MSMBH
relation [Eq. (A7)]. See Appendix for details, including the
integration bounds.

>This is calculated by averaging the number of resonances
shown in Fig. 8(f) across the non-ZLK contaminated parameter
space.

023040-6



RESONANT LOCKING BETWEEN BINARY SYSTEMS INDUCED ...

PHYS. REV. D 113, 023040 (2026)

Figure 4 shows Nj,qeq for varying My. It peaks at M}, ~
10'°M, due to competing effects. At small M,, higher
central densities shorten evaporation times [Eq. (Al5)],
reducing 7,,x and hence bottlenecking N,yeq for My <
1035 M. At larger My, the BG binary’s inspiral accelerates,
so FG binaries spend less time in the 1 <Dy <2 zone,
increasing P At very large My > 10'°M ,, the inspiral
is too rapid for binaries to be knocked into resonance in the
first place, lowering Pj,,. The result is a peak near 10'°M ©
where these effects balance.

XII. DISCUSSION

We find that up to O(30) binaries can become resonantly
locked with a SMBH binary during a high-mass galaxy
merger (Fig. 4). Further, using the Mgygy—Mpy relation
[[53], Eq. (18)] and integrating over the dark matter (DM)
halo mass function [[53], Eq. (10)], we estimate that O(10'°)
binaries have been locked at some point during the cosmic
history of the observable Universe (see Appendix).

A direct signature of locking could be anomalous
inspiral detected either by EM observations of binary
pulsars or GW observations of compact objects. Future
detectors could observe a resonantly locked binary inspiral-
ing more quickly than what is predicted by GR. This would
be a smoking-gun signature of locking.

There are limitations to the work discussed here. We
have only considered perturbations to the binary from
passing stars when there could be other local effects (such
as the presence of planets/gas) that influence the dynamics.
We have not studied binaries with large eccentricities.
However, given that an eccentric orbit may be decomposed
in Fourier modes [23], we would expect similar behavior
except with additional harmonics. The combined effect of a
resonant GW interaction in the presence of ZLK oscilla-
tions with inclinations 40° < ; — 1o,.( mod 180°) < 140°
has been ignored. We ignore near-zone resonant locking.
We wish to explore these directions in future work, as well
as the possibility of entering the resonance via a “tidal”
disruption of a hierarchical triple, on an initially eccentric
outer orbit, as alluded to above.

XIII. CONCLUSION

We have studied a previously unrecognized dynamical
mechanism: the resonant locking of stellar-mass binaries
with gravitational waves generated by supermassive black
hole mergers. We expect this phenomenon to take place in
high mass postmerger galaxies, with billions of BH binaries
being resonantly locked in the Universe’s history.
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APPENDIX

1. Expressions for A and 9
The expressions for A and 9 in Eq. (9) are

\/4 C, +C,)*(1+C,C,)* + S!5% cos(2ay).
(A1)
1 -
9 = x + arctan A= tan(2ay) |, (A2)
1 + )(tlf

respectively, with ¢, = tan(x/2), S, =sin(x) and C, =
cos(x) for xe {y.y}.

2. The lagrange planetary equations

The LPEs are a set of six coupled first-order differential
equations that describe how the six orbital elements (a, e, 1,
u, , and Q) of a binary system evolve in the presence of an
external perturbation ([61] Sec. 1.1), ([62] Sec. 11.9), ([63]
Sec. 12.2)

4a a£
1= A3
““\Vemom (A3a)
1—e? oL 1—e* oL
e =— 762_P+7e_9’ (A3b)
GMae ()a) \/G]l4ae2 GM
ﬂ_ 3 csci d_Ep tani 0_2',[)
dr GMa(1 — ¢?) 0% GMa(l — ¢?) ow
(A3c)
GM 4 0[1 1-¢e% oL
= \/—— 4 76—‘), (A3d)
a GM 061 \/(;Mae2 ae
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1—¢ 0L oL
. ez_p_ cos1 ~ % (ase)
GMae” de  \/GMa(l — e*)sin1 O
1 oL
= L (A3f)

VGMa(l — é?) sing 01

where L, is the Lagrangian corresponding to the perturbing
force. The general force given in Eq. (2) implies a
perturbing Lagrangian given by [29]

iJ .. D, Dk DD ;D*D!
_=f ij i ij Yit?j
L, = 2DA1.ij O 55 Agpj + Of D Az,

(A4)

where A, ;; are defined in Eq. (2).

