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We analyze the computation of n-point correlation functions in de Sitter spacetime, including loop
corrections, using the wave function of the universe approach. This method consists of two stages
employing distinct Feynman rules. First, one must compute the wave-function coefficients using
interactions as vertices. Then, in the second stage, one computes correlation functions using wave-
function coefficients as vertices. For massless fields, loop corrections in the first stage are free of infrared
(IR) divergences, which leads to the question of how this matches the well-known IR behavior of
correlators obtained via other methods. By considering a scalar field with an arbitrary potential, we
compute n-point correlation functions to first order in the potential but to all orders in loops. We find that
although loop integrals in the first stage are indeed IR convergent, the second procedure reintroduces
the IR divergence. We discuss how this induces renormalization of the interaction potential such that the
final result combining both steps exactly matches the form of n-point functions previously calculated with

other methods.

DOI: 10.1103/nxjc-8qw2

I. INTRODUCTION

Understanding the behavior of correlation functions of
light fields in de Sitter spacetime is crucial for exploring
quantum-field theory in cosmological contexts [1-19]. Its
far-reaching implications not only affect the status of de Sitter
space itself as a stable gravitational background [20-22] but
also cosmological phenomenology [23-27]. Indeed, the
observed cosmic web reflects the initial conditions that
led to its formation, which are generated dynamically during
an early de Sitter evolutionary stage: cosmic inflation.

There exist several methods to compute such correlation
functions. In flat-space Quantum Field Theory (QFT), one
defines asymptotically free states which allow for a
perturbative computation of in-out amplitudes encoding
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the probability of an initial condition to evolve into a final
state. In curved spacetime, due to spontaneous particle
production induced by curvature [28], defining asymptotic
states is subtle. What one can safely do is to define quantum
states momentarily. To adapt to this feature, the flat-space
operator formalism generalizes to the in-in formalism [29-
31], where the main object of interest becomes the equal-
time n-point function, which correlates fixed initial con-
ditions (“in” states) as they evolve towards the future.

In path integral language, switching to in-in correlators
schematically corresponds to a folding of the temporal
contour with respect to the flat-space path integral. The
result is a path integration along the Schwinger-Keldysh
(SK) contour [32,33], which essentially captures the
correlation of states defined in the asymptotic past, at a
specific moment in their evolution corresponding to the
folding point of the contour. The partition function then
serves as a generating function of the aforementioned
equal-time correlators.

The third way of computing correlators, and the method
employed herein, is the wave function of the universe
(WFU) formalism [29,34-38]. This approach is quite
intuitive in time-dependent spacetimes, such as cosmologi-
cal de Sitter, which provides a fairly accurate description of
the inflationary background. Having a 3 4 1-dimensional

Published by the American Physical Society


https://orcid.org/0009-0007-2392-8089
https://orcid.org/0009-0009-6593-0624
https://orcid.org/0000-0002-5890-9554
https://orcid.org/0000-0002-8804-9460
https://ror.org/047gc3g35
https://ror.org/042nb2s44
https://ror.org/028wp3y58
https://ror.org/027rw9342
https://crossmark.crossref.org/dialog/?doi=10.1103/nxjc-8qw2&domain=pdf&date_stamp=2025-08-28
https://doi.org/10.1103/nxjc-8qw2
https://doi.org/10.1103/nxjc-8qw2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

HUENUPI, HUGHES, PALMA, and SYPSAS

PHYS. REV. D 112, 043543 (2025)

spacetime foliation in mind and given that we are interested
in correlators at a fixed time slice, as per common practice,
we distinguish between boundary objects depending only
on the time of interest, and bulk objects that depend on the
whole history.

In a nutshell, the wave function of the universe dictates
the projection of a boundary quantum state onto the basis of
bulk-field eigenstates, which, in turn, encodes the proba-
bility that a given bulk configuration ends up at a specific
boundary state. Due to this bulk-boundary split, it is no
accident that this formalism has been instrumental in the
development of the cosmological bootstrap program
[36,37], which seeks to derive properties of boundary
observables from fundamental principles like locality,
unitarity, and causality, without explicit reference to their
bulk dynamics.

