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A new method was proposed recently to investigate the location of the putative critical point of strongly
interacting matter, governed by quantum chromodynamics. By approximating contours of constant entropy
density at finite baryon chemical potential, the conditions for the existence of a critical point are solved.
In this work, we analyze this method in the hadron resonance gas and Nambu–Jona-Lasinio models. We
demonstrate that the prediction of the critical point in the HRGmodel is solely due to mesonic and baryonic
degrees of freedom, and thus is not necessarily a signal of a critical point. We argue that such an expansion
leads to a physically meaningful prediction only when applied near the critical point.
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I. INTRODUCTION

One of the key tasks addressed in the context of high-
energy physics is the determination of the phase diagram of
quantum chromodynamics at finite temperature and baryon
chemical potential. At low baryon chemical potential and
high temperature, the transition from hadronic to quark-
gluon plasma phase is smooth and is connected with the
restoration of chiral symmetry [1–5]. On the other hand,
based on the effective model calculations, one expects a
first-order phase transition at large baryon chemical poten-
tial and low temperature [6–9]. This would imply the
presence of a putative critical point (CP) on the QCD phase
diagram. Throughout recent years experimental attempts
have been made to locate it on the QCD phase diagram.
Despite enormous experimental effort within the beam
energy scan programs at the Relativistic Heavy Ion Collider
at Brookhaven National Laboratory [10] and the Super
Proton Synchrotron at CERN [11], this pressing issue
remains unresolved (for a recent review see [12]).
A new method for locating the QCD CP was recently

proposed [13]. It is based on the fact that thermodynamic

quantities, such as entropy, are multivalued between the
spinodals of the first-order phase transition. This leads to
the crossing of lines of different constant entropies in the
first-order region. Thus, constant-entropy contours at finite
temperature and baryon chemical potential can be used to
locate the onset of a first-order phase transition and,
therefore, the location of a critical endpoint. In [13],
the constant-entropy contours were approximated via the
Taylor series at vanishing baryon chemical potential to
predict the existence of a CP. The constant-entropy-
contour scheme was recently used in lattice QCD
(LQCD) simulations to exclude the location of CP at μB <
450 MeV at 2σ confidence level [14].
In this work, we apply the constant-entropy expansion

scheme to the hadron resonance gas (HRG) and Nambu–
Jona-Lasinio (NJL) models to test its predictive power for
the CP. Both models are extensively studied at finite
temperature and baryon chemical potential. The HRG
model has been successful in describing LQCD data on
the equation of state and fluctuations of conserved charges
at vanishing baryon chemical potential [15,16] as well as
the hadron yields from heavy-ion collisions [17]. The NJL
model describes the effective interactions of quarks pre-
serving the chiral symmetry of the massless QCD
Lagrangian. We demonstrate that the constant-entropy
expansion scheme leads to the unphysical prediction of
the existence of CP in the HRG model, which does not
implement any criticality. In addition, we directly compare
the results obtained in the full NJL model (which may or
may not predict a CP, depending on its details), with the
prediction obtained through the constant-entropy expan-
sion scheme.
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This paper is organized as follows. In Sec. II, we
introduce the constant-entropy expansion scheme. In the
following two sections, we discuss the results obtained
within the HRG and NJL models. The last section con-
cludes our findings.

II. TAYLOR EXPANSION OF THE
CONSTANT-ENTROPY CONTOURS

The method proposed in [13] considers the contours of
constant entropy density, s, at finite T and μB, i.e.,

sðTsðT; μBÞ; μBÞ ¼ sðT; μB ¼ 0Þ: ð1Þ

The temperature contour TsðT; μBÞ is chosen such that the
entropy is fixed at arbitrary μB. The profile TsðT; μBÞ can be
expanded into Taylor series around μB ¼ 0,

TsðT; μBÞ ¼ T þ
X∞

k¼1

αk
k!

