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The interaction of gravitational waves (GWs) with matter is thought to be typically negligible in the
Universe. We identify an exception in the case of resonant interactions, where GWs emitted by a
background binary system, such as an inspiraling supermassive black hole (SMBH) binary, cause a
resonant response in a stellar-mass foreground binary and the frequencies of the two systems become, and
remain, synchronized. We point out that this previously unexplored dynamical phenomenon is not only
possible, but can lead to Oð30Þ binary systems becoming resonantly locked in the host galaxy of merging
SMBHs of mass 108.5−11M⊙, each of which has a significantly reduced merger time. We predict Oð1010Þ
binary systems have been locked in the Universe’s history. Resonant locking could be detected through
anomalous inspiral of binary systems.
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I. INTRODUCTION

The interaction of gravitational waves (GWs) with matter
has been of interest since its prediction byEinstein [1]. Bondi
[2,3] showed that GWs carry energy, and some of this energy
can be dissipated in matter that the GWs pass through. Such
dissipation can occur in an expanding Universe [4,5], a
viscous fluid [6], radiation in the early Universe [7,8],
neutrinos and dark matter [9,10], galaxies and clusters
[11–13], accretion disks [14,15], oscillating stars [15–18],
binary systems [19–29], planets [30–32], spacecraft [33–41],
or crystals in laboratories [42]. Gravitational waves act as
periodic perturbations on astrophysical systems and, while
the associated dissipation is ordinarily negligible away from
resonance [13,19,20], the cumulative effect in resonance can
dramatically enhance the response [17,22,26,27,43,44].
Since it is known that Newtonian resonant perturbations

commonly produce resonantly locked configurations for
multiplanetary systems or moons in mean motion reso-
nance, we are motivated to investigate if a similar capture of
astrophysical systems into resonance is possible at a much
larger distance from the source—even in the wave zone,
defined as the region outside of one reduced GW wave-
length from the GW source. In particular, inspiraling

supermassive black hole binaries (SMBHBs) are expected
to form in most galaxies following galaxy collisions [45]
whose GWs sweep through periods from thousands of
years to hours, or even minutes, until they merge. Almost
all binaries in the host galaxy will inevitably be in
resonance with these GWs at some point during the
SMBHB inspiral.
In this paper, we investigate the phenomenon of a stellar-

mass astrophysical binary system (“foreground, FG,
binary”) undergoing resonant locking (or frequency syn-
chronization) with the GWs emitted by an inspiraling
SMBHB (“background, BG, binary”). See Fig. 5 in the
Appendix for an illustration of the setup. We adopt
geometrized units: G ¼ c ¼ 1.

II. EQUATION OF MOTION

Table I defines the binary parameters used in this work.
Since the BG binary is much more massive than the FG
binary, we neglect feedback effects. Subscripts “f” and “b”
denote quantities of the FG and BG binaries, respectively.
To leading order in vf=c, the equation for geodesic
deviation gives the relative force Fi between the two FG
binary components [[46], Eq. (8.43)],

Fi

μf
¼ ̈rif þ

Mf

r3f
rif ¼ R0i0jrf;j; ð1Þ

where dots ð̇ Þ represent time derivatives, commas do not
refer to partial differentiation, and R is the Riemann tensor
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due to the BG binary. The lowest-order (quadrupole)
contribution to this force1 is [29]

Fh

μf
¼ 1

D
rf;iAih

1 −
1

2D3
rf;iðDiDkAkh

2 þDhDkAki
2 Þ

þ 1

6D3
rhfDjDkð2Ajk

2 − Ajk
3 Þ þ

1

2D5
rf;iDiDhDkDlAkl

3 ;

ð2Þ
where repeated indices are summed over, Di is the
vector pointing to the FG binary from the BG binary,
D ¼

ffiffiffiffiffiffiffiffiffiffiffi
DiDi

p
, and

Aab
1 ¼ ⃜Qab

b þ 2

D
⃛Qab
b þ 3

D2
Q̈ab

b þ 3

D3
Q̇ab

b þ 3

D4
Qab

b ; ð3aÞ

Aab
2 ¼ 2⃜Qab

b þ 8

D
⃛Qab
b þ 18

D2
Q̈ab

b þ 30

D3
Q̇ab

b þ 30

D4
Qab

b ; ð3bÞ

Aab
3 ¼ ⃜Qab

b þ 10

D
⃛Qab
b þ 45

D2
Q̈ab

b þ 105

D3
Q̇ab

b þ 105

D4
Qab

b : ð3cÞ

III. TOY MODEL

For general Di the problem is analytically intractable. To
illustrate resonant locking, we briefly present a toy model
in the far-wave zone (D ≫ ƛ, with ƛ being the reduced
wavelength of the BG binary’s GWs), where the force
reduces to [19,20,26,27]

Fi

μf
¼ ̈rif þ

Mf

r3f
rif ¼

1

2
ḧijr

j
f ; ð4Þ

where hij ¼ 2Q̈ij=D is the GW strain of the BG binary. In
the quadrupole approximation, ψ ¼ 2ϕ. For simplicity, we
assume both binaries are circular.

