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We develop the (super)twistor approach to DO-brane, which is the massive type IIA superparticle in ten-
dimensional spacetime. The basic variables are hexadecuplet of constrained OSp(32|1) supertwistors
similar but not identical to the ones which have been used for the description of 11D massless
superparticle, also known as MO-brane. We show how the constrained supertwistor formulation is related
to the spinor moving frame approach to DO-brane. We perform the quantization of the model by two
different methods and discuss the relation of the results with the quantization of the spinor moving frame

formulation of DO-branes. The quantum state spectrum describes the massive counterpart of the linearized

type IIA supergravity.

DOI: 10.1103/ntm6-v7t4

I. INTRODUCTION

It is well known that dynamical nonperturbative objects,
p-branes and particularly Dirichlet p-branes or D p-branes,
being an integral part of string theory, are essential for its
overall consistency and for establishing various strong/weak
coupling dualities between different branches of string/
M-theory. DO-branes or Dirichlet particles are the simplest
and yet nontrivial examples of Dp-branes belonging to a
nonperturbative spectrum of the type IIA string theory. Its
standard (Brink-Schwarz type) action can be obtained by
dimensional reduction of the standard action of MO-brane
(or M waves), which is the massless D = 11 superparticle
[1]. This fact is one of the manifestations of the duality
between type IIA superstring string theory and other
“corners” of M theory, which can be considered as a
decompactification limit of the former in its strong coupling
regime [2]. The quantum state spectrum of the DO-brane
was shown to be the linearized massive type IIA super-
multiplet, with 128 bosonic and 128 fermionic degrees of
freedom, which can be obtained from the 11-dimensional
supergravity as a nontrivial mode in the Kaluza-Klein
dimensional reduction [3].
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The above mentioned quantum state spectrum of
DO-brane was found and studied in [3] devoted to the
quantization of this dynamical system in the so-called
spinor moving frame formalism (see [4] for an earlier
discussion of quantization of a DO-brane). This formalism
was proposed in [5] and used there as the basis for
generalized action principle and superembedding approach
to this object. Notice that the action for multiple DO-branes
(mDO system) recently constructed and elaborated in [6,7]
is presently known only in the frame of the spinor moving
frame approach.

In this paper we develop a twistor approach to DO-brane
in the classical and quantum domain. As it could have been
expected from studies of similar systems in D = 4 (see for
example [8—12]), the formulation in terms of twistorial
variables considerably simplifies both the Hamiltonian
analysis and the quantization procedure. Furthermore, the
results of such quantization provided us with a one-particle
counterpart of the on-shell superamplitudes [13,14] being
an important tool for reaching an impressive progress in
multiloop calculations in maximal D = 4, N =4 super-
symmetric gauge theory and D =4, A = 8 supergrav-
ity [15,16].

The generalization of the twistor approach [8,9,17-19] to
the case of massive D = 4 superparticle was elaborated in
[20-22] under the name of two-twistor formalism (see, e.g.,
[23-30] for further related studies). The amplitudes with
D = 4 massive particles in the frame of D =4 spinor
helicity formalism, which can be related to the two-twistor
approach, was the subject of [31-33]. The first stages
toward generalization of these results for the case of
amplitudes and superamplitudes of the processes involving
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DO-branes were discussed in [3,34]. We believe that the
development of pure twistor description of DO-brane, which
we present below, will be useful for further development of
this line.

The paper is organized as follows.

In Sec. 11, as a warm-up, we briefly review a well-known
twistorlike model of massless D = 4 N = 1 superparticle
[9], emphasizing its reformulation in terms of Ferber
supertwistors [8] and quantization in terms of supertwistor
variables. We also discuss there the relation of Ferber-
Schirafuji formulation with a spinor moving frame or a
Lorentz harmonic approach to the D = 4 superparticle [35]
because this allows for the ten-dimensional generalization,
which we will use in Sec. III.

In Sec. III we develop the constrained supertwistor
approach to DO-brane in the classical domain. Our starting
point is the spinor moving frame approach for DO-brane
[3,5] which we review in Sec. IVA. In Sec. IIIB we
introduce the constrained helicity spinors, related to the
spinor moving frame variables by SO(16) transformations.
These are used as a basic element of the constrained
OSp(32|1) supertwistor approach. The action of DO-brane
in this approach is obtained in Sec. III C where the gauge
symmetries of this action and its relation to the so-called
tensorial superspace are also discussed. Hamiltonian
mechanics of the constrained supertwistor formulation of
DO-brane is developed in Sec. III D.

In Sec. IV we perform the quantization of DO-brane in its
constrained supertwistor formulation. First, in Sec. I[VA, we
do this by the method that has been used in [36] for
quantization of supertwistor formulation of the massless
D = 11 superparticle (see [37] for a similar method in the
frame of light-cone quantization). The result clearly indi-
cates that the quantum state spectrum of the DO-brane is
given by the massive counterpart of D =10 type IIA
supergravity supermultiplet, in agreement with the results
of [3]. In Sec. IV B we perform an alternative quantization
resulting in a multi-superfield description of quantum state
vector of DO-brane. This allows us in Sec. IV C to reproduce
the analytic on-shell superfield description of the quantum
state vector of DO-brane obtained in [3].

The conclusion and discussion of possible applications
of our results can be found in Sec. V.

Appendixes collect the description of our notation and
some useful technicalities.

II. MASSLESS D=4 N =1 SUPERPARTICLE.
A REMINDER

Let us briefly recall the main features of classical and
quantum description of the massless D = 4 A/ = 1 super-
particle model in terms of twistorial variables [8,9]. The
suitable classical action to start with is given by [9]

S_/ Ha%ia_/drng%,fd, a,a=12 (1)
WI

where I1%¢ is the pull-back of the Volkov-Akulov 1-form
% = dx® + id0*0% — i0°dO* = dT1% (2)

to the worldline W' in the superspace enlarged by bosonic
spinor variables A* and A*. This line is defined parametri-
cally in terms of coordinate functions of the proper time 7,

ZM(7) = (x(7),0°(2). 0%(7). 2%(7). 2(r)).  (3)

Constructing the Hamiltonian mechanics starting from
the action (1), one obtains the primary constraints

DPyy = Do — laﬂa =0, (4)
pa = 0, pa = O, Da = —ﬂ'a + ipadéaa
Dy = =7y + ipaa0” (5)

where puy» Pas Pa» Ta» and 7, are momenta, canonically
conjugated to X, A%, A%, 8%, and 0%. After introducing the
Poisson brackets between canonical variables

[paa’xﬁﬁ]P.B. = 55:5/;’ [pa”lﬁ]P.B. =63,

[ﬁavzﬁ]P.B.:‘Sgu {”aveﬁ}P.B.:ég’ {ﬁavéﬁ}P.B.:é/@}u

(6)

one can see that the part of the total set of (eight bosonic
and four fermionic) constraints are of the second class
(see, e.g., [11] for details), which makes the quantization
procedure complicated. In particular, two bosonic and two
fermionic constraints are of the first class, the rest of the
constraints are of the second class. This makes the total
number of the independent bosonic phase space variables'
equal to 6 and the number of independent fermionic phase
space variables equal to 2.

