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We provide the first nonperturbative lattice determination of the bubble nucleation rate as seeded by
topological defects during a first-order phase transition. Our case of study is the cubic anisotropy model,
which can mimic the Higgs-plus-singlet setup for the electroweak theory, in d ¼ 2þ 1 spacetime
dimensions, where bubbles are seeded by (linelike) domain walls. We compare the nucleation rate from the
lattice with the semiclassical prediction based on the effective field theory living on the domain walls,
including for the first time the fluctuation determinant away from spherical symmetry. Our results show
very good agreement across all the considered parameter space.
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I. INTRODUCTION

First-order phase transitions are characterized by the
simultaneous presence of two (or more) physically distinct
vacua separated by an energy barrier. The false vacuum
then decays to the true vacuum via the nucleation of
bubbles of the new phase. In a cosmological context, this
process is often assumed to be driven by thermal fluctua-
tions in a homogeneous background with uniform proba-
bility in space [1,2]. This bears certain implications for the
most likely (critical) bubbles, notably spherical symmetry.
The presence of impurities in the early Universe

(for instance, topological defects such as domain walls
[3–6], strings [7–14], and monopoles [7,8,15–17]) can,
however, dramatically change this picture by catalyzing
bubble nucleation in their vicinity. As a consequence, the
nucleation probability is no longer uniform in space but
rather enhanced around the defects, and the symmetry of
the critical bubble will generally be reduced. Cosmological
phase transitions can be sources of a stochastic gravita-
tional wave background; see, e.g., Ref. [18] for a review. A
seeded nucleation will drastically change the distance
scales and timescales associated with the transition and
hence the resulting signal; see Refs. [19,5,14] for a detailed
study of the gravitational wave spectrum.

The framework for describing seeded bubble nucleation
in quantum and thermal field theory follows essentially the
semiclassical methods developed in Refs. [1,2,20,21] for
the homogeneous case. The probability of seeded nucle-
ation is still dominated by the saddle point of the action
corresponding to the critical bubble, albeit with less sym-
metry than the usual O(4) or O(3) solutions. Furthermore,
as seeded nucleation is restricted along the submanifold
where the impurity is located, one has in general a different
number of zero modes corresponding to spatial translations
compared to the homogeneous case, where nucleation can
occur anywhere in space.
Physics of bubble nucleation can also be studied by

means of lattice field theory simulations. For strongly
suppressed transitions, as in most cosmologically interest-
ing models, the lattice is used to investigate the configu-
rations near the saddle point in configuration space. This
approach is very similar to that of Langer’s classical
investigation in Ref. [22]. For its lattice field theory analog,
see, e.g., Refs. [23–26]. The main advantage of this
approach is to bypass the approximations that are inevitably
introduced in semiclassical calculations and provide an
independent, nonperturbative, determination of the bubble
nucleation rate. Moreover, the lattice can be used to test the
validity of the perturbative calculations against simulation
data; see, e.g., Refs. [26,27].
Alternatively, for sufficiently large nucleation rates, a

more intuitive method can be used: assuming that the time
evolution of the system can be simulated on a computer, an
initial metastable configuration can be evolved in time until
a nucleation event happens. Repeated simulations can be
performed to collect statistics on, e.g., the average lifetime,
which easily translates into the nucleation rate.
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We will specify the dynamical evolution of the fields
with the stochastic Hamiltonian method [28,29], which is a
mixture of Hamiltonian and Langevin evolution with a
tunable noise. The final rate will depend on the magnitude
of the noise. The Hamiltonian evolution has the additional
theoretical benefit that it describes the evolution of a
quantum scalar theory at high temperatures to leading
order in couplings [30,31]. The stochastic Hamiltonian
equations are relatively easily simulated on a lattice. For
early numerical works in kink-antikink pair production, see
Refs. [32–34], and for nucleation, see Refs. [35–37]. For
more recent works in real-time simulations of thermal false
vacuum decay, see Refs. [38–41].
All lattice studies to date have focused on homogeneous

phase transitions. It then appears highly desirable to extend
this method to phase transitions catalyzed by impurities,
which is the scope of this paper. Such a first-principle
determination of the bubble nucleation rate will allow us to
test the theoretical framework of seeded tunneling and, in
particular, the one developed in Ref. [3]. The simulation
setup we are going to use is a straightforward generalization
of the one employed for homogeneous nucleation: we
include a defect in the simulation box at the initial time and
monitor the nucleation of bubbles around it via a real-time
approach. For mere computational-time convenience, we
focus on the cubic anisotropy model in 2þ 1 dimensions,
where the impurity is a (linelike) domain wall. Our setup
mimics the one considered in Refs. [3,4,6] for a seeded
electroweak phase transition and can be straightforwardly
generalized to a 3þ 1 spacetime.
With the aim of providing a complete theoretical

prediction to be tested against simulation data, we will
also highlight how the determinant of the fluctuation
operator, which contributes to what is usually referred to
as the prefactor [21] of the nucleation rate, can be computed
for the case of seeded tunneling. In fact, this is a nontrivial
task due to the lack of spherical symmetry of the critical
bubble which most methods rely on (see, e.g., Ref. [42]),
which can, however, be carried out thanks to the domain-
wall effective theory introduced in Ref. [3].