IV. EVOLUTION OF THE FG BINARY

The rate of work done due to GW stimulated emission or
absorption is

dE
dt

¼ WGW ¼ μf
2
ṙif ḧijr

j
f : ð5Þ

In Cartesian coordinates the GW perturbation is [47]

hij ¼

0
B@

Aþ cosðψbÞ A× sinðψbÞ 0

A× sinðψbÞ −Aþ cosðψbÞ 0

0 0 0

1
CA; ð6Þ

where Aþ;× are the GW polarization amplitudes. For a
circular BG source [48]

Aþ ¼ −Abð1þ cos2 χÞ; A× ¼ −2Ab cos χ; ð7Þ

where Ab ¼ 2M5=3
b n2=3b =D and χ is the angle between the

BG binary’s orbital axis and Di.
We take Di to be along the positive ẑ axis, and the FG

binary’s orbit to be in an arbitrary plane

rif ¼ OzðωfÞOxðιfÞðrf cosðϕfÞ; rf sinðϕfÞ; 0Þ; ð8Þ

where OαðβÞ are rotation matrices about the α̂ axis by an
angle β. Averaging Eq. (5) over one FG orbit and keeping
secular resonant terms yields

WGW

4M5=3
f n−1=3f n2bAb

→ A sinð2ϕf − 2ϕb þ ϑÞ; ð9Þ

where Aðιf ;ωf ; χÞ and ϑðιf ;ωf ; χÞ are given in Eqs. (A1)
and (A2). The energy of the FG binary system is, to leading
order in the center-of-mass frame,

Ef ¼
1

2
μf ṙ2f −

Mfμf
rf

¼ −
M5=3

f n2=3f

2
; ð10Þ

from Kepler’s third law. Thus, Ef ∝ n2=3f and

ṅf
nf

¼ 3

2

Ėf

Ef
¼ −

3

M5=3
f n2=3f

Ėf : ð11Þ

Let us decompose Ėf ≡WGW þ Lf , where [49]

TABLE I. Definitions of binary parameters and variables used
in this paper.

ϕ True anomaly.
n Mean motion frequency.
v Orbital velocity.
T Orbital period.
M Chirp mass.
M Total mass.
μ Reduced mass.
η Symmetric mass ratio.
ri Separation vector.
r Separation vector length.
a Semi-major axis.
e Eccentricity.
ι Inclination.
Ω Longitude of the ascending node.
ω Argument of periapsis.
ϖ Longitude of periapsis.
u Mean anomaly.
ψ Phase of the GW.
Qij Quadrupole moment.

1Higher moments at fixed frequency are suppressed by powers
of vb=c.
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Lf ¼ −
32

5

M5
f

r5f ηf
¼ −

32

5
ðnfMfÞ10=3 ð12Þ

is the FG binary’s own GW loss. This gives

ṅf ¼
96M5=3

f

5
n11=3f − 24A

M5=3
b

D
n8=3b sinð2ϕf − 2ϕb þ ϑÞ;

ð13Þ

where the BG binary’s phase evolves as predicted by
general relativity (GR) [50]

ϕb ¼
n−5=30;b

32M5=3
b

�
1 −

�
1 −

256

5
M5=3

b n8=30;b t

�
5=8

�
þ ϕ0;b;

ð14Þ
to leading post-Newtonian order, with ϕ0;b and n0;b being
the initial phases and angular velocities, respectively.
Equations (13) and (14) give a closed description of the
FG binary’s evolution over time.

V. FORCED PENDULUM

Defining the relative phase θ ¼ 2ϕf − 2ϕb þ ϑ, neglect-
ing GW emission from the FG binary (since Mf ≪ Mb)
and taking ιf ;ωf , and χ fixed, Eq. (13) reduces to

θ̈ ¼ −CA sinðθÞ − CF; ð15Þ

where

CAðtÞ ¼ 48A
n8=3b ðtÞM5=3

b

D
¼ 24A

ηbv5bðtÞ
DƛðtÞ > 0; ð16aÞ

CFðtÞ ¼
192

5
n11=3b ðtÞM5=3

b ¼ 48ηbv5bðtÞ
5ƛ2ðtÞ > 0: ð16bÞ

Equation (15) is coincidentally the equation of motion of
a forced pendulum with amplitude CA and forcing CF.
A pendulum admits two types of motion: rotation (2π

cycles) and libration (oscillations about the stable equilib-
rium). Resonant locking corresponds to libration, where θ̇
remains bounded as nb and nf increase synchronously.

VI. RESONANT LOCKING IN THE TOY MODEL

Locking requires a transition from rotation to libration.
This process is governed by the phase-space structure of the
forced pendulum (Fig. 1). From Eq. (16), CA; CF, and
CF=CA ∝ nb grow with time causing the separatrix to
stretch vertically. Trajectories near it can be captured,
moving the pendulum into libration and hence leading to
locking. The initial phase θ0 dictates proximity to the
separatrix at resonance, and a uniform θ0 ∈ ½0; 2πÞ yields an
(approximately) uniform distribution between the inner and

outer separatrices at θ ¼ −π. This is illustrated in two
videos: one showing capture, linked here [51], and one
showing no capture, linked here [52].
Suppose the system enters libration at frequency nb;lock,

and reduced wavelength ƛlock ¼ 1=ð2nb;lockÞ, in the wave
zone. The FG binary will remain in the wave zone provided
D is fixed, and nf will oscillate about nb provided
CF < CA. Since CF=CA ∝ nb, libration will inevitably
end when CF > CA, after which θ̈ < 0 permanently and
the system resumes rotation. Thus, during locking,

CF

CA
¼ 4

5A
Dnb ¼

2Dƛlock

5A
nb
nlock

≤ 1; ð17Þ

where Dƛ ¼ D=ƛ. Since maxðAÞ ¼ 1 for ðιf ; χÞ∈ ½0; πÞ,
we require Dƛ < 5=2. This contradicts the D ≫ ƛ limit,
confirming that a full EoM treatment in theD ∼ ƛ regime is
necessary. Nonetheless, this toy model is valuable for
qualitatively illustrating resonant locking.