Despite its simplicity, the quantization of the model is
nontrivial due to the presence of the second-class con-
straints. A possible approach that simplifies the problem is
to change the variables to supertwistors

Zy= et 2). 20 = (" 20 0)- (7)

the components of which are related to the original
coordinate functions (3) by the supersymmetric generali-
zation of the Penrose incidence relations [8]

"The counting goes as follows. The phase space contains
2 x (4+4) =16 bosonic and 2 x 4 = 8 fermionic degrees of
freedom. Two bosonic first class constraints eliminate 4, and six
bosonic second class constraints eliminate 6 degrees of freedom.
Similarly, two fermionic first class constraints eliminate 4 and
two fermionic second class constraints eliminate 2 degrees of
freedom, thus leaving us with six bosonic and two fermionic
degrees of freedom.
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U = x4, + i@“(éﬂjﬁ),
x = 04,

A% = x40, + i0%(6P ),

The action (1) can now be written in terms of the super-
twistor variables,

S = —/ ZAdZ,, 9)
Wl

without any reference to x*¢ 6% and 6%, provided these
variables obey the following constraint

ZAZ, =yl — %2 + 2igy = 0. (10)

This is correct because the general solution of Eq. (10) is
provided by Eq. (8).

In the Hamiltonian formalism the constraint (10) reflects
the presence (generates) the U(1) gauge symmetry of the
system, which makes the number of independent phase
space variables equal to 6 in agreement with our previous
counting.

To perform quantization of the system defined by the free
twistorial action (9) restricted by (10) is easy. Indeed, after
reducing the phase space by accounting for explicitly solved
bosonic second class constraints and passing to the standard
Dirac brackets for the fermionic second class constraints,
one finds that the only condition that the state vector has to
satisfy, is the quantum version of the constraint (10).
Replacing the canonical Dirac brackets

_ ; _ i

o )p.p. = S e pp. = Xps = )
(11)
with commutators and anticommutator according to
(updated) Dirac rules, |[.......}p — +[...,...}, and pass-

ing to the coordinate (1-) representation for bosonic and
holomorphic (y-) representation for fermionic variables, one
finds that the quantum version of (10) reads

o - 0 0 -
Ao ———Aoe— — =5 |P(AA4y)=0. (12
(hugp- =~ Tusg 4255 ) @A) 0. (12

The constant s in this equation is due to the ordering
ambiguity. It is quantized and has the meaning of (super)
helicity of the massless supermultiplet describing the
quantum state spectrum of the superparticle (see, e.g., [11]).

In the simplest case of s = 0, the solution of Eq. (12) is a
chiral on-shell superfield

(1A x) = ¢(A) + ixip(4), (13)

the components of which describe the general solutions
d(P)|2—0> Wa(p) = Aq(4) of the linearized equations of

0 and

motion for scalar supermultiplet fields, p’¢(p) =
— 0 by the

Paa?® = 0. This solution is based on solving p>
Cartan-Penrose representation p,; = A,4s.

The spinor moving frame description of D = 4 super-
particle [35] is closely related to the above Ferber-Schirafuji
supertwistor formalism described above, but allows for an
easy generalization for higher dimensions and for super-
symmetric extended objects, including D =4 and D = 10
superstrings [38,39], D = 11 supermembrane [40,41], and
other p-branes [42,43]. We briefly describe it here as its
generalization for the case of D = 10 DO-brane [3,5], which
we review in Sec. III A, will be used as a starting point to
develop supertwistor approach to this object beginning in
Sec. IIIB.

To make its appearance natural, let us consider a D = 4
massless particle in a special Lorentz frame in which its
lightlike momentum reads P, = (1,0,0,1)p™*(z), where
ptT(7) is the energy of the particle. In an arbitrary frame

the momentum is p, = U,@Pw =u, p*™*, where

1 1
Uﬁ = (E (l/t;_+ + l/t;_), M;UE (l/l;+ - M;_)>

€S0(1,3), i=1,2 (14)
Uj(z) is a Lorentz group valued matrix constructed
from two lightlike vectors u,f*, u,” and spacelike vectors

u,’l orthogonal to these and among themselves. This
follows from (14), which is tantamount to saying that

Usur® =y ie.,

wi Tt =0, w,”u'=" =0, w, ut =2,
ul == =0,

ulut = =5, (15)

The above equations, but withi = 1, ..., D — 2, are actually
valid for any D. In D =4 it is convenient to represent
D — 2 =2 orthogonal moving frame vectors by complex
conjugate 1}~ =1 (u}h + iu2) and w;t =1 (u} - iuk).

The D = 4 spinor moving frame variables consist of a
pair of complex bosonic spinors v normalized by

v ol =1, o =1, (16)

which are ‘“square root” from the above moving frame
variables in the sense of

L =V o,U

uy ul s

4+ b st
u,"=v"o,0",

- — oty -+ — g it
uy” =vr0,0", u, " =v7o,0". (17)
This is tantamount to saying that spinor moving frame
matrix v = (vg,vy)€SL(2,C) is a “square root” of the
moving frame matrix (14).
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Using (17) to write the action (1) in terms of the spinor
moving frame variables,

S = /Wl p T u, T = /drp**(v_aﬂﬁ_)ﬂﬁ (18)

we see that it is related to the Ferber-Schirafuji action
[ dr(4c,A)T¥, by simple redefinition of the bosonic spinor
variables 1, = \/pttv; and A, = \/pt ).

To resume, the action the massless D = 4 A/ = 1 super-
particle can be reformulated in terms of (super)twistor
variables, which simplifies essentially the quantization. In
the next Sec. III we will develop, on the basis of spinor
moving frame formulation of DO-brane, its formulation in
terms of constrained supertwistors. The relations of these
latter with the spinor moving frame variable is not so
straightforward as in the four-dimensional case and requires
the use of SO(16), SU(8), and also of a more exotic
symmetry realized by the Stueckelberg mechanism.

