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We propose a data-driven approach to identifying the functionally independent invariants that can be
constructed from a tensor with a given symmetry structure. Our algorithm proceeds by first enumerating
graphs, or tensor networks, that represent inequivalent contractions of a product of tensors, computing

instances of these scalars using randomly generated data, and then seeking linear relations between
invariants using numerical linear algebra. Such relations yield syzygies, or functional dependencies relating
different invariants. We apply this approach in an extended case study of the independent invariants that can

be constructed from an antisymmetric 3-form H,,, in six dimensions, finding five independent invariants.

This result confirms that the most general Lagrangian for such a 3-form, which depends on H,,, but not its

Hvp

derivatives, is an arbitrary function of five variables, and we give explicit formulas relating other invariants

to the five independent scalars in this generating set.
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I. INTRODUCTION

Many problems in mathematics and physics concern the
construction and classification of invariants: given one or
more objects which transform under the action of a Lie
group, what are the independent quantities that can be built
from these objects and which are scalars under the group
action? This problem arises, for instance, in the construc-
tion of Lagrangians for fields that transform under the
Lorentz group. As a simple example, suppose that we wish
to write down the most general Lagrangian in 4d (four-
dimensional) which involves a field strength F,, but not its
derivatives. There are two functionally independent invar-
iants associated with this field strength, which we can
choose to parametrize either via the traces

X = F F* = w(F?),  x,=F,FF, F* = t(F*),

(1.1)
or in terms of the Hodge dual F* = %e"”ﬂ”F o 88
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or by converting to spinor indices using the Weyl
matrices (¢*),, and (6*)* of SL(2,C) as F/=

_l(aﬂ)aﬂ(éb)/}ﬁFﬂy and Fo'tﬁ = 4_1¥ (&ﬂ)ﬁﬁ(du)ﬂd}?

1 pv> A8

@ = F7PF,, § = FypFP. (1.3)
The most general theory in this class is therefore described
by a Lagrangian which is a function of two variables,
L(x1,x,) or L(S, P) or L(¢, @). In this case, it is trivial to
see that there are no other independent invariants; in
components, F,, is a real antisymmetric 4 X 4 matrix,
which has four purely imaginary eigenvalues occurring in
complex conjugate pairs, and therefore contains only two
pieces of Lorentz-invariant data. Parametrizing the most
general Lagrangian for this field content is a useful starting
point for studying other properties of theories of non-linear
electrodynamics; one can impose constraints on the
Lagrangian £ which ensure other properties such as
electric-magnetic duality invariance [1-4] or causality
[5-7], study deformations of a seed theory driven by
operators such as those built from the energy-momentum
tensor [8—11], and so on.

For objects that transform in more complicated repre-
sentations of a group, or when considering a larger
collection of such objects, the classification of singlets
under the group action can become much more involved.

Published by the American Physical Society
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This general problem belongs to the mathematical subject of
invariant theory; see, for instance, Ref. [12] for an intro-
duction. Other natural contexts in which invariant-theoretic
questions arise include the following:

(1) The organization of stringy corrections to effective
actions. For instance, suppose we focus on the purely
gravitational sector of the action for type IIA or type
IIB supergravity. The o’ expansion involves a series
of terms that are Lorentz scalars constructed from the
Riemann tensor R, ,, in 10 dimensions. What are the
independent scalars that can be constructed from
R,,,s» and given a new invariant which is known to
be functionally dependent on those in some basis set,
how can we express the new invariant in terms of the
independent ones?

(ii) The classification of inequivalent classes of quantum
states in finite-dimensional Hilbert spaces. Suppose
that we are given a state |[y)EH| ® ... ® H,,.
Consider the action of the group of local unitary
(LU) transformations on |w) or the more general
group of stochastic local operations and classical
communication (SLOCC). What are the independent
numerical quantities that can be constructed from the
expansion coefficients of |y), in some basis for each
of the H;, which are invariant under the action of LU
or of SLOCC? Since local unitary transformations do
not affect the structure of entanglement in the state
|y}, this question is important in quantum infor-
mation.

(iii) Counting multimatrix gauge-invariant operators in
matrix quantum mechanics [13,14] or N' = 4 super
Yang-Mills [15]. For instance, in N =4, local
composite operators are scalars under U(N) gauge
transformations which are constructed from a
string of matrix-valued fields, such as Fy'; ...F; .
To enumerate the number of independent gauge-
invariant operators, one must therefore study the
invariants that can be constructed from a collection
of matrices. Such analyses often rely upon the result
of Ref. [16], which proved that invariants of a
collection of N x N matrices are generated by traces
of products of individual matrices, and all relations
between those traces follow from a generalization of
the Cayley-Hamilton theorem. However, finding a
full classification of the independent invariants in
specific cases can be challenging.

Although the problem of explicitly enumerating invari-
ants is ubiquitous and important, it is very hard to solve in
the general case. In this work, rather than approaching this
problem from a rigorous mathematical perspective, we will
take a more data-driven approach. Given a collection of
objects transforming in some representation of a Lie group
G, suppose that we can parametrize these objects with a
collection of numerical labels. For instance, in the case of a
single tensor transforming in a representation of the Lorentz

group, one can simply choose these numerical labels to be
the components of the tensor in any basis. We then generate
many numerical instances of this tensor by randomly
drawing components from some probability distribution,
such as independent and identically distributed Gaussians.
One can systematically enumerate the ways to form scalars
from these numerical instances, which in general involves
considering all possible ways of contracting the indices on
the tensor with some set of invariant tensors associated with
the group, such as the Kronecker delta 6, in the case of a
special orthogonal group action. Finally, one seeks relations
between the different contractions by compiling the different
numerical scalars across different random draws and per-
forming numerical linear algebra. This step is carried out by
listing all scalars at a fixed order—that is, those invariants
which involve the same number of instances of the numeri-
cal tensor—and testing for linear combinations of these
scalars which vanish. This process detects, for instance,
Cayley-Hamilton-type formulas which relate traces of
powers of a matrix to products of lower-order traces.

This procedure can be repeated until it “‘stabilizes” in the
sense that one fails to find any new invariants for several
consecutive orders. Of course, this does not represent a
mathematical proof that the list of scalars generated by this
procedure is functionally complete. Nonetheless, it offers
an experimental approach that produces a conjectural set of
independent invariants and can increase one’s confidence
that this set is complete. It also provides an explicit
mechanism for identifying functional relations between
invariants.

There are two primary goals of the present work:

(A) We will describe the algorithm which was briefly
sketched above in more complete detail. We explain
how this algorithm can be used to experimentally
study the independent invariants that can be con-
structed from any collection of indexed objects
transforming in some representation of a Lie group,
including (in principle) the three motivating exam-
ples i, ii, and iii that we have mentioned.

(B) We apply this algorithm in the extended case study of
the invariants that can be constructed from an
antisymmetric 3-form H,,, in six spacetime dimen-
sions. This allows us to answer the natural analogue
of the question posed above—namely, what is the
most general Lagrangian for an antisymmetric field
strength F,, in four dimensions—in the 6d (six-
dimensional) setting. This is well motivated from
string theory since, for instance, the Kalb-Ramond 2-
form B, with field strength H,,, is part of the field

content of the NS-NS (Neveu-Schwarz)sector of
string theory, and likewise an antisymmetric 3-form
field strength describes the gauge dynamics on the
world volume of an M5-brane. We solve this problem
in three ways, finding three different paramete-
rizations which are analogous to the three choices
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(1.1)—(1.3) of independent scalars for a 2-form in 4d,
and present relations between two of these sets of
variables. The application of our algorithm in each of
these three settings introduces different technical
subtleties, but in all cases, we find that there are
five independent invariants, and thus the most gen-
eral Lagrangian for a field H ,,, in 6d is a function of
five variables.

Despite the fact that we focus on only the three versions
of the case study (B) in this work, we emphasize that the
algorithm proposed here is quite general, and it is our hope
that the present article will inspire a data-driven approach to
studying invariants of other tensors of interest in math-
ematics and physics.