II. SETUP

In this paper, we are going to be working with the cubic
anistotropy model, which has already been the subject of
lattice studies of bubble nucleation in the literature [23].
This setup can also describe the essential particle physics
content of the extended standard model (SM) in the Z2

symmetric limit, where the electroweak phase transition
can be first order and seeded by domain walls [3,4,6].
We will consider a realization of this scenario in d spatial

dimensions and eventually set d ¼ 2 for computational
convenience. This d-dimensional theory is understood as
coming from the corresponding thermal field theory in dþ 1
dimensions at finite temperature T after performing standard
dimensional reduction. The model is then described by

Z ∝
Z

DϕaDϕbe−S½ϕa;ϕb�; ð1Þ

with action

S ¼ 1

T

Z
ddx

�
1

2
ð∂iϕαÞ2 −

m2
α

2
ϕ2
α þ

λ0α
24

ϕ4
α þ

μ0

4
ϕ2
aϕ

2
b

�
;

ð2Þ

where α ¼ a, b and i ¼ 1;…; d. Even though not indicated
explicitly for notational convenience, the scalar masses as
well as the quartics do in general depend on T.
Through the field redefinitions ϕα →

ffiffiffiffi
T

p
ϕα, the depend-

ence on the temperature can be reabsorbed in the model
parameters such that

S ¼
Z

ddx

�
1

2
ð∂iϕαÞ2 þ Vðϕa;ϕbÞ

�
; ð3Þ

where

Vðϕa;ϕbÞ ¼
X
α¼a;b

�
−
m2

α

2
ϕ2
α þ

λα
24

ϕ4
α

�
þ μ

4
ϕ2
aϕ

2
b; ð4Þ

and λα ¼ Tλ0α and μ ¼ Tμ0.
Wewill focus on the region of the model parameter space

where first ϕb obtains a nonzero vacuum expectation,
hϕbi ¼ �vb (while hϕai ¼ 0), leading to the formation
of domain walls from the spontaneous Z2-symmetry break-
ing. The domain-wall profile can actually be obtained
analytically for the ϕ4-theory as

ϕb;DWðxÞ ¼ vb tanh ðmbx=
ffiffiffi
2

p
Þ; ð5Þ

which interpolates between ϕb ¼ �vb at x ¼ �∞.
Later on, the false vacuum, ð�vb; 0Þ, decays to the true

vacuum of the theory at zero temperature, ð�va; 0Þ, via the
nucleation of bubbles. The thermal history can then be
summarized as

ðϕa;ϕbÞ∶ ð0; 0Þ ⟶
DWs formð0;�vbÞ ⟶

1st order ð�va; 0Þ; ð6Þ

where the second step can in principle proceed by both
homogeneous bubble nucleation far from the domain walls
and by seeded nucleation around the domain walls [namely,
at x ¼ 0 with reference to (5)], albeit with different
nucleation probability.
The focus of our work is to study the second step of the

phase transition. We will then consider the ð0;�vbÞ vacuum
as the initial state, including the presence of domain walls
interpolating between ϕb ¼ �vb. Within our setup, ϕa
plays the role of the Higgs1 during the electroweak phase

1For the SM Higgs, the �va vacua would be gauge equivalent.
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transition, and ϕb is the BSM scalar singlet. To more
efficiently simulate the system on the lattice, we will focus
on a d ¼ 2-dimensional realization of this model, where
domain walls are linelike defects. To illustrate our setup, we
show a simulation snapshot of a nucleation event seeded by
a ϕb-domain wall in Fig. 1.
As our main goal is to derive a theoretical prediction for

the tunneling rate per unit domain-wall length and compare
it with our results from the lattice, we need to choose a
dynamics for the system. We will consider the fields as
classical, coupled to a thermal reservoir. The evolution of
the fields is then governed by the stochastic Hamiltonian
equations [29],

∂ϕα

∂t
¼ δH

δπα
ð7Þ

∂πα
∂t

¼ −
δH
δϕα

− γ
δH
δπα

þ ξ; ð8Þ

where ξ is a Gaussian noise with

hξðx; tÞξðx0; t0Þi ¼ 2γδð2Þðx − x0Þδðt − t0Þ: ð9Þ

γ adjusts the coupling of the system with the thermal
bath. Langevin dynamics is obtained in the limit γ → ∞,
while γ ¼ 0 corresponds to the standard nondissipative
Hamiltonian dynamics.
In this case, the prediction for the nucleation rate in the

saddle-point approximation factors into two terms: a
dynamical part, Adyn, and a statistical part, Astat. That is,

Γ ¼ Adyn × Astat; ð10Þ

where

Adyn ¼
1

2π

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jλ−j þ

γ2

4

r
−
γ

2

!
ð11Þ

for the stochastic Hamiltonian equations [42–49]. λ− is the
negative eigenvalue associated with the (unstable) fluc-
tuation around the critical bubble. The statistical factor reads