In this work, we will limit ourselves to delineating the
exact correspondence between the WFU and the in-in or
SK formalisms for a scalar field in de Sitter space with
arbitrary self-interactions. Our calculations are exact to
linear order in the potential. The nontrivial character arises
due to the generality of the interaction, which, in pertur-
bation theory, translates to an infinite number of vertices.
Consequently, each n-point correlator receives contribu-
tions from all the vertices of order m > n, which are
organized in an infinite series of corrections to the bare
couplings. Diagrammatically, these corrections can be
represented as daisy loops (carrying no external momen-
tum) dressing the interaction vertices [25]. The resulting
Witten diagrams are the simplest nontrivial diagrams
capturing most of the subtleties arising in de Sitter
dynamics that can be analytically computed; for example,
just like higher-order loops, daisy loops lead to divergences
which have to be dealt with. The goal of this paper is to
show exactly how the renormalization of these diagrams
operates in the WFU approach.

II. RENORMALIZATION OF SCHWINGER-
KELDYSH CORRELATORS

To set the stage, let us first review the renormalization of
n-point SK correlation functions [14,25,39]. (The in-in
computation is equivalent.) We parametrize the Poincaré
patch of de Sitter space (dS) via the Friedmann-Lemaitre-
Robertson-Walker line element: ds? = a(r)?(—dz? + dx?),
with 7€ (—o0,0) the conformal time. The scale factor is
given by a(r) = 1/|Hz|, with the Hubble rate, H, setting
the de Sitter radius. Our scalar field theory is then governed
by the following action:

12 2
sigl = [ @xavat | 2= OO o). )

where an overdot denotes a derivative with respect to
conformal time.

Our only assumptions are that (1) the arbitrary bare
potential Vy (¢) is analytic; that is, it equals its Taylor series
at any point, and (2) it is subleading compared to the
Hubble rate, such that the probe (or spectator) approxima-
tion holds." A prime example of this sort of dynamics is
the case of axions during inflation, with a potential given
by V(¢) x 1 —cos(¢/f). Note that such potentials are
bounded and can thus be accurately treated within the
perturbative scheme discussed here.

Given the action in Eq. (1), we may first quantize the free
theory in the usual manner. For simplicity, we choose to
perturb around the massless theory with Bunch-Davies
initial conditions, utilizing the positive-energy dS mode
function:

H
2k3

HGES (1 + ikr)e='k. (2)

Given the linear solution, we can compute all four
SK propagators, which, due to the structure of the dia-
grammatics, can be written in terms of the following
combination:

glk.11.75) = f (7)) f7 (72), (3)

with f}, the complex conjugate of Eq. (2).
An important quantity permeating perturbation theory is
the second cumulant, defined as

o= [ sl 4)

where fk = f % To deal with o2, it is convenient to

perform a change of integration variables from comoving

momentum k to physical momentum p = k/a(r) = —Hkz.
After this step, 62, becomes manifestly time independent:
H?> [edp p?
2
O'tot—@A ?(1—1—? : (5)

This variance is constant and divergent in both the ultra-
violet (UV) and the infrared (IR) limits.”

To proceed with the interactions in a perturbative
manner, we expand the bare potential as

e8]

V() = Zfl—%qs". (6)

n=2

'Upon coupling such spectators to the inflaton in some model-
dependent way, their statistics can be directly transferred to the
observable curvature-perturbation distribution, rendering their
study also phenomenologically relevant.

The IR divergence is absent in the case of a free massive
scalar since the mass provides a physical IR cutoff [8].
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With this expansion, the SK formalism tells us that each
n-point function is sourced by an infinite series of
(n 4 2L)-legged vertices proportional to 4,.,;, in such a
way that 2L of the available legs end up forming closed
loops. The final result is a tree-level n-point correlation
function proportional to an effective coupling 2% given by

(brk,)e = (22)°09) (3 ki) (dy, v, ) with

obs

A v d7
<¢k1--~k,,>/ = 134 2Im{/_m%—Zg(k1,T,%) e -g(k,,,’l',’f)}.
(7)

In the previous expression, the effective coefficients /12'”5 are
given by [14,25,39]

ﬂobs _i/12+2L @ L (8)
o L' | 2"

L=0

The label L counts the number of loops participating in a
diagram with n external legs sourced by the coeffi-
cient 4,5y .