The structure of this paper is as follows. In Sec. II, we
review some generalities about the theory of invariants and
contrast our approach with several other common tech-
niques for studying invariants of tensors. Section III
presents the details of our proposed algorithm. In
Sec. 1V, we carry out the application of our method to
solving the problem of enumerating the independent invar-
iants that can be constructed from a 3-form in six dimen-
sions in three different ways, which again parallel the three
descriptions (1.1)—(1.3) of the scalars that can be built from
a 2-form field strength in F. Section V summarizes our
results and presents directions for future research. We have
relegated some data regarding graphs that represent con-
tractions, and relations between invariants, to the Appendix.

II. REVIEW OF INVARIANT THEORY

We begin by giving an overview of some ingredients in
the subject of invariant theory, for the benefit of the
unfamiliar reader. See also Refs. [17,18] for more detailed
introductions.

A. General theory of invariants

It may be instructive to offer a motivating example which
illustrates why one might expect this problem to be difficult
in general. Suppose that we are given a tensor, with some
number of indices and some symmetry structure, which
transforms under SO(n) rotations. We wish to count the
number of independent pieces of rotation-invariant data
contained in this tensor. A natural conjecture is that one can
do this by first counting the number of independent
components of the tensor and then subtracting the number
of rotation generators of SO(n), since we are free to
perform rotations in order to set some number of tensor
components to zero. For instance, a real symmetric n x n
matrix
has S n(n + 1) independent entries. We know that any such
matrix can be diagonalized by a rotation matrix, so the n

resulting diagonal entries (the eigenvalues) represent the
desired pieces of rotation-independent data. And indeed,
subtracting the count 1n(n —1) of generators of SO(n)
from the number of independent components yields

Ly =Yam-1y=n, (2.2)
2 2
which correctly matches the number of rotation invariants
that can be constructed from a real symmetric n X n matrix.
Unfortunately, this naive counting prescription can fail in
other cases. For instance, now consider the case of a self-
dual 3-form G, in six spacetime dimensions with Lorentz
signature. By self-dual, we mean that this tensor obeys

G

— oTK
up — 6 €/4upm'KG s

(2.3)

where €,,,,. is the Levi-Civita symbol, and indices are
raised or lowered with the flat Minkowski metric 77,,,.

Repeating the above argument, we first note that a
generic 3-form in six dimensions has (g) = 20 independent
components, and for a tensor obeying (2.3), half of these
entries are determined in terms of the others, leaving 10
independent components. However, the number of Lorentz
generators in six dimensions is % =15, so a naive
subtraction gives

10-15=-5 (2.4)
independent Lorentz scalars, which is clearly absurd. In
fact, it is known that there is a single Lorentz scalar that
can be constructed from a self-dual three-form in six
dimensions.'

As this example makes apparent, the problem of count-
ing independent invariants is more subtle—for a particular
representation, such as the self-dual tensor in 6d, there may
be generators of the group action which generically lie in
the stabilizer and must therefore be excluded in a putative
subtraction argument.

To address this subtlety, let us step back and formulate
the problem of interest with somewhat more generality and
abstraction. Consider a vector space V over a field K, which
in our cases will always be either the real or complex
numbers, and suppose that V carries a representation of a
Lie group G. For instance, V may be the vector space whose
basis elements are abstract components of a tensor. Let
K[V] be the ring of polynomial functions on V. There is a
natural action of G on K[V], induced by the representation
of G on V. At the risk of being pedantic, let us give an
explicit example: if one thinks of K[V] as the collection of

"This fact appears to be well known, but a particularly nice
discussion may be found in Sec. 4.3 and Appendix B.1 of
Ref. [19].
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polynomials in formal variables which represent compo-
nents of a tensor T; , in a basis, and R€G = SO(n)
simply rotates these components as

T

- T;.I

= RI'; ...Rr

i

Tj1»~-jk’

g iy (2.5)

then each monomial (7, ;)" in tensor components trans-
forms by taking the appropriate power (7} ;)" of the
rotated components, and the group action extends to
arbitrary polynomials by linearity and acting trivially on
scalars in K.* More generally, given g € G and f € K[V], let
9 represent the result of performing this natural group
action on the polynomial f. Then, one can consider the
subring of invariant polynomials,

K[V]® = {feK[V]|ff=f forallgeG}. (2.6)
In words, each element of K[V]Y represents a singlet which
is constructed from elements of V but which does not
transform under the action of the group G. In the explicit
example above, one such invariant element is associated
with the contraction

(2.7)

which is manifestly inert under rotations.

In this work, we will always suppose that the field K is of
characteristic zero (again, like the real or complex num-
bers), and we will make the technical assumption that G is a
linearly reductive group which acts rationally on V. These
conditions apply to all situations of our interest, such as the
rotation group and Lorentz group (more precisely, its
complexification as an algebraic group). Under these
assumptions, one can say more about the structure of the
ring, or algebra,’ of invariants defined in (2.6).

First, it is known that the algebra of invariants is finitely
generated, which is Hilbert’s finiteness theorem. That is,
every invariant can be written as a polynomial in a finite
number of generators with coefficients in K. This may not
come as a surprise in the motivating example of invariants
of tensors, since such tensors have finitely many compo-
nents in any basis, so one might naturally expect that the
number of functionally independent invariants should also
be finite.

However, the fact that the invariant algebra (2.6) can be
built from a finite list of generators does not preclude the
possibility that there may be functional relations between

*Strictly speaking, K[V] is typically defined in terms of
polynomials in elements of the dual space V* of V, but we will
not carefully emphasize this distinction in what follows.

Whether we regard the collection of invariants as a ring or an
algebra only affects the role of the base field K, and as we will
typically specialize to K =R or K =C, the difference is
immaterial. We will therefore use the terms interchangeably in
what follows.

the invariants in the generating set. To constrain the
possible form of such relations, it is convenient to discuss
some further substructure in the invariant algebra (2.6)
which involves a decomposition into a set of primary
invariants 0, ...,0, and secondary invariants 5y, ..., 1.
Let us first discuss the primary invariants, which are
sometimes also referred to as a homogeneous system of
parameters (HSOP). By Noether normalization, there
always exist a set of polynomial invariants 6, € K[V]¢
which are algebraically independent (i.e., there is no
polynomial equation which relates the 6; to one another)
and such that the collection of 0; simultaneously vanish on
a locus known as the null cone. One can therefore consider
the ring of polynomial functions in all of these primary
invariants,

P=K[0,,....0,)]. (2.8)
Although each element of P is clearly an invariant, and thus
lies in K[V]Y, in general P will only be a subring of (2.6),
and therefore there will exist some invariants that cannot be
expressed as polynomials in the 6;. At this stage, one can
only conclude that the full ring or algebra of invariants
K[V]¢ is a finitely generated module over P.

Further conclusions may be drawn under the assumption
that K[V]® is a Cohen-Macaulay ring, which is another
technical condition.* Fortunately, due to the Hochster-
Roberts theorem [23], it is known that K[V]% is always
Cohen-Macaulay if the group G is linearly reductive, which
we have already assumed. Therefore, for the purposes of
this work, every invariant ring obeys the Cohen-Macaulay
condition, which in particular implies that it admits a
Hironaka decomposition5 that takes the form

s

K[V]® = kEPlf?kP,

(2.9)

for a set of additional invariants 7, which are the secondary
invariants mentioned above.

Although the choice of primary invariants #; for a
given invariant ring is not unique, the content of (2.9)
is that—once we have fixed a particular choice of primary
invariants—every other invariant x€K[V]® can be
expressed uniquely as

x=>"mst ffeP=Kp....0,]. (2.10)
k=1

“This notion is inspired by the work of Cohen [20] and
Macaulay [21], although neither introduced the modern defini-
tion; see Ref. [22] for a more recent introduction.

It is stated in Ref. [24] that this decomposition was introduced
in Hironaka’s unpublished master’s thesis in 1962, for which we
were unable to find a reference, but see Ref. [12] for a textbook
discussion.
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That is, every invariant is a unique linear combination of
terms, each of which involves a secondary invariant
multiplied by a polynomial in the primary invariants.

One might again ask about relations between invariants.
Although we have already emphasized that the 6; are
algebraically independent, every product of secondary
invariants satisfies a relation of the form

Mlln = Ml [l €P. (2.11)
=1

which is reminiscent of the structure of a Lie algebra.