Astat ¼
�
B − BFV

2π

�
n=2
���� det0 O½ϕt�
detO½ϕFV�

����−1=2e−ðB−BFVÞ; ð12Þ

where B is the (bounce) action of the critical bubble profile,
ϕt ¼ fϕa;tðxÞ;ϕb;tðxÞg, and BFV is the action associated to
the false vacuum. The operator O corresponds to the second
derivative of the action, and the determinant comes from
integrating over the fluctuations around the tunneling tra-
jectory, O½ϕt�, or the false vacuum, O½ϕFV�. The notation
det0 indicates the removal of the n zero modes related to
translational invariance.
For homogeneous nucleation, the false vacuum is given

by ϕFV∶ ðϕa ¼ 0;ϕb ¼ �vbÞ, with the two possible
choices of �vb leading to the same physics. The number
of zero modes is n ¼ d corresponding to spatial trans-
lations in all possible directions. The critical bubble profile
is spherically symmetric, ϕt ¼ fϕa;tðjxjÞ;ϕb;tðjxjÞg. As a
consequence, the fluctuation operator around the critical
bubble, O½ϕt�, is spherically symmetric as well. While still
challenging in general, the evaluation of the determinant
can then be tackled numerically by taking advantage of the
spherical symmetry; see Ref. [42]. The negative eigen-
value, λ−, can also be readily computed numerically with
the tunneling profile at hand.
The type of seeded tunneling around the domain-wall

impurity shown in Fig. 1 introduces some difficulties for
the evaluation of Astat in (12) when compared to the
homogeneous case. First of all, the false vacuum is no
longer constant in space but rather contains a space-
dependent domain-wall configuration as given in (5).
This also implies that the critical bubble is no longer
spherical, making it technically more difficult to determine
its profile and bounce action. Moreover, the evaluation of
the fluctuation determinants is severely complicated due to
the lack of spherical symmetry. The identification of the
zero modes is less obvious as well, even though one expects

FIG. 1. Snapshot of the two fields a while after the nucleation
event. The upper figure shows the wall-field ϕb, while the
lower one shows the nucleating field ϕa, here tunneling to the
vacuum at ð0;−vaÞ.
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that only spatial translations parallel to the domain wall
should survive.
In the next section, we shall see how these issues can be

circumvented by working within the domain-wall effective
field theory developed in Ref. [3].

III. PREDICTION FOR THE SEEDED
NUCLEATION RATE

Seeded tunneling can be described as a homogeneous
process taking place along the catalyzing defect. This
allows us to apply all the methods and simplifications
developed for standard homogeneous nucleation.
In the domain-wall case of interest, one then constructs a

d − 1 effective field theory (EFT) by employing a Kaluza-
Klein (KK) decomposition of the fields ϕa;b around the
domain-wall background,

ϕb ¼
X
n

ϕðnÞ
b ðyÞφðnÞ

b ðxÞ þ ϕb;DWðxÞ; ð13Þ

and

ϕa ¼
X
n

ϕðnÞ
a ðyÞφðnÞ

a ðxÞ; ð14Þ

where the domain-wall profile is given in (5) and y is the
coordinate on the domain wall. The profiles φa;bðxÞ can be
obtained by solving the associated eigenvalue problem.
Such expansion can be inserted into the action (3) and,
upon performing the integration along the x direction
orthogonal to the domain wall, one obtains a theory for
the ϕn

a;bðyÞ modes living on the wall.
By exploiting some hierarchy in the mass spectrum of

the theory, one may retain only the lightest states among

ϕðnÞ
a and ϕðnÞ

b , indicated here by ϕ0
a and ϕ0

b, respectively, as
dynamical fields. This leads to the action in the EFT [3]

SEFT ¼
Z

∞

−∞
dy

�
1

2

�
dϕ0

α

dy

�
2

þ m̃2
α

2
ϕ02
α þ Ṽðϕ0

a;ϕ0
bÞ
�
; ð15Þ

where α ¼ a, b and we denoted by m̃α the mass of the ϕ0
a;b

modes. These are related to the original model parameters
in (3) as

m̃2
a ¼ −m2

a þ
1

2
pm2

b; p ¼ 1

2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 24μ

λb

s
− 1

!
; ð16Þ

and

m̃2
b ¼

3

2
m2

b: ð17Þ

The spectrum contains an additional zero (massless) mode
corresponding to translations of the domain wall. This state

is uninfluential for the tunneling problem and is therefore
omitted.
The other KK states have masses m2

KK ≳m2
b, and their

effect is captured by higher-dimensional operators in the
effective potential Ṽðϕ0

a;ϕ0
bÞ. This contains interactions

mediated by the tree-level exchange of heavy KK reso-
nances up to Oðm−4

KKÞ accuracy and is therefore an eighth-
order polynomial. (Increasing the accuracy beyond this
level is challenging due to the large number of possible
tree-level exchanges and would also require to include
derivative operators). Notice that we kept ϕ0

b as dynamical
even though m̃2

b ∼m2
KK. As we shall see, the final result for

the bounce action does not strongly depend on this choice,
which is consistent with our EFT approach.
Depending on the portal coupling μ, the mode ϕ0

a can have
a positive mass.2 This then controls the leading-order
barrier for seeded nucleation, which in the EFT is described
by the following transition:

ðϕ0
a;ϕ0

bÞ∶ ð0; 0Þ → ðhϕ0
ai; hϕ0

biÞ: ð18Þ

Notice that this process corresponds to standard homo-
geneous nucleation, as seeded bubbles have the same
probability of being nucleated at any point along the
domain wall.
For the EFT to work, one needs m̃2

a ≪ m̃2
b, which can be

satisfied in certain regions of the parameter space. In the
following, we shall assume that this it the case. The rate for
the seeded tunneling of interest can then be computed
straightforwardly according to the general framework
presented in Sec. II within the EFT in (15). In particular,
the statistical factor for seeded tunneling is given by