VII. IMPLICATION: PRODUCING MERGING
SYSTEMS

Resonant locking increases nf , reducing the FG binary’s
merger time. For the sake of the argument, considerA ¼ 1.
The FG binary’s time to coalescence is [50]

tmerge;fðnfÞ ¼
5

256
M−5=3

f n−8=3f : ð18Þ

If locking starts at nstart and terminates at frequency nend
(where CF ¼ CA), then

FIG. 1. Phase-space of the forced pendulum [Eq. (15)] with
CF=CA ¼ 0.3. Closed librating contours are orange, open rotat-
ing contours are blue, the red separatrix separates these two
regions and the outer separatrices are black. We have normalized
θ̇ to the separatrix height, Hsep.
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tmerge;fðnstartÞ
tmerge;fðnendÞ

¼
�
nend
nstart

�
8=3

¼
�

5

2Dƛ

�
8=3

: ð19Þ

To illustrate how resonant locking can drive binaries toward
merger, consider a system withMf ¼ 40M⊙, rf ¼ 0.5 AU,
and Dƛ ¼ 1, which gives D ¼ 100 AU. During locking,
the orbital period goes from 7.24 to 2.90 days, and the
merger time is brought down from 5.76TH to 0.50TH,
where TH is a Hubble time. Thus, binaries that would not
merge within TH via GW emission alone can do so after
resonant locking with a faster-inspiralling BG binary. This
may have important implications for GW population-
synthesis models.
We now turn to the full treatment using the general force

in Eq. (2).

VIII. GENERAL EOM

When D ∼ ƛ, each term in Eq. (3) contributes approx-
imately equally, so the general expression is required. We
also include the FG binary’s orbit about the BG binary (the
“outer” orbit), giving a total of three intrinsic Euler angle
triplets ðΩi; ιi;ωiÞ with i ∈ ff; b; outerg. Orbital elements
are allowed to vary self-consistently via the Lagrange plane-
tary equations [LPEs; Eq. (A3) inAppendix and surrounding
text] under the influence of the full perturbing force—Eq. (2).
We focus on low-eccentricity systems (e≲ 0.1), leaving the
general eccentric case for future work.
This general treatment raises two questions: (1) Is

resonant locking still possible? (2) If so, how does capture
occur?
Figure 2 demonstrates locking is indeed possible for a

noncircular FG binary (initially ef ¼ 0.1 and remains

approximately constant). Starting at resonance, nf oscillates
slowly about nb due to secular terms, while faster oscil-
lations arise from nonsecular terms.
In fact, we have found that it is possible for locking to

begin in the near zone and persist as the FG binary moves
into the wave zone. This is shown in Fig. 6 and is discussed
further in the Appendix. However, since our primary
interest lies in GW-induced resonances, we confine our
study to the wave zone and defer an analysis of near-zone
resonances to future work.
We discuss below the conditions needed for generic FG/

BG/outer binary configurations to produce resonant lock-
ing like that shown in Fig. 2.
During locking, the GW must increase the FG binary’s

mean-motion frequency at the same rate that the BG
binary’s frequency changes, i.e. ṅf ≥ ṅb. If this does not
occur, the GW will outrun the binary and resonance cannot
be sustained. Since the GW interaction strength varies
along the outer orbit, and the BG binary’s inspiral timescale
is much longer than Touter, we must outer-orbit average. We
arrive at the condition

¯̇nf ¼ −
3nf
2af

¯̇af ¼ −
3nf
2af

1

Touter

Z
Touter

0

ȧf dt ≥ ṅb; ð20Þ

where ȧf comes from Eq. (A3a). Since the relative phase
between the FG binary and BG binary controls whether
energy is given or taken from the FG binary, we maximize
¯̇nf over the initial relative phase between the FG and BG
binaries. In other words, if, at resonance, there exists an
initial relative phase that satisfies Eq. (20), then locking is
possible.

FIG. 2. We numerically integrate Eq. (A3) with the general force
[Eq. (2)] using initial conditions Mb ¼ 8.71 × 108M⊙; Dƛ ¼ 1;
eb;0 ¼ 0;ϕb;0 ¼ 0; Tb;0 ¼ Tf;0 ¼ 2 yrs; ϕf;0 ¼ 0.65π; ef;0 ¼ 0.1;
ιf ¼ 0; ιouter ¼ 0 and all other orbital elements are initially set to
zero. This gives Touter ≈ 22.6 yr. The FG binary’s mean motion nf
remains trapped in resonance until decoupling at Tf ≈ 1.11 yr.