It is important to distinguish the number of primary
invariants p, sometimes called the Krull dimension, from
the total number of algebra generators. The quantity p
counts algebraically independent invariants, and nontrivial
secondary invariants do not increase this dimension, as they
are algebraic over the polynomial ring generated by the
primaries, due to secondary relations (2.11). A simple
example is the action of SO(2) on a pair of vectors v;, w;.
One may take

0, = v;v', 0, = ww', 0y = v;w', (2.12)
as primary invariants, together with the single nontrivial
secondary invariant

n = €;v'wl. (2.13)
This secondary invariant satisfies
nm=0,0,—65. (2.14)

Therefore, although the secondary invariant 7, is algebrai-
cally dependent upon the three primaries due to (2.14), it is
nonetheless true that #; cannot be expressed as a poly-
nomial in the 6;, and thus 7, & K[0,,0,,60]. Rather,
expressing 77; in terms of primary invariants requires taking
a square root, rather than a simple polynomial combination
of primaries.

To summarize what we have discussed thus far, the
Hironaka decomposition corrects the naive counting argu-
ment, which motivated this review in two ways. First, the
number of primary invariants (Krull dimension) need not
agree with a straightforward enumeration which subtracts
the number of symmetry generators from the number of
degrees of freedom. Rather, the Krull dimension gives a
corrected count

p = dim(V) — (dim(g) — dim(})), (2.15)
where g is the Lie algebra of G so that dim(g) is the number
of generators and [ represents the collection of generators
that are in the typical stabilizer and thus act trivially on
elements of V. For the example of the self-dual 3-form

mentioned above, it turns out that dim(§) = 6 so the Krull
dimension is 10 — (15 —6) = 1. Here, there is a single
primary invariant €, and only the trivial secondary invariant
n = 1, and all invariants are functions of #;. Second, the
naive counting has been further corrected by the observa-
tion that, in general, not every element of K[V]Y is simply a
polynomial in the primary invariants but rather secondary
invariants may be needed in certain cases.’

B. Other approaches to studying invariants

As we have emphasized, the philosophy of the present
work is to take a data-driven approach to classifying the
invariants of tensors. Having reviewed the relevant gener-
alities on the theory of invariants, we will now discuss other
approaches to enumerating invariants which have been
used in the physics literature in order to contrast them with
our method.

One set of analytical, rather than numerical, techniques
for counting invariants involves certain generating func-
tions that resemble partition functions and which are
computed using the Molien-Weyl formula. This method
can be applied in both a “fine-grained” form which keeps
track of both the numbers of primary and secondary
invariants or in a “coarse-grained” form which simply
counts the total number of invariants at each order. In the
coarse-grained case, it is common to refer to the resulting
generating function

(2.16)

Z(t) =) b,t"

as a Hilbert series or Hilbert-Poincaré series. Here, b, is
the total number of independent invariants that can be
constructed from contractions of n copies of the tensor of
interest.

Both the coarse-grained (see, e.g., Ref. [27]) and fine-
grained (for instance, Ref. [28]) versions of this generating
function technique have been applied in the theoretical
physics literature. Let us briefly review the fine-grained
version. In this case, the corresponding generating function
takes the form

Zktdeg(m)
IL.(1 - r=00)’

where the sum in the numerator runs over all secondary
invariants 7, and the product in the denominator runs over
all primary invariants ;. Here, deg refers to the degree of a
given invariant, e.g., how many copies of a tensor appear in
the contraction which defines the corresponding invariant.

Z(l‘) = (2.17)

See Refs. [25,26] for an application of the formalism
reviewed in this section to studying Lorentz- and permutation-
invariant combinations of particle momenta in scattering
processes.
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If we instead define p; as the number of primary invariants
at order i and s; as the number of nontrivial secondary
invariants at order k> 1, so that . p;=p and 1+
> k>1 8¢ = S in our earlier notation, and strip off the trivial
secondary invariant #; = 1, this generating function can
also be written as

1+ 3 st

A==y

(2.18)

We therefore see that the structure of (2.18) encodes
information about both the counts of primary and secon-
dary invariants. If one had discarded the structure of the
numerator and denominator in (2.18), simply expanding
this expression as a power series in ¢, one would recover the
coarse-grained expression (2.16) which counts all invari-
ants at a given order. Depending on whether one is
interested in the precise decomposition into primaries
and secondaries, or only on the general count of all
invariants, one or the other of these forms for the generating
function may be more convenient.

For Lie groups, the generating function Z(r) may be
computed via an integral expression provided by the
Molien-Weyl integral formula, which has been applied
several times in the physics literature [29-34] (although
sometimes not using this name) and takes the form

B du(g)
Z“‘/ﬁm—m@w

where du(g) is the Haar measure on the group G and R is
the representation under consideration. In certain cases,
one can evaluate this integral in closed form, for instance,
by integrating over the maximal torus and including a
Vandermonde determinant factor. This gives a math-
ematically rigorous way of establishing the number of
invariants which occur at a given order, but it does not
provide explicit expressions for these invariants, nor does
it reveal how to express a new (nonindependent) invariant
in terms of the independent ones. In contrast, although we
have said that our approach is numerical and thus non-
rigorous, it does provide such explicit expressions and
relations.

Another familiar way to analyze invariants of tensors is
to decompose products of representations into irreducible
representations and look for singlets in this decomposition.
This procedure may be carried out programmatically using
software like LiE [35] or LieART [36,37]. For instance, using
the LieART package in Mathematica, one can enter the
command

In[1] :=DecomposeProduct [Irrep[SO6] [10],
Irrep [SO6] [10]]

Out [1] := 20’ + 35 + 45.

(2.19)

Here, the function Irrep[S06] [10] identifies the
10-dimensional irreducible representation of SO(6), which
is the self-dual tensor.” Since there is no singlet in this
decomposition, we can conclude that there is no invariant
that can be constructed from two copies of a self-dual
3-form in six dimensions. However, taking four copies

yields
In[2]:= DecomposeProduct [Irrep [SO6]
[10], Irrep[SO6] [10], Irrep[SO6] [10],

Irrep[S06] [10]]

Out [2]:= 1+3(15)+2(20') +35+3(45) +3 (45)
+6(84)+3(105)+165+7(175)+3(189)+8(256)
+6(280) +3(315) +6 (360) .

In this case, we do see a singlet 1 in the tensor product
decomposition, which correctly identifies that there is a
single quartic invariant that can be constructed from a self-
dual tensor in six dimensions.

In principle, enough exact singlet counts can make it
possible to guess the rational Hilbert series and infer data
about the generators. However, this should be viewed as
complementary to our approach rather than a substitute for
it. First, degree-n polynomial invariants are associated with
singlets in Sym"™(V), and the decomposition of these
symmetric powers rapidly becomes computationally expen-
sive for large representations. Second, this approach is again
an exact/theoretical method rather than a numerical one; it
only identifies the existence of invariants at a given order but
does not give explicit expressions for the index contractions
that form the given invariants, nor equations which relate
dependent invariants to those in an independent generat-
ing set.

Finally, let us mention a few other approaches to this
problem. As much as the eigenvalues of a matrix form good
examples of basis-independent data, there is a sizable
amount of literature on generalizations to eigenvalues of
tensors; see, for instance, the textbook [38] and references
therein or the sampling of works [39—41]. Although tensor
eigenvalue techniques have been applied in theoretical
physics [42,43], there are multiple definitions of such
eigenvalues (some of which apply only to tensors with
additional symmetries), and it is fair to say that the theory is
less well understood than the corresponding techniques for
matrices.® Although it would be interesting to relate the

"Strictly speaking, for a real self-dual tensor in Lorentz
signature, we should use SO(1,5), but here we will be cavalier
about the distinction as it does not affect the results of the present
discussion.