III. SUPERTWISTOR APPROACH TO D0-BRANE
LAGRANGIAN AND HAMILTONIAN MECHANICS

A. Spinor moving frame formulation of D0-brane

We begin by reviewing the generalization of the above
derivation of spinor moving frame formulation for a more
complicated case of massive superparticle in ten dimen-
sions [5], which is to say for Dirichlet superparticle or DO-
brane [1]. This object lives in D = 10 type IIA superspace
with coordinates
M = (x*,6°,02) u=0,...9, a=1,..16 (19)
and is invariant (up to boundary terms) under the rigid
supersymmetry transformations
oxt =if'ote! + iP5 e?, 50 =€, S0:=el. (20)
Here 0'c"c' = 0'%, '/ and 0°5/c> = 6;6"P e/, where
0l = 0, and 6* = 5/ are 10D generalizations of 4D
relativistic Pauli matrices; they obey
o"o" + o¥6" = nﬂy]ll6><16’ 7’]”1/ = dlag(l, —1, . —1) (21)

The first order form of the standard DO-brane action [1]
reads

1
/dr(pﬂl_[’;—ie(pz—mz)> —im/ (d9*102 —9°1d6?),
Wl
(22)

where IT; = I1#/dz and II* is the type IIA counterpart of
the Volkov-Akulov 1-form,

" = dx* — id0'6*0' — idP6"0> = deIT*.  (23)

The moving frame action for the DO-brane [5] can be
written as

SDO:/ E?OE/erDO
Wl

—m/ Hﬂug—im/ (d9*' 62 — 6°1d63),
w! w!

0,01 _
ugut =1, (24)
where the unit timelike vector u2 is considered as a part of
the moving frame matrix

(0, ul) €SO(1,9) I=1,...,9. (25)

Equation (25) is tantamount to stating that the moving
frame vectors obey

0,0 _ 0,1 _ 1,0 _ _sIJ
uCu, =1, wu, =0, wu, = —=6",

My oo iyo 1,0 01 o iy...i
MO Ly, = €N (26)

The action (24) can be obtained from the standard DO-
brane action (22) when solving the mass-shell condition for
auxiliary momentum variable, p* = m?, by p, = mu).

The spinor moving frame action is given by (24) in
which the moving frame vectors are considered to be
composites of the spinor moving frame matrix
v, €8Spin(1,9), a=1,...,16, g=1,...,16 (27)
in the sense of the following constraints (see [5—7] for more
details)

0 —
UyOlp = VoV,

ul,o’;ﬂ = v, 0yL 04", (28)
vg&iﬁv}s’ = ugéqp + ”11475117’ (29)

where yf”, are 9d gamma matrices, I = 1, ...,9 obeying
Vop =Vhgr  7ha=0. ¥V +7/y =26"T6016.  (30)

Taking the sigma-trace of the first equation in (28), or
taking the trace of (29) (and taking into account that
y{lq =0), we find

1
ul = Evaq&”“ﬂvﬂq. (31)

Substituting this into the action (24), one can see that
it provides a D = 10 massive generalization of the
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Ferber-Schirafuji action (1) for massless D =4 super-
particle model considered in Sec. II.

The integration of the Lagrangian form £ in the action
(24) is over the worldline in an enlarged superspace
(Lorentz harmonic superspace), which can be defined
parametrically

W e 2(10+45]16416) . ZM — ZM(7)

= (#(2).0"(2). 03(7). v (7)) (32)

with the use of coordinate functions Z(z) of the proper
time 7. Let us stress that the set of these includes the spinor
moving frame matrix (27).

The derivatives of the spinor moving frame matrix are
expressed in terms of SO(1,9) Cartan forms

Q= u,(,o)duﬂl, QY = ul du’ (33)

by [6,7]

1
v,%dv, 4 = —ZQ’Jyf,q 2!21ypq (34)

We have written this equation using a v,* matrix, which is

the inverse to v,”,

0, 0, = 679,

» velv, = 6,0 (35)
as this will be useful below. Notice that, as the charge
conjugation matrix for the SO(9) group is symmetric and
can be chosen to coincide with 6,,, the position of Spin(9)
indices is not important and we chose it for aesthetic and
transparency reasons.

Of the Cartan forms (33), Q' transforms under the gauge
S0O(9) symmetry of the action (24) as a connection while Q!
transforms covariantly under this symmetry. These reflect
the fact that of 45 degrees of freedom in a moving frame
matrix obeying (27) [this is to say they are restricted by
constraints (28) and (29)], 36 are pure gauge while nine are
physical, the same as present in a timelike momentum of the
massive D = 10 particle.

The covariant harmonic derivatives, this is to say the
vector fields (differential operators) that are dual to the
Cartan forms (33), are

1

d 1
DIJ — Uayéjqa_

0
DI :E’Ug}/;qm. (36)

These give zero when acting on the constraints (28)
and (29).

In checking that (28) and (29) are in a kernel of the
operators (36), one should consider the moving frame
vectors to be composed from spinor moving frame vari-
ables. One can also write the operators that can act on
expressions involving both moving frame and spinor

moving frame variables as if the latter were independent.
These are

1 0 0
D= it T O
1, 3} 0 0 d
DI:EUé)/g,qﬂ-i-uM@‘Fu{,@. (38)

B. From spinor moving frame to constrained helicity
spinor: Prequel on SO(16) symmetry of twistor action

A rigorous development of the twistor approach to DO-
brane begins by introducing a new set of constrained
bosonic spinors 4,7 related to the spinor moving frame
matrix v,7 by SO(16) rotation

Ak = 0,187, SST = Lisx16 (39)

:> ’an = quj’{lp' (40)

These new objects with 165 degrees of freedom (vs
45 degrees of freedom in »,? summing “physical” and
pure gauge), which we will call helicity spinors, obey the
constraints

Mﬂo-gﬁ = A1 247,
ulot s = 7,9(STY'S) 2" (41)

A5 /1” = Sy, + ulh(SY'S),
I=1,....9. (42)

The matrices (S”y'S),, carrying indices of SO(16) are not
constant but are symmetric and obey the same Clifford
algebra as the constant y,’H, do. Notice that the upper and
lower vector indices of SO(16) group are transformed in the
same way so that we are free in choosing their position and
use this to make equations lighter and their structure more
transparent.

Notice that (41) as well as the contraction of (42) imply
that uﬁ is a composite of the constrained helicity spinors so
that the spinor moving frame action for DO-brane from
Eq. (24) can be equivalently written in the following
Ferber-Schirafuji-like form

SDOZ/VV] [’11)0

2| s —im [ (AU 62 —61d62), (43)
16 Jy b w!

*Hence, the name of constrained helicity spinors.
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where A variables are constrained by (41) and (42). This
action is clearly invariant under the SO(16) gauge sym-
metry which acts on the Latin indices (p) of 25 and on the
matrix $P9, involved in the constraints (41) and (42), by
multiplication from the right. The SO(9) gauge symmetry
of the original form of the spinor moving frame action acts
now on moving frame vectors u,’,, entering the constraints
(41) and (42), and also on the matrix S”¢ by multiplication
from the left.