FIG. 3. Maximum value of ṅf=ṅb when varying the relative
phase of the FG and BG binaries as a function of the inclinations
ιf and ιouter relative to the BG binary for D ¼ ƛ. The hatched
regions represent the parameter space removed due to von Zeipel-
Lidov-Kozai (ZLK) oscillations. The condition for resonance
capture, ṅf=ṅb > 1, is satisfied for all ιf and ιouter.
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Note that while ṅf can fall below ṅb during parts of the
outer orbit, the slow drift of the GW frequency ensures the
system remains within the resonance bandwidth over one
outer orbital period and so it is the averaged rate of change
that governs locking. This condition is both sufficient and
necessary for resonant locking, provided the binary has a
suitable initial phase relative to the GW. To verify this
numerically, we randomly sampled system parameters and
found that all cases satisfying ¯̇nf ≥ ṅb indeed achieved
resonant locking, including extremal values where ¯̇nf=ṅb is
close to unity and ¯̇nf=ṅb is much larger than unity.
Our system has 12 initial degrees of freedom (nine Euler

angles and three phases). To identify which are important
for low-eccentricity orbits, it is instructive to consider first
the circular case (e ¼ 0), since our results remain essen-
tially unchanged for small e.2 In this limit, only three
nondegenerate parameters affect the evolution: ιf and ιouter
relative to the BG binary’s orbital plane, and the relative
phase Δϕ0 ¼ ϕf;0 − ϕb;0. Note that we must extend the
domain of inclinations from ½0; πÞ to ½0; 2πÞ in order to
absorb the degeneracies with longitudes Ωouter and Ωf . The
inclinations also obey a ðιf ; ιouterÞ → ð2π − ιf ; 2π − ιouterÞ
symmetry.
Resonant locking is possible if, for given ιf and ιouter,

there exists a Δϕ0 such that ¯̇nf ≥ ṅb. This will of course
depend on Dƛ.
In the toy model discussed above, only a single reso-

nance appeared, at nf ¼ nb. Now that we allow the FG
binary to orbit the BG binary, we get a total of five distinct
resonances at nf ¼ nb þ knouter for k∈ f−2;−1; 0; 1; 2g.3
These resonances do not overlap and their strengths depend
on the Euler angles. Figure 3 shows the maximum of ṅf=ṅb
across all five resonances, whenΔϕ0 is varied, as a function

of ιouter and ιf for Dƛ ¼ 1. We find values between 1.7 and
35, implying that locking can occur for any orbital
configuration at this distance. It is aroundDƛ ≳ 2, however,
that ṅf=ṅb < 1 everywhere (the exact distance depends on
ιf and ιouter—see Appendix Fig. 7).
The remaining challenge is resonance capture: acquiring

the phase needed for locking. In our toy circular-restricted
model [Eq. (15)], a FG binary with a suitable initial relative
phase could lock with the GWs by crossing the separatrix.
In the general treatment, however, variations in the FG
binary’s longitude of periapsis, ϖ ¼ ωþΩ, inhibit sepa-
ratrix crossing and thus resonance capture.
We identify twomechanisms that can lead to locking, both

confirmed numerically. One is separatrix crossing with the
additional requirement that the outer orbit’s separation
distance, aouter, must be decreasing. Specifically we require
ȧouter=aouter ≳ ṅb=nb.

4 Once captured, locking can persist
even if aouter stops decreasing. A dynamical process that
could cause such behavior of aouter is the “tidal” disruption of
awide triple near theperiapsis of its eccentric orbit around the
BG, thus depositing the inner binary of the triple, the FG
binary, on a more tightly bound orbit about the BG binary
than it originally was. We leave this mechanism for
future work.
The second mechanism is getting kicked into resonance

via dynamical scattering encounters—the primary process
we consider next. The nature of these encounters of course
depends on the binary’s astrophysical environment.

IX. POSTMERGER GALAXIES

Since capture is probabilistic, resonant locking is most
effective in dense environments containing many stellar-
mass binary objects (smBOs) around a strong GW source.
A natural setting is in the bulge of a postgalaxy merger,
where the SMBHB forms our BG binary and the surround-
ing smBOs act as FG binaries (see Appendix for details of
the galaxy/bulge model). As the SMBHB inspirals, it
sweeps through almost all relevant frequencies, giving
each smBO an opportunity to be captured. We model
the kicks from scattering encounters and estimate the
resulting number of resonantly locked systems.

X. KICKED INTO RESONANCE
BY DYNAMICAL ENCOUNTERS

Dynamical encounters, which represent the dominant
noise source in galactic bulges, can knock the FG binary
either into resonance or knock it out of resonance.
Although the aforementioned separatrix approach is not
strictly valid in our full treatment, we will apply it here as it
provides a transparent and intuitive framework for gaining

FIG. 4. Number of locked binary systems as a function of Mb,
using Eq. (26).

2We confirm using numerical simulations as in Fig. 2.
3Allowing the FG binary to orbit the BG binary introduces

new terms proportional to cosð2ðϕf − ϕb þ kϕouterÞÞ, where
k∈ f−2;−1; 0; 1; 2g, when expanding Eq. (2).

4This was verified numerically, and is identical to the condition
that the separatrix increases in both height and width in the
D ≫ ƛ regime.
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an order-of-magnitude estimate of this stochastic capture
rate. We note that the resonances in this general treatment
are of similar strength to, and are sometimes stronger than,
the resonance in the toy model and hence our estimate is a
conservative underestimate.
Consider an encounter between the FG binary and a

perturber of mass Mp, impact parameter b, and velocity v,
taken as the bulge velocity dispersion from the MSMBH–σ
relation [[53], Eq. (7)],

v ¼ σ ¼ 200 km=s

�
MSMBH

3.08 × 108M⊙

�
1=4.38

: ð21Þ

There are two regimes to consider: slow encounters,
where ðv=bÞTf < γ, and fast encounters, where
ðv=bÞTf > γ, with γ ¼ Oð1Þ (the exact value depends
on one’s definition of “fast” and “slow” and the results
are insensitive to it). During a slow encounter, the binary
rotates rapidly, and the work done by the perturbing star
averages to zero. Such encounters hence cannot push the
binary into/out of resonance. In the fast regime the phase
is effectively frozen during the interaction and the
perturber delivers a net kick, changing the FG binary’s
energy by [[54], Eq. (8.42)]