¥Among the several notions of tensor eigenvalues, the one
most naturally compatible with orthogonal changes of basis is the
E-eigenvalue. By contrast, notions such as H-eigenvalues are tied
more closely to a fixed coordinate presentation. Even in the
orthogonally natural E-eigenvalue setting, however, the analogy
with matrices is limited; there is no general tensor analogue of
orthogonal diagonalization. Thus, unlike for matrices, there is no
theorem guaranteeing that tensor eigenvalues provide a complete
set of invariants.
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numerically identified invariants constructed here to tensor
eigenvalues, we will not attempt this in the current article.
One step of our algorithm will involve the construction
of certain labeled graphs that represent tensor contractions.
Similar graphical approaches have also been used in many
other works; see, for instance, Appendix B of Ref. [44] for
invariants constructed from 3-tensors representing inter-
section numbers on Calabi-Yau threefolds, or papers like
Refs. [45,46], which also count invariants by enumerating
particular graphs. Although we also employ graphical
representations, the distinction is that our approach also
generates many randomly drawn instances of numerical
tensors (and hence the invariants represented by such
graphs) with the goal of discovering relations between
invariants and thus an independent generating set.

III. DESCRIPTION OF ALGORITHM

We now turn to the primary method of interest in the
present article. We refer to this approach both as ‘“data-
driven” and as a “machine learning” (ML) technique, where
we use the term ML in a more general sense that includes
any statistical approach which extracts structured informa-
tion from data (rather than a more restrictive definition that
might include only modern artificial intelligence architec-
tures such as neural networks, transformers, etc.). Our view
is that a more inclusive definition of ML should include, at
minimum, various unsupervised learning techniques
appearing in machine learning libraries like SCIKIT-
LEARN [47,48], such as principal component analysis
(PCA), whose goal is to reduce the dimensionality of a
dataset using linear algebra. Our algorithm is, in some
sense, an invariant-theoretic version of PCA, insofar as it
attempts to reduce a large collection of polynomials in
tensor components to a smaller subspace representing
distinguished elements of K[V]¢, which are invariant under
the action of a Lie group G.

Fix a vector space V transforming in a representation R
of a Lie group G. Typically, we can regard elements of V as
objects which carry some number of indices. For instance,
suppose that G is linearly reductive (as we always assume)
and p is a faithful finite-dimensional representation. Then,
every finite-dimensional rational representation R of G is
isomorphic to a subrepresentation—hence, since G is
linearly reductive, a direct summand—of a finite direct
sum of representations of the form

pe" ® (p*)®". (3.1)
whose elements are tensors with n upper and m lower
indices of p. A familiar example is the Riemann tensor
R!,,,, which lives in a subrepresentation involving one
upper and three lower indices, each transforming in the
vector or covector representation, and enjoying the usual
symmetries of the Riemann tensor. More generally, a tensor
may also involve spinor indices rather than vector indices.

We will first describe how our numerical approach is
implemented in general and then describe simplifications
that occur in particular cases. Let 7 be such an indexed
presentation for the representation of interest, where the
indices carried by T have been suppressed. Enumerate any
other invariant tensors [y, ..., I, for the given representa-
tion. We will use the term contraction graph or tensor
network for a vertex-labeled and edge-labeled multigraph,
where each vertex is labeled as either T or one of the
invariant tensors I, k = 1, ..., m and each edge carries two
integer labels indicating which of the indices on the two
nodes that it connects are to be contracted. In cases where
we distinguish between different types of indices (e.g.,
upper versus lower or spinor versus vector), only a subset of
labeled edges are permitted, corresponding to allowed
contractions. For a fixed order N, we construct all possible
contraction graphs with the following properties:

(I) There are exactly N instances of nodes which are
labeled 7" and any number of nodes which represent
invariant tensors /;.

(II) For every node in the graph, there is precisely one
labeled edge emanating from the node for each of the
indices on that node.

(IIT) The graph has only one connected component.

Put more simply, we essentially begin by constructing all
tensor networks involving N tensors 7, and some number
of invariant tensors, for which all indices are contracted.
The connectedness criterion (III) serves two purposes: it
excludes trivial “invariant tensor bubbles” which would
correspond to multiplication by constants like e, ;e
which are independent of elements of 7, and it rules out
graphs which represent contractions that factorize into
products of lower-order contractions [such as the square
of the trace of a matrix (M‘;)?], which we already know are
dependent upon lower-order invariants.

We represent all of our graphs using the NetworkX library
in Python [49]. Operationally, constructing all graphs with
these properties is the most computationally intensive step
of our procedure. The precise algorithm that one should use
for this enumeration depends upon the specific nature of the
tensor under consideration, but we will give more details
about the graph construction schemes in the specific cases
that we discuss below.

Suppose that the collection of all such contraction graphs
at order N has been constructed and that the number of
them is Gy. We must then test for linear dependence
between the scalars represented by each of these tensor
networks. To do this, we randomly generate numerical
instances of the tensor 7 by drawing components using
random number generation routines in the NumpPy library
[50]. The exact probability distribution which one uses for
the tensor components is not especially important; for
instance, one could draw from independent and identically
distributed Gaussians, but in practice, we will instead draw
all components independently from a uniform distribution.
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We generate Gy such random numerical instances of the
tensor 7, and for each of these instances, we compute the
Gy scalars represented by each of the contraction graphs at
this order using the OPT_EINSUM library [51]. We assemble
these data into a Gy x Gy matrix whose columns corre-
spond to the contractions represented by each of the graphs
and whose rows correspond to different numerical draws.
Finally, we compute the numerical rank and nullspace of
the matrix via a singular value decomposition and look for
singular values below a tolerance. Any null vector in this
null space represents a linear combination of columns
which vanishes, i.e., a linear relation between the scalars
represented by the G graphs. If any such linear relations
exist, we remove a subset of the dependent scalars and
retain a maximal linearly independent subset of the Gy
contraction graphs.”’

Beginning from N = 1, we repeat the above procedure
for N =2, N = 3, and so on. However, although we have
removed putative invariants which satisfy polynomial
relations with other new invariants at a fixed order, we
have not yet identified relations between higher-order
invariants and products of lower-order invariants. At this
stage, one can proceed with our algorithm in one of two
ways, depending on whether it is known that there are
only primary invariants and the trivial secondary invariant
n; = 1 or if we wish to test for the presence of both primary
and nontrivial secondary invariants.

(P) Suppose it is known that there are only primary
invariants 6, ...,6,. Then, as the procedure is
carried out for increasing values of N > 2, potential
invariants are identified at each order N, and before
seeking invariants of order N + 1, we first remove
potential invariants of order N via a second test for
polynomial dependence on the lower-order invari-
ants. To do this, we enumerate all products of the
independent lower-order invariants that have been
identified thus far, such that the total degree of the
product is N. We again perform random numerical
draws of the tensor under consideration, with a total
number of draws equal to the sum of the number of
new independent order-N invariants, plus the num-
ber of appropriate products of lower-order invari-
ants. We assemble these numerical values into a
matrix and test its numerical rank. Any element of
the null space represents a polynomial relation
between the new order-N invariants and products
of lower-order invariants, so we remove a subset of
the order-N invariants until we arrive at a minimal
set which are both independent of one another and
of products of lower invariants. Note that this

’In practice, we repeat this experiment several times to ensure
that the same null vectors are found for each run of the test, but
finding “false positive” null vectors or “false negative” omission
of relations due to numerical coincidences is very unlikely when
tensor components are drawn randomly.

procedure may not yet identify all possible relations
because there could be additional constraints at
higher orders, which will be addressed later.

(S) Alternatively, assume that we wish to identify
both primary invariants and potentially nontrivial
secondary invariants. In this case, we must itera-
tively test subsets of the currently identified invar-
iants for relations of the form (2.11), again by
numerically drawing values of the tensors, con-
structing the numerical invariants, and seeking
null vectors which represent a relation of the form
Nillm = 2 Mjffm = 0. If, for a given subset of
invariants, we numerically discover such relations
for all k and m, then we identify this subset of
invariants as secondary. We then repeat the algo-
rithm described in (P) to eliminate any new candi-
date primary invariants which satisfy polynomial
relations involving lower primary invariants.

The algorithm (S) is more computationally intensive as it
requires successively checking subsets of invariants to test
whether they are secondary, but we stress that in principle
the numerical approach can be used in either case P or
case S.