μkB; ð2Þ

where

αk ¼
dkT
dμkB

����
s
: ð3Þ

It is understood that the coefficients αk depend on the
temperature T, i.e., αk ¼ αkðTÞ. Since odd coefficients
α2kþ1 vanish at μB ¼ 0, the lowest-order nonvanishing
coefficient is α2, which reads

α2 ¼ −
∂
2s

∂μ2B

����
T

�
∂s
∂T

����
μB

; ð4Þ

where

s ¼ ∂P
∂T

����
μB

ð5Þ

is the entropy density. The higher-order coefficients are
more complicated functions of entropy and its derivatives
with respect to the temperature and/or baryon chemical
potential. In general, the following recursive relation holds
for k > 0,

αkþ1 ¼
dkþ1T

dμkþ1
B

����
s
¼ dαk

dμB

����
s
¼ ∂αk

∂μB

����
T
þ α1

∂αk
∂T

����
μB

; ð6Þ

from which αk for k > 2 can be systematically derived
starting from Eq. (4).
In principle, the critical point can be located through the

equations

∂Ts

∂s

����
μB

¼ 0;
∂
2Ts

∂s2

����
μB

¼ 0: ð7Þ

Truncating the Taylor series at the lowest-order (k ¼ 2),
the criteria can be written with the temperature derivatives
of α2,

2þ dα2
dT

μ2B ¼ 0;
d2α2
dT2

¼ 0: ð8Þ

Solving these equations yields a prediction for the location
of the CP in terms of the critical temperature Tc and baryon
chemical potential μB;c [13],

μB;c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

2

α02ðT0;cÞ

s
;

Tc ¼ T0;c þ α2ðT0;cÞ
μ2B;c
2

; ð9Þ

where T0;c is obtained from the second of Eq. (8). We note
that the criteria in Eq. (8) predict the existence of the
CP at the real baryon chemical potential for dα2=dT < 0,
that is, when α2 features an inflection point with a
negative slope.

III. HADRON RESONANCE GAS MODEL

In the phenomenological description of hadronic matter,
one needs to identify the relevant degrees of freedom
and the interactions among them. In the confined phase
of QCD, the medium is composed of hadrons and their
resonances. In its simplest version, the HRG model
assumes that the constituents of the medium are indepen-
dent and pointlike [18]. This effectively neglects their
widths and interactions. Consequently, the pressure in
the HRG model is approximated by the sum over partial
pressures of hadrons and their resonances, treated as
noninteracting particles,

P ¼
X

i

Pi; ð10Þ

where i goes through all strange and nonstrange hadrons
and their resonances listed in the Particle Data Group
summary tables [19].1 We note that the thermodynamic
pressure P contains all the relevant information about the
medium through the mass and the quantum numbers of
hadrons. Thus, it allows for the study of different thermo-
dynamic observables, including particle numbers and
fluctuations of conserved charges.
The partial pressures in Eq. (10) are given as

Pi ¼ ∓ γiT
Z

d3p
ð2πÞ3 ln ð1 ∓ fiÞ; ð11Þ

1In this work, we include established mesons and baryons with
three- and four-star rating.
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where T is temperature, γi is the spin degeneracy factor, and

fi ¼ ðeðϵi−μiÞ=T � 1Þ−1 ð12Þ

is the distribution function, ϵi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

i

p
is the

dispersion relation, and μi ¼ BiμB þQiμQ þ SiμS is the
chemical potential of the particle. In this work, we set
μQ ¼ μS ¼ 0. The upper (lower) signs in Eqs. (11) and (12)
refer to fermions (bosons).
We use the HRGmodel to calculate the Taylor expansion

coefficients αk, defined in Eq. (3). In Fig. 1, we show
the nonvanishing coefficients up to k ¼ 10 at μB ¼ 0.
Higher-order coefficients become more complex. For
convenience, we denote the expansion truncated at order
k by superscript (k). We are primarily interested in the
expansion of the HRG model truncated at k ¼ 2.
To locate the putative CP, one needs to solve Eq. (8).

