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The nature of the vector charmoniumlike states y(4360) and y(4660) has remained controversial for
nearly two decades, and the very existence of the y(4660) has recently been called into question: the high-
precision BESIIT measurement of the ete~ — A} A7 cross section reveals a nearly flat line shape around
4.66 GeV with a nonzero value right at threshold, in striking contrast to the near-threshold enhancement
reported earlier by Belle. In this work, we address this puzzle within a comprehensive S-wave coupled-
channel framework for ete™ annihilation in the energy region /s € [4.0,5.0] GeV. The formalism
incorporates the open-charm baryon-antibaryon channels A} A7, 2527, and 920 (organized via SU(3)
flavor symmetry), the inelastic w(2S)z"z~ channel mediated by the ¢(500) and f((980) intermediate
resonances, and the bare vector charmonium states y(4360) and y(4660), assigned as the 4S and 5S
excitations. Short-range contact potentials constrained by heavy-quark spin symmetry are employed, the
scattering amplitudes are obtained by solving the Lippmann-Schwinger equation. A combined fit to the
Belle and BESIII data on e*e™ — AFA7 and ete™ — y(2S)z 7~ yields two poles, at (4401.93 +
16.96i) MeV and (4631.39 £ 62.96i) MeV, corresponding to the y(4360) and y(4660), respectively. By
tracing the pole trajectories as the coupling to the bare charmonium states is gradually switched off, we
demonstrate that both poles originate from the bare 4S5 and 5S vector charmonium states strongly
renormalized by coupled-channel dynamics. In particular, the y(4660) emerges as a broad resonance
located about 58 MeV above the A A7 threshold—its flat experimental line shape is a direct consequence
of this threshold interplay, and provides evidence for its existence. Our conclusion is robust against the

variation of the regularization cutoff.

DOI: 10.1103/nsss-681z

I. INTRODUCTION

Since the discovery of the X(3872) by the Belle
Collaboration in 2003 [1], a wealth of exotic hadron
candidates—collectively known as XYZ states—have been
observed in experiment. A striking feature of many XYZ
states is their proximity to open-flavor thresholds, which
highlights the crucial role of nearby thresholds and
coupled-channel effects in their formation [2]. Numerous
theoretical interpretations have been advanced, including
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modified quark models [3,4], threshold cusp effects from
nearby thresholds [5], hadronic molecules [2,6,7], compact
tetraquark states [8], and conventional charmonium assign-
ments [9]. For recent comprehensive reviews of both the
experimental and theoretical status of the XYZ states, we
refer the reader to Refs. [10-19].

Among these intriguing candidates, the vector state
w(4660) stands out, as experimental and theoretical inves-
tigations have so far produced conflicting findings. In
experiment, the y(4660) was first observed by the Belle
Collaboration in 2007 [20] in the ete™ — w(2S)x n~
process. In the following year, another enhancement,
denoted as X(4630), was reported by Belle in the eTe™ —
AFA7 cross section [21]. The proximity of their masses
and widths suggests that the two structures may correspond
to the same state. Subsequent measurements by the
BABAR [22] and Belle [23] Collaborations in eTe™ —
w(2S)ztn~ further confirmed clear enhancements
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consistent with the y(4660) in the cross sections. More
recently, the BESIII Collaboration has provided precise
cross-section measurements at selected center-of-mass
energies for the e™e™ — yw(2S)zt 7z~ [24,25] and eTe™ —
AFAZ [26,27] processes. In the w(2S)ztz~ channel,
BESIII observes peak structures near 4230 MeV,
4360 MeV, and 4660 MeV, consistent with those previously
reported by Belle [20,23] and BABAR [22]; in particular,
the mass of the y(4660) extracted by BESIII is in good
agreement with the earlier results [22,23] in the same
process. Furthermore, evidence for the y(4660) resonance
has been reported by both Belle [28,29] and BESIII [30,31]
in various other decay channels; a systematic discussion
can be found in Ref. [32].

In striking contrast, the BESIII measurements [26,27] of
the ete™ — AFA7 cross section show no evident resonant
enhancement and remain nearly flat, in marked tension with
the prominent peak structure around 4.66 GeV observed by
Belle [21], as illustrated in Fig. 1. In addition, the BESIII
measurement exhibits an anomalous enhancement right at the
A} A7 threshold, which has been attributed to a Coulomb-like
effect arising from strong final-state interactions [33], or to the
presence of a virtual state [34] or of a bound state below
the A} A7 threshold [35]. Alternatively, the nontrivial near-
threshold behavior could be produced by a mixture of S- and
D-wave components of the A7 A wave function induced by
the tensor interaction [36].

On the theoretical side, various interpretations have been
proposed to understand the nature of the y(4660). These
interpretations fall into two categories: a conventional
charmonium state [37-39] or a dynamically generated state
[40—44]. For the former, the conventional 5°S; charmo-
nium state [37-39] is a natural candidate. For the latter, the
structure observed in ete™ — A}AZ was first interpreted
as a charmed baryonium state [40], i.e., a possible four-
quark bound state in the charm sector. Further studies
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FIG. 1. Comparison of the eTe™ — ATA7 cross section data

from Belle [21] and BESIII [26,27]. The shaded band highlights
the region of significant tension between the two datasets above
the A/ A, threshold, marked by the vertical dashed line.

suggested that the X(4630) and y(4660) are the same
state [41], and proposed various dynamical interpretations,
such as a y(2S) — £,(980) bound state [43,44] or a AF A7
bound state [42]. Even with the explicit inclusion of a bare
pole term, the X(4630) and y(4660) have been regarded as
the same state [45], stemming from the charmed baryon
pair interaction. However, none of these studies settles the
key question of whether the y(4660) pole originates from a
renormalized charmonium state or from a purely dynami-
cally generated state.

In this work, we address two central questions: whether
the y(4660) exists and, if so, what its nature is. These
questions are of particular urgency because the Belle and
BESIII datasets are mutually inconsistent in the e*e™ —
AFA7 channel; whether this discrepancy reflects different
physics content or a common underlying structure that both
measurements can constrain is precisely what our com-
bined analysis aims to determine. Our strategy is as
follows:

(i) We construct, within /s € [4.0,5.0] GeV center-of-
mass energy, an S-wave coupled-channel model
comprising the open-charm baryon-antibaryon
channels AfAZ, Zf=7, and Z9Z0 (organized
by SU(3) flavor symmetry), the ¢(500)/f,(980)-
mediated w(2S)z "z~ channel, and the bare 4S5 and
5S vector charmonium states, and perform a com-
bined fit to the Belle and BESIII data on an equal
footing. As no E. data are available yet, only the
AFAZ and w(2S)nt ™ cross sections enter the fit.