ΔE ∼
G2M2

pMfr2f
2v2b4

¼ G8=3M2
pM

5=3
f

2n4=3f v2b4
; ð22Þ

where G is the gravitational constant. This can be
negative or positive depending on the phase. These fast
encounters are the ones relevant for kicks into resonance.
Further suppose that the FG binary is not in resonance

during a fast encounter and that ΓintoðTf ; D; tÞ is the rate of
kicks that are just the right strength to knock the binary
system inside the separatrix. The probability density that
such a kick first occurs at time t follows the exponential
density distribution of a Poisson process

PintoðTf ; D; t1; tÞ ¼ Γinto exp
�
−
Z

t

t1

Γintodt0
�
; ð23Þ

where t1ðMbÞ marks the time the FG binary first enters the
wave-zone; ƛðt1Þ ¼ D. The full expression for Γinto is given
in Eq. (A12).
Resonance must then persist until natural decoupling, i.e.

until ṅf=ṅb drops below unity. We take this to be at D ¼ 2ƛ
(the exact distance depends on ιf and ιouter and typically lies
between 1.5ƛ and 2.3ƛ). If Γoutðt; DÞ is the rate of kicks
large enough to remove the binary from resonance (i.e. a
kick with 2Δnf > Hsep), the survival probability of a
system that was captured at time t is

Pstable ¼ exp

�
−
Z

t2

t
Γoutdt0

�
; ð24Þ

where t2 marks the time the FG binary naturally decouples,
defined implicitly through ƛðt2Þ ¼ D=2. The full expres-
sion for Γout is given in Eq. (A14).
Other dynamical processes, such as the ZLK effect

[55,56], can interfere with resonant locking and we must
thus constrain our parameter space. In particular, ZLK is
important for 40°≲ ιf − ιouterðmod 180°Þ≲ 140° [57] as it
induces eccentricity oscillations. We therefore exclude this
inclination range. Note, however, that ZLK oscillations do
not change the FG binary’s orbital frequency and will thus
not necessarily disrupt locking even if oscillations are large
—however, we leave this to future work. Assuming
inclinations are uniform in cos i, this removes 77.5% of
parameter space, so we multiply Plocked by 0.225.
Further, recall that in the general treatment, we

found nonoverlapping resonances at nf ¼ nb þ knouter for
k∈ f−2;−1; 0; 1; 2g. We show in the Appendix, namely in
Fig. 8, that all five resonances are of similar strength.
Consequently, locking can occur in identical fashion at
each resonance. For concreteness, we also demonstrate that
resonant locking is possible at each resonance in Fig. 9.
Some (in fact, most) regions of ðιf ; ιouterÞ space are home to
multiple of these resonances [cf. Fig. 8(f)]. On average,
each configuration with ιf − ιouterðmod 180°Þ≲ 40°, or ιf −
ιouterðmod 180°Þ≳ 140° hosts 2.59 resonances.5 We hence
multiply Plocked by 2.59.
The probability of being locked is therefore

PlockedðTf ; DÞ ¼ 2.59 × 0.225
Z

t2

t1

PintoPstable dt; ð25Þ

which depends on the FG binary’s initial period and
distance from the SMBHB, the BG binary’s mass, and
the perturber mass, which we take to be the average star
mass hmstari ¼ 0.3M⊙ [58].

XI. THE NUMBER OF GW LOCKED SYSTEMS

The cumulative number of binaries that lock and remain
locked until natural decoupling during a galaxy merger is

Nlocked

Nbin
¼

Z
∞

0

Z
Tmax

Tmin

PlockedðD; ƛÞfDðDÞfTðTÞdTdD;

ð26Þ

where ƛðTÞ ¼ cT=ð4πÞ, fDðDÞ is the radial distribution,
fTðTÞ is the period distribution, and Nbin ¼ 0.25Nstars is
the number of binaries in the bulge [59,60] where Nstars ¼
Mbulge=hmstari and Mbulge comes from the Mbulge–MSMBH

relation [Eq. (A7)]. See Appendix for details, including the
integration bounds.

5This is calculated by averaging the number of resonances
shown in Fig. 8(f) across the non-ZLK contaminated parameter
space.
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Figure 4 shows Nlocked for varying Mb. It peaks at Mb ∼
1010M⊙ due to competing effects. At small Mb, higher
central densities shorten evaporation times [Eq. (A15)],
reducing Tmax and hence bottlenecking Nlocked for Mb ≲
108.5M⊙. At largerMb, the BG binary’s inspiral accelerates,
so FG binaries spend less time in the 1<Dƛ<2 zone,
increasing Pstable. At very large Mb > 1010M⊙, the inspiral
is too rapid for binaries to be knocked into resonance in the
first place, loweringPinto. The result is a peak near 1010M ⊙
where these effects balance.