The first and second temperature derivatives of α2 are
shown in Fig. 2. We find that d2α2=dT2 ¼ 0 at Tc

0 ¼
0.117 GeV. This yields ðTð2Þ

c ; μð2ÞB;cÞ ¼ ð0.086; 0.823Þ GeV
for the location of the CP. We stress that the HRG model
does not predict any CP because there is no criticality built
into this model. Therefore, the second-order expansion
leads to a nonphysical approximation of the full HRG
model. This is shown in Fig. 3, where we show the
constant-entropy contour that leads to the fake CP. This
is in contrast with the full HRG contour, which deviates
from the truncated one as the baryon chemical potential

increases. At μð2ÞB;c ¼ 0.823 GeV, the truncated contour lies
at a temperature higher than the one obtained in the full
HRG by 60%. The deviation of the contours starts around
μB ∼ 300–400 MeV for the quadratic expansion. This is
compatible with the results of Ref. [14], although they
found that a TsðμBÞ ∝ μ2B description is sufficient over a

slightly broader range of (imaginary) μB. Interestingly, we
also find the contour from a quadratic truncation to be valid
until larger values of μB for larger T0, where the lattice
calculation is performed.
We also considered the expansion truncated at the fourth

order of the expansion, i.e., k ¼ 4. This model leads to

ðTð4Þ
c ; μð4ÞB;cÞ ¼ ð0.066; 0.843Þ GeV. Thus, even the fourth-

order expansion leads to a nonphysical prediction of the
location of the CP. Accordingly, the contour obtained from
fourth (or even higher) order expansion deviates from the

FIG. 1. Temperature dependence of the expansion coefficients,
α2, α4, α6, α8, and α10. Note that the coefficients are rescaled for
better presentation.

FIG. 2. Second order expansion coefficient α2, its first (α02) and
second (α002) derivatives with respect to temperature. The vertical,
dotted line marks the temperature at which the second derivative
vanishes, i.e., α002 ¼ 0. The first and second derivatives are
rescaled for better presentation.

FIG. 3. Constant-entropy contour obtained in the HRG model
starting at μB ¼ 0 and T such that α002 ¼ 0, which leads to the
prediction of a fake CP, shown as a black circle on the contour
obtained with theOðμ2BÞ truncation of the Taylor series defined in
Eq. (2) (see text for details). Shown are also contours obtained
with higher-order truncations up to Oðμ10B Þ.
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true contour at only slightly higher chemical potential
compared to the quadratic truncation, as shown in Fig. 3.
This possibly indicates slow convergence of the expansion.
To better understand why the second-order expansion

leads to an unphysical CP, we consider a single-component
ideal gas. In this case, one may show that

α2 ⟶
T→0

−
B2

M
; ð13Þ

where M is the particle’s mass and B is its baryon number.
Thus, α2 → 0 for mesons and α2 → −M−1 for baryons as
the temperature approaches zero. The limit in Eq. (13) can
be straightforwardly generalized to a multicomponent gas
of ideal particles, in which case the limit is determined by
the lightest hadron.
The behavior of α2 in the system of nucleons is shown

in Fig. 4. It is an increasing function of temperature.
Therefore, the solution of Eq. (8) does not lead to any
prediction of CP at finite baryon chemical potential. On the
other hand, for a system of pions and nucleons, α2 starts
from zero, decreases, and develops a minimum at
T > 0.2 GeV. Consequently, it features an inflection point,
and the solution of Eq. (8) leads to a prediction of CP at

ðTðπNÞ
c ; μðπNÞ

B;c Þ ¼ ð0.086; 0.816Þ GeV. We note that the
values are very close to those obtained in the truncated
HRG model with the full resonance spectrum. This is so
because at T ≲ 0.12 GeV the thermodynamic pressure is
predominantly due to pions and nucleons. This reassures
that the inflection point of α2 that leads to the prediction of
an unphysical CP in the full HRG model is obtained
primarily due to the presence of pions and nucleons in the
particle spectrum and should not depend on the list of
resonances used in the calculations. We have verified this

for the list of resonances that includes the prediction from
the quark model [20,21].