Note that post-Newtonian (PN) effects are not contained
in the LPEs by default, but are typically incorporated by
adding the corresponding PN terms to the perturbing
Lagrangian, i.e., treating them as additional perturbative
forces on the Newtonian orbit [64,65]. While we accounted
for PN effects in the near-field terms of the BG binary in
Eq. (2), but we do not add additional PN corrections here to
the FG binary, which are generally subdominant,® but we
wish to explore this in future work. In addition, we neglect
the center-of-mass momentum kick imparted to the FG
binary by the passing gravitational wave [[20], Eq. (32)], as
the resulting velocity change is entirely negligible and has
neither theoretical nor observational consequences.

3. Maintaining locking across zone boundary

Here, we demonstrate that the FG binary can remain
locked as it crosses the near-zone/wave-zone boundary, i.e.
a FG binary system initially in resonance in the near zone
(where the dominant effect comes from the Newtonian
quadrupole-quadrupole interaction) can remain locked as it
moves into the wave zone. This is shown in Fig. 6, where
locking begins at Dy = 0.5, and ends at Dj; = 1.84.
However, if we are not careful, the strong D™ scaling
of the Newtonian term can cause our 5n; = ny, + kigyer
resonances to overlap for small D, invalidating our treat-
ment. Due to this, as well as our motivation to study GW-
induced resonances, we will restrict ourselves to the wave
zone and leave near-zone resonances to future work.

4. Decoupling during resonant locking

A binary system with a given i and 1., Will decouple
from resonance when there no longer exists a relative
phase, A¢y, such that Eq. (20) is satisfied. We saw in Fig. 3
that such a Ag¢y exists in all (i, louer) Space when D = A.
Figure 7 shows max(ri¢/m,) for D = 2%. There are small

®Note that in the early inspiral phase of the BG binary, the
resonance condition together with the assumption of My, > M;
implies that v;/c = (My/My,)"Pvy/c < vy/c < 1.

FIG. 5. Tllustration of the setup. The dotted line represents the
wave-zone/near-zone boundary. The BG binary is emitting GWs
in all directions. Note that, despite the depiction, these GWs
actually form near the wave-zone/near-zone boundary rather than
inside the near zone.

regions of parameter space left that can sustain locking, but
these also drop below unity by D = 2.3%.

5. Galaxy model

We select the galaxy’s SMBH mass, which is the BG
binary’s mass My, and model our galaxy accordingly.
Specifically, we focus on FG binaries in the galactic bulge.
We assume the distribution of FG binaries is spherically
symmetric. We assume that their distance and period
distribution functions, given by f(D) and f7(T), respec-
tively, are independent. We assume the radial matter

6.0

1000 1500 2000

—— BG Binary
—— FG Binary

1.5

0 2000 4000 6000 8000 10000 12000 14000 16000
Time (yr)

FIG. 6. We demonstrate sustained resonant locking as the FG
binary crosses the near-zone/wave-zone boundary. Specifically,
we numerically integrate Eq. (A3) with the general force [Eq. (2)]
using initial conditions My, =8.71 x 108M, D; = 0.5, ¢, =0,
oo =0, Too =Teo = 4yrs, ¢ro = 0.657, erg = 0.1, 1y =0,
louer = 0 and all other orbital elements are initially set to zero.
This gives Tgyyer ~22.6 yr. The FG binary’s mean motion n;
remains trapped in resonance until decoupling at T ~ 1.09 yr.
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0 /2 ™ 3m/2 2w