Because of Eq. (5), the effective coupling A3* in
Eq. (8) is formally divergent. However, as shown in
Ref. [39], to linear order in the interaction potential (i.e.,
for single-vertex diagrams), the theory in Eq. (1) can be
renormalized in the sense that each bare coupling con-
stant A2 induces a sequence of counterterms which
removes the divergence induced by 62, order by order
in terms of loops, leading to a finite observable coupling.
More to the point, one can write 45 =1, + > %, Af,m,
where 1, is the renormalized coupling and the coeffi-

cients AE,L)

are counterterms needed to eliminate diver-
gences order by order. One can then write
6%, = 6> + 62, and tune the counterterms to get rid of

the divergent part ¢2. In doing so, one finally obtains

) 62 L
bs __ n+2L
o= e 7] o)

which is explicitly finite. Of course, the splitting 62, =
6% + o2 is arbitrary, but the definition of A% is not. This
implies that the renormalized coupling 4, must run with
o? in such a way that AS* remains independent of the
splitting, inducing a renormalization group equation for
each coupling.

Interestingly, the observable couplings A3 defined in
Eq. (8) [or, alternatively, in Eq. (9)] can be identified as the
Taylor coefficients of an observable potential Vy(¢):

/Iobs
Vobs(¢) EZ#Q&" (10)

n

Thanks to Eq. (8), one can verify that V,,(¢) and the bare
potential Vy(¢) are related through a Weierstrass transform,
taking the form [14,25,39]

Vons() = €70% V4 (). (11)

Alternatively, one may also define a renormalized potential

V(¢) =3, ¢" such that the coefficients 4, are those

appearing in Eq. (9). Then, again, one can derive the

following identities involving Wierstrass transforms:
12 152 2

Vous (@) = &% V() and V() = ™%V, ().

In what follows, we first extend previous results
[40,41] to the case of infinite loops dressing n-point
correlators: We demonstrate that the WFU and SK
formalisms are equivalent for the aforementioned par-
ticular set of diagrams which add up to the correlator in
Eq. (7). In addition, we show how the observable
couplings of Eq. (8) appear in the WFU approach.
Contrary to the SK computation, it is known that, here,
the IR cutoff has an obscure role [35,41]. Indeed, when
one computes the wave-function coefficients in perturba-
tion theory one encounters no need for an infrared
regulator since the resummation of bulk loops involves
an IR-finite variance. However, in the second step where
one computes correlation functions given these wave-
function coefficients, the IR divergence reappears through
boundary loops. In particular, we demonstrate that as
observed in Refs. [40,41] for a single loop, bulk and
boundary loops combine in tandem to yield Eq. (8),
which resums an infinite number of loops.

ITII. WAVE FUNCTION OF THE UNIVERSE

We refer the reader to Appendix A of Ref. [42] for a
concise pedagogical introduction to the formalism. Since
the bulk-boundary language will now be important, we
need to differentiate the notation between the bulk field and
the boundary configuration. We will denote by 7 the
location of the boundary.

We wish to compute the correlators in Eq. (7). Since
these are boundary objects, to do so, the very first thing we
need is an orthonormal basis of boundary-field eigenstates.
To that end, we define the bulk-field operator ®(7,x),
whose spectrum spans all the bulk-field configurations
ending on the same boundary profile ¢(x) = ¢p(z,x):

®(7,x)[(x)) = p(x)|(x)). (12)

A boundary state |¥) can then be constructed as a linear
combination of the field eigenstates |¢):

W= [ pevie)s) (13)

O(1)=¢
P(—00)=0
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In the field representation, the wave function then reads

= (p(®)[['¥). (14)

The correlators in Eq. (7) are computed in the Bunch-
Davies state, which provides a vacuum state at past infinity.
We thus need to choose |¥) in Eq. (14) to be the vacuum
state at 7 = —oo and then use the evolution operator to
evolve it towards the boundary. After some algebra [42],
the result is