IV. NAMBU–JONA-LASINIO MODEL

The NJL model Lagrangian for two quark flavors with
a degenerate quark mass m0 and the isoscalar vector
interaction reads [8]

LNJL ¼ ψ̄ðiγμ∂μ −m0Þψ
þ GS½ðψ̄ψÞ2 þ ðψ̄iγ5τ⃗ψÞ2� − GVðψ̄γμψÞ2: ð14Þ

In the mean-field approximation, the effective thermody-
namic potential is given by [8]

ΩNJL ¼ ðM −m0Þ2
4GS

−
ðμ − μ̃Þ2
4GV

þΩvac þΩth; ð15Þ

where

Ωvac ¼ −12
Z

jpj<Λ

d3p
ð2πÞ3 ϵq ð16Þ

with ϵq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

p
is the vacuum contribution, which

we regularize with the sharp three-momentum cutoff. The
thermal contribution reads

Ωth ¼ 12T
Z

d3p
ð2πÞ3 ðlnð1 − fÞ þ lnð1 − f̄ÞÞ ð17Þ

and does not require regularization since the integral is
convergent. The Fermi-Dirac distributions for quarks and
antiquarks read

f ¼ ðeðϵq−μ̃Þ=T þ 1Þ−1; f̄ ¼ ðeðϵqþμ̃Þ=T þ 1Þ−1; ð18Þ

respectively. The gap equations can be obtained from the
effective potential [8],

∂ΩNJL

∂M
¼ 0;

∂ΩNJL

∂μ̃
¼ 0: ð19Þ

In general, the phase diagram obtained in the NJL model,
and thus the existence and location of the critical point
is regularization scheme dependent [22]. In this work, we
use two different schemes, for which the parameters can
be seen in Table I. The first scenario yields a CP at

FIG. 4. The coefficient α2 for the HRG model, as well as a gas
of nucleons and a gas of pions and nucleons. The vertical, dotted
line marks the temperature at which the second derivative
vanishes, i.e., α002 ¼ 0 in the full HRG model.

TABLE I. Parameters of the NJL model used in this work.

Set GSΛ2 Λ (MeV) m0 (MeV) Source

1 2.083 665.0 5.0 [22]
2 2.060 664.3 5.0 [8]
3 4.3479 364.69 5.0 This work

MARCZENKO, SZYMAŃSKI, and KOVÁCS PHYS. REV. D 112, 034019 (2025)

034019-4



μB ≈ 990 MeV and T ≈ 19 MeV (Set 1), while the second
does not predict the existence of a CP (Set 2).
In Fig. 5, we show the expansion parameter α2 obtained

in these two models. Both parameters increase with
temperature and exhibit very similar behavior, even though
only one of the models predicts the CP. Consequently,
from the lowest-order expansion, there is no sign of
criticality from the CP, although one of the models
(Set 1) features a CP in the phase diagram.
Another well-known feature of the NJL model is that the

increase of the vector coupling moves the critical point
toward lower temperatures until it vanishes for the critical
value of the coupling [8,23]. We use these features of the
model to adjust the location of the critical point and study
the predictive power of the expansion (2). If the critical
point lies close to μB ¼ 0, where the expansion was
performed, its effect is expected to appear even in the
lower order coefficients. However, as the CP moves to
larger chemical potentials, its effect on the μB ¼ 0 thermo-
dynamics is reduced, and one needs higher (if not infinite)
orders in the expansion to be sensitive to the criticality [24].
This explains why parameter sets 1 and 2 of the NJL model
lead to almost the same α2.
To further study the expansion truncated at the second

order, we consider an artificial parametrization (see the
bottom row of Table I) of the NJL model chosen such
that the critical point is located at exceptionally low
μB ≈ 100 MeV and high T ≈ 160 MeV for vanishing
vector coupling GV ¼ 0. We stress that such parametriza-
tion is not expected to match the known phenomenology,
e.g., the pion mass or the quark condensate, but serves
merely as a tool to study the expansion under consideration.
By increasing ĜV ≡ GV=GS for a fixed value ofGS, the CP
shifts toward smaller temperatures and higher chemical
potentials and vanishes for the critical value of the
coupling ĜV ¼ 0.94.