The above steps describe how our algorithm identifies
new invariants, and then prunes dependent ones, at each
order N. In practice, we continue performing this pro-
cedure for larger and larger N until no new invariants are
identified—that is, all of the putative new invariants satisfy
relations involving products of lower invariants—for
multiple consecutive orders. The algorithm then terminates
at some Nyg,.. As a last step, after termination and the
production of a final set of conjectural invariants, we may
perform an additional check which forms all products of
the conjectural invariants at orders N > Ny, and again
generate more numerical draws in order to seek higher-
order polynomial relations between the invariants in our
set. The purpose of this additional step is to increase our
confidence that the final set of invariants returned by the
algorithm is truly independent and does not satisfy higher-
order constraints. In this additional higher-order pruning
step, one again tests for all polynomial relations in case P
where there are only primary invariants, while one only
tests for relations not of the form (2.11) if secondary
invariants may exist.

Although we will not emphasize this strategy here, let us
briefly note that a complementary numerical analysis could
be used to test the dimension of the stabilizer §. Given a
basis of generators T, for the Lie algebra g, one can
perform random draws of tensors v €V and form the
matrix M ,; = (T4 - v),;, where I labels tensor components.
Repeating this for many samples gives an empirical
estimate of dim(}) = dim(g) — rank(M). As examples,
we have performed this procedure for a generic 3-form
in 6d Euclidean signature and numerically find a trivial
stabilizer, as well as for a self-dual 3-form in 6d Lorentzian
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signature, where we numerically find a six-dimensional
stabilizer, as expected.

So far, this algorithm is completely general and applies
to any tensor with any number of indices. The generali-
zation to multiple tensors T; is clear: in this case, one
simply considers labeled graphs with different labels for
each of the distinct 7; and then iterates over the total order
N which counts the combined number of occurrences of all
of the tensors.

Let us comment that this approach can often be sim-
plified to exploit additional structure which is present in
special cases. For instance, suppose that we are interested in
invariants constructed from a totally antisymmetric tensor,
and the only invariant tensor which we consider is the
Kronecker delta. In this case, we can dispense with the
invariant tensor nodes and simply use weighted graphs
(rather than labeled graphs) involving only tensor nodes T
and where the weight of an edge represents the number of
common indices that are contracted between any pair of
tensors. This is sufficient since a contraction on any
particular index of an antisymmetric tensor yields the same
result as a contraction on any other index, up to a sign,
which does not affect polynomial dependence. Likewise, in
this setting, we can forbid self-edges from a tensor 7 to
itself, since contracting any pair of indices on an anti-
symmetric tensor gives zero. Similarly, if we are construct-
ing invariants associated with a totally symmetric tensor
and again only using the Kronecker delta, we may also use
weighted graphs between only tensor nodes which re-
present the number of contracted indices, although in the
symmetric case self-edges are allowed and nontrivial.

Finally, we note that the combinatorics of fixed-degree
graphs is a well-developed subject, and recent physics-
oriented work has discussed both exact and asymptotic
counts of regular graphs as well as graph-based formula-
tions of tensor-invariant counting [52-54]. While knowing
the total number of graphs in advance could, in principle,
inform a more efficient graph generation algorithm, for the
purposes of the present work, we will explicitly construct
all relevant graphs without using additional data about
numbers of counts.

A. Examples

To illustrate the technique above, let us first explain how
it is applied in some trivial examples where the structure of
the invariants is completely well understood. First, con-
sider a symmetric 2 X 2 matrix M;; = M ;. Indices will be
raised or lowered with the Kronecker delta, so we do not
carefully distinguish between upper and lower indices,
although the natural index placement for a map from
vectors to vectors is M’ j- Atorder N = 1, there is only a
single contraction graph that one can draw, which corre-
sponds to the trace of M:

e_ 0O

For simplicity, we could also draw this contraction graph
with the single node M’ ; and a single self-edge labeled
i = j to represent the trace.

At order N = 2, there are two graphs that can be drawn,
assuming that we may use both the invariant tensors &'; and
€;;- The first is the trace of the square of the matrix,

o__©

In principle, we could also consider the trace of the product
of M and its transpose, but as M is symmetric this does not
give an independent invariant.

The other invariant is built using the epsilon tensor and is
twice the determinant of M. For simplicity, we will begin
drawing abbreviated contraction maps where the contracted
indices are already set equal on distinct nodes, and the
corresponding edge simply labels the contracted index, as
in the following:

Let the values of these three diagrams be

x(l) = Mii, x<12) = Miiji, Xg2) = €ikMij€ijkf,
(3.2)
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where the superscript indicates the order in M. We first
draw numerical values for the three independent entries of

M from a uniform distribution, compute the two invariants

xgz) and xgz)’ and then repeat the numerical draw and

computation a second time. These data are assembled into a
2 x 2 matrix, which we find to be full rank, and therefore
we find no linear relation between x(lz) and xgz)‘ This is
expected, as the trace of the square of a 2 x 2 symmetric
matrix is independent of its determinant. However, when
we perform the second step of the algorithm and seek
relations involving lower-order invariants, we find a null
vector corresponding to the relation
(x0)2 =P — X =0, (3.3)
which is simply a consequence of the Cayley-Hamilton
theorem for 2 x 2 matrices,
M? — (tr(M))M + det(M)I, = 0. (3.4)
The numerical algorithm therefore correctly rediscovers the
relations between invariants arising from (3.4). Continuing
to the final step of our algorithm, we proceed to N = 3 and
above, in each case enumerating all of the tensor networks
that can be constructed, drawing random numerical matri-
ces, and testing for polynomial relations between the new
invariants and appropriate powers of lower-order invariants.
For every higher value of N that we tested, all of the new
invariants satisfy polynomial relations which determine

them in terms of a minimal independent set of lower

invariants, say, x(!) and xiz). Again, this correctly repro-

duces the fact that every invariant constructed from a 2 x 2
matrix is a function of two variables, say the trace of the
matrix and the trace of its square.

Other simple facts which we have reproduced using this
algorithm include the following:

(a) There is only a single invariant associated with a
vector v;, namely, its length-squared v;2', and all other
invariants are functions of this scalar.

(b) There are three primaries that can be built from a pair
of vectors v;, w;, namely, the squared lengths »,0" and
w;w' along with the dot product v,w', as in (2.12).

(c) For an antisymmetric (d — 1) form in d dimensions,
there is also a single independent invariant, namely,
the quadratic combination with all indices contracted.
This is clear since a (d — 1)-form is Hodge dual to a
vector, so this result must match case a.

(d) For an antisymmetric matrix in d dimensions, there are
|4] independent invariants, where |-| is the floor
function.

(e) Likewise, for a (d — 2)-form in d dimensions, there are
also 4] independent invariants, as such a form is
Hodge dual to an antisymmetric 2-form and thus
coincides with d.

Although all of these results are obvious, they serve as a
check that our numerical implementation is correct. We
now direct our attention to a slightly less trivial example.

IV. 3-FORM IN SIX DIMENSIONS

We will now carry out the main application of our
algorithm which is of interest in the present work, namely,
the enumeration of independent invariants that can be
constructed from a generic 3-form H,,, in six dimensions.
It was recently shown, using generating function tech-
niques, that there are five such independent invariants [55].
In this case, the naive counting prescription which we
introduced in Sec. II gives the correct answer: there are
(g) = 20 components associated with a generic 3-form in
d =6 and % = 15 Lorentz or rotation generators, so the
subtraction 20 — 15 =5 yields the right number of invar-
iants, and the generic stabilizer § is trivial. It is also known
that, for this problem, there is only a single secondary
invariant 7; = 1, so we may proceed with the simplest
instantiation (P) of our algorithm which only seeks primary
invariants.

Although the number of invariants for this problem is
known, to the best of our knowledge, no explicit formulas
for the index contractions that yield a homogeneous system
of parameters (i.e., collection of primary invariants) have
yet been presented in the literature. As we reviewed in
Sec. I, having access to such explicit expressions can be
useful for studying the properties of generic Lagrangians,
as the parametrizations (1.1)—(1.3) are helpful in studying
theories of nonlinear electrodynamics. Furthermore, we are
not aware of any reference that gives formulas relating
other invariants to those in a given HSOP, nor relating
elements in one convenient HSOP to those in another. We
therefore find it worthwhile to apply our algorithm to this
case, both to further illustrate the generality of our approach
and to provide some explicit formulas of the type we have
just discussed.