¥(g)

Y[p] / DS, (15)

oo
Via a saddle-point approximation, this object can be
evaluated in a nonperturbative manner [43]. However, here
we will be interested in a perturbative expansion around the
free theory. To implement such a scheme, it is convenient to
expand the wave function in a series as

W (ky, .. k), "'¢km}’

m:2 | EERRR m
(16)
where N is a normalization factor and
wn(ky. ... k,) = (27)360 <§:k>wmh“nkm) (17)

are the Fourier-space WFU coefficients. These can then be
computed by taking functional derivatives of the wave
function:

oV
P[0] 6y, - - - S,

/ DOIL_;,

where TT; = a?0;®(7)|._,
evaluated at the boundary.

The computation proceeds by expanding the exponential
to the desired order and contracting bulk fields among
themselves and with boundary fields, via the bulk-to-
bulk and bulk-to-boundary propagators G(k,;7,,7,) and
K(k,7,), respectively:

Wi (K1 oo k) =

I, exp(iS[®]).
(18)

is the conjugate momentum

(@, (11) Py, (12)) = Glky371.72)(27)363) (kg + ko), (19)

and

(M ()@, (7)) = —iK (k,7)(27)*6%) (k + k). (20)

Explicitly, these are given by

G(k:ty, 1) = f{(71)fi (72)0(z) — 12)
+ fi (@) f (21)0(z2 — 71)
RGP
R TRV CYRCTY
and
. _ fr(m)
Kl =10 @)

with the latter following from the definition of the conjugate
momentum, which implies that a?0;G(k;7,7,)|;_, =
—iK (k , Tl ) .

Note that in contrast with Sec. II, here, we need to choose
the negative-frequency mode function f7 in order to satisfy
the initial condition ®(x, —c0) = 0 appearing in the path
integral in Eq. (15). For a massless field, this is just the
complex conjugate of Eq. (2).

IV. BULK-LOOP RESUMMED WAVE-FUNCTION
COEFFICIENTS

We will compute the wave-function coefficients v, to
first order in the interaction potential, using standard
diagrammatical rules. An n-legged vertex, characterizing
a monomial of order n in the Taylor expansion of the
interaction potential, V(®) D i—de", corresponds to an
integral of the following form:

n legs

x/_ood%a"‘(%) ]

Inside the square brackets of Eq. (23), we need to write
every propagator attached to the vertex, which can be either
of two types: internal (bulk-to-bulk)

T1 T2

— G(k;71,72), (24)
k
or external (bulk-to-boundary)
T
-1—6 — —iK(k,71). (25)

k

As in typical Feynman rules, propagators whose momen-
tum is integrated over correspond to loops. Since we are
considering single-vertex diagrams, such loops must flow

043543-4
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in and out of the same vertex. Finally, symmetry factors
work as in the usual Wick theorem.

In analogy with the computation that led to Eq. (7), any
monomial interaction of order m > n in the Taylor expan-
sion in Eq. (6) will contribute to the n-point wave-function

coefficient by dressing the bare coupling A% with an
arbitrary number of daisy loops. Then, per the above
rules, the wave-function coefficient with m external legs
can be represented via the following series over Witten
diagrams:

k1 k2 km-1km k1 ko km-1km
- ----0O--
’ll}:n(kla akm) = + + + ..
b7
(26)
-m m = )‘21 Todr . = : = = = r
=™ (-1) . L!;2LL [oo (H?)ZLZK(]Cl,T)"'ZK(km,T)['/’;G(k};T,T):I ,

with L counting the loops in each diagram.
The loop integrals in the second line of the above equation define the following bulk-to-bulk variance:

o%,,E/G(k;%,%)
k

:4H_7;/d7” [1 + (%)2— (1 +2i§— <§>2>e—ﬂ, (27)

where in the second line we changed the integration variable to physical momentum. Even though we will not need the
explicit form of &3, (which is easy to compute), it is worth pointing out that contrary to the variance in Eq. (4), this
expression is regular in the infrared, while it diverges in the UV. Nevertheless, as we shall see in the next section, the IR
divergence kicks back in at the level of the field correlator, which is a crucial feature since the WFU must yield the same
results as the other methods. Finally, note that just as in the case of the field variance in Eq. (4), here too, passing to physical
momentum renders o:i, manifestly time independent, allowing us to pull it out of the time integral of Eq. (26). Consequently,

the wave-function coefficients attain the following form:

oollb

2
o m 9
Vil k) = =32 (%

L=0

The first line corresponds to a sum of bulk loops dressing
the bare coupling A%, much like the sum in Eq. (8), with the
only difference being the variance. In the next section, we
will see how this series combines with a boundary-loop
resummation to yield Eq. (8).