(ii) Following Refs. [46,47], we transform the hadronic
basis into the SU(3) flavor singlet, octet, and
isospin-triplet bases, and solve the Lippmann-
Schwinger equation (LSE) with short-range contact
potentials constrained by heavy-quark spin sym-
metry (HQSS); the physical cross sections are then
obtained from the production amplitudes.

(iii) Using the parameters obtained from the fit, we
search for the poles of the resonant states on the
Riemann sheets. Decreasing the couplings to the
bare charmonium states gradually and tracing
the pole trajectories reveals whether the w(4660)
is a renormalized bare charmonia or dynamically
generated states.

(iv) Moreover, the upcoming BEPCII upgrade [48] will
scan the 4.95-5.6 GeV energy region with high
statistics, covering the ground-state charmed baryon
thresholds; our predictions for the ete™ — E.E,
cross sections provide direct guidance for such
experimental studies.

A single framework that simultaneously describes both
the Belle and the BESIII datasets would constitute, by
itself, a quantitative arbitration of their apparent tension,
and the E. predictions presented here offer concrete
benchmarks for the upcoming high-statistics BESIII
measurements.
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The paper is structured as follows. In Sec. II, we
construct the coupled-channel formalism, using HQSS-
constrained contact potentials and the LSE to obtain the
cross sections for the relevant channels. In Sec. III, we
perform a combined fit to the Belle and BESIII data, extract
the pole positions and other physical quantities, and present
our predictions for the ete™ — E,Z, cross section. A brief
summary concludes the paper in Sec. I'V.

II. FORMALISM

We now construct the coupled-channel formalism in
detail, following the strategy outlined in the Introduction.

A. The contact potentials

The light diquark inside the charmed baryon is treated
as the 3 conjugate representation of both SU(3) color and
SU@3) flavor symmetries [49-52]. Because of Fermi
statistics, the light diquark is realized as a compact
spin-singlet configuration. For instance, the (ud) diquark
in A7 can be regarded as an effective antistrange quark ()
in flavor space with spin zero. This identification follows
from the fact that the antisymmetric light diquark (ud)
transforms in the same 3 representation as an antiquark
under SU(3) flavor symmetry, and therefore shares iden-
tical transformation properties at the level of flavor sym-
metry. Consequently, in the SU(3) symmetry limit,
replacing the diquark by an effective antiquark provides
a convenient and widely used approximation for organizing
hadronic multiplets and constructing interaction vertices,
although it should be understood as a representation-level
equivalence rather than a dynamical one. With this con-
vention, the light quark components of the final-state
charmed baryon pairs AfAZ, EFE7, E2Z0 correspond to
5, dd, ui, respectively.

Since the QED vertex is flavor-blind, electron-positron
annihilation to charmed baryon pairs produces only SU(3)
flavor states with total third component equal to zero.
Accordingly, the zero-third-component SU(3) flavor
basis can be constructed as |0) = (ui + dd + s5)/V/3,
|8) = (uit + dd — 2s5)/v/6, and |1) = (uir — dd)//2,
which are orthogonal to each other, representing the
SU(3) flavor singlet, octet and isospin triplet bases,
respectively. Within these bases, the charmed baryon pairs
can be transformed from the hadronic basis into the SU(3)
flavor basis as follows:

_ 1 _ e

IAFA7)? = 7§[|Ac+/\ o)+ IBFED) + |B2ED)], (1)
_ 1 _ o

IAFAD)E = 76 [2|ALAD) + |BFED) + 1B2ED)].  (2)
_ |

IAFAD) = 7 [—IESED) + [E2ED)] (3)

Here, |AFAZ)™ represents the SU(3) flavor basis, with
u =0, 8, 1 denoting the SU(3) singlet, octet, and isospin
triplet, respectively.

When the center-of-mass energy is as high as 4.6 GeV,
the pion invariant mass in the y(2S)z "z~ can reach up to
0.98 GeV, which perfectly covers the 6(500) and f(980)
resonance regions. In this case, the process can be
described by two potential sequential processes

[ete” = w(28)0(500) —» w(2S)xtn], (4)
and

ete” = w(28)f4(980) - w(2S)ntx™. (5)
Accordingly, the two additional channels, |y (25)s(500))

and |y (25)f((980)), can be directly identified with the
SU(3) flavor singlet basis, as follows:

25)5(500)). (6)

w'f)? = lw(28)£0(980)). (7)

w'e)? = ly(

where the index O represents the SU(3) singlet. Finally,
the full transformation between the hadronic basis and the
SU(3) flavor symmetry basis reads

IASAZ)|1BEEL) IERED), [y/o), [/ )]
= R[IASAD) L IAFAD)E IASAD)  Jw'o) W' /)0, (8)
where the transformation matrix R is
-
5 % 0 0 O
1 1 -l
i on 00
R=]| 1L 1 1 9
= = 500 )
0O 0 O 1 0
0O 0 0 0 1

The S-wave heavy-light decomposition of the SU(3)
flavor representations introduced above reads [46,47,53]

So, S, o
Is0,54];,[50,5,15,)7 = SoSiJiJ28 S, S, S
e oo J

X |[s0,50,)5,[51,58,] 5,04+ (10)
with j=\/2j+1. The |[sg s;]; [s0,5];), represents
SU(3) flavor basis for a pair of charmed baryons, with
s, (s;) the spin of the heavy quark (the light degree of
freedom which is the sum of light quark spin and the
relative orbital angular momentum) inside the ith hadron.
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The total spin of the ith hadron is given by j;, and J stands
for the total angular momentum of the two-hadron system.
From the |[sg sg,];,[51,51],,), basis, one can read the

heavy and light degrees of freedom, separately. s, denotes
the total spin of the heavy quark pair, while s; represents the
total angular momentum of the light degrees of freedom,
including both the total spin of the light quarks and the
relative orbital angular momentum between the two
hadrons.