A. Trace variables

The number of independent invariants at various orders
depends on which invariant tensors one is permitted to use
for contraction of indices. For instance, we saw in the case
of a 2-form in four dimensions that the two invariants occur
at orders 2 and 4 in the trace variables (1.1), but both
invariants are order 2 in the Hodge dual variables (1.2). In
this section, we will construct the analog of the trace
variables (1.1) for a 3-form in six dimensions, finding five
independent invariants at orders 2, 4, 4, 6, 8."

We work in Euclidean signature, writing the components
of the 3-form as H ., and allow contractions only with the

OLf we may use all invariant tensors, the invariants occur at
orders 2, 4, 4, 4, 6, as pointed out in Ref. [55]. This is related to
whether one is interested in invariance under O(6) or only SO(6).
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Kronecker delta 6%;,. As described above, this allows us to
simplify the graph construction algorithm: we may use
weighted graphs where edge weights represent the number
of contractions between a pair of tensors. As no self-edges
are permitted, at order N = 1, there is no valid contraction
graph that one can draw.

At order N = 2, there is a single permissible graph,

3

which represents the contraction

x® =H,, H® (4.1)

To go to higher orders, it is necessary to implement a graph-
theoretic algorithm which generates all valid contraction
graphs. We do this using an exact backtracking enumer-
ation of all weighted, undirected graphs with the property
that each node has total degree equal to 3. More specifi-
cally, the algorithm proceeds vertex by vertex, first num-
bering each vertex of the graph with an integer v €N. At
each step, the algorithm computes the number of additional
edges needed by a given vertex v, then enumerates all
assignments of non-negative integers that represent feasible
assignments of edges from v to forward nodes j > v
without exceeding their edge budgets. Before recursing
to later nodes, the algorithm first checks whether the total
remaining capacity downstream can supply the necessary
edges, and it prunes the current assignment if this check
fails. For each feasible assignment, the algorithm performs
in-place updates of the current edge assignments, then
recurses to node v + 1, and so on. After finding a feasible
assignment of all edge weights, the algorithm then back-
tracks and repeats the procedure. As this algorithm
exhaustively checks all possible edge weight assignments,
it is guaranteed to generate every valid contraction graph
for a given number of tensor nodes. However, it will
generically “overcount” by producing some tensor net-
works which are related by graph isomorphisms. To correct
for this, in the final step, our algorithm deduplicates such
isomorphic graphs by converting each tensor network to an
IGRAPH [56-58] object, testing for isomorphism using
IGRAPH’s VF2 isomorphism routine, and retaining a maxi-
mal collection of nonisomorphic graphs.

Performing the graph algorithm described above at order
N =4, we find two inequivalent contractions represented
by the tensor networks,

and
| /@
1
1 1 1
1

Let the values of these contractions be

x(l4) _ HabcHadeHdebeCf7 xg‘l) — HabcHadeH“bedf‘

(4.2)

We follow the steps of the algorithm of Sec. III, testing first

for linear relations between x(14) and xg4) and then testing for

a relation between these two invariants and the square
(x)2 of the second-order invariant. In both cases, we find
that the corresponding numerical matrix obtained by
performing random draws of tensor components is full
rank, so there are no null vectors and therefore no relation
between the invariants at this order.

Next, we go to order N =6. Our graph-theoretic
algorithm outputs six inequivalent contraction graphs at
this order. For the remainder of this section, we will not
present every graph and polynomial relation explicitly, but
one can find a sampling of additional graphs and relations
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in the Appendix. We perform the first step of checking for
linear dependence between the six contractions at order
N = 6—again by performing six random draws of the
numerical tensor H ,;,., computing the six contractions for
each draw, and testing for null vectors of the resulting 6 x 6
matrix of numerical contractions—and find that only three
of these contractions are linearly independent. The three
independent graphs are

and

and

However, when we perform the second step at this order,
we find nontrivial relations between these three graphs and
products of lower-order contractions. In fact, only one
genuinely new invariant is introduced at this order, which
we choose to be the second of the three graphs displayed
above. Let this new invariant be

x© = H,, H"H ,;,;H*9H 4, ;H"/ (4.3)
Next, we go to order N =8, where 20 nonisomorphic
contraction graphs are found. After testing for linear
dependence, we find that only 6 of these 20 invariants
are linearly independent of the others. We then test for
polynomial relations among these six invariants and prod-
ucts of lower-order invariants and find that only one
independent invariant is actually introduced at order 8,
which we choose to be the contraction graph

associated with the invariant

X(S) = HabcHbcjthl'ngkijlethdefHade.

(4.4)
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At this stage, we find that the algorithm terminates—at any
higher order in N, such as N =10, all of the newly
generated invariants satisfy polynomial relations among
themselves and products of lower-order invariants. This is
to be expected from the observation of Ref. [55] that there
are only five independent invariants that can be constructed
from a 3-form in six dimensions, but now we have an
explicit generating set,

{x(z), x<14) , x(24), x(0) x(8) }, (4.5)

whose expressions are given above.

The final step of our algorithm is to increase our
confidence that these five invariants are truly independent
and do not satisfy any relations involving higher-order
polynomials. We have checked up to order N = 18 that
products of these invariants with total degree N do not
satisfy any such relation. This constitutes strong numerical
evidence that the five variables (4.5) are a complete set of
independent invariants and thus that the most general
Lagrangian for a 3-form H,,,  in six-dimensional
Euclidean spacetime is a function

L= L(x(2>, x§4>,x;4>,x<6>,x<8)). (4.6)
Finally, let us make a numerological comment. In the
procedure described above, we have retained only con-
nected graphs, to avoid constructing redundant invariants
which factorize into products of lower-order invariants. If
we had instead constructed all allowed contraction graphs,
we would have found (for instance) three tensor networks at
order N = 4, including the two displayed above as well as a
third graph which is simply two disconnected copies of the
unique N =2 graph. We have also repeated the graph
construction algorithm above in the case where one allows
disconnected graphs and counted the number of distinct
isomorphism classes of graphs at each even order in N,
finding the counts 1, 3, 9, 32, 135, 709 for N = 2, 4, 6, 8§,
10, 12, respectively. This matches the first several terms in
the sequence [59] of the number of isomorphism classes of
three-regular loopless multigraphs of order N = 2n, pro-
viding a further check that our graph enumeration algo-
rithm is correct. See Ref. [60] for an analytical method for
enumerating such graphs and generating this sequence.

B. Hodge dual variables

As a second application, we will now find another HSOP
for the ring of scalars that can be constructed from a 3-form
in six Euclidean dimensions. Our construction will parallel
the definition (1.2) of the two scalars that can be con-
structed from a 2-form field strength and its Hodge dual in
four spacetime dimensions. Similarly, let us define

. 1
obe = - camiei g, @7)

where €9¢4¢/ s the Levi-Civita symbol in six dimensions
and again indices are raised or lowered with the Euclidean
metric J,, in this subsection. In this case, we will again find
five independent invariants, which now occur at orders 2, 4,
4, 4, 6, agreeing with Ref. [55].

To enumerate invariants using the algorithm of Sec. III,
we must now consider colored graphs, where the two
possible colorings of a node correspond to H ;. and H ...
As in the previous subsection, we must then enumerate all
possible graphs for each fixed, even number of colored
nodes, again with the property that every node has total
degree 3, to ensure that all indices are contracted. In
practice, we accomplish this using a brute force approach:
we use the graph-theoretic algorithm described in Sec. IV A
to first generate all uncolored contraction graphs, then
manually build all 2V colorings of the N nodes, and finally
deduplicate redundancies using the isomorphism testing
routine in IGRAPH.

As before, nontrivial contraction graphs occur only for
even N. At N = 2, there are three possible tensor networks,

Habc Habe

However, H ,,.H¢ vanishes identically, while H,,, H*
is proportional to H,,.H*, so there is only one indepen-
dent invariant at this order, which we choose to be

y& = H , H® = x2), (4.8)

At order N = 4, we find 12 distinct colored contraction
graphs, of which four are linearly independent of one
another, and only three of these are also independent of
(y?)2. The three new invariants at this order are repre-
sented by the graphs
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and

and

which are associated with the invariants

4 C ade 4
y§> :Habch fHdefHd :xg)’
4 : 4
W = Hop HY HET H g = XY,
4 ~
W = H y HY  H gy p HOe (4.9)

We see that the first two invariants that the algorithm finds
at this order are identical to those that were found in the
trace variables algorithm of Sec. IVA, which is a consis-
tency check. However, the third invariant yg4) is new and
was “missed” in the preceding subsection because in that
case we forbade the algorithm from using the invariant
tensor €°°%/ | instead only allowing contractions involving
the Kronecker delta. Therefore, using Hodge dual variables
(in which both the Levi-Civita symbol and the Kronecker
delta are employed as invariant tensors), we correctly find
that there are three invariants at order 4, as predicted from
the generating function approach of Ref. [55].