As
stat ¼

�
Bs − BFV

2π

�
1=2
���� det0Os½ϕ0

t �
detOs½ϕFV�

����−1=2e−ðBs−BFVÞ: ð19Þ

The action of the seeded critical bubble, Bs, can be
obtained as

Bs ¼ 2

Z
ϕ̄

0

dϕt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ṽðϕ0

t Þ
q

; ð20Þ

where ϕ0
t is the tunneling direction in the two-field space

given by ðϕ0
a;ϕ0

bÞ and ϕ̄ corresponds to the point where
Ṽðϕ̄Þ ¼ 0 along this trajectory.3 This expression for Bs is
particularly simple as we are working with a linelike defect,
and the factor of 2 comes from the symmetry around y ¼ 0.
Notice that we have a single zero mode (n ¼ 1) in (20),
as this corresponds to translations of the critical bubble

2The case of m̃2
a < 0 would signal a classical instability of

the domain wall, which would then dissociate without encoun-
tering any energy barrier.

3The effective potential Ṽ is such that it vanishes at the false
vacuum, ðϕ0

a ¼ 0;ϕ0
b ¼ 0Þ.
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along the domain wall. Within our conventions, one
has BFV ¼ 0.
As for the functional determinants in (19), they can

actually be computed analytically by introducing a further
simplification of the EFT in (15). First of all, we integrate
out ϕ0

b at tree level to obtain a one-field tunneling problem
for ϕ0

a. This is justified as ϕ0
b is rather heavy, as discussed

below (17). One then has

SEFT ≃
Z

dy

�
1

2

�
dϕ0

a

dy

�
2

þ m̃2
a

2
ϕ02
a −

λ

4
ϕ04
a þ…

�
; ð21Þ

where λ > 0 is the resulting effective quartic coupling. The
dots indicate further terms that are not essential for the
tunneling problem and will be neglected. In this approxi-
mation, the bounce solution satisfies

−ϕ00
t ðyÞ þ m̃2

aϕtðyÞ − λϕ3
t ðyÞ ¼ 0; ϕtð�∞Þ ¼ 0: ð22Þ

The fluctuation operator is then given by

Os½ϕt� ¼ −
d2

dy2
þ m̃2

a − 3λϕ2
t ðyÞ: ð23Þ

At y ¼ 0, one has ϕ0
tð0Þ ¼ 0 and ϕ2

t ð0Þ ¼ 2m̃2
a=λ. This

leads to the observation thatOs½ϕt� can be approximated by
a Pöschl-Teller potential of the form

OPT ≡ −
d2

dy2
þ m̃2

a

�
1þ k2 −

jðjþ 1Þ
cosh2ðm̃ayÞ

�
ð24Þ

with j ¼ 2. One can check that the spectrum of OPT

has exactly two bound states with energy levels λl ¼
m̃2

að1 − l2Þ with l ¼ 1, 2, yielding a zero mode with
λ0 ¼ 0 and one mode with negative eigenvalue

λ− ¼ −3m̃2
a; ð25Þ

as expected from our tunneling problem. The operator
related to fluctuations in the false vacuum, Os½ϕFV�, is
instead simply given by (24) with j ¼ 0. To later on extract
the zero mode from the determinant around the bounce
solution and regularize our procedure, we have included the
k2 term in (24), which we will eventually send to zero.
The ratio of the determinants in (19) can then be

approximated by

lim
k→0

���� 1

m̃2
ak2

detOPTjj¼2

detOPTjj¼0

����−1=2 ¼ 2
ffiffiffi
3

p
m̃a; ð26Þ

where this result can be obtained with the Gelfand-Yaglom
theorem, as well as from a direct computation of the phase
shifts and bound-state energy levels [50].
The full rate for seeded bubble nucleation per unit

domain wall length, including the fluctuation determinant,

can then be approximated by

Γs ¼ As
dyn × As

stat ≃ 2 ×
3

π
m̃2

a

�
Bs

2π

�
1=2

e−Bsfðγ=m̃aÞ; ð27Þ

where

fðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ t2=12

q
− t=

ffiffiffiffiffi
12

p
; ð28Þ

and the factor of 2 takes into account the Z2 symmetry for
the field ϕa, which can tunnel to either of the �va minima
with the same probability. As

dyn is given by (11) with
λ− ¼ −3m̃2

a, as discussed above.
Overall, we expect the Pöschl-Teller approximation

represented by (24) to introduce only a factor of Oð1Þ
uncertainty in the theoretical prediction of Γs. Let us also
notice that the prefactor that we obtained differs signifi-
cantly from what one could guess based on dimensional
analysis. In particular, this turns out to be controlled by m̃2

a,
which can be order-of-magnitude smaller than all the other
scales in the problem such as the domain wall tension,
which in this case is σDW ∼m2

b ≫ m̃2
a.