In the heavy quark limit, the s, and s; are conserved
separately. Therefore, it is convenient to transform the
|[s0,50,s,[51,51,]5,), Dbasis into the heavy-light basis
|sp ® s5;);. The S-wave states in the SU(3) flavor basis
are given by

AFRDE = 1@ 0" (n=0.8.1).  (11)

The according low-energy constants (LECs) can be
defined as

Co =" (1 ® O[Hcr|l ® 0)"6"™ (w,m =0,8,1),  (12)

where repeated indices are not summed over. Here, Hr
denotes the leading-order contact Hamiltonian that respects
HQSS. As we focus on the energy region [4.0,5.0] GeV,
the contact potentials C,, are treated as energy-independent
constants. The remaining two reaction channels are defined
as follows:

Cy =" (1 ® 0[Her|1 ® 0)), (13)

where the subscript p = y/o,y’'f in C, and |1 ® 0)} refers
to the two channels y(25)c(500) and w(2S)f,(980),
respectively. Both channels belong to the SU(3) flavor
singlet. According to Eqs. (12)—(13), the contact potential
matrix for the five channels in the SU(3) flavor basis can be
written as follows:

Co 0 0 Cupy Cys

7 W
0 C 0 0 0

vim=1 0 0 ¢ 0 0 (14)
Cye 0 0 0 0
Cyy 0 0 0 0

In the following discussion, the Latin subscripts i, j, m,n =
1,...,5 denote the five channels |[AFA), |EFE7), |20E),
lw'c), and |w'f), respectively. Within the energy region of
interest [4.0,5.0] GeV, there are also two additional
conventional charmonia, w(4S) and w(5S), which are
SU(3) flavor singlet and labeled by the Greek indices
a, B, y=1, 2. Consequently, their heavy-light basis,
[1®0)Yg and [1®0)Y, exclusively couple to the |1 ®0)°
component. The coupling constants g,5 and gsg are defined

through the Hamiltonian density Hy,.., Which describes the
interaction between the bare charmonium states and the
channels labeled by i =1, ..., 5, as follows:

s =" (1 ® O[Hare|1 ® 0)is. (15)
g(S)S EO <1 ® 0|Hbare|1 ® 0>(5)S (16)

With these definitions, the constant potential of two hidden-
charm channels in the SU(3) flavor basis can then be
written as

Vﬂav:<93s 0 00 0>T (17)
“ @ 0 0 0 0/

B. The Lippmann-Schwinger equation and the physical
production amplitude

At a given center-of-mass (c.m.) energy E, the T-matrix
is obtained by solving the Lippmann-Schwinger
equation (LSE)

T(E) = V + VG(E)T(E). (18)

Here, V denotes the corresponding potential that encom-
passes all seven channels, whose explicit form reads

Vo < Vilsxs  [Vialsxa >

[Vﬂj]2><5 [0]2><2

and G(E) represents the two-point loop function matrix,
which can be written in the form [54]

GyEses 5
0.5 [Gaﬂwnzu)’ (20)

where the two-body propagator of the ith channel is

_ 1 / dq f1(@)
dmmy, (2”)3 E—mjj —my — 212/(2@

1 _ 2
= HA —k'u—ke/%_é erfi —\/Zk =il ¢,
dmymy \ (27)3%  2x A

(21)

(19)

6() = (

Gii(E)

with m;; and m;, the masses of the two hadrons in the ith
channel and p = -""2 the corresponding reduced mass.

mj+mip
k = \/2u(E —m;; —my) is the on-shell center-of-mass
three-momentum. Note that G;; = 0 for i # j, and the bold
symbol i denotes the imaginary unit, to be distinguished
from the channel index i. Here we use the Gaussian form
factor 4 (q?) = exp(—¢*/A?) to regularize the divergence
in the two-body propagator. The bare-pole propagator is
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diagonal as well, with the ath pole expressed as
Guo(E) = (E* — m% +ie)7\.

To describe the contributions ¢(500)/f((980) in the
w(2S) — 06(500)/f,(980) two-point function, the propaga-
tor of 6(500)/f¢(980) in the loop integral is replaced by its
Flatté parametrization [55] For concreteness, we present
the explicit expression for the case y(2S) — f,(980) as an
example:

4
Gy =i / %mawp - +ie”!

X [qz - m% + imf(rmr + FKI_()]_I’ (22)

with relativistic partial widths

Fgﬂ = gfﬂ \/ q2/4 - mzzrﬂ (23)
Ff _ { ng V q2/4 - m%(

KK — . '
igr N/ my —q* /4 q* <4mk

Although the energy-dependent width in Eq. (23) is not a
typical Breit-Wigner parametrization of the ¢(500), it is
one of the parametrizations used in the BESIII analysis on
the w(2S) — J/wntn~ process [59], as well as in the
analysis of Ref. [60]. In Ref. [59], four parametrization
schemes are used to describe the zz channel, i.e. the
standard Breit-Wigner constant width, a constant width
plus a kinematic factor, the P.K.U. parametrization which
removes the spurious singularity in the second parametri-
zation, and the parametrization with explicit Adler zero.
In our framework, we use the second form (similar to a

|
(e o) = (

Here, T';; denotes the scattering amplitude between the five
channels labeled with i, j = 1, 2, 3, 4, 5, T,, represents the
scattering amplitude from the charmonium state to the
channel i, and T ,; corresponds to the inverse process of T',.
Subsequently, plugging 7; into 7';; obtains the scattering
amplitudes among the five channels labeled by i =1, ...,5
in terms of the effective potential:

2> 4m?
q K (24)

'Although the Flatté parametrization does not describe the
complicated ¢(500) line shape exactly [56-58], it is adequate for
our purpose, since the line shapes of the intermediate states are
not the focus of this work. For simplicity, we therefore adopt the
same parametrization for both the ¢(500) and the f(980), with
the difference that the ¢(500) parametrization does not include
the KK channel.

[Vij + VimenTnj + ViaGaﬂTﬂj]SXS
[V/Jj + VﬁmenTnj]2><5

Flatté-type parametrization). Furthermore, to check its
difference from the standard Breit-Wigner parametrization,
we perform an explicit cross-check by replacing the
energy-dependent width with a constant Breit-Wigner
width (I = 558 MeV, as reported in Ref. [61]) for three
different values of the cutoffs (A = 3.4, 3.8, and 4.2 GeV).
By repeating the fit, we find that the resulting line shapes
and pole positions are qualitatively consistent. The detailed
comparisons are presented in Appendix D. Here, dimen-
sionless couplings g, and g, are related to commonly
used dimensional couplings gs,, and 9fex via gg, =
Ginn/ (87m7) and gy = g7 /(8am7), where m; is the
mass of the resonance [62]. Despite replacement with Flatté
parametrization, the loop function G, , can still be
expressed in a nonrelativistic analytic form analogous to
Eq. (21). Detailed derivation steps are provided in the
Appendix A. Consequently, for the two-point function
w(28) — f(980), the only modification required is to
replace k in Eq. (21) with

k= \2u(E—m, —m,+ilL/2). (29

with u the reduced mass of the w(25)—f((980) system.

