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We develop the (super)twistor approach to D0-brane, which is the massive type IIA superparticle in ten-
dimensional spacetime. The basic variables are hexadecuplet of constrained OSpð32j1Þ supertwistors
similar but not identical to the ones which have been used for the description of 11D massless
superparticle, also known as M0-brane. We show how the constrained supertwistor formulation is related
to the spinor moving frame approach to D0-brane. We perform the quantization of the model by two
different methods and discuss the relation of the results with the quantization of the spinor moving frame
formulation of D0-branes. The quantum state spectrum describes the massive counterpart of the linearized
type IIA supergravity.
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I. INTRODUCTION

It is well known that dynamical nonperturbative objects,
p-branes and particularly Dirichlet p-branes or Dp-branes,
being an integral part of string theory, are essential for its
overall consistency and for establishing various strong/weak
coupling dualities between different branches of string/
M-theory. D0-branes or Dirichlet particles are the simplest
and yet nontrivial examples of Dp-branes belonging to a
nonperturbative spectrum of the type IIA string theory. Its
standard (Brink-Schwarz type) action can be obtained by
dimensional reduction of the standard action of M0-brane
(or M waves), which is the massless D ¼ 11 superparticle
[1]. This fact is one of the manifestations of the duality
between type IIA superstring string theory and other
“corners” of M theory, which can be considered as a
decompactification limit of the former in its strong coupling
regime [2]. The quantum state spectrum of the D0-brane
was shown to be the linearized massive type IIA super-
multiplet, with 128 bosonic and 128 fermionic degrees of
freedom, which can be obtained from the 11-dimensional
supergravity as a nontrivial mode in the Kaluza-Klein
dimensional reduction [3].

The above mentioned quantum state spectrum of
D0-brane was found and studied in [3] devoted to the
quantization of this dynamical system in the so-called
spinor moving frame formalism (see [4] for an earlier
discussion of quantization of a D0-brane). This formalism
was proposed in [5] and used there as the basis for
generalized action principle and superembedding approach
to this object. Notice that the action for multiple D0-branes
(mD0 system) recently constructed and elaborated in [6,7]
is presently known only in the frame of the spinor moving
frame approach.
In this paper we develop a twistor approach to D0-brane

in the classical and quantum domain. As it could have been
expected from studies of similar systems in D ¼ 4 (see for
example [8–12]), the formulation in terms of twistorial
variables considerably simplifies both the Hamiltonian
analysis and the quantization procedure. Furthermore, the
results of such quantization provided us with a one-particle
counterpart of the on-shell superamplitudes [13,14] being
an important tool for reaching an impressive progress in
multiloop calculations in maximal D ¼ 4, N ¼ 4 super-
symmetric gauge theory and D ¼ 4, N ¼ 8 supergrav-
ity [15,16].
The generalization of the twistor approach [8,9,17–19] to

the case of massive D ¼ 4 superparticle was elaborated in
[20–22] under the name of two-twistor formalism (see, e.g.,
[23–30] for further related studies). The amplitudes with
D ¼ 4 massive particles in the frame of D ¼ 4 spinor
helicity formalism, which can be related to the two-twistor
approach, was the subject of [31–33]. The first stages
toward generalization of these results for the case of
amplitudes and superamplitudes of the processes involving
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D0-branes were discussed in [3,34]. We believe that the
development of pure twistor description of D0-brane, which
we present below, will be useful for further development of
this line.
The paper is organized as follows.
In Sec. II, as a warm-up, we briefly review a well-known

twistorlike model of massless D ¼ 4 N ¼ 1 superparticle
[9], emphasizing its reformulation in terms of Ferber
supertwistors [8] and quantization in terms of supertwistor
variables. We also discuss there the relation of Ferber-
Schirafuji formulation with a spinor moving frame or a
Lorentz harmonic approach to theD ¼ 4 superparticle [35]
because this allows for the ten-dimensional generalization,
which we will use in Sec. III.
In Sec. III we develop the constrained supertwistor

approach to D0-brane in the classical domain. Our starting
point is the spinor moving frame approach for D0-brane
[3,5] which we review in Sec. IVA. In Sec. III B we
introduce the constrained helicity spinors, related to the
spinor moving frame variables by SOð16Þ transformations.
These are used as a basic element of the constrained
OSpð32j1Þ supertwistor approach. The action of D0-brane
in this approach is obtained in Sec. III C where the gauge
symmetries of this action and its relation to the so-called
tensorial superspace are also discussed. Hamiltonian
mechanics of the constrained supertwistor formulation of
D0-brane is developed in Sec. III D.
In Sec. IV we perform the quantization of D0-brane in its

constrained supertwistor formulation. First, in Sec. IVA, we
do this by the method that has been used in [36] for
quantization of supertwistor formulation of the massless
D ¼ 11 superparticle (see [37] for a similar method in the
frame of light-cone quantization). The result clearly indi-
cates that the quantum state spectrum of the D0-brane is
given by the massive counterpart of D ¼ 10 type IIA
supergravity supermultiplet, in agreement with the results
of [3]. In Sec. IV B we perform an alternative quantization
resulting in a multi-superfield description of quantum state
vector of D0-brane. This allows us in Sec. IV C to reproduce
the analytic on-shell superfield description of the quantum
state vector of D0-brane obtained in [3].
The conclusion and discussion of possible applications

of our results can be found in Sec. V.
Appendixes collect the description of our notation and

some useful technicalities.

II. MASSLESS D= 4 N = 1 SUPERPARTICLE.
A REMINDER

Let us briefly recall the main features of classical and
quantum description of the massless D ¼ 4 N ¼ 1 super-
particle model in terms of twistorial variables [8,9]. The
suitable classical action to start with is given by [9]

S ¼
Z
W1

Παα̇λαλ̄α̇ ¼
Z

dτΠαα̇
τ λαλ̄α̇; α; α̇ ¼ 1; 2; ð1Þ

where Παα̇ is the pull-back of the Volkov-Akulov 1-form

Παα̇ ¼ dxαα̇ þ idθαθ̄α̇ − iθαdθ̄α̇ ¼ dτΠαα̇
τ ð2Þ

to the worldline W1 in the superspace enlarged by bosonic
spinor variables λα and λα. This line is defined parametri-
cally in terms of coordinate functions of the proper time τ,

ZMðτÞ ¼ ðxαα̇ðτÞ; θαðτÞ; θ̄α̇ðτÞ; λαðτÞ; λ̄α̇ðτÞÞ: ð3Þ

Constructing the Hamiltonian mechanics starting from
the action (1), one obtains the primary constraints

Φαα̇ ¼ pαα̇ − λαλ̄α̇ ¼ 0; ð4Þ

pα ¼ 0; pα̇ ¼ 0; Dα ¼ −πα þ ipαα̇θ̄
α̇;

Dα̇ ¼ −πα̇ þ ipαα̇θ
α ð5Þ

where pαα̇, pα, p̄α̇, πα, and π̄α̇ are momenta, canonically
conjugated to xαα̇, λα, λ̄α̇, θα, and θ̄α̇. After introducing the
Poisson brackets between canonical variables

½pαα̇;xββ̇�P:B:¼ δβαδ
β̇
α̇; ½pα;λβ�P:B:¼ δαβ;

½p̄α̇; λ̄β̇�P:B:¼ δβ̇α̇; fπα;θβgP:B:¼ δβα; fπ̄α̇; θ̄β̇gP:B:¼ δβ̇α̇;

ð6Þ

one can see that the part of the total set of (eight bosonic
and four fermionic) constraints are of the second class
(see, e.g., [11] for details), which makes the quantization
procedure complicated. In particular, two bosonic and two
fermionic constraints are of the first class, the rest of the
constraints are of the second class. This makes the total
number of the independent bosonic phase space variables1

equal to 6 and the number of independent fermionic phase
space variables equal to 2.
Despite its simplicity, the quantization of the model is

nontrivial due to the presence of the second-class con-
straints. A possible approach that simplifies the problem is
to change the variables to supertwistors

ZA ¼ ðλα; μ̄α̇; χÞ; Z̄A ¼ ðμα; λ̄α̇; χ̄Þ; ð7Þ

the components of which are related to the original
coordinate functions (3) by the supersymmetric generali-
zation of the Penrose incidence relations [8]