A. Benchmark points

With d ¼ 2 spatial dimensions, the fields are dimension-
less, and the mass dimensions of the couplings are given by

½m2
α� ¼ ½λα� ¼ ½μ� ¼ 2: ð29Þ

For the rest of the paper, we implicitly write all quantities in
units of an arbitrary mass scale M. Then, the benchmark
points relevant for our lattice study are given by the masses

m2
a ¼ 0.09; m2

b ¼ 0.226; ð30Þ

and quartic couplings

λa ¼ 0.006; λb ¼ 0.096; μ ¼ 0.026ð0.028Þ: ð31Þ

The masses of the states in the domain-wall EFT read

m̃2
a ¼ 0.008ð0.013Þ; m̃2

b ¼ 0.34; ð32Þ

so that the condition m̃2
a=m̃2

b ≪ 1 is satisfied. The value
of m̃2

a in parentheses refers to μ ¼ 0.028. The bounce
action, Bs, evaluated with different accuracy in the domain-
wall EFT are reported in Table I for the two values of μ
considered in (31). The different orders of accuracy
correspond to higher-order operators that we include in
the effective potential Ṽðϕ0

a;ϕ0
bÞ in (15), ranging from

neglecting altogether the KK excitations to keeping terms
up to OðmKKÞ−4. We also indicate in parentheses the value
of the seeded bounce action obtained by further integrating
out the ϕ0

b mode. The knowledge of Bs together with m̃2
a
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allows then a straightforward prediction for the tunneling
rate per unit wall length via (27), once the damping γ is
specified.
Let us also notice that by rescaling the quartic couplings,

λα and μ, by a common factor x < 1, we can effectively
describe a decrease in temperature and therefore obtain a
more suppressed nucleation rate. Within our approximation
for the decay rate, this will only affect the value of Bs,
which will change to Bs=xwhen evaluating the rate in (27).
Given the exponential decay law in time for the false

vacuum, the average lifetime of the false vacuum is

τ ¼ 1

Γs · Lw
; ð33Þ

where Lw is the total length of the domain wall in the
simulation box.
Far from the domain walls, the nucleation of spherical

bubbles can of course still take place. However, this process
is predicted to be extremely slow compared to seeded
tunneling for the benchmark points under consideration. In
particular, the bounce action far from the walls turns out to
be B≳ 100. We thus expect to see no such event in our
simulation box and the phase transition to complete thanks
to seeded bubbles.

IV. LATTICE IMPLEMENTATION

The simulation was written using the lattice program-
ming framework HILA [51]. The system is simulated on a
two-dimensional rectilinear lattice with Ny sites along the
domain wall and Nx to the perpendicular direction. The
lattice is periodic in the y direction, along the domain wall,
and antiperiodic in the x direction. The latter boundary
condition forces the appearance of a domain wall. The
physical dimensions are simply ðLx; LyÞ ¼ ðaNx; aNyÞ.
Where appropriate, we use Lw instead of Ly. The scalar
fields are defined on the lattice sites, and the Hamiltonian is
discretized using finite differences. This gives the lattice
Hamiltonian as

HL ¼
X
n

X
α¼a;b

a2
�
π2α
2
þ Zϕ

2
ðϕα∇2

LϕαÞ ð34Þ

þZmα
ðm2

α þ δm2
αÞ

2
ϕ2
α ð35Þ

þ λα þ δλα
24

ϕ4
α

�
þ μþ δμ

4
ϕ2
aϕ

2
b; ð36Þ

where the field variables are implicitly functions of the
lattice site n, a is the lattice spacing, and ∇2

L is the Oða2Þ
accurate lattice Laplacian

∇2
LϕðnÞ ¼

1

a2
X
i

�
4

3
ðϕðnþ iÞ þ ϕðn − iÞÞ ð37Þ

−
1

12
ðϕðnþ 2iÞ þ ϕðn − 2iÞÞ − 5

2
ϕðnÞ

�
: ð38Þ

The lattice counterterms are discussed in Appendix.
This is now a coupled system of 4NxNy scalar functions

governed by the stochastic Hamiltonian Eqs. (7) and (8). We
evolve the system numerically using a fourth-order sym-
plectic Yoshida integrator [52]. We take the stochastic term ξ
into account by updating the momenta every Δt ≪ a as

παðx; tþ 0Þ ¼ ð1 − ϵ2Þ1=2παðx; t − 0Þ þ ϵηαðx; tÞ; ð39Þ
where ϵ2 ≔ 1 − expð−2γΔtÞ and ηα is drawn from
N ð0; 1Þ [23]. By a direct computation, one finds

hπαðx; t − 0Þ2i ¼ hπαðx; tþ 0Þ2i; ð40Þ
meaning that a Gibbs distribution is preserved. Since the
other part of the time evolution damps the momenta, the
distribution of παðx; tÞ settles to that of ηα over time. This
update is a type of splitting method and in this implementa-
tion achieves global (weak) error of OðΔt2Þ (see, e.g.,
chapter 7 of Ref. [53] for reference on stochastic integrators
of this type).
The simulation proceeds as follows. The system is

initialized such that the wall-field ϕb is set to one vacuum
on the left half of the lattice and in the other on the right.
This creates a sudden jump in the middle, but due to the
antiperiodic boundary conditions, the jump is not “visible”
when wrapping around the lattice. The field ϕa is initialized
to zero.
The wall field is then evolved in a static background with

ϕa ¼ 0 to relax ϕb into a correctly shaped domain wall.
Once the wall field has been relaxed, both fields are evolved
until the volume average of jϕaj reaches some reasonable
threshold value, indicating the formation of a bubble. We
graph some of the trajectories in Fig. 2.
We tested the lattice spacing and volume dependency

of the average nucleation time τ for the parameters of
the benchmark point in Fig. 3. To ascertain that our

TABLE I. Bounce action of the critical bubble, Bs, for different
values of the portal coupling μ (the other model parameters are
specified in Sec. III A), calculated within the domain wall EFT at
different orders of accuracy: neglecting KK excitations (first
column), atOð1=m2

KKÞ (second column), and atOð1=m4
KKÞ (third

column). The value quoted in parentheses is obtained by further
integrating out ϕ0

b, leading to a one-field tunneling problem for
ϕ0
a. For each value of μ, the various predictions indicate the

degree of theoretical uncertainty for Bs. We also report the
derived quantity m̃2

a for each μ.