Here, F{;[ denotes the total nonrelativistic width, defined as
the sum of the partial widths:

F{;)t = gf;r\/mn:(E - my, = Zmn)

+§fk\/mK(E—mv,—2mK). (26)

Substituting Egs. (19)—(20) into Eq. (18), one can obtain

[Via + VimenTna + ViﬂGﬂyTya]5x2> (27)
[VﬂiGij ja]2x2

[
Ti(E) = Vi (E) + Vii(E)G i (E)T (), (28)

where the effective potential is defined as [63-66]
VSI(E) = Vi; 4+ VieGag(E)Vy; (29)
with its schematic diagram presented in Fig. 2. In our case,

the effective potential in the hadronic basis is obtained via
the following basis transformation:

VSH(E) = ROV + VI Gy (E)VINT )R]

11¢4

= RV (E)R, (30)

with f/?ff/(E) the effective potential based on the SU(3)
flavor basis and R the transformation matrix. And \A/?Jff' (E)
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C; Cyraif
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FIG. 2. (a), (b): Short-range contact potentials. (c): Effective
potential mediated by the bare resonance states y (4S) or w(5S).

can be written as follows:

ColE) 0 0 Cpy Cpy

0 C 0 0 0
vrE = 0o 0o ¢ o0 0 [, 31

Che 0 0 0 0

C,y 0 0 0 0

with Co(E) = Co + (95)*Gas(E) + (g85)*Gss(E). Ulti-
mately, the full 7-matrix for the coupled-channel system
can be obtained by solving Eq. (28)

T(E) = fA(P)[[V?/f'f(E)]_l - Gij(E)]_lfA(p/)' (32)

To preserve unitarity of the 7-matrix, the Gaussian form

factor f(p) originating from the loop function G,;(E), is

explicitly included in the expression of the 7-matrix above.
The bare production amplitude is defined as

F = ([Fi]gxl’[ a]gxl)T7 (33)

where F; denotes the bare production amplitude between
the virtual photon and the five channels (i = 1, ...,5) in the
SU(3) flavor basis, and f, represents the bare production
amplitude between the virtual photon and the charmonium
states. The physical production amplitude can be obtained
from

U(E) = F + VG(E)U(E). (34)

Substituting Egs. (19)—(20) and Eq. (33) into /(E), one can
obtain the physical production amplitudes

[ui]le = Fi + VijGjm(E)um + ViaGaﬂ(E)uﬁv (35)

Usloxi = fa+ VuiGi(E)Y;. (36)

Subsequently, by substituting U/, into U;, we obtain the
physical production amplitudes for the five channels
(i=1,...,5) in terms of the effective potential:

U(E) = falp)(Lss = VI (E)Gu(E)) FI(E).  (37)

Here, F$"(E)=F;+ V;,G,sfs represents the effective
production amplitude, and the Gaussian form factor
fa(p) is introduced analogously to the 7-matrix part in
order to regularize the ultraviolet divergence in the loop
integral. Analogous to the effective potential, the effective
bare production amplitude in SU(3) flavor basis is given by

F™(E) = FI + VI G (E) f1. (38)

where F1%v = (FO F8 F',0,0)7 and f1v = (fl5, f2)7.
The coupling between the virtual photon and the baryon-
antibaryon channel F"(n=0,8,1) is given by
F* = %+ f}, where f§ and f7}, denote the couplings
between the photon and the light degrees of freedom in
corresponding channel for the s, = 0 and 2 components,
respectively. With the transformation matrix R,

Fi"(E) = RF{" (E). (39)

one derives the effective production amplitudes expressed
in the hadronic basis.

C. The cross section

The scattering amplitudes for the three processes
depicted in Fig. 3 are given by

e+ P+

FIG. 3. Feynman diagrams for ete™ — AfAZ and ete™ —
w(28)5(500)/10(980) — w(2S)z"n~. Red square denotes the
physical production amplitude and blue circle denotes the
coupling between the zz system and the intermediate resonance.
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M(ete™ = ATAD) = [0(p. ) (<ier)u(p_)]

y (“9””) (pac)(—ielh ) o(pas ).

N

(40)
M(ete™ - w(285)6(500) - w(2S8)nz™)

— [8(p.) (—ier)u(p- >]( 9””)ulee*~ (41)

M(ete™ = y(25)f0(980) — w(28)x"z7)

- [@(P+)(—i€7”)u(p-)]< ‘g””)u flev,  (42)

with u, v Lorentz indices, s the squared center-of-mass
energy, and p,- the four-momentum of Af (A7 ). Here, ¢*
denotes the polarization vector of y(2S) and obeys the
relation €€, = —g,, + 12’;5‘2”. U;(i =1,...,5) represent the
physical production amplitudes and correspond respec-
tively to the five matrix elements derived from Eq. (37). We
parametrize the final-state processes ¢(500) — zz and
f0(980) — 7z, respectively, using the Flatté form as [
and f7, [55,62], which are given by

- MsY6rn (43)
1 — . s
¢ m72m - mrzr + lmﬂrgﬂ

MyGfrn

/= . 44
T Mg — my + imf(F;ﬂ + FJI;I?) (44)
Here, I'7,, F,’;,, and Ff represent the partial widths in the
Flatté parametrlzatlon, with m2, = s, being the squared
invariant mass of the 7z system.

From Eq. (40), the differential cross section for e*e™ —
A} A7 can be expressed as

dGl o 22/[% N
0Q) oy~ o7 P
where a = 137 is the fine structure constant. By performing

the full phase-space integration, we subsequently obtain the
scattering cross section as

(45)

4 2742
ﬂau (46)

o =

Given the high precision of the BESIII energy scan data, we
explicitly incorporate the Sommerfeld factor (SF) [67,68]
into our model by multiplying Eq. (46) by a factor

i vI-p
B 1 —exp(=ma/1=p/B)

where f =, /1 — 4Mfﬁ /s is the velocity of the Al baryon.