Louter

FIG. 7. Maximum value of 7¢/n, due to the BG binary when
marginalizing over all relative phases as a function of the FG orbit
and outer orbit inclinations for D = 2A. The hatched regions
represent the parameter space removed due to ZLK oscillations.
At this distance, 7i¢/7y, does not exceed 1.4.

distribution in the bulge follows a Hernquist profile [66]

fp(D) « 4zD? x 4zDpp (D),  (AS)

1
B +5)
where pp (D) is the radial mass density distribution and D, =
R,/1.8153 is the bulge scale length with R, being the half-

light radius. When combining the R,—~Mp,,. relation [67]
with the My, ee—Msyvpn relation [[53], Eq. (10)], one finds

0.748
) kpc.

Further, we normalize our distributions such that the total
number of stars iS Ny = Mpyge/ (Mgar) Where (mg,,) =
0.3M, is the average star mass [58] and My, comes from
the My,ee—M vy relation [[53], Eq. (10)]

M
Dy =3.1312 x < b (A6)

10°M,,

. M, ) 085+0.06

Mbulge =1.8x10 MO<109MO) . (A7)
For the period distribution, we use Opik’s law [68] which
states that f7(7T) = 1/(TIn[Tmax/Tmin))- Tmax 1S given in
Eq. (A17), while we choose T,,;, = 107> days. Our choice
for T, is somewhat arbitrary, however the very weak
logarithmic dependence ensures that its precise value has
minimal impact on our results, even if changed by a few
orders of magnitude.

6. Thrown into resonance by encounters

Here, we consider an encounter between the FG binary
and a perturber of mass M, impact parameter b, and
velocity v, taken as the bulge velocity dispersion from the
M gypa—o relation [Eq. (21)]. The interaction rate of such
an encounter is

I'= ”bznstarsv = ”bznstarsa (As)
where ng, is the local stellar number density. We use the
separatrix treatment presented in our simplified toy model
to give an estimate of the chance for the binary system to
get kicked into the separatrix by a random scattering
encounter by a third object. This puts upper and lower
limits on the size of the kick.

The separatrix height is [cf. Fig. 1; this follows from the
equation of motion, Eq. (15)]

C
Hg, = \/ 44/ C% — Cg + 4Cgsin™! <C_F> —27Cr.  (A9)

A

We consider two cases: (1) the pendulum is close to exact
resonance, namely on its final oscillation before reaching
# = 0, in which case we take the size of the kick to be such
that H.,/2 < An; < 3Hg,/2, and (2) the pendulum is far
from resonance, in which case [n¢—np,|— Hyp/2 <
|Anf| < |nf — My +Hsep/2-

We label the lower and upper bounds as Anj,y. and
Anypper, Tespectively. From Kepler's law 3AE¢/E; =
2An¢/n; and hence, from Eq. (22), there exist impact
parameters b, and b, such that An; sits within the
desired range. However, there lies the simultaneous con-
dition that (v/b)T <y for work to be done [see text
below Eq. (21)], and thus for the binary’s frequency to
change. Thus,

6G2M? 1/4
bmax(t) = min —— vGTf/y ’ (AIO)
62n2(M)
3 e Jlower
6G2M2 1/4
buin(t) = min | ————2—) ,6T¢/y|. (All)
o2n?(lAnl)
£\ ne upper

From Eq. (A8), the interaction rate of such encounters is

l—‘into = ”nstartsg(bxznax - brznin)- (AIZ)

7. Thrown out of resonance by encounters

Again, continuing the toy separatrix model, getting
kicked out of resonance would require an encounter
where |An¢| < Hg,/2. From this, we get a lower bound
on the impact parameter of encounters that do not disrupt
resonance

1/4

6G>M?
Doy = Min p) ,oT¢/y |, (A13)

2,2 (Hsep
0" ng (an

where, from Eq. (A8), the corresponding interaction rate is

(Al14)

_ 2
Cout = ANgars0bGut-

023040-9



SHARPE, GINAT, XUAN, and KOCSIS

PHYS. REV. D 113, 023040 (2026)

3m/2 2m 0 /2 T

Louter

(@

0 /2 ™

Louter

(e)

Louter

(d)

FIG. 8.