Bs

μ m̃2
a No KK Oð1=m2

KKÞ Oð1=m4
KKÞ

0.026 0.008 6.05 (5.86) 5.23 (5.07) 5.27 (5.11)
0.028 0.013 12.0 (11.4) 9.67 (9.25) 9.74 (9.30)
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renormalization prescription is working, we also measured
the values of the scalar condensates and present the results
in Fig. 4. In the true vacuum, the large vacuum expectation
value of ϕ2

a makes ϕb very heavy, leading to an increased
lattice spacing dependency. In light of the relatively mild
lattice spacing dependence of the measured nucleation
times and the number of parameter points investigated,

we have elected to perform all simulations with a ¼ 0.5
and ðLx; LwÞ ¼ ð64; 128Þ.

A. Extracting the rate

From the preceding initialization description, it is obvious
that the fields at time t ¼ 0 are not sampled from the thermal
distribution and the nucleation rate cannot be expected to be
constant in time. Of course, due to the stochastic evolution,
the fields thermalize over some characteristic timescale T .
To control the effect of the unphysical initial conditions, we
analyze the nucleation times using different cutoff times.
That is, we take the full set of nucleation times and set a new
t ¼ 0 at some tcut, discarding all runs where the nucleation
occurred before tcut. By varying tcut (which is easily done in
postprocessing), we obtain different sets of nucleation
times. If we increase tcut, the dependence on the initial
conditions should weaken. We then expect that the rates
should stabilize as tcut → ∞. An example is shown in Fig. 5.
We can only analyze a finite number of nucleation events,

and as the nucleation times are exponentially distributed,
this method is practical only when T is not much longer
than the average nucleation time. However, if T were much
larger than the average lifetime of the system, a thermal
initial distribution might not make physical sense anyway.
For all parameter points investigated, the assumption

FIG. 3. Lattice dependency of the obtained nucleation times at
the reference parameter point. In the upper plot, we use a ¼ 0.5
and vary the length of the wall Lw ∈ f64; 128; 196g. In the lower
plot, we use lattice with the physical dimensions ðLx; LwÞ ¼
ð64; 128Þ at different values of lattice spacing a.

FIG. 2. Some example trajectories from the simulations at the
reference point with the damping factor γ ¼ 0.05. We graph the
volume average of the absolute value of the two fields.

FIG. 4. Lattice spacing dependency of the condensates at the
reference parameter point. Here, the system does not contain a
wall and the boundary conditions are periodic. The physical
dimensions of the lattice are ðLx; LyÞ ¼ ð64; 64Þ. In the meta-
stable phase, the dependency is very mild. In the stable phase,
ϕb is quite strongly affected by the large vacuum expectation
value of ϕ2

a through the mixing interaction.
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remains valid, and the cutoff method does not necessitate
excessive discarding of nucleation events.
There are many ways to obtain the average nucleation

time from the generated distributions. If we assume that the
lifetimes are exponentially distributed, pðtÞ ∝ expð−t=τÞ,
the simplest way to extract τ is to simply take the mean of
the nucleation times ftig. Alternatively, we can fit the
distribution pðtÞ of the exponential form to a histogram of
the nucleation times. The two methods yield compatible
results. We only use the first method in this work.
Having obtained τ for each cutoff value of interest, there

is no straightforward way to choose the cutoff values for the
final estimate. The data points in Fig. 5 are highly
dependent, since they are all derived from the same initial

set of nucleation times. For this work, we are satisfied with
a constant fit to the interval tcut ∈ ½200; 400�.
The error estimates are based on bootstrap resampling

the initial set of nucleation times. For each resample,
we perform the previous analysis and obtain a set of
bootstrap estimates for τ. The result is simply the mean
of the bootstrap estimates, while the error bars denote their
5th and 95th percentiles.

V. RESULTS

We give all lattice quantities as dimensionless. Physical
units can be recovered by the appropriate multiplication by
the scaleM. For these comparisons, the scale does not have
to be specified. Simulations were at the reference parameter
point with details given in Table II. In all simulations, we
set lattice spacing to a ¼ 0.5, the time step to Δt ¼ 0.05a,
and use an elongated lattice with ðNx; NyÞ ¼ ð128; 256Þ,
where the domain wall runs along the longer side. Different
values of the pure number x correspond to transforming the
quartic couplings via the scaling fλα; μg → fxλα; xμg. The
corresponding change in the nucleation rate is discussed in
Sec. III A.
The obtained nucleation time estimates are presented in

Fig. 6 along with the semianalytic result. Numerical values
are tabulated in Table II. We see that the semianalytic
estimates agree well with the simulations. It seems that the
simulation results are closer to the more drastic approxi-
mation, where only ϕ0

a remains dynamical for the bounce
action computation. We will not attribute any special
significance to this, as the reason we show both

TABLE II. Results for the normalized average nucleation times
for all points in Fig. 6. Since the error estimates from the
bootstrap are very close to symmetric, we only show the larger
error in the table.