This is essential to account for the strong Coulomb
interaction between the charged pair AfAZ, which is
responsible for the nonzero cross section observed just
1.6 MeV above the threshold [26].

The differential cross sections, do, and dos, for the two
processes illustrated in Fig. 3(b) are given by

L MP
2567357 (5, — 11)

where Wz is the squared amplitude, given in
Eqgs. (41)—(42), averaged over initial spins and summed
over final polarizations. Three invariants are given in the
c.m. frame by

do =

dtldt2d32, (48)

h=(p-—p1)* h=(pi—p3)* s2=(pa+p3)>. (49)

Detailed steps are provided in the Appendix B. The total
cross section for ete™ — yw(2S)x" 'z~ is obtained by
summing o, and os.

III. RESULTS AND DISCUSSION

In this section, we perform a combined fit to the
experimental cross sections for the ete” — AFA;
[21,26,27] and ete™ — w(2S)n"z~ [23,25] processes
from both Belle and BESIII collaborations. Both datasets
are treated on an equal footing. To make the fit converge
quickly, we switch on the 0 channel and 8 channel step by
step, which gives reasonable parameters as well. The
detailed fitting steps are as follows:

(i) We first switch off the 8 channel (i.e., fixed
Cg = fSS = 0) and perform a fit using the 0 channel
alone, adjusting the parameters until the line shape
and the y? reached their optimum.

(i) Once the optimum was reached, we fixed the 0
channel and switched on the 8 channel, allowing it to
enter in the previous fit.

(iii) At the end, we release all the parameters and
fit again.

The fitted parameters are presented in Tab. I, and the
comparison between the fitted curves and the experimental
data is shown in Fig. 4. The fitted masses for the 43S, and
538, charmonium states are in good agreement with those
reported in Refs. [37-39]. The extracted interaction param-
eters are of the same order of magnitude as expected and
fall within an acceptable range, while the remaining
parameters are found to be of natural size. Since the mass
difference between the charged and neutral Z, baryons is
only about 2.73 MeV, the thresholds of Z} = and Z0Z0 are
extremely close to each other. Consequently, the associated
Riemann sheets are within a narrow region. Given that the
peak structures of interest in this work lie well below both
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TABLE I. The parameters obtained from the combined fit to
both Belle and BESIII experimental data.
Parameters Values
g [GeVO] —4.73 £0.30
g2 [GeV?] 9.89 £0.49
myg [MeV] 4386.99 + 17.10
msg [MeV] 4611.52 £ 7.77
£ 11071 GeV?] 0.47 £0.03
2 [107! GeV?] 0.46 £0.02
£2 1107 GeVY] 1.46 £0.53
£3 1107 GeVY] -5.18 £0.28
Cy [GeV~?] 91.18 £ 17.85
Cg [GeV~?] —58.74 £+ 2.01
Cyo [GeV~?] 125.55 £5.88
Cyr [GeV~2]
A [GeV] 3.80
7*/d.o.f. 1.47

thresholds, their impact on the near-threshold dynamics is
expected to be negligible. Accordingly, we work in the
isospin-symmetric limit, i.e. setting the ZF and Z? masses
equal to each other, treating the two thresholds as degen-
erate. The SU(3) flavor symmetry breaking effect comes
from the mass difference between A, and E..

For the contribution of the ¢(500) and f;(980) mesons,
described by the Flatté parametrization, preliminary fitting
tests lead to the following conclusions: Only the
w(28)6(500) channel contributes. To reduce the number
of free parameters and enhance the stability of the fit, the
remaining parameters in the Flatté model are fixed as
follows. The masses of A, ES, y(2S), and z" are taken
from the Particle Data Group (PDG) [69]. The m,s0) and

Jor are derived from the relation g,, = g5,/ (87m7) using

100 ;
[ (a) |  — Fitresult
— ol .3 Belle2015
) 80 }‘
= [ ”1 § BESII 2021
'« 60F
+ [
\§ B
? 40
I\) :
+\) |
\b/ 20 __- B
> ]
op L ER :

44 4.6

Vs [GeV]

4.0

the values reported in Ref. [61]. The values used in this
work are mso0) = 458 MeV and g,, = 2.47. We fix the
cutoff scale at A = 3.8 GeV, at which the fit converges
stably; a test of the stability of our results against the
variation of A is provided in Appendix C.

The two resonant structures around /s = 4.36 GeV and
\/s = 4.66 GeV observed in the cross section data can be
interpreted as being dominated by the w(4S) and w(5S)
states [37-39], respectively. A more comprehensive
description incorporating such higher partial-wave contri-
butions will be explored in a forthcoming study.

A. The pole of y(4360) and y (4660)

Three types of states—bound states, virtual states, and
resonances—can be identified from the pole of the 7-
matrix. Their pole positions are determined by solving the
equation

det[1 - V§'G,(E)] =0. (50)
Analytic continuation maps the complex E-plane onto a
multisheeted Riemann surface consisting of 2" sheets,
where n is the number of involved channels in the system.
These sheets are labeled as (+, ..., +), with & indicating
the branch choice for the three-momentum in each two-
body channel, i.e.+ (=) for the physical (unphysical) sheet
of the corresponding channel. The physical observables are
measured on the physical Riemann sheet(R-S) (..., +,...),
where all the momenta are taken as k; =

V/2u(E — m;; —myy) for all the channels [see Eq. (21)].
For the y/o and ' f channels with Flatté parametrization, k
is given by Eq. (25). Further details on this Riemann sheet
convention can be found in Refs. [46,70]. Although poles
could exist on all the 2" Riemann sheets in principle, only

Belle 2008

(b)
400 |- { BESI 2023
2 § BESII2018

C
(9%
e
(e

olete” =AY A
[\
(=]
o

—
o
(=]

FIG. 4. Comparison of the fitted line shapes (blue solid line) with experimental measurements for (a) ete™ — y/z* 2~ and
(b) ete™ = A}A7. Data are from both Belle [21,23] (pink triangles and diamonds) and BESIII [25-27] (purple circles, purple boxes
and hollow squares) collaborations. The vertical dashed lines indicate the relevant thresholds, from (a) to (b): y(25)a(500), Af A7, and B E...
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those on the physical sheet (+,---,+) and the nearby
unphysical sheets (—,+,---,+), (= — +, -, +), ...,
(=, =+, +), ..oy (=,---,—) have significant
impact on the observables. In our analysis, the fit includes
three reaction channels, e*e™ = y'o, AJAZ, and E.E,
(ordered by their thresholds), with the corresponding 23
Riemann sheets labeled as (+, £, £). We have checked that
the contribution of the y’f channel is negligible and
therefore is neglected.