Louter

(b)

2m

37m/2
0~ 10 _
2
S 5 T S
P 6 %
6 = %
g g
4 /2 4
2 2
0 0 0
3r/2 27 0 /2 ™ 3r/2 27
Louter
(©
36 2w
32 5
2 - g
3m/2 ATH Wain 4 g
24 > /H =
S 3 2
20 = I
s < L e
6% 22
12 23558 £
s /2 {8 o 12
4 0
0 0 :
3m/2 27 0 /2 ™ 3m/2 2
Louter

Maximum value of 7/, are shown in panels (a)—(e) for all five resonances, while panel (f) shows the total number of

resonances where max(iz¢/i1,) > 1. The hatched regions represent the parameter space removed due to ZLK oscillations.
(@) np = ny + 2ngyer- (b) np = 1y + Noyeer- (€) 1 = ny,. (d) 1y = Ny — Noyeer- (€) Mg = Ny — 2Ny () The number of resonances

for which max (7;/7,) > 1.

8. Resonant locking for different resonances

Figure 8 shows max (iz¢/11,) as a function of ¢ and 1oy
for all five resonances found in the general treatment, n; =
ny + kngye for ke€{x2,+1}. Figure 8(f) shows the
number of these resonances that have max(ry/fny) > 1
as a function of z and 1,y,-

As a means of demonstration, Fig. 9 shows resonant
locking occurring for each of the four new resonances found
in the general treatment, ny = ny, + kngye, fork € {£2, £1}
(k = 0 is shown in Fig. 2). In all cases, the initial conditions
are set such that the system starts within the separatrix
analogous to the orange region in Fig. 1.

9. Integration limits

As discussed above, we choose T, = 107> days. T«
comes from the condition that the FG binary’s separation
distance must be less than each component’s Hill radius and
that it must not be so soft that it would evaporate within a
Hubble time, Ty, before the galaxy merger. The evapora-
tion time of a binary with separation distance a in an
environment with velocity dispersion ¢ and local mass
density pp is [[54], Eq. (7.173)]

0.0616

—. Al5
Gona (A15)

~
evap

We must have 7.,,, > Ty for such a binary to still exist in
our postmerger galaxy. Thus,

4z | D>
c \[6ry
) 1 0.0610 3
pa
0.6GMg \Gpp(D)TyIn A

10. Number of locked binaries over
the history of all mergers

T pax (D) = min

(A16)

This may be expressed as

Mmax
Never = Ng A/[ Nlocked <Nmergers>fSMBH dZMSMBH (A17)

where N, is the number of galaxies in the observable
Universe’ <Nmergers> = <Nmergers(MSMBH)> is the average
number of mergers a galaxy with SMBH mass Mqygpy
experiences in its lifetime, and fqypy is the SMBH mass
distribution function. We conservatively take (N ergers) =
O(1) to be unity.

The SMBH mass distribution function is found from the
DM halo mass function. Assuming there is one DM halo per

023040-10
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FIG. 9. Numerically integrating Eq. (A3) for resonances ny = ny, + kngye, where k = {2,1,—1, -2} in panels (a)—(d), respectively.
We have set My, = 8.71 x 108My, Dy = 1, ep9 = 0,¢pp0 = 0, T g = Tyo = 2 yrs, er 9 = 0.1 initially, while all other unspecified
orbital elements were initially set to zero. (a) ny = ny + 2iguers it = T louer = - (b) 1p = 0y + Nogers it = /2, loyer = 7/2.
(©) ng = ny — Noyers 1y = ”/27 Louter = 3”/2 (d) ny = ny — 2ngyers i = T, loyer = 0.