XII. DISCUSSION

We find that up toOð30Þ binaries can become resonantly
locked with a SMBH binary during a high-mass galaxy
merger (Fig. 4). Further, using the MSMBH–MDM relation
[[53], Eq. (18)] and integrating over the dark matter (DM)
halomass function [[53], Eq. (10)], we estimate thatOð1010Þ
binaries have been locked at some point during the cosmic
history of the observable Universe (see Appendix).
A direct signature of locking could be anomalous

inspiral detected either by EM observations of binary
pulsars or GW observations of compact objects. Future
detectors could observe a resonantly locked binary inspiral-
ing more quickly than what is predicted by GR. This would
be a smoking-gun signature of locking.
There are limitations to the work discussed here. We

have only considered perturbations to the binary from
passing stars when there could be other local effects (such
as the presence of planets/gas) that influence the dynamics.
We have not studied binaries with large eccentricities.
However, given that an eccentric orbit may be decomposed
in Fourier modes [23], we would expect similar behavior
except with additional harmonics. The combined effect of a
resonant GW interaction in the presence of ZLK oscilla-
tions with inclinations 40° < ιf − ιouterðmod 180°Þ < 140°
has been ignored. We ignore near-zone resonant locking.
We wish to explore these directions in future work, as well
as the possibility of entering the resonance via a “tidal”
disruption of a hierarchical triple, on an initially eccentric
outer orbit, as alluded to above.

XIII. CONCLUSION

We have studied a previously unrecognized dynamical
mechanism: the resonant locking of stellar-mass binaries
with gravitational waves generated by supermassive black
hole mergers. We expect this phenomenon to take place in
high mass postmerger galaxies, with billions of BH binaries
being resonantly locked in the Universe’s history.
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APPENDIX

1. Expressions for A and ϑ

The expressions for A and ϑ in Eq. (9) are

A ¼ 1

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðCιf þ CχÞ2ð1þ CιfCχÞ2 þ S4χS4ιf cosð2ωfÞ

q
;

ðA1Þ

ϑ ¼ π þ arctan

�
1 − t4χt4ιf
1þ t4χt4ιf

tanð2ωfÞ
�
; ðA2Þ

respectively, with tx ¼ tanðx=2Þ, Sx ¼ sinðxÞ and Cx ¼
cosðxÞ for x∈ fχ; ιfg.

2. The lagrange planetary equations

The LPEs are a set of six coupled first-order differential
equations that describe how the six orbital elements (a, e, ι,
u, ω, andΩ) of a binary system evolve in the presence of an
external perturbation ([61] Sec. 1.1), ([62] Sec. 11.9), ([63]
Sec. 12.2)

ȧ ¼
ffiffiffiffiffiffiffiffi
4a
GM

r
∂Lp

∂M
; ðA3aÞ

ė ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

GMae2

s
∂Lp

∂ω
þ 1 − e2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GMae2
p ∂L̃p

∂M
; ðA3bÞ

dι
dt

¼ −
csc ιffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GMað1 − e2Þ
p ∂Lp

∂Ω
þ tan ιffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GMað1 − e2Þ
p ∂L̃p

∂ω
;

ðA3cÞ

u̇ ¼
ffiffiffiffiffiffiffiffi
GM
a3

r
−

ffiffiffiffiffiffiffiffi
4a
GM

r
∂L̃p

∂a
−

1 − e2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMae2

p ∂Lp

∂e
; ðA3dÞ
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ω̇ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

GMae2

s
∂Lp

∂e
−

cos ιffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMað1 − e2Þ

p
sin ι

∂Lp

∂ι
; ðA3eÞ

Ω̇ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMað1 − e2Þ

p
sin ι

∂Lp

∂ι
; ðA3fÞ

where Lp is the Lagrangian corresponding to the perturbing
force. The general force given in Eq. (2) implies a
perturbing Lagrangian given by [29]

Lp ¼
Qij

f

2D
A1;ij −Qij

f
DiDk

2D3
A2;kj þQij

f

DiDjDkDl

4D5
A3;kl;

ðA4Þ
where An;ij are defined in Eq. (2).
Note that post-Newtonian (PN) effects are not contained

in the LPEs by default, but are typically incorporated by
adding the corresponding PN terms to the perturbing
Lagrangian, i.e., treating them as additional perturbative
forces on the Newtonian orbit [64,65]. While we accounted
for PN effects in the near-field terms of the BG binary in
Eq. (2), but we do not add additional PN corrections here to
the FG binary, which are generally subdominant,6 but we
wish to explore this in future work. In addition, we neglect
the center-of-mass momentum kick imparted to the FG
binary by the passing gravitational wave [[20], Eq. (32)], as
the resulting velocity change is entirely negligible and has
neither theoretical nor observational consequences.

3. Maintaining locking across zone boundary

Here, we demonstrate that the FG binary can remain
locked as it crosses the near-zone/wave-zone boundary, i.e.
a FG binary system initially in resonance in the near zone
(where the dominant effect comes from the Newtonian
quadrupole-quadrupole interaction) can remain locked as it
moves into the wave zone. This is shown in Fig. 6, where
locking begins at Dƛ ¼ 0.5, and ends at Dƛ ≈ 1.84.
However, if we are not careful, the strong D−5 scaling
of the Newtonian term can cause our 5 nf ¼ nb þ knouter
resonances to overlap for small D, invalidating our treat-
ment. Due to this, as well as our motivation to study GW-
induced resonances, we will restrict ourselves to the wave
zone and leave near-zone resonances to future work.

4. Decoupling during resonant locking

A binary system with a given ιf and ιouter will decouple
from resonance when there no longer exists a relative
phase, Δϕ0, such that Eq. (20) is satisfied. We saw in Fig. 3
that such a Δϕ0 exists in all ðιf ; ιouterÞ space when D ¼ ƛ.
Figure 7 shows maxðṅf=ṅbÞ for D ¼ 2ƛ. There are small

regions of parameter space left that can sustain locking, but
these also drop below unity by D ¼ 2.3ƛ.