Thus our dynamical system, as described by the action
(43) and constraints (41) and (42), is invariant under the
SO(9) x SO(16) gauge symmetry. The SO(16) valued
SP4(z) is clearly the Stueckelberg field for SO(16) gauge
symmetry, which can be used to gauge S$”%(z) to unity.
Nevertheless, as we will see below, to maintain this field and
to use constrained helicity spinors 4,7 instead of the original
spinor moving frame variables v,? is very convenient for

developing and for future using the twistor approach to DO-
brane. This allows us to avoid the use of covariant momenta
and covariant derivative in the formulation of the twistor
approach while maintaining the constraints (41) and (42) as
strong equalities. To explain why this is possible, in
Appendix B we introduce the covariant derivatives with
respect to helicity spinors.

C. Constrained supertwistor approach to D0-brane: 1.
Action and SO(16) symmetry

As it was in the case of the massless D = 4 superparticle,
we would like to pass to a formulation in terms of twistor
and supertwistor variables. In our D = 10 case these
supertwistor variables will be multiple and constrained.

To this end, we use (41) and the Leibnitz rule to present
the action (43) in the following form

S0 = / (AR - 2,220 — id0°" - 091 2,2 AP — idO2630, 4, — id6 v, PO + iP' 62, ")
Wl

= m//v‘ (d(icaﬁ/lal’)iﬂp + (—jcaﬁ,iﬂq +i(Or1ge" + 95,03 + 29P192)/1pa)d%q —id(eP" + 9%) (P + 9%))_ (44)

Here 1, is inverse to the helicity spinor matrix 4,7,
A/}pllp” — 5/}(1’

and we have also defined

3 — ixﬂg ap 99!

16~

— 0174,

Aphg? =6 (45)

Pa>

02 = 0202 (46)

Further, let us notice that [as can be seen from Eq. (B1) in Appendix B] the helicity spinors satisty 4,“d4,” = 0. Therefore,
the action (44) can be written in the following twistorial form

SP0 .= / L0 = / (du® - AP — u - AP — idn? - yP) = m / dyMPQ,, YN, (47)
W] Wl W]

as the difference between this functional and (44) vanishes, — - 67'651,%d2,7 = 0. In (44)

pP = 3020 = (0107 + G203 + 20116%),7 + 011022,

— ol 42
n’=0r + 0,

and

£2MN =

is an OSp(32|1) invariant matrix.

_5aﬂ

16
(48)
5, 0
0 0], (49)
0 —i
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In the second part of Eq. (47) we have introduced

hexadecuplet of constrained orthosymplectic supertwistors
yMp

YMP = (uo?, 27 nP). (50)

The symplectic symmetry OSp(32|1) x SO(16), which
would be present in the action (48) with unconstrained
supertwisors (50), is broken down to Spin(1,9) x SO(16)
by the constraints (41) and (42) imposed on the helicity
spinors A4, which is used as the second 16 x 16 bosonic
block of the (32 + 1) x 16 supermatrix Y™,

To see what at least the GL(16) subgroup Sp(32) e
OSp(32|1) is about, it is useful to note that gauge
equivalent description of the system is given by the same
action (47) but with u*? of (48) replaced by

" i
ur = RV~ 2 (010" + 03605 12011032,

i a
5003,

nk =or' + 62 (51)
where X% = XP* is an arbitrary symmetric spin-tensor.
The enlarged superspace with such 136 bosonic coordi-
nates and some number 7 of fermionic coordinates clearly
has GL(16) automorphism symmetry of its natural super-
symmetry algebra.3

The SO(1,9) invariant decomposition of an arbitrary
D = 10 spin-tensor reads

s 1
Xaﬂ o Ex/l(()-ﬂ)aﬂ +
The gauge equivalence of such a model in enlarged
superspace with our original spinor moving frame formu-
lation of DO-branes is suggested by the observation that the
action (47) is formally invariant under

my”“"”55zlﬂ..-us- (52)

SUP = bH-Hs (5’4].”#5)11/1,%17 (53)

[due to the constraints on the helicity spinors, see Egs. (41),
(42), and (B1) in the Appendix B]. The gauge symmetry
(53) allows one to gauge away 126 additional bosonic
coordinates described by the D = 10 fifth rank self-dual
antisymmetric tensor, y*1--#s = (, thus reducing (52) to the
original form (48) of our massive D = 10 generalization of
the Ferber-Penrose incidence relation (8).

Actually, to make the above arguments on gauge
symmetry (53) of the action (47) literally valid, we should
first notice that Eqs. (51) with (52) provide the general
solution of the constraint

3Such tensorial superspaces were studied in relation with a
description of massless higher spin theories [11,12,44-47],
alternative to the unfolding approach of [48], as well as in
relation with the so-called BPS (Bogomol'nyi-Prasad-Sommer-
field) preons concept of [49], [50-52].

qu = ﬂa[p/laq] — %,7177]‘1 =0. (54)

Thus we can consider our dynamical system to be described
by the action (47) with supertwistor variables (50)
restricted, besides (41) and (42), by an additional constraint
(54) only. Such action does possess the gauge symmetry
(53) as well as SO(16) symmetry. As we will see in a
moment, the constraint (54) serves as generator of this latter
symmetry in the Hamiltonian approach.

D. Constrained supertwistor approach to DO-brane: II.
Hamiltonian mechanics

In order to perform the Hamiltonian analysis of the
action (47), we shall follow the standard procedure,
applicable for systems with bosonic and fermionic degrees
of freedom [53]. In particular, we find that the calculation
of canonical momentum for fermionic variable, nf’ =

n)
DO
W‘?p = —imn?, gives us the constraint
P ._ P 7 P ~
iy =, +imn” =0 (55)

stating that the real Grassmann variable #” is the momen-
tum for itself. To be explicit in this statement, we introduce
the Poisson brackets

{”fn)»’lq}P.B. = {nq?”{m}P.B. ==, {nP.n'}pp =0,
T\ T =0,
51) (q'1> ps.=0 56

and find that our fermionic constraints (55) obey the
algebra

and, hence, are of the second class in classification of
Dirac [54].
To treat these constraints as strong equalities,

i.e.,, equalities that can be used before calculating all
the Poisson brackets [54], we introduce Dirac brackets,
defined as

lovveedon = Loovveop =5 Loend? Yol Y.

(58)

With respect to these Dirac brackets our real fermionic
coordinate is self-conjugate,
i

504, (59)

4 q —
{n? . n%}pp. .

which is the exact expression of the statement that the
fermionic coordinate function plays the role of its own
momentum.
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To analyze the bosonic sector of the dynamical system
described by supertwistor action (47), it is better to perform
first the integration by parts reducing the second term of the
Lagrangian form to the first one,

LD —m(2u%P - dA,P + idnP - nP). (60)

Then the canonical momentum conjugate to 4,” is equal to
—2mu®P, while momentum conjugate to u“’ vanishes.
These two relations are clearly the pair of the resolved
second class constraints, which can be used as string
relations reducing the phase space after we pass to Dirac
brackets

1
25 . = 5,37, (61)

The same results can be obtained by calculating the
canonical momenta for bosonic variables directly from
the Lagrangian form in (47) and then passing to Dirac
brackets for the resulting second class constraints.