1The counting goes as follows. The phase space contains
2 × ð4þ 4Þ ¼ 16 bosonic and 2 × 4 ¼ 8 fermionic degrees of
freedom. Two bosonic first class constraints eliminate 4, and six
bosonic second class constraints eliminate 6 degrees of freedom.
Similarly, two fermionic first class constraints eliminate 4 and
two fermionic second class constraints eliminate 2 degrees of
freedom, thus leaving us with six bosonic and two fermionic
degrees of freedom.
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μα ¼ xαα̇λ̄α̇ þ iθαðθ̄β̇λ̄β̇Þ; μ̄α̇ ¼ xαα̇λα þ iθ̄α̇ðθβ̇λβÞ;
χ ¼ θλ; χ̄ ¼ θ̄α̇λ̄α̇: ð8Þ

The action (1) can now be written in terms of the super-
twistor variables,

S ¼ −
Z
W1

Z̄AdZA; ð9Þ

without any reference to xαα̇ θα and θ̄α̇, provided these
variables obey the following constraint

ZAZA ¼ μαλα − μ̄α̇λ̄α̇ þ 2iχ̄χ ¼ 0: ð10Þ

This is correct because the general solution of Eq. (10) is
provided by Eq. (8).
In the Hamiltonian formalism the constraint (10) reflects

the presence (generates) the Uð1Þ gauge symmetry of the
system, which makes the number of independent phase
space variables equal to 6 in agreement with our previous
counting.
To perform quantization of the system defined by the free

twistorial action (9) restricted by (10) is easy. Indeed, after
reducing the phase space by accounting for explicitly solved
bosonic second class constraints and passing to the standard
Dirac brackets for the fermionic second class constraints,
one finds that the only condition that the state vector has to
satisfy, is the quantum version of the constraint (10).
Replacing the canonical Dirac brackets

½μα;λβ�D:B: ¼ δβα; ½μ̄α̇; λ̄β̇�D:B: ¼ δβ̇α̇; fχ; χ̄gD:B: ¼−
i
2

ð11Þ

with commutators and anticommutator according to
(updated) Dirac rules, ½…;…gD:B: →

1
i ½…;…g, and pass-

ing to the coordinate (λ-) representation for bosonic and
holomorphic (χ-) representation for fermionic variables, one
finds that the quantum version of (10) reads

�
λα

∂

∂λα
− λ̄α̇

∂

∂λ̄α̇
þ χ

∂

∂χ
− s

�
Φðλ; λ̄; χÞ ¼ 0: ð12Þ

The constant s in this equation is due to the ordering
ambiguity. It is quantized and has the meaning of (super)
helicity of the massless supermultiplet describing the
quantum state spectrum of the superparticle (see, e.g., [11]).
In the simplest case of s ¼ 0, the solution of Eq. (12) is a

chiral on-shell superfield

Φðλ; λ̄; χÞ ¼ ϕðλÞ þ iχψ̄ðλÞ; ð13Þ

the components of which describe the general solutions
ϕðpÞjp2¼0, ψ̄ α̇ðpÞ ¼ λ̄α̇ψ̄ðλÞ of the linearized equations of

motion for scalar supermultiplet fields, p2ϕðpÞ ¼ 0 and
pαα̇ψ̄

α̇ ¼ 0. This solution is based on solving p2 ¼ 0 by the
Cartan-Penrose representation pαα̇ ¼ λαλ̄α̇.
The spinor moving frame description of D ¼ 4 super-

particle [35] is closely related to the above Ferber-Schirafuji
supertwistor formalism described above, but allows for an
easy generalization for higher dimensions and for super-
symmetric extended objects, including D ¼ 4 and D ¼ 10
superstrings [38,39], D ¼ 11 supermembrane [40,41], and
other p-branes [42,43]. We briefly describe it here as its
generalization for the case ofD ¼ 10D0-brane [3,5], which
we review in Sec. III A, will be used as a starting point to
develop supertwistor approach to this object beginning in
Sec. III B.
To make its appearance natural, let us consider a D ¼ 4

massless particle in a special Lorentz frame in which its
lightlike momentum reads PðaÞ ¼ ð1; 0; 0; 1ÞρþþðτÞ, where
ρþþðτÞ is the energy of the particle. In an arbitrary frame

the momentum is pμ ¼ UðaÞ
μ PðaÞ ≡ u−−μ ρþþ, where

Ua
μ ¼

�
1

2
ðuþþ

μ þ u−−μ Þ; uiμ;
1

2
ðuþþ

μ − u−−μ Þ
�

∈ SOð1; 3Þ; i ¼ 1; 2 ð14Þ

Ua
μðτÞ is a Lorentz group valued matrix constructed

from two lightlike vectors uþþ
μ , u−−μ and spacelike vectors

uiμ orthogonal to these and among themselves. This
follows from (14), which is tantamount to saying that
Ua

μUμb ¼ ηab i.e.,

uþþ
μ uμþþ ¼ 0; u−−μ uμ−− ¼ 0; u−−μ uμþþ ¼ 2;

uiμuμ�� ¼ 0; uiμuμj ¼ −δij: ð15Þ

The above equations, but with i ¼ 1;…; D − 2, are actually
valid for any D. In D ¼ 4 it is convenient to represent
D − 2 ¼ 2 orthogonal moving frame vectors by complex
conjugate uþ−

μ ¼ 1
2
ðu1μ þ iu2μÞ and u−þμ ¼ 1

2
ðu1μ − iu2μÞ.

The D ¼ 4 spinor moving frame variables consist of a
pair of complex bosonic spinors v�α normalized by

vα−vþα ¼ 1; v̄α̇−v̄þα̇ ¼ 1; ð16Þ

which are “square root” from the above moving frame
variables in the sense of

u−−μ ¼ v−σμv̄−; uþþ
μ ¼ vþσμv̄þ;

uþ−
μ ¼ vþσμv̄−; u−þμ ¼ v−σμv̄þ: ð17Þ

This is tantamount to saying that spinor moving frame

matrix vðβÞα ¼ ðvþα ; v−α Þ∈ SLð2; CÞ is a “square root” of the
moving frame matrix (14).
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Using (17) to write the action (1) in terms of the spinor
moving frame variables,

S ¼
Z
W1

ρþþu−−μ Πμ ¼
Z

dτ ρþþðv−σμv̄−ÞΠμ
τ ð18Þ

we see that it is related to the Ferber-Schirafuji actionR
dτðλσμλ̄ÞΠμ

τ by simple redefinition of the bosonic spinor

variables λα ¼
ffiffiffiffiffiffiffiffi
ρþþp

v−α and λ̄α̇ ¼
ffiffiffiffiffiffiffiffi
ρþþp

v̄þα̇ .
To resume, the action the massless D ¼ 4 N ¼ 1 super-

particle can be reformulated in terms of (super)twistor
variables, which simplifies essentially the quantization. In
the next Sec. III we will develop, on the basis of spinor
moving frame formulation of D0-brane, its formulation in
terms of constrained supertwistors. The relations of these
latter with the spinor moving frame variable is not so
straightforward as in the four-dimensional case and requires
the use of SOð16Þ, SUð8Þ, and also of a more exotic
symmetry realized by the Stueckelberg mechanism.