5. Galaxy model

We select the galaxy’s SMBH mass, which is the BG
binary’s mass Mb, and model our galaxy accordingly.
Specifically, we focus on FG binaries in the galactic bulge.
We assume the distribution of FG binaries is spherically
symmetric. We assume that their distance and period
distribution functions, given by fDðDÞ and fTðTÞ, respec-
tively, are independent. We assume the radial matter

FIG. 5. Illustration of the setup. The dotted line represents the
wave-zone/near-zone boundary. The BG binary is emitting GWs
in all directions. Note that, despite the depiction, these GWs
actually form near the wave-zone/near-zone boundary rather than
inside the near zone.

FIG. 6. We demonstrate sustained resonant locking as the FG
binary crosses the near-zone/wave-zone boundary. Specifically,
we numerically integrate Eq. (A3) with the general force [Eq. (2)]
using initial conditions Mb ¼ 8.71× 108M⊙;Dƛ ¼ 0.5; eb;0 ¼ 0;
ϕb;0 ¼ 0; Tb;0 ¼ Tf;0 ¼ 4 yrs; ϕf;0 ¼ 0.65π; ef;0 ¼ 0.1; ιf ¼ 0;
ιouter ¼ 0 and all other orbital elements are initially set to zero.
This gives Touter ≈ 22.6 yr. The FG binary’s mean motion nf
remains trapped in resonance until decoupling at Tf ≈ 1.09 yr.

6Note that in the early inspiral phase of the BG binary, the
resonance condition together with the assumption of Mb ≫ Mf
implies that vf=c ¼ ðMf=MbÞ1=3vb=c ≪ vb=c ≪ 1.
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distribution in the bulge follows a Hernquist profile [66]

fDðDÞ ∝ 4πD2
1

ðDD0
Þð1þ D

D0
Þ3 ∝ 4πD2ρDðDÞ; ðA5Þ

whereρDðDÞ is the radialmass density distribution andD0 ¼
Re=1.8153 is the bulge scale length with Re being the half-
light radius. When combining the Re–Mbulge relation [67]
with the Mbulge–MSMBH relation [[53], Eq. (10)], one finds

D0 ¼ 3.1312 ×

�
Mb

109M⊙

�
0.748

kpc: ðA6Þ

Further, we normalize our distributions such that the total
number of stars is Nstars ¼ Mbulge=hmstari where hmstari ¼
0.3M⊙ is the average star mass [58] andMbulge comes from
the Mbulge–MSMBH relation [[53], Eq. (10)]

Mbulge ¼ 1.8 × 1011M⊙

�
Mb

109M⊙

�
0.85�0.06

: ðA7Þ

For the period distribution, we use Öpik’s law [68] which
states that fTðTÞ ¼ 1=ðT ln ½Tmax=Tmin�Þ. Tmax is given in
Eq. (A17), while we choose Tmin ¼ 10−5 days. Our choice
for Tmin is somewhat arbitrary, however the very weak
logarithmic dependence ensures that its precise value has
minimal impact on our results, even if changed by a few
orders of magnitude.

6. Thrown into resonance by encounters

Here, we consider an encounter between the FG binary
and a perturber of mass Mp, impact parameter b, and
velocity v, taken as the bulge velocity dispersion from the
MSMBH–σ relation [Eq. (21)]. The interaction rate of such
an encounter is

Γ ¼ πb2nstarsv ¼ πb2nstarsσ ðA8Þ
where nstars is the local stellar number density. We use the
separatrix treatment presented in our simplified toy model
to give an estimate of the chance for the binary system to
get kicked into the separatrix by a random scattering
encounter by a third object. This puts upper and lower
limits on the size of the kick.
The separatrix height is [cf. Fig. 1; this follows from the

equation of motion, Eq. (15)]

Hsep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
A − C2

F

q
þ 4CF sin−1

�
CF

CA

�
− 2πCF

s
: ðA9Þ

We consider two cases: (1) the pendulum is close to exact
resonance, namely on its final oscillation before reaching
θ̇ ¼ 0, in which case we take the size of the kick to be such
that Hsep=2 < Δnf < 3Hsep=2, and (2) the pendulum is far
from resonance, in which case jnf − nbj −Hsep=2 <
jΔnf j < jnf − nbj þHsep=2.
We label the lower and upper bounds as Δnlower and

Δnupper, respectively. From Kepler’s law 3ΔEf=Ef ¼
2Δnf=nf and hence, from Eq. (22), there exist impact
parameters bmin and bmax such that Δnf sits within the
desired range. However, there lies the simultaneous con-
dition that ðv=bÞT < γ for work to be done [see text
below Eq. (21)], and thus for the binary’s frequency to
change. Thus,

bmaxðtÞ ¼ min

��
6G2M2

p

σ2n2f ðjΔnf jnf
Þ
lower

�
1=4

; σTf=γ

�
; ðA10Þ

bminðtÞ ¼ min

��
6G2M2

p

σ2n2f ðjΔnf jnf
Þ
upper

�
1=4

; σTf=γ

�
: ðA11Þ

From Eq. (A8), the interaction rate of such encounters is

Γinto ¼ πnstartsσðb2max − b2minÞ: ðA12Þ

7. Thrown out of resonance by encounters

Again, continuing the toy separatrix model, getting
kicked out of resonance would require an encounter
where jΔnf j < Hsep=2. From this, we get a lower bound
on the impact parameter of encounters that do not disrupt
resonance

bout ¼ min

2
64
0
B@ 6G2M2

p

σ2n2f
�
Hsep

2nf

�
1
CA

1=4

; σTf=γ

3
75; ðA13Þ

where, from Eq. (A8), the corresponding interaction rate is

Γout ¼ πnstartsσb2out: ðA14Þ

FIG. 7. Maximum value of ṅf=ṅb due to the BG binary when
marginalizing over all relative phases as a function of the FG orbit
and outer orbit inclinations for D ¼ 2ƛ. The hatched regions
represent the parameter space removed due to ZLK oscillations.
At this distance, ṅf=ṅb does not exceed 1.4.