Of course, the helicity spinor matrix A5, which is now a
component of hexadecuplet of OSp(32|1) supertwisors
(50), is strongly constrained by (41), (42), which makes
the rigorous development of Hamiltonian analysis quite
complicated. However, there exists a shortcut based on
using the so-called covariant momenta for b [classical
counterparts of the covariant derivatives presented in
Egs. (B5) and (B6) of Appendix B] instead of canonical
momenta. This allows one to treat the constraints (41) and
(42) as string relations without explicit search for corre-
sponding Dirac brackets (see [3] and references therein).
But moreover, studying the quantization in the frame of
supertwistor formulation (47), we actually do not need to
specify in detail this procedure, as the only additional
constraint we will need to use in the quantization,
Eq. (54), contains the expression for one of such covariant
momenta [the classical counterpart of D¢ in (87) and (BS)]
as its bosonic part and, thus, is well defined when the
constraints (41), (42) are treated as strong relations.

One can check that the constraints (54) form an algebra

1
(TP, T p 5 = 5 (6Pl grla — als 77Iry (62)
m
under the Dirac brackets (61) and (59). This means that
these constraints are of the first class and generate 120
parametric Spin(16) gauge symmetry.

IV. QUANTIZATION

A. Quantum D0-brane in the constrained
supertwistor approach

The quantization of the supertwisor formulation of the
DO-branes (Dirichlet superparticle), which we describe in
this (sub)section, is quite similar to that for the quantization

of the D = 11 massless superparticle sketched in [36] (see
[37] for quantization of the massless D = 11 superparticle
in the light-cone gauge, [55] for similar quantization in
spinor moving frame formalism and [56] for quantization in
terms of pure spinor variables). This could have been
expected, taking into account the well-known correspon-
dence between massless 11D and massive 10D fields (see,
e.g., Sec. 5.3 of [57] and also Sec. 3 of [3]).

According to Dirac prescription, we should replace the
basic Dirac brackets (61) and (59) by the commutator and
anticommutator,

[P, 449] = i(sggm, (63)
o 1
i) = 5,0 (64)

One immediately observes that fermionic operators #” obey
the 16-dimensional Clifford algebra. Hence they can be
represented by SO(16)-invariant counterparts of Dirac
matrices,

M L (F,)® (65)

2y/m

provided the quantum state vector of our dynamical system,
E carries the 256-valued index 2 of the Dirac spinor of
S0(16),

o 1 -
N1y = m (Fq)?[%:‘%' (66)

Then, using the coordinate representation for the bosonic
commutation relation (63),

=—— 2 =24, (67)

we find that the first class constraint (54) imposed on the
state vector reads

9 9 1
Soc B[ 1,7 —A,P ——T978 |Ex(1)=0. (68
< A (a 0/1(,,7 a 6/1,1,1) D) A ) 58( ) ( )

It implies that the state vector transforms as a Majorana
spinor under SO(16) symmetry acting also on the con-
strained helicity spinors. These carry degrees of freedom of
the massive momentum p, = mul) = 1= A95,A7 as well as
an information on the polarization of different massive
particle states (see below).

Now let us introduce the representation of SO(16)

gamma matrices
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0 (Gq) Z
(Cy)a® = ( (5,5 OAB> (69)

in terms of SO(16) counterparts of Pauli matrices carrying
indices of different Majorana-Weyl spinor representations
of SO(16) and obeying

(Gq)AC’(&p)CB + (617),4(?(561)68 = 5pq5AB’

(3,)7C(0,)e5 + (3,)7(0,)c5 = 6pgpe (70)

and also split the quantum state vector of our dynamical

system, = carries the 256-valued index 2 of the Dirac
spinor of SO(16) on two Majorana-Weyl spinors of

S0(16)
By = (3) (71)

The action of the fermionic operator 79 on these Weyl
spinor components of the quantum state vector field are
thus given by

2/ 4 = (0,) 5P5,  2V/mi?¥A= (5,) B0y (72)

Equation (68) can be split into two equations each for
just one of two Majorana-Weyl components of the quantum
state vector field,

0 9 1
(“m—ww>%m=f%%wx0$
ap aq

] 0\, 15
(laqm—/laf’ o >‘PA(/1):25‘1PAB‘PB(/1). (74)
aq

ap

The fermionic nature of 79 operator and Eq. (71)
suggests one consider these two Majorana-Weyl spinor
components of the state vector field to be of different

statistics, e.g., bosonic ®5 and fermionic W2. The suitable
SO(9) covariant representation of this latter can be given in
terms of a gamma-traceless 9d vector-spinor, while the
former can be split into symmetric traceless second rank
tensor and antisymmetric third rank tensor

B — (hu:hjh h11=0,>
s apg = a[yk| ’

; 2
YA = <\/;1/7§, Wy (STY'S),, = 0) . (75)

The explicit SO(9) invariant representation of SO(16)
Pauli matrices in this split notation can be found in [55].
With it, the realization of the SO(16) Clifford algebra on
the above set of fields is given by

. 1
nihy; = . (STY(IS)qpll/Q»
R 3
nlapx = o (STY[[]S)quIIf]7 (76)

R 1
Ay, = zhu(STVj S)ap

1
+ 5 L (STYVKES — 681V STYRLS), o (77)

qp’

(cf. [36,55,58] where quantization of massless D = 11
superparticle was considered).

The above set of fields with SO(9) indices are related
with the solutions of linearized equations of the massive
counterpart of type ITA supergravity by

h;w(p) = u/lluz{hll (’1)’ am/p (p) = uﬁuiugal.ll( (’1)’

Wﬂa(p) = u{tlaqlplq(ﬂ)' (78)
Here, let us recall, the moving frame vectors ulll are
spacelike, orthogonal, normalized, and related to the
helicity spinors 4,, by the constraints (42) while the
momentum is timelike and expressed by

m ~Qy
9= 1—6,1@5,,%[,. (79)

Py = mu
Fixing the SO(16) gauge S = 577, in which Ad = v,
Eq. (78) can be reduced to the ones obtained in [3], where it
was shown that quantum state spectrum of DO-brane was
given by the massive counterpart of type ITA supergravity
and its relation with the fields of linearized D = 11
supergravity was considered.* This conclusion about quan-
tum state spectrum of DO-brane is thus confirmed by
supertwistor quantization of the dynamical system, which
we have discussed above.