Besides determining the pole positions, one can also
extract the effective couplings g;, which characterize the
strength of the interaction between a given state and the ith
channel. g; are determined from the residues of the 7 matrix
at the given pole. The T-matrix element between the ith and
the jth channels at the resonance r reads as

9i9;
: 1
E_E (51)

Tij(E) =

r

with g; the effective coupling between the given resonance
r and the ith channel. Alternatively, one can extract the
effective coupling g; from the T-matrix element 7';(E) as

9i9i = blmbl (E—E,)T;(E). (52)

Here the pole position is written as E, = M, — il /2 where
M, and T, denote the mass and width of the state.

The pole positions of y(4360) and w(4660), together
with their extracted effective couplings to the ith channel
are summarized in Table II. In our combined analysis, a
pole at 4401.93 + 16.96i MeV on the (—,+,+) sheet
corresponds to the y(4360) structure, while another pole
at 4631.39 + 62.96i MeV on the (—, —, +) sheet, located
about 58 MeV above the A} A threshold, corresponds to
the y(4660).

To distinguish the nature of the poles, we vary one of the
coupling constants (g2 or ¢ig) while keeping all other fit
parameters fixed. By tracking the pole trajectories on the
Riemann sheets as the couplings are gradually reduced to
zero, we can characterize their origin. Specifically, if a pole
moves toward the bare mass value, which is obtained from

TABLEIIL. The real parts (masses) and imaginary parts (widths)
of the pole positions, together with the moduli of the dimension-
less couplings obtained from our fit. The dimensionless couplings
are calculated using the central values of the masses and widths.

Pole 1 Pole 11
R-S (= +.+) (=—=4)
M [MeV] 4401.931273 4631.39787/
' [MeV] 33.93174 125921758
|gl/II(7‘ 1.73 2.34
[9a+ A | 1.37 1.83
|9z, 2.| 1.54 1.38

the fit, on the real axis as the coupling approaches zero, it
indicates that the pole originates from a renormalized bare
charmonium state. The pole trajectories obtained from our
fit are illustrated in Fig. 5.

As illustrated in Fig. 5(a), when g, or ¢2 is varied to
zero independently, both pole 4401.93 + 16.96i MeV and
4631.39 £ 62.961 MeV approach their corresponding
bare masses myg = 4386.99 £17.10 MeV and msg =
4611.52+7.77 MeV on the real axis, respectively.
Based on the fit, we conclude that both y(4360) and
w(4660) originate from strong renormalization of bare
vector charmonium states. These bare masses are consistent

¢ RS- +.+) ® RS:(-,—-,+)

0.09

0.03 -

GeV]

0,00 [mmmmm o

Im(E

—0.03 |-

—0.06 |-

_009 I 1 | Il
43 4.4 45 4.6 47

Re(E) [GeV]

0.09
F ()
0.06 |

0.03 -

] e

Im(E) [GeV]

-0.03 |-

—0.06 |

*0.09 1 1 1
43 4.4 4.5 4.6 4.7

Re(E) [GeV]

FIG. 5. Panels (a): Pole trajectories of y(4360) (orange
diamonds) and w(4660) (green circles) on different Riemann
sheets (RSs), obtained using the best-fit parameters, with the
coupling constants gsg or gsg gradually reduced from their fitted
values to zero. The pink horizontal dashed line denotes the real
axis. The blue dashed boxes indicate the initial pole positions,
while the color gradient from dark to light illustrates their
evolution. Panels (b): Error regions of the pole positions on
the corresponding Riemann sheets. The orange and green regions
correspond to the y(4360) and w(4660) states, respectively. The
black crosses mark the central values of the pole positions within
the error intervals.
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FIG. 6. Prediction of the E.Z, cross section.

with the masses of the 43S, and 5S; charmonia within
uncertainties, respectively, calculated in Refs. [37-39].

B. Prediction for the E.Z. cross section

Using the fitted parameters obtained from the fit, we can
predict the eTe™ — Z_Z, cross section, as shown in Fig. 6.
The prediction exhibits a prominent enhancement right at
the Ef=; threshold, stemming from the poles below
threshold. Around center-of-mass energy 5.0 GeV, our
prediction yields a peak cross section in the range of
approximately 120-150 pb. Considering that the luminos-
ity of BEPCII-U at a beam energy of 2.5 GeV is about
1 x 103 cm™2s~!, BEPCII-U will collect 430-540 events
within one hour. Therefore, measuring the ete™ — E E,
cross section in the near future is highly promising.

IV. SUMMARY

In this work, we have addressed the long-standing puzzle
of the w(4360) and y(4660) states, and in particular the
question raised by the recent high-precision BESIII data—
whether the y(4660) exists at all. To this end, we con-
structed an S-wave coupled-channel framework for e*e™
annihilation in the energy region +/s€[4.0,5.0] GeV,
based on heavy-quark spin symmetry and SU(3) flavor
symmetry. The formalism incorporates the open-charm
baryon-antibaryon channels AF A7, =7, and 2020, the
inelastic w(2S)z" z~ channel with the 5(500) and f(980)
resonances described by Flatté parametrizations, and the
bare 4S5 and 5§ vector charmonium states, with the
dynamics solved through the Lippmann-Schwinger equa-
tion. The Sommerfeld factor is explicitly included to
account for the Coulomb enhancement of the charged
A} A7 pair near threshold.

A combined fit to the Belle and BESIII measurements of
the ete™ — AFA7 and ete™ — w(2S)nt 7~ cross sections
describes the data well (y?/d.o.f. = 1.47) and yields two
poles: one at (4401.93 £+ 16.96i) MeV on the (—, 4+, +)
Riemann sheet, corresponding to the y(4360), and one at
(4631.39 + 62.96i) MeV on the (—,—,+) sheet, corre-
sponding to the y(4660). The latter lies about 58 MeV
above the AfA; threshold, and its large width naturally
explains why the measured cross section appears as a
nearly flat line shape rather than a sharp peak, resolving the
apparent tension between the Belle and BESIII observa-
tions. By tracking the pole trajectories while the coupling to
the bare charmonium states is gradually reduced to zero, we
have shown that both poles continuously evolve toward the
bare 45 and 35S states. This demonstrates that the y(4360)
and (4660) are conventional vector charmonia strongly
renormalized by coupled-channel dynamics, rather than
exotic or purely dynamical (molecular) states—thereby
answering the title question in the affirmative and settling a
controversy that persisted in earlier analyses. This con-
clusion is robust with respect to the choice of the regu-
larization cutoff in the range A = 3.4-4.2 GeV.