μ γ x τ × Lw × 10−4 Nnucl.

0.026 0.05 1.0 1.92� 0.08 5000
0.9 2.81� 0.09 5000
0.8 5.15� 0.15 5000
0.7 11.22� 0.37 3000
0.6 31.42� 1.01 3000

0.10 1.0 2.32� 0.09 5000
0.9 3.51� 0.11 5000
0.8 6.08� 0.17 5000
0.7 13.59� 0.44 3000
0.6 36.78� 1.13 3000

0.028 0.05 1.1 18.46� 0.75 2000
1.0 39.46� 1.59 2000
0.9 102.25� 3.79 2000

0.10 1.1 20.61� 1.07 1200
1.0 45.05� 2.23 1200
0.9 119.87� 5.95 1200

FIG. 5. The histograms contain the distributions of the nor-
malized nucleation times as the cutoff time is varied. The scatter
plot shows the normalized nucleation times extracted from
distributions at different cutoff values. For these parameters,
the rate appears to stabilize at t ≈ 120, which is not completely
obvious from looking at the trajectories of hjϕajiV in Fig. 2.

BLASI, EKSTEDT, HÄLLFORS, and RUMMUKAINEN PHYS. REV. D 114, 074505 (2026)

074505-8



semianalytic estimates is only to gauge the uncertainty
related to our approximations.

VI. CONCLUSIONS

We have investigated domain-wall-seeded first-order
phase transitions in the context of a classical field coupled
to a thermal reservoir. We have calculated an estimate for
the average lifetime of the metastable phase using a
Kaluza-Klein decomposition, thus translating the problem
back to that of homogeneous nucleation. We have com-
pared the semianalytic estimate to numerical simulations
of the original two-dimensional system and found very
good agreement across the parameter range investigated.
The lattice analysis is in that sense incomplete that we

did not perform a detailed continuum or infinite volume
extrapolation for the average nucleation times. This should
be done to obtain precision estimates but is perhaps
unwarranted for our toy model. For very large volumes,
the scenario of multiple bubbles becomes likely, and the
method used here becomes somewhat impractical since the
cutoff analysis would require us to discard more runs. In
addition, the lattice volume averages become noisier
indicators as the volume of metastable phase is increased.
The latter problem is likely solvable by constructing more
refined measurables.
In addition to the real-time approach taken in this work,

testing the nonperturbative saddle-point approximation of
Ref. [24] would also be interesting. For simplicity, such a
comparison might initially be made in the scenario of
homogeneous nucleation. We do intend to explore this
latter method in the case of seeded nucleation in the more
physically motivated case of the real scalar singlet extended
Standard Model. Since the necessary matching rules to a

three-dimensional EFT have already been computed in
Ref. [27], the system is very amenable to a lattice study.
Let us also comment on how the semianalytic method

based on the domain-wall EFT adopted in this paper can be
extended in d ¼ 3 dimensions, where the domain wall is a
two-dimensional surface. In this case, the seeded bounce
action will not have a simple expression as in (20), but rather
it needs to be obtained by shooting or path-deformation
algorithms as implemented, e.g., in COSMOTRANSITIONS

[54]. Moreover, the fluctuation operator will not involve
a single spatial dimension as in (23). In this case, we do not
expect to find an analytical approximation for the deter-
minant. Nevertheless, we could still evaluate the required
determinants with the numerical methods developed in
Ref. [42]. Therefore, while more challenging from a
computational point of view, we expect to successfully
apply this method also in d ¼ 3.
Finally, let us remark that when the domain wall EFT is

outside of its range of validity a systematic method for
evaluating the statistical factor away from spherical sym-
metry remains an open question.
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FIG. 6. Average configuration lifetime for different values of the quartic scaling factor x for two different values of μ and γ. The
different lines correspond to different semianalytic estimates for the bounce action Bs. The solid line is theOð1=m4

KKÞ estimate in Table I
(Bs ¼ 5.27 for μ ¼ 0.026, and Bs ¼ 9.74 for μ ¼ 0.028), while the dotted line uses the corresponding parenthesized value (Bs ¼ 5.11
for μ ¼ 0.026, and Bs ¼ 9.30 for μ ¼ 0.028).

SEEDED BUBBLE NUCLEATION ON THE LATTICE PHYS. REV. D 114, 074505 (2026)

074505-9



APPENDIX: COUNTERTERMS FOR THE LATTICE ACTION

The discretized Lagrangian is written as

LL ¼
X
n

a2
"X
α¼a;b

�
Zϕ

2
ðϕα∇2

LϕαÞ þ
Zmα

ðm2
α þ δm2

αÞ
2

ϕ2
α þ

λα þ δλα
24

ϕ4
α

�
þ μþ δμ

4
ϕ2
aϕ

2
b

#
; ðA1Þ

where a is the lattice spacing and the fields are implicitly
functions of the lattice site n. The couplings have their
renormalized values that are a priori unrelated to the
continuum values.
The prefactor a2 can be absorbed into the couplings by

defining the dimensionless quantities

m̂2
α ≔ a2m2

α; λ̂α ≔ a2λα; μ̂ ≔ a2μ: ðA2Þ
Since the two-dimensional theory is super-renormalizable,
the lattice couplings go to zero in the continuum limit. In
perturbation theory, only the one-loop contribution to the
two-point function is divergent, meaning that the quartic
counterterms can be set to zero. Futhermore, the finite
corrections to the quartic lattice couplings and multiplica-
tive renormalization factors Zi are suppressed by higher
powers of the vanishing lattice couplings μ̂ and λ̂α. For what
follows, we now set m2