Our supertwistor approach to quantum DO-brane pos-
sesses invariance under the SO(16) symmetry, which
implies imposing the Eq. (73) on the bosonic fields and
Eq. (74) on the fermionic fields. The rhss of these equations
can be specified either by using the explicit representation
for SO(16) Pauli matrices or from antisymmetric [rq| part
of the action by 7" on Egs. (76) and (77). We do not need
the explicit form of these equations for our discussion
below. Let us only note that equations for /;; (A;;x) hidden
in (73) involve a;;x (h;;) while the equation for the
fermionic field, (73) does not involve other fields.

In the next Section we will use another quantization
scheme for our dynamical system. This will relate the
results of supertwistor quantization as it is performed in this

“In [3] one can also find the explanation of why we prefer not
to use the name “massive type IIA supergravity” for the massive
counterpart of type IIA supergravity.
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Section with the spinor moving frame description of
quantum DO-brane given in [3].

B. Alternative quantization: I. Constrained on-shell
superfields from the supertwistor approach

Let us come back to the fermionic second class con-
straints (55), which obey the algebra (57) on the Poisson
brackets. In the coordinate representation the quantum

counterpart of these constraint, ZZ?W is proportional to

d
q = 6—’7[] - mﬂq (80)

(d?,) = —iD,), which obeys

{D,.D,} = —2mé (81)

qp-

Clearly we cannot impose these constraints on the state
vector in the sense that state vector vanishes under their
action. However, what we can is to represent the state
vector by a set of superfields in such a way that the result of
the action of D, on one of such superfields is expressed
through the other superfields in a self-consistent manner.

Such a way of quantization was briefly discussed in [59]
in the context of D = 11 supergravity for which it resulted
in the set of superfield equations first proposed in [60].
These are quite similar to the system of superfield equations
for the massive counterpart of type IIA supergravity
appearing in the quantum state spectrum of DO-brane
[3], which we will describe below.

The suitable set of superfields to describe the quantum
state spectrum of the DO-brane in the frame of our con-
strained supertwistor approach is suggested by the study in
the previous Section [as the operator 77 there obeys the
Clifford-like algebra similar to (81)]. It contains the bosonic
symmetric traceless SO(9) tensor superfield H;;(4,7),
antisymmetric third rank tensor superfield A;;x(4,7), and
fermionic superfield with SO(9) vector and SO(16) vector
indices, ¥} (4,7) obeying ¥} (S"y'S),, =0,

Hu(/l’ ’7) = HJI(L’I), H11(3,'I) =0
Ak (/1’ 77) = A[[JK] (/1’ ’1),
‘P,’](ﬂ, n), ‘Pg(STy’S)qp =0. (82)

The superfield equations representing the fermionic
constraint action on the state vectors are

D,H,; = 2i(STyS),, %), (83)

DAk = 3i(STyS),, ¥, (84)

Dqlpé = imHH(ST]/JS)qP

T um A (STYVKLS — 6510 STYKLLS)

3 (85)

ap*
To deal with the constraints (54) in this approach we
should first use the fermionic constraint (55) to write it as

1
TP = palp) d %n[qﬂz;), (86)

which is the true first class constraint in the presence of
second class constraint (55).

The quantum version of 2miJP9 = —2miJ 9’ is given
by differential operator

2 (87)

W =} la
“« onP!

9 + ;7[‘]
0P
which generates SO(16) transformations of 4,7, n? as well
as of §P7 = 1,Pvy and D,

D) = A,l48P), Dy = ylagelr, (88)

X §rs — Srlagrls, (89)

(D97, D,] = D6, (90)

Our multicomponent state vector superfield should be
restricted by imposing in some manner the quantum
constraint generating SO(16) symmetry. The consistency
with (83), (85), and (90) does not allow one to consider all
the component superfields describing our state vector to be
in kernel of the differential operator J7¢ = — ﬁ 9P, To be
precise, this is possible for the bosonic superfield, but not
for the fermionic one, so that we impose

DIPHI =0,  DPAx =0, (91)

DL =W 5,,. (92)

Actually, this is logical since the fermionic field carries
the SO(16) vector index g while the bosonic superfields
carry SO(9) vector indices only. The technical reason is the
nontrivial action on the fermionic derivative D, and on the
SP9 matrix variable, (90) and (89). To resume, the con-
straints (91) and (92) imply the invariance of bosonic
superfields and covariance of the fermionic superfield under
SO(16) symmetry, which also acts on bosonic and fer-
mionic components of constrained supertwistor coordinates.

It can be shown that the field content of the set of
superfields (82) is given by the set of their leading
components,

W =H"| 4o, apyx=Apklp—o Vo=l (93)
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while the higher components of each of these superfields
are expressed in terms of leading components of the other
ones. Indeed, the next to leading component of fermionic
superfield, D PlP{I|17=0’ is expressed through the leading
components of the bosonic superfields by leading compo-
nent of Eq. (85), while the next to leading components of
the bosonic superfields are expressed in terms of leading
component of the fermionic superfield by using Egs. (83)
and (84). The independent component fields (93), in their
turn, describe the solutions (78) of the linearized equations
of massive analog of the type IIA supergravity multi-
plet [3].

C. Alternative quantization: II. Analytic on-shell
superfields from the constrained supertwistor approach

In this Section we will show how the above constrained
superfield description of the DO-brane quantum state vector
can be related to the description by an analytic (chiral)
superfield subject to a duality constraint obtained in [3].

To this end we first have to introduce, following [61,3],
the complex null vector U/, I = 1, ..., 9, normalized on 2 in
its contraction with its conjugate U/, and seven real
normalized vectors orthogonal to these and among them-
selves,

UIUI :O: U]UI,
uu) =0=0,U/,

U0, =2,
UJuk =8k (94)

This set of vectors forms a basis in 9d Euclidean space and
can be collected in the SO(9) matrix

.1 -1 -
o = (07 3w+ 0.5, - 0)) e5009). 99

The splitting in (95) is invariant under SO(7) x U(1)
symmetry, which allows one to consider U,, U;, and U,’
as constrained homogeneous coordinates of the coset
50(9)
SO(T)xU(1)"
The “covariant harmonic derivatives” by which is meant
such differential operators acting on the vectors U;, U;, U’
that preserve constraints (94), are

;o1 0 ;0 5 11— 0 ;0
DI:*Ujiv— ‘117—, DI:*Ujiv— 57,
2 T oU! oU, 2 “out oU;
(96)

ﬁ”:lUﬁ—av— 19 po=y, 2 g, 2
2 "ouy 1045 U, U,
(97)

Of these, (96) are vector fields tangential to the coset

#@m while (97) are in SO(7) and U(1) directions.

Their commutators provide us with a manifestly SO(7) x
U(1) covariant representation of so(9) algebra.