V. LOOP-RESUMMED CORRELATION
FUNCTIONS

Once the wave function W[¢@] is known, one can compute
boundary n-point correlation functions as

D, YIS
I Do¥lg]?
which is nothing but the Born rule. Upon inserting the

expansion in wave-function coefficients given in Eq. (16),
this can be reexpressed to the desired order as

(29)

(br,k,)

' / T k. 7) Kk, 7) (28)
,T “e m77 .
o (HDF !
| 3
(27" 6 0
ok, = Z|J , (30
P, Z[0] 6, i)y V] =0 (30)
where the partition function is defined as
N |
Z[‘]]Eexp Z% 2Rel//m(q1’ '-7qm)
m=2 qise-es qm
0 1)
2m)3m s Z 31
< n) ol 31)

with the Gaussian part given by

ZolJ] = exp{—% [I JqA(q)J_q}. (32)

The free-theory boundary propagator can be easily deduced
using the quadratic action in Eq. (18):

043543-5
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Ag) 1 H?
D=Erg =53
ZRelrUIZ.free(Q) 26]3

(33)

The correlators in Eq. (30) can be computed via a
diagrammatic expansion accompanied by a set of desig-
nated Feynman rules that are different than those encoun-
tered in the previous section. Here, an n-legged vertex
represents not an order-n monomial in the Taylor expansion
of the potential but the nth wave-function coefficient. The
vertex rule thus reads

n legs

- (27r)35(3)( kj)
=< >

x 2Re; (K1, ...

(34)

(Preyker) =

As before, inside the square brackets we need to include
every propagator attached to the vertex. As already noted,
contrary to the diagrams involved in the calculation of the
wave-function coefficient of Eq. (26), the current diagrams
are evaluated entirely at the boundary z, and hence we do
not have to consider time integrals. Moreover, lines now
represent boundary propagators, as defined in Eq. (33):

— A(k). (35)
Finally, as usual, propagators whose momentum is integrated
over correspond to loops, and, since there is only one vertex
per diagram (representing a single wave-function coefficient
linear in the couplings 4,), these are again daisy loops.

As per these rules, the n-point correlation function
evaluated at the boundary can be written as the following
series:

kn—l

(36)

01
“hT

~[q L 2 Rew;l+2L(k17 o 7kn7(I17—¢I17- -»qL, _qL)A(kl)A(kn)A(ql)A(qL)

Comparing this expression to Eq. (26), we immediately see that it is not a power series in loops since now the wave-function
coefficients depend on the internal momenta running in the loops, which are being integrated over. To reach a genuine
power series, the final step is to insert the wave-function coefficient v, ,,, from Eq. (28) into Eq. (36), which yields a
factorizable form:

(B ZLZ,ZLZ fo ) s sksia) st
XZRe{ Zg%("j’)/ a2 Kl DK 01.7) - K21, 7 }
~2md [* ki >A<k1>-~-K<kn,f>A<kn>L;ioig%ﬁ',“”("“’) i 2{/ RN

(37)

bulk-to-bulk variance in Eq. (27), this variance diverges
logarithmically in the IR. Further, noting that

The loop integrals of the above equation define a bulk-to-
boundary variance:

o2 = / K*(¢.9)A(q) K (k. D)AK) = g(k.7.7). (39)

/dp (1 LoiP <p> 2) 2 with g(k, 7, %) given by Eq. (3), and grouping the sums into
Z_(E2) )%
T4z P H ’