Finally, we provide predictions for the ete™ — E.Z,
cross sections, which will be directly testable with the
upcoming BEPCII upgrade scanning the energy region
4.95-5.6 GeV that covers the ground-state charmed baryon
thresholds. More generally, our analysis illustrates a lesson
of broad relevance to the XYZ sector: a conventional
quarkonium state located near a strong S-wave open-flavor
threshold can be so strongly renormalized that its exper-
imental signature deviates drastically from naive quark-
model expectations.
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APPENDIX A: FLATTE PARAMETRIZATION
OF THE TWO-POINT FUNCTION

In this appendix, we present the Flatté parametrization of
the two-point function for the w(2S) — f((980) system.
The case of the w(2S) —6(500) system follows analo-
gously. The two-point function reads
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d*q (4P
Gy /( (A1)

277" ) [Q(z) - (1)% + imf(rmr + FKf()H(E - LIO)z - w%/ =+ i€]

where E is the center-of-mass energy, I',,, and ['g¢ are the relativistic partial widths of f((980) as given in Egs. (24)—(23),
and w; = /|g]* + mf with j =, f. In the nonrelativistic approximation, where g — 0, the denominator of the above

expression can be rewritten as

=12 =12

2 —w*+imy(T Ier) ~ ﬂ _ _ﬂ im (T r..

% = @ +1my(or + Tick) (q0+mf+2mf Qo= My 2m, +imy (T + i)
, @ i N
Rzmyg|qo— mf—mf‘l'i( o T KK) . ( )

Similarly,
2 _ @2 +i q” .
(E-qo)” — o, +iex2m,| E—qy—m _M+1€ ) (A3)
v

For the partial widths, we have

- q g g1 - - — q 2
Fmr = Yfzn Z - mzzz = % \/(QO - |q|2 + (2mﬂ)2) (qO + |CI|2 + (2mn)2) R gf;r\/mzr <610 - 2m7r - Jtn|1

Similarly,

). (A4)

/4

o L, _laP AS
KK = 9\ MK —amg — 4mK. ( )

Plugging Eqgs. (A2)—(A3) into Eq. (A1), one can obtain

oy [ P (aR)
v dmymg | (27)* (g0 —my - u—l—%(lﬂ,,,—%—lﬁ,(f()][E qgo—m —m—l-le]
1 d3 =12
e s . (6)
dmymp ) (27 E —m y =My =g =S+ § (T + Ti)

Furthermore, after substituting Eqs. (A4)—(AS5) into Eq. (A6) and performing the corresponding variable redefinitions, we
obtain

Gy =21 / &g f*aP) (A7)
4 - 3 - . - m - - mg b d
gy ) QI 2GR i (G S (G = 1GP) + Gy /2 (= 13P)]

2m,m,,

14 j— p— 2 y p—
where p; = mnfl‘;n;;v,, ky =\ 2u(E —my, —my), p, = Sty g ky = /22 (E — m,, —2my), 3 = 2mnzk+m,,”lw, and k3 =
\/2u3(E — m,, — 2my). Ignoring the |g|* in partial widths, we can obtain

G 2 d’q f2(|f?|2) 241 q (1% (A8)
v ( 2_ AR iy |5 k2 ~ 4m my ) (27) K> —|g)*
ki— |Q| 1 |:gfﬂ 2;47 +gfl( 2u3 ] v

The momentum k in the above expression is evaluated by taking into account the rescattering effect through the intermediate
f0(980) resonance and is given by
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k= \/ k% +ip Dot

Here, I',; denotes the total nonrelativistic decay width,
which is the sum of the partial widths into the 7z and KK
channels and takes the following form

(A9)

Dot = gfﬂ'\/mﬂ'(E - my, — 2m7r)

+ 37, \/mK(E —my, —2my).

(A10)

With the Gaussian form factor f,(|g]?) = exp(=|g|*/A?),
Eq. (A8) can be written as

Lop [=f K
G,r= -1 21312/ A2d\ g
v/ 4ml//mf”2/0 (kz_ﬂz )exp( lg1°/A*)d|q]

(Al1)

B e

- dm,m; |27i A (27)3/?

where w(z) is the Faddeeva function with the following
form

2iz [ e
a)(z):ﬁ/ T
0

. Al3
ps 2—-1 (Al3)

Besides, the Faddeeva function can be expressed in the
following alternative form, which can be directly converted
to the imaginary error function erfi(x):

o(z) = e? <1 *j_i,; A Z e’zdt>

= e %1 +ierfi(z)]. (A14)

Applying Egs. (Al4) to (A8), we derive the analytic
expression for the Flatté parametrization of the two-point
function for the y(2S) — f((980) system

1 —uN  uk =2 (2k )
G; = < —— Lo A2 I-f - ) = ,
=g 3 (%)}

(A15)

APPENDIX B: THREE-BODY PHASE
SPACE INTEGRAL

According to Eqgs. (41)—(42), the squared amplitude of
the e e — w(2S)xt 7z~ channel in the Flatté parametriza-
tion can be expressed as

MP =13 S IMP

spins pol

PPl

7 [P pY + piph + ¢ (py - po)]

pluplu
[ (P1>2

207/12| £ |2 2
e’ |U Syt st t St
U fal <s— 2 b 1 i 21)’

52 2 2 2m 2m3, 2m,3,

(B1)

2
W

(B2)
where f denotes the zz amplitude in the Flatté para-
metrization, as given in Egs. (43) or (44), and U/ denotes
the effective production amplitude for y(25)s(500) or

w(28)f0(980) channel. We adopt the following form for
the three-body phase space

1 = 1
Oy =—+F— | ———dt;dtrds,.
3 (277,')5 4S/ (S2 — t1> 1012652

The cross section for e™e™ — y(2S)z "z~ can be written as

(B3)

1 1 =

6: 2 [ IMP
2Ee+2Ee‘ "Ue+ - ’l}e—| (271')5 4s

(s2—1)

dtl dtzdSz

62 5 5 (S 5+ 2
__ < u i v v
25673 s / LF 1l (s2—1)

X dtldtzdSZ

where the difference |v,+ — v,-| is the relative velocity of
the eTe™ colliding beams as viewed from the laboratory
frame. The physical range for each invariant is determined
by [71]

|
[1i = m:; — (S ) + mi/) + 5/17(5’, §2, ml%l)’ (B6)

N[ =

2
7

1 1
5 =m2— 2 (s5—1) % z_sz(sz - tl)/ﬁ<s2’ mz.mz), (B7)

sy = (Vs—my)* and 55 =4m3, (B8)
where the Killén function is defined as A(x,y,z) =
(x—y—2)*—4yz.