Next, we have to introduce the complex 16 x 8 complex
matrix variables wj = (W,4)* providing the bridges
between the 16 dimensional vector representation of
SO(16) and fundamental (antifundamental) representation

of the SU(8) group (cf. [3]). The complex rectangular matrix

Wga = (Wj)* is related to the block W,z = (wh)* of a

complex representation of a Spin(9) valued matrix,

(W,1.wp) €Spin(9) with SO(7) spinor index A =
1,...,8 and SO(9) spinor index p, by,
(i) left multiplication by SO(16) matrix S?” [see (39)
and (B7)], so that g is converted to the SO(16) index
p, and
(ii) action of the SU(8) group in its antifundamental
representation to obtain W,, = (W§)*.

The action of antifundamental representation of SU(8)
on the indices of 655, which plays the role of the SO(7)
charge conjugation matrix, gives a nonconstant complex
symmetric matrix U,p while the action on that by funda-
mental representation gives the complex conjugate matrix
UAB. Clearly this complex matrix U, is symmetric and
unitary, i.e., it obeys

Z/[Acz/_{CB - SAB, UAB - UBA - (Z/_{AB)*. (98)
See Appendix C and [3] for more details on representations
of SU(8) and SO(7).

When Spin(9) valued matrix (w,z,wj) is the double
covering of the SO(9) frame (95), the bridge variables
(Wya.wj) are related with this SO(9) vector frame by
Egs. (Cl) and (C2) presented in Appendix C. The true
constraints that restrict these variables are

- = N _ A« B 5 B_ s B
WoaWep = 0= wywy, WaaWg = 047,

W aWs + WAW 4 = 8, (99)

These imply that they provide a complex representation for
the SO(16) matrix.

Using these variables and the complex null vector from
the SO(9) frame (95) we can construct from (82) complex
bosonic and fermionic superfields inert under SO(9)

o =H'U, U, WY =wlUw,

‘f’gU) =WIU W, etc., (100)

as well as mutually complex conjugate octuplets of the
fermionic covariant derivatives

DA = wiD

e q> DA :VquDq. (101)
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It is not difficult to find that D,® = 4iw, UABPY.
Contracting this with wg we find that the superfield @ is
chiral,

D,y® =0, (102)
while contracting with w? we find DA® = 4iU/AP¥),
which implies the dependence of the fermionic super-
field, ¥} = —illp, D .

The superfield @ also obeys

DADEDCDP o = %eABCDEFGHD'EDFD'GD'H(@)*. (103)
To prove this is more involved; however the direct
calculations are actually not necessary to be convinced
that it holds (at least up to the sign). Indeed, it is sufficient
to notice that:

(i) the set of superfields (82) obeying (83)—(85) de-
scribes the massive counterpart of the type IIA
supergravity multiplet (see [3]);

(i1) as it was shown in [3], the same multiplet is
described by the chiral superfield obeying (102)
and (103); and

(iii) all the set of superfields (82) can be reproduced from
the analytical superfield @ in (100) with the use of
the covariant harmonic derivative of the SO(9)
internal frame (96), the fermionic derivative, and
Egs. (83)—(85).

[Only the sign on (103) requires an explicit calculation to
be fixed as it can be changed by replacing ® with i®].

The last item above probably needs some evidence. To

get this, one can easily check that, for instance,

D'®d = —2U,HX UL,
D'D'® = 2U0LHXL UL - UL HKL UL ST = DID/®,  (104)
which implies

1 1 -

HY = 1 U,U,® - 3 U,UjD*®
% ¥ 1 v y 1 N Va i
+ UKUL (Z DADI D — %[D’ D! qnaKL)

1 - I/ I/
+—U(1UJ)D [D q)+C.C.

% (105)

The action of the covariant derivatives (96) on the
w*q\,vqu variables is described in Eq. (119) of
Appendix C. These can be reproduced using the SO(16)
rotations and SU(8) transformations from their action on

Spin(9) variables, which can be found in [59].

V. CONCLUSIONS AND DISCUSSION

In this paper we have developed a constrained super-
twistor approach to DO-brane in the classical and quantum
domains. This provides a ten-dimensional generalization of
the two-twistor approach to a D = 4 massive particle and
superparticle from [21-23,25]. However, the structure and
symmetries in the ten-dimensional case are much richer.

Although the basis for this supertwistor approach has
been provided by spinor moving frame formulation of DO-
brane from [3,5], the basic bosonic spinor variables of the
supertwistor approach are not identified with spinor mov-
ing frame matrix v,9 € Spin(9) but with a helicity spinor
matrix 4,”, which is obtained from v,7 by SO(16) trans-
formation, 15, = »%S97. This allows one to avoid the use of
the so-called covariant momenta and covariant derivative
formalisms (described in Appendix B) and to study the
properties of the quantum state vector of DO-brane using
the standard partial derivatives with respect to the bosonic
spinors A, in a manner consistent with the constraints
imposed on the latter.

The variables of the supertwistor approach to DO-braness
are hexadecuplet of the constrained OSp(32|1) supertwis-
tors YMP = (u®?, ],P,nP) subject to the constraint generat-
ing the SO(16) symmetry in the Hamiltonian approach. The
index p =1, ..., 16 enumerating the supertwistors is trans-
formed by vector representation of SO(16). OSp(32|1)
symmetry is broken by the constraints imposed on the 4,”
component of the supertwistor. However, at least the
GL(16) subgroup of this symmetry can be followed to
the bosonic sector of the so called tensorial superspace,
which appears in the general solution of the SO(16)
constraints on supertwistor variables, which provides the
generalization of the Ferber-Penrose incidence relations [8].

We quantize the supertwistor formulation of DO-brane
by two schemes. In the first the quantum state vector is
represented by the 256 component Majorana spinor of
SO(16), the Majorana-Weyl “constituents” of which are
taken to be with opposite statistics and [after gauge fixing
of SO(16) symmetry] can be represented by a fermionic
gamma-traceless SO(9) vector-spinor field, and by the set
of the bosonic third rank antisymmetric and bosonic second
rank symmetric traceless tensors of SO(9).

The second of the quantization schemes describes the
quantum state vector by a set of superfields subject to some
equations with fermionic covariant derivatives. The leading
components of these constrained superfields can be asso-
ciated with the above described set of fields. These, in their
turn, can be used to write the solutions of the linearized
spacetime equations of the fields of the massive counterpart
of type IIA supergravity multiplet, which thus describes the
quantum state spectrum of DO-branes.

Using these constrained superfield approach to quanti-
zation, we have shown explicitly how the description of the
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DO-brane quantum state vector by analytical on-shell
superfield obtained in [3] can be derived from the super-
twistor approach.