Finally, at order N = 6, we find 114 valid contraction
graphs, of which only five are linearly independent of one
another, and only one of these five is independent of
products of lower-order invariants. We conclude that there
is only one novel invariant at sixth order, which can again
be chosen to agree with the sixth-order invariant that we
found in trace variables,

¥y =H,, HM"H ;,, H9H 4, H") = x(6). (4.10)

At this point, the algorithm terminates as expected, and all
contraction graphs at orders N > 8 that we have considered
are related to products of lower-order invariants.

We have therefore found a second conjectural set of
independent and complete invariants that can be con-
structed from a 3-form in 6d, complementing the set found
in Sec. IVA. Given two such homogeneous systems of
parameters, it is natural to wonder how to convert between
them. For instance, in 4d Euclidean signature, one can
translate'' between the two sets of variables (1.1)and (1.2)
associated with a 2-form field strength using the map

1
45-x =0, 4P x;-oai=0. (411)

In the present setting, most of the y variables coincide with
corresponding x variables, except for the single invariant
yg4) which is constructed using the Hodge dual. Because we
have conjectured that the trace variables are a complete
generating set, it should therefore follow that yg4) satisfies
some polynomial relation involving the x variables. Indeed,
we do find such a relation using our algorithm: the

invariants satisfy

""The fact that this map only involves the square P2 shows that
the trace variables can capture only parity-even combinations,
which we have been cavalier about in this discussion.
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0= (»7)" = 18x9 — 820 — 6x{"Y 1 4(x{")?
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: ¢ (4.12)

to within 10 decimal places of numerical precision. This
both gives further evidence that the collection of trace
invariants of Sec. IV A is complete and provides us with a
new identity which does not appear obvious from the
analytical expressions for these invariants, but which is
straightforward to obtain numerically.

C. Spinor variables

A third way to describe the five independent invariants
associated with a 3-form in 6d is to use spinor indices,
following the analogous definitions (1.3) for a 2-form in
four dimensions. For concreteness, we will review how this
approach proceeds using Lorentz signature and the iso-
morphism 80(1,5) = 8u*(4)."* Consider the 8 x 8 gamma
matrices ['* which obey

{r,.r,} =-2n,1L (4.13)
One can take these matrices to be block of diagonal with the
form
0 gH\ap
D — [ 7) } (4.14)
(yﬂ)aﬁ 0

where now early Greek indices like a, £ run from 1 to 4. For
each y, the matrices (y*),; and (#*)* are antisymmetric in
their spinor indices and satisfy

] .

() = 3 () 5. (4.15)
From these objects, we can define products of three such
matrices by

Yuwp = }/[;47711}’/)]7 7/41//) = 77[;47/117/)] (416)
Now, we turn to 3-forms. The 20-dimensional 3-form
representation of SO(1,5) is not irreducible but rather
splits into the two irreducible representations of self-dual
and anti-self-dual tensors. That is, any 3-form H,,, can be
written as

H! +H,

Hy, = Hpy, Hvp> (4.17)

where

2We refer the reader to Refs. [61-63] for further details; in
each of these three works, the respective Appendix contains a
very useful reference on six-dimensional spinorial conventions
and this isomorphism.

%e;uzpmd]_I(:‘TEK}L — iHi’w/).

(4.18)

By contracting spacetime indices, we may therefore con-
struct two symmetric 4 x 4 matrices M* and Ny from a

generic 3-form H,,, as

L _
MP = 5 (7,/41//1)&/3 Hm//v

1
Naﬂ = §<yﬂvp)a/3Huvp’ (419)

from which one can recover the self-dual and anti-self-dual

parts of H,,,, respectively, as
Hp =~ (7)) PN
pvp g (7;41//)) ap>
_ 1 “
uvp — g (}/ﬂllp)aﬂM b, (420)

Thus, the problem of enumerating the invariants that can be
constructed from a three-form in six dimensions is in one-
to-one correspondence with the problem of enumerating
such invariants for a pair of 4 x 4 matrices M and N, (1,3.13
One caveat is that the spinor indices on these objects cannot
be raised or lowered with a metric, so the only allowed
contractions are those between an upper and lower index
either of the matrices M* and Ngp, or involving the
antisymmetric symbol e*7% or €,4,5 of 81*(4).

As an aside, we note that spinor variables make it quite
transparent that, for a chiral 3-form (self-dual or anti-self-
dual) in six dimensions, there is only one independent
invariant that can be constructed. For the self-dual (anti-self-
dual) case, the matrix M* (N «p) vanishes, and the invariant
theory problem reduces to the enumeration of invariants that
can be built from a single 4 x 4 matrix and the Levi-Civita
symbol. Clearly, the only such invariant available is the
determinant, which is quartic in the matrix. This corre-
sponds to the single quartic invariant which appeared as a
singlet in the tensor product of four self-dual or anti-self-
dual tensor representations of SO(6) in the LieART output
presented below Eq. (2.19) in Sec. II. This fact was used
in Ref. [19], which described a new formulation of
Lagrangians for self-dual tensors in diverse dimensions,
including a chiral 3-form in 6d, which can also be under-
stood using the Pasti-Sorokin-Tonin formalism [64-66].
However, we are presently interested in nonchiral 3-forms,
for which both matrices M% and N, are nonvanishing.

We will now address this equivalent two-matrix invariant
theory problem using our main algorithm from Sec. III. We
again find five total invariants at total orders 2, 4, 4, 4, 6 in

BWe thank Gabriele Tartaglino-Mazzucchelli and Dmitri
Sorokin for helpful discussions on this point.
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the matrices M and N, Here, the graph theoretic
algorithm must again be modified slightly: we will enu- £01B1y161
merate all directed weighted graphs that can be constructed
using the nodes M, N 5, €7, and €,4,5. The direction of
an edge indicates contraction between an upper index on
the source and a lower index on the sink. We demand that
each M node has out-degree exactly equal to 2 (and no
inward-pointing edges), each N,z node has in-degree equal
to 2 (and no outward-pointing edges), and similarly that the
Levi-Civita symbols have total out-degree or in-degree
equal to 4 for 7% or €,5,5, respectively. We construct all
allowed contraction graphs using an exact backtracking
enumeration of the same form that was described in
Sec. IVA. Because M* and N are symmetric in their g2P2y202
indices, while the Levi-Civita tensors are antisymmetric,

this approach suffices since we need not track which
precise index is contracted; any contraction on a particular

index is related to a contraction on a different index by
symmetry. As before, we deduplicate isomorphic graphs by ~ and
testing for graph isomorphisms and retaining only one
representative of each isomorphism class.

At order N = 2, there is a unique contraction graph,

2
> , 1 1
corresponding to the invariant
2 = MPN,,. (4.21)
1 1

Atorder N = 4, after performing the steps of our algorithm,
we find three independent invariants, corresponding to the
contraction graphs

Two of these are simply proportional to the determinants of
the matrices M and N,

) _ o AP B \fr172 V0162
<y —€a1ﬁ1y1616a2ﬁ2y262M M7 MM,

4
Zg ) — et Pirid €a2ﬂ2y252Na1azNﬁ1ﬂzN N5 s, (4.22)

7172

while the third invariant corresponds to the contraction

Y = MPMPON,, Ny, (4.23)

At order N =6, we find one independent invariant,
and represented by the graph
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O

and corresponding to the contraction

2® = MPMPM“N,, Ny Ns. (4.24)
Now, our algorithm again terminates, and we find that all
invariants associated with contraction graphs for N > 8§ can
be expressed in terms of lower-order invariants.