III. SUPERTWISTOR APPROACH TO D0-BRANE
LAGRANGIAN ANDHAMILTONIANMECHANICS

A. Spinor moving frame formulation of D0-brane

We begin by reviewing the generalization of the above
derivation of spinor moving frame formulation for a more
complicated case of massive superparticle in ten dimen-
sions [5], which is to say for Dirichlet superparticle or D0-
brane [1]. This object lives in D ¼ 10 type IIA superspace
with coordinates

ZM ¼ ðxμ; θα1; θ2αÞ μ ¼ 0;…; 9; α ¼ 1;…; 16 ð19Þ

and is invariant (up to boundary terms) under the rigid
supersymmetry transformations

δxμ ¼ iθ1σμϵ1þ iθ2σ̃μϵ2; δθα1¼ ϵα1; δθ2α ¼ ϵ2α: ð20Þ

Here θ1σμϵ1 ¼ θ1ασμαβϵ
1β and θ2σ̃μϵ2 ¼ θ2ασ̃

μαβϵ2β, where
σμαβ ¼ σμβα and σ̃μαβ ¼ σ̃μβα are 10D generalizations of 4D
relativistic Pauli matrices; they obey

σμσ̃νþσνσ̃μ ¼ ημνI16×16; ημν¼ diagð1;−1;…;−1Þ: ð21Þ

The first order form of the standard D0-brane action [1]
reads

Z
dτ

�
pμΠ

μ
τ −

1

2
eðp2−m2Þ

�
− im

Z
W1

ðdθα1θ2α−θα1dθ2αÞ;

ð22Þ

where Πμ
τ ¼ Πμ=dτ and Πμ is the type IIA counterpart of

the Volkov-Akulov 1-form,

Πμ ¼ dxμ − idθ1σμθ1 − idθ2σ̃μθ2 ¼ dτΠμ
τ : ð23Þ

The moving frame action for the D0-brane [5] can be
written as

SD0 ¼
Z
W1

LD0
1 ≡

Z
dτLD0

¼ m
Z
W1

Πμu0μ − im
Z
W1

ðdθα1θ2α − θα1dθ2αÞ;

u0μu0μ ¼ 1; ð24Þ

where the unit timelike vector u0μ is considered as a part of
the moving frame matrix

ðu0μ; uIμÞ∈SOð1; 9Þ I ¼ 1;…; 9: ð25Þ

Equation (25) is tantamount to stating that the moving
frame vectors obey

uμ0u0μ ¼ 1; uμ0uIμ ¼ 0; uμIuJμ ¼ −δIJ;

ϵμ1…μ10u0μ1u
i1
μ2…ui9μ10 ¼ ϵi1…i9 : ð26Þ

The action (24) can be obtained from the standard D0-
brane action (22) when solving the mass-shell condition for
auxiliary momentum variable, p2 ¼ m2, by pμ ¼ mu0μ.
The spinor moving frame action is given by (24) in

which the moving frame vectors are considered to be
composites of the spinor moving frame matrix

vαq∈Spinð1;9Þ; α¼ 1;…;16; q¼ 1;…;16 ð27Þ

in the sense of the following constraints (see [5–7] for more
details)

u0μσ
μ
αβ ¼ vαqvβq;

uIμσ
μ
αβ ¼ vαqγIqpvβp; ð28Þ

vqασ̃
αβ
μ vpβ ¼ u0μδqp þ uIμγIqp; ð29Þ

where γIqp are 9d gamma matrices, I ¼ 1;…; 9 obeying

γIqp ¼ γIpq; γIqq ¼ 0; γIγJ þ γJγI ¼ 2δIJI16×16: ð30Þ

Taking the sigma-trace of the first equation in (28), or
taking the trace of (29) (and taking into account that
γIqq ≡ 0), we find

u0μ ¼ 1

16
vαqσ̃μαβvβq: ð31Þ

Substituting this into the action (24), one can see that
it provides a D ¼ 10 massive generalization of the
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Ferber-Schirafuji action (1) for massless D ¼ 4 super-
particle model considered in Sec. II.
The integration of the Lagrangian form LD0

1 in the action
(24) is over the worldline in an enlarged superspace
(Lorentz harmonic superspace), which can be defined
parametrically

W1 ∈Σð10þ45j16þ16Þ∶ ZM ¼ ZMðτÞ
¼ ðxμðτÞ; θα1ðτÞ; θ2αðτÞ; vαqðτÞÞ ð32Þ

with the use of coordinate functions ZMðτÞ of the proper
time τ. Let us stress that the set of these includes the spinor
moving frame matrix (27).
The derivatives of the spinor moving frame matrix are

expressed in terms of SO(1,9) Cartan forms

ΩI ¼ uð0Þμ duμI; ΩIJ ¼ uIμduμJ ð33Þ

by [6,7]

vpαdvαq ¼ −
1

4
ΩIJγIJpq þ

1

2
ΩIγIpq: ð34Þ

We have written this equation using a vpα matrix, which is
the inverse to vαp,

vpαvαq ¼ δpq; vαqvqβ ¼ δα
β ð35Þ

as this will be useful below. Notice that, as the charge
conjugation matrix for the SOð9Þ group is symmetric and
can be chosen to coincide with δqp, the position of Spin(9)
indices is not important and we chose it for aesthetic and
transparency reasons.
Of the Cartan forms (33),ΩIJ transforms under the gauge

SOð9Þ symmetry of the action (24) as a connection whileΩI

transforms covariantly under this symmetry. These reflect
the fact that of 45 degrees of freedom in a moving frame
matrix obeying (27) [this is to say they are restricted by
constraints (28) and (29)], 36 are pure gauge while nine are
physical, the same as present in a timelike momentum of the
massive D ¼ 10 particle.
The covariant harmonic derivatives, this is to say the

vector fields (differential operators) that are dual to the
Cartan forms (33), are

DIJ ¼ 1

2
vpαγIJpq

∂

∂vpα
; DI ¼ 1

2
vpαγIpq

∂

∂vpα
: ð36Þ

These give zero when acting on the constraints (28)
and (29).
In checking that (28) and (29) are in a kernel of the

operators (36), one should consider the moving frame
vectors to be composed from spinor moving frame vari-
ables. One can also write the operators that can act on
expressions involving both moving frame and spinor

moving frame variables as if the latter were independent.
These are

DIJ ¼ 1

2
vpαγIJpq

∂

∂vpα
þ uIμ

∂

∂uJμ
− uJμ

∂

∂uIμ
; ð37Þ

DI ¼ 1

2
vpαγIpq

∂

∂vpα
þ u0μ

∂

∂uIμ
þ uIμ

∂

∂u0μ
: ð38Þ

B. From spinor moving frame to constrained helicity
spinor: Prequel on SO(16) symmetry of twistor action

A rigorous development of the twistor approach to D0-
brane begins by introducing a new set of constrained
bosonic spinors λα

q related to the spinor moving frame
matrix vαq by SO(16) rotation

λα
p ¼ vαqSqp; SST ¼ I16×16 ð39Þ

⇒ vαq ¼ Sqpλαp: ð40Þ

These new objects with 165 degrees of freedom (vs
45 degrees of freedom in vαq summing “physical” and
pure gauge), which we will call helicity spinors, obey the
constraints2

u0μσ
μ
αβ ¼ λα

qλβ
q;

uIμσ
μ
αβ ¼ λα

qðSTγISÞqpλβp; ð41Þ

λqασ̃
αβ
μ λpβ ¼ u0μδqp þ uIμðSTγISÞqp;

I ¼ 1;…; 9: ð42Þ

The matrices ðSTγISÞqp carrying indices of SOð16Þ are not
constant but are symmetric and obey the same Clifford
algebra as the constant γIqp do. Notice that the upper and
lower vector indices of SOð16Þ group are transformed in the
same way so that we are free in choosing their position and
use this to make equations lighter and their structure more
transparent.
Notice that (41) as well as the contraction of (42) imply

that u0μ is a composite of the constrained helicity spinors so
that the spinor moving frame action for D0-brane from
Eq. (24) can be equivalently written in the following
Ferber-Schirafuji-like form

SD0¼
Z
W1

LD0
1

¼ m
16

Z
W1

λqασ̃
αβ
μ λqβΠμ− im

Z
W1

ðdθα1θ2α−θα1dθ2αÞ; ð43Þ

2Hence, the name of constrained helicity spinors.