α to the bare continuum value (any
other choice could well be absorbed into δm2

α).
For the lattice theory to match the continuum theory, the

lattice couplings must be chosen such that physical
quantities are reproduced. For the quartic couplings,
super-renormalizability guarantees that the value of the
four-point function tends to the value of the corresponding
lattice coupling as a → 0. This means that the quartic lattice
couplings can be set to the renormalized continuum values
λcα and μc and the corresponding counterterms to zero.
We will now compute the necessary correction terms for

the two-point function. For our Euclidean lattice action, the
Feynman rules read

The lattice propagators are given by

G̃αðkÞ ¼
1

k̂2 þ m̂2
α

; ðA3Þ

where

k̂2 ¼
X
i

�
5

2
−
8

3
cosðk̂iÞ þ

1

6
cos ð2k̂iÞ

�
: ðA4Þ

We also use the following shorthand for the (dimensionless)
lattice momentum integrals:

Z
BZ

≔
Z
½−π;π�2

d2k̂
ð2πÞ2 : ðA5Þ

For ϕa, the only divergent diagrams are

both with the symmetry factor of 1=2. Both are proportional
to an integral of the form

I1lα ≔
Z
BZ

1

k̂2 þ m̂2
α

; ðA6Þ

which is log divergent as m̂α → 0. The divergent parts can be
extracted by the decomposition

Z
BZ

1

k̂2 þ m̂2
α

¼
Z
BZ

�
1

k̂2 þ m̂2
α

−
1

k2 þ m̂2
α

�
ðA7Þ

þ
Z
BZ

1

k2 þ m̂2
α
; ðA8Þ

where k2 is the continuum form k̂2x þ k̂2y. The first term is
finite for all m̂α, and we can expand it as

Z
BZ

�
1

k̂2 þ m̂2
α

−
1

k2 þ m̂2
α

�
ðA9Þ

¼
Z
BZ

�
1

k̂2
−

1

k2

�
þOðm̂2

αÞ: ðA10Þ

The divergences are now contained in the second integral
(A8). We decompose the domain into a sphere of radius
π surrounding the origin4 and its complement in the
Brillouin zone:Z
BZ

1

k2 þ m̂2
α
¼
Z
jkj<π

1

k2 þ m̂2
α
þ
Z
jkj>π

1

k2 þ m̂2
α
: ðA11Þ

We can compute the first integral directly using spherical
coordinates, obtaining

4Any radius 0 < δ ≤ π would do. A particular choice of δ
makes the δ independence of the decomposition more evident.
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1

4π
ðlog ðπ2 þ m̂2

αÞ − logðm̂2
αÞÞ ðA12Þ

¼ 1

4π
ðlogðπ2Þ − logðm̂2

αÞÞ þOðm̂2
αÞ: ðA13Þ

The second integral is well behaved for all m̂α, and we
can expand in powers of m̂α asZ

jkj>π

1

k2 þ m̂2
α
¼
Z
jkj>π

1

k2
þOðm̂2

αÞ: ðA14Þ

As we collect the terms (A10), (A13), and (A14), we
obtain the result

I1lα ¼
Z
BZ

�
1

k̂2
−

1

k2

�
þ
Z
jkj>π

1

k2
þ 1

2π
logðπÞ ðA15Þ

−
1

4π
logðm̂2

αÞ þOðm̂2
αÞ: ðA16Þ

The second row now contains the divergent behavior at
small m̂α, while the first row is a pure number, Σ, depending
only on the form of square of the lattice momentum, k̂2. We
can therefore write

I1lα ¼ Σ −
1

4π
logðm̂2

αÞ þOðm̂2
αÞ; ðA17Þ

where Σ ¼ 0.22862431 by numerical integration.
Now, recall that in the continuum theory the one-loop

contribution to the two-point function is proportional to the
integral

I1lα;c ¼
Z

ddk
ð2πÞd

1

k2 þm2
α
; ðA18Þ

which in d ¼ 2 − 2ϵ yields the familiar expansion

I1lα;c ¼
1

4π

�
1

ϵ
þ logð4πe−γEÞ þ log

�
μ̄2

m2
α

�
þOðϵÞ

�
;

ðA19Þ

where μ̄ is the renormalization scale. In the MS scheme, the
one-loop result for the renormalized mass m2

a;R is

m2
a;Rðμ̄Þ ¼ m2

a −
1

8π

�
λca log

�
μ̄2

m2
a

�
þ μc log

�
μ̄2

m2
b

��
:

ðA20Þ

This also corresponds to the physical pole mass. On the
lattice, the corresponding quantity (in lattice units) is

m̂2
a;phys ¼ m̂2

a −
1

2
ðλ̂aI1la þ μ̂I1lb Þ − δm̂2

a: ðA21Þ

We now require that these two match. Recalling that the
difference between the lattice and continuum quartic
couplings is of Oða2Þ, the choice

δm̂2
a ¼ −

a2

2
ðλca þ μcÞ

�
Σ −

1

4π
log ða2μ̄2Þ

�
ðA22Þ

is sufficient to ensure that the lattice and continuum
theories match in the continuum limit up to Oða2Þ errors.
For ϕb, the process is of course identical.
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