The α2 curves for several values of ĜV are shown
in Fig. 6. We observe strong sensitivity to the value of
the vector coupling. Particularly, the dip seen in the vicinity
of the pseudocritical temperature becomes shallower as ĜV

increases and vanishes for ĜV ¼ 0.167.
By utilizing Eq. (8), we obtained predictions for the CP

for different values of ĜV . Our findings are summarized in
Table II. We observe that predictions for the location of the
CP become worse as ĜV increases, i.e. CP becomes more
distant from the μB ¼ 0 line. For ĜV ¼ 0 the prediction for
μB differs by approximately 60 MeV, while for ĜV ¼ 0.125
the difference exceeds 400 MeV. The predictions for Tc are
more accurate but also worsen with the increasing vector
coupling. Particularly, for ĜV ≳ 0.145, the method predicts
Tc < 0, and for ĜV ≳ 0.167, the method fails to predict the
existence of the CP. This behavior can be understood
as follows: for small values of ĜV , there is an inflection
point in α2 with dα2=dT < 0, which gives a prediction for
the CP at finite and positive μB. As ĜV increases, the dip
becomes shallower and disappears, hence dα2=dT → 0−,
and the predicted value of the baryon chemical potential
approaches ∞, while the predicted value of T → −∞. In
the present setup, this happens for ĜV ¼ 0.167.
For larger values of the vector coupling, we observe that

α2 is monotonically increasing in temperature, and there is
no prediction for a real baryon chemical potential, even
though there is aCP in the full model. In Fig. 7 we compare
the actual and predicted values of T (upper panel) and μB
(lower panel) for different values of ĜV . The vertical
dashed line marks ĜV above which the predicted Tc is
negative. The dashed line marks the value of the coupling
above which Eq. (8) have no real solutions. If the CP is
sufficiently far, the expansion cannot account for its effect
in the lowest order. This highlights the limited validity of

FIG. 5. Expansion parameters α2 in two different schemes, one
with (solid red line) and one without a CP (dashed black line).

FIG. 6. The expansion parameter α2 in the NJL model for
different values of the dimensionless vector coupling ĜV .
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this approximation. We emphasize that our artificial para-
metrization demonstrates the limitation of the truncated
expansion qualitatively, however, it does not provide a
quantitative prediction for the range of its usability.
We note that, due to the absence of the dynamical

mesons in the NJL model, α2 behaves similarly to the HRG
result with only the baryons present, tending to a negative
value for T → 0. On the other hand, if the Polyakov loop is
included for the effective confinement, one has α2 → 0 as
the temperature vanishes. Therefore, there is an additional
inflection point, which always gives a prediction for the
CP, even if the model has no criticality. However, this
inflection point and the predicted CP have no connection to
the chiral transition.
Finally, one can also include meson fluctuations in the

quark-meson (QM) model—which gives qualitatively the
same results as the NJL model—in an ideal-gas or Gaussian

approximation [25]. Similarly to the Polyakov loop, the
dynamical mesons lead to α2 → 0 for T → 0 in agreement
with the HRG results. Consequently, the expansion in such
an extended QM model predicts the existence of a CP for
any parametrization of the model, although it is not related
to the chiral phase transition.

V. CONCLUSION

We have considered the constant-entropy-density-
contour expansion scheme, which was recently proposed
for the search of the putative critical point in the QCD phase
diagram [13]. We have applied the scheme to the hadron
resonance gas model, which does not predict the existence
of any CP because of the lack of criticality built into it.
Nevertheless, we find that the expansion scheme truncated
at the second-order Taylor coefficient yields a prediction
for the CP at finite temperature and baryon chemical
potential. By analyzing the expansion coefficient, we found
that the prediction of the CP is due to the presence of both
mesonic and baryonic degrees of freedom, and thus is not
necessarily a signal of a CP.
We have also considered the Nambu–Jona-Lasinio

model, which captures the spontaneous breaking of the
chiral symmetry and its restoration and thus may predict
the existence of CP, depending on the parametrization.
Utilizing different regularization schemes, we demon-
strated that the expansion at the lowest truncation order
is not sensitive to the critical effects unless the critical point
is located exceptionally close to the μB ¼ 0 line. We also
found that the method under consideration may fail to
predict the existence of the CP, even though it is present in
the full model. This spotlights its limited applicability and
suggests that further careful analysis of the expansion
scheme is required.
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