The fact that the on-shell superfields are one-particle
counterparts of the on-shell superamplitudes, which in the
D = 4 case were the basis of an impressive progress in
calculation of tree and loop processes in maximally super-
symmetric Yang-Mills and supergravity theories, gives us
the reason to hope that our results will be useful for
development of the on-shell superamplitude approach in
type IIA string theory, in its part involving DO-branes
besides supergravity multiplets. The preliminary studies in
[3] indicated a problem hampering the way toward an
analytic (chiral) superamplitude formalism for such types
of processes. A possible way out might pass through the
development of a superamplitude counterpart of the con-
strained on-shell superfield formalism obtained in
Sec. IV B or of an amplitude counterpart of the SO(16)
spinor description of the quantum state vector of DO-brane
that we have obtained in Sec. IVA.

Another possible application of our approach can be
related to the study of (super)twistor structures in curved
D = 10 spacetimes on the line of the D = 4 two-twistor
approach to studying Kerr-Newman black holes developed
recently in [30].

We hope to address these problems in the near future.
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APPENDIX A: NOTATION AND CONVENTIONS

In D = 10 we use the following sets of indices
(i) The Greek symbols from the middle of the alphabet
correspond to vector indices: yu,v, ... =0,...,9.

(i) The Greek symbols from the beginning of the
alphabet a,f,... =1,...,16 denote the SO(1,9)
spinor indices.

(iii) The small letters from the middle of Latin alphabet,
p.q,... = 1,...,16 denote SO(16) vector indices of
some variables, in particular 4,9, and spinor SO(9)
[Spin(9)] indices of other variables, like v,7. We
believe this will not produce any confusion, and
certainly lighten the notation. The orthogonal matrix
S47 carries the first index, g, of Spin(9) and the
second index, p, of SO(16); S9» = S~1r4,

(iv) The capital Latin letters /,J, K, ... = 1,...,9 denote
nine-vector indices, which are transformed by the
SO(9) group.

(v) The capital Latin letters with check symbol,
I,J,K,...=1,...,7 denote seven-vector indices,
which are transformed by the SO(7) group.

The generalized D = 10 Pauli matrices o}; = oy, and
5;4(1/3 — 6/,5/3(1 obey

0"6" +06"6" =n"ligx16. M =diag(l,—1,....,—1). (Al)
The d =9 Dirac matrices y}, =y}, obey the Clifford
algebra

Yop =Vhgr V7 +7Y =266 (A2)
The complex antisymmetric 8 x 8 matrices ai 5= —0175.
and &/48 = —§/B4 = —(6),5)*, carrying the indices of

fundamental and antifundamental representations of
SU(8), are obtained from SO(7) counterparts of Pauli

matrices, imaginary antisymmetric 611% 5= —02 5. by SU(8)
transformations in the corresponding representation. They

obey (C4) (see [3] for more details).

APPENDIX B: COVARIANT DERIVATIVES
OF THE CONSTRAINED HELICITY SPINOR
FORMALISM AND SOME COMMENTS

In this appendix we introduce the counterparts of the
covariant harmonic derivatives (36) for the constrained
helicity spinors A& obeying (41), (42). The first step in this
direction is to find the expression for admissible derivative
of the helicity spinor matrix, which is given by

1
AptdA,? = APY + EQI(STyIS)pq, (B1)
where 4,% is the matrix inverse to 4,7,
A% = vg 8P, vg = SP2,°, (B2)
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and

1
APd = — AP = §IP DSl = (S“dS — ZQ” STy”S>
prq
(B3)

is the composite SO(16) connection. In (B3) the symbol
D denotes (as before) the SO(8) covariant derivative,
DS = dS —1Qy"S. Due to its presence, the .A”4 [carry-
ing two SO(16) indices] is invariant under local SO(8)
symmetry acting on S7” from the left. (Notice that SO(16)
acts on S9” from the right.)

The covariant derivatives of the constrained spinor
helicity formalism can be obtained by decomposing the
differential in the space of constrained helicity spinors on
the basis of .47¢ and Q' Cartan forms,

dW = dj,P 6/1(1” = %AI%/DM + QD! (B4)

They read
Dra— )0 (Miq Y Cuip (BS)
D! =1 (57/S),, (w 5 f R a%,) . (B6)

and, as it is not difficult to check, give zero when applied to
the constraints (41) and (42).

Let us stress that in the description of our dynamical
system, DO-brane, by the action with the Lagrangian form
(43), the dynamical variables are helicity spinors 4,7
constrained by (41) and (42), while the Stueckelberg field
SP4 is a part of it appearing in these constraints. Explicitly it
can be defined as

9P = p23,P (B7)

where vy is the (inverse to the) spinor moving frame matrix
related to the moving frame vectors u2 and u/,, which enter
(41) and (42), by constraints (28) and (29).

Gauging SP? to unit 16 x 16 matrix 6”7 reduces the
constraints (41) and (42) to the constraints (28) and (29) for
the spinor moving frame matrix and the SO(16) Cartan
form (B3) to the spinor representation of the SO(9) Cartan

form Q. The advantage of using the constrained helicity
spinor variables is that the set of covariant momenta, the

counterpart of covariant derivatives, will include the
classical counterpart of the covariant derivative (B5)
representing the SO(16) symmetry generator. This will
simplify essentially the formulation of the supertwistor
approach and its possible future applications.

APPENDIX C: PROPERTIES OF THE SO(16)
BRIDGE VARIABLES w;

The relations of the bridge variables (W4, wy ) [obeying
(99) and thus providing a complex representation for
SO(16) valued matrix] with SO(9) vector frame (95) read

WqA(STyIS)qu_VpB = UIUABs W? (STYIS)qug = UIZ/_{ABv
W (STyL,S)WB = iUl (a'U) 2, (C1)

Ui(STy'S) . =2W sl B 5. U(STY'S),, =2Wald spW5,

U7 (STY'S) g =2iw(, (6"U) "W . (C2)
Here aiB = —02 4 and
5 = —(04p)" = (o5)" (C3)

are obtained from SO(7) Clebsch-Gordan coefficients
o4 5 = =053 by SU(8) transformations in its antifunda-
mental and fundamental representation, respectively. They
obey

O.Z‘C5]CB + U,Zc‘}iCB _ 25735AB;'

(C4)

The constraints for the Spin(9) spinor frame variables

(W i Ww1), presented in [59], can be obtained from (C1) and
(C2) by setting S =87, U+ 535, UP > 653
and 5748 > —o—gg.

The action of the covariant derivatives (96) on the bridge
variables,

i . .

15 _ B I __ I, AN*
IquA——quO'BA (D'wy)",

. i _

1A = ~IBA __ 15 *

D Wq = —EWqBG = (lD WqA) s etc.,

can be reproduced using the SO(16) rotations and SU(8)
transformations from their action on Spin(9) variables,
which can be found in [59].
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