RESONANT LOCKING BETWEEN BINARY SYSTEMS INDUCED … PHYS. REV. D 113, 023040 (2026)

023040-9



8. Resonant locking for different resonances

Figure 8 shows maxð ¯̇nf=ṅbÞ as a function of ιf and ιouter
for all five resonances found in the general treatment, nf ¼
nb þ knouter for k∈ f�2;�1g. Figure 8(f) shows the
number of these resonances that have maxð ¯̇nf=ṅbÞ > 1
as a function of ιf and ιouter.
As a means of demonstration, Fig. 9 shows resonant

locking occurring for each of the four new resonances found
in the general treatment, nf ¼ nb þ knouter for k∈ f�2;�1g
(k ¼ 0 is shown in Fig. 2). In all cases, the initial conditions
are set such that the system starts within the separatrix
analogous to the orange region in Fig. 1.

9. Integration limits

As discussed above, we choose Tmin ¼ 10−5 days. Tmax
comes from the condition that the FG binary’s separation
distance must be less than each component’s Hill radius and
that it must not be so soft that it would evaporate within a
Hubble time, TH, before the galaxy merger. The evapora-
tion time of a binary with separation distance a in an
environment with velocity dispersion σ and local mass
density ρD is [[54], Eq. (7.173)]

tevap ∼
0.061σ
GρDa

: ðA15Þ

We must have tevap > TH for such a binary to still exist in
our postmerger galaxy. Thus,

TmaxðDÞ ¼ min

2
644π
c

ffiffiffiffiffiffiffiffiffi
D3

6rb;s

s
;

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

0.6GM⊙

�
0.061σ

GρDðDÞTH lnΛ

�
3

s 3
75: ðA16Þ

10. Number of locked binaries over
the history of all mergers

This may be expressed as

Never ¼ Ng

Z
Mmax

Mmin

NlockedhNmergersifSMBH dMSMBH ðA17Þ

where Ng is the number of galaxies in the observable
Universe, hNmergersi≡ hNmergersðMSMBHÞi is the average
number of mergers a galaxy with SMBH mass MSMBH
experiences in its lifetime, and fSMBH is the SMBH mass
distribution function. We conservatively take hNmergersi ¼
Oð1Þ to be unity.
The SMBH mass distribution function is found from the

DM halo mass function. Assuming there is one DM halo per

(a) (b) (c)

(d) (e) (f)

FIG. 8. Maximum value of ¯̇nf=ṅb are shown in panels (a)–(e) for all five resonances, while panel (f) shows the total number of
resonances where maxð ¯̇nf=ṅbÞ > 1. The hatched regions represent the parameter space removed due to ZLK oscillations.
(a) nf ¼ nb þ 2nouter. (b) nf ¼ nb þ nouter. (c) nf ¼ nb. (d) nf ¼ nb − nouter. (e) nf ¼ nb − 2nouter. (f) The number of resonances
for which maxð ¯̇nf=ṅbÞ > 1.
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SMBH, then using fSMBH ¼ fDMdMDM=dMSMBH, with
fDM ∝ M−1.806

DM [[53] Fig. 25(a)] (we never reach the expo-
nential truncation of themass function) and dMDM=dMSMBH
from Ref. [53], Eq. (18), we get

fSMBH ¼ fM;0

8<
:

M−1.298
SMBH ; if MSMBH < Mkink

M2.072
kink

M3.370
SMBH

; if MSMBH > Mkink

ðA18Þ

where Mkink ¼ 1.2 × 108M⊙ and fM;0 is the normalization
constant. Assuming the smallest SMBH mass is 106M⊙
and the largest is 1011M⊙, we normalize the distribution
and integrate Eq. (A17). Assuming Ng ¼ 2 × 1012 [69], we
find that

Never ≈ 7.2 × 109: ðA19Þ

(a) (b)

(c) (d)

FIG. 9. Numerically integrating Eq. (A3) for resonances nf ¼ nb þ knouter where k ¼ f2; 1;−1;−2g in panels (a)–(d), respectively.
We have set Mb ¼ 8.71 × 108M⊙; Dƛ ¼ 1; eb;0 ¼ 0;ϕb;0 ¼ 0; Tb;0 ¼ Tf;0 ¼ 2 yrs; ef;0 ¼ 0.1 initially, while all other unspecified
orbital elements were initially set to zero. (a) nf ¼ nb þ 2nouter, ιf ¼ π, ιouter ¼ π. (b) nf ¼ nb þ nouter, ιf ¼ π=2, ιouter ¼ π=2.
(c) nf ¼ nb − nouter, ιf ¼ π=2, ιouter ¼ 3π=2. (d) nf ¼ nb − 2nouter, ιf ¼ π, ιouter ¼ 0.
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