TWISTOR APPROACH TO CLASSICAL AND QUANTUM D0-… PHYS. REV. D 114, 046023 (2026)

046023-5



where λqα variables are constrained by (41) and (42). This
action is clearly invariant under the SOð16Þ gauge sym-
metry which acts on the Latin indices (p) of λpα and on the
matrix Spq, involved in the constraints (41) and (42), by
multiplication from the right. The SOð9Þ gauge symmetry
of the original form of the spinor moving frame action acts
now on moving frame vectors uIμ, entering the constraints
(41) and (42), and also on the matrix Spq by multiplication
from the left.
Thus our dynamical system, as described by the action

(43) and constraints (41) and (42), is invariant under the
SOð9Þ × SOð16Þ gauge symmetry. The SOð16Þ valued
SpqðτÞ is clearly the Stueckelberg field for SOð16Þ gauge
symmetry, which can be used to gauge SpqðτÞ to unity.
Nevertheless, as wewill see below, to maintain this field and
to use constrained helicity spinors λαq instead of the original
spinor moving frame variables vαq is very convenient for

developing and for future using the twistor approach to D0-
brane. This allows us to avoid the use of covariant momenta
and covariant derivative in the formulation of the twistor
approach while maintaining the constraints (41) and (42) as
strong equalities. To explain why this is possible, in
Appendix B we introduce the covariant derivatives with
respect to helicity spinors.

C. Constrained supertwistor approach to D0-brane: I.
Action and SO(16) symmetry

As it was in the case of the masslessD ¼ 4 superparticle,
we would like to pass to a formulation in terms of twistor
and supertwistor variables. In our D ¼ 10 case these
supertwistor variables will be multiple and constrained.
To this end, we use (41) and the Leibnitz rule to present

the action (43) in the following form

SD0 ¼ m
Z
W1

ðdx̃αβ · λαpλβp − idθα1 · θβ1λαpλβp − idθ2αθ2βλp
αλp

β − idθα1vαpθ2p þ iθp1dθ2αλpαÞ

¼ m
Z
W1

ðdðx̃αβλαpÞλβp þ ð−x̃αβλβq þ iðθp1θq1 þ θ2pθ
2
q þ 2θp1θ2qÞλpαÞdvαq − idðθp1 þ θ2pÞ · ðθp1 þ θ2pÞÞ: ð44Þ

Here λq
α is inverse to the helicity spinor matrix λα

q,

λβ
pλp

α ¼ δβ
α; λp

αλα
q ¼ δpq; ð45Þ

and we have also defined

x̃αβ ¼ 1

16
xμσ̃μαβ; θq1 ¼ θα1λqα; θ2q ¼ θ2αλ

α
q: ð46Þ

Further, let us notice that [as can be seen from Eq. (B1) in Appendix B] the helicity spinors satisfy λpαdλαp ¼ 0. Therefore,
the action (44) can be written in the following twistorial form

SD0 ≔
Z
W1

LD0
1 ¼ m

Z
W1

ðdμαp · λαp − μαp · dλαp − idηp · ηpÞ ¼ m
Z
W1

dYMpΩMNYNp; ð47Þ

as the difference between this functional and (44) vanishes, − i
16
θp1θ2pλq

αdλαq ¼ 0. In (44)

μαp ¼ x̃αβλβp −
i
2
ðθq1θp1 þ θ2qθ

2
p þ 2θq1θ2pÞλqα þ

i
16

θq1θ2qλp
α;

ηp ¼ θp1 þ θ2p ð48Þ

and

ΩMN ¼

0
B@

0 δα
β 0

−δαβ 0 0

0 0 −i

1
CA; ð49Þ

is an OSpð32j1Þ invariant matrix.
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In the second part of Eq. (47) we have introduced
hexadecuplet of constrained orthosymplectic supertwistors
YMp

YMp ¼ ðμαp; λαp; ηpÞ: ð50Þ

The symplectic symmetry OSpð32j1Þ × SOð16Þ, which
would be present in the action (48) with unconstrained
supertwisors (50), is broken down to Spinð1; 9Þ × SOð16Þ
by the constraints (41) and (42) imposed on the helicity
spinors λqα, which is used as the second 16 × 16 bosonic
block of the ð32þ 1Þ × 16 supermatrix YMp.
To see what at least the GL(16) subgroup Spð32Þ∈

OSpð32j1Þ is about, it is useful to note that gauge
equivalent description of the system is given by the same
action (47) but with μαp of (48) replaced by

μαp ¼ X̃αβλβ
p −

i
2
ðθq1θp1 þ θ2qθ

2
p þ 2θq1θ2pÞλqα

þ i
16

θq1θ2qλp
α; ηp ¼ θp1 þ θ2p ð51Þ

where X̃αβ ¼ X̃βα is an arbitrary symmetric spin-tensor.
The enlarged superspace with such 136 bosonic coordi-
nates and some number n of fermionic coordinates clearly
has GLð16Þ automorphism symmetry of its natural super-
symmetry algebra.3

The SOð1; 9Þ invariant decomposition of an arbitrary
D ¼ 10 spin-tensor reads

X̃αβ ¼ 1

16
xμðσ̃μÞαβ þ

1

2 · 16 · 5!
yμ1…μ5 σ̃αβμ1…μ5 : ð52Þ

The gauge equivalence of such a model in enlarged
superspace with our original spinor moving frame formu-
lation of D0-branes is suggested by the observation that the
action (47) is formally invariant under

δμαp ¼ bμ1…μ5ðσ̃μ1…μ5Þαβλβp ð53Þ

[due to the constraints on the helicity spinors, see Eqs. (41),
(42), and (B1) in the Appendix B]. The gauge symmetry
(53) allows one to gauge away 126 additional bosonic
coordinates described by the D ¼ 10 fifth rank self-dual
antisymmetric tensor, yμ1…μ5 ¼ 0, thus reducing (52) to the
original form (48) of our massive D ¼ 10 generalization of
the Ferber-Penrose incidence relation (8).
Actually, to make the above arguments on gauge

symmetry (53) of the action (47) literally valid, we should
first notice that Eqs. (51) with (52) provide the general
solution of the constraint

J pq ≔ μα½pλαq� −
i
2
ηpηq ¼ 0: ð54Þ

Thus we can consider our dynamical system to be described
by the action (47) with supertwistor variables (50)
restricted, besides (41) and (42), by an additional constraint
(54) only. Such action does possess the gauge symmetry
(53) as well as SOð16Þ symmetry. As we will see in a
moment, the constraint (54) serves as generator of this latter
symmetry in the Hamiltonian approach.

D. Constrained supertwistor approach to D0-brane: II.
Hamiltonian mechanics

In order to perform the Hamiltonian analysis of the
action (47), we shall follow the standard procedure,
applicable for systems with bosonic and fermionic degrees
of freedom [53]. In particular, we find that the calculation
of canonical momentum for fermionic variable, πpðηÞ ≔
∂LD0

1

∂dηp ¼ −imηp, gives us the constraint

dpðηÞ ≔ πpðηÞ þ imηp ≈ 0 ð55Þ

stating that the real Grassmann variable ηp is the momen-
tum for itself. To be explicit in this statement, we introduce
the Poisson brackets

fπpðηÞ;ηqgP:B: ¼ fηq;πpðηÞgP:B: ¼−δpq; fηp;ηqgP:B: ¼ 0;

fπpðηÞ;πqðηÞgP:B: ¼ 0; ð56Þ

and find that our fermionic constraints (55) obey the
algebra

fdpðηÞ; dqðηÞgP:B: ¼ −2imδpq ð57Þ

and, hence, are of the second class in classification of
Dirac [54].
To treat these constraints as strong equalities,

i.e., equalities that can be used before calculating all
the Poisson brackets [54], we introduce Dirac brackets,
defined as

½…;…gDB ¼ ½…;…gPB −
i
2m

½…; dpðηÞgPB½dpðηÞ;…gPB:
ð58Þ

With respect to these Dirac brackets our real fermionic
coordinate is self-conjugate,

fηp; ηqgD:B: ¼ −
i
2m

δpq; ð59Þ

which is the exact expression of the statement that the
fermionic coordinate function plays the role of its own
momentum.