Let us make one additional numerological remark. If we
again count the total number of contraction graphs appear-
ing at each order in NV, rather than only those corresponding
to independent invariants, we find the counts 1, 4, 11, 22, 38
for N = 2,4,6,8, 10, respectively. These agree with the first
terms in several coordination sequences for certain zeolite
compounds, such as Refs. [67,68]. This formal similarity
appears to be due to the fact that such zeolites are
constructed from silicon atoms along with other atoms,
such as oxygen, and silicon forms four covalent bonds while
oxygen forms two. This mirrors the structure of the
contraction graphs that we are constructing, since, e.g.,
Levi-Civita symbols require four index contractions (resem-
bling the four bonds formed by silicon) while the matrices
M® and N 44 require two index contractions (like the two
bonds formed by oxygen).

To conclude, we have given an explicit set of invariants
that can be constructed from two 4 x 4 symmetric matrices
M% and N5, which we conjecture to be independent and
complete based on substantial numerical evidence.
Converting these objects back to the self-dual and anti-
self-dual parts Hff,,p using (4.20), and summing to recover
H,,,, therefore gives a corresponding set of invariants that
can be constructed from a 3-form in six dimensions. We
recall that we are using the conventions (4.13) for gamma
matrices when performing this conversion, as appropriate
for Lorentz signature, so it is not possible to directly give a
map between the invariants constructed in this subsection
and those in Secs. IVA and IV B, as both of those analyses
used Euclidean signature. The advantage of using Lorentz

signature for the present analysis is that it experimentally
confirms the natural expectation that the number of inde-
pendent invariants is independent of spacetime signature.
Furthermore, one can always obtain explicit expressions for
the invariants constructed here in terms of contractions of
H,, with the Minkowski metric 77,, using various iden-
tities, such as

(P ) ap (7 )70 = 4867 35 (4.25)

which holds in our conventions.

V. CONCLUSION

In this work, we described a numerical approach to
experimentally studying the independent invariants that can
be built from tensors. We have applied this technique to
enumerate the scalars that can be constructed from a 3-form
tensor field in six dimensions, using three different sets of
variables, and consistently found a set of five independent
invariants in each case. We also provide a dictionary that
allows conversion between two of these sets of variables
and give some examples of relations between other
invariants and those in the independent generating set.
These explicit expressions might be used as a starting point
for studying properties of the family of 3-form theories in
6d, as much as the parametrizations (1.1)—(1.3) can be used
to study general theories of nonlinear electrodynamics
in 4d.

There remain several intriguing directions for future
research. Perhaps the most obvious is to use this data-
driven method to study the scalars that can be constructed
from other tensors and in different numbers of dimensions.
For instance, it would be interesting to numerically
study the invariants that are associated with a chiral
5-form in 10 dimensions, which were recently considered
in Refs. [55,69] and in particular used to formulate
ModMax-type theories [70] in 10 dimensions. One might
also investigate invariants of interest for effective actions
(like those constructed from the Riemann tensor in 10
dimensions), to local unitary'* and SLOCC invariants and
to multimatrix models, corresponding to the three motivat-
ing examples (i), (ii), and (iii) that we mentioned in Sec. I.

Another advantage of this formalism is that it generates
the necessary trace identities which are needed to simplify
classical TT-like flow equations [74-76] and derive the
corresponding master equations, for deformations of tensor
fields. Although the main results of this work concern
3-forms, let us work more generally for the moment.
Beginning from a free p-form field in d dimensions, whose
action (up to normalization) is

See Ref. [71] for recent work introducing new LU invariants
based on the cohomological formalism of Refs. [72,73].
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5= /ddx v _gHﬂl"'.“pH”]m”p’ (51)

the Hilbert stress tensor is defined by taking a functional
derivative with respect to g,,, S0

oL
Tﬂb = _207’”” + gm,[,
= -2pH,,,., H/* + g, H, ., H"". (5.2)
Defining H|> = H,,.., H'Hr and |H[;, =
H,,..,. H} > Fr, the stress tensor is
Tm/ = _2p|H|iu+g;w|H|2' (53)

Now, suppose that one wishes to deform the classical action
by an integrated function of the energy-momentum tensor,

oS

7= / dx/=gf(T,.). (5.4)

For instance, we can allow the function f to depend on the
two Lorentz invariants 7%, and T, 7", which for the free
theory are given by (5.1), finding

Tﬂu = (d - 2p)|H‘2’

T, T" = 4p’|H|;, [H[* + (d = 4p)|H*.  (5.5)

As one continues to iterate along a 7T-like flow, more and
more invariants built from contractions of H are generated,
and eventually one must use identities to relate the new
scalars to those in a minimal generating set. For instance, in
the case of a 3-form in six dimensions, one could use the
results of this work to derive a partial differential equation
in six variables (the five independent invariants associated
with H,,,, and the flow parameter 1) which represents a
“master flow equation” for classical T7T-like deforma-
tions."” It would be interesting to obtain such a master
partial differential equation and see whether any particular
deforming operators give rise to deformed theories with
special properties, as has been investigated for 2-forms in
4d [8,86,87], for chiral bosons in 2d [88], and for chiral 3-
forms in 64 [89]. Another direction would be to apply the
technique of this article to enumerating invariants that can

For other results on solving classical T7-like flows, see the
incomplete sampling of works [77-83], and for general infor-
mation about the 77 deformation, we refer the reader to the
reviews [84,85].

be constructed from a non-Abelian field strength with
components F,, = F ﬁ,,TA, where 7', are generators for the
Lie algebra g of the gauge group, and use this to continue
the study of classical 77-like deformations of Yang-Mills
theories in d = 4, initiated in Ref. [90].

We hope to return to some of these interesting questions
in future work.

Note added. Recently, the interesting paper [55] appeared,
which studies invariants of tensors from an analytical
(rather than numerical) perspective.
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APPENDIX: ADDITIONAL GRAPHS
AND RELATIONS

In this appendix, we collect a few additional contraction
graphs and relations which were omitted in the body of this
article for brevity. The primary purpose of this exercise is to
demonstrate how our algorithm can generate additional
nontrivial relations between various invariants in some
examples.

In Sec. IV A, we commented that only one genuine novel
invariant is introduced at order N = 6. Let us consider the
other two graphs which were presented in that section at
this order, corresponding to the contractions

X<16) _ HathbCnghinthdefHadev

X\ = H p H" H gy HP* HY9, HO . (A1)

We use capital letters X for these invariants to distinguish
them from those in the independent generating set, such as
x®). These invariants should satisfy polynomial relations

which allow them to be expressed in terms of the x
variables, and numerically we find
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@ 1 (x(z))3 Another dependent graph at eighth order is

(A2)

At order N = 8, we commented that one finds 20 non-
isomorphic connected contraction graphs, of which only
six are linearly independent of the others but that only one
of these six is also independent of products of lower-order
invariants. Let us consider a couple of the dependent graphs
at this order. One is the tensor network

whose associated invariant is
XY = Hopo HH j HY" H y H' 9T H g H%, (AS)

which satisfies the polynomial relation

2 2
0= Xég) + 3x®) + gx(G)x(z) + x(l4)xg4) ~3 (xg‘))z

1
A (@2, (A6)

_l (4)(x(2))2 o

X2
associated with the invariant 0
Clearly, this procedure can be repeated to express any
dependent invariant as a polynomial in the generators.
Operationally, in each case, we first obtain a numerical
approximation to the null vector of the data matrix which is
obtained by drawing many random values of the tensor
H ;. and computing the contractions corresponding to each
invariant, as described in Sec. III. We then obtain a rational

XY = H p HYM H j HO* H y HF H gy fHO% . (A3)

Again, this quantity satisfies a polynomial relation involv-
ing the generators, namely,

® 3 @) _(4) approximation to these numerical values using the

0=X"+ EX(S) + §x<6)x(2> T X1°x Rationalize function in Mathematica. Finally, we have

_ z N (4)) ) . 1 « (4)) ) 1 @ (x(z))z fiesteq the candida;e identilties lifke (f;Z), (A4), and (A6) by

32 e oM rawing new random values for the tensor components

11 1 1000 times each, computing the combination of contrac-

- x§4) (x@)2 4 — (x@)*, (A4)  tions appearing on the right side of these equations, and

36 54 verifying that the sum vanishes to within numerical
precision.
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