SMBH, then using fsveu = fomdMpym/dMsypn, with where M, = 1.2 x 108M, and fmo 1s the normalization
Jom & My [[53] Fig. 25(a)] (we never reach the expo-  constant. Assuming the smallest SMBH mass is 10°M,
nential truncation of the mass function) and dMpy/dMsver and the largest is 10'' M, we normalize the distribution
from Ref. [53], Eq. (18), we get and integrate Eq. (A17). Assuming N, = 2 x 10'? [69], we

. find that
Mgyigt.  if Msypy < My (AL8)
Ssmer = fmoy m2on . Al8
| if Movpn > Mignk Neyer 7.2 x 10°. (A19)

023040-11



SHARPE, GINAT, XUAN, and KOCSIS

PHYS. REV. D 113, 023040 (2026)

[1] A. Einstein, Sitzungsberichte der Koniglich Preussischen
Akademie der Wissenschaften (Sitzungsber. Preuss. Akad.
Wiss., Berlin1916), p. 688.

[2] H. Bondi, Nature (London) 179, 1072 (1957).

[3] H. Bondi, F. A. E. Pirani, I. Robinson, and W. H. McCrea,
Proc. R. Soc. Ser. A 251, 519 (1959).

[4] S. W. Hawking, Astrophys. J. 145, 544 (1960).

[51 S. W. Hawking, J. Math. Phys. (N.Y.) 9, 598 (1968).

[6] F.P. Esposito, Astrophys. J. 165, 165 (1971).

[7] D. B. Papadopoulos, Classical Quantum Gravity 19, 2939
(2002).

[8] S. Weinberg, Phys. Rev. D 69, 023503 (2004).
[9] S. Weinberg, Phys. Rev. D 69, 023503 (2004).
[10] R. Flauger and S. Weinberg, Phys. Rev. D 97, 123506
(2018).
[11] M.J. Rees, Mon. Not. R. Astron. Soc. 154, 187 (1971).
[12] T. Futamase and T. Matsuda, Prog. Theor. Phys. 61, 86
(1979).
[13] A. Loeb, Astrophys. J. Lett. 890, L16 (2020).
[14] B. Kocsis and A. Loeb, Phys. Rev. Lett. 101, 041101
(2008).
[15] G. Li, B. Kocsis, and A. Loeb, Mon. Not. R. Astron. Soc.
425, 2407 (2012).
[16] Y. Kojima and H. Tanimoto, Classical Quantum Gravity 22,
2991 (2005).
[17] B. McKeman, K. E.S. Ford, B. Kocsis, and Z. Haiman,
Mon. Not. R. Astron. Soc.: Lett. 445, L74 (2014).
[18] V. Boyanov, V. Cardoso, K. D. Kokkotas, and J. Redondo-
Yuste, Phys. Rev. Lett. 135, 151402 (2025).
[19] B. Mashhoon, Astrophys. J. 223, 285 (1978).
[20] M. S. Turner, Astrophys. J. 233, 685 (1979).
[21] B. Bertotti, B. J. Carr, and M. J. Rees, Mon. Not. R. Astron.
Soc. 203, 945 (1983).

[22] C. Chicone, B. Mashhoon, and D. G. Retzloff, J. Phys. A
Math. Gen. 33, 513 (2000).

[23] L. Hui, S. T. McWilliams, and 1. S. Yang, Phys. Rev. D 87,
084009 (2013).

[24] L. Iorio, Sci. Open Res. 2014, 1 (2014).

[25] L. Annulli, L. Bernard, D. Blas, and V. Cardoso, Phys. Rev.
D 98, 084001 (2018).