3Such tensorial superspaces were studied in relation with a
description of massless higher spin theories [11,12,44–47],
alternative to the unfolding approach of [48], as well as in
relation with the so-called BPS (Bogomol'nyi-Prasad-Sommer-
field) preons concept of [49], [50–52].
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To analyze the bosonic sector of the dynamical system
described by supertwistor action (47), it is better to perform
first the integration by parts reducing the second term of the
Lagrangian form to the first one,

LD0
1 ↦ −mð2μαp · dλαp þ idηp · ηpÞ: ð60Þ

Then the canonical momentum conjugate to λαp is equal to
−2mμαp, while momentum conjugate to μαp vanishes.
These two relations are clearly the pair of the resolved
second class constraints, which can be used as string
relations reducing the phase space after we pass to Dirac
brackets

½μαp; λβq�D:B: ¼
1

2m
δαβδ

pq: ð61Þ

The same results can be obtained by calculating the
canonical momenta for bosonic variables directly from
the Lagrangian form in (47) and then passing to Dirac
brackets for the resulting second class constraints.
Of course, the helicity spinor matrix λpα , which is now a

component of hexadecuplet of OSpð32j1Þ supertwisors
(50), is strongly constrained by (41), (42), which makes
the rigorous development of Hamiltonian analysis quite
complicated. However, there exists a shortcut based on
using the so-called covariant momenta for λpα [classical
counterparts of the covariant derivatives presented in
Eqs. (B5) and (B6) of Appendix B] instead of canonical
momenta. This allows one to treat the constraints (41) and
(42) as string relations without explicit search for corre-
sponding Dirac brackets (see [3] and references therein).
But moreover, studying the quantization in the frame of
supertwistor formulation (47), we actually do not need to
specify in detail this procedure, as the only additional
constraint we will need to use in the quantization,
Eq. (54), contains the expression for one of such covariant
momenta [the classical counterpart ofDpq in (87) and (B5)]
as its bosonic part and, thus, is well defined when the
constraints (41), (42) are treated as strong relations.
One can check that the constraints (54) form an algebra

½J pq;J rs�D:B: ¼
1

2m
ðδp½sJ r�q − δq½sJ r�pÞ ð62Þ

under the Dirac brackets (61) and (59). This means that
these constraints are of the first class and generate 120
parametric Spin(16) gauge symmetry.

IV. QUANTIZATION

A. Quantum D0-brane in the constrained
supertwistor approach

The quantization of the supertwisor formulation of the
D0-branes (Dirichlet superparticle), which we describe in
this (sub)section, is quite similar to that for the quantization

of the D ¼ 11 massless superparticle sketched in [36] (see
[37] for quantization of the massless D ¼ 11 superparticle
in the light-cone gauge, [55] for similar quantization in
spinor moving frame formalism and [56] for quantization in
terms of pure spinor variables). This could have been
expected, taking into account the well-known correspon-
dence between massless 11D and massive 10D fields (see,
e.g., Sec. 5.3 of [57] and also Sec. 3 of [3]).
According to Dirac prescription, we should replace the

basic Dirac brackets (61) and (59) by the commutator and
anticommutator,

½μ̂αp; λβq� ¼
i
2m

δαβδ
pq; ð63Þ

fη̂p; η̂qg ¼ 1

2m
δpq: ð64Þ

One immediately observes that fermionic operators η̂p obey
the 16-dimensional Clifford algebra. Hence they can be
represented by SO(16)-invariant counterparts of Dirac
matrices,

η̂q ↦
1

2
ffiffiffiffi
m

p ðΓqÞAB ð65Þ

provided the quantum state vector of our dynamical system,
Ξ carries the 256-valued index A of the Dirac spinor of
SOð16Þ,

η̂qΞA ¼ 1

2
ffiffiffiffi
m

p ðΓqÞABΞB: ð66Þ

Then, using the coordinate representation for the bosonic
commutation relation (63),

μ̂αq ¼ i
2m

∂

∂λqα
; λ̂qα ¼ λqα; ð67Þ

we find that the first class constraint (54) imposed on the
state vector reads

�
δA

B

�
λα

q ∂

∂λαp
− λα

p ∂

∂λαq

�
−
1

2
Γqp

A
B

�
ΞBðλÞ ¼ 0: ð68Þ

It implies that the state vector transforms as a Majorana
spinor under SOð16Þ symmetry acting also on the con-
strained helicity spinors. These carry degrees of freedom of
the massive momentum pμ ¼ mu0μ ¼ 1

16
λqσ̃μλ

q as well as
an information on the polarization of different massive
particle states (see below).
Now let us introduce the representation of SOð16Þ

gamma matrices
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ðΓqÞAB ¼
 

0 ðσqÞAB̃

ðσ̃qÞÃB 0

!
ð69Þ

in terms of SOð16Þ counterparts of Pauli matrices carrying
indices of different Majorana-Weyl spinor representations
of SOð16Þ and obeying

ðσqÞAC̃ðσ̃pÞC̃B þ ðσpÞAC̃ðσ̃qÞC̃B ¼ δpqδA
B;

ðσ̃pÞÃCðσqÞCB̃ þ ðσ̃qÞÃCðσpÞCB̃ ¼ δpqδ
Ã
B̃; ð70Þ

and also split the quantum state vector of our dynamical
system, Ξ carries the 256-valued index A of the Dirac
spinor of SOð16Þ on two Majorana-Weyl spinors of
SOð16Þ

ΞA ¼
�ΦA

ΨÃ

�
: ð71Þ

The action of the fermionic operator η̂q on these Weyl
spinor components of the quantum state vector field are
thus given by

2
ffiffiffiffi
m

p
η̂qΦA¼ðσqÞAB̃ΨB̃; 2

ffiffiffiffi
m

p
η̂qΨÃ¼ðσ̃qÞÃBΦB: ð72Þ

Equation (68) can be split into two equations each for
just one of two Majorana-Weyl components of the quantum
state vector field,�

λα
q ∂

∂λαp
− λα

p ∂

∂λαq

�
ΦAðλÞ ¼

1

2
σqpA

BΦBðλÞ; ð73Þ

�
λα

q ∂

∂λαp
− λα

p ∂

∂λαq

�
ΨÃðλÞ ¼ 1

2
σ̃qpÃB̃ΨB̃ðλÞ: ð74Þ

The fermionic nature of η̂q operator and Eq. (71)
suggests one consider these two Majorana-Weyl spinor
components of the state vector field to be of different
statistics, e.g., bosonic ΦB and fermionic ΨB̃. The suitable
SOð9Þ covariant representation of this latter can be given in
terms of a gamma-traceless 9d vector-spinor, while the
former can be split into symmetric traceless second rank
tensor and antisymmetric third rank tensor

ΦB ¼
�

hIJ ¼ hJI; hII ¼ 0;

aIJK ¼ a½IJK�

�
;

ΨÃ ¼
 ffiffiffiffi

2

m

r
ψ̃ I
q; ψ̃ I

qðSTγISÞqp ¼ 0

!
: ð75Þ

The explicit SOð9Þ invariant representation of SOð16Þ
Pauli matrices in this split notation can be found in [55].
With it, the realization of the SOð16Þ Clifford algebra on
the above set of fields is given by

η̂qhIJ ¼
1

m
ðSTγðISÞqpψJÞ

p ;

η̂qaIJK ¼ 3

2m
ðSTγ½IJSÞqpψK�

p ; ð76Þ

η̂qψ I
p ¼ 1

2
hIJðSTγJSÞqp

þ 1

12
aJKLðSTγIJKLS − 6δI½JSTγKL�SÞqp; ð77Þ

(cf. [36,55,58] where quantization of massless D ¼ 11
superparticle was considered).
The above set of fields with SOð9Þ indices are related

with the solutions of linearized equations of the massive
counterpart of type IIA supergravity by

hμνðpÞ ¼ uIμuJνhIJðλÞ; aμνρðpÞ ¼ uIμuJνuKρ aIJKðλÞ;
ψμαðpÞ ¼ uIμλαqψ̃ IqðλÞ: ð78Þ

Here, let us recall, the moving frame vectors uIμ are
spacelike, orthogonal, normalized, and related to the
helicity spinors λαq by the constraints (42) while the
momentum is timelike and expressed by

pμ ¼ mu0μ ¼
m
16

λαqσ̃
αβ
μ λβq: ð79Þ

Fixing the SOð16Þ gauge Sqp ¼ δqp, in which λqα ¼ vqα,
Eq. (78) can be reduced to the ones obtained in [3], where it
was shown that quantum state spectrum of D0-brane was
given by the massive counterpart of type IIA supergravity
and its relation with the fields of linearized D ¼ 11
supergravity was considered.4 This conclusion about quan-
tum state spectrum of D0-brane is thus confirmed by
supertwistor quantization of the dynamical system, which
we have discussed above.
Our supertwistor approach to quantum D0-brane pos-

sesses invariance under the SOð16Þ symmetry, which
implies imposing the Eq. (73) on the bosonic fields and
Eq. (74) on the fermionic fields. The rhss of these equations
can be specified either by using the explicit representation
for SOð16Þ Pauli matrices or from antisymmetric ½rq� part
of the action by η̂r on Eqs. (76) and (77). We do not need
the explicit form of these equations for our discussion
below. Let us only note that equations for hIJ (AIJK) hidden
in (73) involve aIJK (hIJ) while the equation for the
fermionic field, (73) does not involve other fields.
In the next Section we will use another quantization

scheme for our dynamical system. This will relate the
results of supertwistor quantization as it is performed in this

4In [3] one can also find the explanation of why we prefer not
to use the name “massive type IIA supergravity” for the massive
counterpart of type IIA supergravity.
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Section with the spinor moving frame description of
quantum D0-brane given in [3].