APPENDIX C: TEST OF CUTOFF(A)
INDEPENDENCE

To demonstrate the independence of our results on the
regularization cutoff (A), we repeat the combined fit with A
fixed at several representative values, A = 3.4, 3.6, 3.8, 4.0,
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FIG. 7. Comparison of the fitted line shapes from the combined fit with the Belle and BESIII experimental data at various cutoffs A.

and 4.2 GeV. The resulting line shapes are shown in Fig. 7,
and the corresponding fitted parameters and pole positions
are collected in Tables III and IV, respectively. As can be
seen, the fitted line shapes, parameters, and pole positions
do not vary significantly with the value of A.

APPENDIX D: TEST WITH A CONSTANT
BREIT-WIGNER WIDTH FOR THE 6(500)

TABLE III. The fitted parameters from the combined fit to the Belle and BESIII data at various cutoffs A.
Parameters A =34 GeV 3.6 GeV 3.8 GeV 4.0 GeV 4.2 GeV
g3 [GeV?] -5.26 —4.98 -4.73 —4.52 -4.32
92 [GeVY] 11.05 10.44 9.89 9.40 8.96
myg [MeV] 4386.30 4386.71 4386.99 4387.18 4387.32
msg [MeV] 4610.07 4610.82 4611.52 4612.19 4612.80
£ 1107 GeV?] 0.47 0.47 0.47 0.47 0.48
2 (107! GeV?] 0.45 0.45 0.46 0.46 0.46
Fo 1107 GeVO] 1.58 1.52 1.46 1.39 1.34
F3 1107 GeV?] —5.68 -5.42 -5.18 -4.97 —4.77
Cy [GeV2] 94.95 93.11 91.18 89.25 87.34
Cs [GeV2] —64.30 —61.38 —58.74 -56.34 -54.14
C,o [GeV~?] 141.73 133.10 125.55 118.87 112.92
C, s [GeV™?]
r%/d.o.f. 1.48 1.48 1.47 1.47 1.47
TABLE IV. Pole positions at various cutoffs A.
Cutoff (A) Pole 1 Pole II

(= +.+) (== +)
3.4 GeV 4399.90 £+ 16.80i 4628.92 + 61.95i1
3.6 GeV 4400.72 £+ 16.96i 4630.12 £ 62.65i1
3.8 GeV 4401.93 £+ 16.96i 4631.39 £ 62.96i
4.0 GeV 4401.94 £+ 17.26i 4632.25 £+ 63.84i
4.2 GeV 4402.40 £+ 17.40i 4633.20 £ 64.35i
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replacing its energy-dependent width by a constant Breit-
Wigner width, ' = 558 MeV [61], for three representative
values of the cutoff, A = 3.4, 3.8, and 4.2 GeV. The resulting
line shapes are compared with those obtained in the main text
in Fig. 8, and the corresponding fitted parameters and pole
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Comparison of the fitted line shapes using the energy-dependent (I'(E)) and constant (T, ) Breit-Wigner widths for the
0(500) at A = 3.4, 3.8, and 4.2 GeV. The results show no significant qualitative difference, demonstrating that our conclusions are
insensitive to the ¢(500) parametrization.

positions are collected in Tables V and VI, respectively. As
seen from these results, the line shapes and pole positions
remain qualitatively stable against this modification, con-
firming that our conclusions are not sensitive to the particular
parametrization of the ¢(500) width.

TABLE V. Comparison of the fitted parameters obtained with the energy-dependent and constant Breit-Wigner
widths for the ¢(500) at A = 3.4, 3.8, and 4.2 GeV.

Energy-dependent width

Constant width

Parameters

Cutoff(A) 3.4 GeV 3.8 GeV 4.2 GeV 3.4 GeV 3.8 GeV 4.2 GeV
ggs [GeV] -5.26 -4.73 —4.32 -7.52 —6.94 —6.46
ggs [GeV] 11.05 9.89 8.96 13.00 11.82 10.86
myg [MeV] 4386.30 4386.99 4387.32 4347.72 4348.23 4348.54
msg [MeV] 4610.07 4611.52 4612.80 4617.87 4619.29 4620.41
I 11071 GeV?] 0.47 0.47 0.48 0.71 0.72 0.73
f(s)s [107" GeV?] 0.45 0.46 0.46 0.53 0.53 0.53
fg [107" GeVO] 1.58 1.46 1.34 2.15 2.06 1.98
F3 107! GeVO] —5.68 -5.18 —4.77 -5.61 -5.05 -4.59
Cy [GeV] 94.95 91.18 87.34 159.63 164.21 166.41
Cs [GeV~2] —-64.30 —58.74 -54.14 —65.09 —60.18 -55.93
Cyo [GeV~2] 141.73 125.55 112.92 169.80 153.85 141.18
y*/d.of. 1.48 1.47 1.47 1.49 1.47 1.46
TABLE VI. Comparison of the pole positions obtained with the energy-dependent and constant Breit-Wigner

widths for the 6(500) at A = 3.4, 3.8, and 4.2 GeV.

Energy-dependent width

Constant width

Pole 1 Pole 11 Pole 1 Pole 11
Cutoff (A) (= +.+) (=—+) (= +.+) (——+)
3.4 GeV 4399.90 £ 16.80i 4628.92 £+ 61.95i 4368.52 — 20.37i 4640.12 — 64.93i
3.8 GeV 4401.93 £ 16.96i 4631.39 £ 62.96i 4370.04 — 20.49i 4642.37 — 65.34i
4.2 GeV 4402.40 £ 17.40i 4633.20 £ 64.35i 4371.23 — 20.61i 4644.19 — 65.65i
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