[26] M. Rozner, E. Grishin, Y. B. Ginat, A.P. Igoshev, and V.
Desjacques, J. Cosmol. Astropart. Phys. 03 (2020) 061.

[27] V. Desjacques, E. Grishin, and Y. B. Ginat, Astrophys. J.
901, 85 (2020).

[28] D. Blas and A.C. Jenkins, Phys. Rev. D 105, 064021
(2022).

[29] A. Kuntz, Phys. Rev. D 107, 064066 (2023).

[30] B. Bertotti, Sov. Astron. 14, 51 (1973), https://ui.adsabs
.harvard.edu/abs/1973ApL....14...51B/abstract.

[31] B. Mashhoon, B.J. Carr, and B. L. Hu, Astrophys. J. 246,
569 (1981).
[32] M. N. Ismaiel, Open Astron. J. 4, 1 (2011).
[33] A.J. Anderson, Nature (London) 229, 547 (1971).
[34] W.H. Press and K.S. Thorne, Annu. Rev. Astron. As-
trophys. 10, 335 (1972).

[35] F. B. Estabrook and H. D. Wahlquist, Gen. Relativ. Gravit.
6, 439 (1975).

[36] V.N. Rudenko, Astron. Zh. 52, 444 (1975), https://ui.adsabs
.harvard.edu/abs/1975SvA....19..270R/abstract.

[37] K.S. Thorne and V. B. Braginskii, Astrophys. J. Lett. 204,
L1 (1976).

[38] A. Anderson, Experimental Gravitation (Academic
Press, New York, 1976), https://www.researchgate.net/
publication/262379727_Detection_of_Gravitational_Waves_
by_Spacecraft_Doppler_Data.

[39] R. W. Hellings, Phys. Rev. D 17, 3158 (1978).

[40] L. A. Nelson and W. Y. Chau, Astrophys. J. 254, 735 (1982).

[41] D. Blas and A.C. Jenkins, Phys. Rev. Lett. 128, 101103
(2022).

[42] J. Weber, Phys. Rev. 117, 306 (1960).

[43] C. Chicone, B. Mashhoon, and D. G. Retzloff, Classical
Quantum Gravity 14, 699 (1997).

[44] C. Chicone, B. Mashhoon, and D. G. Retzloff, Classical
Quantum Gravity 14, 1831 (1997).

[45] M. Volonteri, F. Haardt, and P. Madau, Astrophys. J. 582,
559 (2003).

[46] C. Misner, K. Thorne, J. Wheeler, and D. Kaiser, Gravi-
tation (Princeton University Press, Princeton, NJ, 2017).

[47] R. d’Inverno and J. Vickers, Introducing Einstein’s Rela-
tivity: A Deeper Understanding (Oxford University Press,
New York, 2022).

[48] L. Fesik, arXiv:1706.09505.

[49] P.C. Peters and J. Mathews, Phys. Rev. 131, 435 (1963).

[50] M. Maggiore, Gravitational Waves: Volume 1: Theory and
Experiments, Gravitational Waves (Oxford University Press,
Oxford, 2008).

[51] https://youtu.be/xtwmT8TNIJA.

[52] https://youtu.be/hWVE7h16_AU.

[53] J. Kormendy and L. C. Ho, Annu. Rev. Astron. Astrophys.
51, 511 (2013).

[54] J. Binney and S. Tremaine, Galactic Dynamics: Second
Edition, Princeton Series in Astrophysics (Princeton
University Press, Princeton, NJ, 2011).

[55] M. L. Lidov, Planet. Space Sci. 9, 719 (1962).

[56] Y. Kozai, Astron. J. 67, 591 (1962).

[57] S. Naoz, Annu. Rev. Astron. Astrophys. 54, 441 (2016).

[58] P. Kroupa, Science 295, 82 (2002).

[59] S. Gao, C. Liu, X. Zhang, S. Justham, L. Deng, and M.
Yang, Astrophys. J. 788, L37 (2014).