B. Alternative quantization: I. Constrained on-shell
superfields from the supertwistor approach

Let us come back to the fermionic second class con-
straints (55), which obey the algebra (57) on the Poisson
brackets. In the coordinate representation the quantum
counterpart of these constraint, d̂qðηÞ, is proportional to

Dq ¼
∂

∂ηq
−mηq ð80Þ

(d̂qðηÞ ¼ −iDq), which obeys

fDq;Dpg ¼ −2mδqp: ð81Þ

Clearly we cannot impose these constraints on the state
vector in the sense that state vector vanishes under their
action. However, what we can is to represent the state
vector by a set of superfields in such a way that the result of
the action of Dq on one of such superfields is expressed
through the other superfields in a self-consistent manner.
Such a way of quantization was briefly discussed in [59]

in the context of D ¼ 11 supergravity for which it resulted
in the set of superfield equations first proposed in [60].
These are quite similar to the system of superfield equations
for the massive counterpart of type IIA supergravity
appearing in the quantum state spectrum of D0-brane
[3], which we will describe below.
The suitable set of superfields to describe the quantum

state spectrum of the D0-brane in the frame of our con-
strained supertwistor approach is suggested by the study in
the previous Section [as the operator η̂q there obeys the
Clifford-like algebra similar to (81)]. It contains the bosonic
symmetric traceless SO(9) tensor superfield HIJðλ; ηÞ,
antisymmetric third rank tensor superfield AIJKðλ; ηÞ, and
fermionic superfield with SOð9Þ vector and SOð16Þ vector
indices, ΨI

qðλ; ηÞ obeying ΨI
qðSTγISÞqp ¼ 0,

HIJðλ; ηÞ ¼ HJIðλ; ηÞ; HIIðλ; ηÞ ¼ 0

AIJKðλ; ηÞ ¼ A½IJK�ðλ; ηÞ;
ΨI

qðλ; ηÞ; ΨI
qðSTγISÞqp ¼ 0: ð82Þ

The superfield equations representing the fermionic
constraint action on the state vectors are

DqHIJ ¼ 2iðSTγðISÞqpΨJÞ
p ; ð83Þ

DqAIJK ¼ 3iðSTγ½IJSÞqpΨK�
p ; ð84Þ

DqΨI
p ¼ imHIJðSTγJSÞqp

þ im
3!

AJKLðSTγIJKLS − 6δI½JSTγKL�SÞqp: ð85Þ

To deal with the constraints (54) in this approach we
should first use the fermionic constraint (55) to write it as

J pq ¼ μα½pλαq� þ
1

2m
η½qπp�ðηÞ; ð86Þ

which is the true first class constraint in the presence of
second class constraint (55).
The quantum version of 2miJ pq ¼ −2miJ qp is given

by differential operator

Dqp ¼ λα
½q ∂

∂λα
p� þ η½q

∂

∂ηp�
; ð87Þ

which generates SOð16Þ transformations of λαp, ηp as well
as of Spq ¼ λα

pvαq and Dq,

Dqpλα
r ¼ λα

½qδp�r; Dqpηr ¼ η½qδp�r; ð88Þ

DqpSrs ¼ Sr½qδp�s; ð89Þ

½Dqp; Dr� ¼ D½qδp�r: ð90Þ

Our multicomponent state vector superfield should be
restricted by imposing in some manner the quantum
constraint generating SOð16Þ symmetry. The consistency
with (83), (85), and (90) does not allow one to consider all
the component superfields describing our state vector to be
in kernel of the differential operatorJ pq ¼ − i

2mD
qp. To be

precise, this is possible for the bosonic superfield, but not
for the fermionic one, so that we impose

DqpHIJ ¼ 0; DqpAIJK ¼ 0; ð91Þ

DqpΨI
r ¼ ΨI

½qδp�r: ð92Þ

Actually, this is logical since the fermionic field carries
the SOð16Þ vector index q while the bosonic superfields
carry SO(9) vector indices only. The technical reason is the
nontrivial action on the fermionic derivative Dp and on the
Spq matrix variable, (90) and (89). To resume, the con-
straints (91) and (92) imply the invariance of bosonic
superfields and covariance of the fermionic superfield under
SOð16Þ symmetry, which also acts on bosonic and fer-
mionic components of constrained supertwistor coordinates.
It can be shown that the field content of the set of

superfields (82) is given by the set of their leading
components,

hIJ¼HIJjηq¼0; aIJK¼AIJKjηq¼0; ψ I
q¼ΨI

qjηq¼0; ð93Þ
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while the higher components of each of these superfields
are expressed in terms of leading components of the other
ones. Indeed, the next to leading component of fermionic
superfield, DpΨI

qjη¼0, is expressed through the leading
components of the bosonic superfields by leading compo-
nent of Eq. (85), while the next to leading components of
the bosonic superfields are expressed in terms of leading
component of the fermionic superfield by using Eqs. (83)
and (84). The independent component fields (93), in their
turn, describe the solutions (78) of the linearized equations
of massive analog of the type IIA supergravity multi-
plet [3].

C. Alternative quantization: II. Analytic on-shell
superfields from the constrained supertwistor approach

In this Section we will show how the above constrained
superfield description of the D0-brane quantum state vector
can be related to the description by an analytic (chiral)
superfield subject to a duality constraint obtained in [3].
To this end we first have to introduce, following [61,3],

the complex null vectorUI, I ¼ 1;…; 9, normalized on 2 in
its contraction with its conjugate ŪI, and seven real
normalized vectors orthogonal to these and among them-
selves,

UIUI ¼ 0 ¼ ŪIŪI; UIŪI ¼ 2;

UIUI
J̌ ¼ 0 ¼ ŪIUI

J̌; UI
J̌UI

Ǩ ¼ δJ̌ Ǩ : ð94Þ

This set of vectors forms a basis in 9d Euclidean space and
can be collected in the SOð9Þ matrix

UðJÞ
I ¼

�
UI

J̌;
1

2
ðUI þ ŪIÞ;

1

2i
ðUI − ŪIÞ

�
∈ SOð9Þ: ð95Þ

The splitting in (95) is invariant under SOð7Þ ×Uð1Þ
symmetry, which allows one to consider UI; ŪI, and UI

J̌

as constrained homogeneous coordinates of the coset
SOð9Þ

SOð7Þ×Uð1Þ.
The “covariant harmonic derivatives” by which is meant

such differential operators acting on the vectorsUI; ŪI; UI
J̌

that preserve constraints (94), are

DǏ ¼ 1

2
UJ

∂

∂UǏ
J

−UǏ
J

∂

∂ŪJ
; D̄Ǐ ¼ 1

2
UJ

∂

∂UǏ
J

−UǏ
J

∂

∂UJ
;

ð96Þ

DǏ J̌ ¼ 1

2
UǏ

K
∂

∂UJ̌
K

−UJ̌
K

∂

∂UǏ
K

; D½0� ¼UJ
∂

∂UJ
− ŪJ

∂

∂ŪJ
:

ð97Þ

Of these, (96) are vector fields tangential to the coset
SOð9Þ

SOð7Þ×Uð1Þ while (97) are in SOð7Þ and Uð1Þ directions.