- © o2\ Lt /62 L2
which is again manifestly time independent upon switching 4, = Z Z <7‘P> (7(1)) /12+2< Li+L,)° (40)
to physical momentum as in the second line. Unlike the L,=0L,=0

(38)

L\L,!
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we can finally rewrite Eq. (37) as

A © d7 _ -
(br,x,) :ﬁHm{/_ gg<k137,1)“'9(/€n77,f)}-

(41)

Next, we may use the binomial theorem to simplify
Eq. (40) to

Note that Egs. (27) and (38) imply
0% + 0% = oty (43)

with 62, as in Eq. (5). This renders 4, = 1> of Eq. (8). In
other words, we have reached the same loop-resummed
correlation function as the one written in Eq. (7) calculated
with the SK path integral.

VI. LOOP-RESUMMED WAVE-FUNCTION
COEFFICIENTS

Having established the equivalence of the two methods
for arbitrary single-vertex diagrams, let us go back to the
wave-function coefficients and see how the resummation
works at this level. Upon inverting the relation in Eq. (42)
using the differential structure of the Weierstrass transform,

we obtain A = ZZ":O%(—I)L(%)LJ,,HL. Substituting
this into Eq. (28), we find

T dz
—TK(kl,%)---K(km,%),

k. k) = —iA, -
Wm( 1 ) l [oo (HT)4

(44)

with

Ay

> (é) = (45)
e~ L! 2 mt
and o3, given by Eq. (38).

Note that now the IR behavior of the wave-function
coefficients is in accordance with that of the correlators:
they both diverge logarithmically in the IR. The wave-
function coupling constants A,, cannot be renormalized
via the introduction of counterterms [39] in the dia-
grammatic expansion of Eq. (26) since, here, 1°® is the
observable, finite coupling constant. However, this is not
a problem since A,, is not observable. As a last step, we
may use the differential representation of the Weierstrass
transform to recognize A,, as the Taylor coefficients

of a complex potential. (Note that the variance o3 is

complex.) Following the procedure that led us to
Egs. (10) and (11), we define the following potential:

2
v 92

V@) =v,@) =3 A2 (46)

Equation (44) thus informs us that single-vertex, loop-
resummed wavefunction coefficients emanating from a
potential V;,(®) are equivalent to tree-level wave-function
coefficients computed using V,,(®). Moreover, due to the
relation in Eq. (45), these wave-function coefficients
yield the loop-resummed correlators in Eq. (7) whose

amplitudes are set by the finite couplings A3".

VII. CONCLUSIONS

It is well known that at tree or one-loop levels, n-point
correlation functions for an interacting scalar field in de
Sitter space can be calculated using either the Schwinger-
Keldysh path integral (equivalently the in-in formalism)
or the WFU method [40,41]. We have demonstrated that
this equivalence persists, as expected, in an exact manner
for n-point correlators sourced by an arbitrary analytic
potential.

At the perturbative level, the arbitrariness of the inter-
action translates into an infinite number of vertices, which
inevitably decorate each contact diagram with an infinite
number of loops. The crucial observation that allows for a
complete match to linear order in the potential is that the
bulk loops of the wave-function coefficients and the
boundary loops of the correlators combine to yield an
all-loop resummed, renormalized potential with coupling
constants given by Eq. (8). In addition, we have shown how
to resum bulk loops at the level of the wave-function
coefficients. At tree level, a single wave-function coeffi-
cient corresponds to a single correlator; at loop level the
map is not one to one. Equation (44) shows exactly how to
compute wave-function coefficients using the tree-level
vertices A,,, hence restoring the one-to-one correspondence
between loop-resummed wave-function coefficients and
loop-resummed correlators.

Our result also advocates for the use of physical
variables, which in some cases render integrals manifestly
invariant under time translations. This is a property that
should persist in diagrams beyond the single-vertex family
discussed here and whose study we leave for future
work [44].

The loop-resummed wave function may be directly
applicable to the bootstrap program, where it can be used
to extend the computation of correlators beyond tree
level. This, in turn, can serve as a bridge between
cosmological dynamics and (for instance) axion phenom-
enology, since the latter involves nonperturbative trigo-
nometric potentials [45] which fall in the category
considered herein.
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