[60] H. M. J. Boffin and D. Jones, Contrib. Astron. Obs. Skalnate
Pleso 55, 21 (2025).

[61] V. A. Brumberg, Essential Relativistic Celestial Mechanics
(CRC Press, Boca Raton, FL, 1991).

[62] J. Danby, Fundamentals of Celestial Mechanics (MacMillan,
London, 1962).

[63] B. Bertotti, P. Farinella, and D. Vokrouhlicky, Physics of
the Solar System: Dynamics and Evolution, Space Physics,
and Spacetime Structure, Astrophysics and Space Science
Library (Springer, Netherlands, 2012).

[64] L. E. Kidder, Phys. Rev. D 52, 821 (1995).

[65] R. A. Mardling and D.N. C. Lin, Astrophys. J. 573, 829
(2002).

[66] L. Hernquist, Astrophys. J. 356, 359 (1990).

[67] D.S.H. Hon, A. W. Graham, and N. Sahu, Mon. Not. R.
Astron. Soc. 519, 4651 (2022).

[68] E. Opik, Publ. Tartu Astrofizica Observatory 25, 1 (1924).

[69] C.J. Conselice, A. Wilkinson, K. Duncan, and A. Mortlock,
Astrophys. J. 830, 83 (2016).

023040-12


https://doi.org/10.1038/1791072a0
https://doi.org/10.1098/rspa.1959.0124
https://doi.org/10.1086/148793
https://doi.org/10.1063/1.1664615
https://doi.org/10.1086/150884
https://doi.org/10.1088/0264-9381/19/11/312
https://doi.org/10.1088/0264-9381/19/11/312
https://doi.org/10.1103/PhysRevD.69.023503
https://doi.org/10.1103/PhysRevD.69.023503
https://doi.org/10.1103/PhysRevD.97.123506
https://doi.org/10.1103/PhysRevD.97.123506
https://doi.org/10.1093/mnras/154.2.187
https://doi.org/10.1143/PTP.61.86
https://doi.org/10.1143/PTP.61.86
https://doi.org/10.3847/2041-8213/ab72ab
https://doi.org/10.1103/PhysRevLett.101.041101
https://doi.org/10.1103/PhysRevLett.101.041101
https://doi.org/10.1111/j.1365-2966.2012.21206.x
https://doi.org/10.1111/j.1365-2966.2012.21206.x
https://doi.org/10.1088/0264-9381/22/14/009
https://doi.org/10.1088/0264-9381/22/14/009
https://doi.org/10.1093/mnrasl/slu136
https://doi.org/10.1103/smlr-v7b2
https://doi.org/10.1086/156262
https://doi.org/10.1086/157429
https://doi.org/10.1093/mnras/203.4.945
https://doi.org/10.1093/mnras/203.4.945
https://doi.org/10.1088/0305-4470/33/3/307
https://doi.org/10.1088/0305-4470/33/3/307
https://doi.org/10.1103/PhysRevD.87.084009
https://doi.org/10.1103/PhysRevD.87.084009
https://doi.org/10.14293/S2199-1006.1.SOR-ASTRO.AWXWIL.v2
https://doi.org/10.1103/PhysRevD.98.084001
https://doi.org/10.1103/PhysRevD.98.084001
https://doi.org/10.1088/1475-7516/2020/03/061
https://doi.org/10.3847/1538-4357/abaefc
https://doi.org/10.3847/1538-4357/abaefc
https://doi.org/10.1103/PhysRevD.105.064021
https://doi.org/10.1103/PhysRevD.105.064021
https://doi.org/10.1103/PhysRevD.107.064066
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://ui.adsabs.harvard.edu/abs/1973ApL....14...51B/abstract
https://doi.org/10.1086/158957
https://doi.org/10.1086/158957
https://doi.org/10.2174/1874381101104010001
https://doi.org/10.1038/229547a0
https://doi.org/10.1146/annurev.aa.10.090172.002003
https://doi.org/10.1146/annurev.aa.10.090172.002003
https://doi.org/10.1007/BF00762449