Their commutators provide us with a manifestly SOð7Þ ×
Uð1Þ covariant representation of soð9Þ algebra.
Next, we have to introduce the complex 16 × 8 complex

matrix variables wA
q ¼ ðw̄qAÞ� providing the bridges

between the 16 dimensional vector representation of
SOð16Þ and fundamental (antifundamental) representation
of the SUð8Þ group (cf. [3]). The complex rectangular matrix
w̄qA ¼ ðwA

qÞ� is related to the block w̄pÃ ¼ ðwÃ
qÞ� of a

complex representation of a Spin(9) valued matrix,
ðw̄pÃ; w

Ã
pÞ∈ Spinð9Þ with SOð7Þ spinor index Ã ¼

1;…; 8 and SOð9Þ spinor index p, by,
(i) left multiplication by SOð16Þ matrix Sqp [see (39)

and (B7)], so that q is converted to the SOð16Þ index
p, and

(ii) action of the SUð8Þ group in its antifundamental
representation to obtain w̄qA ¼ ðwA

qÞ�.
The action of antifundamental representation of SUð8Þ

on the indices of δÃ B̃, which plays the role of the SO(7)
charge conjugation matrix, gives a nonconstant complex
symmetric matrix UAB while the action on that by funda-
mental representation gives the complex conjugate matrix
ŪAB. Clearly this complex matrix UAB is symmetric and
unitary, i.e., it obeys

UACŪCB ¼ δA
B; UAB ¼ UBA ¼ ðŪABÞ�: ð98Þ

See Appendix C and [3] for more details on representations
of SUð8Þ and SOð7Þ.
When Spin(9) valued matrix ðw̄qÃ; w

Ã
qÞ is the double

covering of the SO(9) frame (95), the bridge variables
ðw̄qA;wA

qÞ are related with this SO(9) vector frame by
Eqs. (C1) and (C2) presented in Appendix C. The true
constraints that restrict these variables are

w̄qAw̄qB ¼ 0 ¼ wA
qwB

q ; w̄qAwB
q ¼ δA

B;

w̄qAwA
p þ wA

q w̄pA ¼ δqp: ð99Þ

These imply that they provide a complex representation for
the SOð16Þ matrix.
Using these variables and the complex null vector from

the SO(9) frame (95) we can construct from (82) complex
bosonic and fermionic superfields inert under SO(9)

Φ ¼ HIJUIUJ; ΨAðUÞ ¼ ΨI
qUIwA

q ;

Ψ̄ðUÞ
A ¼ ΨI

qUIw̄qA; etc:; ð100Þ

as well as mutually complex conjugate octuplets of the
fermionic covariant derivatives

DA ¼ wA
qDq; D̄A ¼ w̄qADq: ð101Þ
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It is not difficult to find that DqΦ ¼ 4iw̄qAUABΨ̄ðUÞ
B .

Contracting this with wA
q we find that the superfield Φ is

chiral,

D̄AΦ ¼ 0; ð102Þ

while contracting with wA
q we find DAΦ ¼ 4iUABΨ̄ðUÞ

B ,
which implies the dependence of the fermionic super-

field, Ψ̄ðUÞ
B ¼ − i

4
ŪBADAΦ.

The superfield Φ also obeys

DADBDCDDΦ ¼ 1

4!
ϵABCDEFGHD̄ED̄FD̄GD̄HðΦÞ�: ð103Þ

To prove this is more involved; however the direct
calculations are actually not necessary to be convinced
that it holds (at least up to the sign). Indeed, it is sufficient
to notice that:

(i) the set of superfields (82) obeying (83)–(85) de-
scribes the massive counterpart of the type IIA
supergravity multiplet (see [3]);

(ii) as it was shown in [3], the same multiplet is
described by the chiral superfield obeying (102)
and (103); and

(iii) all the set of superfields (82) can be reproduced from
the analytical superfield Φ in (100) with the use of
the covariant harmonic derivative of the SOð9Þ
internal frame (96), the fermionic derivative, and
Eqs. (83)–(85).

[Only the sign on (103) requires an explicit calculation to
be fixed as it can be changed by replacing Φ with iΦ].
The last item above probably needs some evidence. To

get this, one can easily check that, for instance,

D̄ǏΦ¼−2UJHJKUǏ
K;

D̄ǏD̄J̌Φ¼ 2UǏ
KH

KLUJ̌
L−UǏ0

KH
KLUǏ0

Lδ
Ǐ J̌ ¼DǏDJ̌Φ; ð104Þ

which implies

HIJ ¼ 1

4
ŪIŪJΦ −

1

2
ŪðIUǨ

JÞD
ǨΦ

þ UǨ
I U

Ľ
J

�
1

4
DǨDĽΦ −

1

36
DǏ0DǏ0ΦδǨ Ľ

�

þ 1

36
ŪðIUJÞDǏ0DǏ0Φþ c:c: ð105Þ

The action of the covariant derivatives (96) on the
wA

q ; w̄qA variables is described in Eq. (119) of
Appendix C. These can be reproduced using the SOð16Þ
rotations and SUð8Þ transformations from their action on
Spin(9) variables, which can be found in [59].

V. CONCLUSIONS AND DISCUSSION

In this paper we have developed a constrained super-
twistor approach to D0-brane in the classical and quantum
domains. This provides a ten-dimensional generalization of
the two-twistor approach to a D ¼ 4 massive particle and
superparticle from [21–23,25]. However, the structure and
symmetries in the ten-dimensional case are much richer.
Although the basis for this supertwistor approach has

been provided by spinor moving frame formulation of D0-
brane from [3,5], the basic bosonic spinor variables of the
supertwistor approach are not identified with spinor mov-
ing frame matrix vαq ∈ Spinð9Þ but with a helicity spinor
matrix λα

p, which is obtained from vαq by SOð16Þ trans-
formation, λpα ¼ vqαSqp. This allows one to avoid the use of
the so-called covariant momenta and covariant derivative
formalisms (described in Appendix B) and to study the
properties of the quantum state vector of D0-brane using
the standard partial derivatives with respect to the bosonic
spinors λpα in a manner consistent with the constraints
imposed on the latter.
The variables of the supertwistor approach to D0-braness

are hexadecuplet of the constrained OSpð32j1Þ supertwis-
tors YMp ¼ ðμαp; λαp; ηpÞ subject to the constraint generat-
ing the SOð16Þ symmetry in the Hamiltonian approach. The
index p ¼ 1;…; 16 enumerating the supertwistors is trans-
formed by vector representation of SOð16Þ. OSpð32j1Þ
symmetry is broken by the constraints imposed on the λαp

component of the supertwistor. However, at least the
GLð16Þ subgroup of this symmetry can be followed to
the bosonic sector of the so called tensorial superspace,
which appears in the general solution of the SOð16Þ
constraints on supertwistor variables, which provides the
generalization of the Ferber-Penrose incidence relations [8].
We quantize the supertwistor formulation of D0-brane

by two schemes. In the first the quantum state vector is
represented by the 256 component Majorana spinor of
SOð16Þ, the Majorana-Weyl “constituents” of which are
taken to be with opposite statistics and [after gauge fixing
of SOð16Þ symmetry] can be represented by a fermionic
gamma-traceless SOð9Þ vector-spinor field, and by the set
of the bosonic third rank antisymmetric and bosonic second
rank symmetric traceless tensors of SOð9Þ.
The second of the quantization schemes describes the

quantum state vector by a set of superfields subject to some
equations with fermionic covariant derivatives. The leading
components of these constrained superfields can be asso-
ciated with the above described set of fields. These, in their
turn, can be used to write the solutions of the linearized
spacetime equations of the fields of the massive counterpart
of type IIA supergravity multiplet, which thus describes the
quantum state spectrum of D0-branes.
Using these constrained superfield approach to quanti-

zation, we have shown explicitly how the description of the
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D0-brane quantum state vector by analytical on-shell
superfield obtained in [3] can be derived from the super-
twistor approach.
The fact that the on-shell superfields are one-particle

counterparts of the on-shell superamplitudes, which in the
D ¼ 4 case were the basis of an impressive progress in
calculation of tree and loop processes in maximally super-
symmetric Yang-Mills and supergravity theories, gives us
the reason to hope that our results will be useful for
development of the on-shell superamplitude approach in
type IIA string theory, in its part involving D0-branes
besides supergravity multiplets. The preliminary studies in
[3] indicated a problem hampering the way toward an
analytic (chiral) superamplitude formalism for such types
of processes. A possible way out might pass through the
development of a superamplitude counterpart of the con-
strained on-shell superfield formalism obtained in
Sec. IV B or of an amplitude counterpart of the SOð16Þ
spinor description of the quantum state vector of D0-brane
that we have obtained in Sec. IVA.
Another possible application of our approach can be

related to the study of (super)twistor structures in curved
D ¼ 10 spacetimes on the line of the D ¼ 4 two-twistor
approach to studying Kerr-Newman black holes developed
recently in [30].
We hope to address these problems in the near future.
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APPENDIX A: NOTATION AND CONVENTIONS

In D ¼ 10 we use the following sets of indices
(i) The Greek symbols from the middle of the alphabet

correspond to vector indices: μ; ν;… ¼ 0;…; 9.