https://doi.org/10.1007/BF00762449
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://ui.adsabs.harvard.edu/abs/1975SvA....19..270R/abstract
https://doi.org/10.1086/182042
https://doi.org/10.1086/182042
https://www.researchgate.net/publication/262379727_Detection_of_Gravitational_Waves_by_Spacecraft_Doppler_Data
https://www.researchgate.net/publication/262379727_Detection_of_Gravitational_Waves_by_Spacecraft_Doppler_Data
https://www.researchgate.net/publication/262379727_Detection_of_Gravitational_Waves_by_Spacecraft_Doppler_Data
https://www.researchgate.net/publication/262379727_Detection_of_Gravitational_Waves_by_Spacecraft_Doppler_Data
https://www.researchgate.net/publication/262379727_Detection_of_Gravitational_Waves_by_Spacecraft_Doppler_Data
https://doi.org/10.1103/PhysRevD.17.3158
https://doi.org/10.1086/159785
https://doi.org/10.1103/PhysRevLett.128.101103
https://doi.org/10.1103/PhysRevLett.128.101103
https://doi.org/10.1103/PhysRev.117.306
https://doi.org/10.1088/0264-9381/14/3/013
https://doi.org/10.1088/0264-9381/14/3/013
https://doi.org/10.1088/0264-9381/14/7/018
https://doi.org/10.1088/0264-9381/14/7/018
https://doi.org/10.1086/344675
https://doi.org/10.1086/344675
https://arXiv.org/abs/1706.09505
https://doi.org/10.1103/PhysRev.131.435
https://youtu.be/xtwmT8TNJJA
https://youtu.be/xtwmT8TNJJA
https://youtu.be/hWVE7h16_AU
https://youtu.be/hWVE7h16_AU
https://doi.org/10.1146/annurev-astro-082708-101811
https://doi.org/10.1146/annurev-astro-082708-101811
https://doi.org/10.1016/0032-0633(62)90129-0
https://doi.org/10.1086/108790
https://doi.org/10.1146/annurev-astro-081915-023315
https://doi.org/10.1126/science.1067524
https://doi.org/10.1088/2041-8205/788/2/L37
https://doi.org/10.31577/caosp.2025.55.3.21
https://doi.org/10.31577/caosp.2025.55.3.21
https://doi.org/10.1103/PhysRevD.52.821
https://doi.org/10.1086/340752
https://doi.org/10.1086/340752
https://doi.org/10.1086/168845
https://doi.org/10.1093/mnras/stac3704
https://doi.org/10.1093/mnras/stac3704
https://doi.org/10.3847/0004-637X/830/2/83

	Resonant locking between binary systems induced by gravitational waves
	I. INTRODUCTION
	II. EQUATION OF MOTION
	III. TOY MODEL
	IV. EVOLUTION OF THE FG BINARY
	V. FORCED PENDULUM
	VI. RESONANT LOCKING IN THE TOY MODEL
	VII. IMPLICATION: PRODUCING MERGING SYSTEMS
	VIII. GENERAL EOM
	IX. POSTMERGER GALAXIES
	X. KICKED INTO RESONANCE BY DYNAMICAL ENCOUNTERS
	XI. THE NUMBER OF GW LOCKED SYSTEMS
	XII. DISCUSSION
	XIII. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX 
	1. Expressions for A and &thetav;
	2. The lagrange planetary equations
	3. Maintaining locking across zone boundary
	4. Decoupling during resonant locking
	5. Galaxy model
	6. Thrown into resonance by encounters
	7. Thrown out of resonance by encounters
	8. Resonant locking for different resonances
	9. Integration limits
	10. Number of locked binaries over the history of all mergers

	References