(ii) The Greek symbols from the beginning of the
alphabet α; β;… ¼ 1;…; 16 denote the SOð1; 9Þ
spinor indices.

(iii) The small letters from the middle of Latin alphabet,
p; q;… ¼ 1;…; 16 denote SOð16Þ vector indices of
some variables, in particular λαq, and spinor SOð9Þ
½Spinð9Þ� indices of other variables, like vαq. We
believe this will not produce any confusion, and
certainly lighten the notation. The orthogonal matrix
Sqp carries the first index, q, of Spin(9) and the
second index, p, of SOð16Þ; Sqp ¼ S−1pq.

(iv) The capital Latin letters I; J; K;… ¼ 1;…; 9 denote
nine-vector indices, which are transformed by the
SOð9Þ group.

(v) The capital Latin letters with check symbol,
Ǐ; J̌; Ǩ;… ¼ 1;…; 7 denote seven-vector indices,
which are transformed by the SOð7Þ group.

The generalized D ¼ 10 Pauli matrices σμαβ ¼ σμβα and

σ̃μαβ ¼ σ̃μβα obey

σμσ̃νþσνσ̃μ¼ημνI16×16; ημν¼diagð1;−1;…;−1Þ: ðA1Þ

The d ¼ 9 Dirac matrices γIqp ¼ γIpq obey the Clifford
algebra

γIqp ¼ γIpq; γIγJ þ γJγI ¼ 2δIJI16×16: ðA2Þ

The complex antisymmetric 8 × 8 matrices σ ǏAB ¼ −σ ǏBA
and σ̃J̌AB ¼ −σ̃J̌BA ¼ −ðσ ǏABÞ�, carrying the indices of
fundamental and antifundamental representations of
SUð8Þ, are obtained from SOð7Þ counterparts of Pauli
matrices, imaginary antisymmetric σ Ǐ

Ã B̃
¼ −σ Ǐ

B̃ Ã
, by SUð8Þ

transformations in the corresponding representation. They
obey (C4) (see [3] for more details).

APPENDIX B: COVARIANT DERIVATIVES
OF THE CONSTRAINED HELICITY SPINOR

FORMALISM AND SOME COMMENTS

In this appendix we introduce the counterparts of the
covariant harmonic derivatives (36) for the constrained
helicity spinors λqα obeying (41), (42). The first step in this
direction is to find the expression for admissible derivative
of the helicity spinor matrix, which is given by

λp
αdλαq ¼ Apq þ 1

2
ΩIðSTγISÞpq; ðB1Þ

where λp
α is the matrix inverse to λα

q,

λp
α ¼ vαqSqp; vαq ¼ Sqpλpα; ðB2Þ
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and

Apq ¼ −Aqp ¼ SlpDSlq ¼
�
S−1dS −

1

4
ΩIJSTγIJS

�
pq

ðB3Þ

is the composite SOð16Þ connection. In (B3) the symbol
D denotes (as before) the SOð8Þ covariant derivative,
DS ¼ dS − 1

4
ΩIJγIJS. Due to its presence, the Apq [carry-

ing two SOð16Þ indices] is invariant under local SOð8Þ
symmetry acting on Sqp from the left. (Notice that SOð16Þ
acts on Sqp from the right.)
The covariant derivatives of the constrained spinor

helicity formalism can be obtained by decomposing the
differential in the space of constrained helicity spinors on
the basis of Apq and ΩI Cartan forms,

dðλÞ ≔ dλαp
∂

∂λα
p ¼ 1

2
ApqDpq þ ΩIDI: ðB4Þ

They read

Dpq ¼ λα
p ∂

∂λα
q − λα

q ∂

∂λα
p ; ðB5Þ

DI ¼ 1

4
ðSTγISÞpq

�
λα

p ∂

∂λα
q þ λα

q ∂

∂λα
p

�
; ðB6Þ

and, as it is not difficult to check, give zero when applied to
the constraints (41) and (42).
Let us stress that in the description of our dynamical

system, D0-brane, by the action with the Lagrangian form
(43), the dynamical variables are helicity spinors λα

q

constrained by (41) and (42), while the Stueckelberg field
Spq is a part of it appearing in these constraints. Explicitly it
can be defined as

Sqp ¼ vαqλαp ðB7Þ

where vαq is the (inverse to the) spinor moving frame matrix
related to the moving frame vectors u0μ and uIμ, which enter
(41) and (42), by constraints (28) and (29).
Gauging Spq to unit 16 × 16 matrix δpq reduces the

constraints (41) and (42) to the constraints (28) and (29) for
the spinor moving frame matrix and the SOð16Þ Cartan
form (B3) to the spinor representation of the SOð9Þ Cartan
form ΩIJ. The advantage of using the constrained helicity
spinor variables is that the set of covariant momenta, the

counterpart of covariant derivatives, will include the
classical counterpart of the covariant derivative (B5)
representing the SOð16Þ symmetry generator. This will
simplify essentially the formulation of the supertwistor
approach and its possible future applications.

APPENDIX C: PROPERTIES OF THE SOð16Þ
BRIDGE VARIABLES wA

q

The relations of the bridge variables ðw̄qA;wA
qÞ [obeying

(99) and thus providing a complex representation for
SOð16Þ valued matrix] with SO(9) vector frame (95) read

w̄qAðSTγISÞqpw̄pB¼UIUAB; wA
qðSTγISÞqpwB

p ¼ ŪIŪAB;

w̄qAðSTγIqpSÞwB
p ¼ iUJ̌

I ðσJ̌ŪÞAB; ðC1Þ

UIðSTγISÞqp¼2w̄qAŪABw̄pB; ŪIðSTγISÞqp¼2wA
qUABwB

p;

UJ̌
I ðSTγISÞqp¼2iwA

ðqðσJ̌ŪÞABw̄pÞB: ðC2Þ

Here σ ǏAB ¼ −σ ǏBA and

σ̃J̌AB ¼ −ðσJ̌ABÞ� ¼ ðσJ̌BAÞ† ðC3Þ

are obtained from SOð7Þ Clebsch-Gordan coefficients
σ Ǐ
Ã B̃

¼ −σ Ǐ
B̃ Ã

by SUð8Þ transformations in its antifunda-
mental and fundamental representation, respectively. They
obey

σ ǏACσ̃
J̌CB þ σJ̌ACσ̃

ǏCB ¼ 2δǏ J̌δA
B; : ðC4Þ

The constraints for the Spin(9) spinor frame variables
ð ¯̃wqÃ; w̃

Ã
qÞ, presented in [59], can be obtained from (C1) and

(C2) by setting Sqp ¼ δqp, UAB ↦ δÃ B̃, ŪAB ↦ δÃ B̃

and σ̃J̌AB ↦ −σJ̌
Ã B̃

.
The action of the covariant derivatives (96) on the bridge

variables,

DǏw̄qA ¼ −
i
2
wB

qσ
Ǐ
BA ¼ ðD̄ǏwA

qÞ�;

DǏwA
q ¼ −

i
2
w̄qBσ̃

ǏBA ¼ ðD̄Ǐw̄qAÞ�; etc:;

can be reproduced using the SOð16Þ rotations and SUð8Þ
transformations from their action on Spin(9) variables,
which can be found in [59].
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